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ABSTRACT. We study various moduli spaces of local Shtukas in the setting of Fargues’ program
for GL,,. In certain cases, this gives us an explicit description of the spectral action which was
recently introduced by Fargues and Scholze. This description sheds light to the categorical
local Langlands program for GL,, and allows us to construct Hecke eigensheaves associated to
certain {-adic Weil representations of rank n and to prove some parts of Fargues’ conjecture.
Moreover, by using this description, we can prove new cases of the Harris-Viehmann conjecture
for non-basic Rapoport-Zink spaces and compute some parts of the cohomology of the Igusa
varieties associated to GL,,.
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1. INTRODUCTION

Let £ # p be primes and fix an algebraic closure @p of Q, with associated Weil group Wy, . In
[Far16], Fargues formulated his program to geometrize the local Langlands correspondence for
Qp via the stack Bung of G-bundles on the Fargues-Fontaine curve, with G a reductive group
over Q.

Fargues’ program has been put forward in the seminal recent work [FS21I]. The aims
of Fargues’ program is to relate sheaves on the stack of Langlands parameters, "the spec-

tral side", to sheaves on Bung, "the geometric side". On the spectral side, one consid-
ers Perfa([Z1(Wg,,G)/G]) (resp. Dggf([Zl(WQP,G)/G])), the derived category of perfect

complexes on the stack of L-parameters [Zl(WQp,@) /G] with quasi-compact support (resp.
bounded derived category of sheaves with coherent cohomology with quasi-compact support),

as in [DHKM20), Zhu20] and [FS2I, Section VIILI|. On the geometric side, one considers
Dy (Bung, @), the category of lisse-étale Q-sheaves and Dys(Bung, Q,)* the sub-category
of compact objects, as defined in [FS21, Section VIL.7|. Fargues and Scholze constructed an
action (called the spectral action) of the category Perch([Zl(W@p,é) /G]) on the category
Djis(Bung, @) and expect this action relates these categories in a precise way. Fix a Borel

subgroup B C G with unipotent radical U and a generic character ¢ : U(Q,) — @Z . Let W,
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be the Whittaker sheaf, which is the sheaf concentrated on the stratum Buné corresponding
to the representation c—IndS’ Y of G(Qp). One can rephrase their conjecture by saying that the
"non-abelian Fourier transform"

Perch([Zl(WQp, (A})/(A}] — Dyis(Bung, Q)
M — Mx Wy,

is fully faithful and extends to an equivalence of Q,-linear small stable co-categories

DS (12" (Wi, G)/G] — Diig(Bung, @p)*,
where * denotes the spectral action and Dy (Bung, Q,)¥ denotes the full subcategory of compact
objects.

This program is expected to capture in a geometric way everything we know about the local
Langlands conjectures such as the internal structure of L-packets, Jacquet-Langlands corre-
spondences, functoriality transfers and even some form of the local-global compatibility. We
consider the case G = GL,, the main goal of the manuscript is to compute explicitly the ac-
tion of Perch([Zl(WQp,@n)/@n]) on m, where b € B(GL,) and m, is a smooth irreducible
representation of Gy(Q)) whose corresponding L-parameter satisfies some extra conditions. Be-
sides many geometric and cohomological applications, these computations also shed light to the
relation between the/gategorical and the usual local Langlands conjectures.

We consider an (GL,-conjugacy class of) L-parameter ¢ of GL,, which has a decomposition

P=01D...D ¢,

where the ¢;’s are irreducible and for 1 < ¢ # j < r, there does not exist unramified character
X such that ¢; ~ ¢; ® x. Let 7 be the irreducible representation of GL,(Q),) corresponding
to ¢ via the local Langlands correspondence. In this case we know that 7 is isomorphic to the
normalized parabolic induction IndSL" (m ®...®m,) where P = MN is some standard parabolic
subgroup whose Levi factor is given by M = GL,, x ... x GL,, and the m;’s are supercuspidal
representations.

We have a map 6 : [Z'(Wg,,GL,)/GL,] — Z'(Wy,,GL,)//GL, where
Z(Wa,, (/}\Ln) // GL, is the categorical quotient.  Since ¢ is semi-simple, its orbit in
ZY(Wq,,GLy) by the action of GLy, is closed. Let # be the Qp-point in Z'(Wg,,GL,)//GLy
corresponding to this orbit. We can show that §~1(z) is closed and consists of exactly the point
in [Z'(Wg,,GLy)/GLy] corresponding to ¢ (proposition . We denote by [Cy] the connected
component of [Z1(Wg,, C/%\Ln) / (/}in] containing ¢. Recall that by the computation in [KMSW14]

T

pg. 83|, we have an explicit description of the centralizer Sy := Cent(¢) = H(Gm and by the
i=1

results in [DHKM?20], we can show (proposition that [Cy] ~ [G;,,/G},] where the quotient

is taken with respect to the trivial action of G7,.

Let C € Perch([Zl(W@p,@n)/@n]) be a perfect complex such that its support does not
intersect with 6~1(x). We then (by [Ham2I, lemma 3.8]) know that C' x Fr = 0 where F is
the sheaf over Bun,, concentrated on Bun,l1 associated with . More generally, if the support of
C does not intersect [Cy] and 7' is any finitely generated representation of G,(Qp) regarded as
sheaf on Bun,, whose (semi-simplified) L-parameter of any irreducible constituent is given by an
L-parameter in [Cy] then CxF,» = 0. The study of the spectral action on Fr is therefore reduced
to the description of the complex C x F for C' perfect complexes supported on the connected

component [Cy]. We denote by D{g¢}(Bunn,@4)“ the full sub-category of Dys(Buny, Q)% such
that the Schur-irreducible objects in this subcategory all have Fargues-Scholze parameter given
by an L-parameter in [Cp).

1.1. Hecke operators and cohomology of local Shimura varieties.
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1.1.1. Hecke operators and Hecke eigensheaves.
We fix a maximal split torus T and a Borel subgroup B of GL, and fix an L-parameter ¢
T

satisfying some conditions as above. In particular we have ¢ = ¢1 @ ... D ¢, and Sy = H Gm.-
i=1

T
Suppose that dim ¢; = n;, thus an =n.

In this manuscript, we colmi)ute explicitly the action of a perfect complex L €
Perf([Z'(Wq,,GLy)/GLy])4 on Fr. Since the category Perf([Z'(Wq,, GLy)/GLy])9¢ is gen-
erated by cones and retracts of Hecke operators, the first step is to compute the Hecke actions
acting on Fr where 7’ is irreducible. Since we have an explicit description of [Cy], the cate-
gory Perf([Cy]) is not too hard to understand. In particular, we have a monoidal embedding of
categories

Repg, (Sp) — Perf([Cy))

where the image of an irreducible character x is the vector bundle on [Cy] corresponding to the
structural sheaf on G, together with the GJ,-action defined by x. We denote by C| this perfect
sheaf and we want to concretely describe the C x F where 7 is the irreducible representation
of GL,,(Qp) with L-parameter given by ¢.

Remark that Sy is commutative then the set Irr(Sy) of its characters forms a group under
s

the tensor product operator. In this specific case that group is isomorphic to HZ. Then a set
i=1
of generators of Irr(Sy4) is given by the characters x; corresponding to (0,...,0,1,0,...,0) (1 is
in the #*"-position), 1 < i < r.
Let us describe the first main result describing the action of the C)’s and the action of the

”
Hecke operators. For each character y = (dy,...,d,) € H Z, we define an element b, € B(GL,),
i=1
an irreducible representation 7, of Gy (Qp) and a sheaf F, on Bun, as follow:
e b, is the unique element in B(GL,) such that its corresponding vector bundle is isor-
morphic to O(A1)"™ & ... & O(\)™ where O();) is the stable vector bundle of slope
)\i = dl/nl and m; = ng(dl’, nl)
e Consider the group Gy,, it is an inner form of a standard Levi subgroups of GLj.
Let GZX be the split inner form of Gy . For each i, let G; := GL,,(D_y,) where

D_,, is the division algebra whose invariant is —J\;, thus G} = GL,,. We have a map

-

¢i s Wo, — G (Qy) and the direct sum ¢1D. .. D¢, gives us a map Wo, — H G (Qy)
i i=1
whose post-composition with the natural embeddings H G} (Qy) — Gy, (Qy) defines an
i=1

L-parameter ¢, of Gy, . Moreover, the post-composition of ¢, with GZX (Qy) — GL,(Qp)
is the ((/}in—conjugacy class of) ¢. Finally, 7, is the representation of Gy, (Q,) whose
L-parameter is given by ¢, via the local Langlands correspondence for general linear
groups.

e We can suppose that GZX is standard. By , there exists a unique standard parabolic
subgroup P of GL,, with Levi factor given by GZX such that v, € X.(P)*. Let dp be
the modulus character with respect to P and denote 5P‘G; its restriction to GZX. Then

we denote by dp, the character of Gy, whose L-parameter is the same as that of (5P|G; .
X
We consider the embedding iy, : Bun?* — Bun, and define Fy = ibx!(db_xl/Q Ry ) [—dy]

where dy = (2p, %, ) and p is the half sum of all positive roots of GL,. In particular, if
we denote by Id the identity element in Irr(Sy) then Fiq ~ Fr.
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For avoiding confusion, we recall that if P = MN where M is the Levi subgroup
and N is the unipotent radical then the modulus character is defined by dp(mn) :=
| det(ad(m); LieN)| where | - | denotes the normalized absolute value of the field Q,.

Remark 1.1. Our characters ¢ is the same as the character §; defined by Hamann and Imai in
[HI23]. We recall that for b € B(GLy,), we have v}, = (—vg,)dom then the parabolic that preserves
the Harder-Narasimhan filtration of &, is the opposite parabolic subgroup of P above.

The following result is theorem [£.5]
Theorem 1.2. Let ¢ be an L -parameter satisfying the above conditions and let x = (di,...,d,)

be an element in Trr( S¢ HZ Then we have
=1

where 1d is the identity element in Irr(Sy).

Remark 1.3. (1) Let G be an inner form of a Levi subgroup of GL,. Then G(Q,) has an
irreducible representation with L-parameter given by ¢ if and only if G(Q,) ~ Gs, (Qy)
for some x € Irr(Sy). Therefore the vector bundles C realize all the possible transfers of
7 to the inner forms of the Levi subgroups of GL,, by acting on F ~ Fiq. It could be seen
as geometric local Jacquet-Langlands and Langlands-Jacquet correspondences. Thus
the categorical local Langlands program contains rich information about the classical
Langlands correspondences as expected.

(2) The modulus character §,_ /2 in the above formula is closely related to the twist appeared
in [FS21] Corollary IX.7. 3] More precisely, there are several Fargues-Scholze parameters
associated to the Gy (Qp)-representation 7, : the one constructed by using excursion
operators on Bun, and the one constructed by using Bungbx. These parameters differ

by a twist as explained in [ES21, Corollary IX.7.3]. Thus, in fact 5b_X 12 & 7y has the
same Fargues-Scholze parameter (with respect to Bun,) with 714 and it is in line with
[Ham21| Prop. 3.14].

(3) The case r = 1 is treated in [ALB2Il theorem 1.2]|, [Han20), theorem 1.5]. The above

theorem could also be seen as non-supercuspidal analogue of some of the results in
[BMHN22, §4].

Let us describe roughly the strategy of the proof. It is enough to prove the theorem for
x = (di,...,dy) where the d;’s are non-negative. We denote by Irr(S,)™ the set of all such
characters and moreover denote by p = (1,0("_1)) the simplest cocharacter of GL,,. Then we
have a Hecke operator T, corresponding to p. Remark that we can compute the action of C,,
by using the Hecke operator T, and the latter is closely related to the cohomology of Rapoport-
Zink spaces |[RZ96|, or more generally to the cohomology of Scholze’s local Shimura varieties
Sht(GLy, b1, ba, 1) where by, by are not necessarily basic [SW20].

Indeed, we recall that Sht(GLy,, b1, ba, 1) denotes the moduli space of modifications of type u
from &, to &,. As Sy x Wo,-representations we have

ruod=EPxi X o,

i=1

where 7, is the highest weight representation associated to p. In this case it is the standard
representation. Thus by [FS21, Coro. VII1.4.3, Theo. X.1.1|, we deduce that for any irreducible
sheaf v on Bun, whose (semi-simple) L-parameter is ¢ we have

T

TM(}—W’> :@CXi*Fﬂ'/‘ZI¢i

i=1
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as sheaves on Bun, with Wg, -action (see also proposition . Thus by [ES21L §1X.3| the
description of RTc(Sht(GLy, b1, b2, 1), Qp) as Wo, X Gy, (Qp) X Gy, (Qp)-modules allows us to
compute the action of C,, by identifying the [¢;]-isotypical parts (see also lemma .

We proceed by induction on r. First we can deduce the case r = 1 by [Far20] [Zou22|, [ALB21]
theorem 1.2], [Han20, theorem 1.5|. Suppose that the theorem is true for 1,...,7 — 1, we show

T

that it is true for r. Now we proceed by induction on D = Zdi' For D = 1, one could use

=1
known cases of the Harris-Viehmann’s conjecture and [ALB21], theorem 1.2|, [Han20) theorem
1.5] to compute RT¢(Sht(GLy,, b1, ba, 1), Q) where by = 1 and then get a description of Cy, * Fiq
by identifying the Wg,-action on both sides.

In order to prove the induction step from D = s — 1 to D = s, we will study the cohomology
of the local Shimura varieties Sht(GL,, b1, ba, ) for various by and by such that k(b;) = 1 — s
and k(b2) = —s. An important ingredient of this step is an analogue of Boyer’s trick for
Sht(GLy, b1, ba, 1) when by, be are non-basic (proposition , Corollary and lemmas ,
generalizing classical Boyer’s trick [Boy99], [HT01], [Man08|, [Shel4], [Han21], [Honl18|, [GI19].
This result allows us to relate Sht(GLy,, b1, b2, 1) with local Shimura varieties associated to GL,,
where m < n and we can then apply the induction hypothesis on r. Let us give more details on
the strategy of this induction step.

,

Let x = (di,...,d,) be a character of Irr(S,)* such that Zdi = s. We would like to
compute C, x Fiq. First we want to compute the restriction ozf ‘éhe complex C\ * Fiq to the
stratum corresponding to b,. We can choose a character ¥’ = x ® X;l for some well chosen i
such that x’ belongs to Irr(S,)™ and the Newton polygons of b, and b, are sufficiently close so
that we can use the analogue of Boyer’s trick to the triple (by/, by, ). In this case, by monoidal
property of spectral action we have

iZXCX * Flqg = iZXCXi * (CX’ * F1d)-

However, by the induction hypothesis on D = s — 1, we see that Cy» x Fiq = Fy.
Since the complex F,s is supported only on the stratum corresponding to b,s, we can use
RT'(Sht(GLy,, by, by, 1)) [my] to compute i;Xsz' * Fy» as above (by identifying the appropri-
ate W@p—action). The analogue of Boyer’s trick (proposition lemma |5.5) applying to
RT.(Sht(GLy,, by, by, p))[my] allows us to use the induction hypothesis on ¢ < r to compute
RT.(Sht(GLy,, by, by, 1)) [my] and deduce that iy, Cx * F1a = Fy.

We remark that more generally for an arbitrary b, we can use RI'.(Sht(GLy,, by, b, ))[my] to
compute the restriction i;Cy, « F,/ to any stratum corresponding to b. In particular, we deduce
that Cy x Fiqg = Cy, x Fy is only supported on the strata b such that there exists a modification
of type p from be, to &.

The next step is to show that the restrictions of C\ x Fiq to the strata different from b,
vanish. It is the most technical part of the manuscript. We know that the irreducible constituents
appearing in the cohomology of i} C, x Fiq are irreducible representations of G;(Q,) whose (semi-
simplified) L-parameters are given by ¢ after post-composing with the natural L-embedding
é\’g — éin By proposition we deduce that if i;Cy x F1q does not vanish then b is of the
form be for some £ € Irr(Sy). It is a generalization of the more familiar fact that the support
of an irreducible sheaf 7 on Bun, with cuspidal L-parameter is contained in the semi-stable
locus. Some simpler forms of this property were already used in [CS17, [CS19] [Kos21| to study
cohomology of Shimura varieties with torsion coefficients. This property relies ultimately on
the classification of irreducible representations by L-parameters and the compatibility up to
semi-simplification between Fargues-Scholze L-parameters and the usual L-parameters for inner
forms of GL,,(Q,) [FS21], IX.7.3] [HKW21, Theo. 6.6.1].

Thus we need to describe the elements of the form b that can be obtained by some mod-
ifications of type p of b,, and then study the cohomology of the associated moduli spaces
Sht(GLy,, by, be, 1v). Remark that in general, for a non semi-stable vector bundle & of rank n,
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the set of elements b in B(GL,) such that there exists a modification &€ — &, of type p is
unknown. In order to get some information on the b¢’s that could appear, we notice that the
modification of type u
[ ng/\X\oo — 5b§\X\oo

induces a bijection from the set of P-reductions of €bx, to the set of P-reductions of &, where P is
a standard parabolic subgroup of GL,, (where X denotes the Fargues-Fontaine curve associated
to the algebraically closed perfectoid field C” and oo is some Cartier divisor associated to some
untilt C' of C"). Therefore, by choosing an appropriate P-reduction Slf; , of €bX, corresponding

to a P-reduction of b,/, we get a P-reduction SIZ of &,. In our case, a P-reduction is no other
than a filtration of vector bundle. Then by the theory of extensions and of Harder-Narasimhan
filtration of vector bundles on the Fargues-Fontaine curve, we see that the information on EIZ
yields some controls on b¢. One important fact is that we can use [CFS21) lemma 2.6 and
[Vie, lemma 3.11] to compute Sli . More precisely, the modification f above is encoded by an

element z in the Schubert cell Gr#(C') associated to p inside the Bi-Grassmannian Gr,(C). If
M denotes the Levi factor of P then the restriction to M of Sbi is the image of a modification fM

of the restriction to M of Slf .- That modification M is encoded by the element y := Pry(z) in
X

Gryp(C) by using the Iwasawa decomposition. In particular, the type of the modification fM is
closely related to p and can be computed explicitly. Since p = (1, 0(”_1)), the above information
is traceable. We study the above process case by case depending on the combinatoric description
of EP,.

The upshot is that if be # b, then we can show that in all cases b and b, are close
enough so that we can apply the analogue of Boyer’s trick to reduce the computation of
RT.(Sht(GLy,, by, be, i) [my] to some computations involving only local Shimura varieties as-
sociated to GL,, with m < n and then use the induction hypothesis. We emphasis that we
do not need to compute the whole cohomology RI'.(Sht(GLy,, by, be, it))[my]; we only need to
compute its [¢;]-isotypical part since we only need to determine the action of Cy,. This makes
the computation process simpler since Cy, * (Cxi—l * (—)) = Ciq * (—) is the identity functor

of Dl[g¢’]
the semi-orthogonal decomposition of Djis(Bun,, Q,) into the Dy (Bung,@g)’s where b varies in
B(GL,) (lemma and to use various adjunction formulas.

The above theorem could lead to some interesting applications. First of all, since the irre-

ducible representations of Sy are all of dimension 1, we deduce the following description of the

regular representation Vieg = GB X. Thus the sheaf G4 := @ F is non trivial and by
X€EIrr(Se) x€lrr(Sy)

using the above theorem, we can compute Ty (Gy) for every algebraic representation V' of GL,,

and then prove the following result.

(Buny, Qy)*. More precisely, it allows us to use the topological properties of Bun,, via

Theorem 1.4. The sheaf G4 is a non trivial Hecke eigensheaf corresponding to the L-parameter
@.
1.1.2. Cohomology of local Shimura varieties and Harris- Viehmann’s conjecture.

As we know, the theory of Rapoport-Zink spaces and local Shimura varieties play a crucial role
in the Langlands program. There are two important conjectures in the study of the cohomology
of these spaces.

(1) The Kottwitz conjecture which concerns the discrete part of the cohomology of the basic
local Shimura varieties.

(2) The Harris-Viehmann conjecture which gives an inductive formula of the cohomology of
the non-basic local Shimura varieties.

By combining these two conjectures, one should be able to describe the cohomology of these
spaces.

The Kottwitz conjecture was proven in many cases. The Lubin-Tate case was proven by
[Boy99, [HT01], the case of basic EL unramified spaces was proven in [Shil2, [Far04], the case
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of basic PEL odd-unitary groups was treated in [Ngul9, BMN2I| and the case of basic PEL
type associated with GSp, was proven in [Ham21|. However, the Harris-Viehmann conjecture
was only known in some cases involving the Hodge-Newton reducible conditions and classical
Boyer’s trick.

In [BMHN22, §4.1.2] we prove the Kottwitz conjecture for non-minuscule cocharacters for
unitary similitude groups by exploiting the explicit description of the spectral action on the
supercuspidal L-packets. Now we know how the Hecke operatos act on the representations of
GL,(Qp) whose L-parameter satisfies our starting hypothesis. Thus by the same argument, we
can compute some parts of the cohomology of non-basic local Shtukas spaces and then deduce
new cases of the Harris-Viehmann’s conjecture for GL,. Let b € B(GL,) and suppose that
E > EM)@...dEN) for Ay > ... > X\, and where £();) is a semi-stable vector bundle of
slope A\;. Let m, be a representation of Gy(Qp,) with the corresponding L-parameter #’. We
denote by M the standard Levi subgroup of GL,, that is the split inner form of G; and denote by
P the standard parabolic subgroup of GL,, with Levi factor M. Then M = GL,,,;, X ... x GLjy,,
where m; := rank £()\;) and the natural embedding “G,(Q,) — LGL,(Q,) induces a morphism
of L-groups n: *M(Q;) — *GL,(Q,). We define an L-parameter of GL,, by ¢ := 1o ¢ and
suppose that ¢ satisfies the conditions in theorem [£.5]

Let u be an arbitrary cocharacter of GL, and suppose that as Sy x Wg,-modules we have

TWo ¢ = @ xXo,.

Xx€Irr(Sy)

Then we have (up to some shifts and twists)

Tﬂ(ib[ﬂ'b) ~ @ Cx*ib!ﬂ'bgax-
X€Irr(Sy)

Therefore theorem allows us to describe the Hecke action T, (ipm,) and compute the
cohomology of moduli of local Shtukas. The Levi subgroup M is a product of general linear
groups then the same arguments allow us to compute the cohomology of moduli of local Shtukas
associated to M. Therefore, the (generalized) Harris-Viehmann conjecture follows from this
description of the cohomologies. For simplicity, let us state the result up to some shifts and
twists and only in the minuscule case where p = (1(“), O("*“)) for some integer 1 < a < n.

Theorem 1.5. With the above notations, if p is minuscule then we have the following identity
of GLn(Qp) x Wo, -representations

RT(GLy, b, 1) [mp] = Indg RT (M, b, fan) [).

where byt is the reduction of b to M and pum = p1 X ... X up and where p; =
(1(deg€(A))) (rank E(A;)—deg (X))

1.2. Spectral action.
We now want to compute the action of a perfect complex . € Perf([Cy]) on Fr. The connected
component [Cy] containing ¢ gives rise to a direct summand

Perf([Cy)) — Perf([Z'(Wg,, GL,)/GLy)).

Therefore the spectral action gives rise to a corresponding direct summand

D[Cd(Bunn’@e)w C Dyis(Buny, Qp)*.

lis

We want to understand the structure of the category D{gd’] (Buny, Q)“ together with the
action of Perf([Cy]). However we have

Perf([Cy)]) ~ @ Perf(O(Gy,)),

x€Irr(Sy)
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,
where Irr(Sg) ~ H 7 is the set of characters of Sy. From the theory of Bernstein decomposition,

i=1
we know that the category of O(G},)-modules is equivalent to the Bernstein block containing a
representation m of G(Q,) whose L-parameter is given by ¢ where G is any inner form of a Levi
sub-group of GL,. Thus Perf(O(G],)) is equivalent to the full sub-category of compact objects

of the derived category of these Bernstein blocks. Therefore, it is expected that DEM (Buny, Q)
is the direct sum of all of these categories, indexed by the elements in Irr(Sy).

For each x € Irr(Sy), we define a full subcategory D(Rep(s4(x)))” of Dl[gd’] (Buny, Q)“ as
follow. Let D(Rep(sys(x))) be the derived category of the Bernstein block of the category
Repg, (G, (Qp)) containing the irreducible representation . We denote by D(Rep(ss(x)))”

its full sub-category of compact objects. Denote by W;, the projection of Wy, on Rep(sy(1d)))®.
The following results are theorems and

Theorem 1.6. Let L be a perfect complex in Perf([Cy]). Then
(1) We can compute explicitly L x W,
(2) We have a decomposition of categories

C. ra YA Y% w
DI (Bun,, @)* ~ @ D(Rep(ss(x)))“.
XEIrr(Sy)

Let us describe briefly the strategy of the proof. The first step is to understand Cy x W,
and we proceed by induction on r as in the proof of theorem [1.5] We deduce the case r = 1
by using [ALB2Il theorem 1.2], [Han20l theorem 1.5] and Bernstein’s result on the equivalence
between Rep(s,(Id))) and the category of Qy[X, X ~']-modules. Then we argue as in the proof
of theorem [£.5] to deduce the general case. Note that it is less complicated since we can use
theorem [4.5] to simplify the arguments.

By the construction of the spectral action, we know that if we have morphisms, cones or
retracts of perfect complexes in Perf([Cy]), then by acting on an object A € Dyis(Buny,, Q)% it
induces corresponding morphisms, cones or retracts in Dys(Bun,, Q). Moreover, the category
Perf([Cy]) is generated under cones and retracts by Rep(Sg) then by tracing back the construc-
tion, we are able to compute L x Ws,. One important ingredient is the explicit description of
the morphisms

Yar, : O([Cs]) — Z(Rep(ss(x)))

between the factor O([Cy]) of the spectral Bernstein center and the Bernstein center of
the blocks Rep(ses(x))’s. This description relies ultimately on the compatibility between
Fargues-Scholze L-parameters and the usual L-parameters of inner forms of GL,,.

In the final part, we would like to verify some cases of the local-global compatibility conjecture.
The rough idea is that by using the comparison between the fibers of the Hodge-Tate period
map with the Igusa varieties [CS17, Thm. 1.15], one reduces the local-global compatibility to
the computation of the cohomology of the Igusa varieties. Then we can use Mantovan’s formula
and the description of the Hecke operators to understand Igusa varieties.

Remark 1.7. (1) In [Hel23| [Zhu20], Eugen Hellmann and Xinwen Zhu stated some conjec-
tures relating the derived category of smooth representations of a p-adic split reductive
group with the derived category of (quasi-)coherent sheaves on a stack of L-parameters.
Hellmann and also proved his conjectures for GLs. However it is not clear how to incor-
porate the spectral actions into their conjectures.

