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Abstract: Accurately simulating concrete cracking in large-dimensional structures is a challenging
task. To address this issue, an adaptive static condensation (ASC) method has been developed that
has demonstrated effectiveness in localized nonlinearities. The ASC method aims to concentrate
computational efforts solely on the damaged area, which may evolve due to crack initiation or
propagation. However, the efficiency of the ASC method may be limited as it is based on a non-
evolving mesh. To overcome this limitation, a novel approach is proposed in this study, which
utilizes an evolutionary mesh with mesh refinement. The proposed approach employs a fine mesh
solely in the activated and evolving domain of interest. The ASC method with mesh refinement is
demonstrated on a notched bending beam, indicating that the accuracy of the ASC is maintained
while providing an additional gain in computational time. Furthermore, a reinforced concrete vessel
subjected to internal pressure is considered, and it is shown that this new approach results in a
significant improvement in computational time, with a 14-fold improvement compared to a 5-fold
improvement without mesh refinement. This study demonstrates that the proposed improvement
on the ASC method allows for finer discretization in the zones of interest that were previously
inaccessible with the nominal ASC method or a direct numerical simulation strategy.

Keywords: adaptive static condensation; mesh refinement; large-scale structures; crack

1. Introduction

Performing nonlinear simulations on large-scale structures using fine meshes is a sig-
nificant industrial challenge due to the rapid scaling of computational costs with increasing
mesh refinement. For instance, simulating the mechanical behavior of a containment vessel
with a required element size of approximately one centimeter to accommodate regulariza-
tion models would result in more than 1010 degrees of freedom (dof), given the structure’s
dimensions of 37 m in diameter and 60 m in height. The high number of dof, along with the
use of nonlinear models, poses a significant challenge for simulating such cases on current
machines. Thus, alternative methods that can handle such complexities are necessary.

This paper focuses on the concrete cracking behavior of large reinforced and pre-
stressed concrete structures. To model localized cracking accurately, a nonlinear constitu-
tive law and a fine mesh are necessary. A commonly employed method in the literature to
improve computational performance is parallel processing. This method utilizes multiple
computer cores to simultaneously solve multiple operations. With the advent of massive
computational capacities in recent decades, researchers have been able to increase simu-
lation complexity while also significantly reducing computation time through the use of
parallel computing. The utilization of parallel computing has been observed in various
domains such as finance [1] and fluid mechanics [2]. Parallel computing relies on domain
decomposition methods, which are now mature mathematical techniques for the resolution
of large algebraic systems formulated using finite element models on parallel computers [3].
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In 1991, Farhat and Roux [4] proposed the finite element tearing and Interconnecting
(FETI) method as a domain decomposition technique for solving static problems with less
inter-processor communication compared to other methods. While FETI is efficient for
regular geometries and homogeneous materials, it may not be suitable for structures with
complex geometries or heterogeneous material properties. An alternative approach is the
adaptive mesh refinement (AMR) method, which utilizes locally adapted discretization
for better accuracy and computational efficiency. In this method, a fine mesh is employed
in areas where the solution is complex, while a coarser mesh is used in other areas. The
AMR method allows for the mesh to be adaptively refined or de-refined in space and time
during the simulation. Originally proposed in [5] for solving hyperbolic partial differential
equations, an adaptive version of 2D mesh refinement for conservation laws was later
introduced in [6]. Several works have extended the concept of AMR to applications that
involve elliptic and parabolic equations, as well as non-hyperbolic regimes [7]. AMR
techniques have become an essential tool for many scientific applications and have been
applied in a variety of fields ranging from geophysical fluid dynamics simulations [8] to
relativistic astrophysical flows [9], nonlinear elastodynamics [10], and fluid dynamics and
solid mechanics (including combustion) [11,12]. The AMR approach is advantageous in
terms of its performance with respect to memory size and CPU time [13]. However, the
AMR approach still models the entire structure, which is computationally sub-optimal and
particularly inefficient when the area of interest is small compared to the entire structure.
Moreover, the transfer of mechanical state from one mesh to another during refinement re-
quires complex operations in cases of strong nonlinearities, potentially leading to precision
errors that limit the method’s use. In computational mechanics, the static condensation
method [14] is a model reduction technique that eliminates unknowns from the linear
system in the stiffness matrix, thus reducing the number of degrees of freedom. This creates
condensed sub-structures, or “super-elements”, which are typically defined by removing
internal unknowns in the condensed zones. The static condensation method is suitable
for complex problems and has been widely used in mechanics since its introduction by
Guyan in 1965. While the method is only exact for static problems, it has been used in
structural dynamics, where the condensation of mass is approximated. The method has
been improved over time for dynamic calculations ([15,16]) and has been combined with
sub-structuring in the analysis of structures with localized nonlinearities [17].

Regarding nonlinear cracking in reinforced concrete structures, a so-called “Adaptive
Static Condensation (ASC)” method has been developed in recent years [18,19]. This
method is specifically designed to handle large structures that exhibit local nonlinear
behavior that can evolve over time. The ASC method is based on the principle of static
condensation and involves partitioning the structure into zones based on a linear pre-
computation. The zones with expected nonlinear behavior are then fully represented, while
the zones with linear elastic behavior are condensed. During the calculation, the condensed
zones are checked to ensure that they remain elastic. If non-elastic behavior is detected,
new areas of interest are included and fully represented in the calculation. However, the
efficiency of the ASC method may be limited if the damage spreads over a large part of
the structure early in the computation. Despite this limitation, the ASC method has shown
promising results in classical applications.

