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Abstract

The demand for lighter and more compact power converters is an opportunity for reducing their costs and environmen-
tal footprint. This work proposes an analytical method for the design of a finite input inductance class E inverter which
is a fundamental topology in Very High Frequency (VHF — 30MHz to 300MHz) power converters. Validation of the
method is performed through the fabrication of a 100W inverter operating at 34.5MHz, for Wireless Power Transfer
(WPT) through Magnetic Resonant Coupling (MRC). An accurate model based on Electro-Magnetic (EM) simulation
and high frequency (HF) characterization of passive components is presented.

1 Introduction

The research oriented toward VHF power conversion is
gaining interest in the global context of electrification [1].
The very high switching frequency of such converters al-
low to shrink their size for a given power, hence achiev-
ing higher power density. The incorporation of parasitic
components into the structure allow shorter bills of mate-
rial, hence reducing the heterogeneity of the system. Ap-
plications of VHF converters cover for example Wireless
Power Transfer (WPT) [2, 3], compact LED drivers [4],
plasma etching [5] or satellite propulsion [6].

When it comes to high frequencies, typical topologies
consisting of hard-switched transistors cannot be used any
longer, due to the impact of switching losses. Further-
more, it becomes extremely difficult to drive high-side
switches, and to guarantee the implementation of dead
times. To counteract the frequency-dependent losses,
ground referenced single switch resonant topologies, orig-
inated from Radiofrequency applications, are widely used
in VHF power conversion [1]. Zero Voltage Switching
(ZVS) and Zero Derivative Voltage Switching (ZDVS)
are achieved within the switch at turn-on [1]. Current in
the capacitor in parallel with the switch (including the
parasitic Cygs) is equal to zero at turn-on with ZDVS. To
prevent frequency-dependent losses in the magnetic core
of inductors (Eddy currents and hysteresis) air-core tech-
nology is mainly used, either printed on the board or wire-
wound. Air-core inductors still suffer from skin and prox-
imity effects.

The class E inverter is a widely used topology in VHF
power converters [1]. Its main advantages are its relative-
ly simple design and the unique ground-referenced
switch, whereas the drawbacks are the voltage stress upon
the switch and the fact that performances are lowered
while load is changing [7]. It can be for example operated
as the first stage of a VHF DC-DC power conversion sys-
tem, as enlightened in Figure 1 [1]. Compared to a tradi-
tional class E inverter where the input inductance has a
high enough value to keep the input current constant [8],
the input inductance in the Finite Input Inductance (FII)
class E inverter resonates with the capacitor in parallel

with the switch. This improves dynamic of the inverter,
which could be beneficial for control (not considered in
this work). Power density and robustness against load var-
iation are improved as well [9].
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Figure 1 Typical VHF DC-DC converter schematic
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Ideal operation of FII class E inverter is first analysed in
[9], and several papers give design method considering
non-idealities such as non zero switch resistance or finite
quality factor of the output filter [10]. An analytical de-
sign method allowing arbitrary value for the duty cycle is
presented in [10] and [11]. The method remains long and
complex, and only validated in simulation. This article
aims to propose a reproducible analytical design method
for a FII class E inverter. An operating point can be se-
lected based on design criteria related to power convert-
ers, such as voltage stress applied on the switch or mini-
mal value for passive components. The method is validat-
ed through the fabrication of a FII class E inverter proto-
type operating at 34.5MHz for WPT application. A model
of the inverter based on High Frequency (HF) characteri-
zation is developed. The model also considers the parasit-
ic impedances brought by the Printed Circuit Board,
thanks to an Electro-Magnetic (EM) simulation conducted
in Advanced Design System®. At the author’s knowledge,
there is no work in the literature detailing and validating
the analytical design of FII class E inverter applied to
VHF power conversion.

Section 2 provides the analytical design method for a FII
class E inverter. The proposed method is then applied to a
100W 34.5MHz class E inverter for WPT application in
Section 3. The modelling of the system is detailed in Sec-
tion 4. Then experimental waveforms of the prototype a re
measured and compared to the proposed model in Section
5. Conclusion and future work are given in Section 6.



