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KERNEL THEOREMS FOR OPERATORS ON CO-ORBIT
SPACES ASSOCIATED WITH LOCALISED FRAMES

DIMITRI BYTCHENKOFF, MICHAEL SPECKBACHER, AND PETER BALAZS

ABSTRACT. Kernel theorems, in general, provide a convenient representation of
bounded linear operators. For the operator acting on a concrete function space,
this means that its action on any element of the space can be expressed as a
generalised integral operator, in a way reminiscent of the matrix representation
of linear operators acting on finite dimensional vector spaces. We prove kernel
theorems for bounded linear operators acting on co-orbit spaces associated with
localised frames. Our two main results consist in characterising the spaces of
operators whose generalised integral kernels belong to the co-orbit spaces of test
functions and distribtutions associated with the tensor product of the localised
frames respectively. Moreover, using a version of Schur’s test, we establish a
characterisation of the bounded linear operators between some specific co-orbit
spaces.

2020 Mathematics subject classification: 42B35, 42C15, 46A32, 47TB34
Keywords: Kernel theorem, localised frames, co-orbit spaces, operator represen-
tation, tensor products

1. INTRODUCTION

This paper is concerned with co-orbit spaces, which were originally introduced
in the late 1980’s by Feichtinger and Grochenig [19-21], and the bounded linear
operators that act on those spaces. Co-orbit spaces, such as modulation [17] and
Besov spaces [5], are defined as Banach spaces of functions or distributions whose
membership is determined by integrability conditions imposed on their generalised
wavelet transform. Co-orbit theory provides a convenient way of analysing and
synthesising spaces of functions or distributions. The original definition of co-
orbit spaces relied on an integrable representation of a locally compact group on a
Hilbert space. In the early 2000’s, Gréchenig and Fornasier showed how localised
frames can be used to introduce a novel class of co-orbit spaces and guarantee
their stable decomposition [23,29,30]. In this report, we prove kernel theorems
for bounded linear operators acting on co-orbit spaces associated with localised
frames.

The main purpose of any kernel theorem is to express a given operator as a
generalised integral operator. The original kernel theorem, proved by Laurent
Schwartz in 1952, states that for any continuous linear operator O mapping the
Schwartz space S(R™) on the space of tempered distributions S’'(R™) there is a
unique tempered distribution K € S'(R*?), called the kernel, that satisfies

(Of1, fo) srmnys@ny = (K, f1 @ fa) grrony,s(m2ny, (1.1)
1
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for any fi, fo € S(R™). Furthermore, if K happens to be a locally integrable
function, then

(Of1, o) srmmy,sn) = /R LK (z,y) f1(y) fo(x)dyda, (1.2)

and so the operator O is indeed expressed as an integral operator. Other clas-
sical kernel theorems were established, for example, for the continuous operators
mapping D(R?) on D’'(R?) [32, Theorem 5.2|, and for operators mapping Gelfand-
Shilov spaces on their distribution spaces [27].

In 1980, Feichtinger proved a kernel theorem for bounded linear operators map-
ping the modulation spaces M'(R") to M*>(R") [16], the spaces of choice in
time-frequency analysis [17]. Using a version of Schur’s test, Cordero and Nicola
characterised the kernel of operators mapping M!(R") on M?(R") as well as those
mapping MP(R™) on M>*(R™) [14]. Finally, Balazs, Grochenig and Speckbacher
took a more abstract approach to prove their kernel theorem [4] for operators
acting on co-orbit spaces associated with integrable representations of locally
compact groups. Indeed, they considered irreducible unitary integrable repre-
sentations 7, : G, = H,, n = 1,2, of locally compact groups G,, that generate
two scales of co-orbit spaces and showed a one-to-one correspondence between
bounded linear operators mapping CoL!(G;) to CoL*(G3) and their kernel be-
longing to the co-orbit space CoL™(G; x G9) generated by the tensor product
representation m ® mo : G1 X G — Hi ® Ha.

In this paper, we go even further and prove a kernel theorem for bounded linear
operators acting on co-orbit spaces generated by localised frames [23,24]| and,
by doing so, show that the group structure and the corresponding representation
theory are an unnecessary, albeit very elegant setup for proving the kernel theorem.
Here is the essence of our main results. See Sections 2 and 3 for the definitions of
the involved co-orbit spaces and Section 4 for detailed statements and proofs of
the subsequent results.

Theorem. (Outer kernel theorem) Let W,, be A, -localised frames, n = 1,2. A
linear operator O from H, (V1) on H 9, (W2) 15 bounded if and only if there exists

a unique kernel K € 'Hl/(w ®w2)(1111 ® Ws) such that
(Of1; Fa)ngs,, (wa) s, (ws) = S [1 © fa)gyee

for all f; € H}Ul(\lfl) and fo € H. (Ts).

(1.3)

T QWs),HEt (T1@¥2)’

/(w1®w )( w1 @wg

Theorem. (Inner Kernel Theorem) Let W,, C H,, be an A,-localised frame, and
Wy, an A -admissible weight for n = 1, 2. There is an isomorphism between kernels
in Holow, (W1 @ ¥y) and the space

w1 Qw2

B = {0 € B(Miju, (V1), H,,(V2)) © there exist f. € H, (V1), g, € H,,(¥2) st

O =320 Fbuss, g, oy 9 and S L folliy, oy lgnll g, oy < 00}

reR reR

The terminology of outer and inner kernel theorems [22] originates in the fact
that the corresponding kernels belong, respectively, to the outer- and innermost
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spaces on the scale of co-orbit spaces, as can be seen in the following chain of
topological inclusions

Ly (V10Ws) C HEL o, (D10W2) CHEE 0y (1802) C YT o (T10T),

for weights wy,wy > 1, and p € (1, o0).

Following the ideas developed in [14], we apply a version of Schur’s test to
characterise the kernels of the bounded operators mapping M., (¥1) to HE,_(Us)
and those mapping HE, (V1) to H;, (¥2), see Theorem 4.4.

A few words about what motivated us to undertake this whole investigation.
There is every reason to use specifically localised frames here. Firstly, localised
frames allow for essentially sparse atomic decompositions of the elements of their
associated co-orbit spaces. Secondly, the Gram matrices of localised frames, by
their definition, are essentially sparesely populated. Therefore, using localised
frames, together with Galerkin’s method [1, 26|, can be expected to produce
sparse matrices that represent the bounded linear operators that act on co-orbit
spaces [25]. This in itself can, as highlighted in [1, 3], be very useful for solv-
ing corresponding operator equations numerically. Moreover, as we shall show in
this paper, the kernel of any bounded linear operator mapping one co-orbit space
on the other can be synthesised from the matrix that represents the operator,
therefore leading to a sparse decomposition of the kernel.

This paper is organised as follows. In Section 2 we provide the necessary frame
theoretical background, namely the basics of the theory of localised frames. In
Section 3 we show that co-orbit spaces generated by tensor products of localised
frames share some properties with those generated by localised frames. Section 4
is then devoted to the proofs of our main results.

Some of the results of this paper were outlined in a greatly simplified way and
mostly without providing any proof in [9].

