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ZERO DISPERSION LIMIT OF THE CALOGERO-MOSER
DERIVATIVE NLS EQUATION

RANA BADREDDINE

ABSTRACT. We study the zero—dispersion limit of the Calogero—Moser derivative
NLS equation
i0pu + 0%u £+ 2D (Ju/*)u =0, zeR,

starting from an initial data ug € L% (R) N L>°(R), where D = —id, , and II
is the Szegd projector defined as ﬁZ(g) = 1o, 400)(§)u(§) . We characterize the
zero—dispersion limit solution by an explicit formula. Moreover, we identify it, in
terms of the branches of the multivalued solution of the inviscid Burgers—Hopf
equation. Finally, we infer that it satisfies a maximum principle.
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1. INTRODUCTION

We consider a nonlocal nonlinear Schrodinger equation called the Calogero-Moser
derivative nonlinear Schrodinger equation

i0wu + 0%u £ 2D (ju> )u =0, x€R, (CM)

where D = —i0, , and Il = II, is the Szegd projector

Mu(z) = /R uly) dy

Yy —x2mi’

which is an orthogonal projector from L?(R) into the Hardy space
L2 (R) :={u € L*(R), suppu C [0, +oo[ }

= {u € Hol(C,), sup/|u(x +iy) [’ dr < +o0},
R

y>0
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2 RANA BADREDDINE

with C; :={z € C; Im(z) > 0} . Typically, in Fourier transform, IT can be read as

T (€) = o400 (€) U(E) . (1.1)

This equation comes in two versions: one with the “4” sign in front of the nonlinearity,
referring to the focusing equation, and the other with the “—” sign, referring to the
defocusing equation. Through this paper, the + and F symbols will be interchanged
based on the following rule: the upper sign will correspond to the focusing case and

the lower sign to the defocusing case.

It is known since the work of [G1.22] that the focusing (CM)-equation is globally
well-posedness in H¥ (R) := H*(R)NL2(R), k € N for small initial data (||ug||z2 <
v/27) . This was achieved by establishing a uniform H*-bound of the solution w(t)
over time. The same line of arguments enable the global well-posedness of the
defocusing equation in H _’ﬁ(R) , k € N5 for any initial data wu,. Subsequently, the
case on the torus (z € T) has been investigated by the author under the name
of Calogero—Sutherland DNLS equation [Ba23a, Ba23b], where the GWP has been
established in H3(T), s > 0 in the focusing and defocusing cases, with small initial
data in the focusing case. Later, [IKLV23] extended the GWP results on R, from the
high regularity spaces [GL22] up to the scaling—critical space L3 (R). More recently,
[HIK24] established the blow—up of the H*norm’s solution, in a time 7" € (0, +o0]
for initial data ug € H°(R) satisfying |lug||2, =27 + ¢, for any £ > 0.

From a physical standpoint, the scenarios described by the Calogero—Moser
DNLS equation share notable similarities with the Benjamin—Ono equation. In
both cases, they characterize weakly nonlinear dispersive internal waves located at
the interface between two fluid layers of different densities, with the lower layer
having infinite depth [BLS08, Sal9, Pe95]. In the context of the Benjamin—-Ono
equation, the solution delineates the progression of these internal waves. On the
other hand, concerning the (CM)—equation, it illustrates a model for the envelope of
approximately monochromatic waves within the aforementioned settings.

Recently, Gérard [Ge23] studied the Benjamin—-Ono equation with small disper-
sion € > 0, described as

{atus + 9, ((u)?) = | D|0yus

U |t—o = ug

, (BO-eps)

where he established that the weak limit in L? of u®, as € approaches 0, is char-
acterized in terms of the branches of the multivalued solution of the inviscid
Burgers—Hopf equation. Novelty, this characterization holds for any ug € L*(R)
with ug is a C* function tending to 0 at infinity as well as its first derivative [Ge23].
Observe that one can discern the emergence of the Burgers equation by formally tak-
ing the limit in (BO-eps) as ¢ — 0. The act of neglecting the dispersion component

4

in the equation is commonly acknowledged in the literature as the “zero-dispersion
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limit” or “semiclassical limit”. In the following, we will use the terminology of
‘zero-dispersion limit” . Additionally, we will refer to the weak L?-limit of u° when
e — 0, as “the weak zero—dispersion limit solution”. It’s important to note that the
selection of initial data, represented by ug, remains independent of €.

In this paper, we propose to investigate the zero—dispersion limit problem for
the Calogero-Moser DNLS equation. Thus, we consider the rescaled version of (CM)
with small dispersion € > 0,

0 + e 02uf + 2DTI([u[?)us = 0
{z hu® +ediu (|uf]?)u (CMcps)

U |4=0 = Uo

The aim is to write the weak limit in L? of the solution u® of (CM-eps), ase — 0, in
terms of the branches of the multivalued solution of the Burgers equation. However,
here, it is less evident compared to the Benjamin—Ono case, why the Burgers equation
emerges in this context. For this purpose, observe that when formally taking ¢ — 0,
the (CM-eps) becomes

i0wu £ 2DTI(|u)*)u = 0. (CM-zero)
Consequently, if u solves the previous equation, then v = |u|? solves the Burgers
equation
Ov = £2v 0, v (1.2)
as

0w =2 Re(dyun)
= & 4Re(0,11([ul?)|ul?)
=+ 2(2,11(|uf*) + 8. T1(Juf?)) uf?
=+ 0, ul* = +0,v°
=+ 2v0,v.

