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On weaker notions for Kahler-Riceil solitons

Nefton PALI
June 13, 2024

Abstract

We show that shrinking Ké&hler-Ricci solitons over a compact Kahler
manifold are gradient shrinking Ké&hler-Ricci solitons. The proof relies
on a remarkable identity on the kernels of a real and a complex elliptic
operator proved in our solution of the variational stability problem for
gradient shrinking Kéahler-Ricci solitons in [Pal6].

1 Introduction

The notion of Ricci soliton has been introduced by D.H. Friedon in [Fri]. It is
a natural generalization of the notion of Einstein metric. The terminology is
justified by the fact that the pull back of the Ricci soliton metric via the flow
of automorphisms generated by its vector field is a solution to Hamilton’s Ricci
flow [Ham].

A remarkable and very useful generalization of this flow and his solitons has
been introduced by Moroianu-Murcia-Shahbazi in [Mo-Mu-Sh1l, Mo-Mu-Sh2].

An other very important generalization of Ricci solitons has been introduced
by Nurowski-Randall in [Nur-Ran]. Indeed the later generalization is not only
very important in pure mathematics but also quite fundamental in theoretical
physics.

In this article we will restrict our considerations to the case of compact
Kahler manifolds. In this case the notion of gradient shrinking Ké&hler-Ricci
soliton is quite standard nowadays (see for example [Cao, Pal5, Pal6] among a
very large number of other authors).

In this article we will call them standard Kéhler-Ricci solitons, for terminol-
ogy simplicity.

We will consider below two weaker definitions of Kahler-Ricci solitons.

The second one is usually called shrinking Kahler-Ricci soliton in the liter-
ature on the subject.

Key words : Kiahler manifold, K&hler-Ricci soliton. Holomorphic vector fields.
AMS Classification : 53C25, 53C55, 32J15.



Given a Kahler structure (g, J) over a complex manifold X, we will denote
by T'x,; the real tangent bundle T'x equipped with the complex structure J over
its fibers.

Then O(X,Tx, ;) will denote the space of real J-holomorphic vector fields
over X.

Definition 1 A Kdhler structure (g, J) over a complex manifold X is called a
very weak Kdhler Ricci soliton if there exists a vector field § € C*°(X,Tx) such
that g — Ric(g) = Leg.

Definition 2 A Kdihler structure (g,J) over a complex manifold X is called
a weak Kdhler Ricci soliton if there exists a real holomorphic vector field & €
O(X,Tx,j) such that g — Ric(g) = Leg.

We will show the following result.

Theorem 1 Let (g,J) be a weak Kdihler Ricci soliton over a compact complex
manifold X and let w := gJ be the associated symplectic form. Then there exists
a unique vector field £ € O(X,Tx ) such that g — Ric(g) = L¢g and such that

L jew =0. In particular (X, J) is a Fano variety.

It is known (see Remarks 2 and 3 in Section 4 in [Pal2]) that a Kéahler
structure which satisfies the two equations in the statement of Theorem 1 with
respect to a vector field £ € O(X, T s), is a standard Kéhler Ricci soliton.

We notice now that in the case of a very weak Ké&hler Ricci soliton, the
symplectic form w satisfies the equation

wJ — Ricy(w)J = Lewd +wled,
since the Chern-Ricci form Ricy(w) satisfies the identity
Ricy(w) = Ric(g)J, (1)

in the Kahler case (see for example [Pal4]). Therefore the form Lew is J-
invariant if and only if
LeJ =0, (2)

since the bilinear form wL¢J is J-anti-invariant. (The later is because the endo-
morphism L¢J is J-anti-linear). The condition 2 is equivalent to the holomorphy
condition

§ c O(X,TX}J),

in the case of an integrable almost complex structure J, (see the identity (19.5)
in Lemma 28 in the Section 19.4 of the Appendix in [Pald4]).

Thus in the case of a weak Kahler Ricci soliton, we deduce that the soliton
equation g — Ric(g) = L¢g, is equivalent to the equation

w — Ricy(w) = Lew. (3)



2 Proof of Theorem 1

STEP I. The Fano condition and the potential of the holomorphic
vector field €.
The fact that the form w is symplectic implies

Lew = d(éw).

Then the Equation (3) implies that the manifold (X, .J) is a Fano variety, by
definition. We recall that H}(X,C) = 0 in the case of Fano manifolds.

