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Renormalization of ¢j theory on the half-space R™ x R with flow equations II

The Surface counter-terms of the ¢} theory on the half
space RT x R3
Majdouline Borjil'@ and Christoph Kopperl'E]

Centre de Physique Théorique CPHT, CNRS, UMR 7644, Institut Polytechnique de Paris,
91128 Palaiseau, France

(Dated: 24 November 2023)

In a previous work, we established perturbative renormalizability to all orders of the
massive ¢f -theory on a half-space also called the semi-infinite massive d)f -theory. Five
counter-terms which are functions depending on the position in the space, were needed to
make the theory finite. The aim of the present paper is to establish that for a particular
choice of the renormalization conditions the effective action consists of a part which is
independent of the boundary conditions (Dirichlet, Neumann and Robin) plus a boundary
term in the case of the Robin and Neumann boundary conditions. The key idea of our
method is the decomposition of the correlators into a bulk part, which is defined as the
scalar field model on the full space R* with a quartic interaction restricted to the half-
space, plus a remainder which we call "the surface part". We analyse this surface part and
establish perturbatively that the ¢j theory in R* x R3 is made finite by adding the bulk
counter-terms and two additional counter-terms to the bare interaction in the case of Robin
and Neumann boundary conditions. These surface counter-terms are position independent
and are proportional to fs(]b2 and [;¢d,¢. For Dirichlet boundary conditions, we prove
that no surface counter-terms are needed and the bulk counter-terms are sufficient to renor-
malize the connected amputated (Dirichlet) Schwinger functions. A key technical novelty
as compared to our previous work is a proof that the power counting of the surface part of
the correlators is better by one scaling dimension than their bulk counterparts.

I. INTRODUCTION

Renormalization group methods in the presence of boundaries have been developed in theoretical
physics in the context of the semi-infinite scalar field model in''#, Besides the physical signifi-
cance of this model as a prototype for systems with spatial inhomogeneities, it serves to illustrate the
characteristic new features of the RG when translation invariance is broken by the presence of sur-
faces. Recently, we established a rigorous proof of perturbative renormalizability of this model in®
using the Polchinski flow equations. Initiated by Polchinski?®, this approach to renormalization has
been adapted to various interesting quantum field theories. We analyzed the generating functional
LA of connected amputated Schwinger functions by proving inductively uniform upper bounds in
the UV cutoff Ag, wherefrom the renormalizability of the model is deduced. For theories that break
translation invariance, the whole procedure is carried out in position space? or in the case of the
semi-infinite model in a mixed position-momentum space. Hence, the correlation functions are dis-
tributions which imposes that the method of proof must be adapted to distributions. We mention a
previous work in this direction® on the perturbative renormalization of the massive scalar field with
a ¢* interaction on Riemannian manifolds in which the proof of renormalization was completely
performed in position space. Our work® on the renormalization of the semi-infinite model adapts
the proof of>? to the case of a mixed position-momentum representation. The main particularity of
working in position space within the flow equation framework is the appearance of weight factors
associated to some combinatorial objects called "trees" in the bounds on the perturbative correlation
functions. These weight factors imply tree decay between the position arguments of the correlation
functions.
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The loss of translation invariance implies that the relevant parameters are not constants but are
rather functions, which can possibly depend on the position x € V, the domain on which the system
is defined. In®, we considered BPHZ renormalization conditions, and we found that the semi-infinite
model is renormalized by adding five position dependent counter-terms to the bare interaction given
by

L) = [ e [ rotien)

+1 dz /R3 d’x (ai\o(z)qﬁz(z,x) — b0 (2)9(2,%) A (2, %)

2 Jr+

0000 DO 00) ) + @) ),

with % denoting either Dirichlet, Neumann or Robin boundary conditions. The method developed
in® is of a pedagogical nature in the sense that it provides the detailed steps to establish the renor-
malizability of scalar field theories in the mixed position-momentum space. However, the approach
does not highlight the effect of the presence of surfaces, in the sense that the correlation functions
of the semi-infinite model and its translationally invariant counterpart can both be bounded with
similar upper bounds using the method of proof of®. This also means that the steps of the proof
in® do not show the differences between the renormalization of the semi-infinite model and of the
usual translationally invariant (/)jlt theory in the mixed position-momentum space. A further issue is
the dependence of the counter-terms terms in® on the position. While mathematically well defined,
the renormalization problem considered in® differs from physical applications where the effective
action is specified at Ao, and is supposed to be independent of the position in space, as in the case
in boundary critical phenomenal?!%, For these reasons, we investigate in this paper in more detail
the structure of the counter-terms and their dependence on the surface by separating the surface and
bulk effects. The results of this paper are also useful for a future publication, in which we prove a
much stronger result with respect to the independence of the counter-terms of the position in space
by establishing that these are given by the usual translationally invariant counter-terms plus some
counter-terms supported on the surface.

In the mixed position momentum space, the possible propagators can be written as the sum of two
terms. The first term is the propagator of the translationally invariant theory Cp and the second term
denoted by Cs, corresponds to the part that breaks translation invariance. By definition, Cs , de-
pends on the considered boundary condition with x € {D, N, R}. Inserting this decomposition in the
Feynman graph expansion, we obtain graphs involving exclusively Cp (i.e. bulk graphs), and others
involving Cs . or Cs . and Cp (i.e. surface graphs). In™ and in a different context in°L, the authors
argued that the power counting of the surface graphs is better by one scaling dimension than its bulk
counterpart. We also mention the recent results''? on the 2D Ising model in cylindrical domains, in
which the authors proceeded similarly by decomposing the generating function of correlations of
observables located inside the volume into a bulk part (which in this case denotes the infinite plane
counterpart of the considered model), plus a remainder denoted as the "edge" that accounts for the
boundary effects. Their approach led to bounds on the "edge" part which are dimensionally better
by one scaling dimension as compared to the bulk. A similar situation is expected in the context of
the semi-infinite model'”, by decomposing the correlation distributions into bulk and surface parts.
The bulk part consists of all Feynman bulk integrals, which are identical to those of the translation-
ally invariant theory, up to the restriction z > 0 on z-integrations. This implies that these graphs can
be renormalized using the same counter-terms as for ¢f in R* with an interaction supported on the
half-space which will be called in this paper the bulk theory. The remaining surface part contains
surface Feynman graphs and these turn out, as we establish in the sequel, to be renormalized by
adding position independent counter-terms supported on the surface. One of the important results
of the present paper in agreement with the findings of"2, is that we obtain that the surface part
admits a power counting dimensionally better by one scaling dimension as compared to its bulk
counterpart. This modified scaling dimension appears in Theorem [I]

Our technique of proof is based on constructing a solution to the flow equation of the semi-infinite
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model derived in® which has the following form
@;}YLAO ((ZIJ’I)» e 7(Zn7pn)) +f5ﬂ11:,’1:0 ((Z17p1)7 Ty (Zrhpn))

where @;ﬁ;AU are the correlation distributions of the bulk theory. The surface correlation distribu-

tions yA’AO are defined inductively by a specific flow equation obtained from the respective flow

equations of the semi-infinite model and the bulk theory, by imposing that @A Aoy S A AO is a so-

lution of the semi-infinite flow equation. These surface correlation dlStI‘lbuthI’lS are the object of
interest of this paper since they contain all surface singularities (at A = Ag) that can arise from the
propagator Cs , and hence are renormalized by the so-called surface counter-terms or equivalently
counter-terms supported on the surface. In this paper, we will not look in detail into the bulk cor-
relation distributions 9 A-Ao , but we rather use their uniform boundedness w.r.t. the UV cutoff Ag
Wthh can be obtained i m the case of BPHZ renormalization conditions analogously to the bounds

. As we mentionned before, this raises the poss1b1hty that the corresponding counter-terms de-
pend on the position. The renormalization of 5”1 Ao implies that at A = Ag the effective action has
the following form

Loo(o)= [z [ (5 00+ SaP @00 - SR 0090
S OEIADE) - S OG0 + el (0*(a))
—|—/ dx (sR —l—ce )(])2(0,)6), (1)

where ¢ denotes the Robin parameter associated to Robin boundary conditions, and the position
dependent counter-terms are those renormalizing the bulk theory.

The exposition is organized as follows. In Section|[[I} we review the basic setting and recall some
basic properties of the Robin, Neumann, Dirichlet and bulk heat kernels. Section [[I]is devoted to
define the scalar field theory in R* with a quartic self-interaction restricted to the half-space R* x R3.
The CAS of this theory obey the standard flow equations of the ¢4 -theory in R*, with the exception
that the 7z, 7 integrations appearing on the RHS of the flow equations are restricted to R™ instead of
R. The bare interaction corresponding to this theory reads

L) = [ de [ (5 046+ S @070 - SR (0602000
@O ERAD )~ P OI20E) + el (04

where ag‘) (2), sg(’ (2), b/B\0 (2), dg‘) (z) and cgo (z) are the bulk counter-terms which can depend

(smoothly) on z since the interaction breaks translation invariance. In Section we construct

the surface correlation distributions . associated to the boundary condition x. In Section
ic

L%
we introduce the trees and forest structures together with their corresponding weight factors whic
we need later in stating Theorem[I] Section[VI|is the central part of this paper. We present Theorem

[[] which contains the power counting for the connected amputated Schwinger distributions (CAS)

5’/:,1:0 as well as their boundedness w.r.t. to Ag with x denoting either Robin or Neumann boundary
conditions. Then, Proposition M| proves that the Dirichlet surface correlation distributions can be
viewed as the limit of Robin surface correlation distributions when the Robin parameter c is taken
to infinity. Theorem [I]together with Proposition @] imply Corollary [T| which states that the Dirichlet
surface correlation distributions when smeared with Dirichlet heat kernels are irrelevant. First order
calculations in perturbation theory?1? suggest that the amputated theory is renormalized differently
as compared to the non-amputated one in the sense that the tadpole needs more counter-terms de-
pending on whether one of its external points is on the surface or not. We confirm this statement
to all orders of perturbation theory in Section [VII} In the Appendices, we collect technical lemmas

which we use in the proof of Theorem
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Il. THE HEAT KERNELS AND THE PROPAGATORS
A. Some notations and the heat kernels

In the sequel, we will be using the following notations

/::/0 dZ’ ﬁn = (pla"'apn)7 (Zmﬁn) = ((thl),"',(Zn,pn)),
Jz .

zij= zi,2j), Pij=(pi,---.pj), 1<i<j<n,
15ull := lrggnlpil.

We will also use the mixed position-momentum space representation which consists in taking the
partial Fourier transform w.r.t. the variable x € R3. We recall that in this representation, the Dirichlet,
Neumann and Robin propagators simply read!©

CD(p;Z7Z/) _ 1 |:e—\/ P2+m2|z—zl‘ —_e V P2+mz‘z+z’|:| ) (2)
2/ p* +m?

Crlpi2,?) = g [ VP V] 3
2 p2 +m2

1
2v/p?+m?

Note that the Dirichlet boundary condition corresponds to ¢ — +co and the Neumann boundary
condition to ¢ = 0. For x € {D, R, N}, the propagator C, can also be written as

e*\/zmkfz’h'_ Vpr+m?—c o VPP m? ||

L c>0. (@)
p2+m2+c

Cr(p;z,7) =

C. (p;z,zl) _ /Omdl e—l(p2+;n2) Ds (A;Z,Z/) ’ (5)

where the Dirichlet, Neumann and Robin heat kernels read for z, 7/ > 0

1 / 1 / 1 /

pPp ﬁ;z,z = PB F;Z’Z —PB p%*z ) (6)
1 1 1

N (Az;z,z’> =ps (M;z,z’) +pB <A2;z, —z’) , Q)
(I 1, o o row

() o) oGt 2 oot ). o

and the bulk heat kernel pp is given by

pe (1:2,7) = e @, 1>0. 9)

It verifies the following basic properties:

o (The bulk semi-group property) For z; and z; in R
/Rdu pe(T1321,u) pp(Tsu,22) = p(T1 + T321,22) - (10)
e (The * semi-group property) For z; and z; in R™ and « € {D,N, R}, we have

/R+ du p.(T1321,u) pu(T2iu,22) = po(T1 + T2321,22) - (11)
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o (Completeness) For z; in R, we have
/du pe(ti5z1,u) =1. (12)
R
e For z; and 7o in RT, we have

/Rdu pe(Tiiz1,u) p(Tiu,z2) < 2/R+ du pp(t1;21,u) pp(T23u,22) - (13)

e For 6 >0, 75 =(1+8)7 and 71,20 € RT, we have

pB(T:21,22) < V146 pp(Ts321,22) (14)
and for 6’ > §
lz1 —22|" pB(T5:21,22) < Cs. 5 T2 pg (Ty321,22) (15)
where
116 2 &5 ,
Cs.5' 1:5 [x"e” > TI0 |l, < O(1) |6 - 8|72 . (16)

e Forz, 7 € R™, 7> 0and ¢ > 0, we have

pe (1:2,—7) < pp(1:2,7), /R+ dw e " pg (r;z, -7 - %) <ps(1:2,7). 17

B. The regularized propagators

We denote by « the type of boundary conditions considered. For 0 < A < Ag, we define the
regularized flowing propagator associated to the boundary condition x € {D,N,R} as follows:

e
M (piad)i= [ ah p. (aiz)e M), (1)
A
This can also be rewritten as
CM (i) = Cp™ (2 d) +C3N (piz,d) | (19)
where
1
CQ’AO (P;Z,Z/) — /1A2 A pp (A;Z,Z/> ef)L(p2+m2) 20)
A
and
1
2
oM (piz) = [V dh ps. (aiz ) e ), @
~

with the surface heat kernel pg , defined as p, — pp. In the case of Robin boundary conditions,
the surface Robin heat kernel is given by

1 1 o 1 W
PSR (Az;z,z’) = pp (Az;a —z’) —2/0 dw e " pp <A2;z,—c —z’) . (22
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Note that the Robin heat kernel and pg g are uniformly bounded w.r.t. the Robin parameter c.
Namely, we have using (T7)

pr(1:2,7) <4 pp(1:2.7), pse(t:2,2) <3 pp(112,-7), (23)
for all z,z >0, 7 > 0 and ¢ > 0. Similarly, we also have
po (1:2,7) < pv (732,7) <2 pp(132,7). (24)

In the sequel, we denote the derivative of the flowing propagators w.r.t. A by

. 0 ) 1
CA : }/ — 7CA7A0 : / :CA o[ —: '/ 25
e (piz.7) = 52 G (piz,2) (P) Po| 7327 ) - (25)
) 202
where CA(p) = 7%97 A2 and e € {%,{S,*},B} withx € {D,N,R}.
Given a polynomial & and w € N3, we have the following estimate on the 3-dimensional
covariance
I"CN (p) P (ﬁ)] <A4m)y M (LY g er 26
(h) 2 (%)| < (A+m) ). vpeR, @9

where &7 is a polynomial with positive coefficients. We refer to l| for the multi-index w
notation.

Il. THE BULK THEORY ON THE HALF-SPACE R* x R?
A. The Action and the Flow Equations

We consider the theory of a real scalar field ¢ with mass m on the four dimensional Euclidean space-
time R* within the framework of functional integration. The point of departure to define this theory
is to write the associated regularized path integral which is uniquely defined by the corresponding
gaussian measure. The regularized flowing propagator is given by (20). Note that for A — 0 and
Ao — oo we recover the unregularized propagator. For finite Ay and in finite volume the positivity
and the regularity properties of CQ’AO permit to define the theory rigorously from the functional
integral

Ag:Ay

_%(L/B}‘AO(¢)+IA~A0> - /dué\AO (@) e—%LB (P+9) , (27)

e
AN\
Ly (0)

where the factors of 7 have been introduced with regard to a systematic loop expansion considered
later. Here, the Gaussian measure d ug\’AO is of mean zero and covariance hCﬁ’AO. The test function

¢ is in the support of djiy™ which in particular implies that it is in € (R*). This regularity stems
from the UV-regularization determined by the cutoff Ag which is imperative to have a well-defined
functional integral. The normalization factor e 1™ is due to vacuum contributions. It diverges in
infinite volume so that we can take the infinite volume limit only when it has been eliminated®’. We
do not make the finite volume explicit here since it plays no role in the sequel.

The functional L£°7A°(<])) is the bare interaction of a renormalizable theory including counter-
terms, viewed as a formal power series in 7. It contains the tree order interaction and the related
counter-terms. The interaction is supported only on the half-space R x R® which implies that
translation invariance is broken in the z-direction (the semi-line). This raises the possibility that the
counter-terms may be z-dependent. In general, the constraints on the bare action result from the
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symmetry properties of the theory which are imposed, on its field content and on the form of the
propagator. It is therefore natural to consider the general bare interaction

A

Ly"™(9) = 3; / T x94@) 2// dx (“B (2)9°(z,%) — b (2)9 (2, 1) Ach (2,%) (28)

A0 00(20) — s (1) (%0)(00) + e (04 x)) .

Here we supposed the theory to be symmetric under ¢ — —¢, and we included in (28) only relevant

terms in the sense of the renormalization group. The functions ago (2), bgo (2), cgo (2), dg\o (z) and

s§° (z) are supposed to be smooth.

The flow equation (FE) is obtained from (27) on differentiating w.r.t. A. For the steps of the com-
putation, we refer the reader to>2U2%, Tt is a dlfferentlal equation for the functional LA Ao,

5 o b = 0 ahoy (29)

h, 6 ., 0
aA(L/B}7AO+1A’AO): 8 > 2 2<6¢ B 5¢

2< (P?CB 6¢

By (,) we denote the standard inner product in L?(R* x R3).
We expand the functional Lg’AU (¢) in a formal power series w.r.t. 7,

AAO Zh[ AAO

Corresponding expansions for ago (2), bgo (2)..., are ago (1))=Y, hla?}; (z), etc. From L%\O (¢) we
obtain the CAS distributions of loop order [ as '

AN
‘@l,ﬁ O((Zlaxl)y"' a(men)) _6(1) (z1,%1) 6(1) z,,,x,, ‘¢ =0,

where we used the notation 4. ) = 6/3¢(z,x).
In the pz-representation, we set for r, r; and r, € N* and

q) ZZ7 "7Zn . H¢l Zl ¢l€y(R+)

‘9][\”/:« ()(Zl’pﬂ’q)ﬂ) = /(RJr)nfl dZZ,n (Zl _Zi)rg;},;AO ((Zlapl)v"' 7(Znapn))¢2(Z2)"'¢ﬂ(Zﬂ)7

(30)

A Aoi(i,] - r r ,
91@{255” (213 Pns Pn) = /(R+)H dzon (21— 2)" (21— 2))2 2™ ((21.21)s 7+ (s Pa))
X 02(22)Pu(zn), r+r=r (3D

and forr=0

i (@13 i) 1= /<R+>nfldzzyn DM (@1p1)s o (2 pa)) $2(22) -+ 9ulzn) - (32)

Here we denote
671
L
5¢(21’P1) cee 6¢(Znapn)

AAO( )

5(3)(p1 +-- +pﬂ)@;}rZA0 ((Zlapl)v'” 7(Zn7pn)) = (27[)3("_1) |¢ 0-
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The distribution §3)(p; + --- + p,) appears because of translation invariance in the x directions.
The FE for the CAS distributions derived from (29) are

ER aW@“ﬂ ((z1,p1)s » (2ns i)

5 R+dZ A+dz /aw I— ]n+2 Zlapl)a"'7(vapn)a(ka)v(zlv_k))cl{?\(k;z»zl)

_5 R*dz /I;erzl Z Z ch [awlgfl\r/l\]o+l((21apl)v"'7(anpnl)a(Zap))8w3cg(p;Z,Z/)

I1,lp nysmo wi
AA
x g non((Z/ —p)se- a(Znapn))]

P=-—DP1— " —Pn =Pm+1t - +pn. (33)

)
rsym

The number |w| of momentum derivatives, is characterized by a multi-index. We use the shorthand
notation

n 3 pa) Wiu
BW :HH <a ' > WithW:(WLO, . W”3 ‘W| Zwl”, Wl“ GN* (34)
i=1p=0 \9Pi,u i

The symbol "rsym" means summation over those permutations of the momenta (zi,p;),
,(zn, pn), which do not leave invariant the (unordered) subsets ((z1,p1), -, (zn,Pn,)) and
((zn+1,Pny+1) s+, (zn, Pn)), and therefore, produce mutually different pairs of (unordered) image
subsets, and the primes restrict the summations to ny +ny =n, Iy +bL =1, wi +wy + w3 = w,
respectively. The combinatorial factor ¢y, = w!(wi!wy!ws!)~! stems from Leibniz’s rule.