But before proceeding, it is essential to prove the existence of a weak zero
dispersion limit for (CM). The upcoming theorem seeks to establish this existence
and even to characterize this L?-weak limit explicitly as an element of the Hardy
space. The notation Z D, [ug] represents the weak zero-dispersion limit solution in
the focusing case for (CM), and ZD_[ug] corresponds to the one in the defocusing
case.

Theorem 1.1. Given an initial data ug € L2 (R) N L®(R) (with ||uel|z2 < V27 ' in
the focusing case), the weak (in L*-space) zero-dispersion limit solution Z D4 [ug] of
(CM) ezists, and is characterized via the following explicit formula

-1
Z D [uol(t, 2) = (Id 2T Ty (X — z)’l) w(z), teR,zeCy, (1.3)

IThe constant /27 is to ensure the GWP of (CM) in the focusing case.
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where the operators T,, and X* are defined respectively at (2.2) and (2.3) . In addition,
we have

12 D [uo] (t)]| 22 < l[uol| L2 -

Furthermore, if uf — ugy strongly in L* as n — oo, with sup,, |[ud||z~ < +oo, then
for all T >0,

sup |ZD+[ul](t) — ZDx[ug)(t)] — 0 in L*(R).

te[-T,T] n—00

Usually, when considering the scenario of zero-dispersion limit, the emergence
of shocks can be observed. These shocks manifest as we begin to neglect dispersive
effects, allowing the nonlinear term to dominate. With the existence of the weak zero-
dispersion limit established in the previous theorem, our objective in the following
theorem is to highlight these shocks, by addressing the connection between this
zero-dispersion limit solution of (CM) and the branches of the multivalued solution
of the inviscid Burgers equation, which is known for its tendency to exhibit shock
formations.

Theorem 1.2. Let ug € L% (R) (with |lug||z2 < V27 in the focusing case), such that

ug is a C* function tending to 0 at infinity, with a bounded derivative in L*°(R) .?

Then, for every time t € R, and for almost every x € R, the algebraic equation

Y F 2tuo(y)]* =« (1.4)

has an odd number of simple real solutions yo := yo(t,z) < ... < Yo := You(t, ),
and the zero—dispersion limit of (CM) is given by

£ 2L

; )t _
2D fu(t.2) = 0 (i) Thuotun ", (15)
k=0

where

t,x) = arg(ug(z)) + —
olts z) = arg(uo()) s\ s F 2Muole = P T o+ 5 — )

L[ g< s F 2fuo(z + ) Hiiom—s—yk)) "
T™Jo

Remark 1.1. When ¢ > 0, then any solution yy, := yx(t,z), k € {0,... ,2(} satisfying
the algebraic equation (1.4), represents a branch of the multivalued solution of the
Burgers equation (1.2) at a time ¢ beyond the shock time, and at a position x .

Remark 1.2. Observe that if we start from a rational initial data ug, then in view
of identity (1.5), the weak zero—dispersion limit is also a rational function. This
outcome does not seem to be evident by solely examining the identity (1.3) obtained
in Theorem 1.1.

2 Note that any function in H$(R) := H*(R)N L2 (R), s > 3 satisfies these conditions.
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Remark 1.3. By taking the modulus of (1.5), we deduce
20
log|Z D4 [u](t,x)| = D _(~1)* log|uo(ys)]
k=0
This result should be compared to the one obtained by [Ge23] for the (BO)—equation,
where he found : for all t € R, for almost every x € R, and under the same condition
of smoothness on the initial data of Theorem 1.2, the zero—dispersion limit of (BO)

is given as
20

Z Doyl (t, x) = > (=1)*uq(y7°), (1.6)
k=0
where the (y?9)o,. 20, £ = {(z) € N5, are real solutions for the algebraic equation

Y+ 2tup(y) = .
A consequence of the previous Theorem, is the existence of a maximum Principle.

Corollary 1.3 (A Maximum Principle). Let ug € L2 (R) N L>(R) (with |Jug|| 2 <
V2w in the focusing case). For allt € R,

12 D= [uo]l| o= < Jluol o= -

Related works. Zero dispersion limit of the KdV equation. The problem of zero
dispersion limit was first investigated by Lax and Levermore [L183] for the KdV
equation on the real line

O — 30, (u?) + 202u = 0, u®(0,z) = up(z), (KdV)

describing, thus, the weak zero dispersion limit for nonpositive initial data decaying
sufficiently fast at infinity. In contrast with the Benjamin—-Ono equation [Ge23]
and the Calogero-Moser DNLS equation, the zero dispersion limit for the KdV
equation is expressed implicitly, as it is characterized by a quadratic minimum
problem with constraints. Lax—Levermore’s work initiated a series of papers. One
can cite [Ve87, Ve9l, GKO07, CG09, CG10a, CG10b], where in all these works the
inverse scattering theory, the spectral theory of the Lax operator and the associated
Riemann—Hilbert problem are the main keys.

Zero dispersion limit of the Benjamin—Ono equation. We have previously refer-
enced the research by [Ge23], which characterized the zero-dispersion limit of the
Benjamin-Ono equation as an alternative sum (1.6). However, this formula traces
back to the work of [MX11, MW16] and [Ga23a, Ga23b] who had already derived
this sum (1.6) for specific examples of initial data and by using scattering theory or
the spectral theory.