(2) By studying geometric Eisenstein series [Ham22|, Linus Hamann also obtained the de-
scription of Hecke eigensheaves associated with L-parameters that factor through some
maximal torus of an arbitrary reductive group. A construction of Hecke eigensheaves
associated with "generous" L-parameters and a proof of Harris-Viehmann’s conjecture
for an arbitrary reductive group as well as various foundational results would appeared
in the forthcoming work of Hamann, Hansen and Scholze [HHS].
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(3) Some forms of the main results in the case r = 1 were also obtained by Konrad Zou and
Chenji-Fu, even for integral coefficients.

Organization of the paper.

In section [2, we recollect some well-known results on vector bundles over the Fargues-Fontaine
curve and the stack of these bundles as well as the construction of Fargues-Scholze L-parameters.
In section [3] we recall the definition of the stack of L-parameters and study some of its basic geo-
metric properties. We also study perfect complexes on this stack and deduce some consequences
on the Hecke operators. In section |4 we state theorem our first main results. In section
we prove a generalization of Boyer’s trick for moduli spaces of local Shtukas Sht(GL,,, b1, ba, )
where we allow both b1,bs to be non basic. Then we also deduce some computations that
are important for the proof of theorem that occupies the whole section [6l Then in the
following sections, we give some applications of our theorem [£.5] In section [7, we construct
Hecke eigensheaves associated to the L-parameter ¢ and in sections |8 we prove new cases of
the Harris-Viehmann’s conjecture for non-basic Rapoport-Zink spaces associated to GL,. In
section [0} we describe some parts of the map Wqr,, between spectral Bernstein center and the
usual Bernstein center constructed recently by Fargues and Scholze. Then we use all these re-

sults to compute the spectral action of Perf([Cy]) on Dl[ls‘i’] (Buny, @y)“. In the final section
we compute parts of the cohomology of the Igusa varieties and deduce some weak form of the

local-global compatibility.
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Le Hung, Tuan Ngo Dac and Eva Viehmann for very helpful discussions, feedback and for
pointing out several inaccuracies in an earlier draft. I thank Laurent Fargues for feedback in an
early stage of this project. I would also like to thank Robin Bartlett, Claudius Heyer, Damien
Junger, Lucas Mann, Viet Cuong Pham, Zhixiang Wu, Yifei Zhao for fruitful discussions.
Special thanks go to Alexander Bertoloni-Meli, Linus Hamann, Claudius Heyer for constant
support and for patiently answering all my numerous questions.

NOTATION

We use the following notation:

° @p is the completion of the maximal unramified extension of @, with Frobenius o.
e G is a connected reductive group over Qp. Let H be a quasi-split inner form of G and

fix an inner twisting G —> H~

e ACT C B where A is a maxnnal split torus, T' = Zp(A) is the centralizer of A in T
and B is a Borel subgroup in H. Let U be its unipotent radical.

o (X*(T),®,X.(T),®") is the absolute root datum of G with positive roots ®* and simple
roots A with respect to the choice of B.

e p is the half sum of the positive roots.

e Further, (X*(A), ®g, X«(A), ®Y) denotes the relative root datum, with positive roots @7
and simple roots Ay.

e On X, (A)g resp. X.(T)g we consider the partial order given by v < v/ if v/ — v is a
non-negative rational linear combination of positive resp. relative coroots.

e Let P be a parabolic subgroup of G, then Indg, resp. indg , denotes the normalized,
resp. un-normalized parabolic induction.

e Let C |@p be an algebraically closed complete field. Let C° resp. C*° be the subring
of power-bounded elements of C' resp. C° and let ¢ be a generator of the kernel of
the surjective map W (C”°) — C°. Let Biz = Bji(C) be the &-adic completion of
W(C*®)[1/p] and Bar = Bar(C) = Big[¢™"]. Then By = C[[¢]] and Bar = C((£)).

e Let X be the schematic Fargues-Fontaine curve over C°. The untilt C of C” corresponds
to a point co € | X| with residue field C' and @X,oo ~ Bi;.
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e For A € QQ, we denote the stable vector bundle on X whose slope is A by O(\). If A =0,
we simply write O for O(0).

e Let B(G) be the set of G(Q,)-o-conjugacy classes of elements of G(Q,). For each
elements [b] € B(G), we denote by G; the o-centralizer of b. By work of Kottwitz,
elements [b] are classified by their Kottwitz point kg(b) € m1(G)r and their Newton
point v, € X*(A)Q,dom~

e For a G-bundle £ on X let vg € X,(A)g,dom be the corresponding Newton polygon.

2. GENERALITIES ON Bun,

2.1. Vector bundles on the Fargues-Fontaine curve. Let Bun(X) denote the category
of vector bundles on the Fargues-Fontaine curve and recall from [FF18| that the curve X is
complete in the sense that if f € k(X) is any nonzero rational function on X, then the divisor
of f has degree zero. Thus if £ is a rank n vector bundle on the curve X then we can define its
degree by deg(€) := deg A"E and its slope by p(€) := ri‘;gk‘%.

Recall that a vector bundle £ on X is stable if it has no proper, non-zero subbundles F — &
with u(F) > pu(€). We say that € is semi-stable if it has no proper, non-zero subbundles 7 — £
with u(F) > p(€).

Definition 2.1. A Harder-Narasimhan (HN) filtration of a vector bundle £ is a filtration of €
by subbundles 0 = & C &1 C ...En = & such that the quotients E;11/&; are semi-stable with

strictly decreasing slopes py > pa > ... > py. The Harder-Narasimhan (HN) polygon of € is
the upper convex hull of the points (rank &, deg&;).

We have the following results about vector bundles on the Fargues-Fontaine curve.

Theorem 2.2. (Fargues-Fontaine, Kedlaya) [FF18, [Ked08| Vector bundles on X satisfy the
following properties:

(1) The set of isomorphism classes of rank n wvector bundles over X is classified by the
Kottwitz set B(GLy,).

(2) Every vector bundle £ admits a canonical Harder-Narasimhan filtration.

(3) For every X\ in Q, there is a unique stable bundle of slope A on X, which is denoted by
O(X). Writing X = r/s in lowest terms, then the bundle O(\) has rank s and degree r.

(4) Any semistable bundle of slope X is a finite direct sum O%()), and tensor products of
semi-stable bundles are semi-stable.

(5) For any X € Q, we have

H°(O%A)) =0 if and only if A <0

and
HYOYN) =0 if and only if X >0

In particular, any vector bundle £ admits a splitting £ = @O()‘i) of its Harder-
i

Narasimhan filtration.

Recall that X is the Fargues-Fontaine curve over C”, which comes equipped with a point co
corresponding to C'. By Beauville-Laszlo’s gluing theorem [BL95| we have a bijective correspon-
dence between vector bundles £ on X and triples (£¢,& B ¢) where £° is a vector bundle over
X \{oo}, where gB;_R is a vector bundle on Spec(BJy) and where ¢ : E°®p, Bar — 5B§R ®pt Bgr
is an isomorphism. Here, the triple corresponding to some & is given by the respective base
changes of £ together with the induced isomorphism.

The pullback of a vector bundle &, via Spec(BIR) — X is trivial. Indeed, the inclusion
Q — C — BSFR extends to an embedding of an algebraic closure @p into B:{R. By Lang’s
theorem there is a g € G(Q,) with gbo(g~!) = 1, which induces the desired trivialization. It
is well-defined up to the action of G(Qp). The Beauville-Laszlo uniformization depends on the
choice of such a trivialization. From now on we consider &, together with a trivialization of
5b7 Bty without explicitly mentioning it. If b = 1, we choose the natural trivialization. In all
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cases, the trivialization of 5b7 B, induces a trivialization of 5b7 B, ® B, Byggr (i.e., an identification
with Bqr" where n is the rank) identifying gb,Bj{R with the standard lattice (BIR)n in Bar".

In this context, a modification f from & = (&F, ELB:{R, 1) to & = (&, 62:B§R’ t2) is an
isomorphism f : £&§ — £5. It induces an isomorphism

i —1 —1
=t5 0for; & pt Qpt Bar — &, p+ Rp+ Bgr.
f 2 fou 1,B}; ¥'Bj; PdR 2,Bj; ©Bj; PdR

The type of this modification is the relative position of (BJ;)" with respect to T((BJR)”) In
particular, if the type is given by the tuple (k1, ..., k,) where k1 > ...k, > 0 then ?((BJR)"> C

(BGJ{R)”. Hence the couple (f, ?I(BI )n) gives us an injective map from &; to &s.
R

For each x € Gr,,(C) one can construct a modification &, , of &, as follows. Using the trivial-

€g’tri, t) where Sg’fi is
dR dR
the trivial bundle of rank n on Spec(B(JfR). Then &, is given as the vector bundle corresponding

ization of Eb’ B » We can write the triple corresponding to & as (Ejx\ 00>

to the triple (€b| X\oo gg’fl, tz) where the isomorphism ¢, is given by the commutative diagram
dR

n,tri
+
BdR

J%/

tri
e Qo+ Byr.
BIR Bls dR

& @B, Bar € ®pt Bgr

Here, B, = H°(X \ 00, Ox) and the map z in the diagram is multiplication by a representative
of x on Bgr". The isomorphism class of the triple only depends on the lattice x(é’gg:) C Bgr"

and is in particular independent of the choice of the representative.

3 7t’ i 7t i o— 7t i 3 o o .
Write A, := x(gg;r:) and £ M = Eg;r: Dpt Bgr. The type of the induced modification f; :

& — &, is the relative position of A, with respect to (B(TR)”. By the Cartan’s decomposition

Grar, (C) = [ GLa(Bi)(C)u™ (€)GLa(Bi)(C)/GLy(B ) (C)

where the union is over all conjugacy classes of cocharacters of GL,. We have the following
decomposition of locally spatial diamonds ([SW20), 19.2])

GrGLn = H GrGLn,u
HEX (T)dom

The element z is type p if and only if € GL,(BiR)(C)u™(€)GLyn(BiR)(C)/GLy(BR)(C).

Recall that the Iwasawa’s decomposition induces a decomposition

Grar, (C) =[] UBar)(CINEGL(BLR) (C)/GLn(B)(C),
AeXL(T)
and we can define the semi-infinite orbits S associated to A as in [Viel Definition 2.7].
Let £,&" be vector bundles on X such that & ~ &, for some z € Grgr, (C). Recall from
|[CES21, lemma 2.4] that the isomorphism between & x\ o, and E|’ X\oo induces for every parabolic
subgroup P a bijection between

{reduction of £ to P} — {reduction of &' to P}.

By [CES21), lemma 2.6] and [Vie, lemma 3.10], we can compute explicit this bijection in certain
cases by using the information from the intersections S) N Grar,, .(C). Moreover, in some cases
it also allows us to study modifications of vector bundles.
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Ezample 2.3. Let € be the rank n vector bundle O(1/n’) @ O"". Then there exists a modifi-
cation
f:&—=€

of type u = (1,0,...,0) ifand only if &’ € S := {0, O(1/n)BO™DO(—-1/m') | n+m+m' = n}.

It is clear that if £’ € S then there exists a modification of type u from &’ to £. We are going
to show the inverse inclusion. Indeed, we consider the canonical Harder-Narasimhan filtration
& =0(1/n') C €. Then it induces a filtration £ C €. We want to compute & and &’'/E]. The
modification f induces two modifications

f1 5{ — & fg 5//51 — o

of type 1 and po respectively. By [CES21, lemma 2.6] and [Vie, lemma 3.10], we can compute
explicitly their types. There are only two cases.

Case 1: p1 = (1,007 D) and py = (0*=™). We see that £/} ~ O™ ™ and O™ and thus
&~ O

Case 2: p1 = (00)) and pp = (1,001 We see that & ~ O(1/n) and &£'/E] €
{O™ @ O(-1/m!) | m +m' = n —n'}. Since H'(O4\)) = 0 if A > 0, we deduce that
E~001/n)® O™ @ O(—1/m'). Therefore £ belongs to the set S.
2.2. Stack of vector bundles on the Fargues-Fontaine curve. Let G/Q), be a connected
reductive group. We let Perf denote the category of perfectoid spaces over F,. We write

% := Spd(F,) for the natural base. The key object of study is the moduli pre-stack Bung
sending S € Perf to the groupoid of G-bundles on the relative Fargues—Fontaine curve Xg. The
following theorem gives a geometric description of Bung.

Theorem 2.4. [FS21, Theorem II1.0.2] The pre-stack Bung satisfies the following properties:
(1) The prestack Bung is a small v-stack.
(2) The points |Bung| are naturally in bijection with Kottwitz’ set B(G) of G-isocrystals.
(3) The map
v:|Bung| — B(G) — (X*(T)Q’dom)F
s semi-continuous and
k: |Bung| — B(G) — Wl(G@p)r

is locally constant. Moreover, the map |Bung| — B(G) is a homeomorphism when
B(G) is equipped with the order topology |[Viel, Han17].
(4) The semistable locus Bunl C Bung is open, and given by

Bung ~ [ [¢/Gu(@)]
beB(G)basic

(5) For any b € B(G), the corresponding subfunctor

i’ : Bun& C Bung
1s locally closed, and isomorphic to [o/éb] where (~}b 1s a v-sheaf of groups such that
Gy — * is representable in locally spatial diamonds with 710Gy = Gp(Qyp). The connected

component Gg C Gy of the identity is cohomologically smooth of dimension (2p,vp).

For G = GL,,, we have X,(T) ~ Z" and the target of the map v is the set of nonincreasing

sequences of rational numbers, which are the slopes of the Newton polygon of the corresponding
isocrystal. Moreover, 71(Gg )r = X.(T')/(coroot lattice) is naturally isomorphic to Z, and in
P

this case £(b) is the endpoint of the Newton polygon. We can make the root data of GL,, explicit.
The positive roots of GL,, (corresponding to the Borel subgroup given by the upper triangular
matrices) are

Ot ={ex —ep | k,he{1,2,...,n},k < h},
and the simple roots are

A:{ei*6i+1|Z'E{1,2,...,’I’L*1}}.
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Thus if v, = (M, ..., Az, o Ak, A) then (2p,1) = > mymy(Ai — X)),

1<j

my me
2.3. Overview of the Fargues-Scholze local Langlands correspondence. We recall that,
for any Artin v-stack X, Fargues—Scholze define a triangulated category Dm(X,Q,) of solid
Qg-sheaves |[FS21l, Section VII.1| and isolate a nice full subcategory Dys(X,Qy) C Dm(X,Qy)
of lisse-étale Qg-sheaves [FS21, Section VIL.6.]. We will be interested in the derived cate-
gory Diyg(Bung, Q). The key point is that objects in this category are manifestly related
to smooth admissible representations of G(Qp). The strata of Bung admit a natural map
Bunf, — [¥/G(Q,)] to the classifying stack defined by the Q,-points of the o-centralizer Gy,
and, by [FS21, Proposition VIL.7.1], pullback along this map induces an equivalence

D(G5(Qp), Q) ~ Diis([%/G(Qp)], Qp) = Diis(Bungy, Q)
where D(Gy(Qy), Q) is the unbounded derived category of smooth Q-representations of Gp(Qp)-

We denote by Dy (Bun,,, Q)¢ the stable co-category of compact objects of Djis(Bungr,, Q).
For any b € B(GL,,), there is a local chart

Chy, : My, — Buny,

that is representable in locally spatial diamonds, partially proper and cohomologically smooth
[FS21, Theo. V.3.7]. The image of Chy is the open sub-stack Bun;fb consisting of the strata
smaller than b with respect to the usual partial order in B(GL,,) [Hanl7, Theo. 1.1] [Vie, Theo.
6.7].

Remark 2.5. For b,b/ € B(GL,,), we have v, = (—vg,)dom and vy = (—=ve, )dom- Thus b is
smaller than b’ with respect to the usual partial order in B(GLy,) if and only if vg, is smaller

than vg,, with respect to the usual partial order in X, (T)g where T is a maximal split torus of
GL,.

Recall that via excision triangles, there is an infinite semi-orthogonal decomposition of
Dyis(Bungr, , Q) into the various Dys(Bun?, Q) for b € B(GL,,) [FS21, Chap. VII].

Lemma 2.6. Let b be an element in B(GL,) and let F,G be in Dys(Bungy,, Q) such that F
18 supported on Bun%b and the intersection of the support of G with Bungb is empty. Then there
is no non-trivial map in Dys(Bungr,, Q) from F to G.

Proof. The local chart Chy, : M}, — Bun,, is cohomologically smooth by [FS21, Theo. V.3.7]
and moreover the proof of this theorem actually show that the map Ch{ : M}, — BunglD is also
cohomologically smooth. Therefore by [FS21 Def. TV.1.11], the open immersion i : Bun%b —
Bun,, is cohomologically smooth. Denote by C (resp. C’) the category Dys(Bungr,, Q) (resp.
Dhs(Bunélﬁn,@g)) for short. We have

Home¢(F, G) = Home (ii* F, G)
= Home: (i*F,i'G)  (i' is the right adjoint of iy).
However, since i is cohomologically smooth, the map i' is given by taking derived tensor

product of the dualizing object with i*. We see that i*G ~ 0 because the intersection of the
support of G with Bun?lb is empty. Hence i'G ~ 0 and

Home: (i* F,i'G) = 0.
O

For a smooth irreducible representation 7 € H@E(Gb((@p)), we get an object p €
Dhs(Bunlé,@g) C D(Bung,Q,) by extension by zero along the locally closed embedding
ip Bunlé — Bung, and the Fargues—Scholze parameter comes from acting on this repre-
sentation by endofunctors of Dlis(BUHG,@g) called Hecke operators. To introduce this, for a
finite index set I, we let Rep@/Z (*GT) denote the category of algebraic representations of I-

copies of the Langlands dual group, and we let Div! be the product of I-copies of the diamond
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Div! = Spd(Qp) / Frob”. The diamond Div' parametrizes, for S € Perf, characteristic 0 untilts
of .S, which in particular give rise to Cartier divisors in Xg. We then have the Hecke stack

Hck
7 Xﬁfsuma
Bung Bung x Div!

defined as the functor parametrizing, for S € Perf together with a map S — Div! corresponding
to characteristic 0 untilts Sf defining Cartier divisors in Xg for ¢ € I, a pair of G-torsors &1, &
together with an isomorphism

5 : gl’XS\UiEI S? = 82|XS\UieI Sf’

where h* (&1, £a,1, (S1)ier)) = &1 and h™ x supp((&1, &2, B, (SH)ier)) = (2, (SP)ier). For each
element W € Rep@e(LG[ ), the geometric Satake correspondence of Fargues—Scholze [FS21]

Chapter VI| furnishes a solid Q,-sheaf Sy on Hck. This allows us to define Hecke operators.
Definition 2.7. For each W € Rep@[(LGI), we define the Hecke operator

Tyw : Dyis(Bung, Q;) — Dm(Bung x X', Q)

A R(h™ x supp)y(h*(4) @ Sw),

where Sy is a solid Qy-sheaf and the functor R(h™ x supp)y is the natural push-forward (i.e

the left adjoint to the restriction functor in the category of solid Qg-sheaves [FS21, Proposi-
tion VIIL.3.1]).

It follows by [FS21, Theorem 1.7.2, Proposition 1X.2.1, Corollary IX.2.3| that, if E denotes
the reflex field of W, this induces a functor

J— — BWI
Djis(Bung, Q) — Dyis(Bung, Q)" @

which we will also denote by Tyy. The Hecke operators are natural in I and W and compatible
with exterior tensor products. For a finite set I, a representation W € Rep@(LGI ), maps

a:Qy — A*W and B : A*W — Qy, and elements (7;)ier € Wép for ¢ € I, one defines the

excursion operator on D]iS(BUI’lG,@g) to be the natural transformation of the identity functor
given by the composition:

id = Tg, % Tacw = T 22 Ty = Taew & Tg, = id.

In particular, for all such data, we get an endomorphism of a smooth irreducible w €
D(G(Qp),Qy) ~ Dhs(Buné,@g) C Dyis(Bung, Q;) which, by Schur’s lemma will give us a scalar
in Q. In other words, to the datum (I, W, (v;)ier, @, 3) we assign a scalar. The natural com-
patibilities between Hecke operators will give rise to natural relationships between these scalars.
These scalars and the relations they satisfy can be used, via Lafforgue’s reconstruction theorem
[Laf18 Proposition 11.7], to construct a unique continuous semisimple map

o5+ Wo, = "G(Qy),

which is the Fargues—Scholze parameter of 7. It is characterized by the property that for all
I, W,a, B and (v;)ier € Wép, the corresponding endomorphism of 7 defined above is given by
multiplication by the scalar that results from the composite

Fargues and Scholze show that their correspondence has various good properties which we will
invoke throughout.
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Theorem 2.8. [FS21, Theorem 1.9.6] The mapping defined above
™ g

enjoys the following properties:
(1) (Compatibility with Local Class Field Theory) If G = T is a torus, then ™ — ¢ is the
usual local Langlands correspondence
(2) The correspondence is compatible with character twists, passage to contragredients, and
central characters.
(3) (Compatibility with products) Given two irreducible representations m and 7o of two
connected reductive groups G1 and Ga over Qp, respectively, we have

F F
mp X o '—>¢ms X ¢7rgs

under the Fargues—Scholze local Langlands correspondence for Gi x Ga.

(4) (Compatibility with parabolic induction) Given a parabolic subgroup P C G with Levi
factor M and a representation mwyr of M, then the Weil parameter corresponding to any
sub-quotient of IS(myr) the (normalized) parabolic induction is the composition

FS

Wo, 20 LM (G,) - G(@,)

where the map ¥ M (Q,) — LG(Qy) is the natural embedding.

(5) (Compatibility with Harris—Taylor/Henniart LLC) For G = GL,, or an inner form of G
the Weil parameter associated to w is the (semi-simplified) parameter ¢r associated to
by Harris—Taylor/Henniart. [Han20)]

Let G be a reductive group and let b,b' be elements in B(G). Given a geometric dominant
cocharacter p of G with reflex field E, we call the quadruple (G, b,b, 1) a local shtuka datum.
Attached to it, we define the shtuka space

Sht(G, b, ', ) — Spd(E),
as in [SW20] where E .= @pE, to be the space parametrizing modifications
E — &y
of G-bundles on the Fargues—Fontaine curve X with type bounded by pu.
Remark 2.9. We note that our definition of Sht(G,b, b, 1) coincides with Sht(G,b,0’, —p) in

the notation of [SW20|, where —p is the dominant inverse of p. This convention limits the
appearance of duals when studying the cohomology of these spaces.

This has commuting actions of G4(Q,) and Gy (Q,) coming from automorphisms of &, and
&y, respectively. Moreover the equlities bb (b=1)7 = b and (b))~ (b')° = (V')? induces the
isomorphisms t, : & >~ & and ty : & =~ Eyye. Thus we have a Weil descent datum of
Sht(G, b,b’, 1) defined by

Sht(G, b, V', 1) — Sht(G, b7, (b')7, )
[ ——=tyofot.
We define the tower
Sht(G, b,V )i == Sht(G, b, b, u) /K — Spd(E)

of locally spatial diamonds [SW20, Theorem 23.1.4] for varying open compact subgroups K C
Gy (Qp). We can define the cohomology RI'.(Sht(G,b,, 1)k, S,) as in [Imal9, section 3|.

When b is trivial, we denote the moduli space Sht(G,b,b',u) by Sht(G,b', ). There is a
natural map

p: Sht(G,b, ', 11)s — Hck

mapping to the locus of modifications with type bounded by u. Attached to the geometric
cocharacter p, consider the highest weight representation V,, € Rep@e(L G). The associated Q-
sheaf S, on Hck (by the geometric Satake isomorphism) considered above will be supported on
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this locus, and we abusively denote S, for the pullback of this sheaf along p. Since p factors
through the quotient of Sht(G, b, ¥, 1) by the simultaneous group action of Gy(Q,) % Gy (Qp),
this sheaf will be equivariant with respect to these actions. This allows us to define the complex
RFC(G7 b? b/7 :U’) = COth—){l} RFC(Sht(Ga b7 bl7 H)K,(Cpa Su)
which will be a complex of smooth admissible Gy(Q,) x Gy (Qp) x Wg,-modules, where
Sht(G,b,0', u) i ,c, is the base change of Sht(G,b,V, )k to Cp. Remark that if 4 is minus-
cule then S, ~ @e[du](%) where d, = (2p, ). For m, € Il (Gy), this allows us to define the
following complexes
RI(G, b,V p)[m) := RHomg, (q,)(RTe(G, b, b, 1), m) (1)
and
RT(G, b,0, p)[my] := RT(G, b, 1) @5,y ™ (2)
where H(Gy) is the smooth Hecke algebra. Analogously, for my € H@E(Gb/), we can define
RT(G,b,V, p)[my] and RI%(G,b, 0, u)[my]. Tt follows by [FS21, Corollary 1.7.3] and [FS2I]
Page 317| that these will be valued in smooth admissible representations of finite length.
Recall that for each b € B(GL,,), we can define a character r; : Gp(Q,) — Q, and we have

RT(GY, Q) = kp[—2ds),
as in [GI19], lemma 4.18 and as in [Ham22|, page 91, before lemma 11.1. We now relate the

above complexes to Hecke operators on Bung. In particular, we have the following result.

Lemma 2.10. [FS21, Section IX.3| Given a local shtuka datum (G,b,b', ) as above and my
(resp. m) a finitely generated smooth representation of Gy (Qp) (resp. Gp(Qp)), we can consider

the associated sheaves T, € D(Gy(Q,), Q) = Dyis(Buny) and 7y € Dyjs(Bun) ~ D(Gy (Q,), Qy)
on the HN-strata 1 : Buan — Bung and iy : Bunl(’; — Bung. There then exists isomorphisms

RFC(Ga b7 bla M)[ﬂ—b @ K‘b_l] [de] = iZ’Tuib! (Wb)v

RF&(G, b, b,a :u) [Wb] [_2db/] = Z;)’TNRZb* (ﬂ—b) ® Hb_l’
of complexes of Gy (Qp) x Wg,-modules and isomorphisms

RFC(G, b, b/, /1,) [7Tb/ &® I{,;l][de/] ~ iZT—uib’!(Wb’)7
RIY(G, b,V ) [my|[—2dp] ~ iy T, Riys (my) @ 1y

of complexes of Gy(Qp) x Wg,-modules, where —p is the dominant cocharacter conjugate to the
inverse of u and where dy = (2p, 1) and dy = (2p, vy ).

Proof. We sketch the proof for the first 2 formulas, the other 2 are similar. We can argue as in
[Farl6], pages 38-40 to deduce that

RT(G, b,V pu)[my @ ky 1[2dp) = 5 T i ().

Note that the Hodge-Tate period map mpr in [Farl6] is a Gy-torsor over the Newton stratum
corresponding to [0/]. Thus we need to take into account the cohomology of the locally spatial
diamond RPC(ég,@g) ~ Kp[—2dp), hence the shift [2d,] and the character ;' appear in the
formula.