2. BACKGROUND INFORMATION AND NOTATION

Throughout this paper we will write A < B if there exists C' > 1 such that
A< CBand A=< Bif C7'B < A < CB. Moreover, H, H1, Hs will always denote
separable Hilbert spaces. We shall use brackets (-,-)3 for the scalar product in
the Hilbert space and (-, ) x x~ for the scalar product of the element of the Banach
spaceX and that of its dual X*. Furthermore, we denote the space of bounded
operators between normed spaces X,Y by B(X,Y) and write || - |[x_y for the
operator norm.

2.1. Tensor products and Hilbert-Schmidt operators. Tensor products and
simple tensors are the essential objects to understand kernel theorems for opera-
tors. See [38] for an overview of the subject. In this paper, we use the following
convention to define the simple tensor of fi € Hy and fo € Hy: f1 ® fo will be
understood as the rank one operator mapping H; on H, according to

(i@ L)) = (f, [ fo (2.1)

Note that this tensor is homogeneous in the following sense: a(f; ® fo) = (@f1) ®
fo = f1 ® (afz). The tensor product H; ® Hs is then defined as the completion
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of the linear span of all simple tensors with respect to the metric induced by the
inner product

(f1 @ fo, 01 ® g2)riema = (f1, 91)20: (f2, G2) 2t (2.2)

We note here that the tensor product H; ® H, can be identified with the space of
Hilbert-Schmidt operators HS(H1, Hz), which is defined as the space of bounded
linear operators mapping H; on H, and equipped with the inner product

(01, 0s)ns(us ) = Y _{One€i, Osei)a,
ieN
where {e;}ien is any orthonormal basis of the Hilbert space H;. We also note
that this identification constitutes a non-trivial kernel theorem [13]. If O €

HS(Hi,Hs), f1 € Hi and fo € Hy, then
(O, i ® fa)mus@yms) = (O f1, fo)m,-

2.2. Frame theory. Throughout this work we use frames to decompose or syn-
thesise functions and operators. See [11,12] for an overview of frame theory. Let
us recollect the definition of a frame originally given in [15].

Definition 2.1. A countable set ¥ := {1;};er C H is called a frame for H if
there are positive numbers Ay and By, called lower and upper frame bounds,
such that, for any f € H

Aw [ FI3 < D0 KEwanl® < Bull 115 (2.3)

el

Let us list a few implications of this definition that we shall make use of later.
The analysis operator

Cy:H— ), f—{{f vi)ulier

is bounded and injective and has a closed range. The synthesis operator
Dy : *(I) = H, {citier — Zcﬂ/h‘,
el
is bounded and surjective. The Gram operator
Gy : (1) = (1), {cihier—= > (W idues =Y Giycy = CyDyc, (24)
el el

with the Gram matriz given by
G\I/ = (Gi,i’)(i7i’)612 = (<wi’7wi>7'l)(i’i/)e[27 (25)

is bounded. There exists at least one other frame W9 := {y@},c; for H, called a
dual frame, that, together with W, satisfies

f = Z<f7 %)H i/fld = D\IldC\I/f = Z(f, Q/JZd>7-[ wl = D\pC\pdf. (26)
iel el
Finally the frame operator

Sy H—=H, [ (fvdnts

el
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is bounded, self-adjoint and invertible for any frame W and the sequence U =
{Vi}ier = {S;lwi}ig, known as the canonical dual frame, is a dual frame for W.

There is also a similar concept of the frame for Banach spaces [28].

2.3. Localised frames and their co-orbit spaces. One of the major advan-
tages of frames over bases is that the former allow much more freedom in their
construction and so can often be designed in a way that allows sparse decom-
positions of the functions of a given class. Any element of a Hilbert space can
be expressed as a linear combination of the elements of a frame, see (2.6). To
guarantee this reconstruction property in a Banach space, a more refined notion
of frames has to be used, namely that of a Banach frame |28]. In order to con-
struct a Banach frame that achieves a sparse decomposition of a concrete Banach
space, say, a specific decomposition space [18], the theory of structured Banach
frames [6,36,37,41] can be employed and indeed proved very useful [7,8]. The Ba-
nach frames of choice for more abstract co-orbit spaces are the so-called localised
frames.

Let us start with an intuitive notion of localisation [29] that should serve as an
inspiration for the general concept of A-localisation. For a given a metric p on
the indexing set I that satisfies

inf ,i)=C>0
z‘,i’gll;iyéi’p(z’ 7) ’
the frame is called localised if the absolute values of the elements of the Gram
matrix Gy decay polynomially as they deviate from the main diagonal of the
matrix [29], i.e., if

(Gl = Kbishir)n| S (L p(0,7))7", 00" €1, (2.7)

for some n > ny. The matrices whose elements satisfy (2.7) belong to a spectral
matrix algebra. This allows the generalization of the notion of localisation [30].

Definition 2.2. An involutive Banach algebra A of infinite matrices with norm
| - |4 is called a spectral matrix algebra if

(i) every A € A defines a bounded operator on (*(I), i.e. A C B(¢*(I)),
(ii) A is inverse-closed in B((*(I)), i.e. if A € A is invertible on B((*(I)),
then A~' € A, and
(iii) A is solid, i.e. if A € A and |b;j| < |aij| for anyi,j € I, then B € A
and ||, < 1AL

Examples of solid spectral matrix algebras include, among others, the Jaffard
class [33] (which corresponds to (2.7) if p is the standard Euclidean metric), the
Schur class [31] and the Sjostrand class [39].

Definition 2.3. Let I be a countable index set. A frame V = {i;}ie; C H is
said to be A-intrinsically localised, or A-self-localised, or simply A-localised, if
its Gram matriz Gy = ({3, Vi )n) 6, ierz belongs to a spectral matriz algebra A.

Having a localised frame W for a Hilbert space H allows to build a full range
of so-called co-orbit spaces. To do so, we use a weight w = {w;}ier, w; > 0,
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and define the weighted ¢2 (I)-spaces as the space of sequences on I for which
leller,ry = lle - wllery < 00, 1 <p<oo.
Definition 2.4. Let A be a spectral matriz algebra indexed by I x I. A weight

sequence w = {w;}ie; C RY is called A-admissible if every A € A defines a
bounded operator on (% (1) for every 1 < p < oo.

Definition 2.5. Let A be a spectral matriz algebra, V := {¢;}ie; C H be an
A-localised frame, ¥ := {W;}ier C H its canonical dual frame, w := {w;}ier an
A-admissible weight and

Hoo(¥) = {ch Vit {citier € Coo} ; (2.8)
i€l

where cog denotes the space of complex sequences with finitely many non-zero

terms. For 1 < p < oo, the co-orbit space HP (V) is defined as the norm comple-

tion of Hoo(¥) with respect to the norm || f|l3z,w) == HC@fH%, while for p = oo,

Hoo (V) is defined as the completion of Hoo(V) with respect to the o(H, Hoo(V))-

topology. If w =1 we write HP(V) = HY (V).

Remark 2.6. More specifically, H (V) is defined as a set of equivalence classes
of sequences from H, see [3, Definition 3. We do not provide any details for
the moment, but shall do so when we consider co-orbit spaces generated by tensor
products of localised frames in Section 3.

Also note that, while in [3,23] one may use any dual frame ¥ to define the co-
orbit norms, we restrict ourselves to the canonical dual for the sake of simplicity.