Acknowledgments. The author would like to thank her Ph.D. advisor Patrick
Gérard for proposing this research problem and providing valuable comments on this

paper.
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2. THE EXPLICIT FORMULA OF THE ZERO DISPERSION LIMIT OF (CM)

This section aims to establish the existence of a weak (in L?) zero—dispersion
limit solution to the Calogero-Moser DNLS equation (CM). Additionally, it seeks
to properly characterize this weak limit for all time ¢, through an explicit formula.
However, before proceeding, it is necessary to revisit some properties regarding the
(CM) equation.

It is a completely integrable PDE in the following two senses : First, it possesses
a Lax Pair structure (L, B,) that satisfies the Lax equation

dL,
dt
for enough regular u satisfying the (CM)—equation [GL22]. The Lax operators for

(CM) are given by
L,=DFT,T;, By = T, T,a F To,uTa + i(TT3)?, (2.1)
where T, is the Toeplitz operator of symbol v defined as
T.f=1(f), [feli(R), (2:2)

and IT denotes the Szegé projector (1.1). Second, the complete integrability manifests
through the finding of an explicit formula of the solution of the (CM)-equation
[KLV23]. To introduce this formula, specific notation needs to be presented. Thus,
we consider on L (R), the contraction semigroup

S)h(x) = T h(z)), > 0.

And we denote by X its infinitesimal generator

Xh@)=—%§; (Sh(x)) = zh(z),

n=0
of domain
Dom(X) ={h € L% (R); zh € L*(R)}
—={he L2(R); h e H'([0,+00)), h(0) = 0} .
Its adjoint X* has the following domain
Dom(X*) ={f € L2(R); 3¢ >0, Vh € Dom(X), |{f | Xh)| < c|lh| 12}
={f € LLR); fliooe) € H'((0,400))},
and is defined for all £ > 0 as

— -~

X*f(§) =10 f(§) -
That is, for all f € Dom(X*),

X*f(z) =xf + %f((ﬁ). (2.3)

™
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The following theorem aims to recall the explicit formula of (CM) defined for any
up € L% (R) [KLV23], and to extend the global well-posedness result in H* (R) :=
H*(R)N L2 (R), k € N5; obtained by [GL22], to L2 (R) [KLV23].

Theorem 2.1 ([KLV23]). Let ug € L2 (R) (such that ||ug||r2 < V27 in the focusing
case). Then there exists a unique global solution u € C;L% (R) such that for any
(u) C HP(R), (zul) C L?, ud — ug in L?, we have for all T >0,

Up, — U in CL>([-T,T],R).
Additionally, for all z € C; :={z € C, Im(z) > 0} ,

1
u(t,z) = — I, ((X* + 2tL,, — 2) 'uy), (2.4)
2mi
where I, denotes
I.(f):= f(0%), Vf € Dom(X™). (2.5)
As a consequence, ||u(t)||zz = ||uo|rz -

Remark 2.1. The explicit formula on L2 (T) was earlier derived in [Ba23a][Proposition
3.4]. This is not the first instance of discovering an explicit formula for a completely
integrable PDE; for previous examples, we refer to [GG15, Ge22, GP23].

In what follows, we consider the rescaled version of the (CM)-equation with
initial data ug € L3 (R) N L>®(R) : For alle > 0,

{i@tuE +e0*uf + 2DII(|Juf]*)u® =0, (CM o)

Ua|t:0 = Ug -

Our primary focus is on establishing the existence of a weak zero dispersion limit
for (CM); that is, determining whether the (CM-¢) equation has a weak limit in
L? as ¢ tends to 0. The following theorem addresses this question. We recall that
the considered initial data ug is independent of the parameter e, and that Z D [ug]
represents the weak zero-dispersion limit solution in the focusing case, and ZD_ [uy]
corresponds to the one in the defocusing case.

Theorem. 1.1. Given an initial data ug € L2 (R) N L>®(R), (with ||uo||r2 < V27 in
the focusing case), the weak (in L*-space) zero-dispersion limit solution Z D4 [ug] of
(CM) exists and is characterized via the following explicit formula

-1

ZD4[uol(t, 2) = (Id 2T Ty (X — z)—l) w(z), teER,zeCy. (26)
In addition, we have
1Z D [uo](t) || 22 < [Juollze - (2.7)

Furthermore, if ul — ug strongly in L* as n — oo with sup,, |[ud||z~ < +oo, then
for all'T >0,

t;}qu]MDi [up](t) = ZDy[uo](t)] = 0 in L*(R). (2.8)
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Proof. In view of Theorem 2.1 we have for all € > 0,

[ @)z = lluoll 2 ,

where u®(t) is the solution of (CM-¢). Hence, by Banach’s theorem, we deduce that
there exists ZDy[ug) € L% (R), such that, up to a sequence, u®(t) = ZD[uo)(t) in L?
ase — 0, and

12D luol ()] 2 < liminf [[u” (@) 2 = [Juol| 2

To characterize Z D4 [ug], we will use the explicit formula of Theorem 2.1. However,
first observe that when u is a solution of (CM) for an initial data ug , then \/eu(et, -) =
VeS(et)[ug] is a solution to (CM-¢) for an initial data \/zug, where S(t) denotes
the flow of (CM). That is

W (t, 2) = VES(et) {%}

is a solution to (CM-¢) for an initial data ug. Therefore, starting from an initial
data ug, one deduces by (2.4) and (2.1) that the solution of (CM-¢) in the focusing
and defocusing case is explicitly given, for all € > 0, by
1
uf(t, z) = TM(X* +2teD F 2tT, Tos — 2) 'ug), 2€CL.  (2.9)
i
The next step is to pass to the limit € — 0 in the above formula. For this purpose,
we rewrite (2.9) as follows

