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Swappable Batteries in Shared e-Scooters Ecorsomic

What is the Value of Swappable Batteries for a
Shared e-Scooter Service?

Fabien LEURENT
CIRED, Ecole des Ponts ParisTech, France

Abstract

Swappable batteries have been deployed in severatss of dockless shared e-scooters.
This article provides an economic theory of swapgpahtteries in the production of a shared
e-scooter service (S3). Explicitly modelled areaperations of battery swapping by “juicing
tours”, as well as the wearing law of the eledatteries depending on the depth of discharge
(DoD) that triggers the next swap. In the productieodel, the daily number of refills and the
per-refill swapping cost are key variables as tivdythe field implementation and the
swapping logistics functions to the other produtfienctions of battery inventory, scooter
inventory, energy charging, fleet maintenance amdroercial. Thus the overall “refill

strategy” interplays with the respective inventpoficies of batteries and of scooters. The
mathematical optimization of the production costdiion is addressed in four stages, by
optimizing in turn (i) the swapping tours, (ii)etharget DoD, (iii) the battery energy capacity
(BEC), (iv) the scooter body in terms of lifespar@nergy consumption rate. Characteristic
equations are established for the optimal pert@st, DoD, BEC, scooter lifespan and
energy consumption rate. Two sets of specificatinamely Constant Elasticity and Affine
Linear, are specified for the battery wearing Iéve, battery price and the scooter price: under
either set the model admits an analytical solutiora numerical study, it is shown that the S3
cost per unit of fed-in energy is one order of magle greater than the out-of-the-grid
electricity price.
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Highlights

» Optimal refill tour productivity as a CES function

« Refill strategy brings together juicing costs, battery and scootarspaind battery wearing law

« Battery wearing law linking lifetime number of charging cycles to Depischarge

« Assuming Constant Elasticity sub-models, optimal battery energy tajsasiraightforward

« Under Affine Linear sub-models, optimal battery energy capacity cheractdy a quartic equatiot]
» Scooter inventory policy involving lifespan and the energy consumption factor
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Swappable Batteries in Shared e-Scooters Economics

1. Introduction

1.1 Background

Dockless shared e-scooter services (S3) have sfpasattom their introduction in 2017 and
2018 by Bird, Spin, Lime and other operators (Bugbal. 2020). Over 2018 they became the
dominant mode of shared micromobility in the Unitethtes, surpassing shared bikes with
docks as well as dockless ones (Zhang and Guo, 2020

Beyond the easy deployment of dockless two-wheelsban settings, the main reason for S3
success may well lie in its specific user expemeand quality of service: ease of use,
efficient speed competitive with strongly motorizetbdes in dense areas, comfort of the
standing position little exposed to crowding, thé&agure of driving autonomously,
effortlessly, smoothly and openly in the urban emwment (6-t, 2019). An obvious
requirement pertains to getting an available vehiclthe street: it relates to service coverage,
fleet size and demand patterns (Leurent, 2021)teraequirement is the willingness-to-pay
of the users, since service prices are relativiglg:ltypically, $1 or €1 to unlock plus .15 or .2
per minute of utilization (Nawaro, 2021). On assognaverage speeds of 12 to 15 km/h, i.e. 4
or 5 minutes per km, the variable fee amounts twa#1 or €1 per km, which is higher than
the average cost of using one’s car and much highen typical rates of public transit
(Noland, 2019).

These prices correspond more to the usage valuthangsers’ willingness-to-pay than to the
supply costs: in an economic study of an early Bedvice, the BCG (2020) showed that out
of average revenue of $4.1 per ride, operationts@aounted to one good half, leaving out
the other half for fleet investment and margin. Peespective of making high margins in an
easy business has drawn many competitors in tht s of 2019, more than 10 operators
deployed their fleets in the streets of Brussel®r@du et al., 2020), Paris (6-t, 2019) and
other cities (Button et al. 2020). To date, suchpgetition has not led to price decreases —
although it may have avoided price increases satha observed in Los Angeles (up to $.39
per min in 2019, see BCG 2020). However the opesatave endeavoured to reduce their
supply costs by acting on two main levers (Kami@4,8: first, improving scooter longevity
by introducing second and beyond generations obtec® especially designed for shared
usage; second, turning to more efficient battergrgimg processes, turning from gig-worker
“juicers” collecting the scooters to swappable dras (McKinsey, 2019). According to
Gaucquelin (2020) the advantages of swappablerigsttare twofold: first, increasing the
uptime of scooter availability in the field and,cead, reducing the weight to carry by the
juicers. By fast adaptation, major service supplleve adopted sturdier scooter bodies aimed
to longer lifespans, together with swappable bateof relatively large capacity and
swapping processes either by company-operated (ewgsLime, 2020) or by enticing some
users to swap batteries at specific charging qeogs Tier, 2020). Figure 1 exhibits shared e-
scooters with swappable batteries in Paris strééts. by the end of 2020, some scooter
makers and S3 operators kept to batteries embeaddi@ e-scooters, with focus on larger
battery capacity and better lifecycle managementoth the batteries and the scooter bodies,
each kind in its own respect (Link, 2020, Bird, @p2

Here we shall focus on the production of an S3iseyvencompassing the operations of
battery charging and swapping, the inventory ot@eter bodies and their longevity, as well
as the inventory of batteries and their own lontyewihich is related to the depth of discharge
at swapping. We will look into the interplay of Heeaspects and their implications on the
production costs: what are the determinants ofptieeluction costs? To which extent do the
batteries and their energy refills contribute tesd costs? Considering that batteries as
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equipment and the logistics of their refills in emebasically constitute means to feed energy
in scooters, what is the unit cost of such fedeoeser energy? What savings can be
harvested by suitable battery specification andagament — in other words, what value can
be created?

Fig. 1. Shared e-scootersin Paris streets: the adoption of swappable batteries

1.2 Related work

In an up-to-date review of scientific literature electric car-sharing and micromobility, Liao
and Correia (2022) addressed three folds: firdherpatterns of use and travel behaviours i.e.
the demand side, second on the safety impacts ddahusers and also for pedestrians, third
on the environmental impacts and specially the ararfootprint of such mode. As for
economic issues pertaining to dockless shared &ersp Button et al. (2020) provided a
high-level analysis addressing successively (i) teenand side of the market, (ii) the
supplying industry in terms of market structure rkea contestability and instability, (iii) the
supplying firms and related issues of venture ehpibor side and its remuneration, as well
as pricing, (iv) regulation of negative externakti (v) stimulation of positive externalities.
Concerning production cost analysis, these autrefesred to “grey literature”: specifically
the cost breakdown study by Trefis Team (2018) Wwinainly stated that the core company’s
expenses pertain to scooter acquisition and chgwrdgmturn this study is based on Kamps
(2018) who analysed an operator's margin over auoter lifetime for three notional e-
scooter models differentiated mainly by their respe longevity: (i) 300 rides, (ii) 500 rides
owing to somewhat sturdier design and (iii) 100fes for a “super-scooter” much sturdier
and of which the battery would be swappable.

Pioneering studies of early Bird implementationsig@old, 2019, BCG, 2020) shed more
light on pricing, revenues and production costs: dperational expenses (excluding scooter
acquisition) of nearly $2 per trip were broken dowrabout 65% for charging and 20% for
repair, among other expenses. Demoere (2020) ik quantitative model of production
costs and revenues for an S3 service in a cityntiiyeng the different functions in
production, he provided cost formulas for eachhadm with respect to a common set of
parameters such as fleet size and demand flowniddel was applied to explore ranges of
factors and look for conditions of service finahg@eofitability.
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To the best of our knowledge, e-scooter longevdg hot yet been subjected to economic
analysis. It makes a key issue in Life Cycle Assesgs of the environmental impacts: after a
quick study (Griswold, 2019) pointed out to verypgHifetimes of 28 days owing to theft and
vandalism in Louisville, Kentucky, lifespans of @ T thousand km were considered f&f 1
generation shared e-scooters (Hollingsworth e2@1.9, De Bortoli and Christoforou 2020,
ITF 2020), whereas lifespans of 6 to 14 thousandwene put forward for ¥ generation
scooters (ITF 2020, Moreau et al. 2020, De Borg@l21). Yet these are still provisional
indications, since “as this service is very newe thetime is still expanding..., a final
estimate of the average lifespan of those e-scootghonly be available when all e-scooters
reach their end-of-life” (Moreau et al. 2020). T¢tatement must be kept in mind on reading
the claims of e-scooter makers as well as thosharfed service operators, such as the 5 year
lifetime target for Voi's e-scooters (Voi, 2020) thre respective lifetimes of scooter bodies
and batteries (Link, 2020).

1.3 Obijective and contribution

This article provides a technical and economic rhoéi¢he production of a dockless shared
e-scooter service with swappable batteries, coreidat the city level. It encompasses
swapping logistics by company-operated tours, soatventory, battery inventory and
mutual interactions such as the influence of thgetadepth-of-discharge at swapping on
battery wearing.

The model is a theoretical one: we postulate madiieal functions between the model

variables (e.g. fleet size and scooter renewal flmastate the technical relationships and to
derive economic relationships of two kinds: fitste formation of production costs, second,
the optimization of the production cost functiortiwiespect to decision variables that depend
on the service operator: the productivity of swagpiours and the number of juicer duties,
the target Depth-of-Discharge (DoD) and the Battemgrgy Capacity, the scooter lifespan

and its energy consumption rate. It is shown thatger-refill swapping cost plays a key role

as it links the logistics of energy feeding, in 8f®rt run, to the medium-run setting of target
DoD to trigger swapping and the long-run specifaratof battery capacity and scooter

parameters.

Battery wearing with respect to DoD at swappingnsdelled as a relationship between the
lifetime number of charging cycles and the DoD. fboideas, two simple mathematical
specifications are put forward as “specific teclgads”: Constant Elasticity and Affine
Linear.

Under either specification the model is easy tovesolTo demonstrate its application, we
conduct a numerical study that explores some raofabe parameters and gives some
insights in cost-optimized conditions of serviceduction.

1.4 About methodology

Compared to previous works by the BCG (2020) andn@ae (2020), our model is a
theoretical one. Explicitly represented are théamézal processes of juicing tours and battery
wearing according to the target DoD. Also exphcittepresented are the economic
consequences of service production and its usageits daily traffic, onto the operational
expenses. Furthermore, to constitute the full serdosts we also represent the inventory
policies for scooter bodies, on the one hand, antbrvable batteries, on the other hand.

The resulting mathematical function of productiasts is subjected to formal optimization,
thereby modelling cost-minimizing supplier behaviolihe resulting first-order optimality
conditions do constitute economic relationshipsvieen the decision variables. We will insist
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on the interplay of juicing tour productivity andchnical conditions, of battery conditions
both short run (DoD) and long run (nominal capgcignd of the price functions of both
scooter bodies and batteries.

To sum up, the scientific approach is basicallytbg@cal. The empirical side is restricted to
the setting up of the model parameters in the nizalestudy.

1.5 Article structure

Following this introductory section, the body oéthrticle is organized in eight parts. Section
2 builds up the technical model: from juicing tquis battery wearing and up to battery and
scooter inventory policies. Section 3 lays out éeenomic model of service production: a
cost function is constituted from the specific ftiocal costs of commercial operations, field
implementation, energy provision, battery logistioattery inventory and scooter inventory.
The next three sections deal with cost optimizatidih respect to, respectively, juicing tour
productivity in Section 4, battery depth of disd@and energy capacity in Section 5, scooter
lifespan and energy consumption rate in SectionSéction 7 provides a numerical
application. In Section 8, we discuss the outreaetl limitations of specific sub-models,
namely the unit swapping cost, the swapping potiog,juicing strategy, the battery price and
the scooter body price. Lastly, Section 9 summarthe economic theory and points out to
further developments.
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Main Notation
Q demand volume: number of rides per day at thacelevel
fr average length of e-scooter ride requested msemer
Q, daily commercial traffic at service level
Qr daily energy consumption of service usage
Qr number of refills per day
Swapping logistics
tsg Or t, Battery swap time per scooter on refill tour
toc Base run time per refill tour
tp Depot time per refill tour
to = tp + toc Base time per refill tour
T; Average time of refill tour
H; Daily duration of swapper duty
ng Number of battery swaps per refill tour
¢; Daily frequency of refill tours
n; Number of swapper duties
wj Daily cost per swapper duty
H Period of service operations in a typical day
yn daily maintenance cost per scooter, from funclipof scooter lifespan
p per-vehicle costs on a daily basis

V; Per-refill cost of swapping strategy

Battery issues
o Depth of discharge triggering battery removal
A battery nominal energy capacity
fg Daily flow of battery renewals
pg Battery price, from price functioly
B number of batteries
Rg Number of charging cycles (number of refills) phattery lifetime

Rg Battery wearing law associated to Lifetime energgnsity functionEg and auxiliary
functionyig

E,,a Parameters of Constant Elastidity function
E,, b Parameters of Affine Linedl function

Scooter issues
N fleet size (number of vehicles)
N number of in-field scooters in sufficient enerdnange state
fs Daily flow of scooter renewals
Ls Scooter lifespan
Xg €energy consumption of an e-scooter per ride fengit
ps Scooter price, from price functidy
rs Number of battery refills over scooter lifetime
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2. Technical Model

Here we consider one service of shared e-scoopemrsited in a given urban area.

