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KASHIWARA CONJUGATION AND THE ENHANCED
RIEMANN-HILBERT CORRESPONDENCE

ANDREAS HOHL

ABsTrRACT. We study some aspects of conjugation and descent in the con-
text of the irregular Riemann—Hilbert correspondence of D’Agnolo-Kashiwara.
First, we give a proof of the fact that Kashiwara’s conjugation functor for
holonomic D-modules is compatible with the enhanced De Rham functor. Af-
terwards, we work out some complements on Galois descent for enhanced ind-
sheaves, slighly generalizing results obtained in previous joint work with Barco,
Hien and Sevenheck. Finally, we show how local decompositions of an en-
hanced ind-sheaf into exponentials descend to lattices over smaller fields. This
shows in particular that a structure of the enhanced solutions of a meromor-
phic connection over a subfield of the complex numbers has implications on its
generalized monodromy data (in particular, the Stokes matrices), generalizing
and simplifying an argument given in our previous work.

1. INTRODUCTION

In general, a Riemann-Hilbert correspondence is an equivalence of categories be-
tween some category of differential systems (such as integrable connections, mero-
morphic connections, or D-modules) and some category of topological objects (such
as local systems, perverse sheaves, Stokes-filtered local systems, or enhanced ind-
sheaves). In the context of differential equations in one or several complex variables
(i.e. in the theory of conections or D-modules on a complex algebraic variety or
complex manifold), these topological objects are a priori defined over the field of
complex numbers (as their field of coeflicients).

This being said, three questions immediately come to our mind:

(1) How does the Riemann—Hilbert functor behave with respect to the natural
complex conjugation on the target?

(2) How can we detect if the target object is already defined over a subfield of
C?

(3) What implications does such a structure over a smaller field have?

The first question was studied by M. Kashiwara in [Kas86] in the case of regular
holonomic D-modules. At the time, it was known that the De Rham functor in-
duces an equivalence between the derived category of regular holonomic D-modules
and the derived category of constructible sheaves (see [Kas84]), and in [Kas86] a
conjugation functor on the category of D-modules was defined that corresponds
to complex conjugation on constructible sheaves via this equivalence. Around 30
years later, in [DKI16], A. D’Agnolo and M. Kashiwara generalized Kashiwara’s
equivalence from [Kas84] to (not necessarily regular) holonomic D-modules. It is
the aim of the first part (Section [B]) of this article to show that the conjugation
functor of [Kas86] is — not surprisingly — still compatible with this new equivalence
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of categories (Theorem [B.9). Indeed, many parts of the proof are due to impor-
tant previous studies of holonomic D-modules and the Hermitian duality functor,
notably by C. Sabbah, K. Kedlaya and T. Mochizuki.

In the second part (Section []) of the paper, we give some complements on a
study of the second question that has been initiated in [BHHS22]. In loc. cit.,
together with D. Barco, C. Sevenheck and M. Hien, we studied the question of
when topological data associated to hypergeometric differential systems are defined
over a subfield of C. For this, we used a technique called Galois descent: Given
a finite Galois extension L/K and an object over L, the idea is that in order to
find a structure of our object over K, it is enough to find isomorphisms to all its
Galois conjugates. We developed some statements in this direction for sheaves and
enhanced ind-sheaves there. In particular, we showed that Galois descent is possible
for R-constructible enhanced ind-sheaves concentrated in one degree on compact
spaces. We will reformulate and slightly generalize this statement here, dropping
the compactness assumption (Theorem [£.9)).

Finally, in the last part (Section []), we give a consequence of the existence
of K-structures (for an arbitrary subfield K C C) in the irregular setting, thus
addressing Question (3): We show that a K-structure on an enhanced ind-sheaf
associated to a meromorphic connection on a Riemann surface via the irregular
Riemann—Hilbert correspondence implies that its Stokes matrices (and indeed all its
generalized monodromy data) can be defined over K. In the case of hypergeometric
systems, this was already done in [BHHS22, §5]. Our proof here is, however, valid in
general and simplifies significantly the quite involved and slightly artificial argument
given in our previous work. To this purpose, we study the topological counterpart
of meromorphic connections on complex curves (already introduced in [DK18]),
which we call enhanced ind-sheaves of meromorphic normal form, and prove that
this property descends to a K-lattice (Theorem [(.).

Acknowledgements. I would like to thank Andrea D’Agnolo and Claude Sabbah
for several helpful discussions and hints, in particular concerning the part on Her-
mitian duality. I also thank Pierre Schapira for some useful conversations. I am
grateful to Philip Boalch for his explanations that brought new insights into the
Stokes phenomenon to me. I want to thank Davide Barco, Marco Hien and Chris-
tian Sevenheck who, in many discussions related to our common work [BHHS22],
inspired me to develop further results in this direction. I am also grateful to Takuro
Mochizuki for answering my questions during the preparation of [BHHS22|, the an-
swers to which have inspired this work in various places. Finally, I thank the Simons
Center for Geometry and Physics, Stony Brook, for hosting me during the program
“The Stokes phenomenon and its Applications in Mathematics and Physics” in
May and June 2023, during which parts of the research for this work have been
performed.

2. BACKGROUND AND NOTATION

In this work, we want to study objects related to Riemann-Hilbert correspon-
dences for holonomic D-modules, and we will mainly use the approach via (en-
hanced) ind-sheaves here, great parts of which have been developed in [KS01] and
[DK16]. We will therefore need some analytic and topological notions, which we
briefly recall in the following, referring to the existing literature for further details.

2.1. Topological spaces and manifolds. Even if not strictly necessary in all
places, we will assume all our topological spaces to be good, i.e. Hausdorff, locally
compact, second countable and of finite flabby dimension. This is especially im-
portant when it comes to the construction of proper direct images and exceptional
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inverse images, and since we are mainly interested in all these objects in the context
of the Riemann—Hilbert correspondence on complex manifolds, goodness is not a
restriction.