1 . , 1
u8<t7 Z) = 2_71'2 ( Id :F 2te_lEtD2Tu0querEtD2 (X* . Z)_l) U -

Indeed, by using the Fourier transform, for all £ > 0,

—

(X* +2teD) f(€) = " i (e F(¢)),
(2.9) becomes

1 o .
u(t, z) = %Lr ((emD X* e D T, T — z)_luo)

| | | | |
= i ]+ ( elStDQ (X* + 2t eizEtDQ Tuo TW eZEtD2 _Z)fl efu-:tD2 UO)
X

Thus, by definition of I in (2.5), we deduce

1 , . .
us(t, z) = %h ((X* F 2t e DT, Ty etD —p) 1 gietD? u())

1 _ ‘ ' L
= B _.[+ ((X* — Z) L (Id T2 efZEtD2 TuoTWeZEtDZ (X* . 2)71) 1 e,ZEtD2 'LL())
iy
Now, using the fact that

L0 = ) = i (0 =27 ) =l (7 (=97 (=)

e—0 1 —ex
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we infer,
. ) -1
ut(t,z) = (Id T2t e =P’ T, T =P (X — z)’1> e =P 0 (2) . (2.11)
Observing first that || e=%P% yg|| 2 = |Juo| 2 , and second, e~®P* T, Ty ei=tD* (X * —

z)~!is a bounded operator as ug € L>, we infer by passing to the limit ¢ — 0 in
(2.11),

-1

Z D [ug)(t, 2) = <Id F 2T, Toe (X" — z)—1> o ().

3. LINK WITH THE MULTIVALUED SOLUTION OF THE BURGERS EQUATION

The aim of this section is to prove Theorem 1.2, which describes the weak zero
dispersion limit solution of (CM) starting from an initial data uo € L3 (R) N C*
tending to 0 at infinity and satisfying uj, € L>(R), in terms of the branches of the
multivalued solution for the Burgers equation (1.2). However, before proving this
theorem for such initial data ug, we will first focus on proving it for rational initial
data in the Hardy space

_ Ply)
toly) = Qy)’

where p, € C, Im(pg) <O forall k=0,--- ,N—l,andP(y):ij;Olany”,anE(C.

Q)= y+Dpo)---(W+Dna),  peFp, K#7. (31)

Proposition 3.1. Let ug be a rational function defined in (3.1). Then for every
time t € R, and for almost every x € R, the algebraic equation

y T 2tfug(y)? = @ (3.2)

has an odd number of simple real solutions yo := yo(t,z) < ... < yor := y2u(t, ),
and the zero—disperion limit of (CM) is given, for almost every x € R, by

¢ 24
; |t _
2D:fultt0) =) (51 1) Tty (33)
k=0

where

o0 20
21 /+ llog( s F 2t|ug(x + s)|? szo(x—s—yk)) €.
m™Jo

p(t, x) = arg(uo(z)) + 5—
s —sF 2t|ug(x — 8) P[22, (x + 5 — y)

To prove the previous proposition, we split the proof into the following lemmas.

Lemma 3.2. Let ug(y) = % be a rational function defined as in (3.1). Then,

forallt € R, x € R\K,, where K, is a finite set in R, the algebraic equation (3.2)
admits an odd number of simple real solutions

Yo :=yolt, ) < ... < yor =yt x).
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Furthermore, the function v;(y) := yF2t|uo(y)|? is increasing near yor, , k =0,--- , £,
and decreasing near yop+1, k=0,--- , £ —1.
x
5 1
! It It It It It It y |
8 —6 —4 -2 /2 4 6 8
_5 s

FIGURE 1. For an initial data ug(y) := ﬁ , we have in red the graph of
Yo(y) ==y —2-2uo(y)|> =y — yg’fl . In green, we have the graph of z = 1.

The abscissa of the intersection of the axe x = 1 with the graph of v2(y)
corresponds to the unique real solution yg of y2(y) = 1. In blue, we have the
graph of z = —3. The abscissas of the intersection of the graph ~s(y) with
x = —3 correspond to the points yg < y1 < yo solutions to the algebraic
equation o (y) = —3.

Proof. Given ug(y) = % as in (3.1), we introduce *

P(y)P(y)
Qy)Q(y)

Our goal is to study the real solutions of the algebraic equation (3.2). Observe that,
y is a real solution of (3.2), if and only if, y is a real solution of

yeCr— (y) =

Y F 2tve(y) = teR,
that is, if and only if, ¥ is a real solution of the polynomial equation of degree 2N +1,

(y —2)Q(y)Qy) F 2tP(y)P(y) =0. (3.4)

Now, focusing on (3.4), one notices y € C\R is a solution to (3.4), if and only if, its
complex conjugate ¥ is a solution to (3.4). Therefore, the polynomial equation (3.4)
of degree 2N + 1 admits an odd number of real solutions

Yo :=vo(t,z) < ..o < Yo =yt @)

Discarding a finite set of critical values® z of the function v,(y) := y F 2t|ug(y)|? for a
given t, one may assume that these real solutions g, are simple and that the function

3 Observe that when y € R, vo(y) = |uo(y)]? .
4 We mean by critical values of a function -, the y—image of the critical points of 7; , i.e. the

~v:—images of the points where v;(y) = 0.
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v; is increasing in a neighborhood of the points yor, £ = 0,... , ¢, and decreasing
in a neighbor of the points yor+1, k=0,...,, — 1, as y — ¥ (y) is a continuous
function behaving like