2.1 From service traffic to refill needs

Let Q denote the average daily number of rides madegubie service andy their average
length. Thus, the traffic quantity produced daiyaunts to

QL= Q.4 (2.1)
Indices R and L stand for Ride and Length respeltiv

Denote alsg; the average electricity consumption per unit afédled length. Thus, per day,
the energy consumption of the e-scooters is simply

Qr = Xg- Q1L = Xg-Q.%g (2.2)

Let nowA denote the nominal battery capacity in amountnefrgy. The current battery state
of charge (SoC) is measured as the proportioh thiat is still available. A depth of discharge
(DoD) is defined as 1-SoC. Let us defimes 10,1 as the maximum DoD that is allowed in
field operations by the service supplier: whenlibttery DoD reaches then after the end of
the on-going ride the scooter is made unavailableustomers until the low-charge battery is
removed and replaced with a fresh one. For brevéyshall refer tar as the target DoD or
just “the DoD”.

Then, the product. A measures the amount of energy that is consumetgitary over a
cycle of usage: on average it is equivalent to dheount received by the battery over a
charging cycle. Per day, the number of such cy@gsjnduces an energy influx @fz.o. A
that will balance the in-the-field energy consuraptithus,

_ Qs _ Q.1 (2.3)
oA XE5 A

On a daily average, the number of charging cydesdso the number of battery swaps, hence

of scooter refills with fresh batteries. We shalll @t the daily number of refills.

QF

2.2 Juicing as a logistical process

An elemental battery swap consists in replacingtseby with low energy levex (1 — o). 4
by a full one under nominal energy capacity (loadel aboutd). By assumption, battery
swapping makes the specific duty of specific senagents called swappers or juicers.

Denote agg; the elementary time of scooter identification ba toadway, battery swapping
and also juicer approach from the traffic flow @ tscooter location and return: it pertains to
the juicer and his or her vehicle.

Denotet,. the base run time of the juicing tour. Assumingtttihere areiz scooters to be
refilled in that cycle, the juicing cycle time amms to the following

tC = tOC + ng. tSB (24)

Furthermore, the Refill task involves recharging tlepleted batteries. Assuming that this is
done off-line in a depot, the juicing tour alsoahxes to drop and plug the depleted batteries
and to pick a number of recharged batteries atdbpbt; some rest time may also be allowed,
leading to a depot time denotgglper juicer tour.

Revised version R2 : 31 May 2022 7/51



Swappable Batteries in Shared e-Scooters Economics

Overall, a juicing tour time amounts to
T] = tD + tOC + ng. tSB (25)

Index J stands for “Juicing”. To keep notation denphe average depot time per battery for
drop-off and pick-up may be included tigg. The key thing is that the juicing tour time is a
linear affine function of the number of refillag. As ng is the refill production at the tour
level, it measures the productivity of the refilt.

Denote asy the number of swapper duties, Bythe time period of daily activity for each of
them. Per day, the number of juicing tours amotmts

¢y = ny. Hy/T, (2.6)

Denoting ad the daily time length of service operations (insthcases we can expect thiat
=24h), ¢;/H is the frequency of refill tours. Asg is the average number of refills per tour
the total numbeg;. ng is supplied to match the refill dema@g: then it must hold that

@y.ng = QF (2.7)
or equivalently that
ny. Hp.ng = Tj. QF.
Thusn; stands as a function dfz andng, among other parameters of the refill process.
Combining (5) and (7), and denoting= t, + t,c andt = tgg for short, we get that

A 2.8

2.3 On battery wearing and renewal flow

The wearing or ageing of an electric battery cdasis the progressive decrease of its
effective capacity: from the nominal level at thegimning of the battery lifetime down to
some pre-defined level. Electric Vehicle suppliadvise their customers to replace their
batteries when the effective capacity goes belo% & nominal (Battery University, 2019),
while e-scooter suppliers warrant battery replacenoé the effective capacity falls below
70% of nominal in less than 500 charging cycles @etoli, 2021). This reduction is
achieved after a number of charge and dischargesyat depends on the target DoD. Let
us model the number of cycles “up to battery disalisas a functiorRg (o). It is the number
of refills experienced by a battery. In other wontisndicates the battery lifetime in number
of charging cycles.

Then, on an average basis, the daily flow of battenewals is equal to the daily number of
refills divided by the battery lifetime:

_ Qr Qg (2.9)
" Rg(o) A.0.Rg(0)

fe

In the formula,Qg depends neither a#h nor ong. The influence ob on f; is twofold as it
involves first its own magnitude and second theveissed battery lifetime. Both influences
combine in product form.
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2.4 Scooter inventory

Coming to the scooters, let us model the endurahtlee scooter to wear and tear as a total
length to be travelled over its technical lifetindenotedLs and called lifespan. Then, on an
average basis, the daily flow of scooter renewals equal to the daily travelled lengh,
divided by the scooter lifespdg:

_ QL Q% (2.10)
Ls Ly

fs

As for the total fleet size, let us denote ithasthis number adds up the numBéof scooters
that can be used by customers with no restrictidlow energy or bad state and the number
N' of scooters waiting for refill. On average duritlie period of operations, there are
ny. Hy/H juicing tours running simultaneously, each of vwhatealing withng scooters. Per
tour, on average half of the scooters have jush befled, so that the current number of low
charge scooters is equal to

r_ Hjy — Ty .
N'=nung. o= Qr5; (2.11)
We thus obtain that
—~ T (2.12)
]
N=N —
+ Qf H

2.5 Battery inventory

The number of batteries involved in the servigecomes from (i) those deployed in the field,
in numberN, (i) those transported by juicers, in numlagrper tour, (i) the batteries at the
depot either being charged or waiting before aratharging.

The second part is also proportional to the nunabguicing tours running simultaneously:
we can also measure it A5 According to Little’s law, the third part may beodelled as the
product of the daily flow rate of refill®g, times an average depot time per battery tgdpr
Recharging.

On combining the three parts, we obtain that

Thus,
Qr (2.13)
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3. The economic model

3.1 Service production and related costs

Service production requires (i) the holding of proion means, including scooters, batteries
and depot, (ii) back office processes of adminigtraand maintenance, (iii) battery refilling,
(iv) the juicing logistical process, (v) commercfahctions, of which the magnitude will be
roughly proportional to the demand volume.

All of these functions give rise to specific protdan costs. We shall model them on a daily
basis, be they of capital or operational kind gfenditure.

For the e-scooters the capital expenditures halg ataount as follows:

Cs = ps. fs (3.1)

Whereinpg is the scooter market price. We mogeglas a functiorPs of scooter featureks,
Xe, A (since the scooter has to accommodate the batteych capacity, hence such size and
mass), together with other features denoteft as

ps = Ps(Ls, xg, A, §) (3.2)

Factoré could represent driving controls (handles, brakingtrols), safety devices (lights),
motor power, tyres and their comfort etc. Of courgader competitive conditions the price
will reflect the manufacturing costs.

Similarly, the daily amount of capital expenditupestaining to batteries is modelled as

Cg = pB-fB (3.3)

Whereinpg is the battery market price. We shall moglglas an increasing functidy of
battery capacity:

ps = Pg(4) (3.4)
Again, under competitive conditions the price ip&cted to reflect the manufacturing costs.

Depot costs are denoted @s, administration costs a%,, maintenance costs & and we
aggregate them in a functidiy,y = Cp + C5 + Cy. Dependencies onto fleet siXe battery
numberB and number; of swapper duties have sensitivity coefficientaatedyy, yg and
y; respectively. The daily per scooter cogt includes maintenance and insurance costs,

telecommunication costs for scooter connectivitynieraction to the service platform, and
also parking costs if applicable. As a linear agpmation we will consider a base back office
cost ofC3 . and an effective back office cost of

Cpam = CPam + YN + 8B +yjmy

For model completeness we relatg to Lg in a decreasing way, because longer lifespan
comes with sturdier body that will decrease maiatee requirement per length unit: let then

yn = In(Ls) (3.5)

Depending on the city of implementation, specifeed (or subsidies) may apply to the
service: a fixed daily fee that turG§,,, into Cg, plus a per-scooter daily fee pf. Then, the
field implementation cost of the service amounts to

Cr = Cf + (yn + Pe)N +v8B +yjmy (3.6)
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It is hereafter called the “Field cost” function.

Coming to the juicing logistical process, let usiale asw; the daily cost of one juicer duty:
it includes the wages of all employees for thaydteaking into account vacations etc) as well
as the cost of the duty vehicle. Per day, thengigrocess costs an amount of

As for energy costs, we assume that electricifyoisght at unit market price; and that the
charging process involves some losses. Dend@inthe efficiency rate of this process, per
unit of fed-in energy the effective pricepg = pg/0g. Then, the daily energy costs of service
operations amount to:

Ce = pg- Qg (3.8)
Commercial costs denot&y are linked to the ride volum@: assuming a unit cost of,
Cy =cy.Q (3.9)
Overall, the service costs on a daily basis aresored by the following function:
Cs=Cs+Cp+Cp+C+Cs+Cy (3.10)
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Fig. 2: Influence tree of the technical-economic nuel.
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3.2 The per-refill swapping cost

Figure 2 traces out the influences of the varialNeag, g, 4, L, yg Which are decision
variables of the service supplier, under technécalditionst,, ¢ of juicing tours and demand
conditionsQ and#r. The number of refillsQg, holds a remarkable position at the interface
between the renewals, energy and commercial fumgtioon one hand, and field
implementation and swapping logistics, on the ottzerd.

A remarkable property of the model is th@gt fully conveys the influences of all of its
upstream factors onto the field and swapping subeiso It means that the influences of
Q,?%r,0,4,Ls, xg Onto Cx and ¢ are all conveyed by)e. The sensitivity coefficient of

Cry = Cr + () to Qf constitutes the per-refill swapping cost, denated;:

_acy (3.12)

From the respective constitution@f in (3.6) and of; in (3.7), we have that
: tr
=Cg + (pr+yn +v8IN + (Pr +¥n + 2vp)N' + VBQF— + () +wyp).my

From the constitution oN’ in (2.11) and that ofy in (2.8), and denotingy; = w; +y;,
P=pr+yn+2Vs andV] = ygtr/H, it comes out that

— r0 ~ 0 i W] (312)
CF] = CF + (p ]/B)N + QF' (V] + T] (ZH + H].Tl]:';)).
GivenN andng, the coefficient oy in the previous formula is precisély. thus,
p Wy (3.13)
V=V +T,.
=0t <2H Hj. nB>

This formula of the per-refill swapping cost invet/the swapping logistical process in terms
of juicing tour timeT; and tour productivityig, together with the augmented juicing waggs

and the composite per-scooter cpsirhe fixed parﬁ/]O pertains to the refill timeg and the
marginal battery costg.

To sum up, independently of the amount of energy Will be fed in the battery, each refill
entails a specific cost that is the unit cost efslwapping strategy.

The other influence ofr on the rest of service production cogis— Cy, is limited to that
on battery renewal cost§g, which is conveyed byi. It holds that

dCg _ ) ofs _ P (3.14)
aQr "P0Qr Ry

Then, the overall sensitivity of the service pratut costs to the number of refills has
coefficient

90r 90r a0 VTR,

This holistic per-swapping cost adds up the pah-fapping cost and the per-refill share of
the battery price, in a lifecycle perspective.
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3.3 Production cost as a function of action levers

Most of the variables and parameters represerdratdvers for different actors as economic
agents, according to their respective action leMéenergy provision was monopolistic then
the electricity pricep; would be controlled by the energy provider. If theooter market
(resp. the battery market) was oligopolistic they acooter supplier (resp. battery supplier)
would have some control overs (resp.pg). The in-field per-scooter daily cospg, is
expected to depend on local regulation and it neayesas an instrument of the local mobility

policy.

Yet we shall essentially focus on the S3 serviaaviper. Its action levers includ¥ and

ng, 0,4, Ls, yg. Their respective outreach on the production fionstand the associated costs

is illustrated in figure 3. The order given to tbemponents in the action vector reflects a

temporal hierarchy of their respective outreaghcan be set up in the short run, wHhileand

xg are long run factors. FactossandA may be considered as medium run factors: say-short
medium run folw and medium-long run fof.

Active fleet sizeN is determined by the supplier according to notygrbduction costs but
also its revenues: it influences the service dgmsithe field, hence the quality of service and
in turn the demand volume. Demand volugevill also depend on the service tariff say
The joint influence oN andt ontoQ is the topic of another article. Here we will #amut the
direct influences ofV and Q onto service costs, alongside the influences efdbst-only
leversng, g, 4, Ls, yg- Table 1 provides the sensitivity coefficients dfspecific costs to all
action levers available to the service supplievedar N which only influences the field costs
Cr with sensitivity coefficienp — yg.