In its original form, the ASC method is designed for use on a non-evolving mesh.
However, to accurately simulate structural problems that involve non-local damage models,
a fine mesh of the entire structure is often required. This can impede the performance of
the ASC calculation or even render it impossible due to the pre-computation steps that
are applied to the entire mesh. As a result, modifications have been made to the original
method to address this limitation. These modifications involve keeping the initial mesh
on which the preparation phases are performed as coarse as possible, while refining the
evolving domain of interest on which the nonlinear calculation is performed until a target
mesh refinement is achieved.
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The current paper commences with a presentation of an improved version of the ASC
method, which involves mesh refinement of the domain of interest in Section 2.1. The
method is subsequently applied to a notched bending beam in two dimensions, where its
effectiveness is verified, in Section 2.4. Additionally, the paper presents an application of
the method on a simplified reinforced concrete containment vessel, which is subjected to
an internal pressure in three dimensions. An analysis is conducted in Sections 2.5 and 2.6
to determine the impact of mesh size on the calculation results.

2. Adaptive Static Condensation Improved by Mesh Refinement

The ASC method is based on a zoning technique that involves partitioning a given
structure into two types of zones: Zones of interest, where nonlinear simulations are per-
formed, and condensed zones, where an elastic behavior is expected. The main objective
of the ASC method is to optimize the computational effort of nonlinear calculations by
focusing on the predefined “zones of interest”, which are anticipated to exhibit cracking
behavior, while “condensing” the zones with a linear elastic behavior. This is achieved
through the application of static condensation [14] to replace the elastic zones with equiva-
lent boundary conditions applied at the boundaries of the zones of interest. As the structure
evolves, due to the propagation of a given crack or the initiation of a new one, specific
criteria are used to identify whether damage is likely to occur, which leads to changes in
the geometry of the zones of interest. The ASC method reduces the computational domain
of the nonlinear problem without compromising the quality of the results compared to a
reference nominal computation of the entire structure. This section provides an overview of
the theoretical principles of the ASC method using two-level static condensation, followed
by a detailed description of the ASC algorithm, including mesh refinement.

2.1. ASC: Two Level Guyan’s Static Condensation

Static condensation allows, in the case of linear elasticity, to find the exact solution of
the system on only a chosen part of the structure by eliminating the dof of the rest of the
structure. For a given mechanical problem discretized with n dof, the static equilibrium
can be expressed by the following equation:

K U = F (1)

where K represents the stiffness matrix of the structure, u is the displacement vector and
F the nodal force vector. The number of dof of the static equilibrium problem is the
dimension of the displacement vector U. Guyan’s approach consists in decomposing the
structure into two domains called: The domain of interest (DI) and the elastic domain.
These domains have dof which are noted N I for the DI and NE for the elastic domain. The
sets N I and NE intersect, and certain dof, denoted NΓ, belong to both domains. N I

v and NE
v

are the dof strictly internal to the DI, respectively, to the elastic domain. The system of
Equation (1) can be rewritten as:KE

vv KE
vΓ 0

KE
Γv KE

ΓΓ + K I
ΓΓ K I

Γv
0 K I

vΓ K I
vv

 UE
v

UΓ
U I

v

 =

FE
v

FΓ
FI

v

 (2)

The index “v” designates the rows or columns corresponding to the dof of the internal
“volume” and the index “Γ” designates the rows or columns corresponding to the dof
located on the interface. The parameters of Equation (2) are therefore:

KE
vv: the stiffness terms relative to the internal dof of the elastic domain

KE
vΓ: the stiffness terms relative to the internal–boundary connections of the elastic

domain
KE

Γv: the stiffness terms relative to the boundary–internal connections of the elastic
domain
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KE
ΓΓ: the stiffness terms relative to the boundary–boundary connections of the elastic

domain
K I

vv: the stiffness terms relative to the internal dof of the DI
K I

vΓ: the stiffness terms relative to the internal–boundary connections of the DI
K I

Γv: the stiffness terms relative to the boundary–internal connections of the DI
K I

ΓΓ: the stiffness terms relative to the boundary–boundary connections of the DI
UE

v , FE
v : respectively the displacement vector and the force vector in the elastic domain.

UΓ, FΓ: respectively the displacement vector and force vector on the interface Γ.
U I

v, FI
v : respectively the displacement vector and the force vector in the DI.

The expansion of system (2) gives:
KE

vvUE
v + KE

vΓ UΓ = FE
v

KE
ΓvUE

v +
(
KE

ΓΓ + KI
ΓΓ
)
UΓ + KI

ΓvU I
v = FΓ

KI
ΓvUΓ + KI

vvU I
v = FI

v

(3a)
(3b)
(3c)

Equation (3a) can be written:

UE
v = KE

vv
−1(

FE
v − KE

vΓ UΓ

)
(4)

The static condensation consists in replacing Equation (4) in the last two equations of
system (3) and allows to write:

(
K̂ E

ΓΓ + KI
ΓΓ KI

Γv
KI

vΓ KI
vv

) (
UΓ
U I

v

)
=

(
F̂Γ
FI

v

)
UE

v = KE
vv
−1(FE

v − KE
vΓ UΓ

) (5a)

(5b)

where: {
K̂ E

ΓΓ = KE
ΓΓ − KE

Γv KE
vv
−1

KE
vΓ

F̂Γ = fΓ − KE
Γv KE

vv
−1 FE

v

Solving (5) is conducted by:

• calculation of KE
vv
−1 first;

• resolution of Equation (5a);
• then, if necessary, calculation of UE

v using the Equation (5b).

