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Commonality Subtraction Operator for the ££
Description Logic

Axel Mascaro’, Christophe Rey!

TUniversité Clermont Auvergne, CNRS, Ecole des Mines de Saint-Etienne, LIMOS, F-63000 Clermont-Ferrand, France.

Abstract

In the context of the ££ description logic, we define and study a new concept difference operator,
called commonality subtraction operator (CSO), with respect to an acyclic definitional ontology 7T, and
noted A ©7 B. CSO aims at removing from a concept description A all common parts with another
description B, w.r.t. 7, which we call descriptional commonalities. Based on the proposed operator of
tree subtraction (TSO), we give an algorithm to compute CSO along with its complexity. CSO fits well
with existential restrictions and applies to any couple of concepts (A, B), which makes it different from
existing difference operators. We practically justify the definition of CSO by explaining our needs for
such an operator in the context of a metrology resources management project.

Keywords
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1. Introduction

The STAM project’, funded by the European Regional Development Fund (FEDER) of the
European Union, aims at developing a multitool platform in the field of metrology. One of
its objectives is to provide a kind of facebook for metrology. In that purpose, it is based on a
documentation repository in which metrological resources (e.g. pdf documents, images, texts,
data files, instruments...) could be easily retrieved. In its current version, metrological resources
are identified by characteristics defined in a metrology dictionary and which are retrieved by
a keyword-based search. Besides, resources are also tagged by annotations called "families",
another kind of keywords. By selecting one or many families, the user can restrict the results of
a keyword search to resources annotated by the chosen families.

In [1], we have improved this exact retrieval process by generalizing it into a matchmaking
one, which aims at finding the semantically closest resources with respect to the user query,
using the £L description logic (DL). The choice of ££ is linked to the underlying metrology
resource management system which is powered by GraphDB, an RDF data management system
that allows tractable reasoning in the OWL2 EL profile, based on £L [2]. First, leveraging the
existing dictionary, an £L ontology is built by associating logical descriptions to metrological
keywords and families in order to obtain £ L concept definitions. Then, user queries that describe
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Figure 1: Ontology of the metrology (as an ££ TBox) in example 1.

wanted resources are built as ££ concept descriptions. The semantically closest resources w.r.t.
a user query are obtained by pairwisely comparing all resources w.r.t the query, in a semantic
way using the ontology. This process produces a ranking of resources w.r.t the query based
on the idea that the bigger the shared information between the query and the resources, the
better. But instead of directly computing the shared information, we compute what is original
in each resource w.r.t. the query. This means best resources are the ones which have the least
original parts w.r.t. the query. Moreover, the process also computes what parts of the query
are original w.r.t. each resource, which can be used to further refine the ranking if needed.
The whole approach is based on a new difference operator for ££, namely the commonality
subtraction operator (CSO, noted ©7), which is the contribution presented in this paper.

Example 1. In the metrology context, we may have the following EL ontology and resource
and query descriptions (see figure 1): T = {Steel = I'ron M JhasInclusion.Carbon, Iron C
Metal, Metal © Material, Wood T Material, Carbon = Material, Micrometer C
Calliper, NumericalCalliper T  Calliper, Calliper T  LengthInstrument},
Res = FinstrumentType.Calliper M JhasMaterial.(Iron M Wood), and Query =
JinstrumentType. Micrometer M JhasM aterial.Steel. Intuitively, Steel is defined as Iron
in which is included C'arbon, Iron is a kind of M etal which is a kind of M aterial, as W ood and
Carbon. Micrometer is a kind of Calliper, as Numerical Calliper, and Calliper is a kind of
LengthInstrument. Res describes a resource that is about a Calliper as instrument type, made
of Iron and W ood. With Query, a user is looking for resources about Micrometer as instrument
type, made of Steel. We then would like to have: (i) Res ©7 Query = JhasM aterial W ood,
which means Query shares all aspects of Res except the fact that Res is a resource about
an instrument made of wood, and (ii) Query ©1 Res = JinstrumentType.Micrometer
JhasMaterial.3hasInclusion. Carbon, which means that Res shares with Query the fact that
it describes resources made of Iron, but does not share other aspects of Query (the Micrometer
instrument type and the C'arbon inclusion inside the material).

The CSO ensures two important features: inverse subsumption criterion to define commonal-
ities, and fine-grained difference. The inverse subsumption criterion states that a commonality
between the minuend and the subtrahend exists when a part of the minuend subsumes the



Table 1
EL constructors and axioms. A € C, R € r, and C and D are concepts.

Constructors/Axioms Syntax Semantics Remarks
top T AT It is assumed that:
concept name € C A AT C AT e conjunctions do not contain T nor
rolecr r rTCATx AT many times the same conjunct, and
conjunction cnD ctnD? e writing []_; C; means the C;s are
existential restriction Fr.C {x€AZ|3yeCT: not conjunctions themselves.

(z,y) € r’}
Concept definition A=C AT =(C7 A appears only once as the lhs of a
Primitive concept definition ACC AT cct definition.

subtrahend. A contrario, in existing operators, the minuend is usually subsumed by (parts
of) the subtrahend. This is justifed by our resource retrieval context where the minuend is
seen as a query and the subtrahend may answer parts of it: we consider answering part of a
query as corresponding to being subsumed by this part of the query. In example 1, considering
Query &7 Res, dhasMaterial.Iron is a commonality between Query and Res since it is a
part of Query (once Steel has been replaced by its definition Iron M 3hasInclusion.Carbon)
and it subsumes Res. A contrario, JhasM aterial.Steel is not a commonality with Res since
it does not subsume Res. The fine-grained difference browses the tree structure implied by
existential restrictions in order to precisely remove commonalities between the minuend and the
subtrahend without modifying the remaining of the minuend. Going on with the same example,
the CSO removes JhasM aterial. Iron from Query since it is a commonality with Res, and it
keeps JhasMaterial.JhasInclusion.Carbon, and dinstrumentType. Micrometer.

After recalling notions about ££ in section 2, we study CSO for ££ (with an acyclic and
definitional TBox) in section 3. In section 4, we relate CSO to other difference operators. At last,
we conclude. When not given in the text body, full proofs of properties are given in appendix.

2. Recalls about ££

We assume to have two countably infinite sets: C for concept names and r for role names.
From these, with the help of ££ constructors (see table 1), £L£ concept descriptions can be built.
From now on, unless stated otherwise, the term concept refers to the expression "€ L concept
description". A concept that is not a concept name nor T is called a compound concept. Given a
concept C, we can define its size.

Definition 1 (size [3]). Given a concept C, its size noted size(C') is defined by induction on its
structure: if C' € CUT thensize(C) = 1;ifC = C1MCy, thensize(C) = 1+size(C)+size(Cy);
and if C = 3r.D then size(C) = 1 + size(D)

Concepts are given a model-theoretic semantics based on interpretations which are couples
(AT, 1) of, respectively, a universe of discourse and an interpretation function, see the third
column of table 1. Axioms that relate concepts are of the following kinds: concept definitions of



the form A = C' and primitive concept definitions of the form A C C. The size of an axiom is
the sum of the sizes of the left and right hand sides of the axiom. An ££ TBox, or just TBox, is
a finite set of axioms. The size size(7) of a TBox T is the sum of the sizes of its axioms. An
interpretation (A7, .7) is a model of a TBox 7 if, for each axiom in T, the condition given in
the third column of table 1 is satisfied. A concept C'is subsumed by another concept D w.r.t. a
TBox T, noted C T D (or T |= C C D), if CT C D? in every model of 7. When T = (), we
can note interchangeably C or C.

A definitional TBox contains only concept definitions. A TBox containing primitive concept
definitions can be made definitional in linear time w.r.t. size(7") [3] since (i) each primitive
concept definition A C C' can be transformed into the concept definition A = C 11 A, with
A a new concept name, and (ii) two primitive concept definitions A C B and A C C can be
grouped into one A = B M C. In the sequel, TBoxes are supposed to be definitional.

The signature of a TBox T, noted sig, is the set of all concept names and roles that occur in
T. We note C1 = C Nsigr, r7 = r N sigr, and T¢ the set of all concepts that can be built
using elements of sig;- and T. Concept names appearing as the left-hand side of a definition are
called defined concepts and they define the set def+ C C7. Defined concepts may only appear
once as the left hand side of a concept definition. Other concept names are called primitive
concepts. They define the set primy C C7. The set of concepts built using only primitive
concepts of 7 and T is noted 7,™.

Following definition 2.9 of [3], for A, B and B’ concept names, we say that A directly uses B
in T if there is in 7 a primitive concept definition A C C, or a concept definition A = C, such
that B occurs in C. We say that A uses B if A directly uses B, or if there is a concept name B’
such that A uses B’ and B’ directly uses B. A TBox contains a cycle when some concept name
A uses itself. A TBox is acyclic if it contains no cycle. In the sequel, TBoxes are supposed to be
acyclic, in addition to being definitional.