() @ &) ) @
Field

implementation @ o O o o o

Swapping tours @ O O O O O

Battery renewal @ O Q O O
Scooter renewal @ O O O o
Energy provision @ ' ._
Commercial @ Q—

Fig. 3: The outreach of action levers of the S3 opaor on its production costs(a circle
marks an influence; it is empty if the influence@mveyed byg).

Revised version R2 : 31 May 2022 13/51



Swappable Batteries in Shared e-Scooters Economics

Given N and Q, we can model the behavior of the service suppdierthat of cost
minimization with respect to the remaining actiemdrs,ng, 0, 4, Lg, xg. In the next sections
we shall consider first the short-run optimizatmfnjuicing tours with respect tog, then the

medium-run optimization of batteries with respectrtandA, next the long-run optimization
of scooters with respect Ig andyg.

Table 1: Sensitivity coefficients of specific Cost® Factors.
Wherein: Y = + (5 Tp)/(2H) and ® = v, - ™ = (W;. Ty)/(Hy.ng) .

Factor| ng o A Ls XE Q
Cost
- . P -
Cs =ps. fs - - fs-Psja | fs(Ps, —L—S) fsPs) Cs/Q
S
Cs =g fB } _PsQr Ry + oRg fa(P, _E) - Ps Qp Cg/Q
o RZ BVB 4 Rg Xg
A A | Pt 1 1
Cr=Cn—G| 2ty | —vPo |-VPua| 79 | vPuxe | P00
2H Ls
wit
G=wmy =120, —Vi¥es/o | -V[?Qr/4 - P00 | P00
TlB ]
Cg = pg- Ok - - - - PEQ,, Ce/Q
Cy = ¢y Q - - - B - Cu

4. Juicing tours optimization

4.1 The optimal tour productivity
From Table 1, we have that

0Cs _ _Qrt W Qrto
anB p 2H H] n]23

Cost minimizing behaviour with respectiig amounts to giving it the value that satisfies the
first-order optimality condition for minimizatiomge.

0C;
anB N

The solution is easily obtained as:

. [2Hmg (4.1)
"B = W pi

Put in words, the optimal tour productivity is egtathe square root of the ratio of twice the
period duration times the tour base tirgdimes the augmented daily cost per juicer duty
on the numerator side, to the product of the juchélly durationH;, times the swapping time
per-scootet, times the composite in-field daily cost per seopt on the denominator side.
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Thus the optimal productivity depends only on techinconditionst,, £, operational set-ups
H,H; and resource cost#;,p. It involves neither the battery features nor Sw®oters
attributes.

4.2 The optimal tour time

The tour productivityng is the key factor of the tour tinig. Based on its formula (2.5), its
optimal value stems fromyg as follows:

] P

4.3 The optimal number of juicer duties

Fromng stems the optimal daily number of juicer dutigsowing to (2.8):

; (4.3)
Lot , t.top
ny = QF(H] + oH. H] )

It is proportional to the daily number of refill3z, times a coefficient that only involves
technical conditions,, ¢, operational set-up$, H; and resource cosi, p. Again, the battery
and scooter features exert no direct influence.

4.4 The optimal unit cost of battery swapping
At optimum, the unit cost of battery swappiligdefined in (3.11) takes on the following

valueV;” such that:
-V =T+ it ol D)
=ty 2+ /ZHH tof + I1:+ /ZHH tol (/tw 22)2 yielding that
]
— - (4.4)
« = 0 /M /to_-?’
=h +( Hj + 2H>

In this formula, the term. W;/H; is the juicer-based cost of the elementary timehereas
the other ternt,.p/2H conveys the influences of both the base tour ame the composite
in-field daily cost per scooter.
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5. Battery optimization

5.1 The optimal depth of discharge
From Table 1 we get the sensitivity coefficienpodduction costs to target DaR2
G _ CQr Qr Rp+0Rg

F IS R R%
We restate it as
OCZ _ QF (V " p RB + O'RB (51)
Zxx _ _xF p——
do g ) R%

Let us define functionpgz: o » —(Rg + oRg)/R% that stems from the wearing law. Using
functionyz, the sensitivity coefficient of production costsstrestates as:

dCs _ O

_ V) (5.2)
S5 — 5 PB (lIJB(U) - P_B)

From its definition, DoDv takes its values if0,1]. Let us restrict its range by introducing an
upper boundr < 1 to avoid the undesirable effects of excess digghar

The operator’'s behavior of cost minimization witgspect tos € [0, 7] is expressed as the
following mathematical program:

min, Cy; W.r.t.o € [0, 7]. (5.3)

Its first-order optimality condition is therefore

aC
—Z . (G—0)=0 (542)
do
0C
c€]0,5] > ===0 (5.40)
do
aC
do
0C
6=0= —=>0 (5.40)
do

The null value can be dismissedy;(0) = 0, makingaa%z - —oo wheno — 0. Let us

assume more generally thiag (0) < Vj/pg. Then, owing to (5.2) the optimality condition can
be restated as:

v

(45 =) G=o) =0 (5.5a)

e €10,5] = Upo) =2 (5.5b)
bB

i (5.5¢)

g=0= IIJB(O-)SE

We shall call “Partial Discharge” the case whendp#@malo is strictly less tha@, and “Full
Discharge” the case when it is boundstecause)(5) < V;/pg. Postulating that theg
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function is nonnegative and increasing, we can twsider the inverse functimlng_l) which
is well-defined, nonnegative and increasing. Udinig inverse function the optimal DoD
policy can be put as follows:
.V 5.6
o* = min {5, s 1)(—])} 5-6)
PB

Proposition 1: existence and unigueness of an aptboD. Assume that functioy is
continuous and increasing and thgtpg > Y (0). (i) If V;/pg < Yp(a) then there exists an
optimal DoDg* = L|J}(3_1)(V]/pB) in ]0, a[: it is unique ifyp is strictly increasing at*. (ii) If
V;/ps = Yp(0) thena is the optimal DoD.

The proof is easy and its details are providedppendix A.

Thus, given wearing lawRg hence functionp, the ratio of the per-refill codt; and the
battery pricepg is the key variable driving the DoD policy.

Another way to look at the Partial Discharge caodityz(o) = V}/pg, is to involve the
lifetime energy intensity functioBi; (o) = 0.Rg(0) and replacey with - Eg/R3, yielding
that
Es VR (5.7)
Rg PB

As Rg = Egp/o, in the left hand side we recognize the elastieify, of lifetime energy
intensityEp to DoD: then—eg., = V). Rg/pg meaning that, at optimum target DoD belaw

V}-Rp = —€g,.PB (5.8)

Put in words, under Partial Discharge the optimamhber of refills times the per-refill
swapping cost)}.Rg that is the battery lifetime swapping cost, baéaleg.;| times the
battery pricepg.

5.2 The Constant Elasticity technology of battery lifeime energy intensity

Let us now introduce a specific technology functignby postulating that thEg function of
lifetime energy intensity is a constant elastifitgction ofo as follows:

Eg(0) =E07¢ (5.9a)

ParameterE; = Eg(1) > 0 stands for the minimum lifetime energy intensiBarameter
a > 0 makesEg a decreasing function af.Thus

Rg(0) = 67 'Eg(0) = E;07%1 (5.9b)

Then,Eg = —aE,07%"! = —aRp, so that
(o) — Bg  a oot (5.10a)

5(0) = ——2

= —=(
RZ ~ Rg E,

Thusyy is an increasing function af, with inverse function such thais**! = E,y, hence
Rg(o) = a/y and

-1 Eiy 1 )
W) = Ly (5.100)
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For the value OﬂJ}(;l)(y) to be less thaa it requires that

—a+1

y<yp(@)=a E

1

If y < yg(0), the lifetime effective intensity is obtainedBse lIJ( 1)(y) = El(%)%’ i.e.

1
Ba(0) = Byt (S)art &4
y

As for DoD optimization, depending on whethgfpg < Y(a) or not, the optimal DoD is
less tharv i.e. partial discharge or equalda.e. full discharge. The following table provides

the associated outcomes under the specific bagehnology with constant elasticity lifetime
energy intensity:

Condition o Rg(c™) Eg(c™)
Vi/ps < Y5(5) (Elvl)ﬁ a?l?/_B (e PByar | (512abo)
Partial discharge @ Ps J Y
Vi/pe = Y5 (0) _ o aq 5-a
Full discharge g Ei0 Eio

A specific property of the constant elasticity wegrlaw under Partial discharge stems from
(5.8): the per-refill share of battery priggy/Rg, is proportional td}.

5.3 The optimal battery energy capacity

The nominal battery energy capacitydoes determine the battery prigg and in turn the

optimal target Doy ™. Let us now take a full view of its influence dretservice production
costs and its outreach for cost minimization. Frbable 1 and the definition of the per-refill
swapping cos¥, the sensitivity coefficient of production costsBECA is:

dCy Qr Qr Pg (5.13)
= a bt (B )

Indeed, the influence oA on production costs pertains to (i) juicing logistand field
implementation, with sensitivity coefficiertV;Qr/A, (ii) scooters’ inventory with sensitivity
coefficientfs.PS|A, (iii) batteries’ inventory with a twofold sensitiy of plus fz. Pg minus the

indirect influence o#d via the number of refills.

Let us denote the number of refills over a scotii’mime as rs = yg.Ls/(A. o). The ratio of
battery refill number and scooter refill numbpr— — = %, is also the ratio of lifetime
energy flows between one battery and one scootzleAz Qr-xe/(A.0) andfs = Q/Ls,
the sensitivity coefficient states as:

Gz Quxe(V 4 Pg/A — Py B Ps1a (5.14)
A Ao |A Rg Ts

Cost minimizing behaviour with respect #oamounts to giving it the value that satisfies the
first-order optimality condition for minimizatiomg.
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dCs
—= =0
0A

It is equivalent to

Pg Psa 1 Py
S22y =
RB + Tg A( J + RB)

Put in words, an optimal BEC balances the margealrefill price of the mobility equipment
(including the battery and the scooter body) with holistic per-swapping cost per unit of
energy capacity.

Using the elasticitiesg|, andeg, of battery and scooter pricesAothe condition becomes

Py Pg Py (5.15)

€B|AR—B + ES|Ar_S =V R,

Another statement of the optimal BEC is then
€saPs (5.16)
P
Vi + (1 - €gja) R—i

s =

With respect to BEC, fromg and eg),Ps = A.PS|A we can also state the optimal BEC as
follows:

Xe-Ls Pg
AP =——W+(1- €B|A)R_B)

0. S|A

(5.17)

As the Right Hand Side is a functionAfthe condition is a Fixed Point Problemdn

Proposition 2: existence of an optimal BEC. Assuha (i) PS|A is continuous and takes its
values in a bounded intervfidd™ , P | with PEY™ > 0, (i) Pg andeg), are continuous

and eg4 € [0,1]. Then, giveno, there is at least one BEG; that satisfies the optimality
condition.

The proof is given in Appendix A.

5.4 Optimal capacity under linear battery price
Under linear battery pricB; = A. Pg, A is related to ratiy = V;/Pg as follows:

Y
A -
yPg
Partial discharge is optimalyf < Y5 (&) hence, denotingz = Y5(5), if
| %
A>A=—2 (5.18)
Pgip

Given V}, capacity4 is the threshold value of the Partial discharggme, hence also the
ceiling value of the Full discharge domain.

Now, linear battery price has elasticiéy, = 1 and the BEC optimality condition (5.17)
becomes
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. L
AZPS|A _ XEg-Ls v, (5.19)
hence
sV
p =11
€s|A

The scooter price must be equal to the swappingas@s the scooter lifetime, divided by the
elasticity of scooter price to battery capacity.

Under linear affine scooter prid& = Ps, +A.PS|A and given the target Dob, equation
(5.19) provides an easy rule to determine the agthattery capacity as follows:

) xe-Ls Vi (5.20)
A= [AES T
0 Pgy

While it is in principle more valuable to optimitlee (4, o) pair jointly, in practice it may
well arise that full discharge = & is optimal: then the previous formula appliedote= &
suffices to optimize the capacity.

Let us now utilize the affine linear specificatiai prices to investigate some general
conditions for Partial or Full discharge to apmgpending on battery capacity. Full discharge
involveso = g andA < 4, henced? < 4%: combining with (5.19) yields

2
XE-Ls Vo< Vi

- <———— hence
GPs|a J = (Paip)?

N XE'LS .
V= 0 = ZES (5 ,)2
0. PS|A

(5.21a)

The per-refill swapping coﬂi’] is a threshold value for Full discharge to posgsidcur. It
implies that values df; belowl7] only give rise to Partial discharge in DoD optiatipn. But
it does not mean that only Full discharge couldhieeoptimal policy for values d aboveV].