Guyan’s approach therefore allows to write the system in such a way as to find the
solution to the problem associated with the DI only by “condensing” the elastic domain.
However, it remains possible to obtain the solution in the elastic domain by solving
Equation (5b) (“decondensation”). Note that if the elastic domain is large, the dimension of
the term KE

vv is large, and the calculation of its inverse can become costly. It should be noted
here that the matrix K̂ E

ΓΓ can be dense, and this reduced system can become difficult to solve.
Storing the full condensed matrix can also be more expensive than the full sparse matrix.
Even with these factors, the resolution of this reduced system remains faster than that of
the global system, particularly when the condensed part is large compared to the non-
condensed one. The ASC is an evolutionary method, which means that the DI can evolve
several times during the calculation. At each evolution, it is necessary to recalculate KE

vv
−1

which can be very expensive. In order to optimize this operation, a two-level condensation,
as shown in Figure 1, is used in the ASC method. It is assumed that the elastic domain is
composed of J zones Zj. The dof of each zone are separated into 3 parts:

• N j
v: dof strictly internal to Zj

• N j
γj : dof on the boundary γj of Zj but not on the border Γ of the domain of interest

(Figure 1a).
• N j

Γ: dof of Zj which are on Γ (Figure 1b).
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Potentially N j
Γ or N j

γj can be empty if there is no intersection between Zj and Γ or if
the entire boundary of Zj is in Γ. The union of all the zone boundaries forms a “skeleton”
of the elastic domain γ =

⋃
j

γj.

The global system (1) is written with this decomposition as follows:

K1
vv 0 · · · · · · 0 K1

vγ K1
vΓ 0

0
. . .

...
...

...
...

... K j
vv

... K j
vγ K j

vΓ
...

...
. . . 0

...
...

...

0 · · · · · · 0 K J
vv K J

vγ K J
vΓ

...
K1

γv · · · K j
γv · · · K J

γv ∑
j

K j
γγ ∑

j
K j

γγ 0

K1
Γv · · · K j

Γv · · · K J
Γv ∑

j
K j

γγ ∑
j

K j
ΓΓ + K I

ΓΓ K I
Γv

0 · · · · · · · · · · · · 0 K I
vΓ K I

vv





U1
v

...

U j
v

...

U J
v

Uγ

UΓ

U I
v



=



F1
v
...

Fj
v
...

F J
v

Fγ

FΓ

FI
v



(6)

Each zone is then condensed on its border by writing:

U j
v = K j

vv
−1(

Fj
v − K j

vγ Uγ − K j
vΓ UΓ

)
∀j (7)

Using Equation (7), Equation (6) can be re-written with the following system:


∑
j

K̂ j
γγ ∑

j
K̂ j
γΓ 0

∑
j

K̂ j
Γγ ∑

j
K̂ j

ΓΓ + KI
ΓΓ KI

Γv

0 KI
vΓ KI

vv




Uγ

UΓ

U I
v

 =


F̂γ

F̂Γ

FI
v


U j

v = K j
vv
−1(

Fj
v − K j

vγ Uγ − K j
vΓ UΓ

)
∀j

(8a)

(8b)

where:
K̂ j
γγ = K j

γγ − K j
γv K j

vv
−1

K j
vγ

K̂ j
γΓ = K j

γΓ − K j
γv K j

vv
−1

K j
vΓ

K̂ j
Γγ = K j

Γγ − K j
Γv K j

vv
−1

K j
vγ

K̂ j
ΓΓ = K j

ΓΓ − K j
Γv K j

vv
−1

K j
vΓ
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F̂γ = Fγ −∑
j

K j
γv K j

vv
−1

Fj
v

F̂Γ = FΓ −∑
j

K j
Γv K j

vv
−1

Fj
v

System (8) represents the system where each zone is condensed on its border. For
simplification, these notations are used: K̂E

γγ = ∑
j

K̂ j
γγ ; K̂E

γΓ = ∑
j

K̂ j
γΓ; K̂E

Γγ = ∑
j

K̂ j
Γγ;

K̂E
ΓΓ = ∑

j
K̂ j

ΓΓ. Now the second condensation on the border of the DI Γ is applied. For this,

Uγ is expressed in terms of UΓ as follow:

Uγ = K̂E
γγ
−1
(

F̂γ − K̂E
γΓ UΓ

)
(9)

By using this relation, system (8) is re-written as:

( ̂̂
KE

ΓΓ + KI
ΓΓ KI

Γv
KI

vΓ KI
vv

) (
UΓ
U I

v

)
=

( ̂̂FΓ
FI

v

)
Uγ = K̂E

γγ
−1
(

F̂γ − K̂E
γΓ UΓ

)
U j

v = K j
vv
−1(

Fj
v − K j

vγ Uγ − K j
vΓ UΓ

)
∀j

(10a)

(10b)

(10c)

where: 
̂̂
KE

ΓΓ = K̂E
ΓΓ − K̂E

ΓγK̂E
γγ
−1K̂E

γΓ̂̂FΓ = F̂E
Γ − K̂E

ΓγK̂E
γγ
−1 F̂γ

the resolution of (10) then proceeds with the following steps:

(a) calculation of K̂ j
γγ, the stiffness matrix of a condensed zone on its boundary, for each

zone j “first condensation”;

(b) calculation of
̂̂
KE

ΓΓ, the stiffness matrix of the borders of the zones building the elastic
domain condensed on the border of the DI “second condensation”;

(c) assembly and resolution of Equation (a) of system (10) which allows to obtain U I
v and

UΓ which are the solution on the DI;
(d) calculation, if necessary, of the displacement field at the borders of the elastic zones

using Equation (10b) “level 2 decondensation”;
(e) calculation, if necessary, of the displacement field inside all the condensed zones,

using Equation (c) of system (10) “level 1 decondensation”. This allows to reconstruct
the solution on the entire structure.