The complete expansion (a.k.a. unfolding) 7 of an acyclic definitional TBox 7 [4, 5] rewrites
every concept definition of 7 into an equivalent one with only primitive concepts in its right
hand side. Then, for a concept C, T*(C) is the complete expansion of C' w.r.t. 7. This process
is EXPTIME in the sizes of 7 and C.

Example 2. We have the following acyclic definitional TBox: T = {A = BN C,C = D
dr.B,D = E,F = 3r.D}. Thus we have Cr ={A, B, C, D, E, F}, rr = {r}, primy =
{B,E} anddefr = {A,C, D, F'}. The complete expansion T* isT* = {A = BN EMN3r.B,
C=FEN3r.B,D=E,F=3rFE}

3. The Commonality Subtraction Operator (CSO)

In section 3.1, we define the CSO, first informally, by presenting the notions of characteristic
branch and descriptional commonality, and then formally. In section 3.2, we present a new
syntactical operator called the tree subtraction operator (TSO) and show how to use it to compute
the CSO. We also give the main properties associated to both the TSO and the CSO, namely
existence, unicity, and termination, soundness and complexity of the associated algorithms.



3.1. Definition of CSO

The CSO operator C' ©1 D is intended to remove from the minuend C' all concept parts
shared with the subtrahend D w.r.t. some TBox 7. We call these shared parts T descriptional
commonalities (or 7 commonalities for short) from C'to D. Syntactically, we want commonalities
to be removable from the minuend without impacting its other parts. So they have to be atomic
in some sense. Since £L concepts have a tree structure (see [6]), we capture the notion of atomic
parts of a concept as its branches in its tree structure. We define the notion of branch with the
ones of subdescription and width of a concept. Semantically, being a 7 commonality from C
to D means being a part of C' linked to D: we propose a T commonality from C' to D to be
defined as a characteristic branch of C w.r.t. T that subsumes D:

« A characteristic branch of C w.r.t. T is a primitive branch of C' or of a concept equivalent
to C (w.r.t. T) such that it cannot be syntactically removed from C' without changing its
semantics. Fine-grained difference (cf. introduction) is achieved by working at the level
of characteristic branches.

« Imposing D being subsumed by a characteristic branch of C expresses the fact that
commonalities from C to D are parts of C' to which D answers (by being subsumed by
them). This is how the inverse subsumption criterion is implemented (cf. introduction).

Then, C' &7 D is defined as the minimal concept E that subsumes C such that there are no 7
commonalities from E to D (meaning all 7 commonalities from C' to D have been removed).

We now formalize these notions. First, the width of a concept C' is the maximum number of
conjuncts composing any conjunction occuring in C'

Definition 2 (width of a concept). The width of C, noted wid(C), is defined as follows:
wid(C) =1ifC e CU{T}

wid(C) = Maxz(n, Maz{wid(C;),1 <i <n})ifC =[], Ci,n>2

wid(C) = wid(D) if C = 3r.D

A subdescription of a concept C' is obtained by removing zero or many conjuncts anywhere
in C, provided it remains a syntactically correct concept?. The following definition formalizes
this idea. It is equivalent to the definition given in [7] (restricted to £L).

Definition 3 (subdescription of a concept). Withn > 2, the set of subdescriptions of C, noted
subdg, is set to {C'} if C € CU{T},orto{3r.E | E € subdp} if C = 3r.D, or to
( (|_|§n=1 y)) if C =[Ti=, Ci.
CC{Cil1<i<n} \(S1,...Sm)€ [T subdc,
with |C|=m#0 ciec
We note subdpcr';] = subd¢c N 7—gp[r:|m the set of subdescriptions of C' where concept names are
primitive concepts or T only (w.r.t. T).

Example 3. Let D = AN 3r.(B N C). We have:
subdp ={AN3Ir(BNC),Ir(BNC),ANIr.C,ANIr.B,Ir.B,Ir.C, A}

*The notion of subdescription is close to but not the same as the one of subconcept defined in [3]. Informally, a
subconcept is any conjunction taken in the original concept from which zero or many conjuncts have been removed
(keeping at least one).



A branch is essentially a concept having a width of at most 1.

Definition 4 (branch). Let 7T be a TBox and C' € Tgr. The set of branches over T is noted br.
The set of primitive branches over T is noted brpr "™ The set of branches of C'is noted brc. And the
set of primitive branches of C' is noted brprlm These sets are defined as follows:
bry- = {5 € Tec | wid(S) = 1}

brfi™ = {S e TE2™ | wid(S) = 1}

brc = {S € subdc | wid(S) = 1}

br'°rlm {S € subd’} [ wid(S) = 1}

Example 4. Using TBox T from example 2, let G be the following concept:
G = C M 3ry.(Ire.Irs. T M DM 3ry.B). Then we have:
brg = {C,3r1.3re.3rs.T,3r1.D,3Ir1.3r4. B} and brprlm {3r1.3re.Irs. T, 3ry.3r4.B}.

A characteristic branch of C' w.r.t. 7 is a primitive branch of C' or of a concept equivalent to
C such that it cannot be syntactically removed from C without changing its semantics.

Definition 5 (characteristic branch). Let 7 be a TBox and C' € T¢p. The set charg of character-
istic branches of C' w.r.t. T is defined as follows:
charl, = {S ¢ brf™™ | 3C" € Ter such that

(C =7 C'and S € brey andVC" € Ter (brcu = brey \ {S}) — (C” §é7' C))}

T commonalities from C to D are defined as characteristic branches of C that subsume D.

Definition 6 (descriptional commonality). Let 7 be a TBox and (C, D) € (Tec)?. The set
dcomg’D of T descriptional commonalities from C to D is defined as follows:

dcong ={S echarl | DCs S}

At last, C' ©7 D is defined as the minimal concept ' (w.r.t. C7) that subsumes C' with no
7T commonalities from E to D (unicity is shown in proposition 2). When all characteristic
branches are commonalities (and thus must all be removed from C), the result is T.

Definition 7 (CSO). Let T be a TBox and (C, D) € (Tgc)?. The binary operator O, called
commonality subtraction operator (CSO) for T, is defined as follows:

Minc {E € Teg | C C7 E and dcomﬂg,D =0} ifchar) ¢ dcong

CorD=
T if charl, C dcomCD

Example 5. Table 2 shows two examples of CSO, with T from example 2: Res ©1 Query and
Query &7 Res where Res = AT F M 3r. T Mds.T and Query = BN 3dr.D M ds.E. In both
cases, the corresponding sets of characteristic branches and descriptional commonalities are given.

3.2. Computing the CSO using the Tree Subtraction Operator (TSO)

In order to compute C' &7 D, we propose an approach based on a syntactical difference operator
that operates on branches of expansions of C' and D. This operator is not the classical set
difference of the branch sets since it takes into account subsumption relationships between



Table 2
An example of Res ©1 Query and Query &1 Res, with Tfrom example 2.

T={A=BnC,C=DN3r.B,D=E,F=3r.D}

Res=ANFMN3Ir.TMN3s. T Query=BMN3r.DMNds.E
T*(Res)=BMENIr.BN3Ir.ENIr.TMNIs.T | T*(Query)=BMNIr.EMN3Is.E
chark..={B,E,3r.B,3r.E,3s.T} char),.,,={B,3r.E,3s.E}

dcomﬁes}me ={B,3r.FE,3s.T} and thus Res &7 Query=E M 3r.B
dcomgumj Res =1{B,3r.E} and thus Query ©7 Res=3s.E

branches, e.g. those involving the concept T. Moreover it does not change the original tree
structure of the minuend. We call this operator the tree subtraction operator (TSO), noted A.
Informally, CAD, to be read "C' deprived of D", is intended to be the minimal concept w.r.t. C
that subsumes C' such that all branches in bro that subsume a branch in brp have been removed
from bro. That means we remove from bre branches that are also in brp, but also branches of
brc that end by T when there is in brp a branch beginning with the same existential restrictions.
If all branches of C are removed, then the result is set to be T.

Definition 8 (TSO). Let C and D be two concepts. The binary operator A, called tree subtraction
operator (TSO), is defined as follows:
Minc{E|CC E andbrg = br} ifbr#(
ifbr=10
withbr = brg \ (brp U{S = 3r1.3r2..3r,. T € brg,n > 0|
38" = Iy FrpIrpar.Irpem . P € brp,m > 0})
and P any concept name or T (with the exception that P cannot be T when m = 0).

CAD =

Example 6. Following table 2, with R = T *(Res) and Q = T*(Query), we have:
brr \ (er U{S =3r1.3re...3r,. T €brg,n >0 |

38" = 3ry... 3, Irpg. Irppm P € brg,m > 0}) = {FE,3r.B}.
Thus Res ©1 Query = RAQ = EM3dr.B.

It is not difficult to show that definition 8 ensures C'AD keeps the tree structure of C, i.e. is
a subdescription of C. We can illustrate this with non equivalent concepts having the same
set of branches, like C1 = Ir.AM 3Ir.B and C2 = Ir.(A N B) which set of branches is
brc, = bre, = {3r.A, Ir.B}. Suppose we remove from C (resp. Cs) a concept D that has no
commonality with C (resp. C2), then the result is C'; and not Cs (resp. C and not C'), thus
keeping the initial tree structure.