GivenV}, we can also put the Full discharge conditionragper limit on the scooter energy
flow during its lifetime:

oL < s = 7.Psja . (5.21b)
E-Ls =S L =—7F— -
(PsPip)?
Or as an upper limit on just the scooter lifespan:
S>SLg =" — 5
Xe(Pglp)? ]

Variables above their Full discharge ceiling giiserto slack lifespaig — Lg, slack lifetime
energyyg.Ls — Es , slack capacityl — A that enable for Partial discharge to hold, i.e. fo
higher battery lifetime energy intensity than jEg{(a).
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5.5 The joint optimization of DoD and battery capacity

To optimize the 4, ) pair jointly, let us then bring together the omlity conditions that
pertain to DoDo and capacityl respectively: from (5.6) and (5.15),

o* = min {5, L|J1(3_1) (PK;)} (5.222)

P Py P 5.22b
6B|AR_B+ES|AT_S=V]+R_B ( )

Two cases may arise depending on whebpts (4) is less or greater thap (o), i.e. Partial
vs. Full Discharge. Under Full Discharge the japtimization reduces to optimization with
respect to BEC only, yielding solutiod;. If furthermoreV;/Ps(A%) = Y (d) then both
optimality conditions are satisfied jointly. Und@artial Discharge, we may take as a
function ofA, namelys; = ](3_1) (V;/Pg), so that the joint optimization reduces to a medif
fixed point problem ird only as follows:
220y =TS 14 (1 - ey D)
S|A B

(5.23)

Proposition 3: existence and uniqueness of joirtinggd BEC-DoD. Assume that (Bg
increases withA and (i) (1 —ep4)Pg decreases wittd while remaining nonnegative,
(iii) PS|A is nonnegative and (ivPS|AA2 increases indefinitely withd. Then the Partial
Discharge optimality condition id only has one unique solutioff, with associated DoD
Oy = Lpl(;l)(V]/PB(A*)). If V;/Pg(4") < Yp(d), theno,- € ]0,5[ and the pai(A*, ;) is the
unique optimal pair, meaning that Partial Dischaig@ptimal. Otherwise, it;/Pg(A") =
Y (a) then Full Discharge is optimal and the p@i, o) is the unique optimal pair.

The proof is given in Appendix A.

5.6 Optimal BEC and DoD under constant elasticity prics

Let us assume here that the battery price is ataoielasticity function of battery capacity,
P;s = zgAP, and similarly that the scooter price has constdasticity with respect td, say
PS = ZsAn.

Then the optimality condition (5.15) on BEC becomes

Py Ps Pg (5.24)
)BRB-I_an N V]+RB
Under Partial discharge and the constant elastoatiery technologyli—B = % owing to (5.8).
B
Substituting in (5.24) yields that
P. a+1-—
B_yetl-f
Tg na
Thus the per-refill scooter price is proportionalthe unit swapping cost, as is the per-refill
battery price.

Recalling thatg = Xj—'is ando from (5.12a), we get
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zsA" E.V) %_Va+1—,8
XE- LS a zgAP Y
( )a+1A(n+1)(a+1) B ElVJ (V atl- 'B)a+1
Xe-Ls a zg " na
A(n+1)(a+1)—ﬂ ( )a(XE Lsa+1-— 'B)a+1

Zg na

Thus, in the constant elasticity model under Plaltiacharge, the optimal BEC comes out in
a straightforward way:

+1
Xg-Lsa+1— ﬁ)—(nﬂ)‘taﬂ)_ﬁ (5.25)
Zg na

If n+ 1)(a+ 1) > p thenA™ is an increasing function &f, xg, Ls andzg, but a decreasing
function ofE; andzs.

= (_)(77+1)(0£+1) B(—)(n+1)(a+1) B(

The associated optimal DoD comes from (5.12a):

E.V
a Zg

(O.*)a+1 — A*—ﬁ

na (a+1)B
Y@+ D@+ D-F

B ap
s(a+1) — NG DB (2N T rDarD-B
g = ' ch' CraTis

Hence

n+1-p B
ot = (_)(n+1)(a+1) B(K)(n+1)(a+1) 3( na )T DT D7 (5.26)
XE- LS a+1-—

If (n+1)(a+1)>p thens® is an increasing function di; and zg, but a decreasing
function of yg, Ls andzg. If furthermoren + 1 > g then it is an increasing function Bf

Partial Discharge is optimal if the resultiag is less than the upper bouad When this
condition is not met, then Full Discharge applidse target DoD is set t& and yields a
battery lifetime number of refills akg = Rg(5). The optimality condition om, say (5.24),
becomes
ZBAB zg A"

Pt

rs - V] Rg '
. ZSA’7+1 - Aﬁ (5.27)
XE- Ls
This equation is a fixed point problem anonly, to which there is a solution that is unique
(see Appendix A).

To sum up, the model with constant elasticitieesgius insight into the influences lgfand
other factors onto the cost optimization of battparametersA and o. Among the other
factors are the scooter parametbgsand yg that will be studied in the next Section. In the
numerical study, we shall recourse to not only@omstant Elasticity battery technology and
prices but also to Affine Linear battery technologgd prices: the formulas for battery
optimization under the AL set of assumptions avewgiin Appendix B.
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6. Scooter optimization

The optimization of service production costs wiglspect to battery energy capacity involves
the scooter price together with the battery priod the swapping cost per refill: this stems
from the model influence tree, see Figure 2. Wé malv study the role of scooter lifespag
energy consumption rateyg in cost optimization through the scooter price
ps = PS(LS,)(E,A &): we shall denote the local sensitivity coefficiaritthat price toLg as

PS|L = —PS and that toyg as PS|X = —PS We shall state the specific cost optimality
cond|t|ons and associate a specific unlt cost nfise production to each scooter attribute.

6.1 The optimal lifespan
From Table 1, the sensitivity coefficient of protlan costs td.g is

aCE Ps ~6FN (61)
dLg _fS<PS'L Ls) N oL

Indeed, the influence olLg on production costs pertains to (i) scooter inggntand

(ii) scooter maintenance as statedyn

The service supplier's behaviour of cost minimiaativith respect td.g consists in giving it

the value that satisfies the first-order optimatipndition, namely
aC
—~Z_9
dLg

It is equivalent to

P :@_Eaﬂ (6.2)
SET Ls fs Ol

Recalling our assumption thary/dLs < 0, the condition states that marginal scooter cost
will be in excess of average cost. The raliof; between scooter inventory and its daily

renewal flow measures the average scooter lifetrmesumber of days, according to Little’s

law. Product]’:’ I states the marginal influence b§ on the maintenance costs over the
S

scooter lifetime.

Under scooter price with constant elastiaity; to lifespan i.ePs = PSO(LL—S)fSIL, egn. (6.2)
So

implies that
Ps N ary (6.3)
g —1D—=———
(Esie )Ls fs OLs
As fs = Q1. /Ls the optimum lifespan would satisfy that

PSO ele 2 N aFN

Con = Dagsets =g o
le.
S|L( N

WhereinQ,,/N is the daily commercial traffic per scooter.
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6.2 The optimal energy consumption factor

The sensitivity of production costs @ is more complex: from Figure 2,
6Cz acz 0Qr 0Cg
= fs. P +
aQF Oxe Oxe

We know thatZ— =V + L= As OF J—;, it comes out that

aCz QL QL PB ) (6.5)
e L — Ps), + A(V] +R—B) + pe0QL

The supplier behaviour of cost minimization witlspect toyg consists in assigning to it the
value that satisfies the first-order optimality ddion,
aC
=0
aXE

It is equivalent to

Pg|,, = —Ls (PE + E(VJ + —)>

At optimum, the marginal value of the energy congtiom factor is proportional to the
scooter lifetime length, with a coefficient thatlndes the effective cost per unit of fed-in
energypg, plus the holistic cost per swapping divided byl productivity cA.

6.3 The holistic cost of fed-in-scooter energy

We may extend the lifecycle perspective to the wadoody as well. The energy related part
of the scooter price, sayPs, is amortized overs refills each ofeA energy flow. Thus the
scooter-specific cost per unit of energy flow is

(E) _ APS _ AP

S

Tso'A XELS

By gathering the respective costs, we obtain thegallvservice cost per unit of fed-in energy:
this holistic energy unit cost amounts to

A Pe APs (6.7)
PE=pg+ (V] RB Ts)

Put in words, the marginal service cost per energi/fed in the scooter includes the energy
provision price augmented by charging losses, filascost of carrying the energy up to the
scooter and those of using the battery and thetecoo

Under optimal capacity and linear prices (cf. ApgigrB, eqn. (BS)), thedPs = 5V} so that
the holistic energy unit cost becomes

o = pi + o 2V + 2 ©9
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6.4 On the service cost per unit of ride length
The production cost functiofy: constituted in Section 3 can be restated as fallow
CEZCU+CE+CF]+C5+CB

= ¢,Q + pEQg + C + (pr + YN + ygB + yyny + wyny + sfs + pefs

P , (P, 6.9
CZ=CP(‘)+(pF+VN+VB)N+Q(Cu+€R{L_z+XE [pE"’(AU) 1{R_1]33+V]}]} ©9

The holistic cost per energy unit encompassesetime tactored by plus the battery-related
part of the scooter price. The term factoredfhyis a service cost per unit of ride length: it
encompasses the swapping process, energy chatigengcooter and battery inventories and
part of the field implementation costs — notally; involves the field costs for that part of
the fleet that is waiting for swapping. Let us dieniv as:

(6.10)

Cf:L_S-I_XE pg + (Ao) R—B+V]

We may further extend the assignment of produatasts to ride lengths by addingdp

* The commercial costs per ride length unit, ¢,g4g,
« The other costs i.e. fixed field cosf and fleet-related costépr + yn + ¥5)N,
divided by the service commercial traffic i@¢p.

This gives a holistic service cost per unit of rieiegth:

A — ca CP+ (r+yn+ve)N (6.11)
Cr=cCpt+—-—+
fr Q4

It is the unit cost that corresponds to ftRescooter lifespan, in the same way that the holisti
unit cost of energy corresponds to ghescooter energy consumption rate.
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7. Numerical study

To illustrate the theory, we shall investigate ftaential value of the per-refill cost and
beyond it of battery price, scooter price, inveptoosts and the service total cost per unit of
fed-in energy. After establishing plausible ranfmsthe different model parameters (87.1),
we will study juicing logistics and quantify the rpefill cost (87.2). Turning to battery
wearing, we will model wearing laws on the basiseoipirical data and prepare for DoD
optimization (87.3). Then we can address the ogtation of both DoD and battery energy
capacityA, by parametric analysis according to the scoatieesensitivity toA, Ps| A (87.4).
After that, we will draw consequences on the congpbhifetimes in number of refills (87.5),
on the scooter lifespan (87.6), on the componenegrand their per-refill values (87.7) and
on the S3 cost per unit of fed-in energy (87.8).

7.1 Setting up the parameters
Let us put forward numerical values and rangeshfiermodel parameters.

Field costs. Our interest lies in variable costnde in the per-vehicle daily cogt it is a
complex parameter that involves regulatory fgetogether with telecommunication, smart
payment, maintenance, insurance and other adnatisir costs yy + yg. Regarding
regulatory fees, a twofold per-scooter fee of $80 year plus $1 per day was reported by
Griswold (2019) for Louisville; another two-fold miination of $1 per day plus $.25 per ride
is mentioned about Portland by Button et al. (2023) the latter combination applied to 5
rides per day, all in all we shall consider a ratpy per-scooter fee of say €1.5/day. The
telecommunication cost may amount to €2 per moattspooter, i.e. about €.065 per day. An
insurance cost of $.05 per ride (Griswold, 2019)tusned in a €.25 per day. As for
maintenance, per ride costs of $.50 and $.32 vegerted for Bird’s T and 29 generations
with associated average ride length of about 2k@GE2020): taking a unit cost at €.17/km,
we will multiply it by the daily commercial traffiper scooter, at either 7 km (ITF, 2020), or
12 or 20 km to aim for better productivity, yieldirf€1.0 / 1.7 / 3.4 as base / middle / high
values. As it pertains to e-scooters including dyas, the corresponding parameteyys+

yg- Assuming thayg = yn/2, its low / middle / high values are €.33 / .571.7All in all, we
will take €3.1 /4.1 /6.3 as low / middle / higalwes forp.

Juicing issues. Under French conditions typicaR019 (Insee, 2021), the daily cost of a
juicer duty may be estimated by assuming a grossysaf €1800/month (¥ decile in wage
distribution of full-time workers), plus 65% of satcontributions, times 3 employees per
duty, and 30 days in the month: we thus obtainily dast w; of almost €300. As the wages
are relatively low, in France they may be exempitech social contributions, yielding a 40%
abatement. The service operator could further redtsc costs by reducing the number of
employees per duty measured in “full time equivéléite): our initial estimate of 3 could be
reduced to 2 fte, possibly by employing part-timerkers rather than full-time ones. This
could yield a further reduction of say 30%. To sup applying a 40% drop followed by a
30% drop starting from €300/day fay, would reduce it to 42% of €300, i.e. €126/day. To
include the juicer vehicle, we shall add an amam€10 to €20 per day. Concerning the
duty-based daily expense for depot administratimh service managemerm, let us make a
rough estimate: 10m2 per duty as resting spaceppotd at floor rental price of say €1/m2 per
day, makes €10/day: doubling it for management esg@e yieldy; at €30/day. All in all, we
obtain a range from €165 to €347 per dayWar

Assuming average charging and waiting titgeof 12h, the fixed part/]0 = ygtgr/H of the
unit swapping cost will take low / middle / highlwes of €.17 /.28 / .57.
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The time parametetsc, tsg andtp are also important for juicer duties and tour icitlity.
The range for base cycle timg: is 15-90 min: within this rather broad intervabcal
conditions will be decisive to narrow down a spieoffstimate. As for depot timg, a lower
bound could be 15 minutes for a very short breaKl@fmin added to 3 min of battery
manipulation and 2 min of vehicle parking: drivinganoeuvres, door opening and closing
etc. An upper bound of 30 min would enable for aenroper break of 20 min, combined to
2 min of vehicle manoeuvres and 8 min of batteryimaation — this task should indeed be
kept short, by suitable depot layout and logistmajanization of the depot process. Coming
to the inter-swap timesg, which encompasses not only the time to changerbed at a
plugging spot ) but also the time to go from one such spot tonnet one, we shall consider
low / middle / high values of 2’/ 3’/ 5'.

