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ON THE HEIGHT OF SOME GENERATORS OF
GALOIS EXTENSIONS WITH BIG GALOIS GROUP

JONATHAN JENVRIN

ABSTRACT. We study the height of generators of Galois exten-
sions of the rationals having the alternating group 2, as Galois
group. We prove that if such generators are obtained from cer-
tain, albeit classical, constructions, their height tends to infinity
as n increases. This provides an analogue of a result by Amoroso,
originally established for the symmetric group.

1. INTRODUCTION

In this article, we let Q be a fixed algebraic closure of Q. Given
a € Q of degree d, we denote by M(«) its Mahler measure, defined as

d
M(a) = |a| [ max (1, o)) > 1
=1

where a is the leading coefficient of the minimal polynomial of a over
Z,and oy, ..., a4 are the conjugates of a. The logarithmic Weil height
of a, or, for short, the height of « is then given by

(o) = ()

While, by Kronecker’s theorem, it is well-known that h(«) = 0 if and
only if @« = 0 or « is a root of unity, Lehmer’s conjecture predicts the
existence of a positive constant ¢ > 0 such that

whenever h(a) is not zero. The conjecture has been proved for various
classes of algebraic numbers, but it is still open in general. The most

notable progress toward Lehmer’s conjecture is Dobrowolski’s result
[Dob79, Theorem 1|, which proves that, if h(«) # 0, then

¢ (loglogd 3
ha) > - [ ——2—
()23 ( log d
(one can take ¢ = 1/4 as shown in [Vou96, Theorem on p. 83]).
1
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If, on the one hand, Dobrowolski’s theorem stands as the sole uncon-
ditional result on this problem, on the other hand, it is possible to show
that specific classes of algebraic numbers satisfy even stronger variants
of Lehmer’s conjecture, such as the Bogomolov property introduced by
Bombieri and Zannier in [BZ01]: a set of algebraic numbers S satisfies
the Bogomolov property (B) if there exists a constant ¢ = ¢(S) > 0
such that for every a € S either h(a) =0 or h(a) > c.

Property (B) holds, for instance, for abelian extensions of number
fields, as shown in [AZ00,AZ10] and for the field of totally real algebraic
numbers, as proved in [Sch73, Corollary 1].

A set of algebraic numbers which has attracted the attention in this
respect in recent years, is the following

Sga = {a € Q| Q(a)/Q is Galois }.

While Amoroso and David proved that Lehmer’s conjecture holds
for the elements of this set (see [AD99, Corollary 1.7]), later Amoroso
and Masser [AM16, Theorem 3.3| showed that Sga satisfies even the
following stronger result: for any e > 0, there exists a positive effective
constant c(e) such that, for every a € Sga of degree d over Q and not
a root of unity, one has

h(a) > c(e)d™.

A result this strong might prompt the question, of whether the set
Scal satisfies Property (B) or not.

A quite natural way to tackle this issue is by fixing the Galois group
of Q(a)/Q. As recalled before, the answer is known to be positive
when such group is abelian (see also [ADO(]), while the dihedral case
has been considered in [AZ10l Corollary 1.3].

Motivated by a question posed by Smyth (see [APSV], Problem 21]),
Amoroso studied certain classes of generators of Galois extensions whose
Galois group is the full symmetric group &,, and proved the following;:

Theorem 1.1 (JAmol8, Theorems 1.1 and 1.2]). Let 8 be an algebraic
integer of degree n > 3, let By, ..., B, be its conjugates and assume that

Gal(Q(by, - - -, 5n)/Q) = Gy

Let ay, ..., a, be integers. Then:

(1) If B is a unit, « = B* ... 5% is a generator of Q(By,...,0,)/Q
if and only if a,...,a, are pairwise distinct. In this case h(«a)
tends to infinity as n increases.

(1)) & = a1+ ... + a,fBn is a generator of Q(By, ..., 5,)/Q if and
only if ay, ..., a, are pairwise distinct. In this case h(c/) tends to
nfinity as n increases.



This result led Amoroso to propose the following conjecture:

Conjecture 1.2 ( [AmolI8, Conjecture 1.3]). Let o € Q be a generator
of a Galois extension of degree d = n! of Galois group &,. Then
h(a) > ¢(d) with ¢(d) a function tending to infinity with d.

The goal of this article is to investigate whether some analogue of
Theorem holds for other groups. Our first result provides a lower
bound for the height of generators of Galois extensions as in (fi) with
no assumption on the structure of the Galois group of the extension.

Theorem 1.3. Let n > 3 be an integer and let S be an algebraic
integer of degree n, with conjugates 31, ...,0,. Let ay,...,a, € Z, and

let a = Byt ...B%. Suppose that Q(a) = Q(5y, ..., Bn). Then

h(a) > <% izlai ) -log max (1,

In particular, if 5 is not a unit and if the sequence (% 1>, ai|)n
tends to infinity with n, then h(«) tends also to infinity with n.

No)e(B)]) -

The remainder and most significant part of this article is devoted
to proving the analogue of Theorem for extensions having Galois
group equal to the alternating group 2(,. We remark that this case,
besides being naturally interesting to examine, can be also consider
in some sense the generic one. For instance, it has been proved in
IBSK20l, Theorem 2| that, for any integer £ > 2, a random polynomial of
degree n with i.i.d. random integers coefficients taking values uniformly
in {1,...,¢} will have Galois group containing 2,, with a probability
tending to 1 as n goes to infinity.

Our second main result is the analogue of [Amol8, Theorem 1.1] for
20, for generators obtained as products of conjugates.

Theorem 1.4. Let § be an algebraic number of degree n > 5, let

B1,- .-, By be its conjugates and assume that Gal(Q(f51,...,0,)/Q) =

A,. Let v = By ... 5% where ay,...,a, € Z. Then:

(1) « is a generator of Q(By, ..., 5,)/Q if and only if there are at most
two distinct indices v, j such that a; = a;.

(2) If « is a generator of Q(5,...,0,)/Q and B is a unit, then

o (1)

where g(n) tends to 0 as n tends to infinity. In particular, h(a)
tends to infinity with n.
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Our last main result, a counterpart to [Amol8), Theorems 1.2] for 2,
deals with generators obtained as linear combination of conjugates:

Theorem 1.5. Let 8 be an algebraic integer of degree n > 5, let

Bi, ..., Bn be its conjugates and suppose that Gal(Q(B1,...,Hn)/Q) =
A,. Consider « = a1, + ...+ a,fB, where ay,...,a, € Z. Then:

(1) a is a generator of Q(By, ..., 5,)/Q if and only if there are at most
two distinct indices v, j such that a; = a;.

(2) If a is a generator of Q(By, ..., Bn)/Q, then

h(a) > ﬁlog <g> .