Contrary to system (5) (one level condensation), a change in the elastic domain leads
to recalculate K̂E

γγ
−1 and not KE

vv
−1. The size of the matrix to be inversed thus passes from

the number of dof of the entire elastic domain to only the number of dof of the borders
of the zones building the elastic domain. It is noted that with the ASC method, only
Equation (10a) is solved at each time step (reduced system shown in Figure 1c). This system
is reduced to only the dof of the DI and, therefore, is faster to calculate. Steps (d) and (e)
are not performed at each time step but periodically, every p calculation steps. This will be
detailed in the next paragraph.

Implementation of the ASC Method including Mesh Refinement of the DI

The implementation of the ASC method with mesh refinement, in the finite element
code Cast3M [20], is presented in this section. The detailed implementation of the novel
ASC method is found in [21]. The algorithm of the ASC method, including mesh refinement
of the DI, is presented in Figure 2. For clarity, the steps of the method are illustrated on the
3-point bending beam shown in Figure 3.
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2.2. Preparation Phase

Step 1. Linear precomputation

The first step consists of performing a linear precomputation on the whole structure. A
distribution of the elastic deformation is obtained. When dealing with damage in concrete,
the equivalent Mazars deformation εeq, is then calculated using the following equation [22]
(Figure 4a):

εeq =
√
〈ε1〉2+ + 〈ε2〉2+ + 〈ε3〉2+ (11)

where 〈εi〉+ represents the principal positive values of the strain.
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Step 2. Automatic mesh partitioning

The elastic distribution of εeq is used to partition the total mesh into zones (Figure 4b).
This partitioning is carried out using an automatic partitioning procedure adapted to
the ASC method developed in [19]. It is based on the physical interpretation of damage
initiation and propagation. In Figure 4b, for sake of illustration, the mesh is partitioned
into 16 zones of equivalent sizes.

Step 3. First Condensation

This step consists of replacing the stiffness and the loadings inside each zone by
boundary conditions on its borders (Figure 5). This is carried out using Guyan’s static
condensation, as presented in Section 2.1. It should be noted that as the partitioning of mesh
into zones is carried out in the preparation phase and does not evolve during computation,
this calculation step is only carried out once.
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Figure 5. First condensation on the simple bending beam.

Step 4. Domain construction

This step allows to build the first DI, which is to be activated and fully modeled. The
elastic domain is condensed and replaced by boundary conditions on the border of the
DI. The initial DI is built from the most damageable areas, i.e., the areas that include the
elements with the maximum of εeq. A second condensation is then performed. Using
Guyan’s static condensation, the second condensation (Figure 6b) calculates the boundary
conditions on the border of the DI, from the results of the first condensation as presented in
Section 2.1.
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Figure 6. Construction of domains on the simple bending beam.

Step 5. Mesh refinement inside the DI

The objective of this step is to select an appropriate level of refinement for the target
mesh based on the user’s specified precision criterion. This criterion should enable an
accurate simulation of the behavior of the modeled materials. For example, this could
entail using a mesh that facilitates the use of a regularization technique to address mesh
dependency issues. In the case of employing a non-local model to simulate concrete [23],
this might be related to the size of the largest aggregate in the concrete. If the initial mesh
does not meet the required level of refinement, it is considered “coarse”, and a mesh refine-
ment process is initiated to achieve the desired target refinement. There are two primary
approaches to achieving this, including re-meshing techniques and refinement techniques.
Re-meshing involves completely rebuilding the mesh with the target refinement [24–26] or
adapting the mesh by relocating its nodes based on an error map of the initial mesh [27,28].
The second solution utilizes the elements of the initial mesh to generate a new, finer one by
locally enriching the spatial discretization [29]. Our study employs this second technique,
as it is easier to implement and facilitates field transfer from the coarse mesh to the fine
one. To maintain the performance associated with double condensation, the discretization
of the DI boundary remains the same, and refinement is only performed within the DI. We
select an “h-refinement” approach [30], which modifies the element size to achieve smaller
elements, as opposed to the less suitable “p-refinement” technique that employs higher-
order shape functions. This hierarchical approach is straightforward to implement, and the
final mesh is obtained by subdividing the elements of the initial mesh until achieving the
desired level of refinement. Figure 7 offers an illustration of the initial and refined meshes.
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It is important to acknowledge that the refinement process generates “hanging nodes”,
which create non-conformities where certain nodes at the interface between fine and coarse
elements do not coincide. Figure 8 presents an example of this phenomenon in a simplified
configuration. To ensure the continuity of displacement at each “hanging node” ni located
at the interface IG,F between a coarse element EG and its corresponding fine elements EF,
kinematic relations are employed. These relations utilize the shape functions (NG

j ) of the
coarse element [29]:

ui = ∑
xj∈ EC∩IC,F

NC
j (xi)uj (12)

which, for example, gives for the hanging point of Figure 8a the following conformity
relation:

UC =
1
2
(UA + UB) (13)
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These relations are imposed via Lagrange multipliers in the same way as the Dirichlet
boundary conditions [31]. It should be noted that other solutions may have been possible
such as the creation of new elements (Figure 8b).