B. Test functions and boundary conditions

The n-point correlation "functions" @;_\YLAO when considered in the pz-representation are tempered
distributions which belong for fixed j, to the space ./ (R™") w.r.t. the semi-norms

%) .
i=1

where A5(9) := supy<q <2 H (1+7P )% 9(2) Hoo and 9,9 |,—o = lim__,(+ J.¢ . For additional infor-

mations on the topological construction of .7’ (R*), we refer the reader to*”. Our method of proof
relies on inductive bounds deduced from the flow equations (33). The induction restricts our choice
of the test functions. To proceed inductively we cannot admit any arbitrary test function in . (R*").
Let us give the set of test functions we will be using in the sequel: For 2 < s < n, we define

7:=inf1;, where 15 = (7, --,7;) with 7; >0,

and similarly zp ; = (22, -+ ,z5). Given (y2,-+-,¥s) € R*"!, we define

)

Ory, 30, (22.6) = [ | P83 vi) H 1 (@), (35)

i=2 i=s+1

where x 7 is the characteristic function of the semi-line R™. This definition can be generalized by
choosing any other subset of s — 1 coordinates among 25, - -+ ,z,. The characteristic functions x*
are introduced in order to be able to extract the relevant terms in the sense of the renormalization
group from the full n-point distributions and to get inductive control of the local counter terms.
To go further one could either prove (in a more functional analysis type of approach) that our test
functions are dense in the set of smooth rapidly decaying functions on R™ w.r.t. a suitable norm and
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that @ZAVZAO (215 Pn; ®y) are continuous w.r.t. this semi-norm. Given the test functions ¢,, ¢3 and ¢4
in (R"), we define

Dy(22,23,24) = f!q)i(zi) .
Fak
The relevant terms contained in
705 (21:0:65 ) /@AAO 21.0).(22.0)) 92 (22) (36)
and
Z (2130 04) / TN (20,00, 1 (24,0)) @a (22,3,24) . (37)

are then extracted using a Taylor expansion of the test functions ¢ and &4, which gives

5N (2130,0:02) = a3 (21)¢2(z1) — 575 (21) (92, 92) (21)
—d““(m)( 92)(z1) + 1509 (21302) | (38)
(02715 (21:0,0:02) = B (21)9a () + (9,215") (21362) (39)
A3 (2130, Oq’4)_013 (21)92(21) 83 (21)9a(21) + 5 (215 Pa) - (40)

Then the relevant terms appear as

aly(e) = [ dz F5 (1,00, (2,00, @
5 (@1) / dza m—zz>@f$°<<m,o> (22,0)). )
do ) = / a2 (21 - 2275 (21,00, (22,0)), 43)
by (@) / a2 07 (73 ((Zlap)>(z27—l7)))‘p:07 (44
(@) = | deadzdzs 50 (21,0),0+ (24,0). 45)

, . AN . :
and the remainders ll 23 ¥ (z15¢), ( 2l 2;) (z1;92) and 117475? (z1;D4) can be written as

l;}z’f\g(zl, :/ dz / dt

(a 21123) (Zl§¢2) = /Ooodm/oldt (9l¢2(tZ2+(1 —l‘)Z])apz (91 2A0 ((zl,p),(ZL—P)))

2 (122 + (1= 1)21) 757 ((21:0), (22:0)) ,  (46)

‘p:O

and
pacp (21: @)
:/(R+)3dz2,4 911,\4/\0((21,0), (24,0 {/ dt 9,92 (tz2 + (1 —1)z1) P3(23) Pa(z4)

+¢2(Zl)/01dl3z¢3(f13+(1—t)z1)¢4(Z4)+¢z(Z1)%(Z1)/O dt s (tza+(1=1)2)| . @47)
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Boundary conditions at A = Ay:
The bare interaction implies that at A = Ag

gho-ho

120 (1, p), (22, — al (z1) +blel)p2—s?g(z1)8z fdl’,\g(zl)@z])S(zlfm),

@;}X’AO((ZMM) ,(24,p4)) (1510-1-013 21)(1=6;) )H5 21— Zi) -
0

91\0 Ao

Ln ((z1,p1)s++ s (zn,Pn)) =0, Vn>S5. (48)

Renormalization conditions at A = 0 (BPHZ renormalization conditions):
The renormalization conditions are fixed at A = 0 by imposing for all z; > 0

a3’ (21) =0, 53°(21) =0, d3(21) =0, b)3°(1) =0, ¢/3°(z1)=0. (49)

These will be adopted in the following. Note that the boundary conditions are invariant under O(3)-
symmetry. In the sequel, we need the following result:

Proposition 1. For0 <A< Ag<oo, 1 <s<n,2<i<nand0<r <3, we consider test functions
of the form ¢, ., (225), which are also denoted in shorthand as 02y 32
Adopting ([@#3)-(#9) we claim

AN =
’aW@lnro (Zl;pl‘l;(PTZ,sayZ,s)

1
e lwl—r A+m n T2
< (A+m)* =T 5, (logm) P (Jii) 2 <A+m> Fh.s(tas), (50)

w AL L=
a @1 n;ry,rn (Zl’p”’(PTZ‘ssyZ,s)

1
n—lwl—r —r A+m P T2

AA R . . . .
and 8”’.@1 n: ro i) (215 Pns ¢T2>S"y2’s) is continuous w.r.t. 1. Here, &; and 2; denote polynomials with
non-negative coefficients which depend on I, n,|w|, r, but not on {p;}, A, Ao and z;. The polynomials

9; are reduced to a constant if s = 1, and for | = 0 all polynomials &; and 2; reduce to constants.

Since we considered the bulk theory in the mixed position-momentum space together with im-
posing BPHZ renormalization conditions, the proof of proposition [T| follows step by step the proof
of Theorem 1 in®. For the sake of simplicity, we do not reproduce here the full proof and we refer
the reader to® for the details.
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IV. THE SURFACE CORRELATION DISTRIBUTIONS
A. The semi-infinite theory

In this subsection, we recall the flow equations of the semi-infinite massive scalar field model
presented in®:

aAaW"%n* ((Zlapl Zn,p,,))
Q/Z/Z/ YL o (@p)s s G ) (20K), (2 —K)) CR (Kiz,2)

// Y Yo (92 (@1spn)s e (g P, (2 P)) M C (32, 2)

11, n1,ny wi
A, A
awz"zz nz(lr] *((Z/ _p)a e a(Zmpn))]

P=—P1——Dun =Pnm+1+-+pa. (52)

)
rsym

where Ci™ (p:z,7) is defined in and L’ﬂ 2 ((z1,p1),-+ ,(zn,pn)) denote the semi-infinite
correlation distributions at loop order / and with n external points. The % index refers to the type
of considered boundary conditions, namely Dirichlet, Neumann and Robin. I, we imposed the
following mixed boundary conditions:

o At A=Ap:

LB (21,p), (22, - ) = (a2 2) + B2 p? = 5 ()2, — d(21)2 ) 821 —22)
4

"%ﬁﬁf\o ((z1,p1)," > (z4,p4)) = lél,o—f—c;}g(zl)(l — 31’0)115(21 -z .
LN (@1,p)o (@ pa) =0, V>, 69

e At A = 0: We impose BPHZ type renormalization conditions. Namely, for all z; > 0 we set

a?;’*AO (z1)=0, s?;’*AO(zl) =0, d;);;’\o (z1) =0, b?;’*AO(zl) =0, ci’:\o(zl) =0, (54

where
ai (@) = [ da L5 (2,0).2.0), 5)
S?*AO (z1) = /mdzz (z1 fzz)i”,/\z’ﬁo ((z1,0),(z2,0)), (56)
d/A*AO(Zl) = —*/ dzy (z1 —22) .,2”/\2/: ((z1,0), (22,0)), (57)
b = [ dn dp (252 (r)@p) (58)
(@) = /0 dzrdzsdz 62”,,4;*”((Z1,0),~-- (24,0)). (59)

This yielded five position dependent counter-terms which appear in the bare interaction of our semi-
infinite model

@)= [ de [ axotens [ de [ as (Ao 0220~ b (@92 )AD (2,%)

GNP P00 + e @0 ©0)
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In our previous work®, we saw that imposing constant renormalization conditions w.r.t. the position
z at the scale A = 0 is at the expense of obtaining position dependent counter-terms and bounds
which do not seprate the bulk from the surface effects. In this work, we aim to differentiate the
bulk and surface effects. Our strategy is based on extracting the surface counter-terms from the
semi-infinite counter-terms by separating the bulk and the surface effects in the definition of the
semi-infinite correlation distributions. Concretely, we proceed by subtracting the bulk correlation
distributions defined in Section [III| from the semi-infinite correlation distributions and study the
behaviour of the difference to which we refer as the surface correlation distributions. Namely, we
write

AA AA ANy (= =
t;ﬂln*() ((Znapn)) ‘_%n*o ((Znapn)) -@Lﬁ 0((Znapn))' (61)
The definition allows to write the FEs verified by 5”1 - .0, which we give explicitly in the next

subsection.

B. The surface correlation distributions

Before getting to the mathematical definition of the surface correlation distributions, let us give
a brief motivation based on a diagrammatic approach to the renormalization problem of the semi-
infinite scalar field model. The propagator associated to the b.c. x can be decomposed into a sum of
the two contributions given in , where CQ‘AO is the regularized bulk propagator which is respon-

sible for the singularities arising from coalescing of points and Cy A is the part which is responsible
of singularities arising when a point approaches the surface. Therefore an arbitrary Feynman dia-
gram of the semi-infinite model can be written as the sum of a diagram which contains only bulk

internal lines consisting of propagators Cg"AO only, and other diagrams which contain at least one

surface internal line given by the propagator Cﬁfo. Renormalizing the massive semi-infinite model
then amounts to renormalizing the diagrams with only bulk internal lines and those with at least a
surface internal line. This approach has the advantage to disentangle the surface divergences from
the bulk divergences From the renormalization group point of view, we proceed similarly by writ-

ing ( .i with & AO (resp. .7, 1 . ) consisting of all connected amputated d1agrams with 7 external

legs and / loops 1nvolv1ng exclusively CB Ao (resp. CA A0 and at least one C ) Using the flow

equations (33) and (52), we obtain the flow equations Ver1ﬁed by the surface correlatron distributions

IO ((@1,p1)s (ns pn)
Ind" 00 ((z1,1),+  (2ns Pn)

2/“/ IA{\2+2*((117P1)3"' a(Znapn)7(Zak)7(Z/a_k)) Ca/}(k;z7z/)

2 /aw@A/I\(,),l+2 Z]apl)7"' 7(Zmpn)a(Zak)7(Z/7_k))C51‘\,*(k;Z7Z/)
ZZ

5L LLLe

lp ny,ny wi

[0 ((@1ap0)s e G ) (@)D CR (P32, ) D2 (=), (2, )
OGN (21,01)s s (g Py ), (2 P) I CN(pi2,2) 92N (=), (ans )
" ANN (@p1) e (o )y (2 P) D CN (32, )0 TN (=), s (2 i)

+0" T (21,91) 5 @y oy ), (222)) " CEL (932,20 D)0, (=), ,(zn’pn))}”ym

P=—P1— " —Dn =Pn+1++Pn. (62)

For the tree order / = 0 we have

T (z1,p1) 7+, (24, p4)) = 0. (63)
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The existence of %’;AO ((z1,p1), -+, (zn,pn)) is ensured by and by the flow equations
through induction in n + 2/ and in [ for fixed n+ 21.

C. Boundary and renormalization conditions
For ¢ and ¢, in .(R"), the relevant terms are contained in
F500(0,0) == / S50 ((21,0),(22,0)) 1 (1) 92(22). (64)
1,22

They are extracted from (64) by performing a Taylor expansion of the test functions ¢; and ¢»
around 0 which gives

F500(0,0) = 572001(0)62(0) + € 61 (0) (94 62) (0) + h0 $2(0) (9461 (0)
+I5%(61,92) . (65)

with (d,¢)(0) := lim,_,¢(d,¢)(z). Then the relevant terms sﬁ;AO, e;?;AO and hﬁ’*AO are obtained as
AA AA AA AA
= [ A 00, o = [ A (a0, (220,
21,22 21,22
= [0 A (@00),@2.0). 66)
1.2
Bose symmetry implies that

[ 2 s (@0. @0 = [ a7 (.00, (67)
21,22 21,22

so that the counter-terms ef\ A0 and hA A0 are equal to all orders of perturbation theory. The remain-
der lz,i;*o (¢1, ¢>) has the form

5% (01,62) = ( / a5 (@) (zZ,o») (3:01) (0) (9u92) (0)

£00) [ A (.0, 20) [ ar (1-0)(37:) (122

21,22

+¢2 %AA() (Z17 Z27 /dt 1_t) ((9 ¢1)(tZ1)

21,22

+(00)(0) / A I (@00 (2,0) [ dr (1-0)(362) 22
H@00)0) [ 2 A0 (0,000 [ dr (1-0) (3P0r) 621
+ %.,Aiﬁo((m,O),(zz,O))</0"dt<1_,)(a;¢1 m) (/ d' (1—1) ¢2)(t’Z2)>.

(68)

In the sequel, we use the following notations. For x € {R,N,D}, we write

s
Ao, A . . .
8” lno*rolrz (p”’¢TI,J7YI7x) :/ rl rzaw‘sﬂln* ((Zlap1)7"' 7(Znapn))HpB (Ti»Zhyi)v
71 i=1

2

S
Ag,A — ; .
3W5’zn°*r01 rz( ";(br*l‘x,yl,s) ::/ r] Vzaw%n*o ((z1,p1), - v(ZnaPn))Hp*(Ti,Zia)’i)'
21 i=1

7 in
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The boundary conditions imposed on 5”/;/:0 are the following:

o At A = Ay, we impose for x € {R,N}

S (e1,p), (22, —p)) = 5008, 8y + €0 ™ (8,8, +68,8,) , VI=1,  (69)
yoA,é);’*AO ((z1,p),(z2,—p)) =0,
5//}'01*/\0 ((Zn,Pn)) =0, VYn>4,¥1>0. 0

e At A =0, we fix the renormalization conditions for x € {R,N} as
S0 =0, e =0. (71)
e For Dirichlet boundary conditions we impose
SN (2 5) =0, Vn=2, W1 >0. (72)

Remarks 1. - The boundary conditions (69)-(72) together with the flow equations (62)) and the
tree order (63) define uniquely the surface correlation distributions

‘Sﬂlltz* ((z1,p1),- s (zZnsPn)), *€{D,R,N}.

This can be verified inductively by taking the difference of two solutions of the flow equa-
tions which obey the same boundary conditions (69)-(72) and by proving to all orders of
perturbation theory that this difference vanishes.

- We would like to emphasize w.r.t. (6I)) that we do not require any a priori knowledge on the
semi-infinite correlation distributions .} " AO to give a meaning to . " ’AO . The flow equations
(62) together with the bulk correlation dlstrlbutlons defined in Sectlon m the tree order (63)
and the boundary conditions (69)-(72) are sufficient to define uniquely the surface correlation
distributions. The relation lb implies the flow equations to be verified by 5’/}”:0 such that
the sum ’

@;}’;AO 1Mo

Lnx

is a solution to the FEs (52).

V. TREES, FORESTS AND WEIGHT FACTORS

The bounds on the surface and bulk correlation distributions are specified in terms of weighted
trees and forests, which we define in the following, and for which we also derive some properties that
will be important later. Our trees basically represent tree level Feynman graphs, though this analogy
should not be taken too literally; the trees and the incidence numbers of vertices are independent
of the detailed form of the n-point interactions in the theory, the loop order controls the number
of vertices of incidence number 2 of the trees and forests via a bound, but there is no one-to-one
correspondence between the loop order and the number of these vertices. To each tree/forest, we
assign a weight factor which appears in the bounds. These weight factors consist of products of bulk
heat kernels pg(-;z,7') with z and 7’ vertices of the tree/forest. The main idea behind introducing
these trees is the fact that in perturbation theory, the scaling behaviour of correlation functions
including loop corrections is modified only logarithmically with respect to the tree level. The tree
structure is compatible with the flow equations, in particular with the quadratic term of the bulk flow
equations which we recall

1 .
Ado (= = AA o -
DN (o), () (Az;z,z’> DN (G 1m0 o1, (£ —)) CA(p).
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The heat kernel pp (1 JN?;z2,7 ) corresponds to an internal line which merges the trees corresponding

to the weight factors that bound each of the terms .@ 1

Since the aim of this paper is to understand the surface effects on the renormalizability of the
semi-inifnite model, we need to introduce additional combinatorial structures which we denote as
surface trees. These have an external point on the surface. The appearance of forests, which are

a collection of surface trees is motivated by the surface part of the propagator Cg\’:\". The FE (62))
contains terms with a factor of C57*

: 1 .
Cs (k;Z7Z') = DS (AZ;Z,Z/> CA(k). (73)

Using (6)-(8) together with (T7), we have

1 1
PSx (AQ;Z7Z/> ‘ <O(1) pg (Az;z, z’) : (74)
Furthermore, for z, 7 > 0 we also have
Loo—2) <vama L 20 L.20 75
B F7Z7 < = T PB F’Z7 PB Faz> . ( )

The bound will play an important role in the sequel in lowering the power counting of
the surface correlation distributions yA’AO. Furthermore, the heat kernels pp (1 /Az‘z 0) and

ps (1/A%;2,0) imply that the trees corresponding to the weight factors bounding @ +1 in the

flow equation ( . 62)) have new external legs (z,0) and (z/,0). This motivates our definition of surface
trees as those trees with an external leg (z,0) (i.e. surface external leg). Now the definition of
forests which consist of a collection of trees is motivated by the fact that the bound (73)) produces
two surface external legs and hence two surface trees. The inductive bound of Theorem |[I| used
for the surface correlation distributions is then given in terms of weight factors associated with a
product of surface trees, i.e. a forest.