In the following proposition, we summarise the main properties of co-orbit
spaces that we shall need. See [3,23] for the corresponding original statements.

Proposition 2.7. Let W and ® be two A-localised frames for a Hilbert space H,
w be an A-admissible weight, and 1 < p < oo. Then the following statements
hold:
(i) Dy : 2 (1) = HP (V) is continuous;
(ii) H = HI(V);
(#i) duality: for1 < p < oo, and q satisfyingl /p+1/q =1, one has (H? (V))* =
’H‘f/w(\ll), where the duality is defined by
{f; @rn e, o) = (Calf, Cug)er, e, )i
(iv) inclusions: HEL (V) C HE2 (V) for wy > wy, and 1 < p1 < p2 < 00;
(v) Gz € A and Gg.y € A, i.e., the canonical dual frame V is also A-localised;
(vi) independence of V: if Gy 5 € A and Gg 4 € A, then Hi,(¥) = HE(P)
with equivalent norms; in particular, H? (V) = HP ({Ivf)
The following lemma sets an upper bound of the H! (¥)-norm of the elements
of U and V.

Lemma 2.8. Let 1 < p < oo, V¥ be an A-localised frame for H, and w an A-
admissible weight. Then

lillaz, vy S wi,  and H@E‘H%(\P) Swy, i€l (2.9)
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Proof. Remember that the Gram matrix G of U as well as the so-called cross
Gram matriz

G\p,\ff = {{¢w, Ji)hi,i/)eﬂ (2.10)

of U and ¥ are bounded operators on 2(I) for p € [1, ¢, as ¥ and ¥ are A-
localised by assumption and Proposition 2.7 (v), and w is A-admissible. Therefore,

HJZ'H;{’U(\I/) - Z ’<J17Jk>ﬂ}p wy = Z ’(G\i)k,i}p wh

kel kel
= 1(Ggey [ ut = [[Gaeilliyy < leilly ) = .
kel

where e; stands for the i-th vector of the standard basis of ¢.(I). The upper
bound of [|9); |4z (w) follows from a similar argument, replacing Gg by Gg 4. U

Finally, we recollect a result from [23| concerning the representation of elements
of HL(¥) as a series expansion.

Proposition 2.9. Let ¥ be an A-localised frame for H and w be an A-admissible
weight. For any f € H,, (V) there is a sequence of numbers ¢ := {c¢;},o; € €4,(1)

such that
f= Z ¢ i,
il
where the series converges absolutely and |||, n = 1 () -

3. TENSOR PRODUCTS OF LOCALISED FRAMES

If we consider the tensor product ¥y ® Uy = {91,; ® 2 ; }(i,j)crxs of two frames
Uy = {91, }ier C Hy and Wy := {45 ;j}jes C Ho, then it is straightforward to
show [2] that ¥; ® Wy forms a frame for the tensor product H; ® Hs and that
the canonical dual frame is given by ¥V, ® W, = \Tll ® \Tlg. If both frames are
localised with respect to a solid spectral matrix algebra, then it is possible to also
define co-orbit spaces. For the sake of completeness, we provide here all necessary
definitions. Let us first define the mixed-norm sequence spaces

UL x J) = {c I xJ—C: Z <Z|ci,j|pw£j)q/p < oo}

jeJ el
for 1 < p,q < oo, with the usual adaptations if p = oo, or ¢ = co. Since the order
of summation matters if p # ¢, we also introduce the spaces

(2T x J):= {c:[xJ—MC: Z(Z\Ci7jpw£j)q/p<oo}.

iel jeJ

Hoo(V1 ®@ Wg) = Z Ci,j U1, @ j - {Ci,j}(i,j)eli € Coo ¢
(i.g)elxJ
and p,q € [1, 00). The co-orbit spaces HE;9(¥; @V5) are defined as the completion
of Hoo(¥1 ® W) with respect to the norm [|F'l|yzaw,0v,) = [|Cy5q, F e,
and H29(V; ® Uy) as the completion of Hoo(V; ® Vy) with respect to the norm
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1F sz, evs) = 1Cy g, Fllaaxn. I w =1, we write HPI(V; @ Uy) =
HP(T; @ Uy), and HP(V; @ Uy) = H(V; ® Wy). We shall primarily consider
the case where p = ¢, but p # ¢ will make an appearance in Theorem 4.4.

As mentioned in [23|, dealing with H2° (W) for a localised frame ¥ is technically
rather tricky; a detailed exposition of the construction can be found in [3|. Here
we have to grapple with this issue again as now the tensor product frame cannot
be assumed to be localised. The major obstacle to simply applying established
theory to the tensor product of an A;-localised frame and an Aj-localised frame
is the fact that the natural candidate for a tensor product algebra, the projective
tensor product A, @W.Ag, is in general neither solid nor inverse-closed.

In order to properly define the co-orbit spaces where one of the indices or both
of them are oo, we need the following notion. We call two sequences {F),}
{F ey € Hi ® Hy  equivalent if

lim (F, — F), @Zl,i ® J27j>7_l1®7_[2 =0,

n—o0

neN?

for all (i,j) € I x J.

Definition 3.1. Let 1 < p < oo, n = 1,2, and w, be A,-admissible weights. We
define the spaces Hy): gy, (¥1 @ \112) and 55w1®w2 (U1 ® Wq) where (r,s) € {(p, ),
(00,p), (00,00)}, as the spaces of equivalence classes F = [{F,}, o] with {Fu}, oy
C Hi ® Ha such that

JL‘EO <F"’ P1i ® w2vj>m®m =t ki (3.1)
exists for all (i,7) € I x J and
Sup HC%@\I/Q nllge (xS O and Sup HC\p 50, 1 nllie (xS
respectively. Furthermore we define (C\ng\iQF)ij =k, (4,5) € I xJ, and
”FHH’"wimz(\mz@\I/z : HC%@\I/Q é{us®w2(1xJ)’ (3'2)
as well as
”F”%f@,w (U10Ty) = Hqu@EQF (032 gy (1X ) (3.3)
It is clear that || - ||H1"s oy (V153) is a seminorm. Moreover, ||F||Hrws®w (T1@Us) =

0 implies that all limits in (3 1) equal zero for any sequence {F},}, . representing
F. In other words, all such sequences {F},}, .y are equivalent to the sequence of
zeros in Hy @ Hay and so F' = 0. Consequently, |- |3« (g gy, is indeed a norm.

w1 Qwg

The same reasoning shows that || - [|grs (g gw,) 15 a norm.

w ®w2

The spaces HLP (V1 ® Wy) are structurally very similar to the co-orbit spaces
of Section 2 and results analoguous to Propositions 2.7 and 2.9 hold. These re-
sults however are not a direct consequence of the existing theory as, e.g., Propo-
sitions 2.7 and 2.9 assume the localisation of the frame with respect to a solid
spectral algebra. We conjecture that ¥; ® Wy would be A ®. Ay-localised given
that W; and Wy are A;- and As-localised respectively. This would allow us to
directly apply existing theory. This is however not a simple matter and is the
subject of an ongoing project of ours. Fortunately, the assumption that both ¥,

and Wy are localised suffices to prove all the statements that we need here.
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Proposition 3.2. Let V,, &, C H, be A,-localised frames, and w, be A,-
admissible weights, n = 1,2, and 1 < p < oco. Then the following statements
hold:

(1) if Gy, 0, € An, n=1,2, then the cross Gram matriz Gy, zv, o0, defines
a bounded operator on CFo (I % J);

(i) independence of ¥y @ Wy: if Gy, 3, EAnand Gy 5 € Ay, n=1,2, then
w1®w2(\I’1 ® \112) w1®w2 ((I)l ® (I)Q)

with equivalent norms. In particular,

HEP oy (U1 @ Wo) = HEP L, (T @ )

w1 Qw2
(i) Dy o, @ oo, (I X J) = HE o (U1 @ W) is bounded and the expansion
converges absolutely for p < oo, and weak-x unconditionally forp = 00;

(iv) for any F € Hylow, (V1 ® Uy), there exists a sequence ¢ € Ly g, (I x J)
such that F = Dy, gv,c and ||F||H$U’11®w2(\111®\1f2 = ||C||5iu’11®w2(fx=f)
(v) duality: for 1 < p < oo and q satisfying 1/p+1/q =1,
( gf®W2<\Ill ® \Il2>)* = ‘117/‘1(w1®w2)(\111 ® \IIQ)

with the scalar product defined by

(E\ Gy, (@) HE8, o (010)
= <C\I, S, F, C\p1®\112G>ng®w2(1xJ) Oy ) I X )

Proof. Ad (i): As the weight functions w,, are A,-admissible, it follows that the
cross Gram matrix Gy, ¢, defines a bounded operator on ¢, (1,,) [3]. Therefore,
for 1 <p<oo,and ce &P, (I x J), we obtain from (2.2) that

w1 Qw2

P
P
HG‘I’1®\D2,<I>1®<I>2CHggf (IxJ) E : E :‘ E : G‘If1,<1>1 i1 (G, ®,)jjrCir jo| WY zw2]

UJ
jed el (i,5))elxJ

vy Y4
D ‘E (Gus,2,)j.5Ci g wl,iw2,j

jeJ i€l e
TN N R P
N ZZ |ci ] wy Wy ;= ”C”ggf@W(IxJ)'
jed el
A similar argument can be used to prove the statement in the case where p = oc.
This concludes the proof of (i).

Ad (ii): Since F' = Dy, ou,C —=

ST, I, we see that the frame coefficients with

respect to 2131 Y :}5; are given by
C—~—F= C'q;@@D\pl@\pQC — =G

e V1@V 105,58, 0w,
Using (i) we then conclude that

[F N3, @iwan = 1Cs g, Fller,, axn S NCyg, Fller, ax
= 1F sy, @wiev):

Therefore, H s, (V1 ® Uy) C HEPo ., (91 @ §y). Exchanging the roles of ¥y ®

w1 Qw2
Uy and @ @ @y results in HYP, (D1 @ @o) C HEP, (U ® ¥s) and the norm
equivalence.
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Ad (iii): The proofs of (iii) and (iv) follow closely the arguments of [23, Propo-
sition 2.4] and [3, Lemmas 2 and 7| respectively. First, let ¢ € £;F. (I x J) and
set F' = Dy, gw,c. Then

||F||prp®w (T @Ts) — HC\111®\I/2 HW

w1 Qwg
=Gz

(3.4)

(IxJ)

(IxJ) ~ H Hé’”’ (IxJ)’

w1 Qwg

U1 @Ws, U1 @y e

w1 Qwg
where we used (i), and Proposition 2.7 (v). The absolute convergence for p < oo
follows immediately from Lemma 2.8.

The proof of the unconditional weak-* convergence for p = oo is postponed
until the end of the proof of this proposition.

Ad (iv): Let F be an element of H,} s, (¥1 ® ¥y). Then F is the limit of a
sequence {Fyhren € Hoo (U1 ® Wy) with respect to the Hylg,, (U1 ® ¥y)-norm.
Being convergent, {F} }ren is a Cauchy sequence in ’Hw1®w2 (U} ® Wy). From this
and the first equality in (3.4) we infer that {C —— w5 F}. }ken is a Cauchy sequence in
Uyl ow, (I X J) converging to ¢ = C\p/@ F €y ow, (I xJ). Let F' := Dy, gy, c.
From the (iii) we infer that F' € Hy o, (¥1 ® Uy). Using the fact that

Cyz9,1 = Cysg,Puview.Cysg,
for any H € Hpo(V; ® Vs) and the boundedness of Dy, gy, results in

Jon 177 = Pl sy = 0 1€z, (5 = Follay,
kh—g»lo HC‘P sw, PnenCygg, (1 = F) sz,f@w (IxJ)
S ,};‘20 H \p1®\1/2( - Hz;;mQ(li) =0.

Therefore F/ = F = Dy,gu,c and we have proved that Dy,gy, is surjective.
Flnally, Dy, ew, is a bijective operator mapping (4., (I x J) [ker (Dy,gv,) on
Heplow, (U1 ® Wy), which shows that there exists ¢ € £y, (I x J) such that
D\p1®\p2€ = F and

w1 Qw2

S E g

w1 Qwg

HCHz}U’; Sy ([X )~ (T1@Ws) » (3.5)

according to the inverse mapping theorem. Combining (3.4) and (3.5) results in
the norm equivalence of (iv).

Ad (v): We follow the line of arguments of [3, Proposition 2|. Let us define a
sesquilinear form HEP, (U @ Wy) x HIE (U1 ® Ws) = C by

w1 Qw2

(F,G) — <C\p 50,5 qu@xngijf@wQ(li) o
Fixing G € H?]

1/(11)1@102
1) (g @wg) TX)*

(U} ® Wy) defines a bounded linear functional W(G)

1/ (w1 @wz)
B s (W1 ® Wy) — C according to
W(G)(F) = (C\p Qs F, C\I/1®\I/2G>£fup®w2(l><J) Oy gy TX )
Indeed, by (ii)
W) < 1Cy sz, Fllr, e [ CoronGlless. v
— HFHH{’Uf@wQ(%@\Pz ||G||Hfll/q(w S )(\1/1®x112)
S NPl wrovn Gl . wowa,



KERNEL THEOREMS FOR LOCALISED FRAMES 11

for any F' € Hylow,(¥1 @ ¥a). This shows that W : Hij, o (V1 ® ¥a) —
(HOP 0, (U1 ® W)™ is bounded as

w1 w2

WO ez, o)y S Gl

1) (wy @ug) (V1O¥2)"

Conversely, let H € (H5P,, (U1 ® Uy))  and ¢ € (57, (I x J) with p € [1, 00).
Then Dy, gu,c € HiPo,,, (V1 ® W) by (iii) and

H(D\P1®\P2 ZZCZ_] 1/11@®¢2 ])
el jeJ

where the series converges unconditionally for any c € ! w1 @ws (I x J). Therefore
{H (W1, @ ¥2,5) }ijyerxs € fl/ (wr @)L X J) [13]. If we define the mapping V :
(Hﬁ)lp®’w2(\:[ll ® \112)) H‘f/q(wlg,m)(llﬁ ® \112) by

= Z Z H(Wr,: @ s, ) Un,i @ s g, H € (Hilou, (01 ® 0y))",

icl jeJ
then, for F' € HLPo . (V1 ® Uy),
WVHN)(E) = (Cysg Fr CorowHzr e oo
= Z Z(F, 1 ® {/;2,1'>< Z Z H (W1, @ h2,0) 1,1 @ Y1, 1, ® 1/12,j>
icl jeJ kel 1ed
= Z Z H(1,x ® ¢2,l)< Z Z<F> U1 @ Yo, )10 ® U2, b1 @ ?Zz,l>
kel ied icl jeJ
= Z ZH(@/)M ® P,1) (F, by, 1, @ U2,1)
kel leJ
=H (Z Z(Fu Uik @ Uo, )k ® 1/12,l> = H(F),
kel leJ

where the change of the order of summations, taking scalar products and applica-
tion of H is justified by the unconditional convergence of the series involved, the
continuity of H, and a density argument. The operator W is therefore surjective.