2  Analytical design

The FII class E inverter topology is given on Figure 2. Its
operation and the derivation of its analytical expressions
have been discussed in the literature [10]. The transistor is
driven at the switching frequency f by means of an exter-
nal gate driver, at duty cycle D. Period T is normalized to
2w and angle 6 = wt is introduced. The LC series filter
(Ls- Cs) resonate at f whereas the input LC circuit (L, -
C,) resonates at qf. The parameters D and g are the two

degrees of freedom in the analytical design, and are de-
fined as (1):
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Flgure 2 FII class E inverter schematic

Theoretical waveforms of current i and voltage vy within
the switch, and output voltage v,,,; are given on Figure 3.
The switch is closed during 6,y = 2D and open during
Oorr = 2m(1 — D). Ideal operation (ZVS and ZDVS) is
achieved within the switch.

Figure 3 Ideal waveforms of the class E inverter
The analytical design is based on following assumptions:

1. The power switch is ideal (instantaneous switching,
zero ON-resistance and infinite OFF-resistance).

2. The loaded quality factor Q;, of the output filter is
high enough such that the resonant current i, is si-
nusoidal and is defined as (2):

i,(0) = I.sin(0 + ¢) 2)
With I, the magnitude and ¢ the initial phase shift.

Design Space
Inputs (2D)
Exploration
Switching frequency f 1. Dutycycle D
Resistive Load R 2. Ratio of resonance q

Input DC Voltage V;,,

Constraints
Output power P
Switch’s voltage and
current stress
Minimal value of C,,

3. The input voltage V;,, is DC.

4. The load R in the only component to consume active
power, such that P;,, = P,,;.

5. The shunt capacitance C,, is voltage independent.

In this article, the design inputs are V;,,, R and f. The ob-
jective of the design stage is to obtain ideal values for the
electrical parameters (P, Cp, Ly, Cs, Lg) and closed-form
expressions for the current/voltage waveforms. The de-
signer can explore the design space while complying with
design constraints to find an operating point. In theory,
once q and D are set, the solution which guarantees class
E optimal operation is unique. To summarize, the design
flow is depicted in Figure 4 and detailed in this section.
Ratio p is introduced for convenience (3):
Ll
e &)
m
The analysis is done for the two configurations: S open
and S closed.

- When S is closed (6 < 2rD):

p:

No current flows into C,, and iz, + i, flows into S. With
regard to the relation between current and voltage within
inductors, the following expressions (4-5) are derived:

is(0) =1, (g +sin(6 + ¢) — sin((l))) 4)

vs(6) =0 )
- When S is open (6 = 2nD)

No current flows into S, current i;, + i, flows into C,,
and i;, flows into L,. With regard to the relation between
current and voltage within capacitors and inductors, a lin-

ear non-homogeneous second order ODE can be written
for v, (6):

2
% + v5(8) = Vi, (1 + pcos(8 + ¢)) (6)

Solving this ODE, vg can be written as (7):

2
LyCpw

vs(0) = Vi, (1 + k4 cos(q0) + k, sin(gh)

a*p 0

cos(@ + qb))

Where ki (p, ¢, q,D) and k, (p, ¢), q, D) are two constants
to be determined with conditions relative to ZVS (8) and

+
q°
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Shunt capacitor €,
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Figure 4 Design flow of the FII class E inverter, with f, R and V},, as inputs



ZDVS (9) of the switch:

vs(2m) =0 (®)
dvg(0 = 2m) _
— @ - ®

Parameters p(q, D) and ¢(q,D) can be determined with
regard to the following boundary conditions (10-11):

vs(2nD) =0 (10)

i,(2nD) = i,(2nD) (11)

Parameters k, k,, p and ¢ only depends on g and D and
their expressions are given in the Appendix.