TSO is implemented by algorithm 1. Its principle is to traverse at the same time the tree
structures of both C' and D, removing from C' branches that subsume, w.r.t. the empty TBox, a
branch of D. Properties of the TSO and algorithm 1 (unicity, termination, soundness, complexity)
are given in proposition 1.

Proposition 1 (Properties of TSO and algorithm 1). Let C' and D be two concepts. We have:
a. CAD always exists and is unique.
b. Algorithm 1 terminates and produces a unique result.



Algorithm 1 tso(C, D)

Require: C and D two £L concepts.
Ensure: CAD (cf. def. 8)

L ifC=DorC =T then

22 Result =T

3. else

4 ifC=Cyn...NnC, withn > 2 then

5 Resultl :=tso(Cq, D) M...Mtso(Cy, D)

6: if There is at least one conjunct # T in Resultl then
7 Result := Resultl without any T conjunct.

8 else

9 Result := T

10: end if

11: elseif D =DyM...MD,, withm > 2 then
12: Result := tso(. .. (tso(tso(C, D1), D2),...), Dy,)
13:  elseif C = 3Ir.C' and D = 3r.D’ then

14: Resultl := tso(C’, D")
15: if Resultl = T then

16: Result .= T

17: else

18: Result := Jr.Resultl
19: end if

20:  else

21: Result :==C

22:  endif

23: end if

24: return Result

Algorithm 2 cso(7,C, D)

Require:
e 7 an acyclic and definitional ££ TBox
e (C,D) € (Ter)?
Ensure: C ©7 D (cf. def. 7)
1: return tso(7*(C), T*(D))

c. CAD = tso(C, D) (soundness).
d. Computing tso(C, D) is in PTIME in the sizes of C' and D.

Sketch of proof. a. Existence comes from the definition of br which always corresponds to at
least one concept, or T when it is empty. Unicity trivially comes from the minimality w.r.t. C.
b. We show by induction on the sizes of C' and D that tso(C, D) always terminates and
generates an output which size is strictly less than size(C') + size(D).
c. Soundness is showed in 3 steps: (i) from the characterization of subumption in £ £ without



Table 3
Comparison of existing difference operators on an example where Res; = AT BM 3r.(C M D) and
Reso = AN BM3ar.C.

Oper. Res; — Ress Ress — Resq
Or. Ir(CND) undefined
OBr Ir.(CND) T

Osu T Ir.C

One BMN3Ir(CND) Resg

ORri Either 3r.D (full meet case) or one of {B M Ress (full meet and maxi-choice cases)
Ir(CND),ANIr.(CND),ANBMNIr.D}
(maxi-choice case)

S Fr.D T

any TBox given in [6], we derive a characterization of subsumption in ££ in terms of subde-
scriptions , (ii) then is derived a characterization of TSO in terms of subdescriptions, and (iii) at
last a proof by induction of soundness is given, using the characterization obtained at step (ii).

d. Tractability is showed by finding a worst case (when C' and D are conjunctions of concepts
names, without any existential restriction) and studying the complexity in this case. O

Now, we can use TSO to compute CSO: C' &7 D is obtained by computing 7*(C)AT*(D), cf.
algorithm 2. Proposition 2 shows properties associated to CSO, namely existence, uniqueness,
and soundness and complexity of algorithm 2 (termination is trivially implied by terminations
of the complete expansion and algorithm 1).

Proposition 2. Let T be a TBox and (C, D) € (Ter)?. There is:

a. C' o7 D exists and is unique (up to =7).

b. C &7 D =T*(C)AT*(D) = cso(T,C, D) (soundness).

c. Computing cso(T, C, D) is in EXPTIME in the sizes of T, C' and D and in PTIME in the sizes
of T*(C) and T*(D).

Sketch of proof. a. Existence and unicity of CSO easily come from definition 7.

b. Soundness of cso(7, C, D) is grounded on (i) the characterization of subsumption in terms
of subdescriptions already used in proof of proposition 1, and on (ii) a lemma stating br .5 , is
the set of branches of C' that do not subsume D.

c. The result easily comes from complexity of the complete expansion and algorithm 1. [

4. Related works

As far as we know, five difference operators have been defined for DLs before CSO, in [8, 7, 9,
10, 11]. In the sequel, we respectively note them S7., Sp;, Ssu, ©He and Spg; (and S for
CSO). We do not consider the contraction operator defined in [12], since it appears to be more a
matchmaking operator rather than a difference one.

We first begin by illustrating how these difference operators behave. Let’s take the following
two descriptions: Res; = AT BM3r.(C M D) and Resy = AM B M 3r.C. In table 3, we give



Table 4
Comparison of difference operators in DLs (precise definitions of operators are recalled in appendix).

© 06O

Reference and informal principle Remarks and complexity

[8] C ©7e D finds the maximal concept C M M N e Defined for any DL L.
w.r.t. C that added to D by conjunction e Not defined if C' [Z D.
gives a concept equivalent to C. e Unstudied with a TBox.
e Complexity is not given.
[7] C &, D finds the minimal concepts C M T N eCisin ALC, D isin ALE.
w.r.t. the subdescription order such that, e Unstudied with a TBox.
added to D by conjunction, they give a ® PTIME in sizes of C'and D given
concept equivalent to C' M D. an oracle for subsumption.
[9] C &gy D removes the minimalcon- S B — N e Defined for £L.
juncts of C, w.r.t. a syntactical total order e T is acyclic and definitional
on EL concepts, that are subsumed by e EXPTIME in the sizes of T, C
conjuncts of D (one removed conjunct for and D and PTIME in the sizes of
one conjunct of D). T*(C) and T*(D).
[10] CSgeD removes conjunctsof C'that S B — Y e Defined for £L.
are subsumed by the smallest conjunct of e T is acyclic and definitional.
D, w.r.t. a syntactical total order. Recur- e Coyg.D=CifCIZD.
sive process inside existential restrictions. e Complexity is not given.
[11] Extending the notion of subdescrip- S M — Y e Defined for £L.
tion to contain concepts obtained after e T is acyclic and definitional.
replacing a concept name by T, C' ©g; D eCor D=CifCILD.
finds the single subdescription (full meet e Complexity is not given.
mode) or the many subdescriptions (maxi-
choice mode) S of C that are minimal w.r.t.
C such that S [Z D.
[This paper] C ©7 D removes T descrip- S B M Y e Defined for EL.

tional commonalities from C' to D, i.e. the
characteristic branches of C' that subsume

D.

e 7 is acyclic and definitional.

e EXPTIME in the sizes of T, C
and D and PTIME in the sizes of
T*(C) and T*(D).

the result of Res; © Ress and Ress © Resi, for © replaced by each operator. Note that we
suppose to have an empty TBox T, for a sake of simplicity. We can see that each of the six
operators give different results when considering both Res; & Ress and Resy © Resj.
Second, we propose to classify these operators in table 4 according to 4 dimensions. (1) is their
type: S for subtraction-based (something is removed from the minuend) or C for completion-
based (something is added to the subtrahend). (2) is the definition type of the difference: M
for semantical or B for both semantical and syntactical. (3) is the optimization (min or max)
criterion type to choose the best result: T for syntactical, M for semantical, or — if non relevant.
(®) is the fine grained difference property i.e. the ability to remove precise subdescriptions of
the minuend inside nested existential restrictions without removing unnecessary ones: Y for



yes and N for no.
Tables 3 and 4 show that CSO is original w.r.t. existing operators. More precisely:

+ Ot and & p, are completion-based operators, they do not achieve fine-grained difference,
and ©p, does not ensure unicity.

+ Ogy is a subtraction operation, however it is not a fine-grained difference. Moreover the
notion of commonality is based on subsumption and not inverse subsumption.

+ ©He and Op; are a fine-grained subtraction operators, as is CSO. However, the differences
with CSO are the following ones: (i) for both operators, there can be subtraction only when
the minuend is subsumed by the subtrahend, which is a restriction CSO does not have; (ii)
in © ., the notion of common part is not based on inverse subsumption; and (iii) Sg; is
sometimes too much fine-grained, which may lead it not to remove existential restrictions
in cases where CSO does, e.g. Ir.A ©p; Ir.A = Ir. T, while Ir Ay Ir A=T.

5. Conclusion

We propose a difference operator for ££ w.r.t. an acyclic and definitional TBox, named CSO. It
is based on the TSO, a operator to achieve a syntactical tree difference between two concepts.
We propose a tractable algorithm to compute TSO and thus CSO (in the sizes of the complete
expansion of the inputs w.r.t. the TBox), and show that CSO is an original difference operator
w.r.t existing ones. Also, an implementation of these operators has been done in the Ruby
programming language for integration into the metrology platform. Performance tests are being
achieved.