Energy and battery issues. An average energy pfi€el0/kWh (excluding VAT) applied to
firms in France as of 2020 (Datalab, 2021). Yetrghis a rising trend in French prices
because the share of renewable sources is growitigeinational electricity mix. Let us then
consider a range from €.10/kWh to €.40/kWh fgr By involving an efficiency factofg of
about 90% (Ellingsen et al. 2016), we obtain a eadfingm €.11/kWh to €.44/kWh fary.

Coming to battery pricepg, a range of $100-500 was reported by Strobel (021
encompassing batteries for all kinds of kicked @esers from low-end models with battery
capacity less that .1kWh, to mid-tier with BEC 2f.3kWh, and up to high-end with BEC at
1.2kWh enabling for 80+km range. For shared e-sreotvith swappable batteries we
consider the .3 — 1.0 kWh range of energy capaaiy the price range of €200-400 per
battery. On assuming battery price linear with eesfgo energy capacity, we obtain price
sensitivity to capacity"m A Of €286/kWh of battery capacity. Knowing that 62D the price
of LIB cells had fallen down to €120/kwWh for NMC c&€100/kWh for LFP (Henze, 2020),
the factor of 286/1192.6 would account for the manufacturing of e-sco@eappable
batteries from cell components. Yet the operatdikedy to obtain bulk prices with reduction
of say 40%, making a low value of €170/kWh f?qu. Concerning the lifetime number of
refills Rg and the associated lifetime energy intengity we shall consider two different
chemistries of Lithium-lon Batteies, hence two al&dive pairs of parameterg,( «) for the
Constant Elasticity technology as well as two alive pairs of parametergy( b) for the
Affine Linear technology: the details are giver8in3.

Scooter-related parameters. Kamps (2018) inferrbdlla price of $300 for a®igeneration
shared e-scooter and conceived a target price @ &8 a Next generation model that came
later to existence with much sturdier design andppable batteries. BCG (2020) reported
Bird's per scooter acquisition costs of $375 foF deneration in 2018 and $630 fof“2
generation in 2019. These figures are fairly cdasiswith public unit prices reported by
Strobel (2021): about $300 for an entry-range achdtlel, mid-tier models between $500-
1500 and high-end models above $1500, all includiateries. Considering an $800-1,800
range of upper mid-tier and lower high-end modelgh corresponding battery energy
capacity ranging from .3 to 1.0 kWh, adding conivéigt device at say $80 (Kamps, 2018)
but subtracting the swappable battery from theo®tsr price, applying bulk reduction factor
of 40% and converting to euros at 1:1 rate, weinkdagorice range of €528-888 for a shared
e-scooter ready for swappable battery but withbuthe range variation adfps=€360 can be
related to three factors: (i) sturdier design hanceesased lifespahs, (ii) larger battery hence
increasedd, and (iii)improved equipment — motors, braking system, hanaihek controls,

1 Voi (2020) claims that 30 seconds would be endogla rider to change batteries at a plugging spot
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tyres and lights (Strobel, 2021). Let us assumpeds/e shares of 60%, 10% and 30% of
range variations.

The influence of battery capacity may then be esitiah asPS|A = % = €51/kWh. We

take it as low-end estimate and also consider galne€/kWh of 102 and 153 that would
respectively attribute 20% and 30%/is to AA.

As for scooter lifespatg, in the Introduction (81.3) we mentioned referemakies that are
still under construction: taking 14,000 km as hegid and 4,000 km as low-end, the

sensitivity coefficient ofpg to Lg may be estimated d%w: % = €.022/km. But

setting the high-end lifespan to 7,000 km (ITF, @0&ould yield aPS|L of €.07/km: we shall
consider values of 0.02 / 0.05/ 0.07 in € per kmP§;..

Regarding the energy consumption raie an average value of 0.014kWh/km was reported
in Ademe (2016): let us take 0.015 as mid-tier @20 as high-end. The rate is expected to
influence scooter pricgs in a decreasing way. To our knowledge, no regéinerdraking

has yet been implemented on commercially-availabt®ters. Such set-up and others such as
special tyre specification could entail a 30% readucin our initial estimate: let us then
consider a [.010, .020] kWh/km interval fpg.

Table 2 summarizes our set of numerical assumptRarmametet, of base time per tour adds
up the tour base run tintg: and the depot timg,.

Tab. 2: Parameters and their ranges.

Notation Meaning Unit Low value Mid-tier High value
p Per-vehicle cost €/day 2.8 3.5 5.2
wy Augmented juicer duty cost €/day 165 223 347
V]0 Fixed part of unit swap cost € A3 .28 37
to Base time per tour Min 30 70 110
t = tgg | Juicer inter-swap time Min 2 3 5
pg | Effective Energy price €kwh | .11 .20 44
DB Battery price € 100 200 400
Pgja | Sensitivity to capacity €/kWh | 170 286 350
Ds Scooter price (body only) € 250 528 888
A=3kWh | A=1.0kWh
P54 | Sensitivity to capacity €/kwh | 51 102 153
P, | Sensitivity to lifespan €/km .02 .05 .07
Lg Scooter lifespan Km 4,000 7,000 14,000
XE Energy consumption kWh/km .010 .015 .020
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7.2 Juicing logistics and the per-refill cost

Prior to any optimization, let us study the varesbin juicing logistics. Assuming an ex-ante
tour productivityng of 30, by combining the values at each level weiobtour timesT; of

90, 160 or 260 minutes respectively. Furthermangplving the low, best guess and high
values of the economic parametgrandw;, we obtain per-refill costg; of 1.3, 3.0 and 7.4
euros respectively. The higher value comparesdc&Ehfee paid to independent juicers in the
early times of S3 services.

Coming now to optimization, the three set-up lewatd refill tour productivityng of 69, 87
and 85 respectively: the values are fairly consistérd quite high. The related tour tin#g's
would be of 168, 332 and 536 minutes respectivealg —all significantly high, from 40% to
110% of an 8 h duty day. The related per-refilltsdg”, would be of 1.18, 2.52 and 6.3 euros
respectively: the variations mirror essentiallys@mf thet. w;/H; part which dominates the
other part,.p/2H by two orders of magnitude.

Thus the optimization enables for some savings(86 10 20% compared to base case at
ng =30. Admittedly, the outreach of optimization depenstrongly on the base case
specification (figure 4): settingg =20 yields per-refill costd; of 1.45, 3.5 and 8.6 euros
respectively, with related savings of 20% to 30%r kEhe following steps of numerical
exploration, we shall consider a range of 1 to®eitor the per-refill cost;, together with an
ambitious target of €.5. Table 3 gathers the resad also points to the ratio of juicer duties
and refills,n;/Qg. As a point of reference, the Tier service thablwes its riders to swap the
batteries by themselves rewards each swap by eraufilock worth €1 plus a free ride worth
€.2 times the ride length in km, say €.8 for a 4 kae, totalling €1.8 per swap (Scammell,
2020).

Fig. 4: Per-refill swapping cost according to tour productivity ng.
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Tab. 3: From prior beliefsto optimized valuesin juicing logistics.

Prior to optimization With optimization
Low Median High Low Median High
ng 30 30 30 69 87 85
T; (min) 90 160 260 168 332 536
V; (€) 13 3.0 7.4 1.18 2.52 6.3
ny/QF .006 .011 .018 .0047 .0071 .012
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7.3 Battery wearing laws and DoD optimization

The wearing laws » Rg and the associated functioBg andyg play a key role in battery
optimization. We introduced two alternative math&oa specifications for technologies
(Eg,Rg, Yg), namely Constant Elasticity (CE) in Section 5 ¥dfine Linear (AL) in
Appendix B:

* CE functionEg = E;0~% with elasticity—a and minimum lifetime energy intensiEy,
* AL function Eg = Ey(1 — o/b) with linear coefficient—E,/b and maximum lifetime
energy intensityg,,.

At total discharge witly = 1, consistency is expected between valueg;0bn the CE side
andE,(1 — 1/b) on the AF side; they should also coincide v&t(1). But ato = 0 value
E, is finite on the AL side wheredso~% — oo on the CE side, in sharp contrast.

Both specifications need be tailored for any gigeamistry of electric battery. We referred to
“expert-say-that” data supplied by the Battery msity ¢) about two chemistries of
Lithium-lon Batteries (LIB), namely NMC for Nické#anganese-Cobalt and LFP for
Lithium-Fer(lron)-Phosphate as the chemical comptnef the cathode part in the electric
cells. Table 4 provides the origin®y data and the associated predictions for the two
chemistries. Figure 5 depicts both the wearing ions Rz (o) (left part) and the associated
Eg (o) (right part).

Under CE the respective minimum intensity paransdigiare about 300 for NMC vs. 620 for
LFP i.e. more than double; the respective elagtigirameterst are about .25 for NMC vs.
44 or .68 for LFP — depending on taking the folsta point ato =.1 in or out of the
regression.

Under AL the respective maximum intensity paranslfgrare about 530 for NMC vs. 1771
for LFP i.e. thrice. The respectiveparameters are close to 2 for NMC and/Bofor LFP.

Tab. 4. Estimation of wearing laws and lifetime energy intensity laws.

NMC chemistry

Sigma Rg_Data Rs_AL Rs_CE Ez_Data Es_AL Es_CE
0,1 6 000 5035 5459 600 504 546
0,2 2 000 2385 2279 400 477 456
0,4 1000 1060 952 400 424 381
0,6 600 618 571 360 371 343
0,8 400 398 397 320 318 318

1 300 265 300 300 265 300

LFP chemistry

Sigma Rg_Data Rg_AL Rs_CE Ez_Data Es_AL Es_CE
0,1 15 000 16 454 15975 1500 1645 1597
0,2 9 000 7599 5 888 1800 1520 1178
0,4 3000 3171 2170 1200 1269 868
0,6 1500 1696 1210 900 1017 726
0,8 900 958 800 720 766 640

1 600 515 580 600 515 580

2 https://batteryuniversity.com/article/bu-808-howgmlong-lithium-based-batteries
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Fig. 5: CE and AL functions Ry (left) and Eg (right) depending on the LIB chemistry.

For a given chemistry, the matchig = E (1 — 1/b) ato = 1 is expected to hold between
CE and AL, all the more so as both estimations ctnoim the same dataset: the relative
difference is limited to 10% for NMC and to 15% fd¥P, which looks tolerable.

Note that while the LFP seems to dominate NMCs iini fact less used in electric mobility
because its energy density per mass unit is lowemie third: the storage of 1 kWh requires
about 6 kg of NMC LIB but 8 kg of LFP LIB (Battekyniversity, 2019).

Turning to the associated functiongg and q;l(g_l), it comes out that the functional

specification, CE or AL, is much more determinamrt the LIB chemistry, NMC or LFP.
Given the specification, thqal(;l) functions of the two chemistries are fairly cloB&ggure 6
shows that under AL the respective Ianb%_l) of NMC and LFP differ by at most .1 on the

[0, .006] range of abscissas. Under CE the I¢\é7§) are even closer to each other. But both
CE functions increase much more quickly than tiAd¢ircounterparts. Looking at the valye

at which functionlp](;l) reaches 1, i.e. the threshold valjg(1) from which Full discharge
becomes the best strategy for DoD management, Ehdu@ctions predict values of =
Yg(1) = a/E; around .0008 (.00087 for NMC vs. .00076 for LFRjilevthe AL functions
predict theoretical values afg(1) = b/((b — 1)2E,) that amount to .0038 for NMC vs.
.0048 for LFP: the one fourth relative differencgtvieeen the two chemistries under AL is
minor compared to the factor 4 (for NMC) or 6 (idfP) between the AL and CE outcomes.

Let us summarize that CE laws predict threshdj(1) of about0.8%o vs. about4%o
according to AL laws. These values represent ratiagout 1/1200 or 1/250 for comparison
to ratioV}/Pg that is key to DoD optimization. Thus, an intermagyl value of 2%. i.e. 1/500
gives a gross order of magnitude for the split leetw Partial discharge policies (below
threshold) and Full discharge policies (above thokl. Yet the factor of 10 between the
respective thresholds of the theoretical laws chalisfurther statistical analysis of battery
wearing.
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Fig. 6: The CE and AL Lp](3_1) functions, depending on the LI B chemistry.