First, we start with some notations that we will use in the sequel:

e For s > 1, we denote by oy the set {1,---,s} and for i < j we denote by o;.; the set {i,---, j}.

e Let &, be the set of all the partitions of o;. For a partition IT € &, we write I = (7;) | ;<.
with 7; denoting an element of the partition I and /1 the cardinality of IT. o

e For Il € & such that r € &;, we define
a=m\{r}, II':= {{nj}lgjgnv #i,n[}. (76)

e Given IT € &, such that {s+ 1,542} € m;, we define the reduced sub-partition

T\ s+ 1,5+ 2} (77)

e We denote by &/ the set of partitions which contain at least one sub-partition of length 1 (i.e.
3m; C T, |m;| = 1) and 221€ its complementary set.

o We denote by 352;5 the set of partitions of length 2 of the set o;. Note that gZZ;S is a subset of
K

A. Bulk trees, surface trees and forests

e A tree is an undirected graph in which any two vertices are connected by exactly one path.
We define the incidence number of a vertex z of the tree by the number of lines of the tree
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that have z as an edge and we denote it by ¢(z). Given a tree T, we denote by ¥ (T') the set of
vertices of the tree. The set of external vertices ¥, (T') of the tree 7T is defined as follows

Ye(T) :={z€ V(T)| c(z) = 1}. (78)
The set of internal vertices %;(T) is then defined as ¥ (T) \ %.(T).

e For s > 2, we denote by 7 the set of all trees that have a root vertex and s — 1 external
vertices. For a tree T* € 7% we will call z; € RT its root vertex. Denoting by ¥ (T) the set
of vertices of T%, the set of external vertices of the tree T is defined as

Ye(T*) :={z € V(T°) \{a1}| c(2) = 1}. (79)

The set of internal vertices is the relative complement of ¥, (7*) in ¥ (T*)\ {z1}. Note that
the root vertex z; is a vertex which is neither internal nor external. For simplicity, we use in
the sequel the set of points ¥ = {y,,---,ys} in R*~! to be identified with the external vertices
of T%. Likewise we call Z = {z,--+,z-+1} the set of internal vertices of T* where z; € R™
and r is the cardinality of ¥;(T*).

We denote by ¢; = ¢(z;) the incidence number of the root vertex. We call a line p an external
line of the tree if one of its edges is in Y. The set of external lines is denoted _# . The
remaining lines are called internal lines of the tree and are denoted by .7 .

By T}’ we denote a tree 7° € .7 satisfying vo + 0,1 < 3/ —2+s/2 for [ > 1 and satisfying
vo = 0 for [ = 0, where v, is the number of vertices having incidence number n. Then Z“'
denotes the set of all trees 7;°. We indicate the external vertices and internal vertices of the
tree by writing T;°(z1,y2,5,2) With yo 5 = (y2,++,¥s) and 7= (22, , Z+1)-

e For s > 1, we define the set of bulk trees 9}5 as the set of all trees with s external vertices
which satisfy vp <31 -2+ % forall /> 1,orvy, =0forl=0.

e Let s > 1. For yi := (yi1,---,ys) € R, we define the set of surface trees 59 to be the

set consisting of all trees of s+ 1 external vertices {y1,---,ys5,0}. In the sequel, we refer to
the external vertex O as the surface external vertex to distinguish it from the other external
vertices.

e By TIS’0 we denote a surface tree 70 € 750 satisfying vo < 3] —2+ % for [ > 1 and
satisfying v = 0 for / = 0. Then ZS’O denotes the set of all surface trees Tf’o. For a tree
TZS’O € Z‘Y"O, the set {yi,---,ys,0} of points in R is identified with its external vertices, and

v (Tls’o) l We indicate the

external vertices and the internal vertices of the tree by writing TIS’O(YUS,O,Z). Note that this

definition implies for all I <, 91,3 0 ZS’O. The definition we use here of internal/external
vertices is (78).

Z=(z1, - ,zr) with the set of its internal vertices such that r :=

e For s = 1, the set of surface trees Zl’o includes as well the surface tree Tll’o (y1,0) with no
internal vertices and one surface external vertex attached to the external vertex yj.

. .. sz;,0 N .0
e Given a partition IT € & and trees T;"’ (Yr,,0,Zz,) € ZS"’ , we define the forest W/ (IT) as
follows,

In
. . 1 K l.,O o .
Wi (I, y1,5,2) = U, T, (Y, 0,25,) where sz, := |7, Z{sm =sand Yy, = {yiliem;}.

i-

(80)

We write shortly W/ (I, y s,Z) = W/(IT), but one should keep in mind that the forest depends

. . . .. . 0
on y; s and Z. There is a slight abusive of notation in , in the sense that Tls”’ are not sets

but rather surface trees, however we use the union symbol uﬁgl to emphasize the fact that the
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forest is a collection of surface trees. Then the set of all forests W/ (IT) denoted by #,°(I), is
defined as:

S

() = LU 10 (,0,2) | 10 € 770, W1 < i<} 81)

Note that for the trivial partition 1y = o, the length of the partition is equal to one. Therefore,
the set W/’ (o;) reduces to surface trees ZS’O. We write

Wi (o) = 7. (82)
This implies that each tree TZS""’O (Yz;,0,Z7) can be identified with a forest in ”//IS”" (Osz)s
where 05, 1= Uger, {k}.
e We define the global set of forests #,° by
Vi’ = {Unea W (ID|W/ (IT) € 77’ ()} .

To illustrate these concepts, we give some examples of trees and forests for s = 3 and [ = 2.
The set of partitions is in this case

,@3 = {{{1}7{2}’{3}}7{{1}7{2’3}}7{{2}’{173}}’{{3}’{172}}’63} (83)

— For the trivial partition Ily = o3, the partition length /1y is equal to one and therefore
the elements of the set 7/23(110) are the trees T23’0 € 739 such that v, < 5. For v, = 3,
Figure 1 is an example of a surface tree in %5’ (IIp).

FIG. 1: Example of a forest W3 (ITy) with v, =3 and 7 = (z1,- - ,z5).
The red color is used for the internal vertices of incidence number 2.

— For the partition IT; = {{1},{2},{3}}, an element of #5(I1;) (i.e. the set of forests of
the partition ITy) is given by the forest in Figure 2.

21 23 Z5
o /\. /m\ /\
0 y2 y3 0
[ ] [ ]
i 0

FIG. 2: Example of a forest W3 (IT}) with v, =S and 7 = (21, ,z5) -

This forest is composed of three trees. Each tree has two external vertices. The external
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vertex y; has an index which belongs to the sub-partition {i}. Note that the total number
of vertices of incidence number 2 does not exceed 5 (in this case it is equal to 5). Note
also that all the internal vertices of a surface tree with only two external vertices are of
incidence number 2.

— For the partition IT, = {{1,2},{3}}, Figure 3 is an example of a forest in #5* (IT;) with
a total number of vertices of incidence number 2 equal to 4.

21 24

Y2 y3 0

FIG. 3: Example of a forest W3 (IT;) € #5*(I1,) with v, =4 .

Similar examples for the forest W5 (IT3) (respectively W5 (I14)) for Il = {1,3},{2} (resp.
Iy = {{2,3},{1}}) can be constructed by replacing in Figure 2 the vertices {y;,y2} by

{y1,y3} and the vertex y3 by y2 (resp. {y1,y2} by {y2,y3} and y3 by y).
An example of a forest in the global set of forests 7/23 is U;‘:OWz3 (IT;).

B. Some operations on Forests and Trees
1. Reduction

Let W;2(IT) be a forest in #;*"*(IT). In this part, we define and explain the process of reducing
the forest Wl‘flz(l'l) to a forest in %"

Definition 1. (Reduced partition) Let s > 1 and IT be in &, ,. We denote by 7; and 7; the sub-
partitions of II such that s+1 € m; and s+2 € &;. The reduced partition ITt1542 is defined as
follows,
+1 542 e g o
[FF1s+2 — {”k}lgkgzn,ke,é{i,j}v T ”} ifij
- s+1,54+2 h .
{ﬂk}lgkgln,k;éia T otherwise ,
where we used the notations (76)-(77).

Proposition 2. (Reduction process) Let s > 1. ForI1 € Py .5, we define Cy_, . ., to be the operator
which acts on a forest W;_*lz (M) e W,Sjﬁ(n) by removing the two external legs attached to ysy| and
Vs12. If this operation produces an internal vertex of incidence number one, it is removed until an

internal vertex of incidence number c(z) > 2 is reached. We have

C

Serara W (I) € 9P (TPH19F2) (34)
Proof. The set 2, can be separated into two subsets %, » and @S‘H defined as follows:

° ~S+2 is defined as a subset of £, which contains all the partitions IT that admit a sub-
partition 7; such that {s+ 1, s+2} € 7.

° @; o 1s the complementary set of Py .
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<1

2 Ys+1 Ys4+2 0

FIG. 4: Example of a forest Wf_*lz(H) where I1 € 2, and Iy = 2.

23
0 0N Vs

FIG. 5: Example of a forest Wf_*lz(H") where I1¢ € 55; f

<1 22

Ys+1 0 Vs42
, and I;p = 3.

Diagrammatically, the global set of forests Wfflz is partitioned into two subsets: the subset of forests
for which yg| and ys4, both belong to the same surface tree and the subset of forests in which y; |

and y,4» belong to different surface trees.

The proof of the statement ([84)) follows directly from establishing that

VILE Py Oy, WD) € 777 (I 1912) (85)
and
Vil e ~sc+2 : CYJ+1=Yx+2‘/I/Iﬁ2(H) € %S(HHI’HZ) . (86)

e First, we prove (85). Given a partition IT in P, ,, there exists a sub-partition 7; € IT such
that {s+ 1,5+ 2} € m;. Therefore, we can write in slightly abusive notation

In
542 _ k0 - sm;,0 o
Cys+1-,ys+2vvlil (H) - U Tl—kl (Y”wo’Z”k)UC}'s+17ysv+27}—l (Yﬂwovzﬂz‘)’ (87)
k=1k#i

0 N . . . . . .
where the tree Tls_”’1 (Yr;,0,Zz,) can be identified with a forest in 7/1?11 (Gsﬂi)' Deducing 1)
amounts to prove for sz, > 2

sz;,0 - sz, —2,0
ORI i (Yr,,0,2x,) € ‘Zs l . (8%)
For sz, =2
2,0 -
Cys+|,yx+2 T17] (ys+17ys+ZaOaZﬂ,‘) =0, (89)
and we have
Iz 0
Cys+1~,ys+2Wls—+12(H) = U Tli]“l (Y”k’()’Z”k) ’ (90)

k=1 ki

which is clearly in W/ (IT*). To treat the case sy, > 2, the discussion is simplified by con-
sidering the case of the trivial partition IT = 0,4, s.t. s > 1. In this case, the set of forest
”//,Sfl2(cs+2) is given by all the surface trees Tlsflz’o (see ). Let J; (resp. J;) be the ex-
ternal line which attaches the internal vertex z; (resp. z;) to the external vertex y,i (resp.
¥s+2). The operator Gy, y ., removes the external legs J; and J; from the forest Wls_+ 12 (Cs12),
and if one of the internal vertices z; and z; becomes of incidence number one, it is removed
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and the process continues until an internal vertex z of incidence number c(z) > 2 is reached.
This implies that v/, (i.e. the number of vertices of incidence number 2 of the new forest
Cyoiiy5in Wl‘jlz (0y42)) is at most v, +2, with v, the number of vertices of incidence number

2 of Wlsflz(cﬁz). Therefore,

s+3 s—|—1

Vy < +2<3(1—1)— 2+

The last point to verify is that the reduction process converges for s > 1 in the sense that we

have
Cys+1x)a+2W (GS+2) F . (C29)
In order to obtain , we need to prove that there exists at least one internal vertex Z such

that ¢(Z) > 2. If W‘ Gs+2 ) has at least one internal vertex such that c(z) > 4, then eventually
@ holds If all the internal vertices are of incidence number less than or equal to 3, then
since s > 1, the tree Wl”1 (0s4+2) has a number of external vertices greater than or equal to 4
(taking into account the surface external vertex 0 as well). This implies that it has at least two
internal vertices z and z’ such that ¢(z) = ¢(z’) = 3 which leads directly to (91). This proves

®3).

e Now, we prove . Take IT € P¢ 2
{s+2} € m;. Therefore, we can write

there exist ;, 7r; € IT such that i # j, {s+ 1} € m; and

In
5 7,0 o ;0 o
C)'s+1 Ys+2 ‘/Vlsjlz (H) = U Tls—]i (Yﬂk ’ 07 Zﬂk) U Cy 41 TS (Yﬂi ’ 07 Zﬂi)
k=1,k#i.k#j

snj,O .
UC}'erlefl (Yﬂj>O7ZE,~)> 92)

-0 . .
where the operator Cy , acts on the tree Tls_ﬂ’1 by removing the external leg to which ys;
is attached and by removing all the internal vertices which through this process become of
incidence number one. Following the same steps of the discussion above, we deduce that v/ ;

the number of vertices of incidence number 2 of the tree C, T 1s at most vy ; + 1, with

y s+1
v2,; the number of vertices of incidence number 2 of Tl 7 +1.0 _ We have
-+ 1
V/2,i§\12,i+1§3(l—1)_2+sn’l+ <3l—2+s§l

S —1,0
which implies that Cy | T, 7.0 ZS"’ .
Here agaln we need to verify that the reduction process of the forest WS+2 converges in the

sense of (O1). If || = |xj| = 1, then we have

In
St
C)’s+]ays+2w/lsj»12 (H) = U T k (Yﬂlﬂo Z”k) : (93)
k=1,k#i,k#j

If |m;| > 2, we have

B -
G I i (Y7, 0,2m) # 2 -

. . .0 . . S
This holds since the tree TIS_"’1 (Yz,,0,Zx,) has at least three external vertices which implies
that there exists at least one internal vertex such that ¢(z) > 3, and removing at most one
external leg at each step of the reduction process implies that the incidence number of z is
strictly greater than 1 at the end of the process.

O
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2. Fusion

In this part, we define and explain the merging process of a bulk tree with a forest.

Proposition 3. For s > 2 and | > 0, we consider the partition (7,,7) in ,772;3 such that | ;| = s;
and s1+ sy = s. Given a partition I1 of the set 7y U {s, + 1}, we define the a-merging operator
. so+1 ~s1+1 -~ L=

ya:1+17>’sz+1 acting on the forest W, (IT) and the bulk tree 1, (Yz,,¥s,+132) at the external
vertices ys, +1 and ys, 11 following the steps below:

(a) Let Jg, 41 = (2,y5,+1) and Jy, 11 = (Z,y5,+1) be the external legs which attach respectively

Vs, +1 to the internal vertex z € TITIH and ys, 11 to the internal vertex 7 € WZZZH (IT). In the
first step of the merging process Js, 11 and Jy, 11 are removed.

(b) A new internal line (z,7') is added.

Similarly, we define the b-merging operator MY, acting on W2 (IT) and Tlf' H (Y, ,Y5,+1,2)

1+1Ysy+1 I
following the same steps above except for adding an internal vertex of incidence number 2, which
replaces the internal line (z,7) in step (b) by the two internal lines (z,u) and (u,7'). Then we claim

My, v (Tz‘f‘“ (Ya. Yo +1:2), W2 (n)) eWp(Il), ielab) (94)

where I1' := 7t JIT2t! (we used the notation (@)) andl:= 11+ 1.

Proof. Let m; be the sub-partition of IT such that s, + 1 € m;. The merging operators (a) and (b) act

only on the tree Tl;”"’o since all the surface trees corresponding to the remaining sub-partitions do
not have external vertices on which the merging operators act. Therefore, without loss of generality,
we simplify the discussion by considering the case of a partition IT of length one.

The first and second step of the two merging processes create a tree with s+ 1 external vertices
given by the set

{Yﬁl}u{yﬁzvo}'

The only difference between the two cases is related to the set of internal vertices, which in case

of (a) is given by the union of the internal vertices of the bulk tree TA}TIH (Yz,,y5,+1,2) and the

.0 . . D
surface tree Tl;"’ . For (b), a new vertex of incidence number 2 is added, which implies
Voa=Va1+Vv22, Vop=v21+v22+1, (95)

where v, ; denotes the number of vertices of incidence number 2 of the surface tree obtained through
the merging process (i). Therefore, we obtain

3 1
v <3 )~ DR gy gyt

5 , ie{ab}. (96)

This concludes that the surface trees obtained through the merging processes (a) and (b) are
indeed in 7 (o). O

C. Weight factors
1. The bulk weight factors
Let0< 8 < 1. Givenaset 7o 5 := {7, -, T, } with T :=info<;<, T, a set of external vertices y, s =

{y2,---,¥s} € R*"! and a set of internal vertices 7 = (z2,--- ,z,+1) € (R")", and attributing positive
parameters A » = {A;|] € .7} to the internal lines, the weight factor Z5 (A 7, 7o.5; T} (21,25, 7)) of
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a tree TS(Z1 ,¥2.5,2) at scales Ay is defined as a product of heat kernels associated with the internal
and external lines of the tree. We set

146
(A77T2SvT] Zh)’Zw HPB (/\2’1> H pB(TJﬁ;J) 5 (97)
Ies 1 Je g

where 7; 5 denotes the entry 7; 5 in 7 carrying the index of the external coordinate y; in which
the external line J ends, and 7; 5 := (1+68)7. For I = {a,b} the notation pg(%;l) stands for

pa( 1/1“25 ;a,b). We also define the integrated weight factor

Fs (A 15T 521,y25) = sup Fs Ay, T (21,¥2,5.2)) - (98)
A<AI<Ag 4

It depends on Ay, but note that its limit for Ag — oo exists, and that typically the sup is expected
to be taken for the minimal values of A admitted. Therefore we suppress the dependence on Ay in

the notation. The definitions can be generalized to a bulk tree TZ‘Y. Finally we introduce
the global weight factor % (A, ’52 5:21,Y2.5), Which is defined through

s (Mg ziyns) = Y, Fs(M s Tiz1,yas) - 99)
T‘]XGQZS

Similarly, we define the global bulk weight factor

jv,l;S (A, 72,57)’2,5) = Z 375 (Av TZ,s?ﬁs;yZ,s) . (100)
T[“eﬂ}‘

If this does not lead to ambiguity we write shortly

y;}l;g (T25) = Fy 1.6 (A, Tas,21,Y2.s) - (101)

Fors—lweset/llszl

2. The surface weight factors
o In the sequel, we will use the following notations:

T ={ulkem}, Yn:={nmlkem}, t5:={1+0)nlkem}, 7:= inf 7.