In particular, h(a) tends to infinity with n.

We notice that our results potentially support an extension of Con-
jecture [I.2] to generators of Galois extensions with Galois group con-
taining 2A,,.

We now describe the structure of the article and briefly outline the
main ideas involved in the proofs of our results.

The proof of Theorem [I.3] presented in Section [2] relies on elemen-
tary group theory and basic properties of the Mahler measure. It is
notably simpler than the proof of Theorem [[.4] which suggests that
the most challenging scenario arises when [ is a unit.

The proofs of Theorems [I.4] and [I.5] are presented in Sections [3] and
[], respectively.

Our proof strategy for Theorem builds upon Amoroso’s approach
in [Amol8, Theorem 1.1|. Point (|1 is proved in Section [3.1| and relies
on an adaption of a result of Smyth (see Proposition and some
elementary Galois theoretic arguments.

Point is a corollary of a more precise statement, given in Propo-
sition [3.3] whose proof, done in Section [3.2] is more subtle and requires
some technicalities. First, in Proposition [3.4] we link the Mahler mea-
sures of a and (8 to the values taken by the function

2
P

o€,

n

1 & 1
ﬁjzlloglﬁau)l <aj - EZ%) ‘

=1

We then study the properties of this function and provide an upper
and lower bound for it (see Proposition [3.5) in terms of a constant
¢, (estimated in Proposition [3.6)). Point then follows combining
the above results with the explicit version of Dobrowolski’s theorem by
Voutier [Vou96, Theorem, p. 83].
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As for Theorem the proof of point , carried out in Section |4.1},
is the same, in additive notation, as the one of point of Theorem
and it is even simpler than its multiplicative variant.

It is in the proof of point , done in Section that lies the
main novelty of our strategy. The key point here is Lemma [£.3] which
describes how the Mahler measure of o changes when one applies a
transposition to «, so, by hypothesis, an element not in Gal(Q(«a)/Q)
and that should not act on «. This is then used to give a lower bound for
M (a) (see Proposition independent on the chosen transposition,
but depending, amongst others, on the quantity

V)= J] (a—a)

1<i<j<n

This bound is exploitable only when all a;’s are distinct, and in this case
the quantities involved can be bounded using, among other ingredients,
estimates on the derangement numbers.

However, a could be a generator of the extension even if two of the
indices a;’s are equal, causing the quantity V'(a) to be zero and pro-
viding no useful information. To overcome this, we construct another
generator given by a linear combination of the ;s with all distinct
integral coefficients and having height close to that of a. This is done
using the key Lemma [£.6] The height of such a generator can then
be bounded applying the first part of the proof, and this allows to
conclude.

Finally, in Section [5] we present some applications of our results
to specific families of polynomials. Additionally, we discuss whether
the proof strategy of our main results can be adapted to generators of
Galois extensions with Galois groups different from 2, or G,,.

2. PROOF OF THEOREM [L.3|

For the proof of Theorem [I.3] we will need the following elementary
lemma.

Lemma 2.1. Let G < &, be a transitive subgroup. Fori,k € {1,...,n}
let Gix ={o0€G|o(k)=1i}. Then |Gyl = \_SI

Proof. Let i,j5,k € {1,...,n} be fixed, and let ¢ € G. Since G is
transitive, we can take 7 € G such that 7(i) = j. We define the
function
¢r 1 Gig — Gjp
o = T0
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One can check that ¢, is well-defined, and it is a bijection, with inverse

given by o0 — 77 'o. So we have |G, x| = |G| Since
D Gkl =14
=1
we have the sought-for equality. O

We can now prove Theorem

Proof of Theorem[1.3 Let G be the Galois group of Q(f1, ..., 8,) over
Q. Notice that, by the definition of the Mahler measure, we have

(1) M(a) = | Nogay/g(a)] -
Our goal is to show that
/1G] » i ai
(2) | Noy/a(@)] ™ = | Nog)a(8)] :
We have
) )
—1¢ ZU ao'71 [3 ZU Qs (i
| Noy/e(a)| = v Hﬁi R | [ e

oceG i=1 =1 i=1
Since G is a transitive subgroup of &,, for all i € {1,...,n}, by
Lemma we have
Do) = D Gott)

ceG ceG
Therefore

UEG Qo (i)

HW [Zrea ot — | Nggg)q(B)| =< .

=1

Letting G;; = {0 € G \ 0( ) =i}, by Lemma[2.1] we have

n G n
Y=Y 3 a :%;al

ceG i=1 \o€G;1
Hence, from we obtain
@ n
| No@y/a(@)] > [Nogy(B)] ==

This proves (2)) by taking the |G|-th root. Finally, from (1)), we have
1 n
;Zi: ai
M (o) > | Noaya(B)] " ==
Applying this to 1/a and using M («) = M(1/«), we also have
*% i a
M ()1 > | Nogs)/0(B)] :



This proves Theorem [1.3| by noticing that |G| = [Q(«) : Q). O

3. PROOF OF THEOREM [1.4]

The objective of this section is to establish Theorem [I.4] To achieve
this, as mentioned earlier, we will follow the proof outlined by Amoroso
in [Amol8, Sections 2 and 3| and adapt it as needed.

For enhanced readability, the proof of the distinct points in Theorem
is divided into separate subsections. Within each subsection, we
introduce the necessary technical results and definitions needed in the
proof of the corresponding point.

Throughout the article, if 81,..., 8, € Q is a full set of Galois con-
jugates, when writing 2, C Gal(Q(f4, ..., 5,)/Q), we identify o € 2,
with the automorphism o(3;) = B,¢).

3.1. The multiplicative case: proof of Theorem , point (|1)).
We start, as in [Amol8|, by adapting the multiplicative version of
[Smy86|, Lemma 1]:

Proposition 3.1. Let 5 be an algebraic number of degree n > 5 such
that B ¢ Q for any non-zero integer k. Let 3, ..., B, be the conjugates
of B, and suppose that A, C Gal(Q(pS1,...,0,)/Q). Then, for every
Vi, ...,V € Z, not all equal, the product By*...[Br" is not a root of
unaty.

Proof. Assume, by contradiction, that 57" ... 87" is a root of unity. Up
to multiplying all the v;’s by the same non-zero integer, we can suppose
that gi*... 08 = 1.

Notice that by hypothesis, Gal(Q(f, . . ., 5,)/Q) contains all 3-cycles.
Without loss of generality, we can suppose that g = 5 and vy # vs.

Applying the cycle (1 3 2) to both sides of the equality 57" ... 5 =
1, we obtain £7* 73527 55° 7" = 1. Applying to this last equality the
cycle (14 j), for i # j and ¢, > 4, we obtain 3*~" = ™" for all
1> 4.