Current gain g, = % of the inverter under the small

ripple approximation is calculated with (12) [11]:

nD? cos¢ cos(2nD + ¢)
D) = ———Dsi - 12
9x(4,D) » sing +—— o (12)
Equating P,,,; and P, leads to the expression (13):
RI?
Tr = Vin <lin >2n (13)
The expressions (14-15) are assessed:
<iin>2n'=<is >2n'+<ic >2T[_<i1' >27-[ (14)
=<lis >y
_ RI, (15)
9x 2,

The following expressions (16-18) giving P, L,, C, and
R;, are then derived from (1, 3, 13, 15):

282V,
p=-X1" 16
R (16)
_DPVin _ PR (17)
Powl,  2gw
1
CP_qu_ZLp (18)

Voue magnitude and input resistance R;, of the inverter
are provided by (19-20):

Vout = RL, = 29, Vip,

v, R

Rp=——— = 20
" < iin >om Zg)z( ( )

(19)

The LC series filter (L, - Cy) which is tuned to frequency
f is designed in regard with the system of equations (21):

(1L,
!QL_E o

1
w =
l JLoCo
With Q, chosen sufficiently high (a practical range is be-

tween 5 and 15 [7]) to filter out high-order harmonics in
current i,..

e2))

The actual LC series filter (Lg - C) is detuned to a slightly
different frequency, in order to induce the correct phase
shift ¢ and thus ideal operation of the class E inverter. A
First Harmonic Approximation (FHA) is considered to
design the series reactance X leading to this correct phase
shift. It is assumed that the power is only transmitted from
switch’s node to load at frequency f due to the sinusoidal

current i,.. At frequency f, the output branch of the class
E inverter can be represented as in Figure 5.

i e —
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Figure 5 First harmonic equivalent schematic of the out-
put branch of the FII class E inverter, at frequency f

The first harmonic of v;(6) can be written as (22):

V51(0) =V, sin(0 + @) + Vycos(0 + ¢) (22)
Where the components V. and V, are respectively in phase
and quadrature with i,, and are calculated with (23-24):
2m
V= H v,(8) sin(8 + ¢) dO

0
2n

V—1 %] %] de
x—;of v(6) cos(6 + ¢)

The analytical expressions of V. and V, are given in the
Appendix. X is given by (25):

(23)

24)

Vs

X =Ry

Reactance X can be either positive or negative. Lg and Cj
are finally given by (26-27):

(25)

IFX>0:Lg =L+ and C; =G (26)

IfX<0:C = HEZM

and Lg = Ly 27)

Switch voltage and current stresses can be calculated with
the following empirical expressions (28-29) [11]:

17613 4 0.05¢
- (1 — D) in
— Vingx i ﬁ
Srms R fZ
Parameters f; and f, are given in the Appendix.

(28)

Smax

29

Since parameters ¢, p and X and the values of passive
components only depend on q and D, it is possible to ex-
plore freely the 2D design space, varying the values of g
and D. Preliminary ideal design of the class E inverter is
then achieved by finding an operating point complying
with design constraints.

3  Design of the class E prototype

3.1 WPT system

WPT to the RF load is performed through the inductive
coupling of two open-type resonant coils [3]. Both prima-
ry and secondary resonant coils are made of two coils
printed on each side of the PCB (dielectric Flame Retard-
ant 4 (FR4), thickness t = 3.2mm) and capacitively cou-
pled. The load seen by the inverter is the system consti-



tuted by the resonant coils and the RF load. Figure 6
shows the synoptic of the resonant coils within the WPT
system, as well as the electrical schematic [3].

Class E
inverter

RF load

F igl;re 6 Synoptic and schematic of the WPT syste_m

The RF load is the parallel connection of four 50Q2 RF
load Anaren CI150N50Z4, and Equivalent Series Induct-
ance (ESL L;) of the interconnections have been meas-
ured to 11nH. Ly, C;, L, and C, are the electrical parame-
ters of both resonant coils, and their Equivalent Series Re-
sistance (ESR) is denoted ; and r,. M is the mutual in-
ductance between them, which is connected to the coeffi-
cient of coupling k with the expression (34):

M = kJL,L, (34)
Parasitic impedances 1y, 1, and L; can be neglected at
first, and the impedance of the WPT load Zypr_ioad-
which is denoted R, can be expressed analytically. As the
two resonant coils are built such that their resonant fre-
quency equals f, R is given by (35) [3]:

R ( L 1 )+ (wM)? (wM)?
:] Wby —— =
C . 1 R
R o (35)
_ k2 (J.)2L1L2
RRF

Zwpr—10aa 18 purely resistive, and depends strongly on k,
hence on d. Therefore, a certain distance (d = 8cm) has
been chosen experimentally for this prototype, in order to
keep the impedance constant (R = 5Q) and thus maintain
the optimal operation of the class E inverter. Future works
is planned in order to design a VHF class E inverter more
robust in front of load variations [12]. Section 4.1 gives
the electrical model of the WPT load.