By the arguments as in [FS21] section I1X.3], we deduce that

RT(G, b,V ) [mp)[—2dyy] = iy Ty Rie () @ £y L
Note that the functor z';), appears since in general, it is the right adjoint to 7 and if &’ is basic
then /L;)/ == 7:;/.
If m is admissible then D(D(7p)) ~ 7, and therefore we can pull through Verdier duality

and using derived Hom-Tensor duality to prove the second formula from the first formula as in
[FS21 section. IX.3, page 317]. In more details we have

DBunZ’ (RTe(G, b, p)[my ® Ky [2dp)) ~ ]D)Bun?: (i T i ().
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From [[Inal9, Lemmas 3.6, 3.7|, we see that ié,o]D) = Doiy,. Combining it with the computation
of dualizing object of Bung, for an arbitrary stratum ([Ham22l §11.2]), we have

(RT(G, b, b, i) [mp @ k;1]) " [~2dp — 2dyy] =~ iy D (T ipy ()
~ iy, T, D (ipy ()
~ iy T Rip Dy (1)
~ i}, T, Rip (1) ) [~ 2]

where V denotes the contragradient representation. Now by applying the Hom-Tensor duality
we get the second formula. O

3. THE STACK OF L-PARAMETERS

We fix a prime ¢ # p. Let G be a reductive group over Q, and then we get the dual group

G /Zy, which we endow with its usual algebraic action of the Weil group Wg,. We will be mainly
interested in the case G = GL,, in this section.

3.1. The geometry of the stack of L-parameters. In this paragraph we recall the definition
of the stack of L-parameters and recollect some of its geometric properties such as characteri-
zation of some smooth points and connected components.

3.1.1. Smoothness. Let A be any Zy-algebra, regarded as a condensed Z,-algebra.

Definition 3.1. An L-parameter for G with coefficients in A is a section
gf) : W@p — G(A) X WQp

of the natural map of condensed groups @(A) x Wo, — Wq,. Equivalently, an L-parameter for

G with coefficients in A is a condensed 1-cocycle ¢ : Wg, — G(A) for the given Wq, action.
More concretely, if A is endowed with the topology given by writing A = colimu/c 4 A" where A’
is finitely generated Zg-algebra with its £-adic topology then an L-parameter with values in A is
a 1-cocycle ¢ : Wo, — @(A) such that if G < GL, the associated map ¢ : Wq, — GLn(A)
18 continuous.

Remark 3.2. In constrast to definition we do not require that ¢ sends semi-simple elements
to semi-simple elements in the above definition.

With this definition of L-parameter over any Zs-algebra A, we can define a moduli space,
denoted by Z 1(W@p, G)Ze, over Zy, whose A-points are the continuous 1-cocycles ¢ : Wg, — G

with respect to the natural action of Wg, on G(A). This defines the scheme considered in,
[FS21, DHKM20L [Zhu20].

Any condensed 1-cocycle ¢ : Wg, — @(A) is trivial on an open subgroup of the wild inertia
subgroup Pg,; note also that Pg, acts on G through a finite quotient. Thus by a discretization
process, Fargues and Scholze show [FS21, Theorem 1.9.1 | that Zl(VVQp7 (A})Zé can be written
as a union of open and closed affine subschemes Z 1(VVQ /P G)Z[ as P runs through subgroups
of the wild inertia Pg, of Wg,, where Z 1(W@p /P G)Ze parametrizes condensed 1-cocycles that

are trivial on P. Each Z'(Wg, /P G)Z,Z is a flat local complete intersection over Z, of dimension
dim(G).

This allows us to consider the Artin stack quotient [Z'(Wg,,G)/Glz,, where G acts via
conjugation. We then consider the base change to Q;, denoted by [Z(Wg,, G)/G] and referred
to it as the stack of Langlands parameters, as well as the category Perf([Z'(Wg,,G)/G]) of
perfect complexes of coherent sheaves on this space.

To study the geometric properties of the stack of L-parameters, we also need to consider its
coarse moduli quotient in the category of scheme

z'(Wg,.G)//G
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of Z 1(WQP,CA}) by the action of G via conjugation. Concretely, for every connected com-
ponent Spec R C ZI(WQP,(A}), we get a corresponding connected component Spec RS C
Zt(Wy,,G)//G. We recall the following definition of semi-simple L-parameter.

Definition 3.3. Let K be an algebraically closed field over Zy. An L-parameter ¢ : Wo, —
@(K) x W, is semi-simple if whenever the image of ¢ is contained in a parabolic subgroup of

G x Wq, then it is contained in the Levi subgroup of this parabolic subgroup.

Given an L-parameter ¢ : Wg, — G x Waq,, by [FS21, Proposition VIIL.3.2] and [DHKM?20,
Proposition 4.13| the G-orbit of ¢ defines a closed Q-point of Zl(W@p, @)//G if and only if ¢
is a semi-simple parameter. The natural map

024 (Wy,,G)/C] — Z}(Wg,,G)//C

evaluated on a Q-point in the stack quotient defined by an L-parameter ¢ defines a Q,-point
in the coarse moduli space given by its semi-simplification ¢*°.

From now on we suppose G = GL,. In particular the action of Wg, on G is trivial. Let
¢: Wo, — GL,(Q/) be an L-parameter such that ¢ sends semi-simple elements to semi-simple
elements. In particular, ¢ is semi-simple and Frobenius semi-simple. Thus it defines a geometric
point z in Z*(Wq,, GLy)//GLy, and a point T in the stack [Z(Wg,, GL,)/GLy]. The geometric
properties of #~!(z) will be essentially important since they reveal interesting information on the
perfect complexes over [Z!(Wg,, GLy)/GLy]. Since ¢ is semi-simple, there is a decomposition
=01 D...D ¢, of ¢ into irreducible representations.

Proposition 3.4. Let |- |, be the norm character Wg, — W& ~Qy — Cx Qy. Suppose

that there do not exist 1 < i # j <r such that ¢; >~ ¢; or ¢; ~ ¢; Q|- |, then 6=1(x) has only 1
geometric point T. In particular, T is a closed point in [Z*(Wg,, GLy)/GLy).

Proof. We need to show that there is no other L-parameter ¢ : Wg, — GL, (Qy) such that its
semi-simplification ¢** is isomorphic to ¢. Suppose that there exists such a ¢. Recall that ¢ and
¢; are trivial on an open sub-group P{@p of the wild inertia subgroup Pgq,. Let Wg, — W@p be
the quotient of W, by P(’@p. We look at the discrete dense subgroup W of W@p generated by
Pg,, a choice of Frobenius o and a choice of generator of the tame inertia 7. Thus we have an
exact sequence

0—I1—W-—0¢2—0

where I is some quotient of the inertia subgroup. We also have another exact sequence

0—>P—>I—>TZ[%]—>O

where P is a finite p-group. Moreover, in W/P, the elements 7 and o satisfy the commutation
o~ 'ro = 7P. In particular, the eigenvalues of T are roots of unity of order p — 1. By the proof
of theorem VIII1.1.3 in [FS21], the representations ¢ and ¢; are completely determined by its
restrictions to W (since W C W@p is dense and GL,(Qy) is quasi-separated).

Since P is a finite group, the category Rep@[P is semi-simple. Hence ppp is a sum of irreducible
P-representations. Moreover pp = ¢1p @ ... ® ¢, p. Let us consider the Jordan normal form of
elements (o) and o(7) in GL,(Qy). Since Qy is algebraically closed, their Jordan blocs are of
the form

Al 0
A

1

0 A

for some eigenvalues \. B
Let V' be the n-dimensional Qg-vector space underlying the Wy, -representation ¢ and let
Vi,...,V, the underlying Q,-vector space of V corresponding to ¢1, ..., ¢, respectively. Notice
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that the ¢;’s send semi-simple elements to semi-simple elements. Thus the semi-simplification
%% ~ ¢ is exactly the P-representation V together with the action of the semi-simple part 759
respectively 0% of T respectively o.

Since ¢ is not semi-simple, we can suppose that o(V1 @ ... ®V;) = V1 @ ... ® V] for all
1 < i < r and moreover that ¢(V2) ¢ Va. Suppose further that ¢(7) is not semi-simple and
write its matrix in the base (V1, V2) as

XY
(b %)

By using the fact that 7 acts on the finite p-group P by g — 797~
an morphism from V5 to Vi as P-representations.

By the definition of taking semi-simplification, we deduce that the semi-simplification of ¢(7)
is diag(X, Z) and then ¢**(7)y;, has a basic consisting of eigenvectors of ¢(7). Let t € V3 be
an eigenvector of eigenvalue \ of ¢1(7), by direct computation and by using the form of the
Jordan normal blocs of ¢(7), we deduce that Yt is either zero or an eigenvector of eigenvalue
A of ¢2(7). Hence Y induces a morphism of I-representations from Vs to V3. We denote by Vj
the co-image and by V] the image of Y. Thus Y is an isomorphism of I-representations from
V4 to V{. Finally, by using the equality 0~ !70 = 7P as well as the fact that 7P is equal to
diag(Si, ..., Sm) where S; is a matrix of the following form (note that A\ = \;)

Ai D
0o N/’

we deduce that Y induces an isomorphism between V{ and Vi ® | - |,. In particular VY is a sub
Wq,-representation of V1, hence V{ = V4. We deduce that Y induces an isomorphism between
¢1 and ¢o| - [. It is a contradiction.

If p(7) is semi-simple then ¢(o) is not semi-simple, the same argument shows that ¢; and ¢9
are isomorphic and it is again a contradiction. We conclude that #~!(z) has only 1 geometric
point. O

I we deduce that Y induces

T
The above proposition implies that 07 '(z) =~ [e/S,] =~ [e/ HGm] and the immersion
i=1

[0/Sy] — [Z}(Wq,,GL,)/GLy] is closed. The following proposition tells us that the immer-
sion is in fact closed and regular.

Proposition 3.5. Let |- |, be the norm character Wo, — W& ~Q — Cx Qy. Suppose

that there do not exist 1 < i # j <r such that ¢; =~ ¢; or ¢; ~ ¢; @ |- |, then ¢ defines a closed
and smooth geometric point of [Z'(Wg,, GLy)/GLy).

Proof. Denote by z the point determined by ¢ and denote by g the Lie algebra of G. Since ¢ is
semi-simple, x is a closed point. Then, using the notation in [FS21] section VIII.2|, we need to
show that x*Sing[Zl(WQp7GLn)/GLn}Ze = HO(WQP, 7" @z, Qy(1)) is trivial where the action of Wao,
on §* ®z, Qu(1) is the (adjoint) action defining the L-group twisted by ¢ and the cyclotomic
character. Let v € g ~ g*. By [ES21, Proposition VIII.2.11], we know that v belongs to the
nilpotent cone. However, our group is split then the action of Wg, acting on g* ®z, Q1) is
determined by ¢. In particular, ¢(g)ve(g)~! = v for all g in the inertia subgroup I of Wg, and
d(o)ve(o)™t = p-v. Since there do not exist 1 < i # j < r such that ¢; ~ ¢; ® |- |, the latter
commutative condition implies that v is a diagonal matrix. Therefore v is trivial. O

3.1.2. Connected components. We recall the description of the connected components of
[Z}(Wg,,GLy,)/GLy), following [DHKM20]. We fix a lift ¢ of the arithmetic Frobenius to
Wa,/Pg, and 7 a topological generator of Ig,/Pg,. Let (W/Pg,)? be the subgroup of
Wq,/Pq, generated by 7,0 and Pg,, regarded as discrete group and let WO be the inverse
image of (W/Pg,)? in Wg,. The functor that sends R to Z 1(W<8p’ GL,(R)) is representable

by an affine scheme denoted by Z 1(VV(SP, GL,,). We study the connected components of the
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stack [Z1(Wq,,GLy)/GLy] by a discretization process. Thus we choose a decreasing sequence
(P®)cen of open normal subgroups of the wild inertia Pg, whose intersection is {1}. We
know that Z I(W@p, GL,)z, can be written as a union of open and closed affine sub-schemes
Zl(W&p/Pe,GLn) for e € N.

For each e € N, by a reduction to tame parameters argument [DHKM20, Theorem 3.1,
equation 4.2, there exists a finite set 2™ consisting of 1-cocycle ¢ : Pg, /P¢ — GL,(Q,) such
that we have a decomposition

(21 (WG, /P¢,GLn)/GLy] =[] [2'(Wg,,GLn),/C()]
pepadm

where C(yp) is the centralizer of ¢ and Zl(W&p,GLn)¢ is the (non empty) sub-scheme of
Z 1(I/V&p, GL,) parametrizing the 1-cocycles that extend ¢. There is also a similar decomposition
in the situation where we consider the categorical quotient.

We are now interested in the situation where ¢ : Pg,/P* — GL,(Q,) is multiplicity free.
For each e € N, let I¢ be the open sub-group of the inertia Ig, as in [DHKM20, Corollary
4.16]. In particular, every semi-simple map f : W9/P¢ — GL,, (L) is trivial on 1¢/P¢ and then
extends canonically to Wy, /P¢, where L is any algebraically closed field of characteristic 0 or
¢ # p. With the group I¢, we can consider the GLj-stable closed sub-scheme Z' (W, /1¢, GLy,) of
Z I(W&p /P¢, GL,,) parametrizing the maps that are trivial on I°. Since ¢ is multiplicity free, the
semi-simplifications of its extensions to Wg, satisfy conditions of proposition @ and therefore
all of its extensions are semi-simple. Hence the opened and closed sub-scheme Z 1(W(02p’ GLp),
is an open and closed sub-scheme of Z1(Wg, /1¢, GL,). Thus, it is enough to study this scheme.

We only consider the stack of L-parameters defined over Q, for some prime ¢ # p or de-
fined over Z, for some prime £ that is invertible in Z[pNéLn] where the constant Ngy,, is as in
IDHKM20l Proposition 6.4]. The advantage of this assumption is that there exists a finite set
dadm congisting of 1-cocycle @ : Ig,/1¢ — GLy(Qy) such that we have a decomposition similar
to the above tamely discretization process

[Z2'(Wg, /1%, GL,) /GL,] =[] [2'(Wg,, GLn)/C(2)]
[ﬁe&;aﬁ,dm

where C(@) is the centralizer of ¢ and Z'(Wgq,,GLy)5 is the (non empty) sub-scheme of
Zl(WQp, GL,,) parametrizing the 1-cocycles ¢ such that ¢|1Qp = .

Since all the extension of ¢ to Wy, is multiplicity free, it is enough to consider the case ¢
is multiplicity free. Thus we can write ¢ = @1 @ ... ® @ for some k and the centralizer group
C(p) is isomorphic to GF,.

Proposition 3.6. Suppose that ¢ is multiplicity free then we have an isomorphism
(2! (Wa,, GLn)3/C(§)] ~ (G, /Gy,
the quotient stack of G, by the trivial action of G|, for some natural number r.
Proof. Fix an element ¢ € Z'(Wg,,GLy)s then the conjugation action of Wy, on GLy(Qy)

by ¢ stabilizes C(¢) and the restricted action on this group factors over Wg,/Ig,. Denoting
by Adg this action and denoting by Z11\d¢ (Wa, /IQP,C({&))@Z the affine scheme of 1-cocycles
[ Wo,/lg, — GL,. Note that for any w € Wy, and any element ¢/ € Z'(Wg,, GL,(Qy))5
we can write ¢'(w) = n(w)p(w) and by Schur’s lemma, we can deduce that n(w) belongs to
C(2)(Q). Hence, as in [DHKM20, page 20|, the map 1 — 7 - ¢ sets up an isomorphism of
Qy-schemes

The scheme Z}\dd,(W@p/IQp’ C’(QZ))@Z is in fact isomorphic to C(p). We analyze the action of
C(@) ~ GF, on Zl(WQP,GLn)@@Z ~ Gk
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Suppose first that ¢ is irreducible and ¢|1Qp ~po~p ... P e, If Visa vector space
together with a morphism f : Ip, — Aut(V) then we denote by V7 the representation of
Ip, whose underlying vector space is V' and where ¢ € Ig, acts by f (cic™!). Denote by V;

k

the underlying vector space of ©; and V = @ V; . Since the action of the Frobenius gives an
i=1

isomorphism between the Ig, -representations V' and V7, we deduce that up to permutation,

there are isomorphisms of Ig,-representations V; ~ V57 ~ 1/}5"2 ~ L Vk"lﬁ1 and moreover
i~ Vl"k. Thus, we can suppose that in the basic V3 @ Vo @ ... @ Vi, the ¢(o) is given by

o -~ 0 0 1

1 0 -~ 0 O

0 1 0 0

0o 0 . 0 O

0 0o 1 0
and therefore the action of ¢t = (t1,...,t) € C(@) ~ G}, acting on Z'(Wg,, GLn)5g, ~ Gk, is
given by t- (z1,...,2%) = (%a:l, cee %»’Uk) By using the map G}, — Gy, that send (¢1,...,%x)

k
to Hti’ we see that
i=1

[ZI(WQp’ GLTL)QZ/C(SZ)] = [Gm/Gm]

where G, acts trivially on G,,. Moreover, for t € @Z if we denote by x; the unramified character
of Wg, such that x;(c) =t then the conjugacy class of the L-parameter ¢ ® x; corresponds to
the closed immersion [8/G,,] < [G;,/G,,] whose image is the closed point ¢ in G,.

In general, if ¢ = ¢1 ® ... & ¢, where the ¢;’s are irreducible and ¢|1@p is multiplicity free
then the same arguments implies that

2" (Wy,, GLn)3/C(2)] ~ [G}, /Gy

where GJ, acts trivially on G}, and the closed point ¢t = (t1,...,t,) € GJ, corresponds to the
conjugacy class of the L-parameter ¢1 @ x¢;, S ... DB dr @ X,.- O

Finally we have the following lemma characterizing the conjugacy classes of L-parameters ¢
such that ¢|I©p is multiplicity free.

Lemma 3.7. Let ¢ be an L-parameter of GL,, then ¢|I@p is multiplicity free if and only if
O=¢1D...D P, where the ¢;’s are irreducible and if i # j then there does not exists unramified
character x such that ¢; @ x ~ ¢;.

Proof. 1t is clear that if ¢|I@p is multiplicity free then ¢ = ¢1 @ ... D ¢, where the ¢;’s are
irreducible and if dim ¢; = dim ¢; for ¢ # j then there does not exists unramified character x
such that ¢; ® x >~ ¢;.

We prove the inverse direction. By considering the action of the Frobenius o as before we see
that for 1 < ¢ < r, gmep ~V,eViao...® Vi"kr1 where k; is the smallest integer such that

Vi"ki ~ V;. Therefore gbiqu is multiplicity free. Moreover if V; ~ Vj"h then V;0V®.. .0V M
th &) th+1 D...0 ‘/jgh+kj_1. Since ¢; and ¢; are irreducible, we deduce that i = j. Therefore
<;5|1Qp is multiplicity free. O

Remark 3.8. By the same argument using the topological generator 7 of Ig, /Pq, instead of the
Frobenius o, one can show that <Z>|1Qp is multiplicity free if and only if ¢\PQP is multiplicity free.
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3.2. Perfect complexes on the stack of L-parameters. In this subsection we talk about the
spectral action defined in [FS21]. Denote by Perf([Z(Wg,,GL,)/GLy]) the derived category

of perfect complexes on [Z'(Wq,,GL,)/GLy]. We write Perf([Z'(Wg,, GLn)/GLn])BW{é
the derived category of objects with a continuous W(ép action for a finite index set I, and

» for

Dyis(Buny, Qy)“ for the triangulated sub-category of compact objects in Djis(Buny,, Q). By
[FS21L Corollary X.1.3|, there exists a Q,-linear action

Perf([Z" (W, GLn)/GLa))”"é — End(Dys (Buny, @)*)
C— {A— CxA}
which, extending by colimits, gives rise to an action
IndPerf([Z! (W, , GLy)/GLn])?"é — End(Dy,(Bun,, Q,))

where IndPerf([Z'(Wg,, GLy,)/GLy]) is the triangulated category of Ind-Perfect complexes, and
this action is uniquely characterized by some complicated properties. For our purposes, we will
need the following:

(1) For V. = Kie/V; € Rep@l(LGL{L), there is an attached vector bundle Cy €

I —
Perf([Z (W, GLn)/GLn])BWQP whose evaluation at a Q-point of [Z!(Wg,, GLy,)/GLy]
corresponding to a (not necessarily semi-simple) L-parameter ¢ : Wo, — LG(Qy) is the

1
BWQp

I
BWQp

vector space V with Wép—action given by M;crry; o QE Then the Hecke operator Ty
defined in the previous sections, is given by the endomorphism

. = = \BW§
Cy * (=) : Dyjs(Buny, Q) — Dyjs(Buny, Q) P,

by compatibility between Hecke operators and spectral action [FS21, Theorem X.1.1].
(2) The action 1is symmetric monoidal in the sense that given C;,Cy €
IndPerf([Z(Wg,, GL,)/GLy]), we have a natural equivalence of endofunctors:

(C1 &% Cy) % (=) ~ Cp % (Cy % (—)).

Let ¢ = ¢1 & ... B ¢, be a semi-simple and Frobenius semi-simple L-parameter as in the
previous sub-section, more precisely the ¢;’s are irreducible and if ¢ # j then there does not
exists unramified character § such that ¢; ® { ~ ¢;. Let Sy be the centralizer of our ¢ and let
Rep@e(S(f,) be the category of finite-dimensional algebraic Q,-representations of the group Sp-
The parameter ¢ defines a closed (by the semi-simplicity of ¢) Q,-point inside the moduli stack
[Z}(Wq,, GLy,)/GLy), giving rise to a closed embedding

[0/Sy] < 12! (Wg,, GLn)/GLy]

which is regularly immersed (by [3.5)) inside the connected component containing ¢ which we
denote by [Cy]. By proposition [Cy] consists of the L-parameters of the form ¢; ® & @
.o B Or ® &, where the &’s are unramified characters. This connected component gives rise to
a direct summand

Perf([Cy)) — Perf([Z'(Wg,, GLy,)/GLy)).
Therefore the spectral action gives rise to a corresponding direct summand

D! (Buny, Qp)“ C Dyis(Buny, Q)%

lis
such that the Schur-irreducible objects in this subcategory all have Fargues-Scholze parameter
given by an L-parameter in [Cy].

Now we consider the vector bundles on the connected component [Cy]. By proposition we
have [Cy] ~ [G;,/G},] where G}, acts trivially. Let Irr(Sy) be the set of irreducible algebraic
representations of Sy. For each x € Irr(Sy) = Irr(Gj,) we have an associated vector bundle
Cy on [G},/G;},]. More precisely the trivial line bundle on Gj, together with the action of
Gj, defined by x at every fibers gives rise to a G}, -equivariant vector bundle on Gj, and this
vector bundle corresponds to Cy on [G},/Gy,]. Since Gj,, is affine, we see that C, is projective.
Therefore it is clear that for y,x’ € Irr(S,) we have Cygy ~ Cy, ® Cy ~ Cy @ Cyy. In
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particular, Cy ® Cy -1 =~ C, -1 @ Cy ~ Clq is the identity functor of Dl[g¢] (Buny, Qy)“. Hence for

an arbitrary x € Irr(Sy), Cy is an auto-equivalence of D{g"’](Bunn,@g)“.

Let V € Rep@g(GLn), by the arguments in pages 339-340 and theorem X.1.1 in [FS21], we

can express the action of the Hecke operator Ty on Dﬁs(Bunn,@g)w in terms of the spectral

action of the C,’s for x € Irr(Sy4). Recall that the action of Ty is given by the vector bundle
Cy defined above. By [Ham2Il lemma 3.8], it is enough to consider the restriction of Cy to
[G],/G!.] and by simplicity we also use Cy to denote the restriction of Cy to [G],/G],].

The restriction of V' to Sy admits a commuting Wg,-action given by ¢. This defines a
monoidal functor

BW,
Repg, (GLn) — Repg, (S4)7 "%
Suppose that as a Sy x Wy, -representation, we can decompose V' into a direct sum

V ~ @ xXoy,

x€Irr(Sy)
where oy is the Wy, -representation Homg, (x, V). If we forget the Wg, -action, we see that

TV _ @ C,)c(lim ax‘

X€Irr(Sy)

However, Ty has an action of W, and we want to understand this action. Recall that Wg,
acts on Cy and this action gives rise to the action of Wg, on Ty. By the concrete description
of Wg, on the fibers of Cy and remark that (ﬁh@ ~ ¢|I@p for every ¢’ in [Cy], we deduce that

D

the action of Iy, on Ty can be expressed as Ty = @ Oy X Ty[Ig, - In other words, the

X€lrr(Sy)
following diagram of monoidal functors commutes

Rep@é (GLn> End@e (Dfi)s,)\(Bunna @f)w)BIQp

Repg, (5) "%

72
If we apply the above diagram to a Schur-irreducible sheaf F on Bun,, whose L-parameter is

given by ¢ then we can get precise information of the action of the Frobenius.

Proposition 3.9. Suppose that as a Sy x Wq,-representation, we can decompose V' into a direct
sum

V ~ @ xXoy,
X€Irr(Sy)

where oy, is the W, -representation Homg, (x, V). Then for F a Schur-irreducible sheaf on Bun,,
whose L-parameter is given by ¢, we have

Tv(F)= @ CyxFRoy.
X€Irr(Sy)

as object in DY, ((Buny, @)~)""er.

lis
Proof. By the definition of the vector bundle Cy-, we see that the Frobenius o gives rise to an

element o = (@y)dim o, >0 Of H Aut(CgimUX * F).
X€Irr(Sy);dim oy >0
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Since F is Schur-irreducible and C, -1 xCy = Clq is the identity functor, we deduce that CyxF
is also Schur-irreducible. Thus we have a decomposition as objects in DY ( (Bunn,@g)‘”)B W,

lis
Ty(F)= P CyxFRa,.
X€Irr(Sy)

/

v» we use the

/
where i, g,

construction of the Fargues-Scholze’s L-parameter of F.

Suppose first that V' ~ std is the standard representation. We choose the excursion data
({1,2},std ®std", z,y, (,7)) where x and y are the tautological maps = : 1 — std M std¥ and
y : std Mstd¥ — 1 and where « is any element of Wa,-

Now by evaluating the excursion operators at F when v varies, we see that the Wy,-

representations @ a;( and @ o, have the same traces. Therefore they are isomorphic

x€Irr(Sy) x€Irr(Sy)

up to semi-simplification. Since they are already semi-simple and a;(

~ 0 and o) (o) acts by a,. In order to show that o ~ o

g, > Oylg,, We deduce
that oy >~ o).