Even if CSO is intended to be used in a matchmaking process, we plan to study how it
instanciates properties that are defined for difference operators in the AGM approach of agent
belief revision [13], namely preservation, success, inclusion, vacuity, recovery, failure, fullness
and relevance. This would provide a more precise insight on CSO w.r.t. existing operators and
help decide its potential interest in the AGM framework. Besides, we would like to extend this
work to the case where TBoxes can be general and cyclic, for which we do not know any DL
difference operator yet.
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Appendices

.1. Difference operators in DLs

The definitions of difference operators listed in section 4 are recalled in table 5 with their precise
definitions.

.2. Proof of Proposition 1

Proposition 1 (Properties of TSO and algorithm 1). Let C' and D be two concepts. We have:
a. CAD always exists and is unique.
b. Algorithm 1 terminates and produces a unique result.
c. CAD = tso(C, D) (soundness).
d. Computing tso(C, D) is in PTIME in the sizes of C' and D.

Proof.

a. Existence and unicity of CAD (for the case br # ()

We prove CAD always exists. Since brg is a subset of brg, it is always possible to build £
such that C' C E. Then either F is minimal w.r.t. C, or it can be made smaller w.r.t. C by
replacing conjunctions of the kind 3r.A M 3r.B into 3r.(A M B) until this is not possible while
ensuring C' C E. So CAD always exists.

We now prove unicity of CAD by contradiction. Suppose there are 2 concepts F; and FEs,
with E; # FEs in CAD. Since brg, = brg, and E; # E, we have E; # Es. Thus the only
possible situation is that £ and Fs are not comparable w.r.t. C. This implies that £y M FEy C Ey
and Fy M Ey C Es. But at the same time, we have brg,ng, = brg, = brg, and C C E; 11 Es.
This means neither £ nor E» were minimal w.r.t. C having the same properties. So, CAD is
unique.

b. Termination By induction, we show algorithm 1 always terminates and generates an

output which size, we call s,,4, is strictly less than than the combined size of the inputs C' and

D, we call s;,, and define as s;,, = size(C') + size(D). The induction is made on ;.
According to definition 1, we have size(C') > 1 and size(D) > 1.

Base case: s;, = size(C) +size(D) =1+1=2

« Lines 1 and 2: the algorithm clearly stops with s,y = size(T) =1 < 2 = s;,,

« Lines 4 to 10: this case is not possible when size(C') = 1.

« Lines 11 and 12: this case is not possible when size(D) = 1.

« Lines 13 to 19: this case is not possible when size(C') = size(D) = 1.

« Lines 20 and 21: the algorithm clearly stops with s, = size(C) =1 < 2 = s,

General case: the induction hypothesis (IH) says there is n > 3 such that the algorithm stops
with syt < Sip for all s, = size(C) + size(D) < n.

We now suppose s, = size(C) + size(D) = n + 1. So size(C') = n + 1 — size(D) and
size(D) = n+ 1 — size(C) (with size(C') > 1 and size(D) > 1).



Table 5

Comparison of difference operators in DLs, with their formal definition.

Definition Ref., [(1),2),3),@)] and remarks
CoreD=mazxc{EcL|DNE=C} [8], [C,M,M,N]

e Lis any DL.

o Not defined if C' £ D.
CoprD=ming{E € ACC|END=CnND} [7], [C,M,T)N]

e < is the subdescription ordering
defined for ALC concepts.
e Cisin ALC and D is in ALE.

Case 1: D is a one conjunct conjunction.

[9], [S,B,—,N]

norm( [] C;) if k| k=argmin;{C;|C;C D}e Defined in EL.

C@SuD = 1Si;é§kn7

C otherwise

Case 2: D is a conjunction of at least 2 conjuncts.

e norm(D)=D1M...MD,,
enorm(C)=CyMN...NC,
eVl<i<n— 1,0,‘-<Ci+1 with
< a syntactical total order for ££
concepts.

IfCZ DthenCey. D =C.

Else (i.e. C C D):

T if C'is a primitive concept

|—|?:1(Ci OHe D<) ifC=Cin..Nnc,

Ir.(Ch ©me D) if C' =3r.Cy,D- = 3r.Dq,
andChiege D1 # T

COmeD =+ if C = 3r.C1, D2 = 3Dy,
andC1 Gy D1 =T
T ifD=T
C otherwise

[10], [S,B,—.Y]

e (; is not a conjunction, Vi.

e D_ is the least conjunct of D
w.r.t. <.

e < a syntactical total order for
EL concepts.

e C are D are normalized and
completely expanded.

e (Cand D arein EL.

IfCZ DthenC6eg; D=C.
Else (i.e. C C D):
Cogr De LCS(O’(CJ_D))
with CLD = {[E]|
1.CCFE
2.ELD
3. E minimal w.r.t. C s.t. 1. and 2.
and [E] = {F'|E' = E}.

[11], [S;M,—)Y]

e o is a selection function s.t.:

if CLD # 0, 0(CLD) # 0.

if CLD#0,0(CLD)C CLD.
if CLD=0,0(CLD)={[C]}.
e Maxi-choice case: when o se-
lects a unique concept. Full meet

case: when o selects all concepts.
e(Cand D arein EL.

Minc, {E € Tez | C T E and dcom}, , = 0}
CorD = if char), € dcomg)D
T if charl, C dcomg,D
with dcomg’D ={Secharl | DCs S}
and charl, = {S € br’’™ | 3C" € Te, such that
(C’ =7 (C'and S € brgr and
VC" € Ter (brer = bre \ {S}) — (C” #£7 C))}

[This paper], [S,B,—,Y]
e(C and D arein EL.




« Lines 1 and 2: the algorithm clearly stops with s,,; = size(T) =1 <n+ 1 = s;, (since
n > 3).
o Lines 4 to 10:

- Since C'=C1 M ... M CY, with k > 2, there is (according to definition 1):
size(C) = (XX size(Cy)) + k — 1, with size(C;) > 1,V1 <i < k
Since size(C') = n + 1 — size(D), we have V1 < i < k:
size(C;) =n + 1 — size(D)
—size(Cy) — ... —size(Cj_1) — size(Cit1) — ... —size(C) — k + 1
AsV1 <i < k,size(C;) > 1, we have:
size(C;) <n+1—size(D) —(k—1)—k+1=mn—size(D) —2.k+3
— At line 5, we have k > 2 recursive calls tso(C;, D) with size(C;) < n — size(D) —
2.k + 3 and size(D) > 1. For each recursive call tso(C;, D), we note the combined
size of its inputs s and the size of its output s/;. Then, for each recursive call
tso(Cj, D), we have:
o s¢ = size(C;) +size(D) < n —size(D) —2.k+3+size(D) =n—2.k+3 <
n — 1 < n (since k > 2).
o Thus, by IH, the recursive call stops and s;;;; < si> <n — 2.k + 3,ie. s, <
n—2k+2
— At line 7, since all recursive calls stop, the algorithm stops with s, < k * (n —
2.k + 2) + k — 1 (since there are k concepts C; and k — 1 constructors Min C).
o Now, k < (n+1)/2. Indeed, size(C') < n (since size(C') +size(D) = n+1 and
size(D) > 1). And size(C') > 2.k — 1 (since size(C) = (32F_, size(C)) +k—1
and size(C;) > 1,V1 < i < k).
o Thus sput < (n+1)/2%(n—2.(n+1)/24+2)+(n+1)/2—-1=n
So Sout <N+ 1= sp.
— Atline 9, the algorithm clearly stops with s+ = size(T) =1 < n+ 1 = s;, (since
n > 3).

« Lines 11 and 12:

— Here we focuson D = Dy M ... Dy, with m > 2. The same reasoning as the one
made at line 4 with D instead of C' leads to
oVl <j<m
size(Dj) =n+ 1 —size(C)
—size(Dq) —...—size(Dj_1) —size(Dj41) —...—size(Dy,) —m+1,
o V1 < j < m:size(D;) < n —size(C') —2.m + 3 and
om<(n+1)/2
— Now we show the set of nested recursive calls
tso(... (tso(tso(C, D1), D3),...), Dp,)
terminates with S, < Sin-
Formally this would need a proof by induction. However, for a sake of simplicity,
we only sketch this proof. We use the notations s and s,/ for the combined size
of the inputs and the size of the output of the nested recursive call involving D; as
its second argument.



o First the recursive call tso(C, D1 ) is such that 57" = size(C) + size(D;).
Thus: s,°" < size(C) +n — size(C) —2.m +3=n — 2.m + 3
Thus: src’l <n—1 < n(since m > 2)
By IH, the recursive call stops with sr v < s Y<n-—2m+3.