3.2 Analytical method testing

The GaN HEMT GS61004B (100V, 38A, 16mQ) from
GaN Systems is selected for the class E inverter design, in
regard with its good characteristics at high switching fre-
quencies. Low Rpg,n (16mQ), low parasitic capacitances
(Ciss = 260pF and C,gs = 110pF at Vg = 50V) and low
packaging inductances are beneficial for an usage in VHF
power converters [13]. The inverter is then designed in
accordance with requirements given in Table 1.

Table 1 Design requirements

Figure Value

DC input voltage V;, 24V

Load R 5Q

Output power P [95;105] W
Switching frequency f 34.5 MHz
Maximal drain-source voltage V; =~ 80V
Minimal loaded quality factor Q, 7

Minimal shunt capacitor C, 500 pF
Input inductance L, [22;500] nH

f and R values are chosen in accordance with the WPT
load. V; _is chosen below the breakdown voltage of the
transistor. Q; has to be high enough to validate the design
assumptions. C,, has to be high enough to overcome the
non-linearity of the transistor’s C,ss and therefore validate
design assumption.

The theoretical range of variation of D is between 0 and 1.
Nevertheless, D should not be too much distant from 0.5
in the VHF range, as rise and fall times and hence nar-
rowness of pulses for v are limited by the gate driver. A
range between 0.3 and 0.9 could be chosen [14], but since
the maximum drain-source voltage v has to be lower
than 80 V, high values of duty cycle are forbidden. For
these reasons, possible variation range of D is between
0.3 and 0.6. The possible range of variation of q is be-
tween 0 (case where Ly, is infinite [8]) and 2 (values high-

er than 2 leads to phase-shift ¢p higher than g)
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65
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Figure 7 2D (q, D) design exploration with constraints

2D design space exploration complying with the previ-
ously stated requirements lead to the charts in Figure 7.
The operating point has to be within the coloured areas. In
regard with the previous charts, parameters q and D are
within intervals:

g € [1.05 — 1.08]
D € [40% — 44%)]



Therefore, the following operating point has been select-
ed: ¢ = 1.075 and D = 41%. Q. is chosen to be equal to
9.1, which provide values for the LC series filter compo-
nents close to commercial standards and guarantees a suf-
ficient filtering of the i, harmonics. This leads to the de-
sign solution contained in Table 2.

Table 2 Chosen design solution (g = 1.075, D = 41%)

L, 23.4nH L, 223 nH
c, 788 pF C, 101 pF
Pout 101 W Voutrms 25V

v, 74V 46 A

Srms

3.3 Final design

The final design of the inverter is summarized in Table 3.

Table 3 Technological design

L, 22 nH — Coilcraft 1212VS-22NMED

C, 560 pF — COG KEMET C0805C561JCGACTU
Cin 100 nF — X7R Wurth Elektronik 885342211002
L 220 nH — Coilcraft 2222SQ-221JEC

Cs 100 pF — COG KEMET C0805C101FCGACTU
GaN HEMT GaN Systems GS61004B

Gate driver Texas Instrument LMG1020

Values of passive components are chosen close to the ide-
al values. COG dielectric Multi-Layer Ceramic Capacitor
(MLCC) are chosen for the resonant capacitors, and wire-
wound air core inductors are selected, based on available
values. A 100nF capacitor is placed at the input of the in-
verter to limit ripple on v;,. X7R dielectric is chosen
since the capacitance value is not critical. LMG1020 is
chosen to drive the gate of the GaN HEMT, in regard with
its low rise and fall times (< 400ps for a 0Q resistor in se-
ries with a 100pF load). The non-linear output capaci-
tance Cpgs of the GaN HEMT is taken into account by
removing approximately 200pF to the ideal value of C,,.