Finally, after refinement, the loadings and boundary conditions are updated on the
new mesh if necessary. For example, the self-weight, distributed on all the nodes of the
structure, is redistributed on the new nodes after refinement.

2.3. Nonlinear Calculation Steps

The nonlinear calculation is carried out on the DI only by using the stiffness of the
condensed zones as additional boundary conditions. This calculation is equivalent to the
calculation without condensation, as long as the condensed domain remains elastic. This is
verified using a propagation criterion and a priming criterion. The propagation criterion
evaluates the potential propagation of damage from the existing DI to the neighboring
condensed zones. Propagation bands are defined over a width L from the border of the DI
(in orange in Figure 9a). This parameter does not affect the accuracy of the calculation but
has a significant impact on the performance of the ASC method. Indeed, a large value of L
triggers the early activation of neighboring zones, which may not be damaged at the end
of the calculation, thereby penalizing the performance. Therefore, a study was conducted
in [21] and showed that to optimize the method’s performance, this parameter should be
set equal to the characteristic length LC in the case of a non-local calculation and to a single
row of elements on the boundary of the DI in the case of a local calculation. If damage
reaches these bands, the neighboring area is promoted as a new interest zone and is added
to the DI. This criterion is checked at the end of each calculation step, as the cost of this
verification is negligible. In the case of propagation, as shown in Figure 9b, the current step
is recalculated, using the new refined DI, in order to avoid any miscalculation. It is noted
that using this criterion, the border elements of the DI never include any damage.

The second criterion is related to the initiation of new damaged zones, independently
of the existing DI. A “decondensation” (Equations (b) and (c) of system (10)) is thus carried
out periodically to obtain the values of the displacements on the entire structure. If a
defined “limit of elasticity” is exceeded in a given zone, it is then included in the new DI.
As decondensation requires the calculation of the inverse of a large matrix and can therefore
be expensive, this criterion is checked only after each p steps of loading (p generally fixed
to 8 as a result of a sensitivity analysis carried out in [19]). Once again, to avoid any
miscalculation, if a new zone appears, the p last loading steps are recalculated. It is to be
noted that the verification of this criterion, which is one of the most expensive steps of the
method, is performed on the initial mesh of the condensed zones (without any refinement).
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In both cases (propagation and initiation), when the DI evolves, a domain reconstruc-
tion is performed, taking advantage of the two-level condensation and using the “second
condensation” only. The mesh of the new DI is refined in the same way as in step 5 (see
Figure 9d), and the boundary conditions and loadings are updated on this new refined
mesh, if necessary.

The refinement of the new DI, which is performed during the calculation, requires
that the fields of displacement, internal variables, deformations, and stresses are updated
on the new mesh. The updated fields include nodal fields (e.g., the displacement field) and
fields at the Gaussian points (stress, internal variables, . . .). In addition to the traditional
“decondensation” of these fields on the initial mesh, an additional step is necessary here
to transfer the fields of the initial mesh onto the refined one. Several methods exist in the
literature to achieve this transfer, such as the minimization method [32] or the interpolation
method [33].

For the nodal fields, the method of interpolation using the shape functions of the initial
mesh is chosen. This method is detailed in [32]. For a given node of the refined mesh, the
element of the initial mesh in which it is included is found. Then, using the shape function
of the element and the position of the node, the field value is interpolated.

To transfer the fields defined at Gaussian points (x), the difficulty lies in the fact that
only values at discrete points are available. There is no continuous approximation of the
field over the entire domain. To project the fields from the initial mesh Ωn towards the
refined one Ωn+1, the method from [32] is used. To transfer the field Fn defined at the

Gauss points of Ωn, the first step consists of transforming it into a nodal field
∼
F

n
using the

shape functions Nn associated with the elements of Ωn (Figure 10b). This is carried out by
solving the following equation:∫

Ωn

Nn(x).NnT(x).
∼
F

n
dΩ =

∫
Ωn

Nn(x).Fn(x)dΩ (14)
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The second step consists in finding for each Gauss point xn+1
i of Ωn+1, the element of

Ωn in which it is located and to calculate its local coordinates. The calculated nodal field
∼
F

n
is interpolated on the new mesh like the other nodal fields (Figure 10c) and gives the

final field Fn+1 as follows:

Fn+1
(

xn+1
i

)
= NnT

(
xn+1

i

)
.
∼
F

n
(15)

This method is illustrated in Figure 10. As explained, a uniform refinement of the
interior mesh of the DI is carried out here, not an adaptive mesh refinement (AMR), which
evolves in space and time. The mesh of a zone, once refined, no longer evolves. If an AMR
was applied in the DI, the mesh of an element with nonlinear behavior could evolve and
require the transfer of fields from its old mesh to the new one. This transfer would require
more complex transfer methods and could induce inaccuracies in the results. In the ASC
method, these transfers are only necessary in the new zones of the DI, which by definition
have an elastic behavior at the time of transfer. Thus, the risk of inaccuracies related to the
projection is limited. For example, damage is never concerned with the projection (as, at
the moment of refinement, the concerned zones have uniformly null damage). This is one
of the reasons why a simple mesh refinement of the DI is applied in this contribution.