For a complex manifold X with structure sheaf Ox, we can consider its com-
plex conjugate manifold X, having the same underlying topological space, but the
structure sheaf O is the sheaf of antiholomorphic functions (with respect to the
original complex structure). Also, X has an underlying real analytic manifold,
which is the same as that of X. It is often denoted by X® to emphasize the real
structure, but we will mostly just denote it by X if it is clear from the context.
Note also that a morphism f: X — Y of complex manifolds induces a morphism of
complex manifolds f: X - Y (which is the same as a morphism of the underlying
topological spaces).

2.2. Holonomic D-modules. We briefly recall some notions and notation from
the theory of D-modules, and we refer to standard references such as [Bj693],
[HTTO8] and [Kas03] for details. We mostly use the notation from the last of
these three references.

Let X be a complex manifold with structure sheaf Ox. We denote by Dx the
sheaf of (non-commutative) rings of linear partial differential operators with coef-
ficients in Ox on X. The category of (left) Dx-modules is denoted by Mod(Dx),
and its bounded derived category by DP(Dy). We denote by Modye(Dx) the full
subcategory of holonomic Dx-modules and by Mod,,(Dx) the full subcategory of
regular holonomic Dx-modules. We moreover denote by DY, (Dx) (resp. DP;(Dx))
the full subcategory of DP(Dx) of complexes with cohomologies in Mod,y,(Dx)
(resp. MOdhol(Dx)).

We write Dy for the duality functor for Dx-modules, and if f: X — Y is a
morphism, we denote by Df, (resp. Df*) the direct image image for Dx-modules
(resp. the inverse image for Dy-modules) along f.

If D C X is a normal crossing divisor, we denote by Ox(*D) the sheaf of
meromorphic function with poles on D at most. It is a left Dx-module and for
M € DY, (Dx) we denote its localization at D by M(xD) := M ®o, Ox (xD). We
call M € Mody,(Dx) a meromorphic connection along D if singsupp(M) = D
and M(xD) ~ M, where sing supp(M) denotes the singular support of M.

An important basic example of a meromorphic connection which is not regular
holonomic is the following: Let X be a complex manifold, D C X a normal crossing
divisor and ¢ € T'(X;Ox(xD)), then the exponential Dx-module £¥ is defined
by £% := (Dx/ann(p))(xD), where ann(y) is the (left) ideal of Dx of operators
annihilating .

The classification of holonomic D-modules — in particular in the case of irregu-
lar singularities in higher dimensions — has been a difficult problem. In the one-
dimensional case, it turned out that the Stokes phenomenon is the key ingredient to
achieve a complete description of connections with irregular singular points. Very
roughly, the Stokes phenomenon in this context is the observation that a meromor-
phic connection decomposes as a direct sum of certain “elementary” connections
(namely, exponential D-modules) in sufficiently small sectors with vertex at the
singular point, but this decomposition might not exist globally in an open neigh-
bourhood of the singularity. It was conjectured that a similar statement holds for
meromorphic connections in higher dimensions, i.e. that such local decompositions
still exist (as in Definition 2] below), at least after suitable blow-ups of the sin-
gular locus and de-ramification. A proof was given under certain assumptions in
the two-dimensional case in [Sab00], and finally for the general case by K. Kedlaya
[Ked10, [Ked11] and T. Mochizuki [Moc09, MoclTal.
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This classification leads to a useful technique for proving statements about holo-
nomic D-modules, and we will briefly recall it here for later use. If X is a complex
manifold and D C X a normal crossing divisor, we denote by X the real oriented
blow-up of X along the components of D, and we denote by A%Od the sheaf of func-

tions holomorphic on X \ dX having moderate growth along 9X (see e.g. [DK16|
Notation 7.2.1] for a more precise definition, where this sheaf is denoted by Ag, or
also [Moc14l §4.1.2]). For a Dx-module M, we write

M‘A = A;Od ®w*10x w_lM.
Note that (M(xD))* ~ MA (cf. [DK16, Lemma 7.2.2]).

Definition 2.1 (cf. [DK16, Definition 7.3.3|). Let X be a complex manifold and
D C X a normal crossing divisor. A holonomic Dx-module M € Modye(Dx) is
said to have a normal form along D if

e M~ M(xD),

e singsupp M = D,

e for any x € (95(, there exists an open neighbourhood V C X of x such that

A
M)y = (P (E)™)]
iel
for some finite number of functions ¢; € T'(U;Ox(xD)), i € I, where
U C X is an open neighbourhood of w(zx).

Using this notion of normal form, one can deduce from the above-mentioned
classification of holonomic D-modules the following fundamental lemma (first stated
in this form [DK16, Lemma 7.3.7]).

Lemma 2.2 (JDK16, Lemma 7.3.7]). Let Px(M) be a statement concerning a
complex manifold X and an object M € DEOI(DX). Then, Px (M) is true for any
complex manifold X and any M € DEOI (Dx) if all of the following conditions are
satisfied:
(a) Locality: If X = J;c; Ui is an open covering, then Px (M) is true if and
only if Py, (M|u,) is true for every i € I.
(b) Stability by translation: If n € Z and Px (M) is true, then Px(M][n]) is
true.
(c) Stability in exact triangles: If M' — M — M" L s a distinguished
triangle in DY |(Dx) and both Px (M') and P x (M") are true, then Px(M)
18 true.
(d) Stability by direct summands: If M, M’ € Modnai(Dx) and Px (M & M’)
is true, then Px (M) is true.
(e) Stability by projective pushforward: If f: X — Y is a projective morphism,
M € Modno(Dx) and Px (M) is true, then Py (Df.M) is true.
(f) If M € Modpno(Dx) has a normal form along a normal crossing divisor
D cC X, then Px(M) is true.