4 Modelling

ECM EMM

PCB layout & substrate
definition

Electromagnetic
simulation

Passives

'WPT load Transistor

HF characterization

HF characterization Spice model

2-ports vector

Wanufacturer
network analyzer

Impedance meter
Methods of moments

ey T ==

&

-
P‘ F’ Circuit transient simulation

Figure 8 Flow of the system modelling

A model of the global system (class E inverter, Resonant
coils, and RF Load) is introduced in this section. Figure 8
depicts the modelling flow, from the equivalent circuit
models (ECM) and electromagnetic models (EMM) to the
circuit transient simulation of the system, conducted in
the Advanced Design System® (ADS) environment. The
SPICE model from the manufacturer is used for the GaN

HEMT and passive voltage probes are modelled by their
input capacitance (9.5 pF).

The gate driver is modelled as a push-pull stage in series
with gate resistors (see Figure 9) and values are extracted
from the manufacturer’s model.

VDD
4| 2pF
2.5Q
OUT HIGH
OUT LOW
1.3Q
2pF
GND

Figure 9 Electrical model of the gate driver LMG1020

Derivation of the ECM, through HF characterization, and
EM modelling of the PCB are detailed in the three sec-
tions below.

41 ECM of the WPT load

The WPT load described in Section 3 is characterized
with the impedance analyser Keysight E4991B, and is
loaded by the 12.5Q RF load. Figure 10 gives the imped-
ance measurement and its modelling with the RLC ECM
valid at the operating frequency f = 34.5MHz. As power
is transferred mainly at the first harmonic, this model is
considered sufficient for the modelling of the full system.

100

1000

150

100 |

Phase (°)

Impedance (£2)

RLC model

10} 58.1 pF

4{-50

366 nH
50

. . 00
10 20 30 50 70 90
Frequency (MHz)
Figure 10 Measure of impedance magnitude of the WPT

load, loaded by R;y5q = 12.5Q

4.2 ECM of passive components

In order to obtain the ECM of the passive components, a
HF characterization is performed. ECM is obtained
through 2-ports S parameters measurement on a Vector
Network Analyzer. This allows the extraction of an ECM
valid on a wide frequency range [15].

Ref |

L}

| |
planel TL || TDUT | | TR : plane

| Fixture Device Fixture ]

: left Under Test right :
ot = — - '|3c
| ) ) ) |

Treasurea=TL * Tour * Tr

Figure ll-Cascading of transfer (T) paramete;s matrices

For that purpose, characterization PCBs are fabricated,
and S parameters are measured with and without DUT in
order to get the single effect of the fixture (Coaxial con-



nectors and PCB traces). De-embedding of fixture is then
performed through T-matrix calculation, as shown in Fig-
ure 11.

Once de-embedding is done, Z/Y parameters of the two-
port network DUT are calculated [15]. Depending on the
DUT arrangement (Shunt or Serie), a PI or T equivalent
network of the DUT is derived, as shown in Figure 12.

DUT in Shunt DUT in Serie

Figure 12 Equivaleﬂt circuit model of Device Under Test
(DUT) placed in Shunt and in Series between the 2 ports

Capacitors C, and C; have been characterized in Series-
through configuration (Z; > 50 Q when extracting capac-
itance value), whereas inductors L, and Ls in Shunt-
through configuration (Z; < 50 Q when extracting in-
ductance value). Figure 13 gives the impedance magni-
tude of components C,, C, L, and Ly after de-embedding.
The model is shown in black dashed line for comparison.

10%

Impedance (£2)
£

10°

10° 107 10°
Frequency (Hz)

Figure 13 Impedance magnitude of components Ly, Cp,
L and Cg with their models

An ECM valid at f = 34.5MHz is derived from the
measured real and imaginary part of the impedance. Ta-
ble 4 summarizes the four ECM considered for the pas-
sive components of the class E inverter.