1<i<s
(102)
o LetO<d<land 1 s:={1,--,7} such that T > 0and let Y5 € R’ be the set of the external
vertices. Given a partition I1 € &, let 7)1 = (Zﬂl S ,Z,;,H) € (RT)P, where each vector Z,

. . . 0. .
consists of the internal vertices of the tree TZS”' in the forest W;(IT) and p is the number of
internal vertices of W/ (IT). We denote by .# = Ufr:Il J} the set of the internal lines of the trees

of W/(IT) and by ¢ = Ui“zl 7 the set of the external lines which link an internal vertex to
an external vertex belonging to the set Y;;,. Each set .% (resp. _#;) denotes the internal lines

. s, 0 .
(resp. the external lines) of the tree Tl\”" . We also use the notation /ko = {Jl?|1 <k< ln}
to denote the set of surface external lines which link an internal vertex to O.

e Attributing positive parameters A s = {A| € .} to the internal lines and A = {A¢[k € 70}
to the surface external lines, the weight factor .7 (A 7N WP ()73 Yo, ) of the forest
W (IT) at scales A; and Ay is defined as the product of heat kernels associated to the internal
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and external lines of each tree of the forest. For a sub-partition 7, € I, we define the weight

o 70
factor of the tree T;n" as follows:

0 Aog 702
95 (Ajk7Ak’Tﬂfk’T} k ’Zﬂkvyﬂfk)

1+6 1+6
= s (;;1) T ps((1+8)5:7) ps <;2;J{§> . (103)
/4

Ie 9 JG/k k

where we used the same notations as in (97) and J§ denotes the line which links an internal

vertex to the external vertex 0 with an attributed positive parameter A. For a surface tree Tll’0
with no internal vertices, the surface weight factor reads

8 (T %5vm, ) = P (14 8)r335,.0) (104)
The weight factor of the forest W;*(IT) is defined for IT € Py as follows:

~ . ~ 50
T (As, Ayt Wi (T1); 213 Y, ) 1= I1 Ty (Ajk,Ak§Tzrk§7f * ;an;Yxk)- (105)
7rk€1'[

For [T € #2!, it is given by
- . . ~ sz, .0 _,
7§ (As At W ()23 Ye,) 1= [ 179 (Ao At 1™ 2 Vi)
T
~ sz,,0 _,
<[178 (Ao Ao T 2o vs ) . (106)
T

where the product ]z, runs over all sub-partitions in IT of length equal to 1.

We also define the integrated surface weight factor

T (N1 W (M);Ys) = sup ﬂ3“3(Ay,ﬂ;ﬁ,s;VVf(H);En;YcJ), (107)
A<SALALSA Y

where [ =TI’ [, dz:. The weight factor associated to a global forest W is defined as
n i=1J0 !

TN W Vo)=Y F§ (A1 W ():Ys,). (108)
e 2

We define the global surface weight factor as follows,

Fos(NTsYe) = Y FATWYs,). (109)
wiewy

If it does not lead to ambiguity we write shortly

TN (1) = ZL5 (AT Yo, (110)

_ agh0 _
For s = 0 we set /0,1;5 =1.

Remarks 2. o The definitions and (107) imply for 0 <A’ <A

«?SA,% (r1s) S ZNF (), Fhis(ms) < Fhs (mis). (111
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e Combining the bound (T3] together with the definitions (97) and (T03)), the following bounds
holdforall0 < 6 < 8" and 0 < A < Ag

s () SC8,8) s (1), Flis (1) <C(8,8) Fliy (my).  (112)
The constants C and C’ are explicitly given by

C(6,8") = sup Cls‘@,ﬂf‘, C'(8,8):= sup Cg?/ﬂf‘,
(ﬂ,/)eT,S‘O, T,S‘Oeﬁ,“'o ’ (I, P)eTF, TP eTs

where .# and _# are respectively the set of internal and external lines of the tree 7;° (resp.

surface tree TIS‘O) and | - | denotes their cardinality. The constant Cs & is given by for
r=0.

D. Inequalities

For the proof in Sec [V, we need to bound the tree/forest weight factors for reduced forests and
for merged trees and forests.

Lemma 1. (Reduction) Let T, § >0, 0 <A < Ag and Y5, € R®, we have

1 1
a0 . . a0 . .
/Rdl/t ‘/s 21-1:8 (A,TLMZ‘Z;Z Z,Yo‘s;uau> < O(I)AJ&l;s(A,Tl,s,Ydj) ) (113)

where the constant O(1) depends only on s and L.

Proof. Let us recall the definition of the surface weight factor, which in this case is given by

1 1
0 . .
9#2,14;3 (A, Tl,s» W7 2[\2’Y0's+2>

1
Y 75 (A;n,x,z Az,zAZ;Wfﬁz(H%sz)v (114)
WitZew 1€ P50

where ys41 := u and y;1» = u. The weight factor

1 1
ﬁg (A’ TI,S7 2/\2 ) 2A2 ,WY+2(H);YO'S+2>

is given by (103] . Let (z;,u) and (z;,u) be the external lines which attach respectively the
internal vertlces Zi and zj to the external vertices ys+1 and ys4o. Using (]115[) we obtain

a;(1+86) o(1+3) (o1 +0o)(1+6)
/d ( A2 ,Zia"‘>PB (2[\2,21',1/! =PB T, ir2j <A. (115)

We recall that a tree of two external vertices (including the surface external vertex 0) corresponds
to a sub-partition of length 1 and the surface weight factor associated to these trees differs from
a surface tree of three or more external vertices by a factor 2 multiplying the parameter 7; of the
corresponding external vertex, as it appears in @ Therefore, the constants o and o take either
the value 2 or 1 depending on whether the two external vertices at u belong to a surface tree of only
two external vertices or more. The bound (115) removes the external legs (z;,u) and (z;,u) from the

forest WZ‘H(H) by bounding their contribution in the surface weight factor by A. Furthermore, the

property
/ dZPB( 2 ,zz> <1 (116)
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implies that all internal vertices which after removing (z;,u) and (zj,u), their incidence number

is equal to one are removed. These two steps correspond to reducing the forest Wlsff(H) at the
external vertices (u,u). Therefore, we have

11
/Rdu F9 (A;rm,2[\272[\2%3_*12(11);1/@,”#) <A ZF (AT CuuWT (M) Ys,) - (117)

Proposition 1 gives that C,, W' 2 (IT) € #;* (IT"*1:5+2), where IT+15+2 € 2, s the reduced parti-
tion obtained from I1. Hence, we obtain

Z 9(? (A, TlA,s;Cu,uW/[Sj]z(H);YaY)
wit2ew 2 Ie Py
<o) ¥ Y FATaW):Ys). (118)
WI’YEWI‘YHEL@S

The constant O(1) takes into account that the reduction operator is not a one-to-one map, in the
sense that the same forest can be obtained from the reduction of different forests, which implies
that some weight factors .7 (A, 71, ;; W/ (I1); Y5, ) are possibly summed more than once in
Combining and (TT8) gives the final bound (IT3).

If the external vertex y;;| belong to the sub-surface tree Tll’o(yﬁl ,0) with no internal vertex, (115
reads in this case

1+6 1+6 2(1+0
/Rdupg(( - );O,M)PB(( - >;z,-,u) — pp <(A+2);o,z,-) <AL 19

If y,17 is also an external vertex of Tll’o(sz,O), then z; is replaced by 0 in 1| This corresponds

to removing the sub-surface trees from the forest Wf_‘L 12 (TI). The bound (118) is obtained in these
two cases following the same line of reasoning as before. O

Lemma 2. (Forest-Forest Fusion) Let 6, 8" >0and1 <1y, I, <I—1suchthatl; +1» = l. Given
(%1, 72) € P25, we have

1 o 1
/du e/’sl+] ll (A;Tﬁ;l s W;Yﬁl ,u) ySZ‘Fl,lz;E’ (A Tﬂ.’zﬂ 2A2;Yﬁ2,u>
< AT s (Mt Ys,), (120)
where s; ;= |7;| and 8" = max (8,8").

Proof. Without loss of generality, we consider the ordered sub-partitions 7 := oy, and 7 := Oy, +1,6.
To establish (T20), it is sufficient to bound

s 1
/du si+LI5;0 <A;T1«51’2A2’ i (Hl) ch, )

1
XJS2+1 1;8' <A;TS1+17572A23 S2+1(H2) YG?H»I?’”) (121)

where I1; € @sl+l and I, € 9’752“. The sets @Slﬂ and @Sﬁl denote respectively the set of
partitions of o5, U{s+ 1} and oy, 41.;U{s+2}. Using (112), we can bound (121) by

1 11
/du y§1+1 1p:8" (A T1 8519 2A2 ,W‘l (Hl);YGSI au)

1

1
2A2,W¥z+ (HZ);YGs1+1:s7u> , (122)

0 .
X JS2+1,12;5” <A’ T51+175’
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where §” = max (8, 6).
Let m; and 7; be respectively the sub-partitions in ITj and IT, such that {s+ 1} € m; and {s+2} €

. L 0
;. We denote by z; and z; the internal vertices in the sub-surface trees TIT"’ (Yz,,u,0) and
'70 . .
ler’ (Yz,,u,0) in the forests W (L) and Wl‘;ﬁl(ﬂg), which are attached to u. As we men-
tioned previously, the bound (115) amputates the external legs (z;,u) and (zj,u) and bounds their

contribution in (I22) by A. Furthermore, (T16) implies that all internal vertices of incidence number
1 are removed. The amputation can possibly create in each tree at most one internal vertex of inci-

. 1,0 ] .
dence number 2. Denoting by Tlf "7 (Yg,,0) the surface tree obtained by amputating the external
7;,0
leg (z,u) from Tlf " (Yr,,u,0), we deduce

1
7 <y +1<3ll—1+7+§

where 7!, and v3'; denote respectively the number of vertices of incidence number 2 of the surface
trees T;”’Ai]’o (Yz,,0) and Tl?”"’o (Yz;,u,0). Since 1 <[; <1—1, we obtain
7 <31-3—1 <3l—2 123
7 < +25 > 5o 3 +2% 2 (123)

.0
Proceeding similarly with le”’ (Ynj U, O), we deduce that the number of vertices of the amputated
tree obeys

7 < 3172+7 (124)

From (123)) and 1) we deduce that 7”;”"71’0 (Yz,,0) € ani -0, Therefore, we obtain that

1 s1+1
/d“ S14+1,1:8" (A;%awm’zil (H1)2Ymv“>

1
X ‘/S(;H I;8" (A Tms 572 A2 ’WSZH (HZ);Yﬂw”) (125)
is bounded by
A TG (Mt W ()Y, ) F (At s W2 O Yo, L), (126)

where we used the notation (76). Note that [T, UTIS™* € 22, which together with (126) gives the
integrated surface weight factor of the forest W (H”H) U Ws2 (TT5™). Hence (126) is bounded by

A yg/l (A;Tl,x;vvl (H)’YO}) ’

where IT = H‘i“ U H;*z belongs to & and we deduce

! A0
/ du F Y1+1 11;0 (Tl’sl ’ W;qu ’u> ‘?Yz#»l,lz;é/ <T€1+1 A2 ,YGYIH o )
= A ‘?v[,\l’;%” (Tl .,s) . (127)
O
Lemma 3. (Bulk tree-Forest Fusion) Let 8, 8’ > 0 and Iy, I > 0 such that ly +1, = I. Given

(o1, 7) € ﬁz;s, we have
0 . 1 . A . 1 .
/Rdu T 1108 (A, Tﬁl,ZAz,Yﬁl,u> Py 16 (A, Tﬁz,w,Yﬁz,u>
< 0(1) FL0 (MiTi3Ye,)  (128)
where 8" = max (6,8").
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Proof. Without loss of generality, we again consider the ordered sub-partitions oy, and Oy, ;1. In
order to obtain the bound (128), it is sufficient to bound for a given IT; € &,

1 1.
0 . s+l . . Caso+l,
/Rdu F§ (A,TI)SI,ZATWI? (nl),Y%,u) Fs (A,rsl+1,s,2A2,T,;2 ,Y%m,u). (129)

Using the bound (T12)), we bound (T29) by

1 1 .
0 . yysiH ) ) sl
/Rdu F s <A’Tl"‘“’2/\2’wls.l (H1),ch1,u> Fsn (A, Ts,+1.s5 2A2’Tl;2 ,Yqvlﬂm,u), (130)

where 6” := max(8,0’). Let z and z; be respectively the internal vertices attached to u in
WISI‘H(Hl) and to u in f};ﬁl, Interchanging the integral over u with the integral over the in-

ternal vertices of the forest lel *1(I1;) and the bulk tree TI;ZH in their respective weight factors and
using (I0) we deduce

a(l+9) 1+6 (+1)(1+0)
/Rdu PB <2A2’Zi’u) PB (W:ZjJi) = PB (W’Ziazj (131)

with a € {1,2}. Here, we proceed similarly to (115) to differentiate the surface trees with two
external vertices from other surface trees with more than two external vertices. For o = 2, we keep
the integration over u and write

1+6 1+6
/Rd”PB T,Ziau PB W,Zjﬂ/l

° 1406 1+6
SZ/O du pp <A2;Zi,u) PB <2A2;Zj,u>. (132)

Therefore, and correspond to the fact that the two external legs attached to (z;,u) and
(zj,u) are removed. If o = 1, the external lines are replaced by the internal line (z;,z;) and for
o = 2 the vertex u becomes internal with incidence number 2. The first case corresponds to the
steps of merging the forest Wlsl1+1 (I1;) and the bulk tree YA}EZH at the external points (u,u) through
the process a). In the second case, the forest and the tree are merged following the merging process
b). From Proposition 3] we have

My, (W), 320 ) ewp (), i€ {a,b)

153
where IT = H?H U O, +1:5- This implies that 1b is bounded by
2 F (AT s W/ (IT); Y, -

Therefore we deduce

' 1 A 1
0 . . . .
/Rdu gfl‘«‘hh ) (A’ Tﬂfl ) W? Yﬂl 7u> j&‘erl,lz;(s/ (Ay Tﬂz; W’ Yﬂfz ’ u)
<O(1) o (Mt ¥s,)
where O(1) is a constant which depends on s and / that takes into account that the same forest can

be obtained through the fusion of different forests and bulk trees. [

VI. RESULTS AND PROOFS

Before stating the results of this paper, we recall some notations that are used frequently in the
sequel:

TI,S:: (Tlv"'th)v Vs = (y]?"'ays)' (133)
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A. Results

The central result of this paper is summarized below in Theorem [T} which provides a uniform
bound in the UV cutoff A of the surface correlation "functions" in the case of Robin and Neumann
boundary conditions. As we mentionned before in section m-B, the surface correlation "functions"

5’/}11:0 are tempered distributions when considered in the mixed position-momentum space. Hence,
in order to bound the n-point surface correlation distributions, one should first smear them with an
appropriate set of test functions. Since the renormalization proof by the method of flow equations is
inductive, the choice of test functions is restricted by the flow equations. For simplicity, we choose

the bulk heat kernels
S
Pr s (Zn) = HPB (Ti32i,5i) 5
i=1

but one should keep in mind that this choice is not unique.

The bound (I33)) consists of familiar factors which are also present in the inductive bounds that
establishes the perturbative renormalization of the scalar field theory in momentum space?? in R*,
in particular the power counting factor in terms of A -+ m as well as the polynomials &7 and ;.

There is also the additional factor (see (T03)-(107)

Fhs D nsYe)i= Y Y FgATsWI):Ys), (134)
Wie Ile s

denoted by the surface weight factor. On one hand, this factor appears because we work in position
space in the z-direction, but on the other hand it comes from the contribution of the factor CS7* in the
flow equation (62) through the bounds (73)-(73). Note that the behaviour w.r.t. the flow parameter
A in the surface weight factor (I34) is traced by controlling the number of vertices of incidence
number 2 of the forests through the following bound

1
ng3l—2+s; .

This bound is compatible with the inductive scheme but is not optimal in the sense that sharper
upper bounds rendering the proof even more complicated could have been achieved.
The definition of the surface correlation "distributions" introduced in section [[V}B implies that

Y/LI:O contain all the contributions from the surface part CQ;AO of the propagator C; A0 Hence, the

right-hand side of the bound (T33) contains elements that account for the effect of the presence of
the surface on the renormalization of 5’/:”:" which are:

e A dimensionally better power counting (i.e. (A +m)>~") as compared to the bound on the
bulk correlation distributions given in proposition|[I}

e The surface weight factor.

Theorem 1. (Boundedness) Let 0 < A < Ag < oo and (ri,s) € N> such that 0 < r; <4 and 0 < s < n.
For Y5, € R, x € {R,N} and adopting (69)-(71) we claim

, A 7]
9w Ao (ﬁn;¢71 V1 s) < (A+m)3_"_”_rz_w P (log +m> P <”p"” >

Linyk;ry,ry

A+m

1

T2
x 2, <A+m> Fors M5 Ye), Yn>2. (135)
Here and subsequently &; and 2; denote polynomials with non-negative coefficients which depend
on l,n,|\w|,8,r1,r, but not on {p;}, A, Ao and c. The polynomial 2; is reduced to a constant for

s =1, and for | = 0 all polynomials &; reduce to constants. The parameter & depends on the loop
order | and verifies 0 < & < 641 < 1.
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As a consequence of Theorem T] we have:
Proposition 4. For fixed 0 <A < Ag < oo, T>0and (y1,-+,y) € (RT)", we have:
AA . AA “
S ﬁn;n po (%) | = im0 ﬁmHl Ppr(Ti5 i) | (136)
= =
where the parameter c denotes the Robin parameter.