2.4. Validation on a 2D Notched Bending Beam

To test the applicability of the ASC method with mesh refinement, a notched bending
beam is considered. The beam is 160 cm long and 40 cm high. It is modeled in 2D (plane
stress hypothesis) with an equivalent thickness of 20 cm. The beam is notched at mid-
length. The notch is 80 mm high and 8 mm wide. The initial mesh shown in Figure 11a
is composed of 610 quadrilateral elements of 4 cm side length each. Concrete is modeled
using Mazars’ damage model [22] with the parameters given in Table 1. These parameters
allow a compressive strength of 41.4 MPa and a tensile strength of 3 MPa. The Mazars
model is an isotropic damage model that assesses the material response using a scalar
damage criterion “D” based on deformations. It was developed within the framework of
damage mechanics and is commonly used to model concrete as it accurately reproduces its
behavior. The stiffness reduction resulting from the creation of microcracks in concrete is
described as follows:

σ = (1− D)E : εe (16)

where E is the Hooke’s matrix and εe is the elastic strain. The damage variable D ranges
from 0 (undamaged material) to 1 (completely damaged material). To calculate this vari-
able, Mazars introduces the concept of equivalent strain εeq, calculated using Equation (11),
which translates the triaxial state into equivalent uniaxial states. D is defined as a combina-
tion of tensile damage DT and compressive damage DC as follows:

D = α
β
T DT + α

β
CDC (17)

Dt and DC are expressed as follows:DT = 1− (1−At)εd0
εeq

− At exp
(
−Bt

(
εeq − εd0

))
DC = 1− (1−Ac)εd0

εeq
− Ac exp

(
−Bc

(
εeq − εd0

)) (18)

where At, Ac Bt, and Bc are material parameters. β is a coefficient introduced to enhance
shear behavior and its value is set to 1.06. The coefficients α

β
T and α

β
C establish a relationship

between damage and the state of compression or tension:α
β
T =

(
3
∑

i=1

<εt
i><εi>+

(εeq)
2

)β

α
β
C = 1− α

β
T

(19)
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where < εt
i > is the principal positive strain value and < εi >+ is the positive principal

strain value. Physically, due to the heterogeneity of the concrete microstructure, there exists
an interaction between cracks formed at a given distance. Therefore, the stress state at a
given point must account for its surroundings. This consideration is not addressed in a local
model and results in a solution dependent on meshing. To mitigate this mesh dependence,
non-local regularization methods exist [34,35]. The method utilized in this application is
the averaging (integral) method [23], which involves averaging the local equivalent strain
εeq over a defined volume V using a parameter known as the characteristic length LC. It
is worth noting that the ASC method is adaptable to any other type of damage and/or
plasticity models that simulate the behavior of reinforced concrete structures.
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⎩⎪⎨
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Table 1. Mazars Parameters—notched bending beam.

Young’s
Modulus (E)

Poisson
Coefficient (ν)

Elastic
Limit (ε0)

Parameter 1
Compression (AC)

Parameter 2
Compression (BC)

Parameter 1
Traction (AT)

Parameter 2
Traction (BT)

30 GPa 0.24 4× 10−5 1.25 1000 0.90 4× 103

A downward imposed vertical displacement of up to 200 µm is applied over a length
of 8 cm at the top of the beam. Vertical movement is blocked at the support points and
horizontal movement is blocked at the upper midpoint. The structure is initially partitioned
into 35 zones, as shown in Figure 11b, using the automatic mesh partitioning procedure.
This method is based on physical considerations, taking into account the anticipated shape
and evolution of the damaged regions during loading. (A comprehensive explanation of
this partitioning method is available in [19]). In the DI, a refinement of 1 cm is targeted.
This size allows to avoid any mesh dependency of the results by applying a non-local
integral method [23] with a characteristic length LC = 3 cm. All calculations are carried
out on the same 24-core computing node in order to be able to compare calculation times
with identical hardware.

The ASC calculation results are presented in Figure 12. This figure shows the evolution
of the damage and the DI during the loading. Damage initiates around the notch, then
propagates. It also appears at the support zones. The figures especially illustrate the
progressive refinement of the mesh with the propagation of the damage. The comparison
with a complete computation using a fine mesh (1 cm throughout the structure) is then
proposed. Figure 13 presents the distribution of the damage at the end of the complete
computation. This profile and that resulting from the ASC calculation with mesh refinement
given in Figure 12, are identical where they can be compared (in the DI when using ASC).
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A third calculation with the ASC method is carried out, but with an initial uniform
mesh size of 1 cm over the entire structure (without mesh refinement). Figure 14 presents
the evolution of the notch opening and of the vertical displacement at a median low point
(red point in Figure 12) of the beam for the three calculations. A perfect correspondence
between the results of the complete calculation and the ASC calculation without refinement
is shown in this figure, as are the very close results for the ASC calculation with refinement.
This slight difference is due to the slight difference in refinement of the mesh compared to
the mesh of the complete calculation (see meshes above the notch in the two calculations).
The calculations are compared in terms of performance in Table 2. The gain factor is
calculated in the following table and throughout the remainder of the article as the ratio
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between the computation time of the complete calculation (without using condensation)
and the time required to perform the same calculation on the same machine, but using the
ASC method. These results show an improvement in the gain factor from 6.2 to 9.6 when
using the ASC method with the DI mesh refinement.
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Table 2. Numerical efficiency results.