Moreover, for Ge 'H‘ll/qw@wg)(\lﬁ ® Uy),

ZZW w12®w2j)d}lz®w2]

el jeJ

- ZZ<G’¢1J ® ¢2,j>@17¢ ® JQJ‘ =G,

icl jeJ

which shows that W is also injective and thus invertible.

It remains to prove the unconditional weak-* convergence of Dy, gy, When p =
oo. Let ¢ € €370, (I x J) and H € Hoo(¥1 ® ¥5). Then using (ii) and (v) results
in

’(D\I/1®\I/2C H>

(T1@Ws),HY) \111®\I/2)}

W1®W2 1/(w1®w2)(

< ) el [(Cyag, V1,6 © U5, Cuyou, H >Z°°gw2(l><J),21’/l(wl®w2)(I><J)
(i,)ElxJ
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= Y laallCoouatis] S Nellez, w1 H g wyouny
(i,5)elxJ

By density of Hoo(V; ® ¥s) in 7—[1 i ews) (Y1 ® W2), the chain of inequalities also

holds for any H € 7—[1/ w1®w2)(‘1’1 ® Ws), showing that Dy, gy,c converges weak-*
absolutely and in particular weak-* unconditionally. U

Remark 3.3. It is unclear to us whether the statements of Proposition 3.2 apply
to the co-orbit spaces Hy' %o, (U1 @ Wy) if p1 # po. The main problem is that the
arqgument used in proving (i) does not apply to mized (?1-spaces. In particular,
the cross Gram matriz Gy, gu, e,0d, 15 not necessarily a bounded operator on
the spaces €)%, (I x J) when py # pa. The proofs of the statements (ii)-(v)
rely crucially on (i). As a consequence of one of our kernel theorems, we shall
however show in Corollary 4.5 that some mixed-norm co-orbit spaces are indeed
independent of the specific frames defining them as long as the individual cross

Gram matrices belong to A,,, n =1, 2.

In the following we establish the reconstruction formula on 'Hl Sl @ws) (V) @ Uy)
1/(w sun)({ X J) to be the gener-
1 w1®w2) (U ® Wy)— which, following
the tradition of [19,23], can be called the ’correspondence principle’.

and a necessary and sufficient condition for £ 6 I
alised wavelet transform of a vector F € H39

Lemma 3.4. Let V,,, ®, C H, be A,-localised frames, and w, be A, -admissible
weights form =1,2. If F' € ?—[1/ (w01 @w3) (V) ® Uy), then

F = Dy,0u,Cy 5. F = Dysg. Cvrou,F. (3.6)

Moreover, for any k € (00 o (I x J) there exists F' € H{j00 o o (U1 @ W)
such that

if and only iof
k= G\i&@wpl@% k= C\I//Ei@ Dy, gw, k. (3.8)

The statements also apply to k € (0, (I X J) and F € Hy o, (¥1 @ ¥s).

w1 Qw2

Proof. Let F € Hl/(w1®w2) (U @ Uy) and H € Hp(V; ® Uy). By Proposi-
tion 3.2 (iii) D\h@%C F is well-defined and converges weak-* unconditionally.
Moreover,

w1®w2 (T10¥2)

= lim Z <F1/111®1/12]> D gy (V18W2)H

I x Jp—IXJ
Ikak finite (Z,])EIkXJk;

< \I/ QUsy LT >H1/(w1®w2)
= <F> H>

<D\I}1®\Ij2 C\I/T@2 F, H>HC17(C:1®1U2)(\III®\112) G

(T1Q@W¥7) <’l/}1 % ® 1/}2 7 >

w®w

(‘1’1®‘1’2)7H311®w2 (V1®¥2)

,Hoo,oo

S @ug) (V18%2), 1,

w1 ®w2 (\Ij1®\112) ’
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And s0 Dy,gw,Cy g F' = F. The second reconstruction formula follows from a

similar argument once we recall that Hl/(w Sw2) (U @ Uy) = H‘f‘;&i}o@m) (\I’1®\112).

To prove the second statement, let k € f?;i}o sun) (I X% J) satisty (3.8) and let
{1} ,en and {Jn}, o be sequences of finite subsets of I and J respectively such
that I,, C I,y € I, and J, C Jy41 € J for any n € N, Upen!, = I and

Unendn = J. Then
= Z Z ki1, @ € Hi @ Ha,
1€ln jEIn
for any n € N and

nh_{go <Fn7{/;1,r ®{/;275>H1®H2 = nh_)nolo<z Z kz]djl i ®1/}2 ]7w1 r ®1/}2 s> @

i€l jE€EJIn

= nh—)nolo Z Z km <1/11,¢ ® 1/12,]'7 {Pvl,r ® {/;275>7-[1®7-l2

1€1n j€EIn

(Corzw, Pwions )

G —— k
( V1@Ws, 1®¥2 /. o

TS

= kr,s~

From this we infer that

(Fn, JLT ® QZ275>’H1®H2 - (G\IJT&EQ,%@% k’[,p«h)

TS

and so

Sub ‘<Fn7{/;1ﬂ’ ® {5273>H1®H2‘<w17”w275) ~ Hk‘lnxJnHzf‘;(w L Ix)

< Elleg ., 150
Therefore F' = [F,] € Hy) 0 wws) (U] ® Uy) satisfies (3.7) and is, as an equivalence

class, uniquely defined by k via (3.7).

Conversely, let k € 70 o, (I x J) and F' € H 00 oy (W1 ® Us) be such that
(3.7) is satisfied. Proposition 3.2 (111) indicates that Dy, g, is a bounded operator
mapping El/ (w1 @w2) (I x J) to Hl/ (w1 @w2) (U1 ® Wy). Applying C\IIT(\SEQD‘I”@\PQ to

both sides of (3.7) and using (3.6) results in
Cyav,Punowk = Ciag Duew,Cy oy F'=Cyag F =k

VI @Us VI @Us
Finally, if w, is an A,-admissible weight then so is 1/w,, n = 1,2. There-
fore, the statement of the theorem also applies to k € (0., (I x J) and F €
le®w2 (‘Ill ® \112) ]

4. KERNEL THEOREMS

We are now ready to state and prove our main results. To prove the outer kernel
theorem, we essentially follow the proof strategy of [4], but use somewhat more
involved arguments in those steps where we cannot rely on either the group struc-
ture or submultiplicativity of the weight function. The basic idea is to represent
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the operator by its Galerkin matrix and to derive the kernel of the operator from
this representation.