) o

O

Lemma 3.3. Let uy(y) = % be the rational function and (pg)k—o,.. n—1 be the

complex constants defined in (3.1). Moreover denote, for almost every r € R,

Yo :=yo(t, ), -+, Yan := Yon(t,x) the solutions of the equation
P(y)P
QY)QY)
Then, the zero—dispersion limit of (CM) is given by
1 1 1 1
Yo+po Yo+p1 T Yyo+pPN—1
1 1 1 . L
UO(?JO)UO(?JQ) U (yZN) Y2+po Yy2+p1 Y2+PN-1
1 1 1
_ YyaN+po  Yen+tP1 T yeN+PN-1
ZDy [uo] (t’ :L‘) o 1 uo(yo) uo(yo) uo(yo)
Yo+Ppo Yo+p1 T yotpN-—1
1 uo(y2) uo(y2) uo(y2)
Y2+po Yy2+p1 e Y2+PN -1
uo(yan)  uo(y2n) uo (y2n)
YyaN+pPo  Yon+P1 7T YenN+PN-1

(3.6)

Proof. The main component is to use the explicit formula (1.3) of ZD.[ug], which
can be be reexpressed using (2.10) as

1
Z Dy [uo(t, 2) = o+ (X" F 2T T — 2) 'wo] , 2 € Cy, (3.7)

where I is defined in (2.5). The goal is to transform (3.7) into (3.6). For that, we
decompose uq in terms of its partial fractional decomposition ug(y) = Zk o yi’; =,
cr € C, to infer by (2.2) and (2.3),

1

(X" F 2T T — 2)f(y) = (y F 2tluo(y)]® — 2)f(y) + %h(f)
N-—1 _
+ 2tU0 kZO + pk (38)

Indeed, for all f € L% (R),

N-1 __
uof Z H+ (y+pk (y)) y+pk
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Thus, for all f € L3 (R),

T 0) = o)1 0) = o) Y- —2— ()

Now, observe since formula (3.8) is valide for any f € L% (R), then one can extended
it to any holomorphic function f in C, whose trace on R is in L?(R). That is, if we

denote by
P(y)P(y)
C = —
vl = G
then the following identity holds
1
(X" F 2T T —2)f(y) = (y F 2tvo(y) = 2)f(y) + 5=1+(f)
N-1
Ck
+ 2tug(y) kzzo y +pkf(—27k) ) (3.9)

for all y € C,, and for all holomorphic function f on C, whose trace is in L?.
In particular, for f(y) = fi.(y) == (X F 2tTy, T — 2) 'uo(y) € L2(R), we infer
by (3.7),

wo(y) = (5 T 2t00(y) — 2)fon(y) + ZDfug)(t,2) + 2uo(y) Z T finm).
)~ ZDelol(17) % 200) 3 T ()
Jro(y) = = (3.10)

y F 2tve(y) — 2
However, recall y — f; ,(y) is a holomorphic function in the upper—half complex
plane. This means that the zeros in C, of the denominator of f; , must cancel its
numerator. Therefore, the next step is to find the zeros of the algebraic equation
Y F 2tvg(y) = z on C, , with the note that, at the end of the day, z € C, will be
replaced by = € R almost everywhere, as ZD_[ug] belongs to the Hardy space L% (R)
thanks to (2.7) .

Let z € R. In view of Lemma 3.2, the algebraic equation y F 2tvy(y) = = admits
an odd number of real solutions °

Yo = yo(t,x) < ... < yor = yau(t, ).
Moreover, we denote by
Yorr1 = Yoey1 (8, ), ..., yon = Yon (L, ),

5 We recall that the real solutions y of the equation y F 2tvg(y) = = are the same real solutions

of y F 2t|ug(y)|? = z as vo(y) = |uo(y)|* when y is real.
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the remaining solutions of y F 2tvg(y) = x belonging to the complex plane, where
thanks to (3.4) we notice yop—1 =g, forallp=~¢+1,---, N; and in what follows,
we suppose Im(yq,) >0 forallp=¢+1,---, N.

By moving x = z slightly up to the upper half-complex plane, one proves by
using the implicit function theorem in its holomorphic version, that z — yi (¢, 2) is a
holomorphic function and thus satisfies the Cauchy—Riemann equations

OIm(yr) _ 9 Re(yr)
dIm(z)  ORe(z)

Besides, recall for all k =0,...¢,5=1,... ¢,

8Re(y2k) aRe(QQj—l)
ORe(z) ORe(2)

>0, <0,

since by Lemma 3.2 the function v;(y) := y F 2tvy(y) is increasing near yo, , k =

0,---, ¢, and decreasing near yop41, k = 0,---, £ — 1. As a result, for all k£ =
0,...N,j=1,... N,

8Im(y2k) > 0’ 8Im(y2j,1) < O

0Im(z) 01Im(z)

That is (yar)rk—o,.~n € C4, and thus, at these points, the numerator of (3.10)
must vanish. Consequently, one deduces the following linear

ZD[UO] (tv Z) ) and (ft,z(_pj))jzl,...,N—l ;

system of unknowns

N-1

C .
uo(yar) = ZD[uo](t, z) £ 2tuo(yar) Z — fr..(—pj) , k=0,---,N.
=0 Yok + Dj
Applying the Cramer rule, one finds for all z € C |
1 1 1 1
Yo+po Yo+p1 T yotpN-1
1 1 1 1
UO(yO)UO(yz) N -U0<y2N) Y2+po y2+p1 Y2+PN-1
1 1 1
_ YaN+Po  Y2N+P1 YaN+PN -1
ZDy+ [uo](t’ Z) - 1 uo(yo) uo(yo) uo(yo)
Yo+po Yo+p1 Yo+PN—1
1 “(y2) uo(y2 uo(y2)
Y2+po Y2+p1 Y2+pPN—1
uo(yen)  uo(yan) uo(y2nN)
Ya2N+pPo  Ya2nN+P1 YaN+DPN -1
(3.11)

Hence, for almost every x € R, identity (3.6) holds, as ZD. [uo)(t) belongs to
the Hardy space L% (T) for all ¢, since it is a holomorphic function, exhibiting a
finite trace in L*(R) thanks to inequality (2.7).