Complete
Calculation

ASC Calculation
(1 cm)

ASC/MR
(4 cm–1 cm)

Calculation time 550 s 88 s 58 s

Gain Factor 1 6.2 9.6

2.5. Simplified Containment Vessel under Pressure (Reinforced Concrete Structure)

After validation of the proposed approach on a simple application, a more representa-
tive test case is now studied to go further in the analysis in terms of computational efficiency
and numerical “representativeness”. This test case is a reinforced concrete cylinder with
a hemispherical dome. The structure is loaded with an internal pressure. It is chosen to
be as close as possible to a scaled representation of a nuclear containment vessel [36]. It
is 3.5 m high and 5 cm thick, with an external radius of 1.75 m. It includes a rectangular
opening of 60× 40 cm section. The structure includes 60 hoops and 20 vertical bars in the
wall and 20 U-shaped bars passing through the wall and the dome (Figure 15b). “Perfect”
kinematic relations ensure the same displacements between steel and concrete. Mazars’s
damage law is used for concrete with the parameters from [18]. A linear elastic law is
chosen for reinforcement ( E = 200 GPa ; ν = 0.2). The displacements at the bottom of the
structure are blocked, and the structure is loaded with an increasing internal pressure up to
1 bar. For simplicity reasons, the internal pressure is applied to the internal surface of the
structure (open) and without special treatment to replace the window.

It is to be noted that the presence of the steel reinforcement requires particular care for
refinement. It is customary to include at least one steel node inside each concrete element
through which the reinforcement passes. This therefore assumes that the steel elements are
also refined during the refinement of the concrete elements, until each concrete element
contains at least one steel node.
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Figure 16 gives an illustration before and after the refinement. This step also supposes
to update the kinematic relations, including the new steel and concrete nodes.
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The concrete is meshed with linear hexahedral finite elements (8 nodes), and the
reinforcements are modeled with linear bar elements with 2 nodes (diameter φ = 3.2 cm).
In order to quantify the effect of mesh refinement, different meshes are used (see Figure 17):
From the coarse mesh (1722 hexahedrons of 20 cm side length with only 1 element in the
thickness) to the extra-fine mesh (1,721,600 elements of 1.25 cm side length with 16 elements
in the thickness). The extra-fine mesh allows for the application of a regularized damage
model for concrete. Four comparisons are made for 4 mesh sizes between a complete
calculation and an ASC calculation, starting from the coarse mesh and refining the DI
until reaching the refinement of the complete calculation. Note that with the hierarchical
refinement used, the refinement obtained is close (lower) but not exactly the same as the
complete mesh. With a local damage model, this may induce a slight difference in the results.
The first three tests use a local damage model, whereas the fourth uses a non-local integral
model as the element size is fine enough. The details of the four tests are summarized
in Table 3. All computations are performed on a 24-core/128 GB RAM computing node.
Figure 18 shows the mesh partitioning used for ASC calculations. This mesh is obtained
using the automatic partitioning method developed in [37]. This partitioning is performed
on the coarse mesh, and it is the same for all ASC calculations because the preparation phase
is always performed on the initial mesh, which is the coarse one for the ASC calculations.
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Table 3. Summary of performed tests.

Number of Test Target Mesh
Density

Mesh of the
Complete

Calculation

Mesh of the
ASC/MR

Calculation
Damage Model

1 20 cm Coarse coarse in the ED
coarse in the DI Local

2 10 cm Medium coarse in the ED
medium in the DI Local

3 5 cm Fine coarse in the ED
fine in the DI Local

4 1.25 cm Extra-fine coarse in the ED
extra-fine in the DI

Non-local
(Lc = 4 cm)Buildings 2024, 14, x FOR PEER REVIEW 18 of 26 
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Figure 18. Mesh partitioning used for ASC calculations.

The damage for the case with an applied pressure equal to 1 bar for the first test is
presented in Figure 19. At the end of the calculation, the damage is concentrated around
the opening in a relatively limited area. It results in the activation of the zone surrounding
the opening with the ASC method. The same damage distribution is obtained in both
calculations. The results of the computational performance are presented in Table 4 and
show a time saving of a factor of 5.3 by using the ASC method with respect to the complete
calculation.
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Table 4. Computational performance results—1st test.

Complete Calculation ASC Calculation

Degrees of freedom 39, 516 1776

Calculation Time 96 s 18

Gain factor 1 5.3

Figure 20 shows the damage at the end of the calculation at a 1 bar pressure during
the second test using the medium mesh. The distributions of damage resulting from the
complete calculation and from the ASC calculation with mesh refinement are very close.
Compared to the results obtained on the coarse mesh, the mechanical degradation is more
pronounced here. This resulted in the activation of the propagation zones surrounding the
initial DI. With regards to the computational performance presented in Table 5, the ASC
calculation with mesh refinement is about 13 times faster than the complete calculation.
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Table 5. Computational performance results—2nd test.

Complete Calculation ASC/MR Calculation

Degrees of freedom 120, 780 13, 206

Calculation time 546 s 40 s

Gain factor 1 13.6

The damage at 1 bar pressure in the third configuration is shown in Figure 21. It
propagates further, with a large damaged area around the opening. An analysis is carried
out in the following Section 2.6 to include/understand the difference in damage profiles
when using this finer mesh. The calculation performances presented in Table 6 indicate a
gain of about 14 on the calculation time.
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Table 6. Computational performance results—3rd test.