Corollary 1. For Dirichlet boundary conditions, adopting (69)-(72) and the assumptions of Propo-
sitiondlwe have

n
A,A -
|e5”l,,,;D° (pn;npn(fi;-,yi)>

i=1

- _1
< (A+m)37n€@3 (log[\_n:’/n> @4( ||pn|| >e@2< T 2

n

A+m A+m> T s (A Tin,Yo,) Yn>4,

(137)

and for n =2 we have
AA )
’%,Z;DO (pa_pa
1

- -4 -1 A T2
<(Atm) ot (10g n+1m) 7 <W> ,@3< ) F015(AT12,Ya) . (138)

2

pp (T '7)’1’))

i=1

A+m A+m

Theorem 2. (Convergence) Let 0 < A < Ag < . Using the same notations, conventions and
adopting the same renormalization conditions (69)-(72) as in Theorem [I) and Proposition || we
have the following bounds

(A) aAOaWyAAO (P ¢T1,x7y1.s)

Linsxry,rp

A 4—n—|wl—ri—ry . A . =
A L Nk ()
(Ag+m) m A+m

1
><91< )2{‘7,’%(rm), V4 w1+ >2, %€ {N,R}. (139)

(B) ‘8A0«5’1f>,’;1\po (P ‘])g,m}‘l,n)

(A+m)47” ~ Ag+m 5 [l 2l 5 77% A0
< ﬁ«@l log p Py Atm 2 W yni»g(fl,n); Vn>4. (140)
0T m R

ANy = .
(©) [on 75 (P68, )

1
- -2 Aotm\ 5 (Bl 5 (72 A0
<t (A 2P (log——= | P 9 TN . (141
<o om0 (10g 20 ) 2 (P ) 0y (5 ) A ). s

Remarks 3. e There are two differences between the Robin/Neumann case (I35) and the
Dirichlet case 137-: The boundary conditions for Zf\n”\o are imposed at scale

D
A = Ay only, whereas for (5”;;/:0,1 o e imposed mixed boundary conditions -. The
second difference concerns the type of test functions considered, which in the case of Dirich-
let are product of Dirichlet heat kernels (i.e. [T, pp (7i;zi,yi)), whereas in the case of Robin
and Neumann b.c. the test functions are product of bulk heat kernels and characteristic

functions of the semi-lines (i.e. [T—; pa (Ti:2i,yi) [Ti—s1 X ().
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e The bounds (T33) and (T37)-(I38) can be established by induction separately using the asso-
ciated flow equations. For the Dirichlet boundary conditions, the associated flow equations
are integrated from A to Ag. For the Robin/Neumann cases, the flow equations are integrated
from O to A for the relevant terms using the boundary condition (7I) and from A to Ay for the
irrelevant terms using the boundary condition (69).

. Adopting the boundary conditions — together With — , the distributions @;},;AO

and 5” 0 are uniquely defined as the solutions of the flow equations and l| Further-
more, the1r sum

gA,.AO _ -@;},;AO —t—jﬂA Ao (142)

Ln;* Linsx

is the unique solution of the flow equations such that QA A0 and 5” ’ 0 obey respectively
#@3)-@9) and (69)-(7T)). Theorem 1 together with Proposmon [T gives for's >1

i=1

s
A, A -
aw%nrg( (Pn,HPB (Ti;'iyi)> ‘

< { Aty P ZN S (@) () (1))

= 1
« P (logA+m> %(M’ﬂl)z (AT - ) (143)

where

S
A,A -
VLN (pn;HpB(ri;-,yi)>

i=1

= (Zi —Zz)raw-f;n* ((Zlvpl)v"' v(vapn))HpB (Ti§Zi7yi)

215" 5%n i=1

and .7, ”5 (t15) := [, po(T21,01) FL.5(T2s)-
The bound |i implies that 8”%2?*0 (Pn;IT2, pB (7i5-,¥i)) are bounded uniformly w.r.t.
Ag. It is also possible to deduce a convergence Theorem which implies the existence of the

limit A — 0 and Ag — oo for BW,,?ﬁlr\f which we do not explicit here.

e We do not prove Theorem [2] since there is no novelty in the proof, which is mainly based
on combining arguments from the proof of Theorem [T] with the steps of the proof of the
convergence theorem in®.,

e The difference between @A Aoy Ao and XA Ao studied in® , is their distributional struc-

Linyx
ture, in the sense that one can prove 1nduct1vely usmg the FEs (]6_7]} and the boundary condi-

tions (69)-(70) that

AL A . A\ . A,A A,
@lﬁ 0 (Zl ’ ¢T2,xvy2.x) + ‘Sﬂl,ng*o (Zl ’ ¢Tz,x~,y2is> = al,n;f (1 V2,89 T27-\'> + bl,n/;\f (yls’ 7273‘)621
AA
+Cl_n;f (yZ,S'vrz,S)Sgl 9 (144)

AA AA AA
where a; ¢ 0 is smooth w.r.t. z; and aln Ao bln*" and cl’ 0 are smooth w.r.t. y»; and Ty .

However, the semi-infinite correlation distributions .,2” Ao considered in® are smooth w.r.t. Z1
which is a consequence of the type of mixed b.c.s 1mposed on the semi-infinite correlation
distributions.
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o If the bulk correlation distributions obey the bound

A,A .
8”@1 n: r? r (Pn’¢1'1‘.wy1,s)

< {(Arm)? o ML () (At M () )

1

X P, (logA+m> 2 (Jii) 2, (AT ) L Wn>2, Vs>1 (145)

instead of (30)-(51)), the bound (T33) still holds.

m\

e The bound (T33) holds also for the surface correlation distributions folded with x heat kernels
(i.e. x € {N,R}), that is

w AAO =k
‘8 'jﬂln*rl R (pn’(pfl.s’yl,s)

A n
oo 52 )

1

x£]<T - > FAE (1), V=2, (146)

A+m

where the external points y; ; belong to (R*)*. This is a direct consequence of l) together
with the bounds . In particular, the bound (146) implies that (5”1 - R - ﬁn;(])gy] s) is

uniformly bounded w.r.t. the Robin parameter c.

B. Proof of Theorem 1

Outline of the proof: The bounds (I33) and @ @ are proven inductively using the stan—
dard inductive scheme which proceeds upwards in [/, for given [ upwards 1n n, and for glven n,l)
downwards in |w| starting from some arbitrary |Wmax| > 3. The bounds (135) and (137 can
be proven separately. Let us explain the general steps in establishing @ F1rst we verlfy that the
bound (T33) holds at the tree order. The terms on the RHS of the FE are prior to the one in the LHS
in the inductive order, therefore we use the induction hypothesis for the terms in the RHS to bound
the term on the LHS. In this part of the proof, the key ingredient is the stability of the reduction and
fusion operations of the trees and forests under the flow equation, which is guaranteed by Lemmas
[1}3] Afterwards, we integrate this bound from A to A for the irrelevant terms using the boundary
conditions (70). The relevant part requires a careful analysis. We proceed by performing a Taylor
expansion of the test functions ¢z, ,, and ¢, ,, around z; = 0 and zop = 0 in

Ay (R
aA‘Sﬂlg;*o (O’ ¢T| ,21}'|,2) .

This step allows to separate the relevant and irrelevant parts in the 2-point surface correlator at
zero momenta. Then, the relevant terms are integrated from O to A using the renormalization (7T)).
The remainder of the Taylor expansion is irrelevant and it is integrated from A to Ag using again
together with the properties of the surface weight factor for s = 2, which are gathered in the
Appendix.

Proof. We establish the proof in the case of the Robin boundary conditions. For the Neumann

boundary conditions, we proceed similarly. In the sequel, we omit the subscript R from YZA Ao
The induction starts at the tree order for which we have

yol?éi.AO ((Zlvpl)v"' 7(24’p4)) =0,

and the bound (T33)) obviously holds.
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1. The right-hand side of the FEs

The bounds that we want to obtain for the RHS of the flow equations (62)) are of the form

< (A m)P MR ) <logA;m> P, ( |5 )

oA 9" (Pn;¢‘51,57)’1“v) At+m

Linyry,r

=
X gl ( )'92.81’5 (Aa Tl,S)yl,S) ) (147)

A+m
foralln>2,0<s<nand 0 <r;, rnh <4. In the sequel, we drop the lower indices from the
polynomials &, &7, and 2;. But one should keep in mind that these polynomials, whenever they
appear, may have different positive coefficients which depend on [,n,|w|, 8 only and not on {p;},
A, Ao, 71,5 and the Robin parameter c.

The bound (I47) is established by bounding each of the terms on the RHS of the FE (62). We
consider first the case r; = r, = 0.

e We start by treating the linear terms RlD and Rf given by

Ry: _/ / /awyz M (@1 p1) s (s pa), (20, (2, k)
Zln

. 1 g
x CM k) pr (Az;z,z/> I—! pB(Tizi,yi)  (148)
i
and

/ / /awﬁl 1,n+2 thl) (Zmpn)v(Z?k)a(Z/a_k))
2n
. 1 5
x CM(k)ps.r <A2;z,z'> I1 ps(msziyi) , (149
i=1

where pg and pg g are given by (8) and l) First, we bound Rf . Using the decomposition of
the Robin heat kernel , we obtain that Rf can be written as the sum of three contributions
such that for each contribution the Robin heat kernel pg in Rf is replaced by a term from the
decomposition (§). We analyze first the term

RS 7/ / /awcjﬂl 1.n+2 Zlapl)v"'7(Zn7pn)7(zak)7(zl77k))
SA 1 ’ .
x C™(k)pp O H pB(Ti32i,Yi) -
i=1
Using the semi-group property for the bulk heat kernel , I?f can be rewritten as

/du/ / /awc%A?2+2 Zl,Pl),"'7(ZnaPn)v(Zak)7(Z/7_k))
Zln

. 1 1
A
x C™(k)pg <2A2’Z u) <2A2’Z u) | I pB(Ti32i, i) -

We now insert the induction hypothesis to obtain that Rf is bounded by

1
e Atm - A
A I=n M@ log—— /’ _—
(Atm) LI A+m A+m’ A4+m
1 1 )
/du s+21 151 1S,W7W,Ygs7u,u . (150)
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Using
s k| * d3k 2 k2+m2 ‘k| o
CAk“i :/ A2 [——) <0(1), Ve eN 151
/k‘ (k) <A+m> R3 (27':)3/\36 A Atm) = (1), YaeN, (151
we have

i -
pS| < 1—n—|w| A+m T2 ”pn”
IR} < (A+m) @(logm 2 At & Atm

1 1
AD )
/d” F 216, (Tl-s’w72[\2’Y%a”7”>- (152)

Applying Lemmal([T] we obtain the bound

1

. A P 2
RS < (At m)r <10g;m> y< 1Pl )e@(/\f ? );ﬁl%} (Tis).  (153)

A+m

The other contributions to Rf are

/ / /aw’jﬂlA{\n—&-Z Zlapl)v"'7(Zn7pn)v(z7k)7(zl7_k))
n
. 1 s
A ) )
x CMKk)pg <A2,z, _z/> Hj:l pB(Ti;zi,yi)  (154)

and

—2/ //ay, N (@1p1)y e s (s Py (2K), (2, )
xCA(k)/

v

_ 1 A
e 'pp <A2;Z’ 7 - ) [1 ps(ziziyi). (155)

¢/ =1

These terms can be rewritten using (I0) as

N 1 1
/Rdu 2" Z 1 0+2 (pmk, _k;¢71,sayl,s X DB <2A2;.7u> DB <2A2;-,—u)> (156)

— AN N 1 1 v
/Rdl/t /‘; v aw% 12+2 (pl’laky _k;(b‘rlls,ylﬂ X PB <2/\2,7u> DB (2[\2;_7_C _Lt)) ]
(157)
Applying the induction hypothesis, we obtain that (I56) is bounded by

1
Atm T2 (Al
A 1=n— ‘W‘QZ 1 92— | | —
(Atm) 8 m A+m A+m
A0 1 1
/d” J\v+21 158 (Tl’s’zAZ’ZAZ’YGS’ u, u>. (158)

Similarly, we have the following bound for (I57)

1

1=n—|w] A+m T / Kl 117all
(A+m) 9<log - >Q<A+m> kC(k)gZ(A—i—m’A—i—m

_ A0 1 1 ) v
/Rdu/v PN s ( T gz Yoot =~ ) . (159)
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Using the bounds (T7)and remembering the definition (T03) of the surface weight factor, we

deduce that
1 1 v
-V 9‘~A0 I v
/du/ +21 1;6, ( 1S’2A272A2’Y6"u’ u C)
and
1 1
A0 )
/d” J\r+21 ;6 ( 1”2/\2’2/\2’YGS’”’_M>

are bounded by

1 1
A0 )
/du fs+2l 1;6; (T1,572A272A2,Y63,u7u>.

The rest of the proof follows the steps used to obtain the final bound for RS, which gives

N _1
RS < (A m)2 " WgZ< A—r;m>y< Al )g( T2 )%Az’;%l (t1y).  (160)

A+m A+m

Now we analyse RID . This term is independent of the induction hypothesis and will be
bounded using only the bound 1i for @lA,;AO. Using , RID can be rewritten as

/du/ /Z /awg]l\ll\(})’b‘rz Z]apl)7"'7(Zn7pn)a(zak)7(zl7_k))
I,n

. 1 1 s
A L] o v
x C (k)pB <2A2,Z M) PB <21\2,Z,—1/l) 2 PB(TlaZuyl) .

The bound (50) implies that R} is bounded by

2—n—|w| A+m ‘lﬁnll / /
(A+m) P <logm )9 <A+m A+m du | pg(Ti321,51)
11 " g
< Y )/zgzgz (A;{Tza“w’w} T3 (21, vt u,z>>. (161)

542 2
T (21 0,0t~ 2

For any contribution to we denote by 7,7 the vertices in the tree Tf_*lz (z1,y2,5, U, —t)

to which the test functions pp ( ;\‘22, ,-) and pp (%, : —u) are attached. Performing the
integral over u we obtain using (T0)

R B 2/\2 IR B 2A2 ) ) B A2 )

SPB( Izaz,z 0> (162)

The bound implies that the legs (z,u) and (z/,u) are amputated from the tree 7;**? and
(7, u) is replaced by the surface external leg (z’,0) with the parameter A. If 7" is of incidence
number one, it is removed using [,» pp ((1+ &)/A7;2,2") < 1, and this operation is iterated
until a vertex Z such that ¢(Z) > 2 is reached. This iteration process converges to a non-empty
tree since for s > 1, there exists at least one mternal Vertex of incidence number greater or
equal to 3 in the tree TS+ The integration over z; in (161) implies that z; becomes an internal

vertex attached to y;. Therefore, the reduction process produces a tree which belongs to .70,
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Furthermore, v’2 which denotes the number of vertices of incidence number 2 of the new tree,
is increased at most by 2. This stems from the reduction process which can produce one
additional internal vertex such that c(z) = 2 when the vertex z” is removed, but also from the
vertex z; which was initially a root vertex. If z; had an incidence number equal to one then
after introducing the test function pg(7;z1,y1), it becomes internal of incidence number 2.
If v, is the number of vertices of incidence number 2 of TIS_‘LIZ, then v’2 <wv+ 50171 + 1 which
implies

> i
M<mt b1 <30-0-2+ 2 <24 70

This also means that the obtained tree is a surface tree in ZS’O = #,° (o), which can also be
seen as the set of forests corresponding to the trivial partition. Therefore, RID is bounded by

. 1
(A+m)> "M <logA+m> 4 ( 7] ) 2 < v
m

FZ (A1) W (0y); Y.
Atm A—|—m> 5, (A T1s W) (04):Ys,)

(163)
which implies (see (T08))

1
e A+ p T2
RP| < (A+m)? " M <log m’") P (/'\’_’Jn) 2 <A+m> TN (7). (164)

In this part, we treat the quadratic terms on the RHS of the flow equations. It is enough to
analyse the terms from the symmetrized sum in which the arguments (z;, p;) appear ordered

. AAg AAo AAg AAg AAo AAo .
in (5 % I s 1) (D 15T 1) @0 (2,701, 2,70 1) These terms are given by

ry_r A, A - 1
Rgs ::/z /zzlel Z22 aWI‘ylhh]grl((Zl’pl)?”' s (2, 7pn1)»(zvp))aW3CA(p)pR <A2;Z,ZI>
1.n

S
A,
x "2 (2 =p), (o)) [ T P8 (T zin)
i=1

AL A s !
R2DS ::/ / /Z? Zgz aWI’Zh’nl?&q((Z]apl)v”' 7(Z’l1’pn1)’ (Z,p))&mCA(p)PR (/\Z;Z’Z/
2inJ2,2

N

A\
X awz'@]z;nzo-q-]((zl) _p)7 Ty (Zn7pn))HpB(Ti;Ziayi) )
i=1

and

. . 1
AN
R?D ::/ / ,Z}il ZSZ A ‘@ll,’nlo-‘rl((zhpl)v' o 7(Zn1apn1)a (Z?p))gw}CA(p)pS,R (/\Z;Z,Z/>
210 J 2,2
s
AN
X awz‘@]%nzo_t,_]((zla _p)7 R (Zn,Pn))HPB(TiQZiaYi) .

i=1

First, we treat the case (ry,r2) = (0,0).

- We start with the term RDS. The property (11 implies that R?S can be rewritten as
AA :
/RJr du / / / awhgﬂll,’n]qfl((zl »P1 )7 R (Zn] » Py )7 (Z7p))aW3CA(p)
2n J27

s 1 1
AN / oy, . .
X awz‘@lz,nzoqu((Z 7_p)7"' 7(Zn7Pn))i|=1| pB(Ti’Zlayl)pR <2A27Z,l/l> PR <2A2’Z 7”) .
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Using the decomposition of the Robin heat kernel (§), we restrict our analysis to the
following term only

RS [ [ oM ). pn), G p)OCNR)
1,n

N
A,A / . 1 . 1 L
awzglznzoﬂ((z p),~~,(Zn,Pn))HPB(Ti,Zi;yi)PB<2A2,z,u)p3 <2A2,Z7u>.

i=1
The line of reasoning in treating the remaining contributions in Rgs is similar to the one
used in bounding R. We define

]

0! (zin) =[] 0iz)s 0 (zmrin) = H ¢ilzi) (165)
=1 r=n;+1
where
oy ) ope(tiziy) ifi<s
¢i(zi) = { x1(z) otherwise . (160

Note that s; = ny if n; < s and s, = s —n;. Otherwise, we have s; = s and s, = 0.
Without loss we consider the case n; < s. Therefore, RS can be rewritten as

DS __ ANy (= Y 1 . ~A
RY 7/R+du /Z/am{y?hnlﬂ (pnl,p,qbsl X pg (2[\2,.,14))8W3C (»)
x 2 G0 (23, By 1130 ) % b L w?) . aen
l,na+1 4 ’ 1 Mo Yy 2/\2’ )

Ao

Applying the induction hypothesis to 5”1 o +1 and using the bound .b for @l Tt 17

obtain that RDS is bounded by

1
. Atm\ (17l v
A 2—n—|w| log 27 APl o
(Atm) 7 \leg m 7 A+m A+m
1
X du ,QXIH 116 (A;Tl*sl’zAZ’Y% )

R+
|
/ 52,12:64 ATSI'HS’Z YGX]+IA)pB ZAZ;Z’M :

Since the global weight factor ‘/Sz b6, (A T +1, 325 ngﬁl Y) is a sum of the weight

we

factors of all trees lez (7;7";Y, o, 1) 00 9122, we deduce that the integration over 7/
of the corresponding weight factor gives the global weight factor of the bulk tree
f"l;ﬁl ( ",7"Ys, .. ) obtained from 7, by converting ' into an internal vertex and

attaching it to the external vertex u. Therefore we can write

N 1
ysz+l,lz;5§ (A9 TS1+1,S7 2A2 ;Y6s1+l:x7u

[P
= Z gzgg (A;T51+17572A2;Tl;2 ;Yqvlﬂis,u), (168)
Ts2+1€ﬁls2+l

L) 2

with
Fsi | A, 1 T2t y,
5; sTs1+1,S72,2’ I ’ Gsl+l:s7u

s 1
:/Z/ T, (A;Tsl+1,s;T1;2;z’;qum) PB <2A2;z’,u>. (169)
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Applying Lemma we deduce that RS is bounded by

1
. A+m | Pl 772
2 A0
(A+m)> " <log p» ) P <A+m 2 Arm Fl. 5! (T1s)

where 6} := max (83, 65).