O
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Lemma 3.4 (Solving the determinants of Lemma 3.3). Under the same conditions
and notations as in Lemma 5.3, the zero—dispersion limit of (CM) associated with
Uy = % defined in (3.1), is given for almost every x € R by

Proof. We recall from Lemma 3.3, for almost every z € R,

1 1 1 1
yo+po Yyo+p1 T yotpN-1
1 1 1 1
y2+po Yy2+p1 T y2tpN—1
uo(Yo)uo(y2) - - - to(Yan)
1 1 1
+po  yon+P1 T YaN+PN-1
ZDi|ugl(t,x) = YN
i[ 0]( ! ) 1 uo(yo) uo(yo) uo(yo)
Yo+po Yo+p1 Y yotpN-—1
1 uo(y2) uo(y2) uo(y2)
y2+po y2+p1 T y2tpN-a
uo(yan)  uo(yon) uo(yan)
yaN+pPo  yontpP1 77 YaN+PN-1

By expanding the determinants, one finds

2N Z<_

ZDi UO t LU HUO ygk N =0
k=0

Ay,

o)

k=0

where A, is the minor obtained after removing the first column and the k**-row of
the matrix in the numerator of (3.12). Therefore, observing that Ay is a Cauchy

determinant, one infers that

N N—1
Z( ) (yor + ;) H (Y250 — Y2;)
k=0 =0 0<j<j'<N R
>
ZDuo)(t,z) = — ~ 1 > =5
> (- I (e —v2)
k=0 ]:0 0<S<S/SN
s,8' £k

(3.13)
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First, by using the Vandermonde determinant, one can rewrite R in (3.13) as

N N-1
R:= Z(—l)k H(?J2k+pj) H (Y2 — Y25)
k=0 j=0 0<j<j’'<N
5,37k
N-1
(vo+p;) 1 wo v
5=0
N—-1
(2 tp) 1 v
= ]:0
N-1
(yav +pj) 1 yon Yo |
j=0
which is equivalent to
ool oy oy
N N—-1
Y 1y ... W
R=| 7 ’ ?
UN-1 1 oyan o gy

thanks to the property of the determinant. Hence, applying once more the Vander-
monde determinant, we conclude that

R=(-D" J] - vom). (3.14)
0<m<n<N
Second, moving to the expression of D in (3.13). Observe that by definition of the
polynomial @ in (3.1), we have
N-1

e
+p;) = .
uo(Yar) - O(y% 2 uo(Y2k)

(3.15)

<

In addition, recall that the (yax)k—o ..~ are solutions of the algebraic equation (3.4).
Hence, forall k =0,--- | N,

P
— T2t (?J%) 7

Uo (y%) T — Y2k

which can be rewritten as

Qyor) — T2t <F(y2k) — P(x) X P(z) ) ’

Uo(y%) T — Yok T — Yo

to infer via (3.15)

1N (Pl =Pla) , P,

Yor +pj) = F2
Uo(yzk) . 0( ]) T — Yok T — Yok

[aay

(3.16)

<
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Therefore, by observing that ?(y;k_)—y—f(x)

than NV — 1, one finds by (3.16), that D defined in (3.13) is equal to,

1 _
Loy oy
T — Yo
— L 1 oy ... yy?
D= F2tP(x)| -1y 2
1
1 A
T — o YaN Yan
Consequently, by using the Vandermonde determinant,
N
(=1)*

D = F2tP(x) Z H (Y2n — Yam) ,

x J—
=0 Y2k g<min<n

montk
which can be rewritten as
H (Y2n — Yam)
D = F2t (~1)Y P(a) == :
H(SE = Yor)
k=0

thanks to the partial fractional decomposition of

H (y2n - y2m)

0<m<n<N
N
H (Y2n — Yom) N H (yor — Y2;)
0<m<n<N . J=0,j#k
N kz:% L= Y2k
H(iff — Yok)
k=0

H (y2n - y?m)

0<m<n<N

(=D¥* H (yor — y2;) H (Y25 — Yor)

N
. Z 0<j<k k<j<N
l’ —
0 Y2k
N _
B (_1)N k
- T — (an - me) .
k=0 Yok cmin<n
m,n#k

Consequently, substituting (3.14), (3.17) in (3.13), one infers that
N
H(il? — Yok)

Z D [ug)(t, x) = % .

is a polynomial in ¥ of degree less strictly

(3.17)

(3.18)
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Furthermore, if we take into account that (yx)k—o,.. on are solutions to (3.5), thus
also to the polynomial equation (3.4), we can write

2N
[T —w) = (v —2)QW)Q(y) T 2tP(y)Py), (3.19)
k=0
2N
and when y = z in the above equation, we obtain H(x —y) = F2tP(z)P(x), which
k=0
implies that (3.18) can be replaced by
P(z)
ZDy[up)(t,z) = . (3.20)
Hfgv=1(17 — Yok-1)
U