In the next sub-sections we will rely upon AL teolagies only: this is because our empirical
ground for scooter and battery prices with respedttattery energy capacity is scarce, so that
affine linear price functions look more robust titamstant elasticity functions.

7.4 Optimal battery energy capacity

While DoD optimization only involves the cost ratifyPg, that of battery energy capacidy
depends essentially on the sensitivities of batserg scooter prices t4, with respective
sensitivity coefficients®; andPs)4. As for Pg we take a median estimate of €250/kWh.

From 85.4 we know that Partial discharge is optinvaen A is greater than its specific
threshold value

4
Pg. Pp(1)

Under AL valuesyig(1) of 4%o, the value €250/kWh afy makesPg. Pg(1) ~€1/kWh,
thereby enabling for a quick numerical equivalebeyweend in kWh andVj in euros. Under

V; = €2 then Partial Discharge would require BEC beyond/Bk- which is impractical with
respect to battery mass and scooter weight.

A

Let us then focus on the scooter price sensitikdtycapacity,PS|A. When Full discharge is
optimal, under linear battery price and affine éinscooter price the optimal BEC satisfies

(5.19) i.e.:
2= )(E-Lsi
0 Py

Thus under Full discharge we expdctto increase with}, g andLg (proportionally to their
square roots) and to decrease vﬁ‘gpl (proportionally to(PS|A)‘-5).

As there is little evidence about it from marketes and no specific study available, we shall
study its specific variations over a large rang® ¢d 500 euros per kWh of battery capacity,
within which the 50-150 sub-range looks more plalgsi

Figure 7 depicts the variations df (left part) and the implications oa* (right part)
according toPsja, assuming als®s = €250/kWh, y; =.015 kWh/km and.s =10,000 km,
considering the two battery chemistries and differalues of}, namely .5, 1, 3 and 6 euros.
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It turns out that the two chemistries yield vemiar optimal capacities but specific optimal
DoDs: Partial discharge is optimal for LFP on langages than for NMC.
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0 "
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Fig. 7. Optimal capacity (left part) and DoD (right part) according to PS| A-

Given PS|A, both the optimal capacity and the optimal DoDréase withV;: higher per-refill
swapping cost triggers the development ofAhe amount of energy per refill, so as to reduce
swapping frequency per scooter as well as perryatte

Given 1, increasingPS|A decreases the optimal capacity, from high valdesewgeral kwWh
down to lower ones that keep above .5 kWh. The mepsrements make the values above 2
kKWh unsuitable for implementation. Af = €3 the best guess range of [50, 150] yields
optimal capacities decreasing from 5 down to 2.5hkW quite impractical masses. The
corresponding ranges of variations are from 3 dowt.5 kWh undeW; = €1 and from 2
down to 1 kWh unde¥; = €.5 that would make an ambitious target.

All in all, we may infer that optimal battery engrgapacity would lie between 1 and 3 kWh.
The lower bound is akin to the capacity of bateesembedded in e-scooters but not swappable
(Link, 2020). It is larger than the .7 kWh of Tigswappable batteries as of 2021 (swapping
by service users) and much higher than the .3 k@fiacty of Lime’s swappable batteries
(company-operated tours).

Let then take the other view around: given capatitiartial discharge is cost-optimal/jfis
less than the “ceiling functioniz (). Ps which amounts tapg (7). PgA under linear battery
price. UnderPg. Pig(1) ~€1/kWh, capacityd of .3 or .7 kWh requires swapping cd5tof
less than €.3 or €.7, respectively, for Partiaclisge to be cost-optimal. Both conditions
look unlikely for the service implementations a0P1.

7.5 Component lifetimes in number of refills

GivenV; and under cost-optimization of both BEC and Ddi, lifetime number of refills per
battery,Rg, and per scooterg, vary withPS| A IN opposite ways, increasing for scooter bodies
but decreasing for batteries (figure 8). Even i thptimal capacity and DoD are similar
between the two battery chemistries, the battdeyinnes would differ greatly: the LFP one
would be twice that of NMC.

Given PS|A, increasing unit swapping cot would decrease botiy andRg, i.e. reduce the
frequency of refilling per scooter as well as pattéry.

Figure 8 shows that low per-refill swapping céstand/or low sensitivity of scooter price to
capacity can make Partial discharge the most ecmabrpolicy: in turn, Partial discharge

enables for higher lifetime energy intensity i.er better use of the battery in a circular
economy perspective.
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Fig. 8. Lifetimerefill number of scooters (left) and batteries (right) according to PS|A.

Regarding scooter bodies, the lifetime number @flsenvolves primarily yg, Ls and the
optimal A*, together with the optimait*. It does not depend on the battery chemistry tfyet
lower energy density of LFP would induce a higﬁgp\, all other things equal). When full
discharge is optimatg varies withA* in a simple way. The variations of according tof’S|A
exhibit an increasing trend which is sub-lineae teason is that highé’gm yield lower A*,
hence requiring more frequent refills over a giViéespan, thereby mitigating part of the
increasing influence dfs)s.

On comparing the respective lifetime refill numbéetween the batteries and the scooter
bodies, we will get some idea of which kind of cament has the longer technical lifetime in
an S3 system. The idea is quite rough because swgdshomparely = B/f; andTs = N/fs

to put the issue clearly. On assuming thandN are about the same, sy < N in theory

or B/N < 150% in practice, thefi/fs stands as a proxy fak/Tg.

Fromfs = Q./Ls andfg = Z(’igL, we get the following proxy dfs/Tg:
B

fo_ xels _ 15

fs A JRB RB
Figure 9 depicts the variations &§/Rg according toPS|A for both battery chemistries,
depending on the unit swapping cstGiven chemistry anés|A, the lifetime ratio decreases

when ¥} increases: this is becausg decreases witl; more quickly than doeRg, all the
more so under Full discharge hence constant, miiigpa

For every chemistry and unit swapping cost, thie iatreases with‘PS|A l.e. as the adaptation
of P; to A becomes more costly. The LFP chemistry would defyn make battery lifetime
longer than its scooter counterpart. Under the NdW€mistry, battery lifetime is longer than
scooter lifetime over the more plausible rangé’sq)j.

References on such lifetime issues are (Link, 2@#tih indicated the 150% ratio between
the numbers of batteries and scooters in a swagijaegd service. The respective lifetimes of
batteries and scooters were under debate in 208K:(2020) and Bird (2020) advocated that
embedded batteries would endure twice as muchsrasltheir embedding scooter bodies, but
Voi (2020) claimed the more recent generationscobters to have larger lifespans up to 5
years — a claim too recent at the time to have bestad in the field.

Revised version R2 : 31 May 2022 34/51



Swappable Batteries in Shared e-Scooters Economics

1,6

= ===rS/RBnmcV.5 ———rS/RBnmcV1
1,4 -~ —rS/RBnmcV3——— —rS/RBnmcV6 V=5 _oe==s
12 rS/RBIfpV.5 rS/RBIfpV1 it
rS/RBIfpV3 rs/RBrip,\Ls/’

1,0

0,8 V)=.5

0,6

-
- S
T -
-

0,4
0,2

0,0

0 100 200 €/kWh 300 40( PSdOtIA 500

Fig. 9. Ratio rg/Rp of technical lifetimes with respect to PS|A, depending on V.

For each kind of component the number of refillgrae lifetime looks relatively low: down
to 300 or 530 for batteries depending on the cheynésd even lower for scooter bodies. The
rationale is both technical and economic. For biadethe technical rationale pertains to the
chemistry-specific wearing laws and their bottorntuea, while the economic rationale is that
high DoD up to Full discharge is more economicanthow DoD. For scooter bodies the
technical rationale pertains to the lifespan we postulated a value of 10,000 km so that
larger values twice or n times that would lead teater lifetime number of refillgg by a
corresponding factor (giveng, & and A). The economic rationale is the scooter price
sensitivity to sturdier design as conveyed by $eityi coefficientPS| A-

7.6 On scooter lifespans

On setting up the parameters we established lowiddlen / high values ofyy for 2™
generation shared e-scooters with expected lifespa00 km, based on BCG (2020). This
study also provided daily maintenance costs’tddneration scooters, at about one half more,
along with lower lifespan at say 4,000 km. By atiting the change in the per scooter daily
maintenance cost between the two generatibpg, to the change in lifespanlg, the ratio
Ayn/ALg constitutes a basis faily/dLs. Its low / middle / high values are respectively
—1.107%/-1.910"*/-3.7107* in €km.

Concerning scooter prices, let us infer its eld@gtio lifespan on comparingP, Ls) pairs at
(€400, 4000km) and (€900, 7000km). The price rafi and the lifespan ratio 7/4 yield an
elasticity eg;, of about 1.45. We shall also consider elasticajues of 1.3, 1.5 and 1.6 to
enlarge the range of exploration. The followingl¢adives outcomesg for rounded values of
dl'y/0Ls and for the different elasticity values, dependamga daily traffic per scooter of
either 10 km (left part) or 20 km (right part).

QL/N =10 km QL/N =20 km
_(’;%: (€/km) 1.107* | 2.107* | 4.107* _% (€/km) 1.107* | 2.107* | 4.107*
€s|L €s|L
1.3 2,652 985 366 1.3 7,139 2,652 985
1.45 4,955 | 1,405 398 1.45 17,474 4,955 1,405
15 6,250 | 1,563 391 1.5 25,000 6,250 1,563
1.6 11,023| 1,949 344 1.6 62,354 11,023 1,949
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The table shows that lower sensitivity of maintasgarcosts to lifespan fosters larger
lifespans; only the low maintenance cost valuesdymausible optimal lifespans. Larger
elasticity yields larger optimal lifespan. Furthem®, doubling the daily traffic per scooter
exerts a more than proportional effect on the ogtifespan.

7.7 Component prices and their per-refill values

Let us now study the component prices that wowddhsrom cost minimization with respect
to BEC and DoD. It is assumed again that battergepis a linear function ol with

coefficient P; of €250/kWh. As for scooter price we take the raadset-up in §7.1 as the
base valuePs, of the affine linear function Ps = Ps, +PS|A.A. Figure 10 depicts the
respective variations dk andPg with respect td"sm, givenV; and battery chemistry. The

component prices vary WitP5|A in opposite ways, increasing for scooters but eksing for
batteries.

1000 1€ == ==-PSnmcV.5 PSnmcVI - 1000 €i ~==-PBnmcV.5 PBnmcV1
20 - =PSnmcV3_ - =~ -PSnmcV6 900 4 — - =PBnmcV3 — =PBnmcV6
z:z vi6 - sl PSIfpVL jz ) VI=6 PBIfpV.5 PBIfpV1
a00 : le:3' o PSIfpV3 PSIfpVe . “‘ . PBIfpV3 PBIfpV6
750 . S vicl 500 W= e
700 L, N SR, 400 : .
650 - 7,° ,,—/‘,4,/ ———————— V=5 300 a V=1 - ——
i ~ - VI=5 e

600 7 //,’ 200 TS —
ss0 27 100 e
500 0

0 100 200 g/jwh 300 400 pggot|A 500 0 100 200 g/kwh 300 400psgot|A 500

Fig. 10. Scooter price (left) and battery price (right) with respect to PS| A-

The inventory costs of scooter bodies, on one hand,batteries, on the other hand, are easy
to estimate on a per refill basis Bg/rs and Pg/Rg: figure 11 depicts their variations with
respect tof’s| a for different per-refill swapping cost$ and the two battery chemistries. Given
the chemistry an(ﬂ’s| a » both per refill inventory costs increase Wiih The scooter per-refill

inventory costs are analogous between the two diges. Regarding the battery per-refill

inventory costs, the LFP chemistry is much moreneaacal than NMC, yielding half price
owing to its more advantageous wearing law.

Note that as the refill numberg andRg are inversely proportional to the renewal flofys

and fg, the per-refill component costs are proportiomatteir respective inventory costs at
the service level.

20 €, ~===PS|rSnmcV.5 ——PS|rSnmcVl | (40 € -==-PB|RBnmcV.5 ———PB|RBnmcV1
\ \

18 » : YT = - =PS|rSnmcV3 = =PS|rSnmcV6 | |35 —\ = - =PB|RBnmcV3 = =PB|RBnmcV6
16 N PS|rSifpV.5 PS|rSIfpV1 . i \ PB|RBIfpV.5 PB|RBIfpV1
14 \- ~— PS|rSlfpv3 PS|rSlfpV6 ’ ‘N vise PB|RBIfpV3 PB|RBIfpV6
1 . — 2,5
10 = — 2,0

\ L V=3
8 ik 1,5
6 e
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Fig. 11. Per-refill inventory costs of scooters (left) and batteries (right) with respect to PS|A.
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7.8 On S3 costs per energy unit and scooter optimizatio

The consumption of one unit of energy entails ssvavsts to the service supplier:
(i) the effective price of fed-in energy:,

(i) the swapping cosltj/aA per unit of energy flow,

(ii) the capacity cost of the battePy /aARg per unit of energy flow,

(iv) the cost of the scooter battery capacity pet of energy flow,(Ps — Pg)/0Ars = —2

O'T‘s

At low V; =€.5 the total energy cost per kWh varies from €t.83.8 according ta§’S|A, i.e.
from 6 to 19 times our middle value pf. The last step of energy transport is much more
expensive than its out-of-the-grid cost (left pertfigure 12). This is confirmed at high
V; =€6 (right part in figure 12), given which the totadergy cost per kWh varies from €1.2 to

€12 according t(b"sm, i.e. from 6 to 60 timepg.