2.3. Sheaves. Let k be a field and let X be a topological space. We denote by
Mod(kx) the category of sheaves of k-vector spaces on X and by DP(kx) its
bounded derived category. For a k-vector space V, denote by Vx the constant
sheaf on X with stalk V', and an object F € Mod(kx) is called a local system (of
k-vector spaces) if it is locally isomorphic to a constant sheaf.

If X is a real analytic (resp. complex) manifold, we have the full subcate-
gory Modgr.c(kx) (resp. Modc.c(kx)) of Mod(kx) of R-constructible (resp. C-
constructible) sheaves and the full subcategory DR (kx) (resp. D& . (kx)) of D" (kx)
consisting of complexes with R-constructible (resp. C-constructible) cohomologies.
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The six Grothendieck operations for sheaves are denoted by RHom, ®, Rfx,
f~Y Rfr and f' for f: X — Y a morphism.

For details on the theory of sheaves of vector spaces and constructibility, we refer
to the standard literature, such as [KS90] or [Dim04].

2.4. Ind-sheaves and subanalytic sheaves. Let X be a good topological space.
In [KSO01], M. Kashiwara and P. Schapira introduced and studied the category
I(kx) of ind-sheaves on X as a generalization of the category Mod(kx), and its
bounded derived category DP(Ikx ). There is a fully faithful and exact embedding
tx: Mod(kx) < I(kx). Since this embedding does not commute with inductive
limits in general but the functor ¢x is sometimes suppressed in the notation, one
uses the notation “lim” (instead of just h_n)l) for the inductive limit in the category
of ind-sheaves. The functor ¢ has an exact left adjoint ax : I(kx) — Mod(kx ), and
this functor admits a fully faithful and exact left adjoint giving another embedding
ﬁxi MOd(kx) — I(kx)

It was also shown that if X is a real analytic manifold, the category of “subana-
lytic ind-sheaves” (called “ind-R-constructible ind-sheaves” in [KS01]) is equivalent
to the category of sheaves on the (relatively compact) subanalytic site X¢, (see
[KSO1, Theorem 6.3.5] and cf. [Pre08| for a more detailed study of subanalytic
sheaves).

Let us briefly recall this version of the subanalytic site: Open sets of X¢, are
relatively compact open subanalytic subsets of X. A covering of an open subset U
in X¢, is a covering U = (J;; U; by open sets U; in X¢, admitting a finite subcover.
For a more detailed study of subanalytic sets, we refer to [BM88] and the references
therein.

We denote the subcategory of I(kx) consisting of subanalytic ind-sheaves by
Lsuban (kX)

In some regards, subanalytic sheaves behave differently from sheaves on a usual
topology. For example, if we are given a filtrant inductive system F}; € Igpan(kx),
jeJ,and U € X¢,, we have

I(U; “li_n)l” F;) ~limI'(U; F;).
jeJ JjeJ

The following lemma is also easily proved using the finiteness of the gluing pro-
cedure for subanalytic sheaves (see [KS01] Proposition 6.4.1]).

Lemma 2.3. Let F € Igpan(kx) and let A be a k-algebra. Then for U C X a
relatively compact subanalytic open subset, we have T(U; Ax Qi F) ~ AxI'(U; F).

Some important examples of ind-sheaves are the following: On a real analytic
manifold X, one has the ind-sheaf €3> * of tempered complex-valued smooth func-
tions (i.e. smooth functions with moderate growth near the boundary of their do-
main) and the ind-sheaf Dbl of tempered complex-valued distributions (i.e. dis-
tributions extending to the whole space). If X is a complex manifold, it is in
particular a real analytic manifold, and these two ind-sheaves are modules over
BDx and 3D. Their Dolbeault complexes are isomorphic and one defines it to be
the complex of tempered holomorphic functions

(1) OY% := RZhomsp (B0, %5 ") ~ RThomsp. (8O, Dby)

(see [KSO1L §7.2]).

2.5. Enhanced ind-sheaves. In [DK16] and [DK19], A. D’Agnolo and M. Kashi-
wara extended the theory further, introducing and studying the category of en-

hanced ind-sheaves on a so-called bordered space. We recall very few basics here
and refer to loc. cit. for more details (see also [KS16] for an exposition).
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A bordered space X = (X ,)A( ) is a pair of good topological spaces such that
X C X is an open subspace. In particular, every good topological space X can
be considered a bordered space (X,X). A morphism f: (X,)A() — (Y, 37) is a
continuous map X — Y such that the morphism I’ = M induced by the projection
to the first factor is proper. Here, ff denotes the closure in X x Y of the graph
I'r € X xY. A morphism is called semi-proper if also the morphism ff - N
induced by the second projection is proper.

We say that X is a real analytic bordered space if X is areal analytic manifold and
X C Xisa subanalytic open subset. Morphisms of real analytic bordered spaces
are additionally required to be subanalytic in the sense that I'y is a subanalytic
subset of X x Y. (Everything we do for real analytic manifolds or bordered spaces
could also be done slightly more generally for subanalytic spaces or bordered spaces,
see e.g. [KS90l, Exercise 9.2] and [DK19, §3.1] for these notions.)

For the rest of this subsection, let X = (X, X ) be a real analytic bordered space.