Now, equipped with Lemma 3.4, let us prove Proposition 3.1.
Proof of Proposition 5.1. We recall from Lemma 3.4, that for almost every z € R,
P(x)
HkN:1(I — Y2k-1)

where the (yg)r—o, .. 2¢ are the real solutions of the algebraic equation (3.2), and

Z Dyfugl(t,z) = : (3.21)

the (yp)p=oe+1,.. on are the complex solutions of (3.5) with yo, 1 = 7, for all
p=C+1,---, N.Werewrite (3.21) as

7D [uo(t, 1) = ug(r) — Q) (3.22)
[Tzt (& = yor—1)
_ uo(x) Q(z)
[Tics (& = 1) Tl (@ = y2p1)
The goal is to get rid of % , in order to express Z D4 [ug] only in terms of
Yo, -+, Yau, thereby ensuring that Z D, [ug] can be expressed exclusively in terms

of the branches of the multivalued solution of the Burgers equation (1.2).

For that, we recall from (3.19), for all y € C,

2N

(Y — y) _
= e e PP
Qy)Q(v) Q(v)Q(v)

In particular, for all y € R,

yF 2u(y)” —x  p=2in
2 Q>

H(Z/ — Yi)

k=0
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or, since yap—1 =Y forall p=~¢+1,... N, and as Q(y) :== (y + Do) - - (¥ + Dn_1)
by (3.1),

N
H |y - y2p71’2

2t 2 — -
y :F - |u0(y>’ xz — p={+1 ) (323>

[T —w) ﬂ!y—pj|2

k=0

Let a > 0, the next step is to prove that the term we need to get ride of is equal to

_ Q(x) _ (z +ia)* ’ (3.24)
] (x—yopr) &P <H+(1Og (> + aQV%A?J)))) .
p=t+1

where

N
H ’y - yQp—1|2

p=0+1

N-1
[Ty —»il?
=0

Gra(y) =

Indeed, by definition of g;, , °

(4 + i) Ty ra (v = y20-) ) g <<y —i0) Ty (v = —yzpa)
1350 (v — 1)) [ v —m) ’

where one observes the first term of the right—hand side belongs to L2(R) as

Im(py) < 0, while the second term belongs to L? (R) 7. Therefore, by the uniqueness

of the decomposition of any L*-function in L% (R) & L% (R), we infer for a fixed
r€eR,

log ((y2+a2)59t,x(y)) = log (

Qy)
Applying the exponential function to both sides of the previous identity and setting

H+(10g (v + a2)€gt,x(y))> = log <(y +ia) [T (y — ?J2k—1)) .

y = x, one deduces (3.24) . Now, the only task left is to compute the right-hand
side of (3.24). To do so, we need the following classical lemma, the proof of which
will be presented later for the convenience of the reader,

Lemma 3.5. For any h € L*(R) of class C' satisfying ||W||p~ < oo,

Hh(m):@—%/o ooh(x—l—s);h(x—s)d

S, reR.

6 The multiplication of g; . by (y> + a?)* aims to ensure that each term on the right-hand side
of the following identity is in L?(R)

"i.e. the space of functions having a trace in L2 (R), such that they can be holomorphically
extended to C_)
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Thus, applying this lemma with h(y) = log ((y* + a*)*g(y)) , one obtains

H+(1Og ((y2 + a’2)€gt,x(y))> - % log <(y2 + a2)€gt,m(y>> i /O+OO 1 log <(y+iﬂ> ds

)y s C\(y-s?ra
i [T 10g(gra(y + 5)) — log(gra(y = 5))
27 /o s '
(3.25)
where after some computation, one finds
1 +oo 1 2 2
— —log sy +a ds= 2 —arctan [ 2 . (3.26)
2t Jo s (y —s)? 4+ a? 2 y

Indeed, let f(y) := f0+°° Llog (Eifgjigj) ds. By deriving f, one finds
+oo A(a? 1+ 2 — 22
ro= [ SRS
o ((y+s)?+a)((y—s)?+a?)
B /+oo 2(a? + 82 — 2?)
o ((y+3)2+a?)((y - s)* +a?)
, 2(a® + 2% — y?)
= lim
o0 Jrp ((y +2)2 +a?) ((y — 2)% + a?)

ds

ds

dz

where 'y is the contour composed of the real axis from —R to R and the upper
semicircle. Using Cauchy’s residue theorem, we infer f'(y) = yfi‘; . Therefore, by
integrating the previous expression and observing that f(0) = 0, and using that

arctan(f) + arctan(3) = %, one obtains (3.26) . Consequently, (3.25) becomes

1. (1og (5 + 0'ar20)) = Yo (7 + @an. ) = 57 + ientan )

i [T log(gr.(y + 8)) — log(gin(y — 5)) d

2 Jo S

)

(3.27)

and hence,

—ilT

— o 2 \/(:Eg + ag)g gt7$<x) eiéarctan(%)
(3.28)
i [T log(ge(w + 5)) — log(gee(x — 5))
exXp ( A

2 5

y=z

exp (H+ < log ((y2 + a2)£9t,x(y))>)

)
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Thus, combining (3.22), (3.24) and (3.28)