In general, remark that any irreducible algebraic representation of GL,, is a sub-representation
of std™ ® (stdv)m/ for some m,m’ € N. The result follows from the monoidal property of the

Hecke operators. O

4. HECKE OPERATORS ON Bun,

4.1. Combinatoric description of the Hecke operators.

4.1.1. Local Langlands correspondence for inner forms of GL,.

Let F be a field of characteristic zero, I’ be an algebraic closure, and I' the Galois group of
F/F. Let G be a connected reductive group defined over F. An inner form of G is a connected
reductive group G defined over F for which there exists an isomorphism £ : G x F' — G X F
such that for all o € T, the automorphism ¢ 1o (£) = ¢ 1 ooof oo~ is an inner automorphism
of G. If & : G — G7 and & : G — Go9 are two inner twists, then an isomorphism & — &9
consists of an isomorphism f : G; — Gg defined over F' and having the property that &5 Lofogy
is an inner automorphism of G. The map & — £ 1o(€) sets up a bijection from the set of
isomorphism classes of inner twists of G to the set set H'(I', Guq).

When G = GL,, then HY(T',Goq) = H'(I',PGL,) ~ Z/nZ and all the inner forms of GL,
are the groups Resp,/pGLy,, where D is any division algebra over F' of degree g%, where g is a
natural number such that gm = n.

We consider a local field Q, for v any place of . The local Langlands group is defined by
Lg, := Wg if v = oo and by Wg, x SL2(C) if v = p is a prime. For a connected reductive group
G, we also set G = G Wg, as a topological group where G is the Langlands dual group of
G. In our case we see that “GL,, = GL,(C) x Wy, as GL, is a split group and then Wy, acts
trivially on GL,(C).

Definition 4.1. A local L-parameter for a connected reductive group G defined over Q, is a
continuous morphism ¢ : Lo, — LG which commutes with the canonical projections of Lo,
and G to Wq, and such that ¢ sends semisimple elements to semisimple elements.

We denote by ®(G) the set of é—conjugacy classes of L-parameters. An L-parameter ¢ is
called bounded (resp. discrete) if its image in “G projects to a relatively compact subset of G
(resp. if its image is not contained in any proper parabolic subgroup of “G). We denote by
D1,44(G), (resp. P2(G)) the subset of ®(G) consisting of bounded (resp. discrete) L-parameters.

We denote the set of isomorphism classes of irreducible admissible representations of a con-
nected reductive group G by II(G). We denote the set of tempered, essentially square inte-
grable, and unitary representations by Iliemp(G), II2(G), and Iyt (G) respectively. We denote
Htemp(G) N HZ(G) by HQ,temp(G)-
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For each L-parameter ¢, we define the centralizer group as below, which plays an important
role in the theory

Sg := Cent(Ime, Q).

Every ¢ € ®(GL,) can be written as ¢ = k1¢1 @ kago @ ... ® kydr with ¢; € Po(GL,,,) and
kini + kono + ... 4+ kn,. = n. Thus we have

S¢§GLk1 X ... X GLkT

Each ¢; € ®2(GL,,) is of the form v; ® Symmrl where v; is an irreducible representation of
Wg, of dimension ; and Sym™~! is the representation of dimension m; of SLy(C) such that
ti - m; = n;. Moreover if for each i, the restriction ¢; s, (c) is trivial then ¢ is semi-simple.

Now let G = Resp,rGLy, be an inner form of GL;,, where D is a division algebra over @Q, of
degree g?. Then the parameter ¢ is relevant for G if and only if ¢ divides n; for all 1 < i < r.
We can now recall the results of [Bad08, BR10] on the local Langlands correspondence for G.

Theorem 4.2. Let ¢ = ki1 ® kapa & ... & krpr € ©(GLy,) where ¢; € P2(GLy,;) be a decom-
position of an L-parameter into simple constituents. If ¢ is relevant for G then there exists a
unique irreducible unitary representation w4 of G(Qy) corresponding to ¢ and characterised by

traces identities. Moreover, as ¢ runs over ®(GL,), the representations my are different and
ezhaust I1(G).

4.1.2. Combinatoric description of the spectral action.

Next we prove that there is a bijection between the irreducible representations of the central-
izer Sy of some L-parameters ¢ and the irreducible sheaves over Bun, whose L-parameter is ¢.
The bijection is similar to the one described in the introduction. It is of combinatoric nature
and could be proved independently with the theory of spectral action. Thus we do not need to
impose too much assumption on the L-parameter ¢.

We fix a maximal split torus T and a Borel subgroup B of GL,. Let C denote the closed
Weyl chamber in X, (T)g associated to B and let Cg denote its intersection with X, (T)g. For
any standard parabolic subgroup P with Levi decomposition P = MN such that T ¢ M (i.e., M
is a standard Levi subgroup), we put

X.(P)T :={p € X.(M) | (4,a) > 0 for any root of T in N}.

Then we have a decomposition

c=][x.@"
P

where the index is the set of standard parabolic subgroups of GL,. We define the subset
B(GL,,)p of B(G) to be the pre-image of X,(P)" under the Newton map. This gives a decom-
position

B(GLn) = HB(GLn)P (3>
P

where the index is the set of standard parabolic subgroups of GL,. For a general standard
parabolic P = MN, B(GL,)p has the following description. By noting that the image of the
Newton map vy for M lies in X,(M), we define B(M);" _ by

bas
BM){f,, = {b € B(M)pas | vaa(b) € Xo(P)"}.
Then the canonical map B(M) — B(G) induces a bijection B(M);,  ~ B(GL,)p (see [Kot97,

§5.1]).
Let us recall the formula given in the introduction. We could consider the case where ¢ has
a decomposition

(b = (bl D...P Qbr
where the ¢;’s are irreducible of dimension n; and if n; = n; then there does not exists unramified

character § such that ¢; ~ ¢; ® {. In this case we know that m = IndgL" (M ® ... )
for some standard parabolic subgroup P and supercuspidal representations m;. Thus by the
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computation in [KMSW14, page 83|, we can see that Sy := Cent(¢) = H Gy, and the set Irr(Sy)

i=1
r

of irreducible representations of S is isomorphic to the abelian group H Z.. For each character
i=1

x = (di,...,d,) € HZ, we define an element b, € B(GL,), an irreducible representation m, of
i=1
Gy (Qp) := Gy, (Qp) and a sheaf F, as follow:

e b, is the unique element in B(GL;) such that & =~ O(A)™ @ ... ® O()\.)™ where
O(\;) is the stable vector bundle of slope A\; = d;/n; and m; = (d;, n;).

e Consider the group Gy, , it is an inner form of a standard Levi subgroups of GL;. Let
G;X be the split inner form of Gy . For each i, denote G; := GLy, (D_y;) where D_,
is the division algebra whose invariant is —\;, thus G} = GL;,,. Thus we have a map

¢i : Wo, — (/}\:(@Z) and the direct sum ¢1®. ..© ¢, gives us a map Wg, — H é\:‘(@e)
i=1

T
whose post-composition with the natural embeddings H é\;k(@g) — é\;z(@g) defines an
i=1
L-parameter ¢, of Gy, . Moreover, the post-composition of ¢, with GZX (Q)) = GL,(Qy)

is the (éin—conjugacy class of) ¢. Finally, m, is the representation of Gy, (Q,) whose
L-parameter is given by ¢, via the local Langlands correspondence for general linear
groups.

e We can suppose that GZX is standard. By , there exists a unique standard parabolic
subgroup P of GL, with Levi factor given by G;X such that v, € X, (P)T. Let dp be
the modulus character with respect to P. Then we denote by &, (or d,) the character
of Gy, whose L-parameter is the same as that of (sPlGZX. We consider the embedding

by - Bunfﬁ‘ — Bun, and define F, := ibxl(éb_xlﬂ ® 7y )[—dy] where d\ = (2p, v, ).

We recall that if P = MN where M is the Levi subgroup and N is the unipotent
radical then the modulus character is defined by dp(mn) := |det(ad(m);LieN)| where
| - | denotes the normalized absolute value of the field Q.

Our characters J, is the same as the character §, defined by Hamann and Imai in
[HI23|. We recall also that for b € B(GLy,), we have v, = (—vg,)dom then the parabolic
that preserves the Harder-Narasimhan filtration of &, is the opposite parabolic subgroup
of P above.

We show that the map x —— (by,my) is bijective. First suppose that there exists x1 =
(dij,...,diy) and x2 = (da1,...,d2,) such that (by,, Ty, ) = (by,, Tys)-

Thus we have &, =~ &, =~ OM)™ @ ... 5 O(\)™ where \y > Ay > ... > \;. By the
construction of by, and by,, for each \; there exists subsets I(\;) and J(\;) of {1,2,...,r} such
that di,/n, = A; if and only if 2 € I()\;) and day/n, = A; if and only if y € J(\;). More

k
over Gy, (Qp) = Gy, (Qp) = HGLmi(D,Ai) where GL,,,(D_y,) is isomorphic to the group
i=1

of automorphisms of the semi-stable vector bundle O(Xi)™. By the construction of m,, and

Trys, for each 1 < i < k one can construct representations m} and 72 of GLy,, (D_),) such that

Ty, = X 7l and 7y, = K 72, Moreover the L-parameter of 7} is given by @ ¢; and the
J€1()

2 as representations

L-parameter of 72 is given by @ ¢j. Thus m,, ~ m, if and only if ml o~ 7
JeJ(@)
of GLy,,(D_),) for all 1 <i < k.
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Thus for each 1 < i < k we have @ ;= @ ¢j. We deduce that I(i) = J(i) and more
JEI() JE€I()
over \; = da¢/ny = dy¢/ny for every t € I(i). We deduce that do; = dy+ for all ¢t € I(i) and for
all 1 <17 < k. In other words, x1 = xo.

We now show that the map x — (by, ™) is surjective. Consider a pair (b, m,) consisting of
an element b € B(GL,) and an irreducible representation m, of G4(Q,) whose L-parameter is ¢
(after post-composing with é\z — (/}in)

We can decompose E = O0MN)™M@...dO(N\,)™ where \; and A\; > A2 > ... > A;. As before

HGL _»;)- Thus for each 1 < i < k, there exists a subset I(7) of {1,2,...,r}

such that @ ¢; is an L-parameter of GLy,,(D_),) and the direct sum @ @ ¢; gives us
FEI(i) 1<i<k jel(i)
o.
Now for each ¢ € I(i), by the explicit description of Levi subgroups of GLy,,(D_),), there
exists a unique integer d; such that A\; = d;/n;. If we take xy = (dy,...,d,) then we can see that
(by,my) = (b, 7). Thus the map x — (by,my) is surjective.

From the above discussion and the compatibility between Fargues-Scholze L-parameters with
the usual L-parameters for GL, and its inner forms up to semi-simplification, we deduce the
following result.

Proposition 4.3. If F is a non-zero irreducible sheaf on Bun,, supported on a stmtum corre-

sponding to b € B(GLy,) whose L-parameter is ¢ then there exists x € Irr(Sy) ~ HZ such that
=1

b=b,.

Remark 4.4. In [FS21, Remark 1.10.3|, Fargues and Scholze note that Fargues’ conjecture should
also include a comparison of ¢t-structures. Then the equivalence would also yield a bijection be-
tween irreducible objects in the abelian hearts. On one side, these irreducible objects would
then be enumerated by pairs (b, 7,) of an element b € B(G) and an irreducible smooth repre-
sentation 7y, by using intermediate extensions. On the other side, they would likely correspond
to a Frobenius-semisimple L-parameter ¢ : Wg, — G(@Z) together with an irreducible repre-
sentation of the centralizer S, of ¢. The above combinatoric bijection x — (by, ) could be a
good candidate for Fargues-Scholze’s predicted bijection for GL,,. In [BMO22], Bertoloni Meli
and Oi proposed a good candidate for the bijection between irreducible objects in the abelian
hearts for an arbitrary reductive group G and L-parameters ¢ satisfying some conditions similar
to ours. The readers could also see [Han23| for more conjectures.

4.2. Statement of the first main theorem. Let [Zl(WQp,(/}in)/(/}in] be the stack of L-
parameters of GL, g, and let Zl(WQp7 éin)//é\Ln be the categorical quotient. We have a map
6 : [Zl(WQp,éin)/éin] — Zl(WQp,@n)//@n given by the semi-simplification. Let ¢ be
an L-parameter of GL,, that sends semi-simple elements to semi-simple elements and let |- |, be

the norm character Wg, — Wab ~Qy — Cx~ Qy. We suppose that ¢ satisfies the following
condition:

(A1) We have a decomposition ¢ = ¢1@...D ¢, where the ¢;’s are pairwise disjoint irreducible
representations of dimension n; and if ¢ £ j then there does not exist unramified character
X such that ¢; ~ ¢; ® x.

,
By the computation in [KMSW14l page 83|, we can see that Sy := Cent(¢) = H Gm

By proposition we see that ¢ defines a closed point in Z!'(Wg,, éin)//éin and 071(x)
is the image of the closed embeddlng o /S¢] [Zl(WQp,(/}i )/(/}i ]. Denote by [Cy4] the
connected component of [Z 1(W@ ,GL )/ GL n] containing the image of . By proposition M
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know that [Cy] ~ [G],,/G},] where the quotient is taken with respect to the trivial action of Gj,,.
Let C' € Perf®([Z*(Wg,, GL,)/GLy]) be a sheaf such that its support does not intersect with
[Cg]. Then by [Ham21, lemma 3.8|, we know that C' « F = 0 where F is any Schur irreducible
sheaf on Bun, whose L-parameter belongs to [Cy4]. The study of the spectral action on those
sheaves F is therefore reduced to the description of the C'x F for C' the vector bundles on [Cy].

Denote by Perf([Cy]) the category of perfect complex supported on [Cy]. We have a monoidal
embedding of categories

Repg, (S4) — Perf([Cy]) — Perf([Z' (Wg,, GL,)/GLy))

where the image of an irreducible character x is the vector bundle on [Cy] corresponding to the
structural sheaf on GJ, together with the GJ -action defined by x.
Remark that Sy is commutative then the set Irr(Sy) of its algebraic characters forms a group

T
under the tensor product operator. In this specific case that group is isomorphic to HZ. Let
i=1

T T

x = (di,...,d,) € HZ be the character of S, such that x(t1,...,t,) = Ht?i. Then we denote
i=1 =1

by C, the corresponding vector bundle on [Cy4]. We can also define a triple (by, Ty, Fy) as in

the previous section. Recall that F, := ibxg(csb_xl/z ® 7y )[—dy] where dy = (2p, v ).
Theorem 4.5. Let ¢ be an L-parameter satisfying the conditions in the beginning of subsection

. Let x = (di,...,d,) be an element in HZ, then we have
i=1

CX *f}d = fx.

,
where Id is the identity ofHZ.
i=1

Remark 4.6. While preparing this manuscript, the author was informed that Linus Hamann and
David Hansen formulated a conjecture describing the Hecke operators for an arbitrary reductive
group G and L-parameters satisfying similar conditions as ours [Han23|. Hamann and Hansen
call the L-parameters satisfying their specific conditions "generous L-parameters" since it is
closely related to the vanishing of the cohomology of Shimura varieties with mod ¢-coefficient.

5. AN ANALOGUE OF BOYER’S TRICK

In this section, we prove an analogue of theorems 1.7 and 4.13 in [Han21] based on the results
developed in loc.cit. and derive some applications.

5.1. An analogue of Boyer’s trick. For each A € Q, let O(\) be the stable vector bundle
of slope A. Consider b,b' € B(GL,) and suppose that we have & = O(\1) & ... ® O()s) and
Ey = O(N)®...00(\,) where A\; > A\jr1 and Aj > X, ;. Let pp = (ki, k2, ..., ky) be a minuscule

dominant cochatacter of GL,, and let deg(u) := Z k; = deg(&y) — deg(&).
i=1
Recall that for each b € B(GL,), we can define a character kp : G,(Q,) — Qy as in [GI19],
lemma 4.18 and as in [Ham22], page 91, before lemma 11.1.

Proposition 5.1. Suppose that we have decompositions &, = E, B &, and Ey = 5b’1 EBSZ,/Q where
& =0M)®... 0 0\s); &y = OAg41) B ... & O(Xs) and Ey = O(N)) & ... & O(\y); &y, =

Oy 1)@ .. ®O(N,) such that rank(&p, ) = rank(&y ) = m < n and deg(&y) = deg(é’bl)—l—z ki
=1

as well as \j, > )‘:€’+1' Suppose that we have a filtration F1 C ... C Fp C &, C Frp1 C ... C &

where F1 C ... C Fp C Fpp1 C ... C &, is the canonical Harder-Narasimhan filtration of
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Ep. This filtration defines a parabolic subgroup Py of Gy. We define py := (ki1, ko, ..., ky) and
w2 = (kmt1, km+2s - - -, kn) then we have the following equality.

SBH(GLn, b,V 1) = (SH(GLn, b1, By, 11) X, SHH(GLnm b, b, 12) X5, T ) <72 Gy,

where JY is the unipotent diamond in group Gb//GO X G0 . Moreover there is a natural iso-
morphism of Gy(Qp) X Gy (Qp) x Wo, -modules

Hz(Sht(Gan ba b,a M)7@€) = lndlg}: (HZ_2d(Sht(GLm) blv ,17 /JJl) X Sht(GLn*ma an b/27 N2)7@5)®/{)

where indg’: denotes the un-normalized parabolic induction; d = (2p,vy) — (2pm,vy) —
(2pn—m, Vb/2> is the dimension of JU and p, pym, pn_m, respectively, are half of the sum of positive
roots of GL,,, GL,, GL,_,, respectively and where k = Ky ® (n;l X nl;l).

1 2

Corollary 5.2. Suppose that p = (ki,...,ky) with kp—mi1 = ... = = and we have a
decomposition & = Ey, © &, and Ey = &, © &, where &y, ~ &, = O( ) O(As); &b, =
OAs+1)@...®0(As) and &y, = O(X +1)EB @O()\’) such that rank (&, ) = rank(é'b/) =m<n
as well as Ay > Agy1. Suppose that we have a filtration Fi C ... C Fy C Sb/ C ]:Hl Cc...C

Ey where F1 C ... C Fy C Fypy1 C ... C &y 1is the canonical Harder-Namsimhan filtration
of & . This filtration defines a parabolic subgroup Py of Gy. Denote uy = (0,0,...,0) and
po = (k1,ka, ..., kn_m) then we have the following equality.

Sht(GL, b, ¥, j1) = (Sht(GLm,bl, 0 11) Xgpat, SHH(GLnm, ba, b, 12) X g0, jU) S Nen

where JY is the unipotent diamond in group ég/égl X (N}I?Q, Moreover there is a natural isomor-

phism of Gy(Qp) x Gy (Qp) x W, -modules
H (Sht(GLy, b, 12), Q) =~ indy” (Hc*_Qd(Sht(GLm,bl, ’l,ul)xsht(GLn,m,bQ,b’Q,ug),@)@K)

where d = (2p, ) — (20ms Vb, ) — (20n—m;Vsy) 15 the dimension of JY and p, pm, pn—m, re-
spectively, are half of the sum of positive roots of GLy,, GLy,, GL,_p, respectively and k =
Kp ® (/-cgll X Hb;l).

Remark 5.3. By , there exists a unique standard parabolic subgroup P such that the restriction
of &, to the Levi factor of P is semi-stable and the Newton point v is in X, (P)a Moreover the
parabolic subgroup of GL,, that preserves the Harder-Narasimhan filtration of & is the opposite
parabolic subgroup of P since v, = —(Vg,)dom- The same remark also valid for & and P’, in
particular the opposite parabolic subgroups of Py, Py above are standard.

For a proof of the corollary, we just need to apply the theorem to the moduli space of shtukas
Sht(GLy, V', b, — ) where —p = (—ky, —kn—1, ..., —k1) is the dominant cocharacter correspond-
ing to the inverse of pu.

Below are some illustrating pictures.
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b

Vgr

n =10, = (1,00)

break point

\\\\\\\\\\\\\

(1,0) and

In this case we have u

0(3/2) @ 0(1/2) & O(1/3) & O3.

51,/ =

& =0(3/4) @ 0(1/3) ® O®

Thus &, = O(3/4); &

(1,09);

, =~ O(1/3) & O3 and 1y

ﬁgb

0(3/2) ® O(1/2) and &,

/
1

(09)) as well as

p2 =

(Qp) x GL3(Qp)

(Qp) x Di1/3
3 and

X
—3/4

~

Gb(@p)
4; <p67 Vp

Pb(@p) =

26, hence d = 19.

<010, Vpt >

)

)

Moreover we have (p4, vy

Vgr

b

(2,00)

n=12,u

break point

(2,000 and

0(3/2) @ 0(1/2)* @ (1/6)

In this case we see that p

Ey >~ 0(3/2)*®O(1/2) ® O(1/3) ® O3.

&

Thus & =~ &,

O(1/2)2 @ (1/6); & ~ O(3/2) @ O(1/2) & O(1/3) & O3

2

~

0(3/2) and &,

~

(2,0®)). Moreover

X

= (0®); pa =

and

Pb’(@p) =

(Qp) X Di3/2(QP) X Dil/?(Qp) X Dil/g(Qp) X GL3(QP)

—3/2

and

GL2(D73/2(@p)) X Dfl/g(Qp) X Dfl/g((@p) x GL3(Qp).

Gy (Qp) =
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Proof. Notice that if f : O(z1)®...®O(x,) — £ is a modification of type ficent = (1, ..., 1) then
E~O(x1+1)®...®O(x, +1). Thus by the same arguments in [Ngu20, Theorem 6.3, we can
replace the moduli space of Shtukas Sht(GLy,, b, ', 1) by Sht(GLy,, b, b - beent, f4* ficent) Where beent
is the unique basic element in B(GLy, ficent). Therefore we can suppose that p = (ki,...,ky)
with k, > 0.

We use the same strategy as in [Han21|. First we prove that any modification f : & — &y
gives rise to a couple of modifications f; : &, — Sb’l and fa : &, — Ebfz of type p1 and ps
respectively. Then we prove the first statement of the proposition by examining the action
of Aut(c‘)br1 ® Ebé) on the moduli spaces of Shtukas. Finally we deduce the cohomological

consequence by using the results concerning JY proved in section 4.3 of [Han21].

Step 1 First we prove that any modification of type p from & to & gives rise to
modifications from &, to & of type p1 and from &, to & of type ua.

The case of a point

Let C be a complete algebraically closed field over @, and let X be the Fargues-Fontaine
curve associated to (C,C”). We denote by oo the Cartier divisor in X corresponding to the
untilt C' of C”. Consider a modification

I & x\00 — Evix\oo

of type u between vector bundles on X.

We choose a Borel subgroup B of GL,,. The decomposition & = 5,,/1 &) 6},12 is compatible with
the canonical reduction of & . Thus there exists a standard parabolic subgroup P whose Levi
component M is isormophic to GL,, x GL;_;, and a reduction &y p of & to P corresponding
to the natural filtration coming from the above decomposition. By [CFS21l, lemma 2.4|, the
modification f and the reduction &y p induces a reduction & p of & to P. We denote by
Evm = &1 x & the reduction to M of & p. Notice that g = (k1,...,ky,) with k, > 0 then f
can be extended to an injection from &, to &. Indeed, we view a vector bundle £ as a triple
(E1x\ 005 Eg}R, t). Thus we have an isomorphism

I 1 & x\00 — (X \0os
and by using ¢, tpr, it can be extended to an isomorphism
F . otri tri
f . ngIBJR ®B:1LR BdR — gb’rB:er ®B(TR BdR
Since k, > 0, we see that f(E",
bBgg
The couple (f, f') is an injective map from &, to &y .
In particular we see that & is exactly the intersection & N &y .
We will show that & ~ &, and & ~ &,.
Indeed, remark first that deg(€1) < deg(&,) by the property of the Harder-Narasimhan
filtration of & [NV|, Theorem A.5|. By |[CEFS21) lemma 2.6] [Vi€, lemma 3.10|, the modification
f induces the modifications

tri s /. etri tri
) C gb/7Bd+R. Thus it induces a map f' : gb7B(JirR — Sb,,B(J{R.

J1:&x\00 = &y x\00  ANd f2 1 E9x\00 T b X\ 0o
of type uf resp. ph such that () X ph)dom < = (k1,...,kn). In particular we have the equality
deg(&1) + deg(uy) = deg(E,)-

m
Moreover the condition (1} X p1)dom < p implies that deg(p)) < Z k;. Thus we have

=1

deg(&y,) = deg(&1) + deg(py) < deg(&,) + D ki = deg(&y).
i=1
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Therefore we have deg(&1) = deg(&,) and deg(u)) = Z k.

i=1

The Harder-Narasimhan filtration F, C ... Fy = 5’1Z of & induces a filtration F; C ... Fp =
&1 C &. Therefore, by the property of Herder-Narasimhan filtration, we see that vg, (rank(F;)) <
vg, (rank(F;)) for 1 <14 < ¢ where vg,, resp vg, are the Harder-Narasimhan polygons of &1, resp.
&p. Thus we deduce that vg, lies below Ve, - The same argument together with the equality
deg(€1) = deg(&y,) implies that vg, lies below vg, . However, by [Che2ll corollary 2.9], the
polygon v forming from the slopes of vg, and vg, lies above the Newton polygon v,. Therefore,
by the uniqueness of Harder-Narasimhan filtration, we deduce that £ = &, and & ~ &,,. Now
n,tri
En
discrete valuation ring. Then by applying [Han21l, lemma 3.2| to the modifications f, f1, fo; we
deduce that u is a direct summand of uy and po. It implies that f1, respectively, fs are of type

p1 and pe respectively.

The general case

Let S be a perfectoid space over Q, and consider the vector bundles & = 5},/1 &) 5;,12 over
the Fargues-Fontaine curve associated to S. Then & is a saturated sub-bundle of &. Let
f & — &y be a modification of type p. Since pu = (k1,...,k,) with k, > 0, we deduce that
that f can be extended to an injection from &, to &y. Consider the intersection & = bel N&. By
proceeding as in [Han21, §3.2] and by using the B-pairs and also proposition 2.4 in [Han21], we
can show that £ ~ &, and the quotient &,/&p, is isormorphic to &,. Moreover the modification

f induces modifications

we view a vector bundle £ as a triple (5|X\oo7 ¢) and notice that in this case B:{R is a

f1 :gbl —>5b/1, fg:ng —>gb’27
of type p1 respectively po.

Step 2 Analyzing the effect of the actions of ég,/éo/l X 62,2 and of Gy(Qp).

We consider an intermediate space Sht(Fy,b,b’, 1) of Py-shtukas as in [Han21l, section 1.5].
More precisely, the points of Sht(P,,b,b'u) are triples (F o ) where F is a vector bundle
isomorphic to & and x € Gr’éLn is a point that giving rise to a type u modification

f &y — &y

As in step 1, the decomposition &y = 6},11 @ 5b’2 induces a filtration 0 C & C &,. Then

alf’ 1 & — & is an isomorphism of vector bundle matching the filtration 0 C £ C & with the
filtration 0 C &, C &. If Ay = Ag4 then P,(Q)) is a proper parabolic subgroup of G;(Q)).
However, if A\¢ > Ag1; then Py(Q),) =~ Gy(Q)) and then by the uniqueness of Harder-Narasimhan
filtration, Sht(Py, b, b’ ) ~ Sht(GLy,, b, b ).