Theorem 4.1. (Outer Kernel Theorem) Let W,, C H,, be an A, -localised frame,
and w, an A,-admissible weight for n =1, 2.

To any element of K € 7—[1/ (w1 @w3) (U ® Wy) corresponds a unique bounded
linear operator O : Hy, (V) — H9 (V2) by means of

(Of1; Fa)ugs, (wa). 24, (w2) = (K 1 © fa)pee H gy (T1ET2) HL L (0100) (4.1)
for any fi € H, (¥1) and any fo € H,, (V). Moreove'r,
1 izeee | wiowa) < MOl wryrss, () - (4.2)

1/ (w1 @wg)
Conversely, to any bounded linear operator O : H., (V1) — H G, (W2) corre-
sponds a unique K € 7—[1/ (w1 @w2) (U ® Uy), called the kernel of O, that satisfies
(4.1) for every fi € Hy, (¥1) and fy € H,, (V).

Proof. Step 1. Note that f1 @ fo € Helow, (¥1 ® Ws) as long as f; € He (Uy)
and fo € H,, (¥2). So, for K € Hl/(w1®w2) (U1 @ Uy),

](K f1® fa)gee H S )(\1/1®\1/2)Hw1®w2(\111®\112)’

- ZZ<K’JM®JM>(¢1,z‘®¢2,j,f1®f2>
i€l jedJ
<OOS T G @ o ) (W1, @, i © Fo) |
i€l jedJ
< \1/1®\1,2KHg°°°° ) |Cyww, (1 ®f2)H£},;11®w2(1xJ)

<MK e s 172 ® follye

1/(w w1 @wy \Ijl®\112)

< 00,
where we used Proposition 3.2 (ii) for the second to last step. Now,

(1, f2) = (K, L @ fa)ye HEED gy (T10W2) L

is a sesquilinear form on H,, (V) x H,, (Vs). Therefore, for any fixed f; €

Hllul (‘1’1)7 the mapping f; — (K i ® f2> H o (\I/1®\I/2)Hw11®w2(%®qj2) 1S an an-

tilinear functional on ’H%m (Uy) which we shall call Ofi. The mapping f1 — Of;
is linear and so (4.1) defines a linear operator O : H,, (¥;) — H)y, (W2). This
operator is bounded. Indeed,

w) @ws (T1®T,)

}(Of1,f2>ﬂ§7w (%)HW(%)} = ‘ (K, f1 ® fa)y HIEE oy (V10U HEL L (T10W)
L T DN T

and therefore

||Of1||7-z°° \1f2 < ||K||H‘1>7(°° (\1/1®\112 ||f1||7-zl (¥q) >

and

Ol w01, ) < Wb arm)
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This proves one of the inequalities implied by (4.2) and indicates that the map
K — O is bounded.

Step 2. Let us now assume that the bounded linear operator O : H) (V) —
l/w (U5y) has two distinct kernels K7 and K, € Hl/(w ws) (U ® Wy) satisfying
(4.1). This implies in particular that for every (i,j) € I x J

(O, wz,j>Hc1,7w2 (W), L, (05) = (K1, @/)1 i ® @/)2 J>H°° © (g o) MY

1/(w1 ®w3) w1®w2 (V10¥2)’
and
<O¢1,i, %Mm (W2), 11, (¥2) <K2, @/)1 i @ @/)2 J>H§>‘;(‘;j D) (V10T2), Ho gy (W10W2)°
Hence, for every (i,j) € I x J it holds
<K17 wl i ® w2 J>?—Loo oo (T10%,), Hw1®w2(\111®\112)

1/(w1 ®w2)
= (K ® .
< 25 ’l/}l 7 1/}2 ]>H1/(w ®w2)(\111®\1/2) Hw1®w2 (\I/1®\I/2)

From this assumption and the fact that, according to Proposition 3.2 (iv), any
F e Hw1®w2 (U] ® Wy) can be expressed by an absolutely convergent series as
F = Dy, gy,c we infer that

<K17 F>Hl/(w1®w2)(\1j1®\p2) Hw1®w2 (\I/1®\I/2)
<K1, E E Cij 1,0 @ o, ]>
iel jeJ o) (V1892 g (V1802)
— C; 4 K ; 1 00,00 s
> > i (Kt ®wlJ>’H1/(w1®w2)(\I/1®\I/2),’Hllull®w2(\I/1®\I/2)
iel jeJ
= cii(K
E E 1.5 (K2, 1,5 ® Y2, j) 400 HE gy (V10U HEL ) (W102)
el jedJ
<K2,ZZC”¢11®¢23> 00,00 U100 L (@0
el jeJ 1/(w1®w2)( 1® 2)’le®w2( 1QWs)
— <K27 F>’HT7(TUO @y )(\P1®\I/2) le®w2(\111®\112)7

and so K7 = K according to Proposition 3.2 (v). In other words, the map K +— O
is injective.

Step 3. Let us now assume that the linear operator O : H;, (¥;) — H G (V2)
is bounded and consider what is often referred to as its Galerkin matrix, namely
the matrix & whose (7, j)-th element is defined by

kij = <O{/;17@"$2’j>7{‘1>7w2(\1f2),%1102(\1/2)’ (i,7) € I x J. (4.3)
From (4.3), and (2.9) we infer that
|ki,j| HOHHl \1/1)_>'Hoo (\1,2) le ZH’Hl (7)) }Wz jHHl (W)

S HOHHl (W), (U2) Wi W25

In other words, k € 51/ (wr@ws) (L X J) as long as the operator O : Hy (1) —
T/ws (P2) is bounded. Subsequently, we show that k satisfies (3 8), which, ac-
cording to Lemma 3.4, implies that there is a unique K € 7—[1 Jwn @ws) (V) ® W)
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that satisfies C\If@\/y K = k. Indeed, for any (i,j) € I x J,

(Corsm, DM%’C)H

= Z Z <O¢1 i @/)2 ]>Hoo (U2) L, (W) (Y1, ® %,jﬂ%w ® @Z2,3>H1®H2

el jedJ
= Z Z <OQ/11 27w2 _]>fHoo (\Ifg 7_[1 (U3) <w1 271/}1 r>7_[ <w2 ]7w2 S>H2
el jeJ
= Z<O¢1 z,% s>’H°1>7w (¥2),H3,, (V2) <¢1,i,?zl,r>%1
el
= Z@/ﬁ i Olwz s)HL, (1), 35, (1) <1P1 U1, Z>H1
iel

= (1,0, O ) Ly (1), 7135, (91)
<Ow1 i) ,QZ)Q 5>H°° (\112) 2(\112) = kr,sa
where O’ stands for the operator that satisfies

(Of1, fo)uzs

Dy (V2), ML, (02) = = (1,0 fa)ay, (wy) ) H5,, (V1))

for every fi € H,, (V1) and f> € H.,_(¥5). The change of the order of summation
over ¢ and j that we made here is justified by the fact that