Applying further the cycles (1 2 k) and (1 3 ¢) for k, ¢ ¢ {2,3,i}, we
finally get that for all 1 < i < n, """ = B* 7. So, /"2 € Q as
it is fixed by all elements of Gal(Q(f4,...,[,)/Q), contradicting the
hypothesis on 3 as vy # vs. O

Now we are able to prove point (1) of Theorem [1.4]

Proof of Point of Theorem[1.J, Assume first that o is a generator
of Q(Br, ..., 0n)/Q. If {a; | 1 < i < n}| <n—1, then either there
exist indices ¢ < j < k such that a; = a; = ax, or there are two couples
(i,7) # (k,€) with ¢ < j and k < ¢ such that a; = a; and a;, = ay.
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In the first case, we have that « is fixed by the 3-cycle (i j k), while
in the second case « is fixed by the double transposition (i j)(k ¢). In
all cases, we find [Q(«) : Q] < |2,|, contradicting the fact that « is a
generator of Q(fy,...,5,)/Q.

For the converse, assuming that |{a;,1 <i < n}| > n— 1, we want
to show that the group Gal(Q(f54, ..., 8,)/Q(«c)) is trivial.

Let 0 € Gal(Q(By, ..., 8,)/Q()) and let 7 = o=, We want to show
that 7 is the identity. Regarding o as an element of 2, the equality
o(a) = a gives

(4) I[85 " =1
k=1

Notice now that 3 satisfies the hypothesis of Proposition 3.1} Indeed,
suppose that ¥ € Q for some integer k > 0. Then, for all 7, j, we have
B = ﬁf. So, for all ¢, 7, there exists a k-th root of unity (; ;» such that
Bi = CijkB;- We have for all 7, j

(5) Gijk = % € Q(B, ..., ).
J

Hence, we get for all ¢, j
Q(Cl,],k) C @(617 v 7ﬁn)

Since Q((;j1)/Q is Galois, then Gal(Q(py, ..., 8,)/Q((i k) is a nor-
mal subgroup of Gal(Q(fy, . .., 8,)/Q) = 2, which is simple for n > 5.

Hence, either Q(B4,. .., 8,) = Q((; k), but this cannot be the case as
2(,, is not abelian for n >4, or Q = Q((; jx)-

If Q(Gi k) = Q for all 4, j, since ¢, jx is a root of unity, we have either
Gige = Lor Gjp=—1 If ;5 = 1 for some i # j, by (f]), we would
have 3; = ;, which is a contradiction. If ¢; ;, = —1 for all 7 # j, then
we have by , B = —fs = —f3, and so By = (3, which is again a
contradiction. Finally, for all non-zero integer k, we have 3* ¢ Q.

Therefore, applying the conclusion of Proposition to (4)), there
exists an integer ¢ such that a, — a.x) = c for all k.

If ¢ if the order of 7, we have, a; = a,¢q) =---=a; +cl. Soc=0
and a,y) = ay, for all k.

If the a; are all distinct, then 7 is necessarily the identity.

If {a;,1 <i<n}| =n—1, we can suppose that a; = a;. We then
have, 7(k) =k for all £ > 3 and 7(1),7(2) € {1, 2}.

But 7 € 2,,, so 7 cannot be the transposition (1 2). Hence 7 is the
identity, concluding the proof. 0
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Remark 3.2. We notice that the argument from the previous proof
allows us to remove the condition 5 unit, also for [Amol8, Theorem
1.1 point (1)].

3.2. Proof of Theorem |1.4, point . The goal of this section is to
prove the following result, of which Theorem , point is a simple
corollary.

Proposition 3.3. Let 5 be an algebraic unit of degree n > 5, let
B1, ..., Bn be its conjugates and assume that Gal(Q(fy,. .., 5,)/Q) =

A,. Let o = py* ... 5% where ay,...,a, € Z.
Lety; = a; — >0 a; and set |yly = 370 |y;]. Then
M(B)lyh > M(a)Q/”! > M(ﬁ)cn\yll’

where ¢, is an effective computable constant satisfying

. e
Jim e[ =1

Before proceeding with the proof of this part, we need to recall some
definitions from [Amol8, Section 2| and adapt some other technical
results therein.

Let H, ={z € R",zy + -+ z, = 0}, and for x € H,,, we set

1 n
(6) \x!1=52|xﬂ-
j=1

The group 2, acts on H,, by o(x) = (%(1), . ,xg(n)). For =,y € H,,
we set

(7) o) =5 3

Uemn

'y

— x . . .

n < a(5)Yj
7j=1

We notice that s,, is symmetric, and for every y € H,,, the function
©ny(7) = sp(z,y) is a seminorm, stable under the action of 2,,.

The proof of Proposition [3.3|is then a combination of three results.
The first, given in the following proposition, links the Mahler measure
of « to the function s,,.

Proposition 3.4. Let o, p1,...,0, and y = (Y1,...,Yn) be as in the
statement of Proposition 3.9 Let x = (x1,...,x,) where z; = log|B;|.
Then n
log(M(B)) = 5zl
and
n(n!)
4

log(M(a)) = $n (2, Y)-
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Proof. Notice that

n

> @ =1log(Nk/q(8) =0

j=1

sox € H, LetZT={j€{l,....,n}|]|5;| > 1}. Then

Z|%| = "log|B;| — > log|B;] =2 log ||

jEI J¢T jeL
= QZlog(maX(\ﬂj], 1)) = 2log(M(B))
j=1

proving, together with @, the first equality in the statement. By
applying this equality to «, whose conjugates are 63%1) e Bg?n) for o €
2, we obtain

2log(M(a) = 3 [og(18%%, - B Dl = 3

O'EQ«[n Uemn

Z @jTo(j)| -

j=1
Thus, by recalling that a; = y; + % >or, a; and that 2?21 Ty = 0 for
every o € 2l,,, we obtain

2log(M () = Z Zija(j) + <%Zaz> (Z xff(i))

ocUn
= Z Zy]a:(, (x,y) - (;‘)
oAy

O

The next step in the proof is to provide an upper and lower bound
for the quantity s, (z,y). To this aim, for h = 1,...,n — 1, we define
the vector (™" ¢ H, by

J —2(n"_h) ifj>h
and we set
Cp = O<I£1’iklr1<nsn(z(”’h)7 PACON

We have the following proposition:

Proposition 3.5. For every x,y € H, we have

. < sn(T,y) <
|z]1]y|1
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Proof. We first notice that the upper bound is easy to obtain. We have

Z lea il = ——Z\yﬂ > Lol

JGan j=1 oAy,

() salz,y) <

2|

By Lemma 2.1} since 2, is a transitive subgroup of &,,, we know that
for all 1 <1, <n we have

2l _ (n 1)

{o e, |o(j) =i} = 5

Therefore, replacing in we have

n

n'nZle% = ZL% Z|fvz|

o€Up =1
1
= EZ |y Z || = [[1]yly
j=1 i=1

concluding the proof of the upper bound.