The category EP(Ikx) of enhanced ind-sheaves on X = (X, X) is a quotient

category of D’(Ikg,z), where R = R U {+oo}. The category EP(Iky) has six

+
Grothendieck operations denoted by RZhom™, @, Ef., Ef~!, Efy, and Ef' (for
morphisms f of bordered spaces). The duality functor for enhanced ind-sheaves is
denoted by DE. One also has a sheaf-valued hom functor

RHom®™: EP(Tky) x E*(Tkx) — D (kx)
and for any F € DP(ky) a tensor product functor
E°(Iky) = EP(Iky), H— 7 'F® H.

Here, 7: X x R — X is the projection (and 7~ 1F is to be seen as extended by
zero to X x R).

The natural t-structure on the derived category D"(Ik ¢, ) induces a t-structure
on EP(Iky), whose heart is denoted by E°(Iky) (these are therefore the objects
represented by complexes of ind-sheaves concentrated in degree 0). Moreover, a
notion of R-constructibility is defined for enhanced ind-sheaves, leading to the full
subcategory ER_ (TIky) C EP(Ikx). We write ES _(Tkxy) := E%(Ikx) NER_(Tkx).

An important object in EP(Tky) is

K 1= “lim” kpizay € BY (k)
a—r o0
where {t > a} :={(z,t) e X xR|z e X,teR,t>a} C X xK.

One has an embedding of the category of sheaves on X into the category of

enhanced ind-sheaves on X

e%: DP(kx) — EP(Iky), Fe— 71 'Faky.

A fundamental class of objects are the so-called exponential enhanced ind-sheaves:
If W C X is open such that W C X is subanalytic, and if f: W — R is a continuous
subanalytic function, we se

f . [ Eee)) E + 0
Epyivy = ‘M0 ks pyay > K5 ©kp=— gy € Ep o (Tkx),
a—r o0
where {t > —f +a} :=={(z,t) e X xR |z € W,t € R,t > —f(2) +a} C X xR,
and similarly one defines {t = —f} C X x R. If k = C or if there is no confusion

INote that our notation is slightly less general and simplified here, compared to works like

DK18|, for example: Our object EZ, would be denoted by ERe S
w

wix 0 loc. cit.
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about the field of coefficients, we often omit the subscript k and just write IE&,' Py
for this object.

Remark 2.4. For simplicity, assume X = X. The category EP(Ikx) can be viewed
(via the left adjoint of the quotient functor) as a full subcategory of DP(Ik ., z). In

f
WX k

particular, the image of E3_(Ikx) lies in Isyban (ky,g)- Hence, the object E
can be understood as a sheaf on the subanalytic site (X x R)S,.

If X is a real analytic manifold, W C X an open subanalytic subset and f: W —
R a continuous subanalytic function, then E€V| ¥ = E{:V‘ Xk is described as follows
(we do not write the index k here for better readability):

Let U € Op((X x R)S,).

Then we have

o« fUCW xR,

EQ/‘X(U) ~ h_r)n F(U;k{tzfﬁe]q»a}) ~ h_I)l’l kﬂ'o(Uﬁ{tZ—REf'i‘a}),

a—00 a—00
where mo(U N {t > —Re f + a}) is the set of connected components of
the intersection U N {t > —Re f + a} (note that the number of connected
components is finite since this intersection is subanalytic and relatively
compact).
e More generally, if U C X x R, then
: mo° —Re f+a
E‘{le(y) ~ lig k™ (Un{tz—Re f+a})
where 75> (U N{t > —Re f +a}) is the set of connected components Y of
the intersection U N {t > — Re f + a} such that Y N U does not intersect
X x {400} and (X \ W) x R.
In particular, we have EﬁV‘X(W x R) =k and Eéle(S x R) =0 for S C X open,
as well as Elf/V‘X(X x I) =0 for I C R open if W # X. For V C U, the restriction

maps E‘CVlX(U) — E{V‘X

identities, zero maps or diagonal maps k — k™ (for M a set).

The sheaves E€V|
usual topology, i.e. constant sheaves on a closed subset Z C X, extended by zero
outside Z. For Eﬁv‘ «» the set Z is to be thought of as a half-space lying over the
graph of some real-valued function and considered to be shifted towards “infinitely
high real values”.

A typical example is the case where where X is a disc around a point p in the
complex plane, W = X \ {p} or W = S an open sector with vertex p, and f = Rep

the real part of a holomorphic function ¢: W — C with a pole at p.

(V') are given in the obvious way, by a combination of

+ are therefore very similar to sheaves of the form kz on the

We recall the following definition (note that the conventions are different between
[Moc22] and [DK18§|, and we use the latter one).

Definition 2.5 (cf. e.g. [DK18| Notation 3.2.1]). Let X be a bordered space. Let
W C X be an open subset and let f,g: W — R be continuous functions. Then we
write

f~wg & f—gisbounded on anyVQW,VCC)?
f=wg & f—gisbounded from above on any V C W,V CC X
f<=wg = f=gbutnotf~yg,
i.e. f— g bounded above on each V but unbounded below on some V

Here, V CC X means “V is relatively compact in X7
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If X is a complex manifold and ¢,1: W — C are holomorphic, we will write
© 2w ¥ instead of Rep =<w Rew in the above sense (and similarly for ~w and

'<W)-

Note that if f ~y g, then Eﬂv’m ~ By

To end this subsection, let us also recall the following fundamental property (cf.
e.g. [DK16, Lemma 9.8.1] or [DK18|, Lemma 3.2.2]). It can directly be proved using
[DK16l Proposition 4.7.9].

Lemma 2.6. Let X be a bordered space, W C X open and relatively compact in

)A(, and consider continuous subanalytic functions fi,..., fn, 91, gm: W — R.
Then

fr 9
Homgp (1) (@ EVII}\X’ @ Evf/pc)
k=1 j=1

~ {A = (aj) € k™*"

ajk =0 if f <w g; for some open W' C W}

Morphisms between direct sums of exponentials can therefore — after numbering
the direct summands — be represented by matrices (and composition corresponds to
matrix multiplication). In particular, if fi <w fo <w ... <w fn, endomorphisms
of @?:1 Eéﬁ y are represented by upper-triangular square matrices.