The same analyse in [Han2l]| goes through in our situation and we have an isomorphism
commuting with all additional structures

Sht(GLy,, b, b, 1) = Sht(Py,b,0', ) x22 G,
Now we show that
Sh(Py, b, 1/, 1) = (SHE(GLon, b, b, 1) X3, SHE(GLin s ba, by, i2) X0, T )-
Let f: & — & be a modification of type u. Thus by step 1, it gives rise to modifications
f1 ¢5b1 —>5b/1, f2:5b2 —>5b/2,

of type u1 respectively p2. Moreover, the direct sum 1! = f1 @ f2 is a modification from &, to
&y of type . We show that there exists u € JY ~ G, /GY, x GY, such that f=wuo f/.
1 2

We know that f, f' € Hom(&, &y ). If we write & ~ & © & and &y = &y @ &y, then f can

be written by
( 1 t)
0 fa)’
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where t = (f,t') is a map from & to &,. We show that there exists a map h = (he, k') :
&,12 — 5b'1 such that ¢t = h o fo. We use again the description of a vector bundle & by

a triple (5|X\OO,EEL ;). Since fa 1 Eyx\oo gb’z\X\oo is an isomorphism, it induces a map
dR

he @ &y x\oo = Ep|X\co such that te = he o f2. By using the map ¢y and ¢y, we have an
isomorphism

o —1 ., eotr
he := Ly, © he o Ly, Eb,?

i

tri
BIR ®B3—R BdR — & llB(-i‘rR ®BIR BdR'
Similarly, we can consider the maps . and f, and we have the identity . = he o f5 such that

the restriction to Sgrjw gives rise to an identity:
" dR

i Sa ot Re. gtri
t/:é’t“+ —>f 5r1+ egr1+
2,Bg 2( 2’BdR.) b, Bag’

where EZ is the restriction of h. to fé(é’;fw ). Note that fo is a modification of type
., dR . .
(km+1,.--,kn) with k, > 0 then §km+1€;§BIR C fEMm ) C g;;le—R- Note that pup =

2,B1,
(k1,...,kn) then we have E:(fé(é’;f}g&)) C gkmgz,chTR. Since Ky, > km+1, we deduce that
he (5;;1 BIR) C S;,:f Bl Therefore the couple (he, he) gives rise to a map h : &y, — &y such that

t = ho fo. Now if we choose the map w of the form

g, h
1
0 Idg, |’
2

with respect to & = & © &y, then we have f = uo f’. We conclude that there is an isomorphism
commuting with all additional structures

Sht(Py, b, b/, 1) ~ (Sht(GLm, b1, b 1) X gy, SHE(GLin i, b2, b p12) X545 jU).

Finally, we deduce the cohomological consequences by arguing as in the proof of [HI23, Propo-
sition 4.11] and by using the computation of the cohomology of JY (page 91, before lemma 11.1
in [Ham22]|). O

Lemma 5.4. For b € B(GL,), we have rp = 5, '

Proof. In |[HI23|, Hamann and Imai will show a more general result. We only give a sketch
of the proof in our cases at hand. It is based on the facts that Fargues-Scholze’s construction
of L-parameters is compatible with twisting by a central character and commute with Hecke
operators in the sense of [Ham21l Proposition 3.14, Corollary 3.15].

We prove the lemma by induction on the number of distinct sloves of vg,. By modifications
of type picent = (a,a,...,a) for some integer a, it is enough to treat the case where all the
slopes of vg, are positive. Thus we have a decomposition & = O(A)"™ & ... & O(Ag)™* with
A1 > N > 0.

If £ =1 then there is nothing to prove. We suppose k > 2. We use induction on deg(&). If
deg(&) =1 then & = O(A) & O™ for some A of the form 1/m. We fix a maximal torus and a
Borel subgroup T C B C GL,,. Let 7 be an irreducible representation of GL,(Q)) such that its
L-parameter is of the form ¢ @ ¢2 where the ¢;’s are irreducible, does not belong to the same
Bernstein component and dim(¢1) = m; dim(¢2) = my. Note that Gy(Qp) ~ Dfl/m((@p) X
GLy,, (Qp) and denote by ;5 irreducible representation of Gy(Q,) whose L-parameter (with
respect to Gp(Qp)) is ¢1 X ¢2. Remember that Fargues and Scholze also associate to 7y
an L-parameter ¢ with respect to GL,(Qp). By the compatibility of the Fargues-Scholze’s

construction with G ([FS21, Chapter IX.7.1]) we see that ¢/ = ¢ ® X;/Q where x; corresponds
to dp via the local Langlands correspondence for tori. If m = m; then we denote by mo,
irreducible representation of Gy(Q,) whose L-parameter is ¢2 X ¢1. Similar remark also applies
to mop.

We will analyse the L-parameters of the constituents of i;T,i1i(7) where p = (1,0,...,0).
By [Ham21l, Proposition 3.14, Corollary 3.15], the irreducible constituents of i;T,i11(7) belong
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to the set {m ® 5;1/2,7@’1) ® 5;1/2} since their Fargues-Scholze L-parameter with respect to
GL, is given by ¢.
By lemma we have
RT.(G,1,b, p)[m] =~ i3 T pin(mr),
and by using Hom-Tensor duality, second adjointness theorem combining with proposition [5.1
we see that

(RTe(G,1,b, )] @ r, )Y ~ RHomgy ((indg" X) @p(cL,(g,)) T Qr)

~ RHomy(cr, (g,)) (indp; " X, 7")
~ RHomyy (g, (95, X, ("))

where X = RI'.(Sht(GL,y,, 1,b1, (1,00" 1)) x Sht(GLyy,,,1,1,1d)), &, ~ O(X) and M is the
Levi factor of Py, rl\(i[L" denotes the normalized Jacquet functor.
Note that the opposite parabolic group P{¥ is standard then 4, is the character whose L-

parameter is the same as that of the character (5}_)11. Therefore, the irreducible constituents of

RT.(G,1,b, p1)[r] belong to the set {7 ® Kp ® (5;/2, To b @ Kp @ (5;/2}. Hence we deduce that
Ky = 0, L.

NOVKI; we suppose that deg(&) > 1. By the same argument, we can treat the case A\ = 0.
If A\ > 0 then we choose O € B(GL,) such that & = OA\)™ @ ... & O(A\p—1)™ 1 & E
where £ is the semi-stable vector bundle such that dim(£) = dim(O(\;)™*) and deg(€) =
deg(O(Ag)™ ) — 1. In particular, we know that ky = 51;1.

In order to compute ry, we choose an appropriate irreducible representation m, of G;(Q)) and
analyse the L-parameter (with respect to GL,,) of the constituents of

iy Tt (7p)

by using lemma corollary and [FS21, 1X.7.1]. O

5.2. Some preliminary computations.
Let ¢ = ¢1®...®¢, be an L-parameter satisfying the conditions of theorem[£.5] We know that
T

Irr(Sy) ~ HZ. Let x = (d1,...,dy) be a character in Irr(Sy)* := {(¢1,...,¢) € Irr(Sy) | t; >

1=1
0V 1<id<r} Suppose that & =~ O(A\1)™ @ ... ® O(A)" where Ay > ... > A, For
each 1 < ¢ < k we denote by I(¢) C {1,2,...,7} the set of index ¢ such that d;/n; = Ay where

n; ;= dim ¢; and an =n.
i=1

Let b € B(GL,) be an element such that & ~ GHO(N)™ DO\ 1)™ 1 ®. .. BO(\)™ where
1<i<kand0< mé < m,; be integers and G is a vector bundle such that the slopes of its Newton
polygon are strictly bigger than the smallest slope of O(A1)™ @...®O(N\j—1)™ 1D O(N)™i=mi.

Let ¥ € B(GL,) be an element such that & ~ O(A\)"™ & ... & ON\i—1)™ 1 D O(N)™ & H
where 1 <4 < k be integers and H is a vector bundle such that the biggest slope of its Newton
polygon is smaller than \; and strictly bigger than \;1;.

We define D := deg(&,) and Dy := deg(&p) and Ds := deg(&y). Suppose that D < D and
D < Ds. Let x; € Irr(Sy) be the element (dy,...,d,) whered; =1landd; =0for 1 < j#i<r.
In the following lemmas, we analyse the complexes iy C,, x Fy and i;,Cy, x F, where F, is defined

as in §4.1]

,
Lemma 5.5. Let X' = (a1,...,a,) € Irr(Sy)™ be a character such that Zaj =D —D=1.
j=1
We define Sy :=={1<j <r|a; >0} and S :={1,2,...,k}\ Si. Suppose that theorem [4.5] is
true for every L-parameters ¢/ = @ ¢j, then:
jeJ{L,...r}
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(1) If Sy c (| 1(3)) then
1<j<k
iy Oy * (ip,1my) = 0
where my is the irreducible representation of Gy, (Qp) whose L-parameter is given by ¢y
as in (whose post-composition with C/}i < GL,, is given by ¢).
(2) For Sy ={c} C ( U 1(j)) we have

1<j<i

.FX/®X 'Lfb — bxl®x

0 otherwise.

iZCX' * ‘FX ~ {
Similarly we have

,
Lemma 5.6. Let X' = (a1,...,a,) € Irr(Sy)™ be a character such that Zaj =Dy— D =1.

j=1
We define S4 :=={1 <j<r|a; >0} and So :={1,2,...,k}\ Sy. Suppose that theorem is
true for every L-parameters ¢’ = @ ¢, then:
jeJCA1,...,r}
L) If Sy < (| 1()) then
1<j<i

iy Oy * (ip, 17y ) = 0
where y is the irreducible representatzon of Gy, (Qp) whose L-parameter is given by ¢,
as in . (whose post-composition with G* — GLn is given by ¢).
(2) For Sy ={c} C ( U 1(j)) we have

i<j<k

Fyeox if b = by ey
0 otherwise.

iZ’CX/ *‘FX ~ {

Remark that part (2) of the lemmas does not completely describe C,s x F, since we assume
that b satisfies some constraints related to b,. If we suppose D > D and D > Dy as well as all
the a;’s are non-positive then we also get similar results.

Proof. We only prove lemma [5.5] the proof for lemma is similar and less complicated.
We suppose first that m, = m; and denote by u the cocharacter (1, 0(”*1)). Thus we have
ru = StdGL,, and since all the a;’s are non negative, we see that Homg, (X', 0¢) is non trivial.

Note that in this case i > 1 and the triple (by,b, ;) satisfies the condition in proposition
Therefore we have

Sht(GLy, by, b, 1) = Sht(GLin, b, b1, 1) X5, ShE(GLi—m, b, b, i2) X g, T

where
. g’b' ~ O(/\l)ml D...D O()\i_l)mi_l; gb2 ~ O()\l)m’ D...D O(/\k)mk and (":bl ~ G. In
particular &, =~ & @ &, and & >~ &, @ &,.
e uy = (1,007 D) and pp = (0»=™), o B
e JY is the unipotent diamond in group GY/ (Gg1 X Gg )

Recall that for x, we have an associated representation 7, of Gy, (Qp) = H Autym i( Qp)
1<j<k
whose L-parameter is given by H @ ¢p. If we write m, = T X mp as representation of
1<j<k hel(5)
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Go, (Qp) = G3(Qp) x Gp,(Qp), then we have an isomorphism of Gy(Q,) x Wg,-modules
RTo(GLn, by, b, p)[6 P @ my] @ 571
RFC(GLma b bla /ll)[(S \G/2 ] X RFC(GLnfma bg, b27 MZ)[(SQIG/EQ ® 7T2] [h - 2d](%) (4)

where

o h=(u,2p)—(u1,2ppm) and the Tate twist (2) as well as the shift [h] come from the differ-
ence in the normalization of the sheaves S, and S, in the definition of RI'.(GLy, by, b, 1)
and RI'.(GLy,, b, b1, u1).

e d =dy—dp, — dp, and the shift [-2d] comes from the cohomology of the automorphism
group JY. Here dy = (1, 2p), dp, = (Vp,,2pm) and dy, = (U, 20n—m) and kK = kp @

—1 —1
(K, X Ky, )-
Besides, by lemma [2.10] we have

i3 Tu(in18y '/ @ 7) = RTo(GLy, by, b, )6, @ 7 @ ry, 1[2ds ). (5)
Since Tyq is the identity functor, lemma [2.10] implies that
RPC(GLn_m, ba, bQ,,u,Q)[(S_l/z ® ] ~ 1/2 & Mo & IibQ[—dez]. (6)
x|Go, x|Go,

Suppose that as Sy x Wy, -representations, we have an identification

rnod= @ (Rog
E€lrr(Sy)

where o¢ is the Wy, -representations Homg, (&,7, 0 ¢). Since the Fargues-Scholze’s parameter

(with respect to Buny,) of iy, géil/ @ is given by ¢, we have a decomposition of Hecke operator

(szué 1/2 @ CE* sz.é 1/2 Tr)@ag.
Eelrr(Sy)

Remark that the condition on ¢ allows us to understand Cg % (105 1/2 ® 7) by identifying the
[o¢]-isotypical part of Tu(ibx!5;1/2 ® ).
Note that the L-parameter of my is given by @ ¢+ and the L-parameter of 7
telU;<;<x 1(7)
is given by @ ¢¢.  The observation is that if we regard the cohomology groups
teUi<jci 1(9)
RT.(GLy, by, b, 1) [0y 1/2 ® 7| as Wg,-module then by , its irreducible sub-quotients are of

the form ¢ for t € U (j) since Wg, acts trivially on RFC(GLn_m,bg,bg,ug)[(SX'G/b ® ma.
1<j<i
However if S; = {c} C ( U 1(j)) then oy(¢) ~ ¢, Thus the condition on the irreducible
<5<
factors of ¢ in the beginriiié kof allows us to conclude that the o-isotypical part of
RT'.(GLy, by, b,u)[5;1/2 ® ] vanishes. Therefore i3C\ys * (ip,1my) =~ 0, hence the first point of
the lemma.

We are going to prove the second point. We see that r, o ¢ = @ ¢;. Hence
1<j<r

.
T#(ibxléglm (024 7T) = @ CXj * (ibx!5;1/2 X 7T) X qu,
j=1
and we only need to consider the case x' = x. for some ¢ € (U1§j<z (j ) We need to compute

the [¢c]-isotypical part of the W, -module RFC(GLm,g, b1, ,ul)[é)zll/? ® 7.
b
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Let 5 denote the L-parameter @ ¢ and let Y, respectively Y. be the element in
telUi <<, 1(9)
Irr(S’g) ~ H Z obtained from Yy, respectively x. by removing all the indexes corre-
telU1<j<; 109)

sponding to ¢;, where t € J;; ., I(j). Thus we can check that b= by and T = mg. Hence by
lemma we have -

it Ty ('b,axﬁGﬂ ® Ty ® #7) = RTe(GLi, b, b, p11)[6 |G/2 © m5][2d5), (7)

where dy = (15, 2pm)
By theorem , applying to the L-parameter ¢ we deduce that

- .oo—1/2 N Freaxldy] if b1 = bg.ax
i, Oxe * (i " © y) = {0 otherwise.

We can check from the constructions that gb»zc oz D Epy EbXC®X. We see that if b # by, .y

then by # by ey and the [¢]-isotypical part of RT(GLyn, b, bl,,ul)[5_|é/2 QT ® /4%71} is empty.

Thus by equahty , the [¢.]-isotypical part of RI'¢(GLy, by, b, 11)[dy 12 7] is empty and then

i7Cy. * Fy

Note that in this case by using the fact that all the slopes of the Newton polygon of &,_ are
bigger than that of &, we can see that the filtration Eb;( . C &,i 0% © &, = &, g, can be refined
to the canonical Harder-Narasimhan filtration of ngc@X However in the context of lemma @
it is not always true. Nevertheless, it is still true under the assumption that b’ = by g5

Now we suppose that b = by, gy then by = by, g5 Note that by the assumption, all the slopes
of the Newton polygon of &, ~ G are strictly bigger than \;,_;, we deduce that I(i — 1) = {c}.
By (7)) we see that

RTo(GLi, b, by, pm)[6> 2 @ 7)2d) = @@ 6,% @ 13,05 © i, B b [dy — d, |

bg i ex=01

where the sum is over all ¢ € (U1§j<i 1(j)) such that Yo ® X = by.
By combining with equations , , @ we have:

i3 Tuin 1052 @ m @ Ky,
~ 5@ (RTe(GLan, b, by, 1) 067 @ 7] BTGl by, by, )65, @ o] ) (B — 2d + 24, ) ()
~ k@ () x 1) @ (RFC(GLm,E, b1, 11)[8 ‘G/ ® 7] x 8 &;/2 m) b — 2d + 2dy,, — 2d3,)(%)

1 1/2
~ @ Kp @ (5X®§C/|Gb TRa®% X 5X\G{ 7T2) &(ﬁc/[h—Qd-i-deX —2db2 —dg—dbl]

bg  ex=01

where in the last line, there is a Tate twist () = (”52) coming from the difference between
the action of Wy, in i; T, ('b,éx‘le/ ®7TX) and in 45 T ( 5~ 1/2 ®7TX) Since Fy = (ip, 105 2
7)[—dp,] and by the condition I(i — 1) = {c}, we can verlfy that

dy = de _d'g+db1 + h,
moreover, we have the identity d = d; — dy, — dp,. Thus, by using lemma and by replacing
by T® “b_xl in the computation of iZTu(ing5;1/2 ® T ® Ky, ) , we see that

e ~1/2
Tuingdy 2 @m) = @ (G mxex,) B bel—h+ dy — dy,].
b)?a@)?:bl
By identifying the W, action, we see that

. L 1/2
i5 Oy % (im0 12 @ m)[—db, ] = 0,200 Ty [—h + dg — dy, — db]
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and we deduce that
izCX/ *’FX ~ ’FX®XC'

Now we treat the case m) < m;. Thus again by proposition we have

Sht(GLy, by, b, ) = (Sht(GLm,E, b1, 1) Xspqss, SHE(GLn—m, ba, b2, 12) X5, jU> See!

with the similar notations as before. The only difference is that now P is a proper parabolic
subgroup of G := Gy, . Unravelling the definition of these groups, we see that
Gy, = Aut(O(A1)™) x ... x Aut(O(\;)™) x ... x Aut(O(\)™*)
and P is the opposite parabolic subgroup whose Levi factor is
M = Aut(O(A)™) x ... x Aut(OX)™ ™) x Aut(O(X)™) x ... x Aut(O(\g)™).
Thus
RTo(GLy, by, b, 11) = ind$ (RPC(GLm,E, b1, 111) X RUo(GLo—m, ba, ba, 1) x RTo(TY ))

and we want to compute RI'.(GLy,, by, b, u)[éb_x 12 T ® nb_xl] where 7, is a representation of
Gy, (Qp) associated to the character x. Thus we need to find a way to get rid of the parabolic
induction indS. Note that we do not need to deal with this issue in the context of lemma
since the parabolic induction in that case is from some parabolic subgroup of G4(Qy).
Let 7 be an irreducible representation of G'(Q,) where G’ = Aut(O™i()\;)) whose L-parameter
is given by @ ¢; then by second adjointness theorem we see that
7€el(@)
Homg (Indg, (p), 7) = Homyy (p, (7))

where rp; denotes the normalized Jacquet functor; M’ = Aut(O(A)™ ™) x Aut(O(A)™) and
P’ is the standard parabolic subgroup of G’ whose Levi factor is M’ and P’ is the opposite
parabolic of P’. Thus the constituents of r5;(m) are the representations of M'(Q,) whose L-
parameter post-compose with the natural embedding M — G s given by @ ¢;. Note
JEI(@)
that the ¢;’s are pairwise distinct then the L-parameters of these representations of M/'(Q,) are
pairwise distinct. Now since there is no non-trivial extension between tempered representations
with different cuspidal supports, we deduce that

rer(m) = @ TA

A€A
where A is the set of subsets A of I(7) such that Zdim ¢; = rank O(N\)™ ™ and 7y is the
jeEA
representation m; 4 X w4 of M'(Q,) whose L-parameter is given by @ b X @ b

jeA JEL@\A
By using the Hom-Tensor duality we see that (up to some twists)

RT(GLy, by, b, p)[my ] @ 67 = @ RT(GLpy, b, by, 1) [71 ] % RTe(GLi—in, b2, ba, ) 5 ],
AeA

where for each A € A, wfx X 7T§47X is the representation of M(Q),) such that the Aut(O™i \;)-factor
is given by w4 if j =i and is given by the Aut(O(\;)™)-factor of m, if i # j.

Now we can use the same arguments as in the case m; = mj. We can show the vanishing
results in exactly the same manner. More precisely, if ¢ € (I(i)\ A) U ( U I(j)) then the [¢c]-

i<j<k

isotypical part of RFC(GLm,g, bi, 1) [fo] X RT o(GLy—m, ba, ba, p12) [WQX] is empty since W, acts
trivially on RI'¢(GLy—p, b2, b2, p2). In particular if ¢ € (Ui<j§k I(j)) then the [¢]-isotypical
part of RI'.(GLy, by, b, u)[my] is empty.
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If b # bygy. then ij,C\s x F,, ~ 0 as before. Now we suppose that c € (U1<j§i1<j)) and

b= byey, then we can show that ¢ € 1(i) and dim ¢. = rank O(\;)™ ™. In particular, if ¢ € A
then A = {c}. Thus when taking the [¢.|-isotypical part we have (up to some twists)

RL (GLnabxab N)[T‘-X ¢c @ RF GLmab bl ,ul)[ﬂ-l x][qbc] x RT’ (GLn m7b2ab2aﬂ2)[ﬂ-2 X]
AeA

= P RU(GLm,b,b1, i1 J[bc] X RUe(GLa—m, b, b, ) (5, ]
A€A, ceA

= RU(GLyn, b, by, 1) [mi))[6c] X RUc(GLy—rm, b2, b2, 1) [

There is actually at most 1 term in the last sum and by the same computations as before we
can show that

iZCX/ *‘FX ~ ‘FX®XC’

and we are done. O

6. PROOF OF THE FIRST MAIN THEOREM

This section is devoted to the proof of theorem By [Ngu20, theorem 6.3], it is enough to
prove the theorem for x € Irr(Sy)t = {(d1,...,dy) € Irr(Sy) | d; >0V 1 < i <r}. We will
proceed by induction on r. One can deduce the case r = 1 by [ALB21), theorem 1.2|, [Han20,
theorem 1.5]. Thus we mainly focus on proving the case r > 2. The arguments are rather
technical and complicated. However it is greatly simpler if we suppose further that ¢ is a direct
sum of characters. In particular, under this assumption, the slopes of the Newton point v, are
all integer for x € Irr(Sy). The readers who only want to grab the main ideas could impose that
condition in the rest of this section.

Suppose that the theorem is true for 1,...,7 — 1 then we show that it is true for r. Now we

T

proceed by induction on D = Z d; =: |x|. For D =1, one could use lemmas 5.5 [5.6| to verify
i=1

the theorem. However, we will Zus.e the known cases of Harris-Viehmann’s conjecture to show the

base case. Then we suppose that the theorem is true for D < s and prove the case D = s. By

a direct application of proposition [5.1] m and lemmas 5.5 .h. we can show that i Cyx Fia = Fy.

The most technical part of the proof is to show that the restrictions of C *.FId to other strata

vanish.

In this section, we fix a maximal split torus and a Borel subgroup T € B C GL,. For
b,V € B(GL,), we have v, = (—Vg, )dom and vy = (—Vg, )dom- Thus b is smaller than b’ with
respect to the usual partial order in B(GLy,) if and only if vg, is smaller than vg,, with respect to
the usual partial order in X,(T)g. We always use the partial order when we compare elements
b, € B(GLy) and elements vg,, vg,, in X«(T)q.

6.1. The base case.

We prove the case D = 1. For 1 <i < r, let x; = (di,...,d;) be the character such that
di=1and d; =0for 1 <j# i <r. We will show that C’ -1%Fy, = F1a. Then by the monoidal
property and the fact that Crq x F, = F for all x, we deduce that Cy, * Fia = Fy,

Let = (1,0*=V). Fix 1 < i < r, we have &, = O(1/n;) @O M. By the Harrls Viehmann
conjecture (proposition [5.1) for Sht(GLn,bXZ,u) and [HTO01], [ALB21 theorem 1.2|, [Han20),
theorem 1.5], we see that

Sht(GLy, by, 12) = (Sht(GLn_m, Lot o, 1d) Xgoqs SHE(GLn,, bi. 1) Xg, a5, égxl_) x2 GL,.

where 1gr,,_,, is the trivial element in GLy 0, (Qp), &, =~ O(1/ny), p1 = (1,0(%D) is a
cocharacter of GL,, and P is the opposite parabolic subgroup of GL, whose Levi factor is
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GLy, x GLj—p,;. By taking the cohomology and lemma [5.4] we have
RUo(GLy, by, 1)[0, % @y @ 7 !
~ RT.(GLy, by, j1)[3, ” 2@ myl

~ ind§ (Sht(GLni, bl, p)(8, 2 ® ) ® Sht(GLy,, by, 111)[0; 2 @ 7r11’1]> [(n — ng) — 2(n — ny))(

by, |GLn—n; bx; |G,

~ indgt" (5%,/2 ® (mX 7r1)> X @) [n; — n]

:mdgtb;/[ni —n]

41

(8)

9)

as complexes of GL,,(Q,) x Wg,-modules where 7 is the representation of GL;_y,(Q,) whose L-

parameter is given by @ ¢j and 771171 resp. 7 are supercuspidal representations of Gy, (Q)),

1<j#i<r

resp. GLy,(Qp) whose L-parameter is given by ¢; and V denotes the contragredient representa-

tion. In particular, we see that m, ~ & 7r11’1. Moreover, since the opposite parabolic subgroup

PP is standard, we see that dp, and 5 have the same L-parameters.

Note that in equation (] the cohomology of the connected component of the automorphisms
group GOXA contributes a bhlft [—2(n — n;)], the normalization in the sheaves S, and S, con-

tributes a twist (“5*) and a shift [n —n;]. There is no Tate twist in the third line since the

1/2

modulus character (5 Ll

Shimura variety and then Sht(GLy,, b1, i1)[0, 1.|/c2; ®@ %] ~ 5113{& ® 71 K Y (—150).

,
However 7,-10¢ = @Xj_l X ¢ and Fy, = Z‘bxi!(‘sb_xt/g ® Ty, )[ni — n] then by lemma
j=1
we deduce that

RT(GLy, bia, by, 1[0 1/ 2

j=1

|Gy contributes a twist (—"%") when taking the cohomology of local

2.10

® my, @ iy L — il = (1T, (Fy,) = (P10, -1 % F, B o).