We are now left with the proof of the lower bound. Let z and y be two
non-zero vectors in H,, and let h and k£ be the number of non-negative
components of x and y, respectively. We want to show that

(n,h)
(9) 3n<$,y) > Sn(z 7y) > Sn<2(n’h),z(n’k)>.
|zhlyh lyh
Let © = (z1,...,2,) and y = (y1,...,yn). Since for real numbers

¢, ¢ > 0 we have s,(cv,c'y) = cc's,(z,y), we can suppose that |z|, =
lyl; = 1. Moreover, letting

A={je{1,....,n}|z; >0},

since ¢, , () is invariant under the action of 2, we can further suppose
that A= {1,...,h}.

Let G be the subgroup of 2, defined as G = {o € A, | 0(A) = A}.
We want to show that

(10) G o(w) = 2.

ceG

Using the fact that z; +--- + x,, = 0, we have

1 n 9 h 9 n
j=1 j=1

j=h+1 j=h+1
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So, in particular

h n
j=1

j=h+1

We also notice that G is a transitive subgroup of &(A) ~ &;,. Indeed,
if h = 1 there is nothing to show. If h = 2, then A = {1,2}, and
= (12)(34) € G verifies 7(1) = 2. If h > 3, let us take 4, j,k € A,

all distinct. Then 7 := (i j k) € G verifies 7(i) = j. We set for j,i € A,
={o € G |o(i) = j}. We denote the i-th component of the vector

z;eco@:) by
(Z 0(:16)) .

So, by Lemma and , we get for 1 <7< h

h aQ h
(et =T =t = 050, S
i j=1 j=1

ceG ceG

A similar argument shows that, for h + 1 < i < n, we have

G i n
(Z U(@) = % > w= —mWL

oeG j=h+1

completing the proof of .

As in [Amol8], the proof now concludes with a convexity argument.
As the function ¢, ,(x) = s, (z,y) is convex and recalling that |z|; = 1,
we have

5 (2071 RN 1 C2Y )
T (rG\Z ) 2 e = T

ceG

From this, the symmetry of s, and recalling that |y|; = 1, we get

vl vl
which concludes the proof of (9) and of Proposition O

(n,h) (n,h)
Sn(z 7y) _ sn(y, z ) > Sn<z(n,k)7z(n7h)) — Sn(z(n,h)7z(n,k))

The next and last step to prove Proposition is to provide an
asymptotic estimate for the quantity c¢,. This is done in the following
proposition.

Proposition 3.6.
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The proof of Proposition relies on the following two lemmas.
The first gives a closed formula for the quantity s, (2™, (")) which
equals the one in [Amol8, Lemma 2.3|, even though, we notice that
the definition of the function s, therein is slightly different from ours.

Lemma 3.7. Lety € H, and h,k € {1,...,n—1}. Then

(12) s (20 ) = m@) 1 Z

and

(13) o
(2, 200) = = (zzk_(iszf)(fn_—% ’ @ (LZJ) (hn—_L’LZJ)

n

Proof. By the definition of s, and z(™" and recalling that, for y =
(y1,...,Yn) € H,, we also have o(y) € H,, which is equivalent to
> =1 Yo(j) = 0 for all o € 2,,, we have

n 2 1 . ’I’L,h
sn (27, y) = ol Z HZZJ( )Z/a(j)

ae,
IZ Zy" Z Yo (5)
oAy j =h+1

:%z (5 3 )ZM

oAy
- hin —h n‘zzlym
j

oGan

To conclude the proof of (12 @ we need to show that

RECRED I NP (DS

UEan ] 1 SC{I ..... ’I’L}
|S|=h

>yl

jes

Let S C {1,...,n} such that |S| = h. Let
Gg:={oeA,|o({l,...,h}) =S}

and
si={0€eB,|o({l,...,h}) =S} = &) x S,_4.
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We suppose first that h < n — 2. If 7 is the transposition switching n
with n — 1, the map o + o o 7 is a bijection between the sets Gs and
s\ Gs. In particular

G| hl(n—h)!
2 2

providing the sought-for equality. If h = n — 1, we use the same
argument, but with 7 = (1 2) this time.

The proof of now is precisely the one done in the proof of
[Amo18 Lemma 2.3]. O

|Gs| =

We recall the following result which gives the asymptotic estimate
for .

Lemma 3.8 (JAmol8, Lemma 2.4|). Let (ny)m, (hm)m, (km)m be se-
quences of real numbers satisfying 0 < hpy, km < ny, and such that

lim n,, = +oo, lim — = u, lim — =wv
m——+00 mﬁJroo’n,m mﬁ+oonm

for some u,v € [0,1]. Then (with the convention 1/0 = +00), we have

1
lim 2Ny, - Sy, (20moltm) o (mskm)) — .
m—r+00 m ( ) \/27_(_1“}(1 — u)(l — U)

We can now prove the estimate for ¢, from Proposition [3.6]

Proof of Proposition[3.6. For an integer m > 1, let h,, and k,, be the
indices where the minimum is attained in the definition of ¢,,. Applying
Lemma to the sequences (hy)m, (km)m and (ng)m = (M)m, we
obtain

lim 24/27uv(1 — u)(1 — v)m - sy, (2™ 2mkm))) = 1

m——+00
for some u,v € [0, 1], and using the fact that
1l—u)(l—v)=—
g = =) = g5

we get the asymptotic estimate (3.6)). O

We have now collected all the results needed to prove Proposition
9. Ol

Proof of Proposition[3.3 Combining Proposition [3.4] and Proposition
[3.5] we get

an’yh < % (%log(M(a))> < ww‘l
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or equivalently
log(M (B)° ¥ty < log(M (a))?™) < log(M(B)¥I).

The result follows by taking the exponential and using Proposition
3.0l ]

To conclude the proof of Theorem [I.4], we need the following lemma:

Lemma 3.9. Let n > 5 and let y = (y1,...,yn) € H, be such that
Yjir1—y; > 1 forallj=1,...,n—2. Then

(1) If Yo — Y1 > 1, then |y, > 272,

(2) If Y1 = Yn, then |y|1 > 222

Proof. The proof of is given in [Amol8, Lemma on p. 1614|. For
the proof of point , let 1 <k <n—1besuch that y, <0 < yry1.
Notice that £k < n — 2 as y,,_1 = y, by hypothesis.