2.6. Riemann—Hilbert correspondences for analytic D-modules. It is a
classical idea to ask if the functor associating to a differential system its solu-
tion space is an equivalence. (The question for surjectivity of such a functor for
Fuchsian differential equations goes back at least to Hilbert’s 21st problem.)

Let X be a complex manifold of (complex) dimension dx. Classically, in the
theory of D-modules, one studies the following objects: Let M € DP_ (D). Denote
by Qx the sheaf of top-degree holomorphic differential forms on X. Then one
defines the holomorphic De Rham complexr of M by

DRy (M) = Qx Gy, M
and the holomorphic solution complexr of M by
Solx (M) :== RHomp, (M, Ox).
In [Kas84], M. Kashiwara proved that the De Rham functor gives an equivalence
DRy : D}, (Dx) — D2..(Cx)-

It was then natural to search for a generalization of this result to holonomic D-
modules (relaxing the regularity assumption). It was clear that the functor DRx
is no longer fully faithful on the category DP (Dx ), and hence the framework (the
functor and the target category) would need to be modified.

Finally, A. D’Agnolo and M. Kashiwara (see [DK16|) were able to establish a
fully faithful functor, the enhanced De Rham functor

DRY: DY, (Dx) «— EB_.(ICx).

Let us briefly give some details on its construction:

Starting from the ind-sheaf of tempered holomorphic functions O% € DP(ICx)
that had been introduced in [KSO0I], the authors of [DK16| define the enhanced
ind-sheaf of enhanced tempered holomorphic functions O% € EP(ICy). This is
done by first defining enhanced tempered distributions DbY and setting OF% :=
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Ox ®p< DbY,, in analogy to (). (Recall that X denotes the complex conjugate
L
manifold.) They then set Q% := Qy ®0, O and define the functors

DRE (M) := Q8 &p, M
and
Sol% (M) :== RHomp, (M, 0%).
These two functors are related by duality:
DS DRY (M) ~ DR (Dx M) ~ Sol (M)[dx].

For exponential D-modules, the enhanced solution functor is explicitly described
as follows: Consider a normal crossing divisor D C X and ¢ € Ox(xD), then

S0l (£9) ~E D ks DRY(E%) = RTZhom(r™'Cx\p, Ex iy )ldx]

(see [DK16l Corollary 9.4.12 and Lemma 9.3.1]).

Remark 2.7. The framework and notation are obviously set up to be similar to the
regular case, and we refer to [DK16] and [KS16| for more details. Let us, however,
remark that the notation is not self-explanatory here, and quite some simplification
in notation has happened between [KS0I] and works like [DK16] and [KS16]. In
particular, whenever a sheaf (as opposed to an enhanced ind-sheaf) appears in the
above formulae, it should be read as 7! of this sheaf to make sense of these
expressions. For example, in the notation of [KS01], the definition of the enhanced
solutions functor reads as

Sol; (M) = RZhomg,—1p, (B~ M, 0%).

2.7. Galois conjugation. Let L/K be a field extension and let g € Aut(L/K),
i.e. g is a field automorphism of L with g|x = idg. Then, for an L-vector space
V' we can define its g-conjugate L-vector space Vg, which has the same underlying
abelian group, but the action of L is given by £-v := g({)v for £ € L, v € V.
This defines a functor from the category of vector spaces to itself (which sends a
morphism to the same set-theoretic map).

This conjugation naturally induces a g-conjugation on sheaves of L-vector spaces,
as well as on ind-sheaves over L and enhanced ind-sheaves over L, i.e. we have
functors

(0)’:D(Lx) = DP(Lx), () :EP(ILx) —» E’(ILx)

for a topological space X (resp. a bordered space X), and these functors also pre-
serve R- and C-constructibility.

In the case L = C, K = R, there is only one nontrivial element v € Aut(C/R),
which is complex conjugation, and we therefore simply write m instead of m'y.

If X is a complex manifold and X its complex conjugate, their underlying topo-
logical spaces are the same and hence the categories DP(kx ) and DP (k<) (for a field
k) are naturally identified, and similarly for EP(Iky) and the associated subcate-
gories of R- and C-constructible objects. We can identify O = Ox and Dy = Dx,
and for a Dx-module M, the conjugate M is naturally a D+-module. In this sit-
uation, it is not difficult to see that

DR¢(M) =DRx(M),  DRE(M)=DRK(M).
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3. CONJUGATION OF D-MODULES AND THE ENHANCED DE RHAM FUNCTOR

In this section, our aim is to prove an analogue of a result of [Kas86] in the context
of the enhanced De Rham functor. Let us briefly recall the idea and argument of
the main statement in [Kas86].

The Riemann-Hilbert correspondence for regular holonomic D-modules states
that the De Rham functor induces an equivalence of categories

DRy : D} (Dx) = D@ (Cx).

On the right-hand side, complex conjugation defines an auto-equivalence. It is
therefore natural to ask what the corresponding operation on the left-hand side is.
In other words, the question is the following: Given an object M € DFh(DX), how
is the object V' € Db, (Dx) satisfying DRx (N') ~ DR x (M) related to M?

Indeed, M. Kashiwara is able to define a functor c: D®(Dx) — DP(Dx) such
that the desired description is N' = ¢(M), i.e.

(2) DRx(¢(M)) ~ DRx (M)
for M € Db, (Dx) (in fact, M € D2, (Dx) is enough here).