Then by Hodge decomposition, the identity H%’I(X ,C) = 0 holds.

For any function u € C*(X,C) we define the J-complex g-gradient as the
real vector field

Vgiu = VgReu+ JVyImue C°(X,Tx).
With this notations, the complex decomposition formula holds
Vg’JUJg =0ju + g]u. (4)

We notice (see the proof of Lemma 1 below or the proof of Lemma 10 in Section
13 in [Pal6]), that over a connected manifold (in this proof we will always assume
is the case) the condition

Vg”]u = 0,

is equivalent to u being constant. Let € > 0 be an arbitrary volume form and
let CF(X,R)o be the space of smooth functions with zero integral with respect
to Q.

We consider now the J-anti-linear component of the complex Hessian map

HOL L CF(X,C)g — C%(X,AS'T% @c Tx.s)

u ETX,,]Vg,Juo

Lemma 1 Let (X, .J,g) be a compact connected Kihler manifold with H}(X,C) =
0. Then the map

KerHy), — HOX,Tx.)

u — Vg ju,
s an isomorphism of complex vector spaces.

Proof We observe first the injectivity. Using the complex decomposition (4)
we infer the formula

d(Vgusg) = 8;0;(u—7),



which in the case Vg4 ju = 0 implies Imu = 0 and thus Reu = 0. In order
to show the surjectivity we consider an arbitrary ¢ € H°(X,Tx ;). Then the
identity (5) below implies

s’ w) = o

The identity Hg’l(X ,C) = 0, implies the existsence of a unique function u €
C& (X, C)p such that

i0ju = 5‘1],0_1(&):7;5(1]7ng.

Thus & = V,_ju thanks to the complex decomposition (4). O

Lemma 2 Let (X,J) be a complex manifold and let w € C*°(X, Ab’lT}), ¢ e
C>(X, T)l(’o). Then the following identity holds

5](§Jw) = ET)I(:OJEJW — €10 w. (5)
Proof Let 7,u € C®°(X,Ty"). The identities (see [Pall])
() p) = nw(§ ) — pwEn) —w& 0 ul),

Ogw(n, &p) = nw(&p) +pwn§)

— w610 w) +w([n, ul, §) —w([& 10, n)

= 0s(Ew)(n, 1) = w(Ops0 £(n), 1) + w(Dps0 E(1), M)

= 05(§w)(n, 1) = w10 £(n), 1) = w(n, D10 (1))

= [0s(6w) — ET;(,?]ng](n, 1),

impliy the required identity. O

Therefore with the notations in the proof of Lemma 1 we have in our case

Lew = d(§w)
- a‘](gclf,on) + 8J(§3714w) +0,( }704w) + 5J(§371Jw)
= 9ja+1i0;0u+ 0ya —id;0,u

= iajaj(u + ).



This combined with (3) implies the identity
w—Ricy(w) = i0;0;(u+7). (6)

We write now 2u = f + ih, with f, h real valued and we set Q := e/dV;. Then
(6) rewrites as

w = Rics(Q), (7)
where Ric;(2), is the Chern-Ricci form. We will denote by
Ric%(Q), := w 'Rics(Q),

the associated endomorphism.

STEP II. Combination of the soliton equation with the weighted
complex Bochner Formula.

We use the convention A, := —div V4. We consider the Laplacian operators
acting on any v € C*(X,C),

Agv = Agu+df(Vyv).
Agﬁ(]v = Agv +ig(Vgv, JV4f).
We notice the identity
Al f=AJFf.

We observe now that the fact that the condition
E=Vysu € OX,Tx,j),
implies the identity
Vg,JA‘f;ﬁJu = 2Ric}(Q), Vg, su, (8)

thanks to the weighted complex Bochner formula (12) in the next section or
formula (13.4) in [Pal6]. Then (7) combined with (8) implies

Vs (AF_;—2)u = 0,
(where I is the identity operator), which means
(Ag’,J — QH) u = 1+ ico,
for some real constants ¢; and cy. The later is equivalent to the system
Ang - g(vgha ngf) —-2f =cy,

Agh —2h = Ca.