o The recursive call tso(tso(C, D1), D) is such that

rc,2

si” = size(spy 1) + size(Ds)
And then:
sT% < size(sTo") + size(Dy)
7“02 < SIZE( rc 1)
+n+ 1- size(C) — size(Dy) — size(D3) — ... —size(Dy,) —m + 1
st < size(s79)
+n+ 1 — size(C') — size(Dy) — size(D3) — ... —size(D,,) — m
st < size(C) + size(Dy)
+n+1—size(C) — size(Dl) —size(D3) — ... —size(Dy,) —m
sT9% <n+1—size(D3) — ... —size(Dy,) — m
T62<n—|—1—(m 2) —m = n—2.m+ 3 (since size(D;) > 1,V1 < j < m)

rc,2

By IH, the recursive call stops with s, < s~ <n—2m+3.
o The recursive call tso(tso(tso(C, D1), D2), D3) is such that

re,3

7% = size(s!97) + size(D3)
And then:
sTed < size(s]"%) + size(D3)
rc3 < S|ze( rc,2)
—|—n+ 1 —size(C') —size(Dy) —size(D2) —size(Dy) —. .. —size(Dy,) —m+1
7% < size(s]9%)
+n+1-— S|ze( ) —size(Dy) —size(Dy) —size(D4) —. .. —size(Dy,) —m
1% < size(s0S)) + size(Ds)
+n+1— 5|ze( ) —size(Dy) —size(Da) —size(Dy4) —. .. —size(Dy,) —m
TC3 < size(s, 1)+ size(Dy)
+n+1— S|ze(C’) —size(Dy) —size(Dy) —size(Dy) —. .. —size(Dy,) —m
7% < size(C) + size(Dy) + size(Dy)
+n+1—size(C) —size(D1) —size(Dy) —size(Dy) —. . . —size(D,,) —m
s79% < size(C) + size(Dy) + size(Dy)
+n+1—size(C) —size(Dl) —size(Dy) —size(Dy) —. .. —size(Dy,) —m—1
sT9% <+ 1 —size(Dy) — ... —size(Dy,) —m — 1
T63<n—|—1—(m 2) —m = n—2.m+ 3 (since size(D;) > 1,V1 < j < m)

rc,3

By IH, the recursive call stops with s, < s, 3 <n—2m+3.
o So on and so forth.
As sketched previously, a formal subproof by induction would show that each
recursive call in

tso(. . (tso(;[ni(;(C ,D1),Ds),...),Dp)

stops with s,,;i < s;i’J <n-2m+3<n+1,V1l <j<m. Thus, at line 12, the
algorithm stops with syt < 54 =n + 1.

e Lines 13 to 19:



— Here we have C' = 3r.C" and D = 3r.D’. So s;, = n+1 = size(C) +size(D) > 4.
— At line 14, the recursive call tso(C’, D') is such that s}¢ = size(C") + size(D’) =

rc s

n+1—2=n—1 < n. By IH, the recursive call stops with s[5, < s7

rc
Shor <n— 2.

n=mn—11le.
— Since instruction at lines 15 to 19 stops, then the algorithm stops. Moreover:

o Atline 16, syt = size(T) = 1 < s;y, (since s;;, > 4).

o Atline 18, 8oyt =1+ 87, <14+n—-2=n—1.50 Syt < Sin =1 + 1.

out

« Lines 20 and 21: the algorithm clearly stops with s,,,; = size(C') < size(C') + size(D) =
Sin (since size(D) > 1).

This ends the proof of termination.

Besides, the fact that algorithm 1 generates a unique output comes from the fact that each
output is uniquely defined (see lines 2, 7, 9, 12, 16, 18 and 21) and that there is no undeterministic
step (i.e. no instruction implying a choice).

c. Soundness The proof of soundness comes in 3 steps:

Step 1 from the characterization of subumption in ££ without any TBox given in [6], we derive
a characterization of subsumption in ££ in terms of subdescriptions (in corollary 1).

Step 2 from corollary 1 is derived a characterization of TSO in terms of subdescriptions.

Step 3 a proof by induction of soundness is given, using the characterization obtained at step 2.

Step 1
Let’s recall the characterization of subsumption in ££ w.r.t. empty Tboxes [6]. First let’s define
what is the description tree of a concept.

Definition 9 (description tree [6]). Let C' be an EL concept. Its description tree G is a tree
represented as a quadruple (V, E, vy, 1) where V is the set of vertices, E C 'V x r x V is the edge
set, vg € V is the root andl : V — 2€ a function that labels vertices with sets of concept names
(the empty set stands for T ).

[6] explains G¢ is unique, how to obtain G¢ from C, or C' from G, and that Cg,, = C'. Along
with the definition of an homomorphism between two description trees recalled below, they
characterize subsumption of concepts expressed with primitive concepts only.

Definition 10 (homomorphism of description trees [6]). A homomorphism from a description tree
Gp = (Vp, Ep,wo,p) to a description tree Go = (Vo, Ec, vo, lc) is a mapping ¢ : Vp — Vi
such that (1) p(wo) = vo, (2) Ip(w) C le(p(w)),Vw € Vp, and (3) (¢(w1), 1, p(w2)) €
Ec,V(wl, T, ’LUQ) € Ep.

Theorem 1 ([6]). Let C and D be concepts and Go and Gp their corresponding description trees.
Then:
C C D iff there exists a homomorphism ¢ from Gp to Gc.

Note that, given a TBox T, theorem 1 also holds with C instead of C when (C, D) €
(TEX™)2. Now, corollary 1 reformulates theorem 1 in terms of subdescriptions.



Corollary 1. Let C' and D be concepts. Then :

C C D iff there exists D' € subd¢ such that D' can be obtained by applying anywhere in D
zero or many times the following syntactic rules (r1) and (r2) that amount to replacing their left
hand side by their right hand side:

(r1) Ir.GN3Ir.H ~ Ir(GNH)
r2) T~H
with r any role, and G and H any concepts.

Proof. We note:
@WCLCD
@ there exists a homomorphism ¢ from Gp to Ge.
@ there exists D’ € subd¢ such that D’ can be obtained by applying anywhere in D zero
or many times rules (r1) and (r2).
We now show the proof of corollary 1 by showing @ implies (2) and @) implies @
Proof of @ implies (&)

This implication easily comes from the two following facts:

« C C D' since D' € subdc
« and D’ C D since applying (r1) or (r2) to D clearly results in a more specific concept.

Proof of (@) implies @
We prove the result by induction on size(D).

« Base case: we assume size(D) = 1 (i.e. D € CU{T}). We assume (). Let’s show @
By definition of Gp = (Vp, Ep, wo,lp), thereis: Ip(wy) = {D}if D € Corlp(wy) =0
if D = T. According to @ and definition 10, we have (with ¢ a homomorphism from
Gp to Go):

- if D € C:ip(wp) = {D} Cle(p(wo)) = lc(vo). So D' = D ensures @ (ie. D’
can be obtained without applying neither (r1) nor (r2) and D’ € subd().
- if D = T: any subdescription of C can define D’ (applying rule (r2) to D) so that

@ is true.

« General case: we assume size(D) = n + 1 with n > 1. We assume the induction
hypothesis (IH), i.e. for all concepts which size is at most n, there is: (©) implies @ So
we assume (©) for D. Let’s show ().

- Case 1: D = D; 1Dy We obviously have @ size(D;) < n—1andsize(D3) < n—1.
As D, € subdp and Dy € subdp and there exists a homomorphism ¢ from Gp to
Gc (since we assume @ for D), then @ ¢ is a homomorphism from Gp, to G and
a homomorphism from Gp, to G¢. Thanks to ® and @, IH can be applied: there
exists D € subd¢ (resp. D € subd() that can be obtained by applying (r1) or (r2)
zero or many times anywhere in D. D’ can then be built so that its description tree
Gp = (Vpr, Epr, v, lpr) is such that:

Vpr = VD/1 U VD’Qa
ED/ = E‘DI1 @] ED/27



and lD/ : VD/ — 20
v Ip(v') with

ACH if {p, (v') not defined
Ip (V') = Lpy (V) if {p; (v') not defined

Ip; (V") Ulp, (v') otherwise
In Gp/, we thus have:
Vpr C Vi since VD/1 C Vo and VD/2 C Vo,
Ep € E¢ since Ep; € Ec and Ep; C Eg,
and Vo' € Vpr, U}, (v') C 1.(V)).
So D’ € subd¢c. Now the two following arguments show that D’ can be obtained
by applying (r1) or (r2) zero or many times anywhere in D:

- Dj (resp. D)) is a subdescription of D’ and can be obtained by applying (r1)
or (r2) zero or many times anywhere in D (resp. in D5) which is itself a
subdescription of D. Thus, all branches of G in which edges (v1,7,v2) € Epr
only come from edges in either Gp, or Gp, correspond to subdescriptions of
D or D) that can be obtained by applying (r1) or (r2) zero or many times
anywhere in D.

- Now, for all (vi,7,v2) € Epy, if (v1,7,v2) is both in Ep; and Ep,, it means
that there exists (wi,7, w2) € Ep, and (w3, r,ws) € Ep, (with wy # wy)
such that (vy,7,v2) = (p(w1),r, @(ws2)) = (p(ws),r, p(ws)). Now, in terms
of concepts, this amounts to apply rule (r2) in D to couples of existential
restrictions that correspond to (w1, r, we) and (ws, r, wy). Thus, all branches
of Gp/ in which some edges (v1,r,v2) € Eps come from both gDﬁ and QD/2
correspond to subdescriptions D; or Dy of D to which (r2) has been applied.
As D; and D3 are themselves obtained by applying (r1) or (r2) zero or many
times anywhere in D, them so is D’.