The key to this result is an intermediate step, namely the definition and study
of a functor

Cx: D*(Dx) — D (Dx),
M — RHomp, (M, Dbx),

later baptized the Hermitian duality functor, where Dbx denotes the sheaf of dis-
tributions.

One of the key observations in the proof of formula (2) is the fact that one
has an isomorphism of functord (note that DP .(Cx) and DR (Cx) are naturally
identified)

(3) DRYOCX[—CZ)(] ZSOZX
on the category D, (Dx) (indeed on DP_, (Dx)), and this follows directly from the

fact that the Dolbeault complex with distribution coefficients is a resolution of the
sheaf of holomorphic functions, i.e. DR+(Dbx) ~ Ox|[dx].

In [Kas86], it was in particular shown that Cx (and hence ¢) preserves regu-
lar holonomicity and induces an equivalence of categories if we restrict to regular
holonomic D-modules. Moreover, it was a conjecture of M. Kashiwara (see [Kas86,
Remark 3.5]) that this is also true if we erase the word “regular” and just re-
strict to holonomic D-modules. This conjecture has been proved by C. Sabbah and
T. Mochizuki ([Sab00, Theorem 3.1.2], [Mocllbl Corollary 4.19], see also [Sabl3]
§12.6]).

The idea in this section is now to establish a statement similar to (2) for the
enhanced De Rham functor. More precisely, the idea is that the exact same relation
holds if we replace DRx by DRY and consider M € DP_ (Dx). The functor ¢ will
remain unchanged. Due to the results in the holonomic context mentioned above,
such a compatibility might not be surprising. On the other hand, the argument
for a statement like (3] for the enhanced De Rham and solution functor seems not
as direct as in the classical case: The expression that appears is DR%(Db x ), while
the definition of enhanced tempered holomorphic functions is rather “DR (Db ) ~
O%ldx]".

2Comparing this directly with what is written in [Kas86|, our formula here differs by a shift.
This is because we use a different convention for the De Rham functor (which actually seems to be
more common nowadays and is consistent with later works like [DK16] and [KS16], for example).
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We therefore apply a different method of proof here, using the classification of
general holonomic D-modules due to C. Sabbah, K. Kedlaya and T. Mochizuki, to
establish the generalization of (B]). This is mainly achieved by combining results
about Hermitian duality that have already been proved earlier and that we will
briefly review in the next subsection.

3.1. The Hermitian dual. Let X be a complex manifold. In [Kas86], M. Kashi-
wara introduced the functor Cx : D’(Dx) — DP(D%) given by

CX (M) = R’Hompx (M, Dbx)
Here, Dbx is the sheaf of Schwartz distributions on the underlying real manifold of
X. It is a module over Dx and D+.
This functor has been further studied by other authors, in particular by C.

Sabbah and T. Mochizuki, and we recall two important properties that we will use
below.

Lemma 3.1 (see [Mocld, §12.5.2]). Let f: X — Y be a morphism of complex
manifolds and let M be a holonomic Dx-module such that f is proper on supp M.
Then there is a natural tsomorphism

(4) Df,Cx (M) ~ Cy (Df. M).

Lemma 3.2. Let M be a holonomic Dx-module and D C X a hypersurface. Then
there is an isomorphism

Cx(M(xD)) ~ Cx(M)('D).
Proof. Set N' = Cx (M) and denote by C: M x N — Dbx the canonical pairing.
Then (M, N, C) is a non-degenerate D-triple (in the sense of [Mocl5|, for exam-
ple). Then by [Moclhl, §12.2.2|, the D-triple (M (xD), N (D), C(!D)) is still non-
degenerate. In particular, Cx (M (D)) ~ N(ID) ~ Cx (M)(!D), as desired. O

Recall the notation on the real oriented blow-up from Section If X isa
complex manifold and D C X is a normal crossing divisor, we also have the normal
crossing divisor D C X (if D is locally given by {z1 - ...z = 0}, then D is locally

given by {Z1-...-Z, = 0}) and one has the real blow-up space @: X — X. (It has

the same underlying topological space as X and A%Od = A%Od. We will often just

write w instead of 77.) If M is a Dy-module, we write
MA = A2 @0 @M
to emphasize that we are taking the tensor product with .A%Od, the sheaf of anti-
holomorphic functions with moderate growth at 6%.
Lemma 3.3. There is an isomorphism
(Cx (€ =~ (€

Proof. We use the notation in [Sab00] without explaining all the details, in partic-
ular the functor 24P = RHomp, (—, Db°4P). There are isomorphisms

(Cx (E9)A ~ (Cx (£9)(+D)) ™ ~ (Cx (£2(1D))) ™ ~ (Cod D (£9))A

where the second isomorphism follows from Lemma and the last isomorphism
follows from [Sab00, Proposition 3.2.2]. On the other hand, we know from [Sab00]
p. 69] that

(CRIP (€N = Ot (€)M = (67N
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The following result about the local model of Cx (M) is shown in [Sab00, p. 69]
(see also Proposition 3.2.5 of loc. cit. and its proof). It describes that the Hermitian
dual of a meromorphic connection with a normal form still has a normal form, and
how its exponential factors change under Hermitian duality.

Proposition 3.4 ([Sab00]). If D C X is a normal crossing divisor and M is a
holonomic Dx-module with a normal form along D, such that locally on )~(, we

have
M= (@ ),

pe®
then Cx (M) has a normal form along D, with local isomorphisms

Cx (MY = () (679)7)

ped

v

3.2. Hermitian duality and the enhanced De Rham complex. As mentioned
above, the main step is a generalization of (B]). Before we can prove an isomorphism,
let us first show the existence of a canonical morphism.