We then have, y; <y, — (k—j) < —(k—j) for 1 < j < k and
Y>>y +(G—k—-1)>j—k—1fork+1<j<n-1.So

k n—1 k—1 n—k—2
nlylh = (—y)+ D g+l =D b+ > h
J=1 Jj=k+1 h=0 h=0
_ (k—21)k3+ (n—k—2)2(n—k—1) > (n—ll(n—?))

We can finally conclude the proof of Theorem

Proof of point of Theorem . If « = py"...0% is a generator of
Gal(Q(f4, - .., fn)/Q) then, by point of Theorem [1.4] we have

Ha; |1 <i<n}|>n-1

If the a;’s are all distinct, then so are the y;’s defined as

1 n
yj:aj—— E a;.
n
i=1

As all a;’s are integers, |y, — yx| > 1 for £ # k and moreover, since for
every o € &,, we have |o(y)|1 = |y|1, up to reordering the terms we can
suppose that y;11 —y; > 1 forall 1 <j <n —1. Thus by Lemma
we have |y|; > 2.

If two a;’s are equal, so are the corresponding y;’s. Reasoning as
before, up to reordering the a;’s we might assume that y;.; —y,; > 1 for

j=1,...,n—2and y,_1 = y,. So, by Lemmawe have |y|; > 2.
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In all cases, we have |y|; > ”T_g, and therefore, using also Proposition
3.6] we get the asymptotic, as n tends to infinity

calh ~ ol 2 = (B2 ) o
nlYl =\ 5 257

This, together with Proposition [3.3| gives

M(a)w > M(g) Vs

and taking logarithms we have

(@) 2 (1+ o(1)y - log(M(8)).

By the explicit version of Dobrowolski’s theorem by Voutier [Vou90,
Theorem, p. 83|, we have

1 (log(log(n))\’
log(M(B)) > 1 (W)

concluding the proof. O

4. PROOF OF THEOREM [L5l

The aim of this section is to prove Theorem|[I.5] which is the analogue
of Theorem for additive generators, that is generators obtained as
linear combinations of conjugates.

As usual, if B1,...,8, € Q is a full set of Galois conjugates, when
writing 2, C Gal(Q(fy, . .., 5,)/Q), we identify o € 2, with the auto-
morphism o(f;) = Bo(;). As before, we split the proof in different parts
for clarity.

4.1. Proof of Theorem (1.5, point . The proof of this point is
the same, in additive notation, as the one carried in Section [3.I] and
it is even simpler than its multiplicative variant. We begging with the
following additive version of Proposition [3.1}

Proposition 4.1. Let 3 be an algebraic number of degree n > 5 with

conjugates By, . .., B, over Q. Suppose that A, C Gal(Q(f, ..., 5,)/Q).
Then, for any integers vy, ...,v,, not all equal, we have

Z vifi & Q.
i=1
Proof. The proof is similar to that of Proposition [3.1 and we identify

the elements of Gal(Q(f4, ..., 5,)/Q) with permutations in the usual
way.
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Assume that v; # vy and that there exists r € QQ such that
i=1

Applying the cycle (1 3 2) to both sides of we obtain (v; — vg) 1 +
(vg —v3)P2 + (v3 —v1)P3 = 1. Applying to this the cycle (1 i j), for
i # 7 and i,7 > 4, we obtain (v; — v2)f; = (vy —v9)f; for all i > 4.
Letting act on both sides of this equality the cycles (1 2 k) and (1 3 ¢)
for k, ¢ & {2,3,i}, we obtain (v; — v2)81 = (v1 — ve)B; forall 1 < i < n.
So f1 = ... =, and 8 € Q, which contradicts the hypothesis that
an C Gal(@(ﬁl; SR 7511)/@) O

We can now conclude the proof of the first part of Theorem [L.5]

Proof of point (1) of Theorem . The proof follows exactly the one
of point of Theorem , by using the additive notation instead of
the multiplicative one.

Suppose that & = a1 51+ . .+a, B, is such that Q(a) = Q(B4, .. ., 5n).
If {a; | 1 < n < i} < n—1 then one can show that there exists a
non-trivial o € Gal(Q(f1,...,0,)/Q) such that o(a) = o (we take
o= (jk)ifa=a;=a,oro=(ij)(k?)if a; = a; and a, = a,).

For the converse, assume that [{a; | 1 < i < n}| > n —1, let
o € Gal(Q(B4,...,3,)/Q(c)) and 7 = o~ '. The equality o(a) = «
gives > (a — argy) e = 0. By Proposition there exists an
integer ¢ such that a, — a-) = c for all k. If £ if the order of 7, we
have, a; = a; + ¢f, so ¢ = 0 and a4y = ay, for all k. As |[{a;,1 <@ <
n}| > n — 1, we have that 7 is either the identity or a transposition,
but this last case cannot occur as 7 € 2,,. O

4.2. Proof of Theorem (1.5 point . This section deals with the
proof of the last part of Theorem [I.5]

First, as in the multiplicative case, we notice that one can easily
establish the following upper bound for the height of a:

Proposition 4.2. Let 8 be an algebraic integer of degree n > 5, let

B1,- .., Bn be its conjugates and suppose that Gal(Q(fSy,...,B3,)/Q) =
A,. Let ay,...,a, be integers and suppose that « = a181 + ...+ a,fn

is a generator of Q(fB,...,0,)/Q. Then

log (M(ﬁ)Z |az-|) > h(a).
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Proof. 1t suffices to observe that, for every o € 2,,, one has

lo(a)| = Z a;i o (i)
=1

Notice that

n

< max |5;] Z |a;| < M(B) Z |ail.
i=1

T 1<i<n -
=1

n!

M(a) < mg{x|a(a)|7,
oclly
and taking logarithms, this allows us to conclude. U
The proof of the lower bound in Theorem point , is instead
more delicate. Before starting it we fix the setting and introduce some

notation. Let fi,..., [, be algebraic integers of degree n > 5 and let
ai,...,a, be integers. Let

(15) a = iazﬂi
i=1

and assume from this point onward that Q(«) = Q(fB4,...,5,) and
that Gal(Q(51, ..., 0,)/Q) = 2A,.

We now recall some notation from [Amol8, Section 4]. For 7 € &,,,

we let .
Qr = Z aiﬂr(i)a
=1

where &,, acts on Q(fi, ..., ,) as usual by o(53;) = Brq)-
We observe that for o € ,,, we have o(a) = a,. Also, for 7,7 € &,,,
we have

(16) Arrr = ()7

One of the key ideas in the proof of the last part of Theorem[I.5] and
one of the main novelties of our article, is the following lemma, which
describes how the Mahler measure of a changes under the action of an
element that should not act on a. More precisely, it compares M ()

and M (), in the case where 7 is a transposition, so, by hypothesis,
an element extraneous to Gal(Q(«)/Q).