Case 2: D = 3dr.D;.

Clearly, ® size(D) = n and D € subdp.

According to @ there exists a homomorphism ¢ from Gp to G¢o. Thus, there exists
a concept C’ such that 3r.C’ € subds with @ ¢ being a homomorphism from
Gp, to Ger. Let’s assume that v is the root of Go and (v, r, v1) is the edge in G
starting in v and corresponding to the existential restriction in 3r.C” (i.e. v is the
root of Gev).

Thanks to ®) and @, we can apply IH: there exists D € subd¢r that can be obtained
by applying (r1) or (r2) zero or many times anywhere in D1. D’ can then be built so
that its description tree Gpr = (Vpr, Epr, vo, lpr) is such that:

Vpr = Vp; U{vo},

Ep = ED/l U (vo, 7, v1),

andlp : Vpr — 2C

Ipy(v') ifv € Vo

Ip(wo) if v" = o = p(wo)

In other words, D’ = 3r.D]. Then it is easy to see that D’ € subdc.

v = lD/(U,) =



Moreover, D’ can be obtained by applying (r1) or (r2) zero or many times anywhere
in D since D] can be obtained by applying (r1) or (r2) zero or many times anywhere
in D1, which is a subdescription of D.

O]

Step 2
Let’s recall the definition of TSO:
OAD = Minc{concept E| @ C C Eand @ brg = br} ifbr#0

a if br =0
with br = brg \ (er U{S =3r1.3re...3r,. T €brg,n >0
38" = Fry..Fry Frpaq.Irpem P € brp,m > 0})

In the case where br # (), 2) implies brg C bro. Now corollary 1 says that: @ C' C E iff
there exists E’ € subd¢ such that E’ can be obtained by applying anywhere in E zero or many
times rules (r1) and (r2), with:

(r1) Ir.GN3Ir.H ~ Ir.(GNH)
(r2) T~ H

Since brp C brg, it means that E’ is obtained from E without applying (r2). Now suppose E’ has
been obtained from F by applying at least once (r1). This means there is in ' a subdescription
Sy = 3ry...3r;—1.(Ir;.G M Ir;.H) and there is in C' a subdescription S = Jry...3r;.J, with
J obtained from G M H by applying zero or many times (r1). It is clear that Sy T S;. But
this contradicts the fact that £ is minimal w.r.t. C such that @) and 2). So £/ = E and thus
E € subdc. Since E € subd¢ implies C' C E, we have:
cnp - I Minc{E| @) E € subdc and @ brg = br} if br #
T if br =
with br = brg \ (er U{S =3r.3re...3r,. T €brg,n >0
38" = Iy Iy Frpaq.Irpam . P € brp,m > 0})

Since a set of branches determines a unique subdescription for the associated concept, we

have:

OAD — E|®EEsubdcand®brE:br ifbr #£ 0

if br =0
with br = brg \ (er U{S =3r1.3re...3r,. T €brg,n >0
38" = Fry..Fry Frpar.Irpem P € brp,m > O})

Step 3
On the basis of the previous characterization of TSO, we now show CAD = tso(C, D) by
induction on the combined size of the inputs C' and D: this combined size is called s;;, and set
up as size(C) + size(D).

Base case: s;;, = size(C') +size(D) =1+1=2

« Lines 1 and 2:



-IfC=D=T,br={T}\{T} =0andthus CAD = T, and tso(C, D) = T also.

-IfC =T @ndC # D),br ={T}\ (brpU{T}) = 0 and thus CAD = T, and
tso(C, D) = T also.

-IfC =D (@ndC # T),br = brg \ (brc UD) = 0 and thus CAD = T, and
tso(C, D) = T also.

Lines 4 to 10: this case does not apply since it only applies when size(C') > 3.
Lines 11 and 12: this case does not apply since it only applies when size(D) > 3.
Lines 13 to 19: this case does not apply since it only applies when size(C') + size(D) > 4.
Lines 20 and 21:
In this case, C' # T, C # D, C and D are not conjunctions and C' and D are not
existential restrictions with the same initial role. Thus C' and D can be either existential
restrictions with a different initial role and/or concept names. In any case, this leads to
brc N brp = (), subde N'subdp = () and there is no couple of branches that begin with
the same role. Thus br = brgo with
br = bre \ (er U{S = 3r1.3re..3r,. T € brg,n >0 |

38" = 3r1..3ry Irpq1.. Irnem P € brp,m > 0})
So CAD = C. Besides, tso(C, D) = C also.

General case: s;, = size(C) + size(D) = n, + 1, with n, > 3
We recall in this case, the induction hypothesis (IH) says: VC’ and D’ with s}, = size(C") +
size(D') < n,, tso(C’,D") = C'AD'.

Lines 1 and 2:

- If C = D = T, this case does not apply since size(C') + size(D) = 2.
-IfC =T @ndC # D),br ={T}\ (brpU{T}) = 0 and thus CAD = T, and
tso(C, D) = T also.
-IfC =D (and C # T), br = br¢ \ (brc U®) = 0 and thus CAD = T, and
tso(C, D) = T also.
Lines 4 to 10: in this case, we have C' = |—|f:1 C;, with k > 2 and each Cj is not a
conjunction. So @ brg = Ule brc,. Moreover, since size(C;) < size(C') — 2 we have
size(C;) + size(D) < n, — 2. Thus, by IH, there is:
®Vie{l,...,k},
tSO(CZ‘, D) = C;AD
_ | E; |@ E; € subdc, and @ brg, = br; if br; # )
T ifbr; =10
with br; = brg, \ (er U{S =3r1.3re...3r,. T € brg,,n > 0|
38" =3Iy FrpIrperIrpem P € brp,m > O})
Let’sstudy £ = |_|i-€:1 tso(Cj, D) since the output of the algorithm is built from it (modulo
lines 7 and 9). Thus brg = brl_lfz . According to (), there is:
V1<i<k,

1 tso(Cy,D)



bre ey = {bri if br; #
" {T} ifbr, =0
with
br; = bre, \ (brp U {8 = 3r1..3r,. T € brg, | 39" = 3r1..3rm1m.P € brp})
So:
bris = bt uo(c, 0y = Uit brisocin)
U b it U b £ 0
- {{T} if U, br; =0
Now, let’s note Ule br; = br. We have:
br = U~ (brgi \ (brp U{S = 3ry...3r,. T € bre,[3S" = Fry..Frpym. P € er}))

= (U, bre,) \ (brp UUS_ {S = Fr1..3r,. T € bre, |38 = Fr1... 3 4m. P € brp})

= (UL, bre,)\ (brpU{S = Fr1..3r,. T € (U5, bre;)|3S" = Fr1.. 3 P € brp})
And thanks to @), this leads to:

br = bre \ (brp U{S =3r1..3r,.T € bre | 38’ = Ir1... 3rp4m.P € brp})

and

br  ifbr# ()

{T} ifbr=190

This is the proof of 2) for E.

Now, since E = |_|f:1 tso(C;, D), C = |—|f:1 C; and, according to (o), tso(C;, D) €
subdc,, we derive 2 € subdc. This is the proof of (1) for E (when br # ().

Lines 11 and 12: in this case, we have D = |_|m:1 D;, with m > 2 and each Dj is not a
conjunction. We have then size(D) = (3 ', size(D;) + (m — 1)). Besides, the output
of tso(C, D) is set to be

E = tso(tso((..tso(tso(C, D1), D3),..), Dm—1), D).

We recall we have shown algorithm 1 always terminates with size(tso(C, D)) < size(C')+
size(D). Applied to E this means there is:

size(tso(C, D1)) < size(C) + size(Dq) — 1

size(tso(tso(C, D1), D2)) < size(tso(C, D1)) + size(D2) — 1

brE =

size(t50(t50((...), Din_2), Don_1)) < size(tso((...), D)) + size(Dy_1) — 1
Thus, Vk € {2,..,m — 1}:
size(tso(tso(..., Dy_1), Dy,)) <size(C) + (X r_, size(D;)) — k
Since size(D) = (3_7L; size(Dj)+(m—1)),m > 2and s;, = size(C)+size(D) = n,+1,
we have Vk € {2,..,m — 1}:
size(tso(tso((...), Dx—1), Dx)) + size(Dy11)
< size(C) + (Y52 size(D;)) — k
< size(C) + size(D) = sjp, =np + 1

So we can apply the IH to get:
tSO(C, Dl) = CAD;
tso(tso(C, D1), D) = tso(C, D1)AD>



tso(tso((...), Dym—2), Dy—1) = tso((...), Di—2)ADp—1

E =tso(tso((...), Dm—1), D) = tso((...), Dy—1)ADp,

For a sake of clarity, we rename tso(tso((...), Dx_1), D) as tso, for all k € {2,..,m}.
This leads to :

tso; = CAD;y

tsog = tso1AD>y

ts0;m—1 = ts0y—2ADy,—1
FE = tso,, = tso,,—1AD,,

Using the characterization of CAD obtained at step 2, this leads to:
o1 — {E1 | () Ey € subdc and @ brg, = bry if bry # 0
T ifbry =0
with bry = bre \ (brp, U{S = 3r1.3rs...3r,. T € bre,n > 0]
38" = 3ry..Frp I I P € brp,,m > 0})
Ey | (@) By € subdyso, and @ brg, = bry
tsop = if bro #£ ()
T ifbro =0
with bry = brigo, \ (er2 U{S =3r1.3re...3r,. T € brige,,n >0 |
38" = 3ry..Frp I I P € brp,,m > O})