By using equation @, we see that the left hand side is isomorphic to F1q & ¢y . By identifying

the Wy, -action, we deduce that
iTCX71 * Fy; =~ Fld,

and for j # i, we have
f{C f1 *]:Xz' ~0

(10)

To show that C’ -1 % Fy, =~ Fiq, we need to show that the restrictions of C’ -1 % F), to other

’L

H N-strata are zero. Thus we need to compute the image of b,, by some modlﬁcatlons of type
p~L. The set of images is given by {(’)”, &, . =01/n)@O0mO(=1/m') | ni+m+m' = n}

by example [2.3

Thus we need to compute RT'¢(GLy, by, , by.m/, i) for m’ # 0. To do this, we use the same

arguments as in lemmas Hence we have
ZZ ’CX-_l *‘FXi = 0.

m,m

6.2. Induction step I : Restriction of C, x Fi4 to the stratum b,.

Suppose that the theorem is true for D = 1,...,s — 1. Now consider the case D = s.
T

Let

X = (di,...,d,) be an element in Irr(S4) such that the d;’s are non-negative and Z d; = s.

1=1
Suppose that we have &, = O(A)™ @ ... ® O(A\)™ with Ay > Ag > ... > A\ > 0 and
m; > 0 for 1 < ¢ < k. By the construction of b,, there exists for each 1 < i < k, a non-empty
subset 1(7) of {1,2,...,r} such that for j € I(7), we have d;/n; = \;. We denote by r(x) the

n—n;

2

)
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number min{dim ¢; | j € I(k)}.
ok
* Flq = Fy-
We show that iy, Cy * Fia = Fy

We suppose that A\ = 0. The case A\ > 0 is simpler and can be treated similarly.

In this case A\;_1; > 0. We consider a character X’ = (d,...,d.) where for one index j* €
I(k — 1) we have d). = dj- — 1 and dj,, = dy, for all other r — 1 indexes. In particular the d;’s
k
are non-negative and Z d; = s — 1. By construction &, =0M)™@... 8 O(Np_1)™=1t
i=1
/ d’x
O(N)" @ O(\)™ where N, = 21=; t = ged(dj«, nj) and ' = ged(d)., n+). Moreover we have

J

X = Xj* ® xX’. Thus by monoidal property we have
CX * fId = CXj* * (CX/ * }—Id)-

By the induction hypothesis (on D) for x’ we see that Cys x Fig = F,». Thus we need
1/2
bX/
= (1,0(”_1)). The triple (by/,by, p) satisfies the hypothesis of corollary and lemma
then we deduce that

to compute i Cy . x Fv. We can do it by computing RT.(GLy, by, by, p)[0,/” ® mys] where

% .
ZbXCXj* *.FX/ = ‘FX'

Now we need to show that the restrictions of Cy x Fiq to other strata vanish.

6.3. Induction step II : Vanishing of the restrictions of C, x Fiq to other strata.

From now on we suppose that C, x F1q 22 F, and try to find a contradiction.

6.3.1. The case where A, > 0.

We suppose Ax > 0 in this paragraph.

In the last subsection, we associated a natural number r(x) to x. Let C denotes the set of
characters £ € Irr(Sy)* such that &b, 1s a direct sum of semi-stable vector bundles of strictly
positive slopes, C¢ x Fig % F¢ and |{] = s. Since C is finite, we can assume that r(x) =
min{r(€) | £ € C}.

Consider a character X' = (dj,...,d;) where dj. = dj« — 1 for one index j* € I(k) such

) G
that dim ¢;« = r(x) and d;, = d; for all other r — 1 indexes. Hence 8bx, =0M)™md...d
O(N\1)™ 1 @ O(N)™ L @ O(N,)Y where t = ged(d;, nj); t/ = ged(d)., ny+) and \j, = Z;i :

We have x = x; ® X’ and then Cy x Fiq = Cy,« * Fyr. Thus the set of strata where the
restriction of Cy x Fiq is non null is a subset of the strata indexed by images of the modification
of &,X, of type u = (1, O("_l)). Moreover, by proposition and the fact that the formalism of
Fargues-Scholze parameter and the restrictions to Harder-Narasimhan strata commute [Ham21),
Proppsition 3.14, Corollary 3.15], we deduce that these strata are of the form be for some
€ € Irr(Sy).

Since Oy x Fiq # Fy, we can choose an element b # b, € B(GL,,) such that i;C, x Fiq is non
trivial. Thus there is a modification of type u

f : gbx/ — 51;-
Remark that if the biggest slope of vg, equals to A; then we can apply lemmas to the
triple be,, & and 1 = (1,0"=Y) to compute iy Oy x F1q and check that if b # b, € B(GL,) then

the restriction i, C, x Fiq is trivial, which is a contradiction. Hence we deduce that the biggest
slope of vg, is not equal to A1.
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Consider the filtration O(A\)™ @ ... & O(\p_1)™1 & O(\)™t C &, Denote by P the
standard parabolic subgroup corresponding to this filtration as well as M its Levi factor. Hence
M ~ GLn_nj* X GLnj*. The modification p induces a filtration £ C &, of &. The knowledge of
this filtration and that of extension between vector bundles allows us to understand b.

The M-bundle corresponding to the filtration of &/ is O(A)™ @ ... ® O(A\p—1)™ @
O(A\)™ 7t x O(X,). The modification f induces modifications

fl : O(Al)ml D... 0 O()\k—l)mk71 @ O()\k)mkft ¢

and

fa: O — &/ =: €.
of type w1 and pug respectively. By [CES21) lemma 2.6, [Vie, lemma 3.10], there are 2 possibili-
ties:

Case 1: p1 = (1,0 =) and py = (00%+)),

Thus & ~ O(X,)" and in particular, all the slopes of vg are strictly bigger than X} (even
strictly bigger than A if |I(k)| = 1). Since H}(O(A)) = 0 if A > 0 we deduce that & =
E@OMN).

Thus we can apply lemma to the triple be,, & and x ;- to deduce that if b # b, € B(GLy)
then

iy C - * Fyr = Z'ZCX * F1q >~ 0,
which is a contradiction as above.

Case 2: 1 = (00""+)) and g = (1,0(%+~1),

In particular € ~ O(A)™ @ ... & O(N\_1)™ 1 ® O(\)™ L. Since O(N,)! is semi-stable,
we can compute &£ explicitly. If £ is a semi-stable vector bundle then it is semi-stable of slope
A, and therefore we find out that b = b, and we are done. If it is not the case we still see that
E' =&, DE" where £” is a semi-stable vector bundle of slope A such that A\, > A > 0. Moreover
if h is a slope of vg, then A <h <A, +1 <A+ 1.

Lemma 6.1. We have X > 0.

Proof. Indeed, if A = 0 then X} = 0 and therefore & ~ &, ® O% for some vector bundle &y such
that the slopes of vg, are strictly positive and £1 < nj.. We also see that O™~ is a direct factor
of &. Therefore we can apply lemma [5.5] to triple £/, & and x;+ to deduce that

i Cxj % Fyo =0,
a contradiction. Hence we have A\ > 0. O

By the property of the Harder-Narasimhan filtration [NV], Theorem A.5|, we see that vg, is
bounded below by the concatenation vg @ ver of vg and ver. By [Che2ll, lemma 2.9] we also have
ve, < Vgger. Therefore & ~ &, @ " where &, is a vector bundle such that if & is a slope of vg,
then h > A. Moreover we already know that if Ay is the biggest slope of Ve, then hmax # A1
Therefore himax > A1 and we deduce that b is not smaller than b, with respect to the usual order
in B(GL,).

Now we see that by proposition there exists £ = (ay,...,a,) € Irr(S(z,)Jr such that b = b,
all the slopes of Ve, are strictly positive and r(§) < r(x) (since rank &” < r(x)). Therefore

Cg * Flq =~ .7:5.

We know that the spectral action preserves compact objects and ULA objects then iy C x Fiq
is a ULA object and moreover all of its Schur-irreducible constituents have L-parameter given
by ¢ (twisted by some map as in [FS21l Corollary I1X.7.3]). Therefore, up to replacing & by
another &’ such that bs = by = b and up to some shift, we can suppose that there is a non-trivial
morphism

g1 : ib!iZCx * F1g — fg,
more precisely, we can construct g; from a quotient of the highest degree non-trivial cohomology
group of iyi; Cy x Fiq.
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Since the set Sgupp C B(GLy) of strata where the restriction of Cy x Fiq is non trivial is
finite, there exists maximal elements in Sg,pp With respect to the restriction of the usual order in
B(GLy,). Since b is not smaller than b, with respect to that partial order, we can suppose that
b is a maximal element in Sq.pp. Hence, by applying the excision exact triangle to the closed
embedding Bun?—Lb — Bun,,, we deduce that there is a non trivial morphism

g2 : CX * Fiq — ib!iZCX * F1d g_1> .7:5 ~ Cg * F14-
Recall that A is the smallest slope of &, and there exists an index :]V such that % =\
J

Since A > 0 we see that x,& € Irr(S,)”% := {(c1,...,¢) | ¢; > 0}. However for an arbitrary

character 0 € Irr(Sy), Cp * (Cg-1 % (—)) = Cy-1 x (Cyp x (—)) = Crq * (—) is the identity functor
of D{S"’] (Bun,, Q,)¥, we deduce that Cy-1(—) is an auto-equivalence of D{g"’] (Bun,, Q,)*. Thus
by applying the auto-equivalence fol to g2 we get a non trivial morphism

i

qg: CX®X5._1 * Flqg — C§®X;—1 * Fiq.

The characters y ® X;f Land ¢ ® X? ! belong to Irr(Sy) ™ then by the induction hypothesis (on

D)’ we have CX®X-—1 *]:Id ~ ]:X®X5._1 and C§®X;_1 *]:Id ~ ]:§®X3-_

slope of 51,5@ _, s ]still hmax and the biggest slope of &, - is not bigger than Aq. In particular,

X~ XX~

begy—1 is not smaller than b, o —1 with respect to the usual partial order of B (GL,,). Thus by
- :

J
lemma there is no non-trivial morphism from ‘Fx®x§1 to ]:£®x§1' Hence a contradiction. In

1. By the choice of 5, the biggest

other words, the restriction 7;Cy x Fiq must be trivial.

6.3.2. The case where A\, =0 and r > 2.

We suppose that A\ = 0 in this paragraph.
Consider a character x' = (dy,...,d;) where dj. = dj« — 1 for one index j* € I(k — 1) and
d; = d; for all other r—1 indexes. Thus & , = O(A)™®.. DON\_1)™ 1B OV )Y BO(N) ™

U

& .
where X\ = n;*; t = ged(dje,nj«) and t' = ged(dj.,nj+). In particular X' € Trr(Sy)* and
X = Xj* ® X’. Then by induction hypothesis we have C) x Fiq = Cyje x Fyr-

As before we can choose an element b # b, € B(GL,) such that i;Cy x Fiq is non trivial.

Hence, there is a modification of type u = (1,0(*~1)
f : gbxl — gba

in particular &, is a direct sum of semi-stable vector bundles with non-negative slopes. If the
trivial line bundle O is a direct factor of &, then we can apply lemma |5;5| to the triple be,, &
and p to deduce that & ~ &, and we are done.

Thus we suppose that & is a direct sum of semi-stable vector bundles whose slopes are strictly
positive.

Consider the filtration O(A)™ @ ... & O(\p_1)™ 1t @ O(X,)" C &, Denote by P the
standard parabolic subgroup corresponding to the filtration as well as M the Levi factor. Hence
M ~ GL,,_y, x GL,, where m = rank(O(A;)™*). The modification f induces a filtration £ C &,
of & and &,/& ~ &'.

The M-bundle corresponding to the filtration of &, , is O(A\)™ @ ... @ (’)(/\ﬁg)tl X O(A\g)™*.
The modification f induces modifications

fLOA)™ & ... a0\ — &
and
f2 : O()\k)mk — &

of type u1 and pso respectively. As before we can compute the M-bundle &€ x &’ by using [CES21,
lemma 2.6|. There are 2 possibilities:
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Case 1: p1 = (1,0=™=D) and py = (00™).

Thus & ~ O(\;)™* and all the slopes of vg are strictly positive. Since H(O()\)) = 0if A > 0
we deduce that & = & @ O(A;)™*. It can not happen since A\ = 0 and we suppose that the
trivial line bundle O is not a direct factor of &.

Case 2: i1 = (0*=™)) and pp = (1,00"1) and in particular we have £ ~ O(A)"™ @ ... ®
O\

Since O(\g)™ ~ O™, we can compute &’ explicitly.

If £ is not semi-stable then it is of the form &, & O® for some a > 0 and it can not happen as
in case 1. Therefore we deduce that £’ is semi-stable of slope A = 1/m. Note that since s > 1
we see that deg& > 1.

Lemma 6.2. We have

k—1
1G> 1
j=1
k—1
Proof. Suppose the contrary that Z II(7)] = 1. Thus we see that £ = 2 and £ is a semi-stable
j=1

vector bundle of slope A} > 0. By the property of the Harder-Narasimhan filtration, we see that
vg, is bounded below by the concatenation of vg and vg/ that we denote by vg @ vgr. Moreover,
by [Che21) lemma 2.9], vg, is bounded above by veger.

If X < A} then from the inequalities vg ® vgr < vg, < vgger, we deduce that & =E @ E'. In
this case we can apply lemma to the triple &, be, and ij* to deduce that iZCXj* * Fyr
vanishes if b # b,.

Suppose that A > \]. Notice that by [Che2Il Corollary 2.9] we see that if h is a slope of vg,
then A > h > 0 since all the slopes of vg and of vg: are strictly positive and smaller than A.

Note that we have |I(2)| > 2 since r > 2. By using proposition we deduce that & has
a slope not smaller than 1/n; for every ¢ € I(2). However since |I(2)] > 2, we deduce that
m = rank O(A\2)™2 > n,. It contradicts the fact that A = 1/m > 1/n; and allows us to conclude
that

k—1
TG > 1
j=1
U
k—1
Now by the lemma, we know that Z II(j)| > 1, then the biggest slope of vg is A\;. Hence if
j=1

hmax is the biggest slope of vg, then hmax > A1.

If Amax = A1 then again, by applying lemma to &, & and p = (1, 0"=1) we can
conclude that i3 Cy . * Fys vanishes if b # by and it gives us a contradiction. Thus we deduce
that hmax > A1 and that b is not smaller than b, with respect to the usual order in B (GL,).

By proposition , there exists £ = (a1,...,a,) € Irr(Sy)™ such that b = be. Since &, is a
direct sum of semi-stable vector bundles with strictly positive slopes, by the previous paragraph
we deduce that

C 13 * -7:Id ~ ]:5.

We know that the spectral action preserves compact object then 7 Cy x Fiq is a compact object
and moreover all of its Schur-irreducible constituents have L-parameter given by ¢ (twisted by
some map as in [FS21, Corollary 1X.7.3]). Therefore, up to replacing & by another & such that
bg = ber = b and up to some shift, we can suppose as before that there is a non-trivial morphism

g1 - ib!iZCX * Fiq — ]'-,5.

Since the set Ssupp C B(GLy,) of strata where the restriction of Cy x Fiq is non trivial is
finite, there exists maximal elements in Sg,pp, With respect to the restriction of the usual order
in B(GLj,). Since b is not smaller than b, with respect to that partial order, we can suppose
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that b is a maximal element in Sg,pp as before. Hence, by applying the excision exact triangle
to the closed embedding Bun%b — Bun,,, we deduce that there is a non trivial morphism

gs CX *]:Id — ibinCX *]:Id g—1> ]:5 ~ C’g *]:Id-
k—1 k-1
We define I := {i | 3¢ = hmax} and since Z II(j)] > 1, we can choose an index j € U 1(5)
j=1 j=1
such that [T\ {j}| > 1.

By applying the auto-equivalence fol to g2 we get a non trivial morphism
i

g: CX®X§1 * Fld — C€®X;1 * F14-

Note that by the choice of j, we see that y @ X}.*l,f ® X},*l € Irr(S,) ™ then by the induction
hypothesis on D = s — 1, we deduce that Cx®x?1 * Fiq is supported on bx®x51 and C€®x51 * F1d
7 7 j

is supported on b&@xil'
j

Again, by the choice of 3, the biggest slope of €b£® _, is still hpax and the biggest slope of
X

1

J

be®x:1 is not bigger than \;. In particular, bf®x§1 is not smaller than bx®x§1 with respect to
J

the usual partial order of B(GL,). Thus by lemma there is no non-trivial morphism from

‘Fx®x~_1 to ]:§®x~_1' Hence a contradiction. Therefore, the restriction i; Cy x Fiq must be trivial.
j j

6.3.3. The case where A\, = 0 and r = 2.

At this point we know that k = r = 2 hence we can suppose I(1) = {1} and 1(2) = {2}. Thus
& = O(\)™ @ O™ with x = (z,0) for some z € N. Then we choose x' = (z —1,0) and denote
b # by € B(GL,) an element such that i;C) x Fiq is non trivial. Hence, there is a modification
of type p = (1,0("1)

f : gbx’ — gb'

All the arguments in the last paragraph (the case r > 2) before lemmastill work. Therefore
we deduce that & ~ & where £ = (21, 22) € Irr(Sg)~° and where rank O(A\;)™ = dim ¢1 =: ny;
m = dim¢o =: ne and x1 + o = x. Moreover we can also deduce that there is an injection
O(A\]) <= & and the quotient is isomorphic to O(\) where \| = %ﬁ?_l, A= % Remark that
we also know (by the case A\ > 0) that

Cg * Flq =~ .7:5.

By using lemma to the triple &, be, and CXj*’ we can deduce that A > \| as before. In
particular we see that % > % We consider the following cases

Case 1 : % > A1

Thus vg, is not smaller than Vey, with respect to the usual partial order in X,(T)g. By
choosing an element b maximal with these properties and using the excision exact triangles
argument with respect to the closed embedding Bun%b — Bun,, as above, we can obtain a

contradiction.
Case 2 : \; > &2

= no .
In this case vg, is smaller than Vey, with respect to the usual partial order in X,(T)g. Note
that the spectral action preserves ULA objects then C, x Fiq is ULA and then i;:E (Cy * Fra) is

also ULA. Hence there is a non-trivial morphism
g: Cg * Fld >~ Jrg — iZ& (CX *./rld),

more precisely, we can construct ¢ from a sub-module of the non-trivial cohomology group of
iZg(CX * F1q) which has lowest degree.

Now we can suppose that b is minimal with respect to the partial order among the strata where
the restriction of C % Fiq is non-trivial. In particular b is smaller than and not equal to b, in
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B(GL,,). By similar excision exact triangles argument for the open embedding BumgZ — Bun,,
we can suppose that up to some shift, there is a non-trivial morphism

g1 : Cg*fld ng —)CX*fId.

Now we apply the auto-equivalence CXA on g; to get a non-trivial morphism (where y; =
1

(1,0))

1.

g2 : C'£® 1% Id ~ F§®X71 — C 1 * Fiq =~ 'FX®XI

If ©1 + zo > 2 then we see that bx@xfl is not smaller than b&@xfl and lemma gives rise to
a contradiction.

If 21 + 22 =2then z; =29 = L and £ ® ;' = (0,1) and x ® x;* = (1,0). Applying again
the auto-equivalence x5 L on gs to get a non-trivial morphism

g3 : Clq x F1q — C¢r % Fq,

where ¢’ = (1,—1). By lemmathe restriction 4] Cg * Fiq is non trivial. However it contradicts
equation ((10)).
It allows us to finally conclude that

CX *FId ~ FX'

7. HECKE-EIGENSHEAVES FOR GL,

The main goals of this subsection is to use theorem to give an explicit description of the
Hecke eigensheaves associated to some L-parameters ¢.

Throughout this paragraph, we fix an L-parameter ¢ = ¢1 P ... D P, satlsfylng the conditions
of theorem |4.5| In particular the connected component [Cy] of [Z '(Wa,. GL n) / GL n) containing

¢ is isomorphic to [G},/G},] with the trivial action of G},. Then Sy = HGm, Irr(Sy) ~

i=1
r

HZ and all the algebraic irreducible representations of Sy are of dimension 1. Moreover, the
i=1
category Repg, (S4) is semi-simple, we see that the regular representation of Sy has the following

description
D «x
Xx€Irr(Sy)

We deduce an explicit description of a Hecke eigensheaf associated to ¢.

Theorem 7.1. The sheaf
- D &
Xx€lrr(Sy)
1s a non trivial Hecke eigensheaf corresponding to the L-parameter ¢.
Proof. By the description of the JF,’s, it is clear that the stalk of G, at the stratum Bun! is
isomorphic to Fiq. Thus the sheaf G4 is non-zero.

Remark that for every x’ € Irr(Sy) we have x' ® @ X = @ X- Thus by theorem

X€Irr(Sy) X€EIrr(Sy)
and the monoidal property of the spectral action, we deduce that

Cxl*g¢ = CX'* @ Cx*]:Id = @ Cx*]:Id = g¢
X€Irr(Sy) X€Irr(Sy)

Let V be an algebraic representation of GL,(Q,) and let 7 resp. Ty be the corresponding
highest weight representation resp. the corresponding Hecke operator. We show that Ty (Gy) =
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Gy X1y 09 as sheaf on Bun, with Wg,-action. Indeed, suppose that as Sy x W, -representation,
we have

Ty O ¢~ @ xXoy,
Xx€Irr(Sy)
where o, := Homg, (x,rv o ¢) is a Wy, -representation.
In particular, since dim xy = 1 we deduce that @ oy =Ty 0 Q.

Xx€Irr(Sy)
On the other hand, we have

Tvg¢> @ C*gd,&ax— @ g¢®ax_g¢® @ ox—g¢®rvo¢
X€Irr(Sy) Xx€Irr(Sy) X€Irr(Sy)
Therefore Gy is a non-zero Hecke eigensheaf of the L-parameter ¢. (|
Ezxample 7.2. Let us describe the stalks of G4 in some special cases.
Suppose further that ¢ = ¢1 @ ... D ¢y, is a sum of n characters. Thus the Newton polygon of
the vector bundle &, are of the form (dgm), - ,d,(cn’“)) for a decreasing chain d; > dy > ... > dj,
(ns)

of integers (where d; "/ indicates that d; appears with multiplicity n;).

Let b = be for £ = (dgm), . ,d,(cn’“)) € Irr(Sy). We see that Gy = GLy,, x ... x GL,, and for a
character x = (t1,...,t,) € Irr(Sy) we have b, = b if and only if (¢1,...,t,) is a permutation of

(dgm), ... ,d(n’“)) The stabilizer of (¢1,...,t,) under the action of the permutation group S, is
a subgroup isomorphic to S,, X Sy, X ... x Sy, . Therefore the stalk of G, at Bunfl is given by

@ .Fé'w
wEWGL" /ng

where W denotes the Weyl group of G. This description is compatible with the one given by
L. Hamann in [Ham22, Theorem 1.14].

One expects that the restriction of i;G4 to the stratum Bung is closely related to the functor
Red; defined by Shin [Shil2, §6.2]| and Bertoloni-Meli [BM, Definition 5.6]. It is first observed
by Hamann in [Ham22 §11].

8. HARRIS-VIEHMANN’S CONJECTURE

The main goals of this section is to compute part of the cohomology of the moduli spaces
Sht(GLy, b,V’, ) and deduce new cases of the Harris-Viehmann’s conjecture for GL,.
Throughout this section, we fix an L—parameter o=¢1 ... @ ¢, satisfying the conditions

In particular we have Sy = HGm, Irr(Sy) ~ HZ and [Cy] ~ [G},,/G7,], the

. =1 i=1
quotient of G,

of theorem

by the trivial action of GJ,.

Let b,/ € B(GL,) be such that ¢ is Gy(Qp)-relevant and and let m, be the irreducible
representation of Gy(Q) corresponding to ¢ under the local Langlands correspondence. Let
A € Irr(Sy) be the character corresponding to the pair (b, ). Then by lemmas and we
have

RTo(GLa, ¥, b, 0)[5,* ® m)ds] = i Ty P,
where dy = (2p, ).

Suppose that as Sy x Wg, -representations, we have an identification

Tu-10¢ = @ xXo,
x€Irr(Sy)
where o, is the Wy, -representations Homg, (X, 7,1 © #), then we have

T, Fa= P CyxFRo,.
X€Irr(Sy)
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Hence we can use the explicit description of C to compute RT'.(GL,,,V, b, ,LL))[(;;/Q ® Tp).
Theorem 8.1. (some cases of the generalized Harris-Viehmann’s conjecture) Let b € B(GLy,) be
an element such that ¢ is Gy(Qp)-relevant. Let v be an arbitrary cocharacter of GL,, and m, be an
irreducible representation of Gy(Qp) such that its corresponding L-parameter #° post-composed
with the natural embedding ¥ Gy(Qp) —L GL,(Qy) is ¢. Thus we have

RT(GLy, b, w)[6/% @ m) = m1 K Homg, (x; ', 701 © 6)[d] (11)

where T is the irreducibe representation of GLy,(Qp) whose L-parameter is ¢ and xyp is the
unique character of Sy corresponding to the couple (b, ) and where d = (2p, ). In particular,
the generalized Harris-Viehmann’s conjecture is true in this case.

Proof. We recall that Sht(GL,, b, i) is the space parametrizing modifications f : & — &, of
type u. As before, we have

RTo(GLp, by 1)[8,% @ mp) = 6T, -1 Fy, [—d].
Then we consider the S, x Wg,-representation r,-1 0 ¢ = EB x W o, where o, is the
X€Irr(Sy)

W, -representation Homg, (x,7,-1 © ¢). Since the couple (b, 7) corresponds to the character
Xp, we deduce that i7Cy x F,, ~ 0 if x # Xgl. Thus

RTc(GLo, b, w8 > @ m) = @) 0 x Fy, Boy[—d]
X€Irr(Sy)
~ Z'Tcxb—l *]:Xb gaxb_l[id]

~ 1 X Homg, (Xb_l, u—1 0 @)[—d].

Suppose that & ~ E(A)@...BE(N,) where Ay > ... > \; and for each j, £();) is a semi-stable
vector bundle of slope \;. Denote by M the standard Levi subgroup of GL;, that is the split inner
form of Gy. Then M ~ GL,,, x ... x GL,,, where m; :=rank£();) and the natural embedding
LGy(Q) — TGL,(Qy) induces a morphism of L-groups 1 : *M(Q,) — *GL,(Q,) such that
¢ = no ¢’ In particular we have Sgp = Sy and from now on, for each x € Irr(Sy), we denote
by xwm its corresponding character in Irr(5¢b). Now we consider 7,-1 as an M-representation by
1. Since the category Rep@eM is semi-simple, there is a decomposition

rlfl = @ (TMM)m‘LM (12)
pm E€X (M)
for some multiplicity m,,, = dim Hom(ry,,,,7,a). Moreover the decomposition is compat-
ible with W, -action since ¢ =no #®. Thus
Homgé(xb_l, ruoP) = @ Homgéb (ijh7 Tping © ¢b)muM.
par €X (M)

Denote by by the reduction of b to M and 7} the unique irreducible representation of M(Qp)

whose L-parameter is ¢® then m; = Imdgan%/I where P is the standard parabolic subgroup whose
Levi factor is M (normalized parabolic induction). By using the formula for M we deduce
that

RT(GLy, b, 1)[6,* @ mp)[d — di] = m1 ¥ Homg, (x; ", 7 © ¢)[—dd]
~m X @ Homg , (ij&/[, Tpuny © G°) ™M [—d]

par€X« (M)
~ @ (IndSL” RFC(M) bM7 :U’M) [5;1(/[2 ® Trb])mHM :
v €X (M)

where dy = (2pMm, yy,) and d = (2p, ).
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The above formula is a particular case of the generalized Harris-Viehmann’s conjecture for-
mulated by Hansen-Scholze. Moreover, a proof of this conjecture for general reductive group G
would appear in their forthcoming joint work with L. Hamann [HHS].