The function 2h := 2h + co, satisfies the identity
o R
(A —20)h = 0.
We infer
ngh S O(X, TXJ),

by the remarkable identity (18.1) in Corollary 5, Section 18 of [Pal6] i.e. identity
(27) in Corollary 2 in the next section, and by the identity (18) in the next
section. We deduce

Vof € 0OX,Tx.y).
The fact that
Lyvqw = 0,
for any smooth function, (see Remark 2 in Section 4 of [Pal2]) implies
2Lew = Ly yw.
Thus
£ = 27V, f,

is the required vector field in the statement of Theorem 1 and it is unique by
the identity (6). This concludes the proof of Theorem 1.

We would like to address now the following question.

Question. Over a compact Kahler manifold, is a very weak Kahler Ricci
soliton a standard one?

3 Real eigenfunctions of the weighted complex
Laplacian

For the readers convenience we include in this section the statement and a self
contained proof of the remarkable identity (18.1) in Corollary 5, Section 18 of
[Pal4], i.e. identity (27) in Corollary 2 below, with

Q  ._ AQ
Agy = AY_,.

We start with a few notations from [Pal4]. We equip the set of smooth Rie-
mannian metrics M over X with the scalar product

(1, 0) > /X (u,0), Q. (9)

for all u,v € H := L*(X,S3T%). Let P; be the formal adjoint of some operator
P with respect to a metric g. We observe that the operator

* — oI pr(e—f
Py = el Pi(e ),



with f :=log % , is the formal adjoint of P with respect to the scalar product

(9). With the above notation we can define the general {2-Laplacian operator
AY as
A = VoV, =N, +V,fiV,.

We define the Q2-divergence operator acting on vector fields as follows;

) d(£4Q . _ )
aive = T ot v, (o) = divy € — gl€. V).
We infer in particular the identity div® Vgu = —A?u, for all functions u. We

observe also the integration by parts formula

— / udiv? e = / g(Vyu, &)X
X X
We consider also the linear operator

By, :C*(X,R) — C&(X,R),

BYu = div?(JVu).
This is a first order differential operator. Indeed

Byu = Trr(JViu) —df - JVgu

= g(Vgu, ngf)7

since J is g-anti-symmetric. If we extend Bg ; over C*(X,C) by complex
linearity, then

Q Q. p0
AgJ = A —’LBJ’g

We denote by
A =Ker(Ay,—2I) C CF(X,C)o,
and by
gy = [Ker(Ag, —2D)]** € CF (X, O),
its L3-orthogonal inside C (X, C)o. Let also

2d5u = (05— 0y)u=—du-J.



We define now the set V; := {Q >0] fX Q= 1}. Notice that the tangent space
of M x V) is given by

Tamxy, = C®(X,S°T%) @ C™®(X,A*T%)o,

where n := dim¢ X and
C®(X,A*"T%)y := {Ve C>=(X,A*"T%) |/ V:O}.
X

We denote by Endy(Tx) the bundle of g-symmetric endomorphisms of T'x. We
will systematically use the fact that for any (g,) € M x V), the tangent space
Trisvy,(g,0) identifies with C°°(X, Endy (Tx ) @Cg (X, R)g via the isomorphism

(0, V) — (vy,Vg) = (g v, V/Q).

We consider now the pseudo-Riemannian structure over the space M x V; given
by the formula (g,Q) € M x Vi — G, q, with

Gy, Usv,V) = /[(u,v>972U5V§}Q,
X

for all (u,U), (v, V) € Tmxy,. We consider the vector space
Foo = {(U,V) € Trmxy, | V;QU; + VQV§ = 0}.

Despite it is not needed here we recall (see [Pal6]) that Fy o is the orthogonal
space, with respect to G, to the tangent space at the point (g,2) € M x V; of
the orbit

[979] = DiHO(X)'(g7Q)7

of the point (g,2) under the action of the identity component of the group of
smooth diffeomorphisms Diffg(X) of X. In formal terms the following equality
holds

L _
T[g,%],(g,ﬂ) =Fy0.