Lemma 4.3. Let 7 € G,, be a transposition, then
M(a,) < 5"M(a)®.

Proof. For simplicity, we may suppose that 7 = (1 2).
Let 0 = (1 3 2) and set

v =a—o(a) = fi(a — az) + Paaz — as) + Bs(as — ay).
If o/ =(145)and 6 = (4 2)(35), then

6(y = 0'(7)) = 0((B1 = Bu)(ar — az)) = (B — fo) (a1 — a2) = a — oy
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So we have
(17) a, = a—d(a) +do(a) + do’(a) — do'o(a).

Notice that §, 0,0’ € 2, and so is their product, hence, by the above
equality, a,; equals a linear combination of conjugates of o. By elemen-
tary inequalities for the height and its invariance under Galois action,
we obtain that h(a,) < 5h(a) + log5. By using that M(a) = (@),
we have the sought result. U

We now use Lemma [4.3| to get a lower bound for M («) independent
on the transposition 7. To this aim we need to introduce some more
notation.

Let T,, be the set of transpositions of &,, and, for 7 = (i,7) € Ty,
let A; be the set of permutations of &,, with support {1,...,n}\{i, 5}
and without orbits of length 2.

For n > 3, let A,, be the set of permutations of &,, without orbits of
length 1 or 2. Let also

A= H H o — gl
TeTn UGAT
and, for a vector of integers a = (ay,...,a,), let
V= [[ (a—a)
1<i<j<n

For an algebraic integer § of degree n and conjugates f1, ..., 5, we
also let

disc(8) = disc(1,8,6%,...,8" ) = ] 8- 8"

1<i<j<n
We have the following result.

Proposition 4.4. Letn > 5, and let o« =Y | a;3; be as in . Set
g =p1 and a=(ay,...,a,). Then

M{(a) > 578 (27171 v (a) | disc ()] /2) 42V

Proof. For 7= (i j) € T,, with 1 <i < j <nand o € A,, we have
Qo7 — g = (a; — ;) (i — B;).
Thus,
(18) A = (|V(a)|[disc(8)[/)! A=
as for each 7 € T,,, |A;| = |[A—al.
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We now want to upper bound A. Clearly we have that
(19) A< I 1 2mex(lag-|, 1) max(ja,|, 1).
TET, cEA,

Let 7,7/ € T,,, and let 0 € A, 0’ € A. Then o7 # ¢’ (since they
have different supports). If 7 = 7" and ¢ # ¢’ then 7o # 7'0’. If 7 # 7/
then o1 # o’7" (since o has no orbits of length 2), and o # ¢’ (since

the supports of o and ¢’ are not the same).
Thus, from we deduce

(20) A < 2=l TT max(|ag|, 1).
Oeen

Writing &,, as the semidirect product of 2(,, and a transposition T,
that we shall fix, from (20)) we have

A S 2‘Tn||An—2‘ H max(’aa|71) H ma,X(‘OéTo-‘,l)

o, o€,
= 2Tl TT max(lo(a)[,1) [ max(|o(ar)],1)
aten O'Emn

hence by we get
(21) A < 2TellAn=2l N r () M ().
From Lemma and the inequality , we have
A < 2TellAn=2Nr ()M () < 2TnlAn=2l5m N1 ()8,
By using the equality , we obtain
(IV (@)l[disc(8)[/2)"

which proves the result. 0

S 2|Tn\|An,2|5nM(a)6

We now proceed to give estimate for the quantities involved in the
bound from Proposition .4, The following lemma is an improvement
of [Amol8 Lemma, p. 1615].

Lemma 4.5. For n > 3, we have
|
[Aal 2 5
8

Proof. Let d,, be the n-th derangement number, i.e., the number of
permutations of &,, without fixed points. It is known that

d, = nlz ( k') .
k=0 ’
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By the inclusion—exclusion principle, we have

-1

Letting

_ n(n 1) dn—Q)

f(n) =

we want to show that f(n) >
numerically for n = 3,4,5. T
(-

@) sy =13

where, for the last inequality, a proof by exhaustion based on the parity
of n is sufficient. The study of alternating series gives

Y

n!
f(4) =1/8 for all n > 3. We can check it
her

efore we may assume n > 6. We have

Dl () 12 ()P 1-n
> -
(n—l) + n! QkZ k! * n!

or equivalently,

k! k!
k=0 k=0
Additionally, we observe that the sequence (1;—!”)7122 is increasing. Thus
for n > 6, by , we have
3
1 (-1)* 1-6 23 1
> Z = > .
f(n)—ka:; TR V-
This concludes the proof. O

Proof of point (2) of Theorem . Notice that the statement is trivial
for 5 <n <9 as M(«) is always bigger or equal than 1. So, from now
on, we can assume that n > 10.

By Lemma |4.5] since n — 2 > 3, we have

_ |
(23) Ayl > O - 2t
Also, one has

—1
(24) IT,| = nn—1)

2
and

(25) |disc(B8)| > 1.
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Now, in order to use Proposition to lower bound M («), we are
left to estimate |V (a)|. Notice that this quantity is zero precisely when
the a;’a are not all distinct, in which case the estimate in Proposition
[4.4]is trivial. We then carry on the proof distinguishing two cases.

Case (a): all a;’s are distinct. In this case, like in [Amol8, p. 1616],
we are going to establish a lower bound for |V (a)| # 0. Since |V (a)|
is symmetric with respect to a;, we may assume for simplicity that

ajy1 —a; > 1for j=1,...,n—1. Then, we have
n n n n n—1
V=] jaj—ail =[] I G- =]]n
i=1 j=i+1 i=1 j=i+1 h=1

By [Vou96, Lemma 1, p. 84| we have

(26) V(@) > [[ 2> exp (%g(") - 3%) |

We notice that, as n > 10, we have

2 2
_n(n=1) n*log(n) 3n
2772 —— — ] > 1.
exp ( 5 )2

Therefore, using (26), (23), and (25)), Proposition [4.4] gives

2
(n—2)! nl
2 n n(n—1 2] In? a8
M(a)n > | 576 (2 “ )eXp (n 02g(n) - Z ))

et (G (52 3)
.

Notice that, as n > 10, we have % > % and so

oo (2 (50 5) oo (1)

Finally

L1 1 1 510
M (a)nt > 579132738 exp <%;n) — 3—2> > <g> °.

3

Case (b) : the a;’s are not all distinct. Now we suppose that two of
the a;’s are equal, for instance a; = ao. We set

r= 213%(!% — ag|)

and
o =a+r(B — Pa)
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Clearly

o = Z a.3;
i=1

where ) = a1 +r €Z,a,=ay —r € Z,and a, = a; € Z for all i > 3.