If p = (1@,0"=%) is a minuscule cocharacter then r,-1 = (A%Std)". Hence if y, =
(di,...,dy) for dy,...,d, > 0 then

,
Homs¢(xgl, Tu-10 gb) = ®(Adi¢i)v,
i=1
thus
RI'.(GLy, b, 1) [5;/2 ® mp)[d — dyi] = Ind5™" RT (M, by, MM)[‘S;I(E ® ]

where fiyf = g1 X ... X g and g = (1(deg€Q)) orankEQAi)—deg£(Ai)))  Hence we obtain the
Harris-Viehmann’s conjecture in this particular case [HarOl, Conjecture 5.2] [RV14], Conjecture
8.5].

O

Ezample 8.2. We suppose that b € B(GLs) is an element such that & = O(=1)©O(-2); u~! =
(3,0) and ¢ = ¢1 D@2 is the sum of 2 characters. We see that Sy ~ G, X Gy, and Irr(Sy) ~ Z X Z.
We denote by X(,,) the character corresponding to (z,y). Since r,—1 = Sym?®StdGLsy, we have
the following identification of Sy x Wy, -representations

Tu-1 00~ X(30) X} @ X2,1) X 67 ® ¢ @X(m) X ¢1 ® ¢3 @ X(0,3) X 65

Let 7, be the representation such that the Couple (b mp) corresponds to the character x(_1,_9).

Thus theorem {.5)implies that :7Cy , o * Fy ;5 = 11Cx 40 *Fx 12y = 1Cx05 *Fx(_1,-2) =0
and 7 C’X(1 2 *}'X( 12y = T1. Hence

RT.(GLy, b, u))[51/2 ®m) =m M1 ® ¢3—d],
where d = (2p, 1) = 1.E|

Ezxample 8.3. We suppose that ¢ = ¢1 @ ¢po where ¢ and ¢o are irreducible representations
whose dimension are given by natural numbers n; > ng. Let b € B(GL,) be the element
such that & = O(—1/n1) ® (—1/n2). We are going to compute the cohomology of Rapoport-
Zink spaces/local Shimura varieties RT.(GLy, b, u;))[m] (i = 1,2) where p;t = (1), 0(n=2));
oy 1= (2,0»=1) and m, is the irreducible representation of Gy(Qp) whose L-parameter is ¢.
Thus the couple (b, ) corresponds to the character x(_1,_1)-

We see that Sy ~ Gy, X Gy, and Irr(Sy) >~ Z x Z. We denote by Xz, the character
corresponding to (x,y). Since Tt = A2Std, we deduce the following identification of Se X Wo, -
representations

r,o1 062 X(20) BAPG D X1, 1) K d1 © d2 €D x(0,-2) K A 2.
By theorem we have i7Cy, o * Fxi.1y) = 1C0x(00) * Fxayy = 0 and i7Cy, | * Fy, ) = T

(2,0) X(0,2) 1,1)
where 77 is the irreducible representation of GL, Whose L-parameter is ¢. Hence

RTe(GLa, b, 1) (6% @ ) = m1 B ¢y © o[ —d],

where d = (2p, vp) = ng — ny.
Similarly, we have Tl = Sym?Std, we deduce the following identification of Sy X Wo,-
representations

Tt = X0 X Sym*¢, EBX(Ll) X1 @ P2 EB X(0,2) B Sym*¢s.

Therefore
RTo(GLn, b, 12))[0,% © mp] = m1 B 1 ® ¢o[—d],
where d = (2p, vp) = ng — ny.

1See also the computation in [Imal9l Example 8.10].
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9. ON THE CATEGORICAL FORM OF FARGUES’ CONJECTURE FOR GL,

In this section, we describe the map Wgy,, from the spectral Bernstein center of GL, to
its Bernstein center by using the compatibility between Fargues-Scholze L-parameters and the
usual L-parameters for GL,. Then we combine this description with theorem [£.5] to describe
the action of Perf([Cy]) on Dyis(Bun,,, Q,)%.

9.1. Bernstein centers.

Recall that the spectral Bernstein center of GLy, is Z%°°(GLy, Q) := O(Z'(Wg,, GLy)) %",
the ring of global functions on the stack/the coarse moduli space of L-parameters. The geometric
Bernstein center of GL, is Z8°™(GL,,Q,) = mo (End(idDhs(Bunn,@[)))' There is a natural

identification between ZP*°(GL,,Q,) and the algebra of excursion operators ([FS21) theorem
VIIL5.1]). By [FS21, theo. VIIL4.1], there is a map Z%°°(GL,, Q) — 28" (GL,,, Q) which
induces a map
UaL, : Z2P°(GLn, Q) — Z(GLn, Q)

by the inclusion Dys(GL,(Qp), Q) — Dis(Bun,, Q) and where Z(GL,, Q) is the Bernstein
center of GL,,.

Let f € O(Z'(Wg,,GLy))%" be an element and denote by O the structural sheaf
of [Zl(W@p,GLn)/GLn]. In particular the multiplication by f gives rise to a map of

O(Z(Wg,, GLy)) Ln-modules O ., . Note that O is the vector bundle C'yi corresponding
to the Hecke operator of the trivial representation of GL,,. Hence via the spectral action, the map

O —L O induce an element in End(OxA) ~ End(A) for every A € Dyjs(Bun,,, Q) and therefore
it induces an element f in End(idDhs(Bunn @z)“)' Now the excursion operator corresponding to

f also gives rise to an element f in Emd(ileiS (Bunn,@g)w)' By the compatibility of the spectral

action and the excursion operators [Zou22, Theorem 5.2.1|, we have ]7 = f. More concretely,
let A be a Schur-irreducible element in Djs(Bun,, Q) whose Fargues-Scholze L-parameter is

given by ¢. Then O 1,0 acting on A gives us an endomorphism
{OxA=A— Ox A=A} € End(A) =Q,,

which will be precisely the scalar « given by evaluating A on the excursion datum corresponding
to f (see also [Ham21l, page 24]). By [FS21l Proposition VIIL.3.8], ¢ corresponds to a surjective
map

Ev, : O(Z(Wg,, GLy)) — @,
and the scalar a above obtained by evaluating ¢ on the excursion datum corresponding to f is
exactly Evg(f).

Now let ¢ = ¢1 @ ... D ¢, be an L-parameter satisfying the condition of theorem and
let [Cys] be the connected component of [Z(Wg,, GL,)/GLy] containing ¢. By proposition
[Cy] is isomorphic to [G],, /G},] where GJ,, acts trivially. Therefore, the ring of global functions of
[Cy] is given by Qu[X1,..., X, X1 1. ., X! and it is a direct factor of O(Z'(Wg,, GLy)) L.
Now we want to give an explicit description of the restriction of the map Wqr,, to the factor
O([Cy)) =~ Qu[ X1, .., X, X1 1, XY As we will see, this description ultimately comes from
the fact that the Fargues-Scholze L-parameter and the usual L-parameter are compatible up to
semi-simplification for irreducible representations of GL,,(Q)).

Let B C GL,, be the standard upper triangular Borel subgroup and let ¥ be a generic charac-
ter of the unipotent radical U C B. This Whittaker datum yields the Whittaker representation

c-IndShn (@) 1. The so-called Whittaker sheaf is the sheaf WV, concentrated on Bun} corre-

U(Qp)
sponding to c—IndS(L&;QP ) Y.

Let M := GL,, X ... x GL,, where n; = dim¢; (1 < i < r) be the Levi subgroup of GL,
corresponding to ¢. Let 7™ be the supercuspidal representation of M whose L-parameter is
given by ¢ X ... x ¢,. Thus 54 := (M, 7™) is a cuspidal pair of GL,, and we denote by Rep(s)
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the corresponding Bernstein block of the category Rep@ GL,(Qp) of smooth representations of
GL,(Qp). By [Ber&4], Repg, GLn (Qp) decomposes into a product of indecomposable Bernstein

blocks. Let Ws, be the Bernstein component of c—IndS(L&;Q” ) ¢ in 64 and let Z,, be the center of
the block Rep(sy). Let M™ be the variety of unramified characters of M. It is known by [Ber84],
[BHO3] that Zs, is isomorphic to the global functions of the variety M"". In our case, M"" is

isomorphic to Gj,. Then it is also known that W;, is a pro-generator of the block Rep(s,) and
Z,, ~ End(W;,) ~ Q,1,.... Y., Y Ly

r

More precisely, if ¢ is a supercuspidal L-parameter then 7 := 7G5 is supercuspidal. Moreover

by [BHO3, §9.2], we know that W, = c-Indgys o' where GL{, := {g € GL,|det g € Z}} is an
open, dense, normal subgroup of GL,, and 7’ is the unique direct factor of the restriction T|aLe
such that Homgre (c—IndSLZ Y, ') is non trivial.

In general, 54, = [M,7M] is a cuspidal pair for GL,, and we also consider ts = [M,7™] as
a cuspidal pair of M. Hence, by [Sol22| §4| the representation IndSL"(Wt ¢) is a pro-generator
of Rep(sy) where P is the standard parabolic subgroup of GL, whose Levi factor is M. By
[BHO3, §9.3] and [Sol22, Proposition 4.1] we deduce that W, =~ IndgL" (W4,) is a pro-generator
of Rep(sy) (note that for the Bernstein blocks we consider, the algebras Endg(IS(Ep)) and
Endy,(I5;(Eg)) in [Sol22, Proposition 4.1] are isomorphic).

Moreover, the block Rep(s,) is equivalent to the category of modules over Z, , via the functor

F : Rep(sy) — Zs, — Mod
T — Hompep(s, ) Wy, ).

Let 74 be the irreducible representation of GL,, (Q,) whose L-parameter is ¢. Without loss of
generality, by replacing ¢ by an appropriate L-parameter in [Cy], we can suppose that F(my) is
isomorphic to Q; as Z, ,~module where Z, acts via the character

QZ[YIV")Y;le_lv"'7Y_1]—>@Z> Y;’—>1

r

More generally, let £ = (&1,...,&,) be an unramified character of M, we denote by ¢ ® £ the

L-parameter @ ¢; ® & and by mgee the corresponding irreducible representation of GL,,(Q,).
i=1
Then F(myge) is isomorphic to Q, as Z, ,~module where Z; acts via the reduction

@f[Yh'" 71/;"7Y1_17" . 7Y_1] —>@Z[Y17' "7}/7’7Y1_17"' 7)/7-_1]/“15 E@Z

r

where mg¢ is the maximal ideal corresponding to the closed point £ in M"".

Recall that we associate a pair (by,m,) to each character x of Sy ~ G}, where b, € B(GL,)
and 7, is an irreducible representation of Gy, (Qp). Let s4(x) = [1y, My, |, resp. tg(x) = [y, My, |
be the cuspidal pair of Gy (Q,), resp. of My, (Q,) corresponding to 7y, resp. 7, where (7, My, )
is the cuspidal support of 7. Let Rep(sg(x)), resp. Rep(ts(x)) be the corresponding Bernstein
block of Gy, (Qp), resp. My, (Qp). As above we can describe a pro-generator of this category.

Indeed, Wy, () := c—Indxgx (7y) is a pro-generator of Rep(ts(x)) where 7(x)’ is a direct factor
X

G
of the restriction 7yne . Similarly W, () = IndP:X (Wi, (x)) 18 a pro-generator of Rep(sy(x))-
X Fbx
It is also known that Z; ) = End(W; () = QX1,..., X, X1 ..., X7 and the block

.
Rep(sy (X)) is equivalent to the category of modules over Z, () via the functor

F: Rep(s4(X)) — Zs,() — Mod
™ Hompgep(s, () Wsy (02 7):
We also denote by JFyy(,) the sheaf ibxg((Sb_Xl/Q ® Wi, (x))[—dy] supported on by where

. b . . . .
dy = (2p,w,) and where i, : Buny,* — Bun, is the canonical immersion. By abuse of
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notations, we sometimes use W, instead of Fyyq) to denote i1 (W ¢).

~

We denote by R the ring O([Cy]) ~ Q[X71,..., X, Xl_l, ..., X, 1] and by R, thering Zsy (%)
Qva,..., Y, Yfl, ..., Y71 to lighten the notations. We have a natural identification between
R and R, by the map that sends X; to ¥; for 1 < i < r. If x = Id, we even denote R, by R’
Note that for each Bernstein block s of Repg, (GLn (Q,)), we have a canonical projection map
Prs : Z(GL,, Q) — Zs.

The following lemma is well known for the experts.

Lemma 9.1. Ifs # sy then the map Prs o¥qr, jo(c,) : O([Cy]) — Z(GLp, Q) — 25 is the
zero map and if s = 54 then we have the following description

Prs, 0 Uar,o(cy) : O(Cy]) — Z(GLn, Q) — Zs,

Proof. Let m be any irreducible representation of GL,,(Q,) that does not belong to the Bernstein
block Rep(ss). By the compatibility of the Fargues-Scholze L-parameter and the usual L-
parameter, we see that the L-parameter ¢ of m does not belong to the connected component
[Cs]. Thus Y, o0, (Xi) € Z(GLy, Q) acts trivially on 7 since the valuation of X; at the
closed point corresponding to ¢ vanishes. Hence Pr; oWaL,|0(C,)) 18 the zero map.

Now let £ = (£1,...,& ) be an unramified character of M"™ and 7 be an irreducible represen-
tation whose L-parameter is given by ¢ ® £&. We denote by mg (resp. mé) the maximal ideal
of R (resp. R') corresponding to the point £&. Then by the above description, if we let « be
the image of X; in the quotient R/m¢ then the excursion operator corresponding to X; acts on
7 by @ € Q; ~ End(r). That means the element Y] := Pr,, o Yar,.jo(c,)(Xi) also acts on
7 by a € Qp ~ End(r). Since the usual L-parameter of 7 is the same as its Fargues-Scholze
L-parameter, we deduce that the image of Y in R'/m; is also given by a. In other words, Y/ —Y;
is in the maximal ideal m;. This holds for an arbitrary point £, hence Y, =Y;. O

In more general situation where we consider a character x € Irr(Sg), we can embed the derived
category of Rep(s4(x)) into Dys(Bun,, Q) by the functor

ix : D(Rep(s4(x))) —  Dis(Buny, Q)

™ — (8, P @ m)[—dy
where dy, = (2p, 1, ). Therefore we have an induced map
\I/éLn : ZSpeC(GLn,@g) — Zs¢(x)'

We know that Fargues-Scholze L-parameter is also compatible with the usual one for inner
forms of GL,, [HKW21l Theorem 6.6.1], then by the same arguments as in lemma we can
show the following result.

Lemma 9.2. The restriction of the map W§; —to O([Cy]) is given explicitly by:

‘I’éLn\O([C¢}) LO([Cs)) — 25,0

9.2. On spectral action on Bun,.

The main goal of this paragraph is to study the full sub-category C := DEM(BUHH,@Z)“ C
Dyis(Buny, Qp)“ consisting of compact objects whose Schur-irreducible constituents have L-
parameter in the connected component [Cy] and also the action of Perf([Cy]) on C. First,
we are going to show the identity Cy x W, =~ ibx!(éb_xlﬂ ® W5¢(x)) [—dy] for x # Id (the case
x = Id is trivial since Clq is the identity functor of C).
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Theorem 9.3. Let ¢ = ¢1 D ... D ¢ be an L-parameter satisfying the conditions of theorem
. With the above notations, for each x € Irr(Sy) we have

Cy * Ws¢ ~ -FW(X)-

Proof. We proceed by induction on r. Remark that if igX(CX * Ws,) is non trivial then there
exists some & € Irr(Sy) such that b = be.

Step 1: The case where ¢ is irreducible.

In this case Sy ~ Gy, and Irr(Sy) ~ Z. Let £ € Irr(Sy) be character corresponding to (1).
Since all the irreducible sub-quotients of W;, have supercuspidal L-parameter, then so does
all the irreducible sub-quotients of Cy * Ws,. Thus Cy x W, is supported only on semi-stable
locus. By direct computation we see that Cg¢m is a direct factor of Cgymmar,, . Hence Cemx W, is
supported on the connected component of Bun,, corresponding to m € m1(GLy,)r ~ Z. Therefore
we deduce that Cgm x Wy, is supported on the basic stratum corresponding to bgm.

We show that Cem x W, is concentrated in degree 0.

Suppose that it is not true. Since W, is compact, so is Cgm W, . In other words, Cem x W,
is bounded and its cohomology groups are finitely generated smooth representations. Thus they
corresponds to finitely generated Z,,(¢m)-modules B by the equivalence between Rep(sy(§™))

and the category of Z%(gm)—modules. In our situation, Z (em) =~ Q,[Y,Y 1] is a principal ideal
domain. Since the homological dimension of Q,[Y,Y ~!] is 1, there exists a non-zero integer k
and a supercuspidal representation m of Gp,, (Qp) whose L-parameter belongs to the connected

component [Cy] such that HomD[%](B 3 (Cem * W, s ibem1(m) [k]) # 0. Note that Cem x Ce—m
lis unyn,Qg)«

is the identity functor, we deduce that
Holeis(Bunn,@Z)w (W5¢7 Trl [k]) # O

where 7’ is the supercuspidal representation of GL,,(Q,) whose L-parameter is the same as that
of m. It is a contradiction since W, is projective and k # 0. Hence Cgm x W, is concentrated
in degree 0.
Thus we have
B=QY, Y ' @ Qly,Y/(f)
where f is some non-unit element of Q,[Y,Y ~!]. If B is not torsion-free then there exists a
supercuspidal representation 7 of Gy, (Qp) whose L-parameter is in the connected component
[Cy] such that HomD[cé] (ibem1(T), Cem *x W, ) # 0. As before we deduce that
lis

(i ('), Ws,) # 0

where 7’ is the supercuspidal representation of GL,,(Q,) whose L-parameter is the same as that

of 7. It is a contradiction since it induces that there is a non-trivial map from Q,[Y, Y ~1]/(g) to

Q[Y, Y 1] for some non-unit element g in Q,[Y,Y ~!]. Therefore B is torsion-free and then B ~

Q[Y, Y~ for some positive integer ¢. Finally the condition Hom_(c, — (Wisysin(m)) =
D), (Bung,,Q)«

Q for every irreducible representation in Rep(ss) implies that B ~ Q,[Y,Y ~!]. In other words,
we have

(Bunn:@é)w

Hom_ (¢, _
D115¢ (Bunn,(@e)‘*’

Cem > Wa, = Fyy(em)-
By the monoidal property of spectral action, we see that C¢ x Fyygm-1) = Fyy(gm). Moreover
Cv,q = Cf then if we forget the Wo,-action, we have
Tva (Fwem-1)) = (Fwem)"-
However, by the discussion before proposition [3.9 we have
o (F(em-1)) = Fovem) B g, (13)

as objects in (DliS(Bunn,@z)w)BIQp-

Step 2: The general case.
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T
For x = (t1,...,t,) we denote by |x| the sum Z t;. As in the proof of theorem |4.5 we only
i=1
need to prove the statement for xy with non—negz;tive entries and moreover, we will proceed by
induction on |y|. Notice that by lemme the restriction ¢\I@p is multiplicity free. Thus by
using the result for » = 1, equation and by replacing the Wy, -action by Ig,-action, we see
that some arguments in the proof of theorem still work in this situation. In particular, we
can show that if [x| = 1 then

CX * W5¢ ~ FW(x)
and moreover if the theorem is true for every |£| such that 1 < [¢| < s — 1 then for every |x]|
such that |x| = s, we have
i, O * Way = Py
Thus we need to show that
iy Cx * Ws, =0
if b # by, in B(GL,).

Lemma 9.4. If Bun® ¢ Buny’™ then
iy Cx * W, == 0.

Proof. Remark that Buns™ (resp. Bun%b") is an open (resp. closed) substack of Bun,,. Since
the spectral action preserve compact objects, we deduce that the support of Cy x W, is a finite

union of strata. Suppose that the support of C) x W;, does not contained in Bungbx. Then
there exists b # b, € B(GLy,) such that iy C\ x W;, is not trivial and for all b < " we also have
iy Cx * W, ~ 0. Therefore by excision exact triangles, there is a non-trivial morphism
CX * W% — ibgiZ(CX * W%).
Since ipij (Cy*Ws, ) is non trivial and compact then there exists an integer k£ and an irreducible
representation 7 of Gy(Q)) whose L-parameter is given by a closed point of [Cy] such that there

exists a non trivial morphism ipi; (Cy * Ws,) — in(, 2 m)[k] (we can construct such a
morphism from a quotient of the highest non-trivial cohomology group of iy (Cy x W; ¢)).
Hence, there is a non-trivial morphism

O x We, — (6, > @ m)[K].
Let £ € Irr(Sy) be the element corresponding to (b, 7). Since Cy xC, -1 is the identity functor
. o . =12
we deduce that f gives rise to a non-trivial element in Hole[ii¢] (Bunn Ty (W, Cy—1x(ip (6, " @

m)[k])). By theorem Cy—1% (ib!(él;l/Q ®@m))|[k] is supported on the non-basic stratum beg, 1.
However, by lemma [2.6] there is no non-trivial morphism from a sheaf supported on Bun,ll to
a sheaf supported on a non-basic stratum, a contradiction. Hence

i, Cx * W, == 0.
O

Thus we only need to show that if Bun® c Bun,, ’ then iy Oy x Ws, ~ 0. We will use again
some arguments in the proof of theorem

-
Suppose x = (dj,...,d,) where the integers d;’s are non-negative and Zdi = s. Suppose
i=1
that we have gbx = O()\l)ml D...D O()\kynk with Ay > Ao > ... > Ay > 0 and m; > 0 for
1 <i < k. By the construction of by, there exists for each 1 <14 < k, a non-empty subset 1(7) of
{1,2,...,7} such that for j € I(7), we have d;/n; = \;.
If k = 1 then b, is basic and thus Bunj;, b i empty and we have nothing to prove. We suppose
k > 2 from now on. There are two cases.
Case 1: k>3 or k=2 and Ay > 0.
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We only treat the case k > 3, the case k = 2 and Ay > 0 can be treated similarly.

In this case A\;—1 > 0. We consider a character X’ = (d,...,d.) where for one index j* €
I(k — 1) we have d’. = dj- — 1 and dj,, = dy, for all other r — 1 indexes. In particular the d;’s
k
are non-negative and Z d; = s — 1. By construction &, =0M)™m@... 8 OMg_1)™17t @
i=1
/ d’x
O(N)" ® O(A\)™ where N} = 1= t = ged(dj=, njx) and t' = ged(d)., nj+). Moreover we have

J

X = Xj* ® X’. Thus by monoidal property we have
Cy *Ws, = CXj* * (Cyr * W%) = CXJ‘* *Fwi)-

Let b € B(GL,) be an element such that Bun’ Bun; ™ and iy (Cy x Ws,) # 0. Since Cy .
is a direct factor of C'y,,,, we deduce as in the proof of theorem that there is a modification
of type = (1,0*=1) from &, to &. Since b < by, we deduce that O(A1)™ is a direct factor
of both & and be,. By replacing the action of Wy, by the action of Ig,, the same arguments
as in the proof of lemmas and show that 7;Cy * Ws, =~ 0, contradiction.

Case 2: k=2 and Xy = 0.

In this case Ay > 0. If [I(1)| > 1 then the above arguments still work and we see that
O(\1)™ ! is a direct factor of both &, and &p,,- The same arguments as in lemmas and
show that 7;Cy x Ws, ~ 0.

Now we suppose that |I(1)] = 1. We consider a character x’ = (dj,...,d]) where for the
index j* € I(1) we have d;* =dj+ — 1 and d;,, = d,, for all other r — 1 indexes. In particular the

k
d;’s are non-negative and Z d; = s —1 > 1. By construction &, = O™ @ O(\2)™2 where

i=1
N = d]; ,:1. Moreover we have x = x;+ ® x’. Thus by monoidal property we have
J

Cy * W, = CXj* * (Cyr * W%) = CXJ’* *FW(x)-

Let b € B(GL,) be an element such that Bun’, Bun;, ™ and iy (Cx * Ws,) # 0. Since Cy .

is a direct factor of Cy,,,, we deduce as in the proof of theorem that there is a modification
f of type p = (1,001 from &, to &. We consider the filtration O™ c &, Thus the
modification f induces a filtration £ C &, and then 2 modifications

frro)™ — &
and
f2 : (9(/\2)m2 — gb/gl.
As before, there are 2 possibilities. If f; is of type (1,0(1~1) and fs is of type (0(2)) where

t1 == rank O(\})™ and ty := rank O(\2)™* then we can deduce that vg, is not smaller than
Ve, s @ contradiction.

We can then suppose that f; and fo are of type (0(1)), resp. (1,0(2=1). Since Ay = 0, we
see that & /& ~ O(A\) ® O for some t and \. If t > 0 then O is a direct factor of &,. Therefore
we can use the arguments in the proof of lemmas and an induction argument on r to
deduce that i;Cy * Ws, ~ 0.

If t = 0 then vg, is bounded by the Newton polygon of O(\) @ O(N))™1. Using the fact that
b = be for some & € Irr(Sy), we deduce that I(2) = 1 then r = 2, { = (a1 — 1,1), x = (a1,0)
and & ~ O(\) ® O(N,)™ where a1 — 1 = deg O(\})™1. We can moreover suppose that A > A
(otherwise we can use the same arguments as in lemmas to conclude).