Let now Jint be the space of smooth integrable complex structures over X. We
consider the space of w-compatible complex structures

jw = {J S \7int | w = J*WJ,CUJ < O},

and let M, := —w - J, € M. Over a Fano manifold, the Chern-Ricci map
provides a natural embedding of J,, inside M x V;. The image S, C M x V;
of this embedding is

S. = {(9,9) € M, xV; |w=Ricy(Q),J =g w}.
We consider now the vector space

D) = {veC®X,S3T%) | v) =0, ,Vesbu, by € Ay},



where v/, and v denote respectively the J-invariant and J-anti-invariant parts
of v. We define also the vector space

Tyal0] = {(©.V)eD] x Ty, | d[ (Vo) + ¥, Vi) w]| =0}
We consider also the sub-space of ']Tg’Q[O}
Flo = {(v,V)eF,qlveD]}
For any (g,Q) € S, we denote by
9.9 = Symp°(X,w)-(g,Q) C S.,

the orbit of the point (g,2) under the action of the identity component of the
group of smooth symplectomorphisms Symp®(X,w) of X. With these notations,
the following property holds.

Lemma 3 For any point (g,§) € S,, we have

Ty 0 NTaalll = Fro. (10)

We need now a few preliminaries.

3.1 The weighted complex Bochner identity

The weighted complex Bochner identity plays a crucial role in all this article.
For the reader convenience we recall here its statement and proof from [Pal6].

Lemma 4 Let (X,J,g) be a Kihler manifold with symplectic form w := gJ
and let Q > 0 be a smooth volume form. Then for all w € C*®(X,R) and
v € C*°(X,C) the complex Bochner type formulas hold

28;§?}3%X7ngu = VgAY ju— 201, ,VyfVgu, (11)
zé;g?JETX,ngﬁ = Vy.sA% ;v — 2Ric5(Q), V7. (12)

Proof Let £ € C°(X,Tx) and observe that for bi-degree reasons the following
identity holds

L

2V, 0%, €
= A —Vi2(JVg 148)

= AJE=Vy(IVg.168) = IV0v,5E-



Let (ek)i’il be a local g-orthonormal frame over a neighborhood of an arbitrary
point p such that Vger(p) = 0. Then at the point p the following equalities hold

_V;(ng,-hf) = JVge, Vg el

1
= E(ng,ekvg,Jeké- - ng,Jek vg,etc€>7

since (Jey )2, is also a local g-orthonormal frame. Then the fact that [ex, Jex](p) =
0 implies

V(IVgnE) = 5 IRyler, Jer)t = Ric ().

We infer the complex Bochner type formula

20592 99

Tx, ;5 Tx,J

€ = AJE+Ric™ (9)€ = TVgrv, 56 (13)
In a similar way we obtain
2075 Oy ,€ = AE —Ric* (9)€ + IV v, fE. (14)
Using formulas (13) and
VeAJu = AV u+ Ric)(Q)V,u, (15)
we deduce the expressions

20592 9

700 Veu = VeAJu—V2fVeu— JViuJV,f

= VAJu— (Vif + JV.fJ)Vqu

- J(ViuJVyf —V2fJVqu)

= VyAJu—20r, ,VefVeu—JV,[g(Veu, JV,f)].
Using the first order expression of BSJ% 4 We obtain

20,0

Tx,;0 " Tx,s

Vou = [VgA] — VB Ju— 207, ,V,fVgu.

10



We infer the complex differential Bochner type formula (11). In a similar way
using formulas (14) and (15) we deduce

2aTX ? O, Vou = VgAdu—2Ric,(QVau+ V2 fVeu+ JViuJVyf
= VyAJu—2Ric, () Vgu+ (Vif+ JV2fJ)V4u
+ J(VoudVyf —VifJIVgu)
= VyAJu—2Ric}(Q)Vyu+ 207, ,VyfV4u

+ JIV49(Vgu, JV4f)].
Using the first order expression of Bg , we obtain
2075 01 ,Vou = [V,AT + VB Ju—2Rich(Q).,Vgu.
We infer the complex differential Bochner type formula
2077 01y, Vgu = Vg A2 ju — 2Ric(2)Vqu. (16)

More generally for all v € C*°(X,C) this writes as (12). O

Notice that for bi-degree reasons the identity (15) decomposes as

2077° 0%, Vgu+ 205" Ory ,Veu = Vg AL ju+ Vg s AT u

Tx,s

— 207 ,VyfVgau—2Rich(Q),V u.