Table 4 ECM of components C,, L

ps Lp, Cs and Ly

565 pF

Cp 0.92 nH |—_ Cs

2L70H 22m
L, Lg

1.4 pF 0.3 pF

99.5 pF

1.1nH
120 mQ

222nH 330mQ

4.3 EMM of the PCB

The inverter circuit is printed on FR4 substrate (0.4 mm
thickness) with two layers copper (35 um thickness). The
bottom layer is referenced to ground, except for the traces
of inductor L, placed on the bottom side to reduce cou-
plings with L,,. PCB layout is represented in Figure 14.

This layout has been imported within the electromagnetic
simulation (EM) environment ADS, and the substrate pa-
rameters has been defined. Ports have been placed onto
the PCB, for each connection with external components. S
parameters, up to 1 GHz, has been afterwards obtained

thanks to the EM simulation (RF Method of Moments, 20
cells/wavelength). An EM model of the PCB is then cre-
ated and components (passive and the GaN HEMT) can
be connected onto it, in a circuit transient simulation.
Hence, parasitic impedances brought by the PCB are tak-
en into account in the general model.

DCin‘

RF out
T e o Y
! G
C:j |_. i % L(bottom)
H
:
D
Sy
Sl _‘_Cp
Driver power supply Ga:lHEMT

Driver stage

l Vps measure
I Driver in

Figure 14 Class E inverter PCB and components layout

5 Experimental validation

The prototype is characterized and voltage waveforms are
probed using passive voltage probe ProbeMaster 5900
Series (bandwidth 500MHz) and oscilloscope Tektronix
MSO64. The square signal (f = 34.5MHz and D =
38%) is generated by the arbitrary waveform generator
Tektronix AFG 3252. D is slightly adjusted in order to
obtain an effective duty cycle of 41% when probing gate-
source voltage vgs.

A prototype of the previously described class E inverter is
manufactured, as well as both resonant coils and the RF
load. A photograph of the inverter prototype is presented
in Figure 15.

-l g
(bottom)

|
Driving J

Figure 15 Photograph of the FII class E inverter board

The tests have been carried out at nominal input voltage
in pulse mode, in order to prevent self heating. Voltage
waveforms measured across the GaN HEMT are given in
Figure 16. Waveforms obtained through the modelling
process described in Section 4 are shown in dashed lines
for comparison, and are taken at the external terminals of
the GaN HEMT circuit model.

A good accordance is observed between model and meas-
urements. Inductance of the commutation loop generates
high frequency (around 540MHz) oscillations on vg. As



Vgs 1S not exactly probed at switch’s terminals, oscilla-
tions appear due to the common source inductance.

100

= Drain-source voltage
— Gate-source voltage (x5)
2.

80 r " —— Model

60

. turn-on instant

40}

Voltage (V)

201

-20

8.6 8.61 8.62 8.63 8.64 8.65
Time (s) %10

Figure 16 Probing of v; and v (multiplied by 5) and
comparison with the model

Figure 17 gives the waveforms measurement of input and
output voltages. The voltage probe adds a non-negligible
capacitance, which modifies the impedance of the output
branch constituted by the LC series filter and the load.
third order harmonic appears in the modelled v,,,; wave-
forms. As the WPT load model is valid only up to funda-
mental frequency, frequency content of v,,; is not well
predicted but this does not impact the transmitted power.

Voltage (V)

8.6 8.62 8.64 8.66 8.68

Time (s) «10°®
Figure 17 Probing of v,,,; and v;;,, and comparison with
the model

Output power given by the model reaches 61W, for an
input power of 79W (1 = 77%). The difference com-
pared to the output power obtained with the ideal model
comes from parasitic impedances modifying the input im-
pedance of the converter, and the detuning of the output
filter. Considering that the power is transmitted only at
first harmonic, as (36):

Vozutl (36)

Pout =
With Vo, being the rms value of the first harmonic of
the measured output voltage (18.3V) and R the load im-

pedance at 34.5MHz, output power is experimentally es-
timated to 66.7W. Soft-switching is not perfectly attained

as shown in Figure 16. A possible way of improvement
would be to adjust the value of C,.