Since the spectral action preserves compact objects, we deduce that the cohomology groups
of 17Uy * W, are finitely generated and belong to the category Rep(s4(£)). At this point we
know that Cg¢ x Wi, ~ Fyy ). Thus there are integers a, k and a non trivial morphism in the

category D{%’] (Bun,, Q)

g1 (Fwe)) k] — i5Cx * Wy,
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more precisely, we can construct g; from a surjection of (Fyy))® to the lowest non-trivial
cohomology group of i; Cy x W, .
By excision exact triangles, we see that there is a non trivial morphism in the category

C —
Dl[is¢] (Bunna Qf)w
g2 i, Cy x Ws, — Oy x W,
thus there is a non-trivial morphism
g (Fwe))[k] — Oy * W,
Note that C¢-1 is an auto-equivalence of Dl[i?)] (Bun,,, Q,)* then by applying Ce-1 to g, we
get a non trivial map

g : (W, ) k] — Cyr x W,
where x' = (1, —1). Since by lemma there is no non-trivial map from a sheaf supported on
Bun,ll to a sheaf supported on the non-semi-stable locus. Thus the restriction of Cys x W;, to
Bun} is non trivial.
However, x' = x1 ® x5 ! and we know that Cxi * Wes, = Fw(y,)- Then we can compute
1] (ngl*fw(xl)) by using cohomology of local Shtukas spaces. And by using the same arguments
as in the base case of the theorem we can show that

TG * Fwi) =0
and it is a contradiction. Thus we conclude that
i, Cx * W, == 0.
O

Let Id be the trivial character of Sy and let Ci;; be the vector bundle corresponding to the
Hecke operator Ty of the trivial representation of GL,. We know by construction that Ciq is
the restriction of Ci; on the connected component [Cy]. By [Ham21l Lemma 3.8] we have the
identity Crg x W = Cq * Ws, = W;,. Remark that we can identify R and R’ by the map 6 that
sends X; to Y;. The next goal is to describe L x W, where L is a perfect complex on [Cy).

Theorem 9.5. Let I be a perfect complex of R-module. For each x € Irr(Sy), let IL(x) be the
perfect complex L together with the action of G}, acting by x so that it gives rise to a perfect
complex on [Cy]. We denote by m(x) the complex of smooth Gy, (Qp)-representations in the
derived category of the Bernstein block Rep(sy(x)) corresponding to the R, -perfect complex L
(by the natural identification between R and R, ). Then

L(X) * W, = in,1(8, 7> @ mL(x)) [—dy)-

Proof. In general, one uses cones and retracts to construct the spectral action of a perfect
complex from the Hecke operators. In the case we consider the perfect complex IL(x) is generated
by cones and retracts from the vector bundle Cy. Hence one can compute L(x) x Ws, by using
the identity Cy*xWs, = ibxg(élz(lﬂ@W%(X)) [—d,] and by tracing back the process of constructing
L(x) from C,.

For simplicity we suppose x = Id, the general case is similar. In the following, every perfect
complex of R-modules is equipped with the trivial G] -action so that it gives rise to a perfect
complex on [Cy]. In order to lighten the notation, we simply write L for L(Id). Since L is
a perfect complex of R-modules, it has a finite resolution by finitely generated projective R-

modules

fm fm—1 f1 fo

0— Pm Pm_1 PD L.

Now, we trace back the construction of the spectral action of .. We consider the cone
Cone(fy,) of fm,. There is an exact triangle

P, i@% P 2 Cone(f,)
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and there is an isomorphism Cone(fy,) ~ Pp—1/fm(Pm) in the derived category of the category
of R-modules. By Quillen-Suslin’s theorem, the R-modules P;’s are free. Thus P; ~ R for
1 <i<mand f, € Hom(R'™, R'»-1) ~ End(R, R)'™'-!. By applying the above exact
triangle on W, , we get an exact triangle

Wim Iy Wlmr 955 Cone( fi) * W,

and Cone(fn) x Ws, is the cone of f:n By the equivalence of Rep(sy) and the category of
R’-modules via the functor F explained above, we get an exact triangle in the derived category
of Rep(sy)

(R/)tm M) (R/)tm—l M} F(COne(fm) *W5¢>7

and therefore F'(Cone(fy,)*x Ws,) is the cone of F (}’,vn) However, we can see that an element
in End(R, R) corresponds to the multiplying by a function in R. We can identify R and R’ via
the natural map 6 that sends X; to Y; for 1 < ¢ < r and then we can extend 0 to identify the
category of R-modules with that of R’-modules. Thus by lemma m F(fm) is given by the
image of 0(f). Therefore, by uniqueness of cones, F'(Cone(fm) *x Ws,) =~ 0(Cone(fm)).

The morphism P,,_1 fm;> P,,—2 induces a map ¢ from Cone(fy,) to Py,—2. Similarly, the

map 0(fm—1) : 0(Pp—1) — 6(Ppn—2) induces a map 6(g) from 6(Cone(fy,)) to (Pp—_2) and we

can show that F'(g) = 0(g) (up to some quasi-isomorphism from 6(Cone(f,)) to (Cone(fp,)))

where g is the morphism from Cone(f,) * W » 10 P x Ws, induced by the spectral action.
Now we can apply the above process to the chain

fm—2 f1

Cone(fm)LPm,g Py fo L.

Therefore by induction argument we get the identity
L % W% ~ iuTﬁL.

O

T T
Recall that Sy ~ HGm and Irr(S,) ~ HZ. As before, for each 1 < j < r we denote by
i=1 i=1
X; the element of the form (0,...,0,1,0,...,0) where 1 is in the jt-position. Denote by mg
the maximal ideal in R corresponding to ¢. We can define an R-module I whose underlying
Qg-vector space is Q, and where R acts via the map R — R/my ~ Q,. For each character
x € Irr(Sy), we can define a perfect sheaf A(x) on [Cy] by letting Gj,, acts on the fiber of L via
the character x. It is a skyscraper sheaf on [Cy4] supported on the closed point defined by ¢.
Note that in general the derived tensor product A(x) ®" A(x’) is not isomorphic to A(x ® x’).
Recall that for each ¢ and x € Irr(Sy4), we defined a sheaf F, as in theorem

Proposition 9.6. For each x € Irr(Sy) we have
A(X) * W, = Fy.

Proof. Let V be any algebraic representation of GL,. Since the restriction of Cy on [Cy] is
projective, we have Cy ®% A(x) ~ Cy ® A(x) for any x € Irr(Sy).
Suppose that as Wy x Sg-representation, V' o ¢ decomposes as

Vop~ P ocH¢
EEII‘I‘(S¢)
where ¢ = Homg, (&, V 0 ¢). Then by the description of the fibers of Cy, we can check that

CveAx)~ P oeRAKx®).
Eelrr(Sy)
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As in the proof of theorem it is enough to compute A(x)* W, for x = (t1,...,t;) where
T

t1,...,t, > 0 and we will show that by induction on |x| = Zti' We proved the identity
i=1

A(Id) x Ws, >~ Fiq in theorem
Suppose that A(x)*Ws, =~ F¢ for all £ such that 0 < |§] < s. Let x be an element in Trr(Sy)*
such that |x| = s. We can find an index j and a character x’ € Irr(S,)™ such that x' ® x; = x.
Hence we have |y/| = s — 1. Therefore, by induction hypothesis we have
A(X’) *W5¢ ~ ]:X/.

Remark that as a Wg x Sg-representation, Viiq o ¢ decomposes as

Vstd0¢2@¢i@><i

i=1
where Vgiq is the standard representation of GL,. By monoidal property of the spectral action
we have
Tvq(Fy) = Cyyy * (A(X/) * W5¢)
~ (Crg ® A(X)) * W,

'
~ P i RAN @ xi) * W,
i=1
However, by the theorem [£.5] we have the identity

.
Ty (Fy) = @ ¢ X Frygy,-
i=1
By identifying the Wg,-action, we deduce that A(x' ® x;) * Ws, = Fyrgy, for all 1 <i <.
In particular, we have
A(x) * W o = Fx
and we are done. O

We now want to study the full sub-category C := Dl[%} (Buny, Q)“ C Dys(Buny, Q)% consist-
ing of compact objects whose Schur-irreducible constituents have L-parameter in the connected
component [Cy]. For each x, we regard the derived category D(Rep(ss(x)))* as a full sub-

D[Cdﬁ]

i (Buny, Q) via the functor i, as before.

iy : D(Rep(s4(X)))Y —  Dis(Buny, Q)%

7 — (0, 7 @ m)[—dy]

category of

Theorem 9.7. We have an orthogonal decomposition

D * (Bun,, @) ~ @D D(Rep(ss(x)))
X€EIrr(Sy)

Proof. Let H be a complex in Dl[g“b}(Bunn,@g)w then by proposition the support of H is a
finite union of strata of the form b, where x € Irr(S,). Consider a restriction iy, 1 of H to such
a stratum. Then all the irreducible constituents of the cohomology groups of iz‘xH have Fargues-

Scholze L-parameters in the connected component [Cy]. Therefore, as smooth representations
of G, (Qp), these irreducible constituents belong to the direct sum

D Replss(x))

byr=by

of Bernstein blocks of Repg, (G, (Qp)). Hence D{g"’] (Bun,, Q,)* is generated by the full sub-
categories D(Rep(sy(x)))*’s where x € Irr(Sp).
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w

To prove the direct decomposition now, it suffices to prove that if 7 € D(Rep(sg(x)))” and

G € D(Rep(ss(x')))” for x # x' then Home(F,G) = 0.

If b, = b,y = b then it is clear that Hom¢(F,G) = 0 since Rep(sg(x)) and Rep(sg(x’)) are
two distinct Bernstein blocks of Repg, (Go(Qp))-

We suppose that b, # b,,. Let L and L’ be the complexes in D(Z%(X)—Mod) and in
D(Z%(X/)-Mod) corresponding respectively to F and G. Since they are compact, the com-
plexes L and 1" are perfect. Then by theorems and we see that L(x) x Ws , =~ F and
{gé}(Ban,@g)w, we deduce that

Home (F, G) = Home (L(x) * W, L'(X) * Wi,
= Home (L(Id) * Ws,, L'(X' @ x ™) % Ws,).

Again by theorem the complex L(Id) x W, is supported on Bun! and L/(x' ® x 1) * W,

is supported on the complement of Bun!. Therefore lemma implies that

Home (L(Id) % We,, L'(X' ® x 1) x Ws,) = 0

L'(x") * Ws, ~ G. Since C, -1 x (—) is an auto-equivalence of D

and it allows us to conclude. O

10. LOCAL-GLOBAL COMPATIBILITY

In this section we prove some particular cases of Fargues’ and Caraiani-Scholze’s local-global
conjecture [Farl6, §7|, [CS17, 1.18].

10.1. Cohomology of Igusa varieties.

10.1.1. Shimura varieties and Mantovan’s formula.

We consider some simple Shimura varieties of type A as in [Kot92]. Assume that F' is an
imaginary quadratic field, p is split in F' and that we have an unramified integral PEL datum
of the form (B, Op,*,V, Ay, (,),h), where

e B is a division algebra with center F,
e x is an involution of the second kind,
B,0g is a Lp) maximal order in B that is preserved by * such that B,Op ®z Z, is a
maximal order in Bg,,
e V is a simple B-module,
e (,):VxV — Qis a*Hermitian pairing with respect to the B-action,
e Ag is a Zy-lattice in Vg, that is preserved by Op and self-dual for (, ).
e h: C — Endg(Vg) is an R-algebra homomorphism satisfying the equality (h(z),w) =
(v, h(z%)w),Yv,w € Vg and z € C and such that the bilinear pairing (v,w) —
(v, h(v/—1)w) is symmetric and positive definite.

We can define a similitude unitary group G over Q associated to this PEL datum and denote
by G’ the unitary group that is the kernel of the similitude factor, thus G'(R) ~ U(q,n — q) for
some ¢ € N. We assume further that the p-adic group G(’@p is isomorphic to GL, g, and hence
GQp ~ GLn,Qp X Gm,Qp-

Let p : Gy, — G be the group homomorphism over C corresponding to h. Associated to
the above PEL datum is a system of projective Shimura varieties {Shx } defined over the reflex
field E and where K runs over the set of sufficiently small open compact subgroups of G(A>).
Moreover, the PEL datum also gives rise to a system of integral models S, = {Si»} defined over
OF,(p) such that the generic fiber of each Sk» is naturally identified with Shyp Kb where KP

runs over the set of sufficiently small open compact subgroups of G(A°P) and KIE‘S C GL,(Qp)
is a hyperspecial subgroup.
On the other hand, for each b € B( f@p, —u), we can define an Igusa variety Ig, which is

closely related to the special fiber S, of S,. The Igusa variety is a projective system of smooth
varieties Ig, = {Igj ,, x»} Where m € N and K? are sufficiently small open compact subgroups
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of G(A®P) as before. Let £ be an algebraic representation of G over Q,. Then it gives rises to
¢-adic sheaves on Sh and Ig;, which will be denoted by £ (by abuse of notation). Define

RTc(Sh, L) := colim—= RT'c(Shi, L),

RT.(Igy, £) = colim— RI'c(Igy, ,,, k», L)

KP.m

These complexes are endowed with an action of G(A*®) x Gal(E/E) and of G(A>?) x
(Gb(Qp) X sz) respectively.

For each K, the special fiber Sk has a stratification by the Kottwitz set B(GLy, —pu).
Thus we can compute the cohomology of Shimura varieties by the cohomology of its strata.
We recall a formula of Mantovan that expresses a cohomological relation between RI'.(Sh, L),
RT'.(Igy, £)’s and the Hecke operator T_,,. Denote by 7 an irreducible representation of G(Qy)
and let II be any £-cohomological automorphic representation of G(A) globalizing 7. We denote
by RI'.(Sh, £)[II°*P] and RT.(Igy, £)[II°°P] the [II°°P]-isotypic part of the cohomology of the
Shimura variety, respectively the [II°°P]-isotypic part of the cohomology of the Igusa varieties.

Proposition 10.1. ([Man05, Theorem 22|, [LS18| Theorems. 6.26, 6.32|) We set d := dim Sh =
(2pcL,,, ) and for b € B(GLy, —pn), we set dy := dimlIg, = (2pgL,,, ). Then the complex
RT.(Sh, L)[II°®P] has a filtration as a complex of G(Qp,) x Wq, representations with graded
pieces isomorphic to i{T_,(ind, ' ® RT.(Igy, £)[II°P))[—d](—2) where b runs in the Kottwitz
set B(GLy, —u). More precisely, the graded pieces are isomorphic to

RU(GLa, by 1) @3,y BT e(Igy, £)17][2dy — d) (=)
as compleves of G(Qy) x W, -modules.

Remark 10.2. (1) In fact, Mantovan and Lan-Stroh proved the proposition with R Homyy(q,)
instead of ®H7:[(Gb). However the cohomology groups of the complex RI'.(Sh, £)[II°P],
respectively of the complex RI'.(Igy, £)[II°*P] are admissible as G(Q,)-representations,
respectively as Gy(Q))-representations. Therefore the Hom-Tensor duality gives us the
dual statement with ®H’7C{(Gb) in place of RHomyq,). By using lemma we deduce
the expression in term of T_,.

(2) Koshikawa and Hamann-Lee proved [Kos21, Theorem. 7.1|, [HL23, Theorem. 1.13]
some analogue of this proposition for torsion coeflicients and for more general Shimura
varieties of type A and type C.

10.1.2. Hodge-Tate period map and local-global compatibility.
Recall that by |[CS17, Theorem. 1.10|, for each sufficiently small compact open subgroup
KP C G(A>P) there is a perfectoid space Shy» over E, such that

Shgp ~ limE Shi,kr @pEp
and there is also a Hodge Tate period map
mHT : Shr — FLGL, u-
Let ¢ be any local L-parameter of GL,. Fargues and Caraiani-Scholze have conjectured

that the perverse sheaves RT['HT*@Z on Flqy, . are related to the conjectural Hecke eigensheaf

on Bun, associated with ¢ via the natural map h : Flqr,, — Bun,, by some form of
local-global compatibility. We remark that Caraiani-Scholze also compared the fibers of the
Hodge-Tate period map with Igusa varieties. Hence we will first compute the cohomology of
[gusa varieties and then deduce some form of the local-global compatibility.

Let ¢ = ¢; @ ... ® ¢, be an L-parameter of GL, satisfying condition (Al). Then Sz~ GJ,

and the connected component of ¢ in [Z1 (W, (/}in) / (/}In] is isomorphic to [G], /G ] as before.
We consider an L-parameter ¢ = ¢1 ® x¢, D ... D P1 ® Xy, where t = (t1,...,t,) is a closed point
in Gy, and where Yy, is the unramified character of Wg, corresponding to ¢;. We suppose that
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(A2) The elements p,ti,...,t, are linearly independent in the Z-module @Z and if 1 <
i # j < r then V; NV; = {0} where V; is the Z-module generated by the set
{t; x a | a is an eigenvalue of the Frobenius of ¢;}.

Note that the locus of the points t such that ¢ satisfies condition (A2) is an open dense subset
of Gj,. Let r_, be the highest weight representation associated with —u. A consequence of the
above condition is that if for x € Irr(S4) we denote by o, the W, -representation

H0m5¢ (X7 T—p© ¢)7

then Hompyy (oy, 0y) = 0 if x # X'.

Denote by 7 the irreducible representation of GL,(Q,) whose L-parameter is given by ¢ and
fix a character w of Q). Let II be any L-cohomological automorphic representation of G(A)
globalizing 7 X w, in particular II is cuspidal. For each b € B(GL,,, —u), we are going to compute
the II°%P-isotypic part

RL(gy, £)[I177]

of the cohomology of the variety Ig, as Gy(Qp) Q, representation. The rough idea is that
Mantovan’s formula gives us a relation between RI'.(Sh, L), RI'.(Igy, £)’s and the Hecke oper-
ator T_,,. However, in our case, we fully described the Hecke operator T_, and it leads to a
transparent relation between RI'.(Sh, £) and RI'.(Igy, £)’s. Finally, the knowledge of RT'.(Sh, L)
allows us to describe RI'.(Igy, £)’s.

Theorem 10.3. Suppose that ¢ satisfies conditions (A1) and (A2). Then there exists a multi-
plicity m € N such that for all b € B(GLy, —pu), the complex R .(Igy,, £)[II°°P] concentrates in
middle degree and we have an isomorphism of Gy(Qp) x Q) -representations

HE (Ig, O =m @) 6% @ (ry x w).
x€Irr(Sy)
[bx]=[0]

where by, and m, are constructed from x as in section |Z|

Proof. The first step is to compute the [I[I°°P]-isotypic component RI'.(Sh, £)[II°P] as complex
of G(Qp) x Wg,-modules. By the hypothesis imposed on II, the complex RI'.(Sh, £)[II°*P] is
concentrated in degree d. Therefore, by the results of Kottwitz and Harris-Taylor we deduce
that there exists a multiplicity m € N such that

HI(Sh, £)[I1F] = m(m x w) Kr_, 0 ¢(—9)

as G(Qp) x Wg,-representations.

By Mantovan’s product formula, there is a filtration of the G(Q,) x Wg,-
modules RT.(Sh, £)[I1°P] whose graded pieces are isomorphic to i{T_,(ind, " ®
RT(Igy, £)[1%F])[~d](—%) for b € B(GLy,—pu). Thus, it induces a spectral sequence con-
verging to the cohomology groups of RI'.(Sh, £)[II°P].

Since the Fargues-Scholze L-parameter of 7 is given by ¢, we deduce that every irreducible
subquotient of the Gy (Q,)-modules HY(Ig;, £)[I1°°] also has Fargues-Scholze L-parameter given
by ¢. However, the complex RI'.(Sh, £)[II°*P] of GL,,(Qp)-modules is admissible and the com-
plexes RI.(Igy, £)[II°P] of Gy(Qp)-modules are also admissible. Therefore, by theorem we
deduce that for each b € B(GL,,, —u), there is an orthogonal decomposition

in (0, @ RUe(lgy, L)) = D in (5, ' © RT(Igy, £)[TIF]) .
X€Irr(Sy)
[bx]=I[0]
where 4, : Bun, — Bun,, is the usual embedding and s ((5;1 ® RL(Ig, £)[H°°’p])x belongs to

the full subcategory of Dyis(Bun,,, Q) corresponding to x and the connected component [Cy] as
in the previous sections. Thus it suffices to compute iy (5;1 ® RFC(Igb,E)[HOO’p])X. Moreover
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we have

i1 T-u(ind, - ® RUc(lgy, £)[I1°7])[~d] (~3)

~iT_, @ in(5," ® RLc(Ig,, £)[IT>7 ), [=dl(=9)
X€EIrr(Sy)
by]=1)
~ii P (ox, « D ! ®RPC(Igb,£)[H°°’p])X) 5 oy [~ ) (— )
x'€lrr(Sg) X€Irr(Sy)
by]=1)
~ P (CX_I wip (5 @ch(lgb,z)[nmm])x) R o1 [—d](—2), (14)
X€Irr(Sy)
ox]=1)

where the last isomorphism comes from the fact that [be] # [1] if £ # Id and the complex
Cy * (ibg (6, ® RT.(Igy, L) [H‘X’”’])X) is supported on [by/g, .

Recall that there is a filtration of the G(Q,) x Wg,-modules RI'.(Sh, £)[TI°*P] whose graded
pieces are isomorphic to i’{T_M(ib!éb_l ® RT(Igy, £)[11°P))[~d](—%) for b € B(GLy, —p) and
then it induces a spectral sequence converging to the cohomology groups of RI.(Sh, £)[II*P].
However, by combining equation and the fact that HomWQp (oy,0y) = 0 for x # x/, we

deduce that the spectral sequence degenerates. Thus we have an isomorphism of complexes of
G(Qp) x Wg,-modules

D (cx,l xin1 (6,1 ® RT(Ig, . L) [H"O’p])x) 5 0y 1 [—d](— %) ~ RT(Sh, £)[T1°7]
X€Irr(Sy)

~m(r x w) Kr_,o¢[—d(—%).

By using the fact that Homyy, (oy,04) = 0 for x # x" and identifying the Wg,-action in
both sides we deduce that

Cymr ¢ (i1 (37, @ RTe(Tgy, , D)) ) 2 m - mys (% ),

where m, -1 = 1 if 0,1 # 0 and m, -1 = 0 otherwise. Since y is minuscule, we can check that
o1 # 0 if and only if by € B(GLy, —u). Now by applying Cy on both sides, we get

z’bx!(db‘; ® Rl:(Igy, . L) [Hoo’p])x &~ M my (51;1/2 ® Ty X w)[—dp).

Thus for each b € B(GLy,, —p), by taking the sum over the x’s such that [b,] = [b], we obtain
the following formula

RU.(Igy, O =m @@ 8 ® (my x w)[~dy).
Xx€Irr(Sy)
[bx]=[b]

O

We have completely described the Hecke eigensheaves associated with the L-parameters ¢
satisfying conditions (A1), (A2) and we have also computed some part of the cohomology of
the Igusa varieties related to ¢. Hence we can deduce some weak form of the local-global
compatibility.

Corollary 10.4. Let ¢ be an L-parameter satisfying conditions (A1) and (A2). Denote by Gy
the Hecke eigensheaf on Bun, corresponding to ¢ by theorem . Let x be a point of FlaL, .
in the stratum corresponding to b. Then there exists a multiplicity m € N such that we have an
isomorphism

Op ® (RWHT*@K)m[HOO’p] ~ m%* (Zzgqb),

<_
where h : Flgy, , — Bun, is the natural map.
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Proof. This is a consequence of the description of the stalks of G, by theorem @, the computa-
tion of the cohomology of Igusa varieties Ig, by theorem [10.3] and the comparision of the fibers
of myr with Igusa varieties [CS17, Theorem. 1.15], [HL23, Corollary 3.13]. O

Remark 10.5. (1) It is now clear that Caraiani-Scholze’s comparison theorem |[CS17, Theo-
rem 1.15] and the local-global compatibility conjecture imply a strong relation between
the cohomology of Igusa varieties and the stalks of the conjectural Hecke eigensheaves.

(2) Theorem[10.3|generalizes the [IT°°F]-isotypic part of [Shil2, Theorem 6.7 and gives more
precise information. However, the results in [Shil2] and [BMS] could give information
on more general part of the cohomology of the Igusa varieties. Hence as mentioned
above, it could reveal important information on the conjectural Hecke eigensheaves as-
sociated to more general L-parameters such as the ones corresponding to the Steinberg
representations.

10.2. Scope of generalization.
We conclude with comments on the possibility of generalizing our work.

10.2.1. Torsion coefficients.

We only consider the category Dis(Buny, A)¥ where A = Q, in this paper but with extra
efforts, one could run the same arguments in the case A = F,, at least when ¢ is a very good
prime. These questions will be studied in an upcoming project. Combining the expected results
in the case A = Fy with the method developed by Linus Hamann and Yi-Sing Lee [HL23| (which
is based on the works [CS17, [CS19, [Kos21l, [Zha23]), one can obtain many new cases of the
vanishing of the cohomology of Shimura varieties with torsion coefficients.

w

10.2.2. Other groups.

The ideas and arguments in this paper are primarily geometric and many of them could work
in more general contexts other than GL,. However, the paper still depends on a number of
special aspects of GL,, such as the compatibility of the usual local L-parameter with the one
constructed by Fargues-Scholze and the explicit combinatoric nature of the Kottwitz set B(GLy,).
In particular, there is a cocharacter p := (1, O("_l)) whose highest weight representation is simple
and convenient for our analysis.

We expect that one can extend the main results of this paper to the groups SLy,, Resqg, (GLy,r),
(G)U,, or even (G)SOg),+1 if the compatibility of L-parameters is available. The SL,, and (G)Us,
cases are particularly interesting since it could shed light to the functoriality between GL,, and
SL,, as well as between GU,, and Usy, in the context of categorical local Langlands program.

It is not clear whether one can apply the method to the groups (G)Sp,, and (G)SOg,. In
these cases, the compatibility of L-parameters seems to be out of reach and more importantly,
the highest weight representations associated with minuscule cocharacters are the spin represen-
tations which are harder to analyseﬂ. However, thanks to [Ham21], one can apply the method
to the group (G)Spy,.

For a general reductive group G, it is reasonable to speculate that some form of the theorems
and are true, at least for L-parameters ¢ such that the corresponding connected
component [Cy] in the stack of L-parameters is isormorphic to [G%,/GE, x S] or [G7, /G, x S|
where r is a natural number and S is an abelian group and GJ,, x S acts trivially. The point is
that in this case we have an orthogonal decomposition

Perf([Cy]) ~ EB Perf(Gy,),
Xx€EIrr(Gr, xS)
and the categorical local Langlands program would implied a similar orthogonal decomposition
of the category D[C¢}(BUHG,@6)W.

lis

It is interesting to use the method in this paper to study the case A = F; or A = Z,. It is
also reasonable to speculate that some versions of the main theorems still hold in this context.

2 thank Peter Scholze for pointing out the possible difficulties concerning complicated highest weight repre-
sentations associated with minuscule cocharacters.
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10.2.3. The equal characteristic case.

In [EF'S21], Fargues and Scholze treated the mixed characteristic and equal characteristic cases
uniformly. One might ask to what extend the method in this paper could apply to the equal
characteristic case. Some important results such as the classification of G-bundles over the
"equal characteristic Fargues-Fontaine curve" and the compatibility between Fargues-Scholze’s
construction of L-parameters with that of Genestier-Lafforgues for GL,, were obtained in [Ans19)
LH23|. However, one might need to establish many other important results in order to apply
the arguments in this paper.
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