Lemma 3.5. Let X be a complex manifold and M € DP, (Dx). There is a canon-
ical morphism, functorial in M,

(5) DRE(Cx (M))[—dx] — Sol; (M).
Proof. We have
L
DRE(Cx (M) ~ OF @p_RHomp, (M, Dbx)

L
~ RHomp, (M, Q% @p_ Dbx)
and
Sol% (M) ~ RHomp, (M, O%).
L
Therefore, it suffices to find a canonical morphism Q%@p?Db x[—dx] — (9];3(. Note
further that
g L L B L
0% @ppy Dbx = (Qx Qoy Ox) @py Dbx
L g L
~ Q% @p ((97 Qox Dbx)
and
L
o% ~ Oy ®D% Db [—dx],
which means that it suffices to find a morphism
L
O ®o, Dbx — DbY.
Consider the morphisms
X XRoo —2 3 XxP —E 4 X xP
One has
OE L D ~ Al gt !Ot L D
Y®OY bX =~ RHO?TLDP( ,k? X P ®(9X bx)[Q]

and
Db ~ j'RHomp, (E, Db, p)[1],

so it is enough to construct a morphism (for any complex manifold X)

L
E'O% . p @0y Dbx[1] — Db p.
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Now note that we have a morphism
EOY  p o~ k!R’HomD(XXp)C (O(XXIP)%%)O(O;IP’)
D
— E'RHomp, ). (Dxe X Ope, €555)
~ k'RHomp,. (Op, Cp)
and that
Dbl p =~ k'RHomp,. (Ope, Dby, p)[1]

by Lemma below. Hence, all we finally need to construct is a morphism

L
Cs @0y Dbx — Dbl p.

Using a slightly more precise notation (explicitly writing the functor § and the
pullback via the projection p: X x P — X, cf. Remark [Z7]), this morphism follows
from the natural morphism

L L
(6) ((oﬂ)o(o;IP’ ®Bp-10x ﬂp_lpbx - ((oﬂ)o(o;IP’ ®Bp-10x DthxIP’ - Dbg(XIP"

Here, the first arrow is induced by the natural morphisms 8p~'Dbx — p~!Db%; —
DbY . p (the second of these arrows being given by taking the product of a distri-
bution on X with the constant distribution 1 on P, see e.g. [H6r98, Chap. 5]).
The second arrow in (@) is given by multiplication of tempered smooth functions
with tempered distributions (see [Kas84, Lemma 3.3] and also [DK16l Proposi-

L
tion 5.1.3]). More precisely, we use the natural morphism €5 % Rpp-10x Db yp —

Elp @pp-10y Dby p composed with this multiplication.
O

Lemma 3.6. Let k: X xP — X XP be the inclusion. Then there is an isomorphism
Dbl .p =~ k'RHomp, (Op, Db .p)[1].

Proof. First, note that for a right Dp-module N we have an isomorphism

L L
k|(ﬁN ®BDp DthxIP’) = ﬁDk*N ®BDp ,Dbg(xPa

which follows from [DKI16, Lemma 5.3.2] (which is itself derived from results of
[KS96]).
Using this (in the second isomorphism below), one obtains

L
E'RHomp, (Op, Dby p)[1] ~ k' (B2 @sp, Db yp)
L
~ BDk ™' Qp @sp, Dbl »p
~ Db, p.
Here, the last isomorphism follows from [Kas95, Lemma 2.3.2]. O

The classification of holonomic D-modules now enables us to prove that the
morphism from Lemma is an isomorphism for any holonomic D-module M.

Proposition 3.7. The morphism (B
DRE(Cx (M) — Sol% (M)

is an isomorphism for any complex manifold X and any M € DP_(Dx).
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Proof. Consider the statement for any complex manifold X and any M € DP_,(Dx):
Px(M): The morphism (B is an isomorphism.

To show that it holds for any X and M, we will employ [DK16, Lemma 7.3.7]
(see Lemma [22)), and we have to check conditions (a)—(f).

Condition (a) is clear by the compatibility of DRY and S ol with inverse images.
(Note that the a-priori existence and canonicity of the morphism (@) is essential
here.) Condition (b) is also obvious. Condition (¢) holds by the axioms of a
triangulated category, and condition (d) is true since the morphism () is functorial
with respect to direct sums.

The condition (e) is proved as follows: Assume Px (M) holds, and let f: X — Y
be a projective morphism. It also induces a morphism f: X — Y (which we will
not distinguish in the notation). Then we have

Sol¥ (Df. M) ~ Ef.Sol% (M)[dx — dy]
~ Ef,DRE(Cx (M))[—dy]
~ DRE(Df,Cx(M))[—dy]
~ DR(Cy (D fuM))[~dy],

using in particular Lemma [3.11

It remains to check condition (f): Let M € Modno(Dx ) have normal form along
a normal crossing divisor D C X (in particular, M is meromorphic at D).

Due to Lemma B8 below, there is a natural morphism similar to (&) on the real
blow-up

(7) DRE (Cx (M)A)[~dx] — SolZ (M)

We want to show that this is an isomorphism. Locally on X = Xe (they are
identified as real analytic manifolds with corners), M“ decomposes as a direct sum
of exponential D-modules £¥, and C'x (M) decomposes accordingly into exponential
D-modules €% (cf. Proposition B.4), so it suffices to prove this result for M = £%
for ¢ € Ox (D). (Recall that we have (Cx (£%))A° ~ (£7%)A° by Lemma B3l)

Then we get

DRE (Cx (€%)%) ~ DRE ((€77))
~ Ew!DR%(E’*E)
~ (C% é RIhOTI’L(?T_l(Cx\D, Cii=— Rep(2)})dx]
by [DK16}, Corollary 9.2.3 and Lemma 9.3.1]. On the other hand, we similarly have
3011;% ((5‘/’)“4) ~ Ew'RZhom(r~*Cx\ p, Sol% (£9))
~ (C% é RIhOTI’L(?T_l(Cx\D, C=—Rep(2)})-

Since conjugation does not affect the real part of a holomorphic function, we see
that both sides of ([7]) are isomorphic in this case.