~ ~ - ~ . ~ 171
{<Ow1,i7w2,j>7_[<1>7w2(\1,2)77_[11112(\1,2) <¢1,z7¢1,r>7{1 <¢2,j7¢2,s>%} N e (IxJ)
(i,5)eI?
for any given (r, s) € I x J, as
{<Ow1,ia,¢)2,j>%c{7w (\1,2)77_[11“2(\1,2)} - {k ,j}(%] eIxJ € El/(w1®w2)(‘[ X J)
2 (i,5)eIxJ

and

{<¢1 i % 7’>H <1/’2 J’wQ s>H2} {(C\IIJZLr)i(C\pglzz,s)j}(i,j)eli

et

J)EIXJT

(IX J)a

w1 Qw2
by Proposition 2.7 (vi) and Lemma 2.8. According to what we already proved,
to this unique K € H)"" [ (un @ws) (U} ® Wy) corresponds a linear operator mapping
HY, (Uy) to H9u, (Ua) via (4.1). This operator is nothing, but the bounded
linear operator O. Indeed, let us assume that there is more than one linear
operator mapping M., (¥;) to H (¥y), say, O; and Os, that correspond to
the kernel K € 7—[1/ (a1 @) (¥ ® Uy) via (4.1). So in particular for 1 ; ® ¢ ; €

le@,m (V) ® Uy) we get

<0177Z)1 ) ,QZ)Q ]>Hoo (\1,2) HL <K 'QZ)1 i ® wZ j>H1/(w S )(\Ijl®\Ij2) 'Hw ®w2(\1,1®\1,2)7
and
(Orni, V2 )pize (o) 0, uy = (G Y1 ® Py, M (o) MY, ()"
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Thus
<Olw1 zan j>Hoo \112 Hl <02,17Z)1 zan ]>Hoo \I/Q) H’LUQ(\IIQ)

This equality, and the fact that, according to Proposition 2.9, any f; € 7—[111,1 (Wq)
and any fy € 7—[%02 (U3) can be expressed by an absolutely convergent series, we
infer that

(O1f1, fo)nes H <01 201 21/11 i Zcz j 1/12 J>Ho<, (wa),

i€l jeJ L/w Ty (12)
= Z Z C1,i C2 ]<Olw1 i w2 J>7-L°° (\112 Hiyy (V2)
i€l jeJ
= Z Z C1,i Co,j <02w1 i wQ j>'H°O ,(V2), Hiy, (P2)
el jeJ
= <02 Z 1, V1,45 Z C2,5 Y2, >’H°° (2), ML, (T2)

icl jeJ /wa
= (O2f1, fo)ues HSS 1y (P2) M, (U2) -

Thus O, f; = Oy f; for every f; € ’H}Ul( 1) or, in other words, O; = O,. Con-
sequently, the mapping O — K that takes the space B(H%Ul(\lfl),?lfjm (3))
to H1/ w1 @ws) (U} ® Wy), is surjective and invertible and, as we proved before,

bounded and injective. Therefore, its inverse is also bounded according to the
inverse mapping theorem, which is expressed by the first inequality in (4.2). O

The so-called tensor product property, discovered by Feichtinger [17, Theorem
7D] (see also [34]), was generalised for co-orbit spaces associated with integrable
group representations [4]. In what follows, we shall obtain a similar result for
co-orbit spaces associated with A-localised frames. Let us recollect the definition
of the projective tensor product of two Banach spaces B; and Bs, given by

B8, B, = {F —Y f®g: fr€BugeBy S Il ol < oo} .

reR reR

The function
1 Ell g5, 5, == inf (Z £+l 3, ||gr||32> ; (4.4)
reR

the infimum being taken over all representations ) . fr ® g, of F' € B1®,Bs,
defines a norm for B;®, Bs.

Theorem 4.2. Let V,, C H,, be an A, -localised frame, and w, be an A, -admissible
weight forn =1,2. Then

Horow, (V1@ Vo) =Hi (U1) @,HL, (V) (4.5)

with equivalent norms.

Proof. Let F € Hy, g, (U1 ® ¥y). Then, according to Proposition 3.2 (iv), the
function F' can be expressed as F' = Dy, gy,c for some c € €w1®w2(l x J) such
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that ”CHE}U’IIMQ(MJ) = || F|[ 51 Combining this with (2.9) results in

w1®w2(\1]1®\1/2).
IE W3, )@, (w2) S D el [l ooy 192,510, ws)
icl jeJ
SO el wiwa,;
icl jeJ

= HCH@U1®w (IxJ) HF”H;;@)W(%@%)'
Thus Hy)l g, (V1 @ Uy) is continuously embedded in HY., ())&, H, ().

Let now F € HL (V1) ®, HL, (Us). In other words, let ' =" . f,®g, where
fr € H,, (V1) and g, € H,,, (V) satisfy

Dl o N9 e, o)

reR
Then

||F||Hj‘;11®w2(\pl®\p2) = ||C¢1®\P2F||£11011®w2(1x])

= ZZ Z (Crzm, (Fr ®gr))m‘

icl jeJ rER

<3 (Z1Car) ) (S 1(Ca,0) )

Wi, ; W3, j

reR i€l

= 1Cs, felle, ) 1Cq, 90 lles,, )
reR

= 1 fellaes, ) Ngrllaes, sy < o0
reR

The change of the order of summation over 7,7, and r above is justified by
the absolute convergence of the series. Taking the infimum over all possible rep-
resentations of f in the inequality above then shows that M., (V1) ®.H., (Vs)

is also continuously embedded in le®w2 (¥ ® Uy), which concludes the proof. [

The prev1ous theorem allows us to characterise the class of operators with ker-
nels in Hyloy, (V) @ Uy).

Theorem 4.3 (Inner Kernel Theorem). Let U,, be an A, -localised frame for a
Hilbert space H, wn an A, -admissible weight n = 1,2. Then there is an isomor-
phism between Hoyl o, (V1 @ Uy) and the space

B .= {O c B( 1/w1( 1),7{1102(\112)) : there exist fr S Hllvl(lpl)agr € Him(lpz) s.t

O =320 Fhuss, oyt oy 9 and S Follmy, cony vl g, oy < 00}

reR reR
In particular, if any of the two,

K e Hw1®w2(1111 & \112) or O € B,

1s given, the other is uniquely determined by means of

(K @ Pl newnmse o e = (OFi ), s, )
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for any f € Hf‘jwl(\l’l) and any fy € Hf?wQ(\IIQ).

Proof. First of all, we note that the condition

S el o lgellmy, ) < 00 (4.6)

reR

implies that O € B( o (¥ 1), He, (¥s)). Now, to prove the theorem, it suf-

fices to establish an isomorphism between B and HL (¥1)®,HL, (Vs) and apply
Theorem 4.2. Let us define the mapping 7 : HY, (U,)®,HL, (V2) — B by

I( Z r® gr> = Z( i fr)H@wl(ml),Hgl(wl) Grs

reER reR
and first show that it is well-defined. For two expansions of H =3 . f, ® g, =
Yoseshs @ ks € Hy, (91)®:H,,(¥2) we have for any f; € H9,, (P1) and any
fa € H(ﬁwQ(\Pg) that

(X fhomheh),, .

’Hcl7&01 ®W2)(\IJ1®\I/2)

reR Huyous
= (Y hokfioh)
seS Moy (V18¥2), 1/(w1®w2)(\111®\1/2)

Changing the order of inner products and summation yields

> (f fou #1590, () (Grs J2) 0, (wa) e, (w2) (4.7)
reR
— Z Jus hs)nze by o) Ry o), (wa) a5, (wa),s
ses

from which we infer that I( Yoverfr® gr) = I( Y oses s ® ks).