— In this part we bound the term R3S. As for RDS, we only treat the term

RSS /I;"'du/ / 8WIZ17"1(:,1 (Z17p1)ﬂ"'a(Zn17pn1)7(z7p))aW3CA(p)
Z.n ZZ
T AT (CRNORBNENR) § (RO e it
ly,ny+1 < pP) » \Zny Pn HPB i5Zi;Yi)PB 2A29Z7u PB 2A2’Z7u .

Using the same notations —, we rewrite R3S as follows,
5SS Ao (= o 1 A
R = /md u ™ SN <p1,m,p,¢sl X pB (W,u>> "3 C%(p)

ALA S 1
3”23@2”;’+1< P Py 10305y X PB (2/\2” ) (170)

Note that R» ss = 0 for I; € {0,/}. Using the induction hypothesis, we obtain

1
D —n—|(w A"'m _'n T2
’Rgs‘g(A—i—m)l | |9(logm >@(Jiﬂl),@<l\+m>

1 1
/ du ‘/51+1 11;03 <A T 1 2/\2 ’Yo'vl ) ) Jserl ;04 <A’ 1731‘*’]757 2[\2;ch1+|:$7”> :

Applying Lemma we deduce that R3S is bounded by

2—n—|w| A+m Hﬁnll T 7 a0
emp 2 (10 22 (ML) 9 (T2 588 (1),

where 05 := max (03, 64).
— In this part, we bound the term RYP, which we rewrite using (165)-(166) as follows,

AA .3 . A L.
/z QWI @11 n10+1 (Z’pl-,nwp’(bsll) 8W3C (p)PS,R (/\Z’Z7 _Z/>
AN =
8W2‘@lz n20+1 (Z/;Pn1+17n7 _p?q)s/;) .

Using the bounds and 1) , we obtain that R’;D is bounded by

il _mt A+m (| Bl r%
A 3—n—|w| > 1 n
(A+m) e 2 ﬂ(og . )L@(Aer 2 Atm

1
. - . N Sl
X/ /‘9314*17[1;54 (A’ Tl,s) ’Z’Yle ) yszﬂ,lz;t% (A’ Ts1+1,552 ’ch,+1:s> PB (A2 2 ’Z) :
2,2
(171)

The bound

1 ) —1 1 - 1 .
B(M,z,—z) <V2x A pp <A2,z,0) DB <A2,z,0> (172)
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together with

1712

A% 222 <0(1)(A+m)™* foraeN, (173)
gives
2

m

1
e o s1+LI8, (A; Tl,sl;Z;YGsl> ‘gzserl,lz;Sé (/\; Tsl+],s;z/;Yo'S1+l:S) PB <A2;z’,—z>
_ 1
<o(1) (A+m)~! /911“,11;54 (A;Tm 12 Yo, ) PB (Az;z,0>
Zz

1
X // F oy t115:8, (A; rs1+1,s;z’;Yaxl+l:x) PB (M;Z/7O> :
g E

From the definition (99), we have

1
lﬁv1+l,ll;5£ (A; Tl,sl;Z;Yo'Sl>PB <A2;Z70>

+1 1
= X %.H,zl;s‘;(/\;fnsl;Tﬁ‘ ;z;Yoﬂ)ps(

2
sl sp+172 A
Tlv]+ Etzvﬁ—
1 1

;z,O). (174)

We define the tree Tl‘:"o obtained from Tl‘:‘H by converting the root vertex z into an

internal vertex and attaching z to the surface external vertex 0. Clearly, Tlfl 0 belongs to

710, Denoting by v} the number of vertices of incidence number 2 of Tlfl 0

have

, we clearly

v’2 =1+ 6L.<Z)71

with v, denoting the number of vertices of incidence number 2 of Tl?' o Remembering

P R
that T1:1+ is in Z:‘Jr , we have

sp+1
V= va b8 <324 =

This implies that Tlfl’o € Zfl’o. Using the definitions , and li we obtain
F A: R Al it DS 1 70
Z g s1+l,ll;5£ ( 971,s137}1 7ZsYG_;])pB F’Z’

+1
e
1

+1
151
1

0 . .10,
S Z ﬁs.,llgﬁi (A’Tl-,sl”rlll ’chl 70) . (175)

$1.0 51,0
Tl‘lr e{qlrl
1 1

A similar reasoning gives

1
A= E . e .
— : 1‘/1/ c%v2+1,12;53, (A, Ts1+1,55 Tliz ’Z/’chlJrl:s) DB (A2 ,ZI,O)
Sy + sy +
u r2es;
] 0 : 72,0,
<L n] = Z ySsz;Sg (A’ TSlJrl,s’Tliz ,Yoxlﬂ:x,()) . (176)
pur .
12t

N\
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Hence, we deduce

1
/ s1+1L,10; 5, A T SszYGsl)pB (Az 3%, O)
3 . RN 1 .
x 9 Jsz-ﬁ-l,lz;ﬁé (A’ Ts1+1,552 ,qu1+1:x> PB F,Z ;0

<o) | Y Y T muaW )Y |, (77)
Wiy (e Py, In=2}

where IT := {I1;,II,}, IT; := {1,---,s;} and IT := {s; +1,--- ,s}. In (177), we also
used the bound (112) and 8 := max (8}, 8;). Therefore, we find that RPP is bounded by

. 1
2—n—|w| A+m ”an T2
(A+m) ﬁ(logm >Q<A+m 2 Atm

| Y Y T muaW()Ys) | (178)
Wie (e P, In=2}

This shows that RP? is bounded by

A+m EAl v
(A+m)? ||?(log - )@(/'Hm 2\ TN (7).

e Case (r1,r2) # (0,0): The linear terms R} and R? together with the non-linear term R3S are
treated following the same steps as before. The only terms that require a careful analysis are
Rgs and RgD . To shorten the discussion, we restrict our analysis to the term R’ZDD . RZDS can be
treated following the same line of reasoning. We write

=Y <r1>(11—z)a‘zﬁ‘, Z= Y (;22)(Zz—z’)“2z’ﬁ2.

(04
a1 +p1=r| 1 a+pr=r

This allows to rewrite RgD for all n; > 2 as follows

e\ (2 AApi(1,2 - _ ‘A
) ((X2> PrtbBr gm ‘@ll,n10+(];a27l12 (Z,pl,m,p,%) 2" C*(p)

((X
ai+Bi=ri,00+fo=ry N1

. 1
X 0" TN (25 By —p3 00 P (Az;z,z’> . (179)

and for ny = 1 we have

r1) <r2> Bi /I}zawlg 7 0( )(Z LD q)s])awsCA( )

((x a
w+Bi=ri,0+B=ry N\ 2

. 1
‘9”912,?(&2( )(z’;pz,n,—p;tkg)ps,ze <A2;z,z’> . (180)

Using the bounds (30), (31) and (23), we deduce that the summands in (I79)-(I80) are
bounded by

o~ A+m [EA T2
A m) e e g (] 2 ()2
(Atm) e 8 m A+m A+m

/ st 5” A 71 sl,Z,YGV )ysz,lz;ﬁé’ (A; TS1+1«S;Z/;Y631+1;3) X,/,\l (Z,ZI), (181)
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where
B B2 . : _
X (27) = aha pB<A2’Z’ Z) ifm =1,
: Pribr pp (ﬁ;z’ ,—z) otherwise .
Using the bound li together with and li we deduce for all §, 6 > 0

C1p - 1+6 1+6
x () <o) APk p3< e ;z,O)pB <A2;z’,0>, (182)

which implies together with (T73)) that (I8T)) is bounded by

1
— Aem\ (Bl (o

A 2—n—|w|-ri—nry 1
(A+m) @(og - )'@(Aer 2 At

1+5//
X/jshll;af/ (A;Tl,j];z;yﬁsl) pB </\21;Z70
4

ar / 1+52” /
X /, ‘jsz,lz;aé’ (A; Ts1 41,552 ;Y5s1+1:s> PB A ;2,0 ). (183)
z

This together with the bounds (177) and (178) imply the final bound for RP” given by

1

A Dn 2
(A+m)> v g <10g n—:m) L@( 17 ) 2 ( re > 9;\1%7 (T15), (184)

A+m A+m
where 67 := max (8, 87).
Using the bound (112)), we deduce (147) where 6 := max{§;, 6/, §/, 1 <i<T7}.

2.  Integration of the FEs

e We start by integrating the irrelevant terms for which n+ |w|+ r; +r, > 4. In this case, (147)
is integrated from A to A using the boundary condition (69)-(70) together with (TTI)) and we
obtain

w o\ Ao = .
d 5/[7”;,1’,2 (pn’(PTl_mYI,s)

. _1
< (et 2 (10 S () ( i ) FA%(m) . (89)

A+m A+m

e The relevant terms are those that correspond to n+ |w| + ry +ry < 3. These read

00 00 S
/0 dz) /0 dz 125065 ((21,p)s (22, —p)) [ ] (w52 3) (186)
i=1

where 7y, rp are integers such that r; +r, < 1, and 0 < s < 2. We restrict our analysis to the
case s = 2, the case s = 1 can be treated similarly and the case s = 0 will be integrated in the
sequel. For s = 2, the relevant part is extracted from

RN CRONCROIDTERTAEY (187)

by performing a Taylor expansion of ¢ and ¢» around z; = 0 at p = 0, where ¢;(z;) :=
pe(Ti;zi,yi), using (65) and . The bound (147) for s =0 and r; +r, < 1 gives

A
‘3As;\’AO‘ < P (10g+m>7
m

A,
PAE]’ 0

< (A+m) '@ (logA+m> . (188)

m
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Integrating (T88)) from 0 to A and using the renormalization conditions (7T)), we have

A
‘s;\"A‘)‘ <(A+m) P (log +m> ) ‘e;\’AO

m

<P <1og A;:’”) . (189)

Applying Lemma 6] from the Appendix, we have
[5£491(0002(0) + €1 {91(0)(212) (0) + 92(0)(9,61)(0)}

1
<(A+m)Z <logAn+1m) Q( rC

A0
A+m> 9211;5 (17172) . (190)
Now, we bound and integrate the remainder 8Alf2’A° (¢1,92), which is irrelevant as we will see
in the sequel, from A to Ag. We distinguish between the two cases:

1

—~ A <3V/It~2: Using (147) and (190). we deduce that dx/;%5™ (61, ¢») is bounded by

1

0(1) max (mz,rl)(A+m)2@(logA;m>Q< re )9‘2;?5(71’2). (191)

A+m

-A>3V1 772: In the sequel, we restrict our analysis to the integration of the following
terms, for which we need to proceed differently.

A= ([ 2oy (.0.:2.0) ) G101 0200 0), (192
A3 = (0n2)(0) / 2 5™ ((21,0), (2,0)) /0 (1) (9791(rz1)) , (193)
and
. 1
i [ A5 (@0 0) ([ ar(1-ndentan)

1
x(/ dt’(l—t’)aﬁ(]bz(t’m)). (194)
0

The other terms which also contribute to 8,\11/\2’/\0 (¢1,92) can be treated similarly.

* We start first with .7 for which the bound (147) implies that

‘(/ zlzzaAylg»AO((ZI,O),(ZQ,O)))‘g(A+m)29<1og’\;’“). (195)
21,22

Using Lemma 6] we obtain

‘ (/Z] ,Z2z1 ZzaA%{\szO ((z1,0), (Zz,O))) (9,01) (0) () (0)'

L1 A 2
< (A+m) 21 2 z@<1og ;m)g< T2 ),%A"E (t12). (196)

* The term %”2 we have for 0 <¢ <1

1 _ (izi=yp)
0i(tz;) = \/ﬁe L (197)
1
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Differentiating (T97) twice w.r.t. z, we obtain

L[ 2 Z(tzi—yi)? Ty
20 (+7)) — — | % i \"< ! 2., 2
at (¢l(tzl)) : [ P + Tiz PB ([2321; t)’ (198)
which implies that the term
1
/ 2 aAZQAO((zl,O),(zZ,O))/O dt (1—1)92¢1(tz1) (199)
21,22

can be rewritten as

yﬁ 1
Y cop—t— [ drt*'(1-1)
1+85¢ o
(@pesn gt

T V1

/ 2 z%""aa/\fﬂl{\z’/\o ((z1,0),(z2,0)) ps (TZ;ZI’7> , (200)
21,22

where .7 := {(0,0), (a,8)| ¢+ B =2, (a,B) € N*}, and the coefficients Cap €
R depend only on the exponents o and . The bound (147) implies that the term

T
[ 2 ans ™ (@0, 2.0 pu (21,2 ) 201)
21,22
is bounded by
S
3_q - 1T 0 BURS!
(Atm) e 2| = 9‘171;5(1\,72,7). (202)

From Lemmal[7] we obtain

B B
(”) 705 (A~ T‘-l‘) <o()t <1+ﬁ) FN (M), (203)

VT 20 A
where 0 < 8 < §'. Using (173)) together with (201)) and (202)), we deduce that (200)
is bounded by
1
3 A+m T2
3,1 A0
A+m) "7 P <log - ) 2 (A—!—m) T s (7)) (204)

Lemma@together with (A3)) imply that .7% is bounded by

1
| 1
(A+m)3rflrz_2<@<log/\+m>a@< re

m A+m> Ty (71.2). (205)

Following similar steps, we obtain

@000 [

21,22

2 N (01,0).c20) [ (1) (FPonta)

1
. A+m T2 A0
<(A+m) "1 1, P <log - ) 2 <A+m> Ty (T12)  (206)

and

00 [ I (@.01@.0) [ (1-0) @Postzn)|

1
o A+m 772
< (A+m) 21-],132<log — )Q<A+m>ﬁﬁif’5,(n72). (207)
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s The term .743: We start from (194) and (198) and write the term .74 as follows

/!

i S b drdf 1"V (1—0) /"' (1-7)
(@.B)es (o Bes R

‘52.

" ! T
|3 A (.0 0 o (a2 ) pa (i) 09
1,22

The bound (T47) implies that the term
’ T (%] 2
/ & NI (21,0), (2,0) s (321,20 ) o (22222
21,22 ’ t t t t
is bounded by

1
(A+m)4”’ez'fzg<” - )3@0,.5 (a3 T2 0 2y

A+m A A
From Lemma|[gand (T73), we deduce that (208)) is bounded by

1
_1 1 2 A+m ~ T2 A0
Tl 2 TZ 2 (A—|—m) P (10g 7 2 m g\ll;é’ (T] 72) y (209)
where 0 < 6§ < &' < 1.
The boundary conditions (69) together with (68)), (Z00) and (208) imply that
Ag,A
L3R (91,02) =0.

Integrating from A to Ag, we obtain for Ag > 3v/1 T2

1
Vit 2 Ao
A A,
0o = [ ar g @)+ [ aa g e, @10
El A El 3\/ZT 2 ’
Using the bounds @ (196), (203)) and (209) together with (206) and (207), we obtain

that the remainder /, iAO is bounded by

T_l m2 A +m ~ T % A0
(A+m)max 5 502 <log ) 2 Frs (T12)
(A+m)~ (A+m) m A+m

211)
For Ag < 3v1 ’L”% , we conclude by integrating li from A to Ay and we deduce

w oM Ag Q-
"5 (0, ¢T],.v7YI,x)

1
ol A T2
< (At rzgz(log ;m>°@<A+m> FA (a1, (212)

where we used (T12).

e Extension to general momenta: We now extend the bound (212) to general momenta using
the Taylor formula with integral remainder, which reads

1
aw‘gﬂli;;:?,rz (P, 7p;¢11,s7y1.x) = aw‘%/,\j;/:?,rz <O;¢Tl.m}’|,x> +/0 dt afaw‘y?/,\i;/r\?,rz (tp, 7tp;¢1'1,.w)'1,.r) :
(213)
Applying this formula, the bound of the integrand ( due to the derivative ) yields an additional
factor (A +m)~! which combines with the momentum produced by the ¢-derivative to give a

bound as in (I33).

This ends the proof of Theorem 1] O
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C. Proof of Proposition [4]

Proof. The proof follows the same inductive scheme used in the proof of Theorem|[I] For the tree
order, we have

Fom ((21,p1),+++ 5 (20 pn)) =0, ¥n>2, x € {D,R,N}.
Clearly, the statement (I36) holds.
A1) We start by verifying inductively the following statement

A, A -
aAZJ";DO (pn;¢g7nsyl7n) = lim aAZnR (pn9¢1’11n,y11n) : (2]4)

c—r+oo

In the sequel, we use the symbol x to denote either Dirichlet or Robin boundary conditions.
Given Il = (7, m) € &, such that |m;| = n; and n; + ny = n, we introduce the following
notations:

AN N
‘%uryt,‘—(&il'* (pﬂ?ia (=1) P,q> Yru )

. 1 .
_/ T (( Z”i’pﬁi),(zap))Hp*(TﬂZia)’i)P*(2[\2;1,“>, ie{1,2} (215

iem;

and

A, A - LR Ax . A, A > =
St (P @iV we) = [ A (o) 20, ()
Zn,3,2

1 1
x ¢:I,n7yl,n (z1n) P (2/\2%’4) Px <2A2§Z/7M> , (216)

where

. 1
CI)A*(Zn;l ):(P;l (Zn-l-)P* <2A2;Za”) with (Pn' Zﬂ?, HP* Tz,Zuyz ;

iem

and

A .
q)’”:z (Zl*”’z’z) ¢T1mY1n(Z1”) (2A2’Z7 )P* (21\2’Z/7u> .
We consider the flows equations @ smeared with the test functions ¢7, | given by
AN (=
(9/\% ’ (pn’q);l mYIn)
AA A
2//% 19’+2* P>k, kq)n+2’YGn’u7u)C (k)

AN ﬂ - .
+3 / . I Y ANCYNCR ) s NP

_72 Z [/{ I n1+1*(l77r17 P,fbm* Yr,,u )CA(p)

2 [T mm
XL 1o (ﬁnz N A u)

+_@l/1\:»/1\10+1 (ﬁm,—P;CI)’,}I;*;Ym,u) M p) %?,211 (p;rz,p,cb Yy, u )

+$ﬁ£11;* (ﬁ”" R ) Cp) 7 '11\204—1 (ﬁﬂzaP;CDnz Yoy u >}

A, = : A, -
+/ / '@llﬁoﬂ (Z; —p,anl;¢;I)C£*(p;z,z’)912;,20+1 (Z/;p’p"1+1’";¢;2):| ’
2,2

rsym

-Y =Y pi. 217)

iem €M)
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where we used (115) and the notations (215)-(216). Here, the prime denotes all pairs (I1,1>)
such that /; +/, = [, and the double prime refers to a summation over (71, M) € %, with
n; .= |7I.'l'|.