E = tso,,

E, | @) E,, € subdy,, , and @ brg, = br,, if br,, # 0
T if br,, =0

with br,, = breso,,_, \ (erm U{S =3r.3re...3r,.T € briso,, ,,n >0
38" = 3Iry.. 3 Irpg1Irpem- P € brp, ,m > 0})

Since brp = U;nzl brp,, it follows straightforwardly that, if br # @, then @ E €
subdc and @ brg = br, and if br = ), then E = T, with br = brg \ (brp U{S =
Iry1.3re... 3, T € breyn > 035" = 3ry... 3, 3. 3 m P € brp,m > O}) ie.
tso(C,D) = E = CAD.
Lines 13 to 19: in this case, C = 3r.C’ and D = 3r.D’.
Clearly size(C") + size(D') = size(C) + size(D) — 2 < n,.. So the IH can be applied:
ts0(C". D) = C/AD = E'|(¥) E' € subdcr and @) brg = br’ %f br: # 0
T ifbr =0
with br’ = bre \ (er/ U{S =3r.3re...3r,. T €brer,n >0

38" = Iry... Iy Irpag.Irpem . P € brpr,m > 0})

Besides, it is also clear that brc = {3r.S | S € brev} and brp = {Ir.5 | S € brp/}. Thus
if we define:
br = brg \ (er U{S =3r1.3re..3r,. T €brg,n >0

38" = Iry..Frp Irpag.Irpem P € brp,m > O})



then br’ = 0 iff br = 0.
Moreover, we also have subdg = {3r.S | S € subd¢r} and subdp = {Ir.5 | S €
subdp/}. Thus, when br’ # (), we conclude the concept E’ that follows 1) E' €
subdcr and @) brg: = br’ defines a unique concept £ = Jr.E that follows @ E ¢
subd¢c and @ brg = br. This shows tso(C, D) = CAD for lines 16 and 18.
+ Lines 20 and 21:

In this case, C # T, C # D, C and D are not conjunctions and C' and D are not
existential restrictions with the same initial role. Thus C' and D can be either existential
restrictions with a different initial role and/or (different) concept names. In any case, this
leads to brc Nbrp = 0, subde Nsubdp = () and there is no couple of branches that begin
with the same role. Thus br = bry with
br = bre \ (brp U{S =3r1.3re..3r,. T € bra,n >0 |

38" =3Iy FrpIrperIrpem P € brp,m > O})
So CAD = C. Besides, tso(C, D) = C also.

d. PTIME computational complexity In this proof, we assume that & is the constant
execution time of elementary operations: concatenations of two concepts A and B with a N
symbol to obtain A M B, concatenations of an existential quantification Jr. with a concept A to
obtain Jr. A, variable assignments, comparisons of two concept or role names, and recursive
calls. We also assume that checking whether 2 concepts of sizes n; and ny are syntactically
identical can be done in linear time O(Min(ni,n2)). Besides, checking whether a concept
is a conjunction or an existential restriction can be done in constant time since we suppose
concepts are represented/stored as syntactical trees.

Let C' and D be two £L concepts. For a sake of clarity, we note size(C') = n¢ and size(D) =
np. We also note n = nc + np. When C'is a conjunction, we consider it has p conjuncts (and
not n as in algorithm 1 since n is already equal to nc + np). When D is a conjunction, we
consider it has m conjuncts (as in algorithm 1). Let’s find an upper bound for 7'(n) which is the
execution time of algorithm tso on an input of size n, i.e. of the call tso(C, D).

We first recall algorithm 1 which computes tso(C, D).

Require: C and D two £L concepts.
Ensure: CAD (cf. def. 8)
:ifC=DorC=T then

2:  Result =T {Case 1 and case 2}
3. else

4 ifC=Cyn...NC, withn > 2 then

5 Resultl :=tso(C1, D) M...Mtso(Cy, D)

6: if There is at least one conjunct # T in Resultl then

7 Result := Resultl without any T conjunct. {Case 3}
8 else

9: Result :=T {Case 4}
10: end if

11: elseif D =DyM...MND,, withm > 2 then
12: Result := tso(. .. (tso(tso(C, D1), D3),...), D) {Case 5}



13:

14: Resultl := tso(C’, D")
15: if Resultl = T then
16: Result .= T

17: else

18: Result := Jr.Resultl
19: end if

20:  else

21: Result :==C

22:  endif

23: end if

else if C = 3r.C" and D = 3r.D’' then

24: return Result

{Case 6}

{Case 7}

{Case 8}

Since algorithm 1 is made of nested tests leading to 8 possible cases (as shown above), we

have T'(n) is less or equal to the maximum of the following 8 cases:

Min(nc,np) x k

+ks

(Min(nc,np) +1) x k

+k,

(Min(nc,np) +1) %k

+k

+pxk

+ Zle T(SiZG(CZ') + nD)
+(p—1)xk

+k
+p*k
+(p—1)xk

+k,

(Min(nc,np) +1) x k

+k

+pxk

+ >0 T(size(C;) + np)
+(p—1)*k

+k
+p*k
+kj,

Line 1: test C = D
. . . case 1
Line 2: variable assignment
Li:testC=DandC =T

. . case 2
L2: variable assignment
L:C=DandC =T
Lda:test C = C111...1MC,
L5: p recursive calls
L5: recursive calls execution time
L5: building the answer by con-
catenating with 1 case 3
L5: variable assignment
Lé6: p tests conjuncts # T
L7: removal of at worst p — 1 con-

juncts
L7: variable assignment

L:C=DandC =T

La:test C = C1 1.1 C,

L5: p recursive calls

L5: recursive calls execution time
L5: building the answer by con- » case 4
catenating with 1

L5: variable assignment
Lé6: p tests conjuncts # T
L9: variable assignment




(Min(nc,np) +1) x k L:C=DandC =T

+k L:test C = C1 1.1 C,

+k 1L11: D= Dy ..M D,,

+mxk L12: m recursive calls

+T (nc + size(Dy)) L12: recursive calls execution

+T (size(tso(C, Dy)) + size(D2)) time case 5

+...

+T (size(tso(...)) + size(Dyp,—1))

+T (size(tso(...)) + size(Dyy,))

+k, L12: affectation
(Min(nc,np) +1) xk L:C=DandC =T

+k L:test C = C1 1M ...1MC,

+k L11: D= Dy M...MD,,

+2 % k L13: C =3r.C"and D = 3r.D’

+k L14: recursive call case 6

+T'(nc —14+np—1) L14: recursive call execution time

+k L14: variable assignment

+k L15: test Result = T

+k, L16: variable assignment )
(Min(nc,np) + 1) xk L:C=DandC=T

+k Ld:test C = C1M...1MC,

+k L11: D=D;MN..MN Dy,

+2 % k L13: C = 3r.C"and D = 3r.D’

+k L14: recursive call

+T(nc —1+np—1) L14: recursive call execution time ) case 7

+k L14: variable assignment

+k L15: test Result =T

+k L18: building the answer by con-

catenating with 3r.

+k L18. variable assignment )
(Min(nc,np) + 1) xk L:C=DandC=T

+k La:test C = C1 1.1 C,

+k Li1:D=Dyn..MND,, case 8

+2 % k L13: C =3r.C"and D = 3r.D’

+k L21. variable assignment

After simplification, we get:

T(n) < Max( (Min(nc,np) + 1) * k, } case 1
(Min(nc,np) + 2) x k, } case 2
(Min(nc,np) + 2+ 4p) x k + Y8 T(size(C;) + np), } case 3



(Min(nc,np) + 3+ 3p) « k+ Y1 T(size(C;) + np), } case 4

(Min(nc,np) +4+m) *xk

+T'(nc + size(Dy))

+T (size(tso(C, Dy)) + size(D2)) case 5

+...

+T (size(tso(...)) + size(Dp—1))

+T (size(tso(...)) + size(Dy,)) J
(Min(nc,np) +9) xk +T(n—2) } case 6
(Min(ng,np) +10) « k + T(n — 2) } case 7
(Min(nc,np) +6) * k } case 8

)

We can see that there are cases with some recursive calls and cases without recursive calls.
Cases without recursive calls execute in linear time O(n) since nc < n and np < n. Cases
with recursive calls have a linear time part and a recursive call part. Thus, a worst case happens
when the number of recursive calls is maximimal. Within cases having recursive calls, there are:

« cases 3 and 4 having p recursive calls (p is the number of conjuncts of C),
« case 5 having m recursive calls (m is the number of conjuncts of D)
+ and cases 6 and 7 having a single recursive call.