Then we can obtain (16) from (11) and vice versa. We observe also that in the
case Ric;(9) = w the complex Bochner identity (12) writes as
28Ti§38TX,JngJU =V, J(A —2D)w, (17)
for all v € C*°(X,C). We obtain now an integration by parts formula.
Let § € C*(X,Tx), A € C*(X,Tx _; ®Tx, ) and observe that the com-
parison between Riemannian and Hermitian norms of T'x-valued 1-forms in the
Appendix [Pal3] implies

[ @reea,0 = 5 [ 10,6 A0+ (490,000
X X

3 [ L6 A+ O, A.€)00

[ eo a0

11



Using this and multiplying both sides of (17) by V, ;U we obtain the identity

/|aTX, 0020 = / VY, (A2 =20, vgJu> Q, (18)

in the case Ricy(2) = w. This implies that the first eigenvalue estimate
Al(AgJ) > 2. On the other hand the identities (17) and (18) show that in
the case Ric;(€2) = w the following identity holds

N 0,1
A}, =KerH, ;. (19)

We infer the following well known result. (See the Appendix B in [Pal6] for a
more complete statement. )

Corollary 1 Let (X,J) be a Fano manifold and let g be a J-invariant Kdhler
metric such that w := gJ € 2mey (X, [J]). Let also Q > 0 be the unique smooth
volume form with [, Q =1 such that Ric;(Q) = w. Then the map

A, — HY(X,Tx.j)

u — Vg ju,

1s well defined and it represents an isomorphism of complex vector spaces. More-
over the first eigenvalue /\1(Ag ;) of the operator AQJ satisfies the estimate
Al(AgJ) > 2, with equality in the case H*(X,Tx ;) # 0.

3.2 Proof of Lemma 3
Proof For any (v,V) € ]D)g x Ty, we consider the expression
v; = 5TX,Jv97J%’

with unique 1, € Az’f. Then the weighted complex Bochner identity (17),
implies the equality

* * 1 TAQ oM. *
0755 + VoV = 5V [(AS,J oDy, + 2V (20)
Thus
Rl = {(0,V) € DY x Ty, | (AL, — 2Dy, = 25}, (21)
Let
va = Re[(Agz,J - 21[)17[)’0]7
Iy, = Im[(A7; =20,

12



(for any z € C we write z = Rez + iIm z) and observe that (20) implies the
identity

1
(V;”v; +V V3w = idL/,“ + d5(Ry, +2V3),
for any (v,V) € D] x Ty,. Thus
T/ 6[0] = {(U,V) €D x Ty, | Ry, = —2V5}. (22)

We notice now the equalities

Tigalu,g.0) = {(Leg, LeQ) [ £ € CF(X,Tx) : Lew = 0}

{(Lsv,u9, Liv,f) | u e CF (X, R)o}

{29701,V gu,div? (JV,u)Q) | u € CF (X, R)o},

indeed
(Lyv,ug)y = JVou—VouJ =2J07, ,Vgu.

We deduce that (v,V) € Tj; o if and only if for all u € CF (X, R)o the
following equalities hold

0 = 2/ [(JOry ,Vgu,v})y — div? (JV4u) - V3]Q
X
= _2/X<vgu, J(O77" vy 4+ VgV3)) e

= 2 /X - dive[J (970 vr 4+ Y,V Q.
If we assume (v, V) € T;Q[O} then
vy + VgV = —%JVQI%, (23)
thanks to (20) and (22). Thus if (v, V) € T;; Sy ;) N Ty o[0] then
0 = —/Xu-A;?I%Q,

for all u € CF(X,R)o, i.e. A;ZI% = 0, which is equivalent to the condition
I, = 0. We infer

i J J
Ty Syog.0 NTyaldl S Fyo.
The reverse inclusion is obvious. We deduce the identity (10). O

13



3.3 Positivity of the metric G, over the space T (0]

We show first the following integration by parts formulas.

Lemma 5 For any u,v € C°(X,C) the following integration by parts identity
holds

/X [AﬁJu 0+ AL Ju- v} Q=2 /X (Vg 1,V 4 57)Q. (24)
If u € C*(X,R) then also the integration by parts identity holds
/X [Agju cv+ A?’Ju . E} Q=2 /X g(Vgu, Vg jv)QQ. (25)

Proof Using the complex decomposition (4) and the fact that Hermitian prod-
uct (-, ), on T% ®g C is the sesquilinear extension of the dual of g, we deduce

g(Vg,Ju,Vng) = <8Jﬂ+5Ju,8J5+5JU>g

= (0su+ dyu,0;0+ 8 v).,

<8Jﬂ, (9]5>w + <51u, 5]U>w

= (044, 0j0), + (0,1, 017)..
Integrating by parts and taking the conjugate we infer the identity
2/X 9(Vg,au, Vg gv)d = /X [Aﬁﬂ v+ AT i} Q. (26)

Replacing v with @, v with ¥ in (26) we obtain (24). In the case u € C*°(X,R)
formula (26) implies directly (25). O

Lemma 6 For any (g,Q) € S, the restriction of the symmetric form Gg4.q to
the vector space ']T;Q[O], with J := g~ 'w, is positive definite.