Using the induction hypothesis, we obtain

A,
y?!lA,gH;D (p”’k —k; cpn+2’Y"n’u u) 7c1—1>rfoo‘5ﬂl '"+2R (p”’k -k q)"”’YG”’M u) ’
(218)
AA o ; ;
I8 (3o 200

= tim SN (B () AR Y ) i€ {12} (219)

For 7; > 0 and y; € R™, we have

lim A, (pp(Tis-,yi) — pr(Ti3-,yi)) =0, (220)

C—r+oo

where for ¢ in .(R™) the semi-norm .4}, is given by

Mp(9)="Y  sup x*Po(x)|.

a, B<p xeRt

Remembering that %{\,LAO € ' (R™) and using (220), we deduce

AL - 1 . AN : .
T (B (= 1) i @3 V) = lim 7 (B (<) ps@fivmu) . @21)

Cc—r+oo

We rewrite the term
L 7 (G . —0) etz O, 1) @2)

as follows
AN = . Hi -
/k / T 3 (ks ks @B Yo, 0,u) CA (k)

1 1 .
AN - . +R . . A
_\/k~/Rdu ‘@l—l,(;l-&-Z <p”7k’_k’¢fl,m)’1,n X PB <2A2’.7u> PB (ZAZ"’u>) ¢ (k) - (223)

Following the same steps that led to (221)), we obtain

g, (p,,,k D Yo, u) — lim g% (ﬁ,,,k, —k;cI:sz;YGn,u,u) (224)

Cc—>+oo

and

A\ - 4D 1 . 1 .
@[71_’?14»2 (pnak, _ksq)rl‘n,yl,,, X DB (2/\2,.’”) PB (21\2"’”))
. AN 1 . 1 .
= lim 7 +2(p,,,k —k R | x pB(ZAZ’.’u pe(5zinu) ). (@29)

Part A1) in the proof of Theorem [T]implies that the integrands of each term on the RHS of the
FEs (217), in the case of Robin boundary conditions are bounded independently of the Robin
parameter c, and the Lemmas [T}{3] show that these bounds are integrable w.r.t. u. We refer the
reader to the proof of Theorem [I| for more details.
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A2) Integration: Lebesgue’s dominated convergence theorem together with @-@ and the

FEs 2T7) give

A, A =, . A, A =,
aA%vao (pn7¢TDanyl7n> = lim aA%7n§RO (pn7¢§1’17y11)1> : (226)

c—+o0

This implies (again by the Lebesgue’s dominated convergence theorem and the integrability
of the bound (T47)) in the proof of Theorem [T))

Ao AAg (= . Ao Ao =
[l (5o, ) = dim [ Cara sl ook, L) @2
A s 5 r c—+oo A 5 5 5
— Irrelevant terms: These terms are characterized by n > 4. Using the boundary condition
AoAo (. px _
0 (Bri0%,,) =0, *€ {D.R) (228)

together with (227), we deduce
AAo (= 4D 5 AAo (= . 4R
LSﬂl-,n;DO (pn’(PTl,n'YI.n) - CEI}LQ %ﬁ;RO (pn’(prl.n«yl.n) : (229)

— Relevant terms (n = 2): We have

Ao Ao (=
[ ar s (aok,..)
_ oMo (= 4R AAo (= . 4R
= =7332;}2 0 (pna ¢Tl,nvyl,n> _%72;]?0 (p}’h ¢Tl,nryl.n) (230)
and
Ao AAg (= AAg =
//; d)" 81%2,130 (pn;(bg?mylﬁ) = _<Z727;D0 (pn;(bg,myl?n) : (231)

In (23T), we used the boundary condition (72) for the Dirichlet case. The boundary
condition (69) implies

2
Ao Ao (= . 4R _ Do .
S (Pn,¢fl_2,y172) =spx T1 P& (:3:,0)
i=1

+en™ {pr (11:51,0) 9npr (%2332,0) + pr (72332,0) dupr (T1331,0)}. (232)

Using

10upr (T151,0)| <O(1) 7, * pp (T;5:3:,0),

Ao Ap,A

and the fact that sﬁR and € 0 are uniformly bounded w.r.t. the Robin parameter c,
which is implied by the bound given in Theoremfor s=1,r €{0,1} and r, =0, we
obtain from pgr —¢— 4w PD

: Ao Ao (= . 4R —
L-LITOOZQ%R ’ (p”’q’ﬁ,zm,z) =0. (233)
Therefore, we deduce
AAy (= . D T ANy (= 4R
‘jﬂll;DO (p"’ ¢T1,2=Y1,2) - L-ETOQ’SJZQ;RO (pn’(PTLZJI‘Z) ’ (234)
This ends the proof of (T36).
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D. Proof of Corollary [I]

Proof. In this part, we prove the bounds (I37) and (I38). As a consequence of Theorem[I] we have
for Robin boundary conditions

A,A() = 4R
"Z,H;R (pn’¢71,n7YLn>

< (A+m) " P <logA;m> %( 7] )Ql ( i > FN(Tia), Wn>2. (235)

A+m A+m

Using Theorem 1 and taking the limit ¢ — oo, we deduce
AAg [ =
"SﬂLnﬁD0 (p”; ¢£y1‘x)

. _1
< (A+m)P " 2 <10gA;m> %( Ul )Ql ( v ) FN (1), Yn=2. (236)

A+m A+m
For n = 2, it is possible to obtain a sharper bound by performing a Taylor expansion around O of the
test functions pg (7;;-,y;) as follows
AN (= . AN . . AA . .
SR (Pn,del’z?m) =57z PR(T1331,0) PR (72:2,0) + €)% * {Pr (T1571,0) (dupr) (723 ¥2,0)
+Pr (12:2,0) (9upr) (T1331,0)} + 1530 (pr (T13-,31)  pr (72332)) - (237)

Taking the limit ¢ — o, we deduce
A, - : AN . .
S (a8 10, ) = Jim IS5 (pr(Tie31) e (725-,32)) (238)

where the remainder I**; I 2 % is given by
(f o 75 (@) e ) 2,00 0) (@12 0)
21,22

+/,ZZ%2R ((z1,p), (z2,— (/ dt (1—1) (97 ¢1) tzl> (/ dt' (1—1") ¢2)(t’zz)>

+(3n¢2)(0)/ k) «5”,/,\2’;/1\30((21,19) 22,— /dl (1—1) (97¢1) (tz1)

21,22

+(an¢1)(0)/ 21 «5”1{\2’;/1\30((21,17) (z2,— /dl (1—1) (97 ¢2) (tz2) (239)

21522

and ¢;(z;) := pr (%:2:,y:). These terms can be bounded in a similar way as 7%, %5 and .74 in the
proof of Theorem 1. One should keep in mind that the test functions considered whithin the proof
of Theorem|[T]were products of bulk heat kernels. However, the same bounds (T92)), (203)) and (T94)
which are uniform in ¢, hold for Robin type test functions using the bounds (I7). Therefore, we
deduce

1
_ A+ T
’ M (¢1,¢2)‘ <(Atm) it it i <log m) 2 <A+m> FN (112), (240)

which gives

. 5 11 A+m T2
“21\2711\)0 (Pn;q}g,zwll)‘g(/\—i_m) ZTI 2T2232<10g m )Q<A+ )yﬁ%(rl’z% (241)

and this ends the proof of Corollary T} O
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E. The minimal form of the bare interaction

In this section, we show that the bare interaction (T)) corresponds to the boundary conditions imposed
in Theoremfor L™ Given ¢ € supp u, we expand LQO’AO((])) in powers of the field ¢:

a3 Pz oo
Li\O)AO(¢) n'/z /Ran lno*0((Z1’p1)7”-7(zn’p’7))

x 8 (144 pa)0(z1,p1) - O (2 pn).  (242)

Using (T42), we can write
LI (9) = D00 (9) + 520 (9),

where
e a pl T 50)
D n! R3 H (Zl,pl),«..,(zn,pn)) (p1++pn)
n=1 Zn n
X ¢(z1,p1) O (zn, pn)  (243)
and

+°° 1 & P oA
ston0) = X o [ [ TT s 0 (opn). oo pa) 89 o1t
n i=1
X @(z1,p1) @20, pn) - (244)
Proposition 1 in® implies that there exists f in L>(R*) such that
¢(z.p) = /0 dz CM(p;z,2)f(p,7)

which can be rewritten as
1
et A2 2, .2
¢(p,2) :/o dZ’/lA‘) dA e p (A32,7) f(p ) -
2
Therefore, we can write

/Z e Z/;O* ((z1,p1), 5z, Pn)) O (21, P1) -~ O (20s Pr)

/ / a2 e MU (A0 (Fai6f, g ) (249)
an 1 e

The boundary conditions and (72) imply that

1 Ao 7/\0

Shoho(¢) = 200 ((z1,p), (22, —p)) 0 (21,2)9 (2, —p) , (246)

21,22

where .7 20’*/\0 ((z1,p), (22, — )) is given by for Robin/Neumann boundary conditions and by
(72) for Dirichlet boundary conditions:

e Robin/Neumann boundary conditions (¢ > 0): In this case, we obtain

dPp (1
S2ot0(9) = /R s 2y <2s£° +ce£°> 9(0.p)9(0,~p) , 247)
where
o= [ AN ), = [ s () @) @49)
21,22 21,22
and x € {R,N}.
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e Dirichlet boundary conditions: For Dirichlet boundary conditions, we obtain

3™ (9) =0.

VIl. THE AMPUTATED VS THE NON-AMPUTATED THEORY

For quantum field theories on spaces without boundary, the renormalization problem of the ampu-
tated and the non-amputated theory is equivalent in the sense that the required counter-terms render
finite the amputated and unamputated amplitudes, independently of the location of the external
points of the unamputated diagrams?’2%. However, first order calculations'? give clear evidence
that this is not the case when one considers the renormalization of the semi-infinite model. The tad-
pole diverges w.r.t. the UV cutoff, and its renormalization depends on the location of the external
points (i.e. if they are on the surface or not). If the two external points are not on the surface, then
in addition to the usual mass counter-term only one additional surface counter-term, which diverges
linearly in the UV cutoff, is needed. This is not the case when one considers the tadpole with at
least one external point on the surface. The latter needs one additional surface counter-term which
diverges logarithmically w.r.t. the UV cutoff. This suggests that the amputated and non-amputated
diagrams are renormalized differently for the semi-infinite model. In this section, we prove the fol-
lowing proposition which sheds some light on this finding to all loop orders in perturbation theory:

Proposition 5. Let x € {R,N}. We denote by C, the unregularized propagator associated to the
boundary condition x. For nonvanishing sf\g and eﬁ‘z, we have for y; >0

lim [ #5M((z1,p), (22, —p)) Cr (pi21,31) Cr (Piz2,72)

y1—=0tJz1 20
7’5/ «5”,/7\2?;/\0((Zlap)a(Zzy—P))CR(P§11,0)CR(P;Zz,y2) (249)
21522

and

lim tim [ M ((21,p), (22, -p)) Cr (p321,31) Cr (P322,32)

Y10ty =01 Jzy .25

# [ SN ((1.p), (22, -P)) Cr (pi21,0) Cr (pi22,0) . (250)

21,22

Proof. We give the proof of Proposition [5]in the case of Robin boundary conditions. Neumann b.c.
can be treated analogously.

We proved in Section 3 that for the particular choice of the boundary conditions (69)-(71)), the bare
interaction is of the form (I)) and we have

SR (21,0 (2= ) = (570 + R0y +05,) ) 8,8 (251)
Hence, we obtain for y;, y, >0
/ <5”1,Az(§}§\°((zl,p),(zzﬁp))CR(p;Z1,y1)CR(p;zz,yz):sfe‘OCR(p;O,yl)CR(p;O,yz)
21,22

+ e {Cr (p30,31) 9uCr (P:0,32) +Cr (p:0,y2) duCr (p:0,31)}.  (252)
Using
lim lim 9.Cg (p;2,y) = =KCr (p30,0),  lim1im d.C (p;z,y) = ¢ Cr (p30,0) (253)
)—0 27—

z—0y—0 Yy
with K, := /p? + m?, we deduce
Ao, A\
/ Sk ((21,0),(22,=p)) Cr (P321,51) Cr (P322,¥2)
21,22

= (sg() +2c elk}o) CR (p’Ovyl)CR (p;07y2)a V}’la)’Z > 07 (254)
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|70 (@) o) Co iz ) G (piza.0)
21,22

= (58" +20 8" Cr (p£0.31) Cr (:0,0) — 3" Ci (p:0,31) (K +¢) Ci (20,0, (255)

fjﬁlf\ZOYAO ((Zlap)7 (227_p))CR (p;ZhO) CR (p;ZZ’O)

21,22

— (sgo +2¢ ej,}O) Cr (1:0,0) Cr (p:0,0) — 2 €N Cr (910,0) (K, +¢) Cr (:0,0),  (256)

from which (249) and (250) follow directly. O

Remarks 4. Denoting g0 = 520 1 ZCeAO, we deduce that (254) implies that the unamputated two-
g 8r R R p p
point function of the semi-infinite model which has two external points in the interior of the bulk,
requires only the surface counter-term g£0 to be renormalized. This is not the case when at least one
S Ay : .

of the external points is on the surface. From li and l| we deduce that g5° is not sufficient
and the additional surface counter-term eﬁo is required to make the two-point function finite. This
generalizes the remarks given in 114 and!? concerning the tadpole to all loop orders.
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Appendix A: Some properties of the surface weight factor for s=2 and [ > 1

In this Appendix, we prove several lemmas that we use in the proof of Theorem[T] These lemmas
concern the case s = 2 for which the set of partitions &7, simply reads

Py = {1y, I, },

where I1y := op, II} = {7171,7172} and m; = {l}
From the definition (1), we have

12 (02) = {1 (Yo, 0:9)] 720 € 720, vy <311}
and

P2 = {1 01,02 UL (02,0:2)] T, T € 710}

which implies that the global surface weight factor 332 15 (712) simply reads

372/?17;05 (ma)= Y 73 (A» T1,72;7}2’0;Ycz> +ﬂ1[\105 (Tl)fua (12), (A1)
170 (0)
where
ylAlOé( i) = 32%) (A,Z‘L’i;Tlllo;yi> . (A2)
T/I’OG,ZI‘O
Note that (AT)) implies
AD
yllé( )'/115( )<y216(71,2)- (A3)

Lemma 4. Let v be the total number of vertices of incidence number 2 of the surface tree le"O. For
p > 1, we denote by 7 = (z1,--- ,2p) the set of the internal vertices of le’o and (y1,y2) € (RT)? its
external vertices. For Ay = {A; |1 <i<v—1}, A €[A,Ao] and 71,7 > 0, we have

ﬂﬂg (Aﬂ,;\§ Th’fz;le’O;Z;Yaz)
z
S/:dz pa(c1.5:21) P8 (c2,532,32) P <1;\%52270> (A4)
and
/:dz ps(c1,5:2,01) pB (c2,5:2,y2) PB <1[~\J}6;z,0>

2 [gzg (Ar st e P05, ), (AS)
Zz

where 0 < vi,va,vo < v such that vi +va+vo =V, ¢; 5 := (1+0)c1 and ¢y 5 := (1+ 8)ca. The
parameters ci, ¢y and A are given by

Vi 1
¢l =1+ <Z A2> (1-8,10), (A6)

i=1"%

vi+vy—1 1
a=n+| Y = |0-8,0), (A7)
i=vi+1 Ai
1 o 1
- = — | (1=8,0)+ = - (A8)
x (Z A%> e
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Proof.

e First, we prove the bound || A tree le,o in 7//[2(62) is of the following form
1

T
1
1
1 V1
1
1

21 8,

V2.7 R
o’ e
T ﬁ

S e

It contains one internal vertex of incidence number 3 and all the other internal vertices are of
incidence number 2. We assume that each dashed line contains a number v; > 1 of internal
vertices of incidence number 2. The case v; = 0 can be treated similarly. Remember that
vo+vi+va=v. Let{zo, - ,zv, 41} {zv, 42, +Zv 4, } @0 {2y, 4,41, -+ , 2y } e respectively
the internal vertices on the paths from z; to y;, z; to y» and z; to 0. From @), the integral
surface weight factor of le,o is then given by

70 P 20,2 il 1+6
[,/5 (A/,A;’n,rz;Tl ’ ;z;Yc;2> 2/ H PB AT;ijqu PB (TI,S;ZvlJrlvyl)
4 z j—1

Lty =2

1+6 Vit 1+0
X pp zhzns2 | [ pe 12j-1,25 | B (72,6320, 1v,)2)

2 2
AV1+1 Jj=vi+3 Aj—l
1+06 4 1+06 1+
X DB A2 —5215,2v 4y +1 H PB 7/\2 32j—1,2j | PB (~2 ;zv,()) . (A9
Vvi+Vv) J=vi+va+2 j—1 A

Bounding the integral over R by the integral over R and using , we obtain

vi+1 1+6
/ [1pe| 5—:z-1,2 | pe(T1 6320 11.31) < palcisiziyn) . (A10)
2272y +1 Jj=2 Aj_l

where ¢ 5 = (1+6) (’L’] +Y, ﬁ) Proceeding similarly on the paths from z; to y, and

from z; to 0, we obtain that the weight factor of a tree in 7/12(0'2) is bounded by the weight
factor of the tree

Y1

»2 0

where ¢, ¢y and Ai% are the new parameters associated respectively to the edges (z1,y1),

(z1,y2) and (z1,0). The relations between these new parameters and those of the tree le,o are
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given by
2 1 1 (| 1
=T+ 27 and = = Z — |+ ==
(il A12+v1 ) A% <i=v1+v2 A12 A?
This proves the statement (A4).
e To prove (A3), we assume without loss of generality that v; > 1. Using (I3), we find

vi+1 148
PB(CI,5§217)’1):/ dzy---dzy, 41 HPB = :%jHZj-1 PB(T1,5;ZV1+17)’1)
R j=2 Aj o,

il 1+6
SZV‘/ Lz edzy HPB ATl pB(T1 5320, 41,51) . (All)
(R j=2 j-2

Proceeding similarly for pg(c; 5521,y2) and pg (1/{“—25;@0), we deduce
1

- 146
/0 dz pp (Cl,S;Zayl) pB (62_5;z7y2) DB (Az;z,o>
1
< Zvﬁ«?é) (Am/\;n,rz;Tf’o;Z;Ygz). (A12)
Zz

O

Lemma 5. Let WA(I1;) := Tl;ll’o(yl ,052) Ulelz’O(yz,O;Z’) be a forest in W;*(I1)) with (y1,y2) € (R*)?
and vy1 (resp. v32) the total number of vertices of incidence number 2 of the tree 7“1;1]’0 (resp. Tl;12‘0 ).
For p, ¢ > 1, we denote by Z = (z1,-++ ,zp) (resp. 7 = (2},--+ ,2,,)) the set of the internal vertices

of TP (resp. T). For Ay = {A,-, NI <i<vg—1,1<j<vmy- 1}, A1, Ao € [A,Ao] and
71,7 > 0, we have