Z D luo)(t, z) = tole) (@ o) o
y Hf;:l (27 . ka_l) (xz 4 a2)£ eifarctan(a/x) Gt (ZL’)
o (- / 7 log(gre(x + 5)) —log(gua(x = 5)) |
2m Jo s
0
— - |U0($)| (Z) ei(p(t,.’r) ’ (329)
Hk=1($ — Yok—1) V/ 9t (T)
where

T log(g.(x + 5)) —log(gr.(x — s
o(t, ) :arg(uo(a?))—i—%/o 10g(gta(® + 5)) . 108 (g1 ) ds. (3.30)

Substituting ¢;, in (3.29) by its value in (3.23) with y =z,

\4
ZD.fuol(t,2) = o) UiS———)
p=1 (T — Y21-1)

and using the fact that the y;, are solutions of the algebraic equation y; F2t|ug(yx)|* =
x,forall k=0,...,2¢, we conclude

N\
Z Dyfu)(t,x) = 7 ! (1) ol (tz)
(F2t)° Hk:l o (yYor—1) | F2
20
(F26)* ] Juo(un)I”
k=0

14

N [ T1uo(yan)]
_ o] k=0 ip(t,z)
— (il]) o

H\Uo(yzk—l)\

k=1
where by (3.30) and (3.23),

00 20
! / 11g( s F 2Ju(z + 5)° Hkou—s—yk))d&
0

p(t,xr) = arg(up(x)) + —
(,2) (t0() s —s F 2tluo(z — s)P T} (2 + s — yi)

27
O

Proof of Lemma 3.5. For all z € R,

1 h
lim ITA(z + i) = lim —/yidy
R

50+ 50+ 271 —x — 1)
1 1 -
~ fim L / o h(y) dy+ - h(y)(y — ) dy
5—0+ 21 Jp (y — )% + 42 210 Jg (y — x)2 + 02
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Using the Poisson integral formula on the upper half-plane of C, we infer for all
0>0,

1

L[ k) hla)
21 Jr (y — x)% 4 62 2

For the second term, observe that,

- h(y)(y — =) [T h(y)(y —x) [T h(y)(y — )
1 ————=dy = lim 1 —=—d lim 1 —
65(% /R (y — x)? + 02 Y 6i>r(l)l+ 50 oo (y—x)2 4 02 v 51>I(r)l+ 50 ore (y—x)2 462

- oo n(x — s)s T n(x +8)s
- (= [ e [ )

o [T (et 5) — (e = )

°d
d—0t 0 82 + (52 y ’

where we can switch lim and integral, as f0+o° w ds is well-defined as the

principal value of @ since ||W||pe < 00. O

Now, armed with Proposition 3.1, let us proceed to prove the extended version
of the statement of this proposition to Theorem 1.2.

Proof of Theorem 1.2. Let ug € L2 (R) N C'(R), such that g is tending to 0 at
infinity and u) € L>®(R). For such ug, the C'-function v;(y) := y F 2t{ue(y)|* is
asymptotically equivalent to y at +oo. Moreover, since vy is bounded in L*(R),
then for all t € R, and for any x € R that is not a critical value of v;, the equation
7(y) = z has a finite number of real solutions

yo(t,x) < ... <wyault,z). (3.31)

Besides, note that by the Sard theorem, the set of critical values of v has zero
Lebesgue measure. Moreover, since

) =142t (luo(y)?) — 1,  y— £oo,

then the set of critical points {y ; v,(y) = 0} is compact for a given t, so that its
image —the set of critical values of v,— is compact, and hence in particular closed.
Thus, let © be any open connected set (for the x variable) where (3.31) is satisfied.
The idea, at this stage of the proof, is to deduce the result from Proposition 3.1.
Thus, by using a standard mollifier, we approximate uy in L*(R) N C'(R) by a
sequence of rational functions (u3) belonging to the Hardy space. Now, take w to
be any arbitrary open subset of {2 such that @ is compact. Therefore, for § small
enough,

y 4 2tlud(y) > =z, rEW,
has 2¢ + 1 solutions
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Since ug is a rational function in the Hardy space, then by Proposition 3.1,

20
ips(x |t| ‘ —1)k
ZDulud)(t0) == (i) Tl "
k=0

where

1 +o0 1 2|0 2 1712¢ e
o) = gl + 5 [ oy (STl oo s i) ) g
P R T ) FA e,

By passing to the limit as § — 0, and using that u — wug in L? N C! so that

Y2 (t,x) — yr(t,z), and by the weak limit of (2.8), we deduce for every z € w,
formula (1.5). Now, since w is chosen arbitrarily in €2, this achieves the proof.
U

An immediate consequence of Theorem 1.2 is the following corollary.

Corollary 3.6. Let ug € L% (R) N L®(R) (with |lug||z2 < V27 in the focusing case),
then for allt € R,

| Z Dx[uo](t)|| e < |uolzoe -

Proof. In view of Theorem 1.2, we have for any ug € L2 (R) N C*(R), satisfying the
property that ug is tending to 0 at infinity,

l
T Tluo(yae)|
|ZD[ug)(t, )] = ==

Y

y4
T Tluo ()|
k=1

where 1y < ... < yor are solutions for the algebraic equation

T — yr = F2t|uo(yx)|* -

Therefore, by the monotonicity of k +— v we infer the monotonicity of k — |ug(yx)|?,
so that we can deduce

|Z D [uo] (¢, )| < max{|uo(yo)|, [uo(y2e)|} < [luollze -

The general case of uy € L*(R) N L?(R) follows by applying a standard mollifier
to ug like the one described to prove Theorem 1.2 and by using property (2.8) in
Theorem 1.1. U
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