As p and m are both greater than 2, then maximizing the number of recursive calls implies
getting into cases 3, 4 or 5. In other terms, for a given input size n, we have to maximize p and
m, which in turn implies to mimimize existential restrictions. This means that a worst case for
algorithm 1 happens when C' and D are both conjunctions of concepts names, without any
existential restrictions. Moreover, in this worst case, concepts names in C' and D must all be
pairwisely distinct and different from T in order not to go through case 1 and stop. It is easy to
see that we then have tso(C, D) = C.
In this worst case, the execution runs as follows:

« the tso(C, D) main call is handled by case 3, i.e. goes through lines 4, 5, 6 and 7.
« line 5 triggers p recursive calls tso(C;, D), 1 < i < p.

- each recursive call tso(C}, D) is handled by case 5, i.e. goes through lines 1, 4, 11
and 12,
— line 12 triggers m recursive calls tso(Cj, D;), 1 < j < m. For all m recursive calls,
the first argument stays C; since C' is not modified in the whole process.
« each recursive call tso(C}, D;) is handled by case 8, i.e. goes through lines 1, 4,
11, 13 and 21.

As C'is a conjunction of p concept names (of size 1), there is: n¢ = size(C) = (3°F_ | 1)+p—
1 = 2p — 1. In the same way: np = size(D) = (3_7L; 1) + m—1=2m— 1. Asn = n¢c +np,
we have n = 2p + 2m — 2 and thus p + m = n/2 + 1. We can now evaluate the execution time
of tso(C, D) in the worst case described above:

T(n) = (Min(nc,np) +2+4p) x k+ > b_, T(size(C;) + np)
with



« foralliin {1,..,p}:
T(size(C;) +np) = (Min(size(C;),size(D)) +4 +m) x k
+T (size(C;) + size(D1))
+T (size(C;) + size(Dy))
+...
+T1(size(C;) + size(Dy,—1))
+T'(size(C;) + size(Dpy,))
o forall jin {1,..,m}:
T (size(C;) + size(D;)) = (Min(size(C;),size(D;)) + 6) * k

By replacing size(C;) and size(D;) by 1 since they are concepts names, we get:
T(n) = (Min(nc,np) +2+4p) xk+p* (5+8m) *x k
=kxMin(2p —1,2m — 1) + 4k x p + 2k 4+ 5k * p + 8k x mp
Since k is constant, 7'(n) is in O(mp). As m + p = n/2 + 1, mp is maximal when m = p =
n/4 + 1/2. This enables us to deduce T'(n) is in O(n?).
O

.3. Proof of Proposition 2

Proposition 2. Let T be a TBox and (C, D) € (Ter)?. There is:

a. C' o7 D exists and is unique (up to =7).

b. C &7 D =T*(C)AT*(D) = cso(T,C, D) (soundness).

c. Computing cso(T, C, D) is in EXPTIME in the sizes of T, C' and D and in PTIME in the sizes
of T*(C) and T*(D).

Proof.

a. Existence and unicity In the case where char, C dcom7C—7D, existence and unicity of

C ©7 D are trivial. Otherwise, charl, Z dcomgvD is equivalent to 35 € charl | D Z1 S. So
there always exists £ = S such that C' C E and dcomED = (). Thus C' ©7 D exists. Now,
since C' ©7 D must be minimal w.r.t. to C, it is easy to see it is unique since it suffices to
take the conjunction of all elements of {E € T¢, | C Ty E and dcomg, p = 0} to have the
minimal one. Since defined concepts can be expanded w.r.t. 7, unicity is up to =7.

b. Soundness Here, we have to show C &1 D = T*(C)AT*(D) with:

CorD— Minc {E € Ter | C E E and dcomE’D =0} ifcharg Z dcomg,p
T T if charg - dcomZiD
and .
T*(C)AT*(D) _ {MZHE{E S ’7';/; | T*(C) C Fandbrg = br} IEEr # g
if br =

with br = brT*(C) \ (brT*(D) U {S = Jrq.3re..Ir,. T € brT*(C)v n>0 ‘
38" = Fr1..Irp Irngr. Irngm P € brrepy,m > O})
and with P any concept name or T (except if m=0).



Remark: E € 7'gpgm as a consequence of 7*(C) C E.

First we show: ® charl, C dcomCD & br = @
.
Let S € brT*(C).

« Case1: § € charC
Thus S € brprlm Besides, since &) < VS € charg,D Cr S, thereis D C4 S. Since
S e br7- , we easily have 7*(D) C S. By corollary 1, this is equivalent to the fact that
there exists S’ € subd~(py such that S’ can be obtained from S by applying anywhere in
S zero or many times the following syntactic rules (r1) and (r2) that amount to replacing
their left hand side by their right hand side:

(r1) Ir.GN3Ir.H ~ Ir.(GNH)
(r2) T~ H

with r any role, and G' and H any concepts. For a sake of simplicity, from now on, we
1),(r2 ,
note these transformations : .S (r )v~(>r ) S’. As S is a branch, S’ must also be a branch. So

there is: 35" € bry+(p) | S (rAr2) S’. Now, since S is a branch, (r1) cannot be applied.

So 38" € brrpy | S (w) S’. Since (r1) can only be applied once to a branch, we have
the two followmg cases:

- either S = 5’
- orS=73r..3r,. Tand S’ = Iry...3r,.H, withn > 0and H € brp”m.

By the definition of br, S ¢ br in both cases.

. Case 2: S & charl..
Thus VG € Ter | G =7 Cand S € brg, 3H € Tgp | bryg = brg \ {S} and H =1 C.
As S € bry«(cy, it means that the concept T*(C)~, defined with with bry(cy-s =
brr«(c) \ {S} and T*(C)~% = T*(C), exists, is unique and is such that 7*(C)~* C S.
Following the same kind of reasoning as in previous case, we then derive:
5" e br’T*(C)_S |

— either S = 9’
—orS=3r..3r,. Tand S’ = Iry..3r,.H, withn > 0and H € br?'m.

Since the complete expansmn of a concept Cwrt. Tisa unlque concept 7*(C), we
see that brT*(C) = charT*(C) - charC This means that S’ € charT*(C) 5. So the case
where S = S’ is not possible otherwise we would have S € char.. Thus S = 3ry...3r,. T

and S’ = 3ry..3r,.H, withn > 0and H € brprlm Since S’ € charT*(C) s we have
S" € charl.. Now we have supposed @ charg C dcom/, . So &' € dcoml pp. So
D Cy 5. Since S’ € brprlm we have 7*(D) C S’. A same reasoning as before, based on

corollary 1, leads to: 35’ € bry.(py | 8" = S”. And then we derive S ¢ br.

So, in both cases, S € bry () implies S ¢ br. So br = {).



<~
We now suppose br = (). This means VS € bry- (), either @ S € bry(p), or @ S =
Ir1...3r,. T, withn > 0, and 35" = 3ry..3rp... Irp . P € bry«py, with m > 0.

Let S € char). We have to show S € dcomg,D. Le. we have to show D Ty S. If @ is
true, we have 7*(D) C S and thus D C7 S. If ) is true, we have 7*(D) C S’ C S and thus
DCr S

So, we have shown charl, C dcong < br = 0.

Now we prove a lemma that is useful for the second part of the soundness proof.

Lemma 1. Let C and D be two concepts. The set br defined as follows:
br = br¢ \ (er U{S =3r.3re...3r,. T €brg,n > 0|
38" = Iry...Fry Irpag.Irpem P € brp,m > O})
is such that:
br={Sebrc| DS}

Proof.
S € br
& e S € brg and
e S ¢ brpand
oif S=ry..3r,.T,withn >0
then VS’ € brp, S’ # Jry..3r, 1. P, for all m > 0 and P concept
name or .
< e S € brgand
VS’ € brp, S’ cannot be obtained by applying zero or one time rule (r2) to
S.
Slsabanch o g o bro and
VS’ € subdp, S’ cannot be obtained by applying zero or many times rules
(r1) and (r2) to S.
Corogryl e S € brg and
DCsr S

& Se{l ebrc|DYZT}
O

Before lemma 1, we have shown charg - dcomg p < br = (). Now, assuming the opposite,
ie. charl ¢ dcomg’D < br # (), we have to show: _
Minc, {E € Ter | = Minc{F € TI" |
C C7 E and dcom}, ;, = 0} T*(C) C F and brp = br}
Let F € TF.™ such that:

@O T*(C)C F and
@ brp = brand
(® F is minimal w.r.t. C such that @) and ).

We have to show that:



@ C Cy Fand
® dcom}—,D = () and
© F is minimal w.r.t. _7 such that @ and (b).

First, since C' =7 7*(C), © implies C T F'. This is @. _
Second, assuming S € char;, we have to show D Z7+ S. As F € TEPEm, we have char; C brg.
So S € brp = br. According to lemma 1, S € bry () and T*(D) £ S. Thus D (Z7 S. This is

®.

Third, 3 < © comes from F € ’Tgpg m,

c. Complexity The result trivially comes from complexity of the complete expansion and of
algorithm 1.

O]
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