Denotingp = pg + (V; + Pg/Rg)! oA, from (6.6) the producks. pf indicates the marginal

value of reducing the energy consumption fagtgr the .5-7 range op in €/kWh times
Lg =10,000 km gives a range of 5-70 thousand €.km/ki¥vbim the mid-tier valugy =.015
kWh/km, a 5% decrease can be valued at €40-568 $bared e-scooter.

0,0 bbbt L L L L ' PdotS|A, €/kWh 0 IH

mmmmmmmmmmmmmmmmmmmmmmmmm
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Fig. 12. S3 system costs per unit of energy flow depending on PS|A: low vs. high V; .

8. Discussion

Let us now discuss the outreach and limitationsecific parts, say sub-models of the
model.

8.1 On the unit swapping cost

By adding up the field implementation costs and sivapping costs, we obtained an affine
function of the number of refillsQg: its coefficient denoted ag; is the unit cost per

swapping. The basig formula involves the technical conditions of swiagptours, along
with costsp per scooter deployed in the field afigl of augmented juicer wages. From the
mathematical optimization of swapping logistics, e¢ained more elaborate formulas ¥jr
and the associated;, nj, T;". Beyond the mathematical formulas, the major mpdaperty is
that theV; variable sums out the sub-models of swapping fiegisand field implementation
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and constitutes a basic input to the medium and term management policies concerning
target DoDag, BEC A and scooter body specifications.

It may be conjectured that other processes for pimgp e.g. user-based swapping, are
similarly summarized by their specific cost per ppiag. Thus, the rest of the management
model would still hold for alternative swappingad&gies.

8.2 On the swapping strategy by company-operated tours

Our model of an S3 service with swappable battesidy considers a specific process of
battery swapping in the form of juicer tours opedaby the company. Alternative processes
call for specific alternative models. For instanga workers could be involved to collect
recharged batteries at a company depot, make thppsmg tour and bring back the associated
depleted batteries: then the tewn would have a different composition. Alternativetyig
workers could be involved not only to make the guwag tours but also to perform battery
charging by their own means; this would lead tacBpmebattery inventory and heterogeneous
depot conditions. As for user-based swapping, gpotfunction would be divided between a
number of charging spots, each with specific clmygquipment (called a wall or a kiosk):
then there would be per-spot costs, specific batieventory, as well as revenue losses
associated to the compensation of the swapping.user

The per-refill timet is likely to depend on the specific process of [guirag tours: firm
economies of operational coordination are expeftiedompany-operated tours. This should
be taken into account in a comparison of such e Of course, thie parameter also
depends on the space and time conditions of theceamplementation: demand density is a
key driver.

On setting up the numerical study we provided stinés of practical composition for the
parameter of juicer wagesy: it embeds the cost of the purported service Vehighich we
considered lower than the exact juicer wages byasrmaore order of magnitude. Additional
specification would be required to compare cardaikes, on one hand, to vans powered
either by fuel or electricity, on the other handli§Be, 2021, Lime, 2020, Voi, 2020). The
kind of vehicle will impact not only; but also the tour time parametegsandt, in line with
the respective speeds of the vehicles and the-oigivay conditions attributed to bikes and
cars, respectively.

Yet an even greater difference pertains to the masi number of batteries that a tour vehicle
may carry. as each battery weighs a couple of &gigaing two or three tens of them to a
cargo-bike looks like a maximum. The weight isseenot covered here and it certainly
deserves further research.

8.3 On battery wearing laws and management strategies

We introduced theRy function and the companion functioig and Y5 as a technology
function for battery wearing and lifetime in numloércycles. The mathematical specification
IS an abstract one. The Affine Linear specificatioh Eg and its Constant Elasticity
counterpart are convenient for model tractabilitye estimated each specification for two
chemistries of Lithium-lon batteries, respectivBlyIC and LFP. The estimation data taken
from the Battery University (2019) stem from caittbaes that are larger than e-scooter
batteries by 2 or 3 orders of magnitude. As thagihg conditions in terms of voltage and
above all of amperage are quite different, weadata series should specifically be collected
for e-scooter batteries.
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The two regression estimations Bf functions pertain to their respective chemisteard are
likely not relevant to alternative chemistries.

We have not considered the progressive reducti@ffective capacity along battery life. This
certainly deserves further research that will lead deeper understanding of the relationship
between the target DoD and BEC.

Another issue of battery wearing is specific to gpable ones: that of fixers. In operators and
OEMs that did not turn to swappable batteries, semgineers evocated “wire connectors
being worn down over time, or enclosure latchesigBarber from Superpedestrian, quoted
by Link, 2020). We did not model such wearing whistof another kind than that of battery
cells. Neither did our numerical application takéoi account the effect on battery price of
“hinges and locking mechanisms which supplant bagpace” (Link, 2020).

8.4 On battery capacity and its price effects

We already mentioned the issue of battery weighit skems from battery capacity in an about
proportional way.

The assumption of battery price with respectivbdtiery capacity was taken from electric car
makers. It may be less well-suited to e-scooteehats due to their much smaller sizes.

We specified nothing about the end-of-life treatmeh batteries: it may alter the price
function, especially if the battery is given a setdife in another field of application.

The postulate that the scooter body price, exclydive battery, will depend on the battery
capacity may look a heroic assumption. Yet fortreddy large scooter batteries, a significant
increment in battery capacity induces a significactease in weight to be distributed over
the scooter body, in such way as to limit the in@mence to the riders. Specific adaptations
to the scooter layout are likely to be costly. Aavier battery requires a stronger scooter body
and this makes the scooter & battery combo evewiérearhis may be inconvenient to
potential customers and deter some of them fromguttie service’ In the model, the
scooter price functio®®s may include not only the purchase price of theotmobut also the
opportunity cost of service characteristics ondamand volume.

The functional specification of the e-scooter prasea linear affine function of the battery
capacity can be thought of as a local linear agpration. As the associated local sloﬁg,q,
has no obvious reference value, we made it the chiamension of sensitivity analysis in our
numerical study and we spanned a very large ramgeé f

8.5 Scooter body parameters

The second generation of shared e-scooters wasnpetpto be much sturdier than the first
one, involving much bulkier bodies and about on@eenweight: from 11 to 22 kg, including
batteries (ITF, 2020). The next generations havegm the increasing trend, up to weight of
30+ kg as of early 2022, out of which aluminiumowlistill contributes more than one half
(Okai's models exhibited at the Autonomy meetingPiaris, March 2022). There are even
some e-scooter makers such as the Swiss-based-Mardity that aim for everlasting
bodies (Hénin, 2022): this corresponds of coursemtmdular design allowing for then
progressive replacement of worn parts by spares.

% Cf. Mona (2021) comparing the Tier e-scooter $d.itne and Dott counterparts in Paris
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The electric engine contributes a significant pdirthe weight: 4 kg in ' generation models
(ITF, 2020), and more for dual-motor scooters theg more powerful and improve user
experience. Both the sturdier design and more polwemngines enable e-scooters to
accommodate bigger people, thereby enlarging temer basis.

Coming to the energy consumption rates, we havey@pheard of regenerative braking for
kicked e-scooters. Such function would enable tluce the average net consumption pgte
at the expense of additional weight and acquisitiost. While the saving in fed-in energy
would not look profitable, in fact an economic caripon should take into account the full
value of such investment, notably the reductiorswapping frequency. Yet the effect of
regenerating braking on battery wearing is unclear.

In the same vein, some innovators proposed to adtbpoltaic panels on top of the scooter
baseboard: the expected yield would be 1 mile dftexhal range per hour of sunny weather
(Ridden, 2013).

9. Conclusion

9.1 Summary

The article provides a technical and economic madetervice production for a Shared
Scooter Service (S3) under free-floating and withagpable batteries. The model has
modular architecture with sub-models that pertaisgecific functions of service production,
namely (i) commercial operations, (ii) energy feedi (iii) in-field implementation,
(iv) juicing logistics, (v) battery inventory, (vicooter inventory. The model logical structure,
exhibited as an influence tree (figure 2), enahlssto address the problem of Cost
optimization in a hierarchical way, from short-riactor of tour productivity, to medium-run
factors of battery DoD and energy capacity, andaupong-run factors of scooter lifetime
length and energy consumption rate.

It comes out that the daily number of refills ikey variable in the economic model as it links
the field implementation and swapping logisticsdiions to the other functions in service
production (scooter inventory, battery inventoryemgy charging and commercial). The
sensitivity coefficient of production costs to thember of refills is a holistic per-swapping
cost made up of a unit swapping cost plus a pdi-sbhre of the battery acquisition cost.

The joint optimization of field and swapping cosiish respect to swapping tour productivity
yields a unit swapping cost that is essentiallyg5@unction of two composite factors.

The juicing strategy also involves setting up tregtdry DoD that triggers refilling: the

optimization of service production costs with regp the target DoD yields an optimal
number of refills over the battery lifetime thatasspecific function of the ratio between the
unit swapping cost and the battery price.

As for battery energy capacity, it influences tlatéry price and also the scooter price. Thus,
its optimization involves the juicing strategy aslwas battery inventory and scooter
inventory. On a per-refill basis, the optimal battenergy capacity balances the marginal cost
of battery and scooter capacity with the augmestegpping cost.

Turning to scooter optimization, the optimal lifaspbalances the marginal cost of acquisition
and the average acquisition cost augmented by margiaintenance gains over the scooter
lifetime. The optimal energy consumption factoramales the marginal scooter price divided
by the lifespan with the overall energy cost peit of ride length, including the effective
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price of fed-in energy and the holistic per-swappoost divided by the amount of refilled
energy.

Analytical formulas are available for all variablesinterest, thereby making the model both
theoretical and tractable. A specific battery tedbgy (i.e. a battery wearing function of the
DoD, yielding a lifetime number of charging cyclegh constant elasticity was introduced:
combined to battery and scooter prices that arstaahelasticity functions of battery energy
capacity, it allows for straightforward solution tife cost optimization problem. We also
introduced an Affine Linear technology which condgsnconveniently to linear battery price
and affine linear scooter price.

9.2 Outreach and limitations

Coming back to the original research question envéllue of swappable batteries for shared
e-scooters, it can be answered on two levels, ¢hieat and applied. On the theoretical level,
the model provides a clear understanding of thetésyic economy” of swappable batteries
by company-operated tours: the swappability enahsonly for more efficient juicing
logistics, but also for a juicing strategy combiuicing logistics with a specific discharge
policy taking into account the battery wearing laagether with a cost-efficient choice of
battery capacity that involves both the batterycgorand the scooter price. This way,
swappable batteries link together the juicing stygtand the inventory policies of batteries
and scooters. Figure 13 traces out the influenaphgof the per-refill swapping cost on the
realm of service supply policies.

On the applied level, we substantiated some himsitathe per-refill swapping cost: it would
lie between €1 and €3 or €6 at most. Thus the €mtygaid to gig juicers in the early times
of shared e-scooters appears as an upper bounfibr Aghium-lon chemistries, the better
endurance of LFP compared to NMC would enable foring one half of the battery
inventory costs, i.e. about 15% of the holisticrggecost (see figures 11 and 12). Of course,
such hints do not constitute empirical outcome®nbmetric studies are in order on the sub-
models, from battery wearing laws, to battery mwieéth respect to chemistry and nominal
capacity, to scooter prices with respect to battayacity and body weight as a proxy of
longevity, and up to the longevity of specific esters.

Among the theoretical limitations of the model, lex mention first the absence of a fleet
repositioning process (which may induce a majot paservice production costs) and second
the lack of a scooter wearing function: such fumttivould be essential to understand scooter
lifespan in a deeper way. Another direction forttier research would be to link this
production model to a model of service traffic amdenues, so as to study the conditions of
economic viability of an S3 system and to lookiferpotential areas of relevance, beyond the
initial niche of high density urban areas.
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Fig. 13: Influence graph of S3 System Optimization.
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11. Appendix A

Proof of Proposition 1.

Considering the wearing laRg, we shall assume that the lifetime energy intgrsihction
Ez:o = 0.Rg(0) is decreasing. Thus, its derivatiig = Rg + oRy is less than zero.

Function yiz: 0 =» —(Rg + 0Rg)/R% satisfies thatyz(0) = —EgRg%. If Ep is decreasing
then functiony; is nonnegative. Assuming further thg is a concave function, then its
derivative is decreasing, so thakg is nonnegative and increasing. The decreasingifdésg
implies that ofRg, which is positive, so that functidtg? is positive and increasing. Then, as
a product of two nonnegative increasing functioss,is functionyz. Then the inverse
functiomp](;l) is well-defined and it is also nhonnegative andeaasing.