6  Conclusion and future work

This work has contributed to the production of a handful
set of equations describing ideal operation of a FII class E
inverter. This method allows exploration of design space,
and an operating point can be chosen under specified con-
straints. A 100W 34.5MHz FII class E inverter has been
designed and a prototype showing a good accordance with
predicted performances has been presented. A complete
process of modelling for VHF power converters, based on
HF characterization and EM modelling, has been detailed.
Forthcoming work is expected, and include:

- Shunt characterization of MLCC to better extract ESR
and model the losses in capacitors

- Measure of output power and efficiency

- More integrated LC series filter with inductor printed on
PCB. The output branch will be characterized and its im-
pedance will be taken as an input to the analytical design.
- Design of a class E inverter more robust in front of load
variations
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8  Appendix

The expressions of the coefficients presented in Section 2
and depending on g and D are given below.

Coefficients p and ¢ are either equal to (py,¢,) or
(P2, $2):

_ \/(‘1152 —ay¢,)* + (byc; — bycy)?
bia; — a;b,

P1
¢, = atan(byc, — bycy; a6, — azcy)

_ \/(‘1152 — ay¢,)? + (byc; — bycy)?
_b1a2 + a1b2

D2

¢, = atan(—b,c, + bycy; —azc, + aqc;y)

Function atan(y;x) gives the four-quadrant angle be-
tween —m and 47 corresponding to parameters y and x.

With parameters a,, a,, by, b,, ¢; and c,:
a; = # (cos(2mq(D — 1)) — q? cos(2mD)) + q

a2 = qzq_ 7 (sin(2mq(D — 1)) — g sin(2D))

q

by = —— (~qsin(2nq(D - 1)) + ¢* sin(2D))

qZ

b, = qzq—_l(q cos(2mq(D — 1)) — q cos(2mD))

¢, = 2mgD — sin(2nq(D — 1))
c, = cos(an(D - 1)) -1

- Coefficients k, and k,:

ey = I Ziqqz (q cos(2mq) cos ¢ + sin(2mq) sin ¢p) — cos(2mq)
rq . . .
k, = -2 (g sin(2mq) cos ¢ — cos(2mq) sin ¢p) — sin(2m1q)

Coefticient V. for the FHA of voltage v;:

Vin (kary + kyry + pr3
b= (e )

With parameters 1y, 15, 13 and 7

r; = —cos(2nqD) cos(2nD + ¢) + cos(2mq) cos ¢
— g sin(2mq D) sin(2nD + ¢)
+ g sin(2mq) sin ¢

1, = —sin(2nqD) cos(2nD + ¢) + sin(2mq) cos ¢
+ q cos(2mgD) sin(2mD + ¢)

— q cos(2mq) sin ¢
2
r3 = qz (cos(4mD + 2¢p) — cos(2¢))

1, = cos(2nD + ¢) — cos ¢p

Coefficient I, for the FHA of voltage v;:

Vin (k1%1 + kax; + pxs
Ve = ?( q* -1 + x4)

With parameters 1y, 15, 13 and 7y

x1 = cos(2mgD) sin(2nD + ¢) — cos(2mq) sin ¢
— g sin(2mq D) cos(2nD + ¢)
+ g sin(2mq) cos ¢

X, = sin(2ngD) sin(2nD + ¢) — sin(2rq) sin ¢
+ q cos(2mgD) cos(2mD + ¢)
— q cos(2mq) cos ¢

2
X3 = qz (4n(1 — D) — sin(4nD + 2¢) + sin(2¢))

X, = —sin(2nD + ¢) + sin¢

- Coefficients for the RMS value of current i [11]:

fi = 0.4532 — 0.348q + 0.9159¢2 + 1.279D + 1.344D>
— 0.6721gD — 1.589¢2D? — 0.1598¢3
+ 0.7299D3 + 1.039¢3D3

fo, =3.615 — 7.482q + 3.686q2 — 7.518D + 7.672D?
+ 19.41gD — 11.87¢?D — 15.74qD?
+ 9.707¢2D? + 0.1672q3 — 0.6993D3