Since a; = ay and « is a generator of Q(fy, ..., 3,)/Q, we know, by
point of Theorem , that the a;’s are all distinct for 3 <7 < n.

The same holds for the a}’s for 3 < i < n. Of course, we have a) # a5.
Then, by the choice of r, we also have af,a}, ¢ {a} | 3 <i <n}.

Hence, again by point of Theorem , o/ is a generator of
Q(B1,. .., B,)/Q and the integers a},...,a, are all distinct.

Thus, according to case (a) of the proof, we have

Sho

1 11 1
(27) M(Oé/) 1> 532 aspas exp <_§> .

We now want to compare M («) and M(a/). We will need the fol-
lowing result, which plays here the role of Lemma [4.3]

Lemma 4.6. Let n > 5 and i,j,k,l € {1,...,n}. Then
h(a+2(a; — a;)(Bx — 1)) < bh(a) + log(16).

Proof. We may suppose i # j and k # [ otherwise the result is trivial.
Let 7 = (i j) € T},. Then

a—or = (a; — a;)(Bi — ;).
By from Lemma we also have
a—a,; =o(a) + oy(a) — oz(a) — o4()
for some o1, 09,03,04 € AU,.

As n > 5, we can check that there is o € 2, such that o(8; — ;) =
Br — B (if i # k and j # £ one can simply take o = (i k)(j ¢), while
if 1 = k and j # ¢ one can take o = (j,0)(s,t) for some s # ¢ and
s,t & {k =1,j,0}). By properties of the height, we have
h(a+2(a; — a;)(Bx — B1)) = h(a+ 2(a — a;))

= h(a+ 2(01(a) + o2(a) — o3(a) — 04()))
< 5h(a) + log(16).
U

Returning to our proof, by Lemma

h(a') =h (a +2 max (|a; — a;])(B1 — ﬁZ)) < 5h(a) 4 log(16)

1<i,j<n
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hence M (o) < 16" M («)®. Using also (27)), we get
16ﬁM(a) o > 5 8 asp s exp (—3%) .
Finally, recalling that n > 10, we get

2 2 1 1 1 n 2T10
T > 169557 9130 27 240 1, 240 > (_) )
> n240 exp < 160) > (3

[

M(e)

3

5. SOME EXAMPLES AND FINAL REMARKS

In this section we give some application of our results to explicit
families of algebraic numbers generating Galois extensions of Q with
groups 2,. We also discuss the adaptability of the proof strategy of
our main results to generators of Galois extensions having group other
than 2, or G,,.

5.1. On certain Laguerre polynomials. A family of particular in-
terest for our applications is that of generalized Laguerre polynomials,
defined, for n > 1 and a € Q, as

L) () = i (Z * j) (—a)’

§=0 J

where

n—l—a) _(nta)n—1+a)...(j+1+a)
(n — )t
This family, first studied by Schur, has received the attention of many
authors (see for instance [Gow89]|, [FKT12|, [BEFL13|, [Ban14], [BB20],
and [JL22| for some reference on the topic).
The following result considers a special family of Laguerre polyno-
mials having Galois group 2,,:

n—j

Proposition 5.1. Let n > 1 be an integer divisible by 4 and let
Bris- -, Bon be the Toots of the polynomial
2 "

LEn D () = 1 oLt
. (x) tot o+ +n!

Let ay, ..., a, be integers such that |{a1,...,a,}| >n—1. Then:

(a) If an = Byl -+ Bn, and Y a; # 0 one has that Q(a,)/Q is a
Galois extension with Galois group U, and h(«,) tends to infinity
with n.

(b) If &, = a18n1 + ... + anfnn, then Q(cl,)/Q is a Galois extension
with Galois group A, and h(c),) tends to infinity with n.
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Proof. Schur showed in [Sch30] that LS ™ V(z) is irreducible and its
Galois group over Q is 2, if n is divisible by 4 (while it is &,, otherwise).
Let 3, be one of the roots of L,(fn_l)(x).

We start by proving part @ By point of Theorem , we know
that Q(«a) is the splitting field of Lgf"_l)(x) over Q. This proves the
statement on the Galois group. Notice also that that Ngg)q(8) = n!,
hence, by Theorem [.3]

M () VR@OQ > (p1)z]Ein e

and, since Y., a; # 0 we deduce the statement on h(a,,).
To prove part (]ED, we simply notice that all hypotheses of Theorem
[1.5] are satisfied, and we can conclude straightforwardly. O

Remark 5.2. We remark that our Theorem cannot be applied to
any Laguerre polynomial, while [Amol8, Theorems 1.1 and 1.2| can.
Indeed, to apply point of Theorem we need that § is a unit.

However the roots of Lna)(:c) are units if and only if a« = 0, and it
follows from [FLO2| and [Haj05] that, for all but finitely many integers

n, L\ (x) is irreducible over Q and its Galois group is &,,.

5.2. On the adaptation of the strategy to other subgroups of
S,,. One might question whether the proofs of Theorems and [1.5]
as well as their counterparts for &,, in [Amol8§|, could be modified to
identify generators of Galois extensions with different Galois groups.

On the proof of point . We first notice that, in all the above cited re-
sults, the necessary and sufficient conditions of the a;’s so that Q(«)/Q
is a Galois extension of group G € {G,,,2,} can be rephrased by say-
ing that [{a1,...,a,}| > n—k+ 1 where £ is the index of G in &,,. It
might be tempting to inquire if a similar condition holds for other sub-
groups G of &,, of index 2 < k£ < n, but no such groups exist. Indeed,
by [Cla84, Chap. 2, §85. Corollary p.64], 2, is the only subgroup
of &, of index strictly smaller than n, while by [Per96, Proposition
8.10], for n # 6 all the subgroups of &,, of index n are of the form
{0 € &,, | 0(i) = i}, hence they are not transitive.

A second observation is that our proofs also use the fact that if G is
either G,, or A,,, then G contains all k-cycles for some integer 2 < k < n
(noting that k = 2 for &,, and k = 3 for 2,,). However, if a subgroup
G of &,, contains all k-cycles for some k, then it contains the subgroup
generated by all of them, which is normal in &,, (as k-cycles form a
full conjugacy class). But, for n > 5, this implies that this subgroup is
either G, or 2, (&, if k is even or 2, otherwise), so in both cases, G
contains 2L,,.
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On the proof of point . We notice that, to prove point ([2|) of Theorem
[1.4] one crucial ingredient is Proposition Indeed, the remainder of
the results can essentially be derived using the same methodology, irre-
spective of the specific subgroup of &,, under consideration, by suitably
accounting for the pertinent quantities.

One point used in the proof of Proposition [3.5]is that, if G is either
S, or A, then, for any A C {1,...,n}, the stabilizer Stabg(A) = {0 €
G | 0(A) = A} is a transitive subgroup of &(A) ~ &4. However
this property does not hold for other subgroups G of &,, when n is big
enough.