ﬁffs) (As A1, AT, s WA(TL )35 Yo, ) < pi (€1,5331,0) pi (62,5:32,0) (A13)
V4

and

P8 (¢1,56:31,0) pB (82,5:y2,0) < 2"217%22 ﬂfg (As A1 AT, s WAL )2 s, ), (Ald)

Z

where ¢1 and & are given by

V2,171

1 1

a=2m+ Y 5 +=
S A A

C 27 +sz1 ! + !
C) =27 — + = .
S AN A

Proof. The forest W (I1;) is of the following form

Y1 y2
21'1 2’L’2
21 2

1 1
1 1
A V22
! !
! !
!
2 2y,

1 1
A2 A2
A A3

0 0
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The integrated weight factor of this forest reads

/,%9 (As A Aoy 1 o WE (T )i 251, v2)
Z

V2,1

o 140 1+6
:/ dzi---dzy,, HPB —5—32j:2j-1 | PB(271,8521,51)PB (~2;sz,170>
0 j=2 Ay Aq
V2.2
x/ d?y---dz,, [[ps| —5—:75:7j-1 | P2T25:21,y2)pB <~2§ZV2.2vO> :
0 =) A A3 '

Bounding the integral over R* by the integral over R and using , we obtain

/;3‘\0 (As A1, Ags T WA (T )sZv1,y2) < pa (€1.5:01,0) pa (2,5572,0)

Z

where for vy ; > 1

& =21 +vzf] L. (A15)
C1 =127 - T3

5 A A
S SRR o
C) =2T — + =5 .

8 A A

If vo; =1, then & = 27; + %

Using again (T3 and proceelding as in (ATI), we deduce

P8 (€1,5:31,0) pp (¢2,6:y2,0) < 2"217722 ﬁ?o (As, AL Ags T WAL )2y, y2) . (ALT)
Z

O
Lemma 6. For 0 < o < 1andy, y, €R, we have
900)| < Cos 7 * FNG(m), YO<E<1, (A18)
where 9% ;(0) = lim,,_,+ 31‘3‘(}5,-(1,-) with §i(z;) := pp (Ti:2i,yi) and Cy ;5 is defined in .
Proof. For o0 =0, we have
1
0:(0) = e i < V2 pp (2%::,0). (A19)
For o = 1, we have |9, ;(0)| = y;j ¢:(0). Using the bound for r = 1, we obtain
10,01(0)] < V2 Cys © pp (27, 5:31,0) . (A20)

We consider the surface tree Tl,ll.’0 which consists of the external vertex y; and the surface external
vertex 0. We associate to the external line (0,y;) the parameter 27;. The integrated surface weight
factor of the tree Tl.ll-’0 then reads

Firs (271;T1;1;°;y1) = pp (27,5:3:,0) - (A21)
Since Tl;ll.’0 € #;'(m), we obtain using 1|

1,0
le,l;S <2Ti;Tl;i7 ;yl) = ‘9210,1;6 (). (A22)
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Combining the bounds (AT9), (A20) and (A22)), we deduce

1020i(0)] < V2Cos 7, 2 Zi5(m), aefo1}. (A23)
Furthermore, we also obtain
_a B2
8,?(;)1(0)8,?(;)2(0)‘ 2G5 n  [[ZNS (), o Befol). (A24)
i=1
Recalling (A3), we deduce
a B ¢ -5 a0
9%, (0)0} ¢2(0)’ <2C5 1 21 2 TN (). (A25)
O

Lemma7. For0<t<1,y€eN,y €Rand0< 8 < 8§ <1, we have

1 Y
Y -2
1 T
(\%) s tmy <o) |1+ 2= | Zi5 @), (A26)
where
27T 27
A0 . 1 1,0 Y1 1 10 1
leﬁ (I’Tl) - 10Z 1o§6 (A 2 T ) Z yﬁ (A 2 T t )7 (A2D)
T, €,

and O(1) is a constant which depends on 8, §', v, y and the loop order 1.

Proof. We consider the surface tree Tll"O € 19 With the external vertex y71 and the internal vertices
Zv = (21, ,2y). Let v be the number of its vertices of incidence number 2 and A » = (Aj); ;-1

A, and 7y /1% be respectively the parameters associated to the internal lines, the surface external line
and the external line of Tl] 0 Then the integrated surface weight factor of Tll 9 reads

27
ﬁﬁ (Aj, laTIO’ytl>

271 5 vl 1+6 1+8
_/ ( 1 ,y17zl>HpB (AZ;ZI‘,ZI‘JH)PB <1\2;ZV,0) . (A28)
i v

If y; € R, (A28) is bounded by

2715 1406
pe (=3 ,yl /Hpg — ,zl,zm P —532,0) (A29)
Al A2

Therefore, we obtain

ﬁ& (Af’ a yt>

<0(1) 1 pp (271,5:31,0) <O(1) t Fs(m), V1,0 e 70 (A30)

Using (T3)), we deduce

Y
(;%) ylo,lgé(tv’fl)<0(1) f{‘los,(rl) (A31)
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where 0 < § < §' < 1.
Now, we treat the case in which y; € R™. Bounding the integral over (R™)” by the integral over R

in (A28) and using (I0), we obtain

21
(Af, ,Tllo,ytl>

V 2(14-8 Y (1+6
<tps (2T1,5+Z();y1,0> <tps (271,5+Z( A2 );y1,0> . (A32)
i=1 i

2
i=1 Ai

Furthermore, using we obtain forall 0 < § < &' < 1

Y v
Y1 ) 1+6
PB 2Tl,5+ ;)’1»0
<\/Tl ( ,; A

v 177
< Csg 1+Z[‘
i= 1

Y

146
PB (271 3/+Z 2 ,y1,0> . (A33)
i=1 i

Since A;, A, > A for alli € ., we deduce that (A33)) is bounded by

1

Y
Y ~2 /
v T 1+6
C&a/ max ((\/i) ,1) 1+ ]T DB (271 5+ Z A2 ,y1,0> (A34)

=1

Proceeding similarly to (ATT), we deduce
1+6' v 0 1,0
pi (2054 Y 0] <2 F (A Av2mi T 0m ) (A35)
i=1 i

which together with (A32)) and (A33) imply

1

Y
14 27 T, 2
(jla) (A,, . ,Tllo,yt1> <cif1+32) 20 (A2 %), @36

14
where C := 2" Cs 5 max ((%) , 1). Using

3l—1

FN (v Zﬁg(/\ 20,:T, 10,y1> (A37)
y=0
we deduce
Y -3 4
DN 20 gmy<o)y |1+ 8 | #M0 (g (A38)
\/ﬁ 1,1;6 A 1,1;6
O

Lemmas8. Let A>31t72,0< 8 <8 < land (y1,y,) €R%. ForO<t,/' <1,1>1and 1, €N,
we have

" 2} 3
N y2 0 L R )
<\/ﬁ> (ﬁ) §27l;5 (A’ﬁ’ﬁ’7,7> tte@< >¢/216/(A 712 yl 2) (A39)

The polynomial 2 has nonnegative coefficients which are independent of T|, T, and A but depend
onl, 8, &, v and .
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Proof. Using |i sz l’_05 (f—zl, z%; a, y%) can be written as follows

T T
ﬁé’(z\- 1D o200 yz>

’tizatliza ! ¢ ) [/
1702 (o)
+ Y 2 JNELITEIRI] Yy 7 AR 10,02 (A40)
) 200 0y ) 7[,2’1’/
TILOEZI’O( T}I.OEZI.O

e First, we prove

A\ \® y o0 a0 o0 0
Vi) \Vm/) - 22 Ty

2,0
17 et (a2)

I T_% a0
<t'2 < Ty (NiTi2,y12), (A4l

where 0 < § < 8’ < 1. Let us start first with the case y;, y» > 0. Given a surface tree le‘0 in
#;%(0,), we have by LemmaE|

=T T .20 Y1 M2
’7)757} ) s
127 412 tr

Ty (AJ,A

b)) ! »2 1+6 0 12
< d . . ! .
>~ /0 Z PB (C]ﬁ(t),z, P )PB (CZ,ﬁ(t )727 ¢ )PB ( % 33y ) 5 (13 )

where ¢; 5(t) = c(t)(1+ 8)and ¢y 5(t') = c2(t') (1+ 8). The parameters ¢ (), c2(¢') and A,
are given by with 71 — 71 /t? and 7, — 7o /t"%. For y; < y,, we write

” N n., 2 143
/0 dz pp (cl,a(t),z, ; )PB (cz_y(;(t),z, r’)pB( e ,z,o)
=7(0,y1)+ I (y1,y2) + F (y2,+) , (A43)

where
S (a,b) := /abdz DB (Clﬁg(l‘);z,)%) PB <c2$5(t');z,);—,2> PB (1;\%5;@0) .
— First, we bound .#(0,y,). For 0 <,/ <1, we have
pe(e15(0:2.2) <1 pp(ergitzn) . (A44)
P (025003257 ) <1 pa (ca5i'202) (A43)
with ¢; := ¢;(1). For 0 < z <y; <y, we also have
ps (c1531231) <1 p(c16:231) (A46)
pB (c25:'2,y2) <1’ pr(cas32,)2) - (A47)

This implies

o 1+6
f(07y1)§tt’/0 dz ps (c1,5:2:31) pB (c2,6:2,y2) PB (;\Z;LO) . (A49)
1
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which again by Lemma[d]is bounded by
o(1) [yg (A/’]\; Toy: le,o;z;yoz) <O0(1) 3% (112) -
= :

For (y1,7) # (0,0), we need to bound also the following term

GGy o

Using (A48), (A49) is bounded by
Nnon oo , ,
e 35 (1) (B) [ el aff i
204=0 \k/J \K'/ Jo

—0k'=

1+06
x ps (c1.5:2.71) B (c2.6:2,52) PB (f\z ;z,0> . (A50)
1

Using (15), we obtain

v (148 Y 146
tnk kpB ([\Z;Z’O) <Cs A " 72+k+kpB< e ;2,0 ). (AS1)
1 1

Since A;, A > Aforalli € .#, we deduce that

1 v 1 1 vo+1 Vi
—_ = Y S (1-80)+—= < and ¢; < T+ . (A52)
A% (iv1+V2+] A12> A2 A2 A?
This gives
) 1 + 8 oy ’ 1 —+ 5/
MRk </~\2;z,0) <O(1)A™ }’2+k+kpB< = ;2,0 ). (A53)
1 1
Similarly, we have
k
vi— 2" pp (cisivinz) < Ch g ¢ pp (cisiving) s (A54)
Nk
k T 2
so() g (1+-—1| ps (cisyinz) s (A55)

where we used (A52). Whenever it appears, O(1) denotes a constant which depends on
8, 6', 1 and v. Combining (A50), (A53)) and (A55)), we deduce that (A49) is bounded by

1
T2 o 1+6
1 2 (A) /0 dz pg (c15:2,31) pB (€2.532,2) PB <[~\%;Z,O) . (A56)

By Lemma[d] we deduce that (A49) is bounded by
s
tt 2 <A> /gj? (Aj,]\;TGZ;Y}Z’O;f;YGZ). (AS7)
Z

— Using the bounds (A44), (A43)) and (A47)), the term .# (y1,Y>) is bounded by

V2 1+6
11" | dzpp(cis31z,01) pB (€2,5:2:2) PB (;\z;z,o) : (A58)
V1 1
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For z >y, we have

146 2(1+86) yIA2
PB <[~\2,270> <ps (;\%,2,0) exXp <_4(1+5) .

1

Knowing that vy < 3/ — 1 together with
VAi€Ay, A>A, A>A,

and recalling (A52), we obtain

A > >V/3172.

g/~

where we also used A > 3+v/1 T’%. This implies

2A2 2A2 2
IR TA R W G tA SRR WY N | S
e"p( 4(1+5)>—e"p( 12(1+5)z)—e"p 200+8)1 )

Furthermore, we have

1
PB (Clﬁa,l‘&yl) S \/TT)E .

Combining (A63)) with the fact that ¢; > 71, we deduce

2(1+8)
At

S (y1,y2) S/Rdzps (62,5;z7y2)p3< ;z70> pe (c1,5:31,0) ,

and by (T0) we deduce that .# (y1,y,) is bounded by

2(1+8)

DB <C2,6+/~\2;)’2,0) pe (c1.6:1,0) .
I

Using the property (I3) of the bulk heat kernel together with (A60), we obtain

N Vo)
yi ) ()’2) ( 2(1+6). ) )
= = pel s+ ——=5—:y2,0 ) ps (61,5,y1,0)
(ﬁ VT A2

1
2(1+8)
Al

2

T
<2 | rs <Cz,5f+

A ;y2,0> ps (c1.671,0) ,

where 0 < § < 6’ < 1. For A > 3\ﬁ’r_% and [ > 1, we have

1
VAi€EAy, N >A> V3lt, 2
and this implies

1 (% 1 (9
<z -
A2 37 A2

Vi+va vit+vy—1

| U 1w+l _ o
—_— = —_— 1 — — < < =
A2 <i:v12 2>( St ms <3

+vo+1 Al
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(A59)

(A60)

(A61)

(A62)

(A63)

(A64)

(A65)

(A66)
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where again we used that vo < 3/ — 1. Hence, we have

2148 25/+Z 148, 20145

Cy 51 + —— =
' A% i=1 H*l] A%
R2148 148
<27 s+ + — , (A67
> 2,6 = A12+v1 A% ( )

which gives

2(1+6' 22148 148
PB <C2,3/+ ( —— );y270> < \/EPB (21’2’5/4- + —5—;>2,0 ] . (A68)

A2 2
Al i=1 At+v1 A1

(T3) together with Lemma 4] gives

VZ—Z 1 +5/ ] +6/
B (27273/ + + ———;¥2,0

2 2
Al+V| A7
2l 146
/ / B (272.51521,)2) H PB| 532,21
Ly tvp—1 Av1+t 1
vt 1+8 1+6
X H DB (Az,sz+i7Zv2+il> DB (/~\2;Zv2+vola0) . (A69)
i=0 V1 +vy+i

The RHS of (A69) corresponds to the integrated surface weight factor of a surface tree
Tll’0 which has an external vertex y, and v, 4+ vo — 1 internal vertices which all are of
incidence number 2. This tree belongs to the set of forests 7/[1 (my) if and only if

vo+vya—1<31—-1. (A70)

Since the tree le,o (:7‘, r%;y%, i—?) is in the forest #;%(0,), vo, v1 and v, necessarily

verify
1
vot+v—1<3l—-2—v +§ ,
which implies 1l Hence, Tll’0 belongs to the set Wll(rcz). From l| and l|
we deduce
1+6 A0
PB <C2’5/+[~\2§)’270> < 0(1) 321’17;5/ (72)~ (AT1)

Using (ATT), we obtain
A0
e (c1,5571,0) <O(1) F1.5 (7). (A72)

(A38) and (A64) together with (A7I)) and (A73) give

n N (22, <o TE) Zh0 () a0 AT3
t' 2 — 0 )
NG NG (1,32) < < N (@) FNS (), (AT3)
where all the constants were absorbed in the coefficients of the polynomial 2.

— The last term to bound is

— [ N 2 146
S (y2,+e) = [ dzps (61,30),2, 7) PB <Cz,a(t’) & )PB (AQ,Z,O) :

Y2 1
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For z >y, > y; we have

(720) = e (ara) o (o oo (-2,
32, - - - 5
PB\ %2 2z P\ T6(1+8) ) TP\ 2015 ) P\ 200

where we used (A61) and ¢; > ;.
Bounding respectively pg (1 5(1);2,%) and pg (c2,5(t'):2,%) by \/271“1,5 and \/2;702'3
we deduce that .# (y,,+o0) is bounded by

O(1) t 1 pg(c15:31,0) pg(cas:y2,0).
Using the bound (T3), we find

yi \' [ 2\ . )
7a) \g) prlesn0) pe(asyno)
1
-2

<2

pB (c2.532,0) pg(c1e571,0), (A74)

where 0 < § < 8’ < 1. Using (A11)), we deduce

ps (ci533i,0) <O(1) % (%) (A75)

which implies

yi \" ([ » \"? NS A0 A0
(ﬁ) (ﬁ) j(y27+00) <tt 2 T yl,i;& (71)91,2;6/(72). (A76)

Combining (A57), (A73) and (A76) together with (A3) and (A42)), we obtain (A4T).

- . . ; . 2,0
Now, we treat the case in which the external vertices are negative: Given a surface tree 7,
in #5(02), we recall

vi+1
~ zoq)n » 1+0 71,5 Vi
/ A.]v t27 /st ’777) L‘l HPB( sZj—1,%j | PB (Tst1+177)

“5Zy Jj
1+6 ity 1+6 s V2
X P A2 7Z17ZV1+2 H PB AT;ijlazj PB( I7) 7Zv1+v27 [/>
vi+1 Jj=vi+3 j—1
1+6 - 146 1+6
X PB <A2 ,11,zvl+vz+1> [T »s <A2§Zj—1azj pe| 75w 0) - (AT])
Vi+v2 Jj=vi+v+2 j—1

For y; <0and z,,+1 € RT, we have

T, 6. Y
pB( Sy ) <t pg(71,6:31,0) .

Hence, we obtain for y;, y» < 0 using (T3)

n )2
Y1 2 0 ~ T T2 20 Y1 Y2
L) (22) 20 (As A2, 2720 2
<\/T1> (\/Tz> 5( MR A t’)
<Oo(1) 11" pp(71.6551,0) ps(Ta5:y2,0), (AT8)

which is bounded by

o)t 9‘1“105,( )ylAl 5 (7). (A79)
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If y1 <0and y; > 0, we have

~ T T
70 U2 2001 )02
/5 (AJ’A’IZ’;/TTZ ’757

1+6
<0(1)th(T15 y1,0 /dzp3(625( )z,yt,z)p3< T ,zO> (A80)
1

Using (T0) together with (ATT) and (A2), we have

1+6
/ dzpB(Cza( )z,yz)ps( 0 0) Tt 1) (A81)
1

Combining Lemma 7] with (A80) and (AST]) gives

n )
Y1 Y2 70 .71 T2 20 Y1 N2
T = T = F A 7A;737;T13737
<\/ﬁ> (ﬁ) ‘S(J 22 Ty t’)
1
T2 A0 A0
<o(l)tf 2 <A> FN () T (1), (A82)
Using (A3)), we obtain the bound (A4T).

e By definition, we have

Fhsem = ¥ Fg (AT %, (A83)
T11’0€91m !

Applying Lemma I to the global surface weight factors 531 h 5(t 7)) and F 1A 105 (t', 1) w
obtain

i \" y‘o(A 3.T1,o,&)
VT 10 - 1,0 d 2y

T, 7eq,
( y2 )7/2 0 10,2
X [ —— F ( ,T’, >
v T2 7~,1’06291.0 6 tlz t
1 1
_I\ TN ,1 e
/ 70 : >A0
<o()et | 1+—— N 1—|—T Jllé,(rl)Jllﬁ,(rg), (A84)

and this together with (A3), (A40) and (A4T) conclude the proof of Lemmalg]
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