Complete Calculation ASC/MR Calculation

Degrees of freedom 533, 094 63, 540

Calculation time 8824 s 631 s

Gain factor 1 13.98

The 4th and last test is a calculation with a target refinement of 1.25 cm, to allow the
use of a non-local damage model in the concrete. A non-local integral model [23] is chosen
with a characteristic length LC = 4 cm. The complete calculation using the extra-fine mesh
has around 6 million degrees of freedom. The non-local damage model is costly, and it
consists, for each finite element, of a search for the elements located in a neighborhood
defined by the characteristic length LC = 4 cm, then of an averaging of the equivalent
deformation (which is then used to calculate the damage) on the found elements. Given
the numerical cost of using a non-local model and the number of degrees of freedom, the
complete calculation cannot be completed here because it reaches the memory limits of the
calculation node. The calculation using the ASC method with mesh refinement and starting
from an initial mesh of 20 cm side length can be carried out because it has 18 times fewer
degrees of freedom than the complete mesh (see Table 7 for computational performance
details). The evolution of the DI during the calculation and the damage distributions are
presented in Figure 22. These profiles clearly show the effect of the non-local model, with
damage distributed over a distance related to the characteristic length. This calculation
was completed in 306,489 s (about 3.5 days). It is to be noted that the simulation using the
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ASC method with an extra-fine uniform mesh (without refinement) cannot be completed
for the same memory limitation as the full calculation. This demonstrates the interest in
using the DI mesh refinement in the ASC method.

Table 7. Computational performance results—4th test.

Complete Calculation ASC/MR Calculation

Degrees of freedom 5, 998, 686 337, 200

Calculation time × 306, 489 s
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Figure 22. Damage evolution—extra-fine mesh (1.25 cm).

The radial displacement of the red point in Figure 23 is plotted against pressure to
evaluate the effect of using a coarse mesh in the condensed domain. These displacements
are plotted for the first three meshes (coarse, medium, and fine) and compared to the
complete calculation. We note that additional post-processing (decondensation) is necessary
to obtain the evolution of displacement at the identified point because it does not belong to
the activated DI.
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For the coarse and medium mesh, the complete computation and the ASC method give
very close results (Figure 24a). There is almost a linear evolution between the pressure and
the radial displacements. For the fine mesh (Figure 24b), a linearity is observed between the
pressure and the radial displacement before a nonlinear evolution. The results between the
ASC method and the complete calculation in the linear part are identical. In the nonlinear
part, the results remain close. This difference is related to the slight difference in mesh
density between the two calculations. These results show that the nonlinearity that is
observed in the DI has a direct influence on the evolution of the displacements in the other
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zones. This impact can also be captured when using the ASC method, even when using
a coarse mesh in the condensed domain, because the damage in the zone of interest is
correctly reproduced.
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2.6. Discussion on the Obtained Results

The previous results on the simplified containment vessel have shown damage propa-
gation, which depends on the mesh refinement. This mesh dependency is expected to be
related to local damage approaches but also to stress concentration around the openings.
To go further in the analysis, the evolutions of the displacements at three particular points
(Figure 25) are studied:

• PP is a point close to the opening (a corner of the opening)
• PM is a point moderately far from the opening (distant 1.20 m from the opening)
• PL is a point far from the opening (about 3.6 m) and is located in a zone, which

remains elastic.
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Figure 26 provides the evolution of the radial displacements for the 3 points as a
function of the pressure for the three mesh densities. The results obtained for point PP
(Figure 26a), show a great difference even in the elastic part of the curve. This difference is
less significant for point PM (Figure 26b). As for point PL, the results with the 3 meshes are
almost identical in the elastic part (see Figure 26c).
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Figure 26. Radial displacements on the 3 post-processing points and for 3 mesh refinements—Mazars
model for concrete.

In order to overcome the potential effect of damage, the same test is carried out using
an elastic model for concrete. The results are given in Figure 27. A significant difference
with the mesh density is still here at point PP, and becomes less significant with the distance
from the opening (point PM then point PL). It confirms the influence of both damage model
and stress concentration near the opening in the mesh dependency of the results. As a final
analysis, an elastic computation is performed without considering the opening (Figure 28).
The evolution of the radial displacement for a given pressure (1 bar) as a function of the
angular position is studied. In this case, no mesh dependency is observed, which confirms
the major role of the opening.
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3. Conclusions and Perspectives

The ASC (adaptive static condensation) method, first introduced in [18] and developed
further in [21], offers a solution to the problem of reducing large structural problems to
their expected nonlinear zone. By using the static condensation method [14] to eliminate
degrees of freedom of the elastic domain, computational efforts can be focused solely
on the nonlinear domain. The ASC method is particularly efficient when dealing with
non-extended damage zones. However, the use of a uniform mesh in the whole structure
throughout the calculation process limits its efficiency. This contribution presents an
improved ASC method that utilizes an evolutionary mesh based on a uniform hierarchical
mesh refinement of the DI. The efficiency of the new method was evaluated by studying a
simplified reinforced concrete vessel subjected to internal pressure. Results obtained with
the ASC method with mesh refinement consistently compared favorably with a standard
complete calculation, with gain factors up to 14 obtained. Moreover, the ASC method
with mesh refinement allows to carry out calculations with finesses inaccessible to cases
run as complete calculations and to ASC cases without refinement. Further research
is recommended to investigate more advanced adaptive mesh refinement techniques,
requiring the integration of a robust projection technique for accurate projections in inelastic
areas. This task can pose a significant challenge due to the complex behavior often exhibited
in non-elastic zones, such as plasticity or damage, making field projection more difficult,
especially considering potentially significant local variations. Data interpolation between
mesh nodes can introduce errors, particularly when gradients are pronounced. Therefore,
field projection algorithms must be numerically stable, especially in regions where material
behavior is highly nonlinear. Accounting for these instabilities can be challenging when
refining the mesh.
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