Indeed, notice first that any transitive subgroup of &4 has a car-
dinality divisible by |A], so |G| must be divisible by lem(1,...,n). In
particular |G| > 2771,

Moreover, it is easy to check that G must be a 2-transitive subgroup
of &,. Indeed, let (z1,y1), (z2,2) € {1,...,n}? be such that x; # y
and x9 # ys. Then there exists ¢ € G such that g(z;) = x2 and
9(y1) = yo where

- if y; # x5, we can take g = yo with o € Staby({y1}) such that
o(z1) = x5 and v € Staby ({x2}) such that v(y;) = y2 (one can
treat similarly the case z1 # ys).

- If 3 = 9 and xy = ys, we can take g € Stabg({z1,22}) \ {Id},
which is not empty by assumption on G.

Now, by the main result in [Bab82|, either G' contains 2, or |G| <
exp(exp(1.184y/logn)) for all n > 5-10°, contradicting |G| > 2"~ for n
big enough.

REFERENCES
[AD99]  Francesco Amoroso and Sinnou David. The higher-dimensional Lehmer
problem. J. Reine Angew. Math., 513:145-179, 1999.
[AD00]  Francesco Amoroso and Roberto Dvornicich. A lower bound for the

height in abelian extensions. J. Number Theory, 80(2):260-272, 2000.

[AM16]  Francesco Amoroso and David Masser. Lower bounds for the height in
Galois extensions. Bull. Lond. Math. Soc., 48(6):1008-1012, 2016.

[Amol18] Francesco Amoroso. Mahler measure on Galois extensions. Int. J. Num-
ber Theory, 14(6):1605-1617, 2018.

[APSV] Francesco Amoroso, Igor Pritsker, Christopher Smyth, and Jeffrey
Vaaler. Appendix to report on birs workshop 15w5054 on the geome-
try, algebra and analysis of algebraic numbers: Problems proposed by
participants, available from: http://www.birs.ca/workshops/2015/
156w5054/report15w5054 . pdfl

[AZ00]  Francesco Amoroso and Umberto Zannier. A relative Dobrowolski lower

bound over abelian extensions. Ann. Sc. Norm. Super. Pisa, Cl. Sci.,
IV. Ser., 29(3):711-727, 2000.


http://www.birs.ca/workshops/2015/15w5054/report15w5054.pdf
http://www.birs.ca/workshops/2015/15w5054/report15w5054.pdf

[AZ10]

[Bab82]

[Ban14]

[BB20|

[BFFL13]

[BSK20]|
[BZ01]
[Clag4]
[Dob79]

[FKT12|

[FL02|

[Gow89)

[Hajos|
[JL22]
[Per96]
[Sch30]
[Sch73]
[Smy86]

[Vou96]

27

Francesco Amoroso and Umberto Zannier. A uniform relative Dobrowol-
ski’s lower bound over Abelian extensions. Bull. Lond. Math. Soc.,
42(3):489-498, 2010.

Laszlo Babai. On the order of doubly transitive permutation groups.
Invent. Math., 65:473-484, 1982.

Pradipto Banerjee. On Galois groups of generalized Laguerre polyno-
mials whose discriminants are squares. J. Number Theory, 141:36-58,
2014.

Pradipto Banerjee and Ranjan Bera. On a generalization of a conjecture
of Grosswald. J. Number Theory, 216:216-241, 2020.

Pradipto Banerjee, Michael Filaseta, Carrie E. Finch, and J. Russell
Leidy. On classifying Laguerre polynomials which have Galois group the
alternating group. J. Théorie des Nombres de Bordeauz., 25(1):1-30,
2013.

Lior Bary-Soroker and Gady Kozma. Irreducible polynomials of bounded
height. Duke Math. J., 169(4):579-598, 2020.

Enrico Bombieri and Umberto Zannier. A note on heights in certain
infinite extensions of Q. Atti Accad. Naz. Lincei, Cl. Sci. Fis. Mat. Nat.,
IX. Ser., Rend. Lincei, Mat. Appl., 12(1):5-14, 2001.

Allan Clark. Elements of Abstract Algebra. Courier Corporation, 1984.
Edward Dobrowolski. On a question of Lehmer and the number of irre-
ducible factors of a polynomial. Acta Arith., 34:391-401, 1979.

Michael Filaseta, Travis Kidd, and Ognian Trifonov. Laguerre polynomi-
als with Galois group A,, for each m. J. Number Theory, 132(4):776-805,
2012.

Michael A. Filaseta and Tsit-Yuen Lam. On the irreducibility of the
generalized Laguerre polynomials. Acta Arith., 105(2):177-182, 2002.
Roderick Gow. Some generalized Laguerre polynomials whose Galois
groups are the alternating groups. J. Number Theory, 31(2):201-207,
1989.

Farshid Hajir. On the Galois group of generalized Laguerre polynomials.
J. Théorie des Nombres de Bordeaux., 17(2):517-525, 2005.

Ankita Jindal and Shanta Laishram. Families of Laguerre polynomials
with alternating group as Galois group. J. Number Theory, 241:387-429,
2022.

Daniel Perrin. Cours d’algébre. World Scientific, 1996.

Issai Schur. Gleichungen ohne Affekt. Sitzungsber. Preuf. Akad. Wiss.,
Phys.-Math. Kl., 1930:443-449, 1930.

Andrzej Schinzel. On the product of the conjugates outside the unit circle
of an algebraic number. Acta Arith., 24:385-399, 1973.

Christopher J. Smyth. Additive and multiplicative relations connecting
conjugate algebraic numbers. J. Number Theory, 23:243-254, 1986.
Paul M. Voutier. An effective lower bound for the height of algebraic
numbers. Acta Arith., 74(1), 1996.

JONATHAN JENVRIN, UNIV. GRENOBLE ALPES, CNRS, IF, 38000 GRENO-
BLE, FRANCE. E-MAIL ADRESS : | JONATHAN.JENVRINGUNIV-GRENOBLE-ALPES.FR


mailto:jonathan.jenvrin@univ-grenoble-alpes.fr

	1. Introduction
	2. Proof of Theorem 1.3
	3. Proof of Theorem 1.4
	3.1. The multiplicative case: proof of Theorem 1.4, point (1) 
	3.2. Proof of Theorem 1.4, point (2)

	4. Proof of Theorem 1.5 
	4.1. Proof of Theorem 1.5, point (1)
	4.2. Proof of Theorem 1.5, point (2)

	5. Some examples and final remarks
	5.1. On certain Laguerre polynomials
	5.2. On the adaptation of the strategy to other subgroups of Sn

	References