It is easy to see that Z is surjective and it therefore remains to prove that is also
injective. Let Hy =Y.z fr ® gy and Hy = > s hs @ ky € HE (V1) R HE, (V)
be such that Z(H;) = Z(Hs). In other words, (4.7) holds for any f; € H1/w1( 1)
and any f» € H7j,, (V). From this and (4.6), which holds for any element of

HL (U)&,HL, (Vs), we deduce that

(Hi, 1 ® f2>H11011 wo (W1®W2) HYT o (T1@W2)

®

<H27 fl ® f2> ® 2(\I/1®‘112) 1/(w1®w2)(‘1’1®‘1’2)

Since Du,aws €7 m ou, (L X ) = 1Ym0 g (\1'1 ® Wy) is surjective (Lemma 3.4)
and converges weak-+ unconditionally (Proposition 3.2 (iii)) we may consider lin-
ear combinations of f1® fo = 11 ;@5 ; to show that H; = Hs in Hw1®w2(\111®\112).
According to Theorem 4.2, this equality also holds in H, ()&, M., (¥5), which

concludes the proof. O

Now that we established the correspondence between operators and kernels,
we investigate whether it is possible to characterise certain classes of operators
via the properties of their kernels, in particular in terms of certain mixed-norm
co-orbit spaces. The arguments crucially rely on a version of Schur’s test (see,
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for example, [40, Propositions 5.2 and 5.4] and [35]) and the representation of an
operator by its Galerkin matrix defined in (4.3) by

kij = <01/11, i wz,j>7{t§7w2(\p2),7{}% (W2)°

We note that the characterisation given by this matrix was established in |3,
Proposition 6]. What is new here is that we relate the Galerkin matrix representing
an operator to its kernel.

Theorem 4.4. Let 1 < p,q < o0, + ==1,V, C H, be an A, -localised frame,
and w, be an A,-admissible wezght for’ n=1,2. Then
(i) A linear operator O : H;, (¥y) — H 1y, (V2) is bounded if and only if its

kernel K is contained in $H?7 (¥ ® WUy) or, alternatively, if and only

1/(w1®w2)
if k€ 1 mouwy (L X J); and in that case
Olhay oz, o) = 1Kl oy = IRl s (48)

(it) A linear operator O : Hf, (V1) — HT), (V2) is bounded if and only if its
kernel K is contained in H1/ w1®w2)(\111 ®@Wy) or, alternatively, if and only

if k € El/(m@m (I x J); and in that case
1Ol oy o = 1K g, oy = Whllze, ey (29)

Proof. Ad (i): The fact that O : H}, (¥;) — H ju, (V2) is bounded if and only if
ke [f/’(m@m (I x J) was established in [3, Proposition 6, eq. (24)]. To show the
second equivalence, we first observe that if O : H,, (V1) — HY Jws (W5) is bounded,

then
1O f |3

According to Theorem 3.4, there exists a unique kernel K € 7—[1 J (w1 @ws) (V) @ Uy)
that satisfies (3.7). In particular,

<K wl z®w2 J>H°°°°

() < [|Ofller

l/w

) S I f 1l o)

1/wo

U1@W2) — <Ow17iv ¢27J>Hi’7w2(%)ﬂb2 (W) — ki,

@z (1O Hy gy
which shows that ”KH?J’{/CE‘; g (T18T) = ||k:||[1p/z>; gy (IxT) < 0 if O is bounded.

If, on the other hand, K € 5’)1/(w ®w2)(1111 ® WUy) C H1/ (w01 @2 )(\Ifl ® Wy), then
from Theorem 3.4 we infer that there exists a bounded operator O : Hj, (¥1) —

7w, (V2) satisfying (3.7). Therefore, we conclude that ”K”ﬁfﬁl@gwy(‘l’l@‘l’?) =
HkH[{’/f" oy (1x) Which implies the boundedness of O : My, (V1) = HY ), (Va).

Ad (ii): The equivalence of the boundedness of the operator and the property of
its Galerkin matrix is not explicitly stated in [3, Proposition 6]. This can however
be done by essentially using the same arguments as those used in [3, Proposition 6]
and applying [40, Proposition 2.4]. The workings of the rest of the proof are similar
to those developed in (i) with the only difference that here we can make use the
inequalities

10 W, o) S W llaez, oy < Nl o)

which ensures the existence of a kernel K. O
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This result allows us to prove that the co-orbit spaces associated with certain
mixed norm spaces do not depend on the particular tensor product of localised
frames as long as all involved cross-Gram matrices belong to A,,.

Corollary 4.5. Let 1 < p < o0, V,,®, C H, be A,-localised frames, and

wy, an A,-admissible weight n = 1,2. If Gg, 5, € A, cmd Gy, 5, € A,

TL = 1 2 then Hw1®w2 (\111 X \IIQ) Hw1®w2 (‘bl X (I)Q) and w1®w2 (\111 & \IIQ) =
. (<I>1 ® D), with their norms being equivalent.

Proof. We shall only prove the former identity as the latter follows from a similar
argument. Let Ky € Hy 5w, (V1 ® ¥s) and O : HY ), (V1) — HE,(V2) be the
corresponding bounded operator according to Theorem 4.4 (ii). From Proposi-
tion 2.7 (ii) we know that O is also a bounded operator mapping ’Hlf/wl(él) on
HS9,, (P2) with equivalent operator norm. Applying Theorem 4.4 (ii) again, we
find an element K¢ € H570 . (1 ® ®5) such that

”K\PHHP“ (T10Ws) ~ ”O”Hﬁ,l (W1)—=H, (V2)

w1 Qwg

= 1Ol 0011, (02) = |1 Esllzrs . anoan)

It remains to show that Ky = Kg. This, however, follows from the uniqueness of

the kernel in Theorem 4.1 (O is also bounded as an operator mapping H1 /w1<q)1)
on H (P2) and My o, (V1 @ Vo) = Hy o, (P1 ® ) as long as the cross-Gram
matrlces of ¥y and ®;, on the one hand, and ¥y and ®,, on the other hand, are

contained in A; and A, respectively. O

Finally, we give a sufficient condition on the kernel to ensure that the corre-
sponding operator is contained in the Schatten-p class.

Proposition 4.6. Let S,(H1, H2) be the Schatten-p class of operators mapping Hy
toHa, 1 <p<2,V, be A,-localised frames for H,, forn =1,2, and O : H; — Hs
a bounded operator with a kernel K. If K € $*P(V; @ Uy), then O € S,(H1, Ha).
In particular, if K € HYY (U, ® Uy), then O is a trace class operator.

Proof. From [10, Theorem 17| we know that, if {HOfiHHQ}ieI € (P(I) for some
frame {f;}ier C Hi, then O € S,(H1, Ha). Using ¥y as such a frame results in

S 105l = 5 (S KOs )

el icl  jeJ
~ ~ p/2
=S (UK @) yal’) = 1K 5200
iel JjeJ

The second statement follows once we set p = 1 and observe that || K ||s21 (5, gw,) <
K201 (01 0 wa) - l
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