Now, giveny =V} /pg, eitheryiz(5) = y oryz(a) < y. In the latter case, @s; is increasing
then noo € [0,5] can satisfyliz(0) = y, leading to claim (ii) in the proposition and the
optimality of full discharge. In the former casteholds thatpz(0) <y < Y5(d). From the
continuity postulate, by the Bolzano-Weierstragothm there exists at least an intermediary
valuec™ € [0, ] that satisfiespz(c*) = y. Under global increasingness wf and its local
strict increasingness, this" is unique. Thus the existence and uniquenessséablished in
both cases.

Proof of Proposition 2.
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Proposition 2: existence of an optimal BEC. Assuha (i) PS|A is continuous and takes its
values in a bounded intervig],™, P& | with PZU™ > 0, (ii) Py andeg), are continuous and
egja € [0,1]. Then, giverv, there is at least one BEC that satisfies thevagily condition.
Vj+(1-¢Bja)PB/RB o
. Pgja.42 XeLs
continuity of b5, with respect tod and its specific range of variations, togetherhwtiie
continuity of P; andegj, , ensure the continuity df on ]0, co[. From the assumption that
egja € [0,1], we first get that the numerator finis greater thai; hence positive, and second
that Pg/A is bounded whemi — +co. Under the additional postulaf, € [P&u", P&y
with PJ4™ >0, it comes out thaF — +c0 when 4 - 0* and F - 0% when A4 - +oco.
Finally, asF ranges fromD* to +o and is continuous, by the Bolzano-Weierstrassrémeo
there is at least one valdesuch thaF(4) = XLL > 0, i.e. an optimal BEC.

E-LS

Proof. Let us defin@(A4) = The

. Then eqn. (5.17) restates &A1) =

Proof of Proposition 3.

Proposition 3: existence and uniqueness of joirtinggd BEC-DoD. Assume that (Bg
increases withA and (i) (1 — eg)4)Pg decreases wittd while remaining nonnegative,
(i) PS|A is nonnegative and (ivPS|AA2 increases indefinitely withd. Then the Partial
Discharge optimality condition id only has one unique solutioff, with associated DoD
s = WS (V/Ps(49). I Vj/Pg(A") < Pp(@), thena;. € 10,5[ and the pai(4®, a;.) is the
unique optimal pair, meaning that Partial Dischaig@ptimal. Otherwise, i¥/;/Pg(A") =
Y (a) then Full Discharge is optimal and the p@i, o) is the unique optimal pair.

Proof. Let us address the Partial Discharge casedigting the fixed point problem (5.23) as

. XE'LS PB
Pe A% = Vi+ (1-— —
S|4 o W+ (1 —€pa) RB)
. Xe-Ls  xg-Ls
Psj44% — V] = - (1 —é&gja)Ps

o;  Rgo}
By Assumption (i),Pg increases withd henceV;/Pg decreases witd and so doew, =
q;](;l)(V]/PB) sincelpl(;l) is increasing: thus-Vyg. L/ is an increasing function of. As
from (iv) PS|AA2 is increasing, we get that the LHS is an increpfimction ofA. Conversely,
from (ii) (1 — eg4)Pg is decreasing and nonnegative, wiilgo, = Eg(o,) increases witil
hencel /Rgo; decreases with: thus, as the product of two nonnegative decrgdsinctions

of A, the RHS is a nonnegative decreasing functioa.dll in all, the fixed point problem is
cast as the intersection between the increasing tit®e and the decreasing RHS curve.
Both curves are continuous. The LHS takes negatihes atd — 0" but tends to infinity
when A does so. Thus, by the Bolzano-Weierstrass thedhame is an intersection point

(A%, y) between the two curves, with nonnegative ordinatue to the nonnegative RHS.
From the increasing and decreasing behaviors thig s unique.

Now, if V}/Pg(A") < Yg(d) then the 47, ;) pair satisfies both optimality conditions and it
is the only one to do so, meaning that it is annogit solution and the unique one: thus,
Partial Discharge is optimal. But Ufj/Pg(4") > y(d) then Partial Discharge cannot be
optimal: then, Full Discharge is in order and {4&, &) pair is optimal. Furthermore, due to
the stronger assumptions in Proposition 3 thanrapésition 2,A% is the unique solution of
optimal BEC problem associated@q making pairA%, @) the unique optimal point.
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Full discharge optimal BEC under Constant Elasticities
Let us demonstrate the existence and uniquenessuiion to equation (5.27).

Proof: The LHS increases with from O to+co. Consider first the cage < 1: then the RHS
decreases withd from V} to —c: as both the LHS and RHS are continuous, theranis
intersection point and it is unique. Consider tlie® case with > 1: then the RHS is sub-
linear inA while LHS is super-linear, so that LHS will catah RHS at a poind* where the
LHS derivative is greater than its RHS counterplaelyond that value the gap between the
derivatives will go on increasing, so there wond any other intersection, ensuring the
uniqueness ofl*.

12. Appendix B: affine linear model of battery lifetime energy
intensity, battery price and scooter price

12.1 A specific battery technology of affine linear liféime energy intensity

In Section 5 we introduced a specific law, say tedtbgy, of battery wearing with respect to
target DoD: the constant elasticity battery weariaghnology. Let us now introduce an
alternative specification by postulating that #igfunction of lifetime energy intensity is an
affine linear function ot as follows:

Eg(0) = E;. (1 —a/b) (Bla)

ParameterE, stands for the maximum lifetime energy intensithe effective intensity
depends oro in a decreasing way, proportionalte- o/b with parameteb > 1 (recall that
o €]0,1]).Thus

Rg(0) =07 1Eg(0) =Eq. (671 —b71) (B1b)
Then,Rg = —E,/c? andEg = —E, /b , so that
E E (67t —b )2 (B2a)
Ve(0) =~ = =%
B *4'B + =0

Thus 5 is an increasing function af, with inverse function such thgt~! —p=1)72 =
b.Eo.y, henceoc™ — b~ = (b.E,.y) > vyielding thatRg (o) = \/E,/by and
b (B2b)
1+/b/(Eoy)
For the value oy ™ to be less thad, it must hold that
y <Up(@) = (" = b"1)7?/(bEy)

If y < Wp(a), the lifetime effective intensity is obtained as

Eg (B3)
1+ ./Eyy/b

v o) =

Eg(o) =
Put in words, the effective intensity is the maximuntensity divided byl + \/E,y/b.

As for DoD optimization, depending on whethigfpg < y5(5) or not, the optimal DoD is
less tharv i.e. partial discharge or equalda.e. full discharge. The following table provides
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the associated outcomes under the specific batemtynology with linear lifetime energy
intensity:

Condition o Rg(c™) Eg(c™)
b Eq (B4a,b,c)
Vi/pg < Ug(G E
P]/Itj'BI d'wBrE ) 1+ [2P8 I;JIZ;B 1+ |2 b
artial discharge Eo V] ] b DB
% > (o)
)/Pa = Vs G E,(G~! —b71) Eo(1 — G/b)

Full discharge

Under partial discharge the optimal number of cydembines a technical ratiB, /b, with
an economic ratid/}/pg.

12.2 Optimal capacity and DoD under linear prices

Let us assume here that not only the battery pacan affine linear function of battery
capacity, P = Pg, + A.Pg, and also the scooter price, sBy= Ps, +A.PS|A. Then from
(5.16) the optimal number of refills in a scooiétime becomes

_ APga Ps—Py (B5)
V;+ Pgo/Rg  Vj+ Pgo/Rp

Ts
The lifetime refill number, which is essentiallytechnical parameter, is entirely determined
on economic grounds.

.L A
Thus?E=s =
Ao V]+PB()/RB

Pg|a, implying as in (5.18) that

Vi + Pgo /R B6
A%0 = yglg J~ BO/7B .BO/ B (B6)
P4

Under Partial Discharges is itself a function ofdA via Pz so that the optimal BEC is
characterized by the following condition:

L P
=);E S(V] n BO
Sl Rg o Yy

V;
AZ (-1 J _
"|JB (PB() + APB) V] . ))
Pgo + A. P
It is a fixed point problem id only.

Under the affine linear battery technology, owingB4a,c) it gives rise to

b Pgy + A. P L bV
A2b = 1+jE_ B0 B );E > V]+PBO\/ J

E, (Pgo + A. Pg)

Which is a fifth-order equation ijPg, + A. Pg.
Under null base battery cakt, = 0 the condition simplifies into the following

LsV; Ls |PgV;
AZZXE.S]_I_X.ES BY 4
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Denotingv = % andw = 4Eks / s , the optimal capacity satisfies the following etjpa
0

S|A " Pgpa
A2 —wVA-v=0 (B7)
It is a quartic equation ifA. The analytical solution is given in the next sadisn.
Under Full Discharge i.er = a, the optimal capacity is straightforwardly reccaeas

A= |Lelsy s
7. P54
Under linear battery price, the Full Discharge dbad V;/pg = yz(5) becomes that
Vi 2 APg Yp(5)
Combining the two conditions, we obtain that
N (B9)

V=2V =

(PB Up (U))Z

The per-refill swapping cosﬁ'] is a threshold value for Full discharge to possitcur. It
implies that values o, beIowVI give rise to Partial discharge in DoD optimizati&@ut it
does not mean that only Full discharge could beofitenal policy for values o, abovel?l.

In (5.18) we provided a threshold BEC of Partiactiarge that is also a ceiling capacity of
Full discharge:

Vi (B10)
Pgyip(3)
Under the specific battery wearing law with linéiggtime energy intensity, after solving the
quartic equation in/4, one has to compare the resultigo A: if A < A then the solution is

consistent with partial discharge, otherwise fugictiarge is optimal and the optimal capacity
stems from (B7).

4

12.3 Optimal battery energy capacity under partial disclharge

Under linear scooter and battery price functiond gpecific battery technology with linear
lifetime energy intensity, if Partial Dischargeagtimal then the optimal capacity satisfies

a characteristic condition (B7) that is a quartjia@ion im/A. Let us recall it:

A2—wVA-v=0
XES]

L p
andw = %E=8 / ") are positive.
bPs)a "~ Pgja \ bEo

As the fourth-order equatiart — wz — v = 0 has no third-degree term, it is straightforward
to apply the Ferrari solution scheme. Let us lawkaf parametet such that

0=(z2+1)?-2122 -2 —wz—v

Wherein the composite parameters ——

A v
(2 2 _ -
S0=(24+ 1) 21 (Z +2/12+2+2/1)
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0= (zz+/1)2—2/1{(z+ )2—( D2+ 2/1} (B11)

And such tha(;)? = % +—. Thus, the equation parameterizeditig both equivalent to the

original quartic equation and in the form of a walown remarkable identity. The condition
on A is equivalent to a cubic equation in canonicahfonamely
w? (B12)

A3+U/1—?=0

Let us solve this “resolvant cubic” equation by lgpmm Viete’s method. We look foy such
thatA =y — % so thatr = y3 satisfies the following quadratic equation
w? v3 (B13)

Y2——Y——=0
8 27

In our instance, as botw andv are real and» is positive, then the discriminant of the
guadratic equation is positive:
2

A—W 2+4 3>0
=) T3

Lettinge € {—1, +1}, the quadratic equation is solved as

(B14)
Y. = E + = \/—

2
As %\/Z > ‘1’—6 it holds thatV,; > 0 andY_; < 0. We then recover the associated cubic roots
that have the same signs:

(B15)
3 W2
== |7e+5 \/_
The next step is to recover Ferrari's parametenfyg:
v (B16)

Ae =Y ——
& yE 3:)]g
It turns out that the sign af. is identical to that o, andY;: the reason is that
v v3 v3 w? .
>0 © y? >c e y§’>;<:> Y? >~ & —Y. >0 owing to (B12).

As v is positive, by using (B12) once again it comes$ that A must be positive, too.
Considering from now on the valdg, of A, we can restate the original quartic equation as

(z* +/1)2—2/1(z+4/1)2=<z2+/1—\/ﬂ(z+:/—/1)>.<z2+A+\/ﬁ(z+:/—/1)>

((z—W)Z+——F) (+ 172y +5 + =)

In our instance with positiver, asA is positive only the first term may be null (loogi for

2
real roots only). Yet the existence of a solutith quires tha% - % < 0i.e.that3 < W7:
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2 2 2
from (B12) it is equivalent te-vA + % < W? ie.—vl < 37‘” which holds true since both
andA are positive.

Then, any (real) solution of the quartic equatias the following form:

1 w1, (B17)
Z=\/;i \/ﬁ—il

The upper root is obviously positive. For the loweot to be greater than 0O, the condition is

s W 19 w i 3_w? imoli 3_w_ _
El>ﬁ SA e 1> N and in turn A e 0. But (B12) implies that .= vA
which is negative, yielding negative lower root.

In all, there is one and only one real and postiviettion to the quartic equation~f:

(B18)
1 w 1
N S S W A
2 Va1 2
Wherein A = 37 — =2 andy =% +1 (W_Z)z+iv3
337 16 @ 2 8 27

Of course, the existence and uniqueness of théi@olcould also be demonstrated on simple
functional considerations.
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