Proof Let (u,U),(v,V) € TJq[0]. Using the expression (22) for the space
T [0] we have

* a —
ug - aTx,JVg,JQDv

U = Re{(A?J—QH)go},
and

U; = 6TX,JVQ:J@7
~2V5 = Re[(A2, -2y,

14



with unique ¢, € A‘?”j‘. We decompose now the term

Gyo(u,Usv, V) = / [(u,v)g —2Ug - Vi3] Q
X

/X KE)TX,J Vg7 9; 5TX,JV9,,J¢>J Q

_ %/XRQ{(AgJ—Z]DQO} Re[ (A%, —2Dy] Q.

Integrating by parts and using the weighted complex Bochner formula (17) we
transform the integral

I = / <5TX’JV_(],J¢75TX,JV97J$> Q
X

g

= [ (09, V0w V,0) 0

1 —_—— —
= 2/AX<VQ’J(A§2’J_2H)SD7VQ’J¢> Q.

9
Using the integration by parts formula (25) we deduce
1

o= b [anag, -5 + BT, T o]

1
= 1/ 6% -me BT+, —2 a0

Adding and subtracting 2 to the factor AL?’ ;% and respectively 21 to the factor
Agﬂ/}, we infer

I, = %/X {(A&-Q]{)@ P+ (A2 ol 1/}}@
T i/x {(A?,J —2D)p - (AZ, — 2Dy + (A?, —2M)p- (AT, - 2}1)1” «
= %/X {(Aﬁrﬂ)w XU +¢-(A§J72ﬂ)¢} Q
+ i/x [(N;,J —2D)p - (A, — 2Dy + (AR, —2M)p - (A7, — Qw} Q.

We deduce the general formula

Ggau,U;v, V) = /X {; [(A?J—QH)@ - +(A§ZJ—2H)1/J @}}Q
+ %/}(Im{(AgJ—ﬂ)(p} Im[(A;{J—Qﬂ)zp} Q.

15



In particular

Gga(u,U;u,U)

/X {(A?,J —2D)e -@} Q

IR T

with equality if and only if ¢ =0, i.e. (u,U) = (0,0), thanks to the variational
characterization of the first eigenvalue A; (A 7) = 2 of the elliptic operator
AY ;. O

We show now that the identity (18.1) in Corollary 5 Section 18 of [Pal4] (i.e.
Corollary 2 below) is a consequence of the above positivity result.

+

Corollary 2 For any (g,92) € S,, the following identity holds
Kerg (A — 2I) = Kerg (A, — 21, (27)
with J = g~ w.

Proof Let u € CF(X,R)o and (¢;)ier € Symp?(X,w) the 1-parameter sub-
group generated by the symplectic vector field & := (du)}, = —JV u. We set
Ji =i, g = 9ig, Q4 = i) and we compute go = L¢g and Oy = LeQ.
The expression of the tangent space to the symplectic orbit [g, ], in the proof
of Lemma 3 implies

g = —2J0r,,Vgu,
- Q
QS = 7Bg7(]u

Then the weighted complex Bochner formula (17) implies

O 95 + Ve = —2J975" 9r , Vu+ V5

Tx,s

—JV (A = 2lu+ Vo By ju+ Ve

= —JV4 (A —2D)u.

We deduce that (go, ) € ]F;Q if and only if (A;2 —2I)u = 0. On the other hand
the (strict) positivity of the metric G4 o over ’]I‘;Q[O} D Tiy.).,.(¢,0) implies

1
T[gﬂ]m(gﬂ)mT[g,Cs;z]w,(g,Q) = {0}

Then Lemma 3 implies

J
Tig.000 09 N Ty 00y = Tig0luste) NFya = {0},
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So if (g0, Q) € FJ o then (go, Qo) = (0,0). We infer the inclusion

KerR(Ag —2I) C Kerg fo],

and thus the required identity (27). O
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