Applying now wflCX\D ® Ew, to ([@), we obtain (see [DK16, Corollary 9.2.3]
and [IT20, §3])

DRE(Cx (M)(1D))[~dx] = Sol§ (M(+D)),

and noting that M (having normal form) is meromorphic at D, while Cx (M) =
Cx(M)(!D) by Lemma [B:2] we obtain the desired isomorphism. O
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Lemma 3.8. Let X be a complex manifold and D C X a normal crossing divisor

and )~(, X the associated real blow-up spaces along D. Let M € Db, (Dx). Then
there is a canonical morphism

DR%(CX(M)?) [~dx] — SolZ(MA).

Proof. Again, we use the notation in [Sab00], in particular the sheaf Dbr)%OdD ~
w_l(’)x(*D) Rw-10x Dbi
First, note that there is a canonical morphism
Cx (M)A = RHomo-1p, (@' M, A @10 @ Dbx)
~ RHompa (MA, Dbed )

for M € Db, (Dx), induced by the natural morphism w ™ 'Dbx — Dbr)%OdD and

coh
the fact that Db;“z"dD is a module over A%Od.

It therefore suffices to find a morphism
DRE, (RHompa (MA, DYRIP)) [~dx] — Sl (MH).
Similarly to the proof of Lemma [3.3] it is enough to give a morphism
L L
@ Ox @1y (O @0 DHFP) — OF.
By a reduction similar to Lemma [3.5] such a morphism is eventually induced by a
morphism
L
%;O;IP’ Qpox Dbg{ — DthxIP”

which is given by multiplication of tempered smooth functions with tempered dis-
tributions. We leave details to the reader. ([

With this in hand, we can now proceed completely analogously to [Kas86| to
define the conjugation functor ¢, the functor corresponding to complex conjugation
on constructible sheaves via the Riemann—Hilbert correspondence.

We define

c: DP’(Dx) — DP(Dx)
M= e(M) := Ox(Dx(M)),
(recall the definition of M from Section 27).
Theorem 3.9. Let X be a compler manifold and M € DP | (Dx). Then there is
an isomorphism in EP(ICx)
DR (¢(M)) ~ DRE (M).
Similarly, there is an isomorphism Sol% (c(M)) ~ W.
Proof. Tt is easy to check that
DR (Cx(Dx(M))) = Solg(Dx(M))
~ DRE (M) ~ DR (M),

which follows from Proposition 3.7
The second claim follows by applying the duality functor (and a shift by —dx)
since complex conjugation commutes with duality (cf. [BHHS22, Lemma 2.3]). O

To end this section, let us come back to the proof of Kashiwara’s conjecture
[Kas86l, Remark 3.5]. The following theorem is the first and main part of this
conjecture.
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Theorem 3.10 (see [Sab00, Theorem 3.1.2], [MocIIb, Corollary 4.19]). Let X
be a complex manifold and M € Modpo(Dx) a holonomic Dx-module. Then
Cx (M) ~Homp, (M, Dbx) is concentrated in degree 0 and holonomic.

The other parts of the original conjecture of M. Kashiwara follow from this
theorem (see [Sab00, §3.1]). They are stated in the (first part of the) following
corollary, and with the help of our results from this section, we give a different way
to deduce it from Theorem

Corollary 3.11. The functor Cx: DP;(Dx) — DP(Dxe) is an equivalence with
inverse Cxc. The functor c: DR (Dx) — DP(Dx) is an equivalence of categories
and is its own inverse.

Proof. Let M € DP,(Dx). The fact that Cx(M) € DP (D) and hence ¢(M) €
Db (Dx) follows easily from Theorem by induction on the amplitude of a
holonomic complex. Then we have

DR (Cxe(Cx (M))) =~ Sol%.(Cx (M)) ~ Dx-DRE. (Cx (M))
~ DxSol% (M) ~ DRE (M)
by Proposition 3.7 and
DR (c(c(M))) ~ DRY (¢(M)) ~ DR (M)

by Theorem B9, and by the Riemann—Hilbert correspondence of [DKI16], we get
the isomorphisms Cx<(Cx (M)) ~ M and ¢(c¢(M)) ~ M. O

4. GALOIS DESCENT FOR ENHANCED IND-SHEAVES

In this section, we give some complements on the study of Galois descent for
enhanced ind-sheaves done in [BHHS22]. We mostly reformulate what has been
established there, slightly generalizing the descent statement by removing the com-
pactness assumption that was present in [BHHS22, Proposition 2.15]. We mainly
study R-constructible enhanced ind-sheaves here.

The starting point is the functor of extension of scalars: Let X be a bordered
space and let L/K be a field extension, then we have the functor

E’(IKyx) = EP(ILy), Hw~ 1 'Lx @, 1x, H.

Its compatibilities with direct and inverse images have been described in [BHHS22].
We restate them here, removing some restrictions that are not necessary.

Lemma 4.1. Let X and Y be bordered spaces and let f: X — Y be a morphism.
Let F,Fy,F» € EP(IKy) and G € EP(IKy). Then we have isomorphisms

7T71Ly ®7r*1Ky EfyF ~ Ef![(ﬂ'ilLX Qr-1Kx F)
W_lLX ®7r*1KX Ef_lG =~ Ef_l(ﬁ_lLy ®7T*1Ky G)

If X and Y are real analytic bordered spaces, f is a morphism of real analytic
bordered spaces and F € EE_C(IKX), G e EE_C(ILy), we also have isomorphisms

T Ly @pipc, DRF = DE(r 'Ly @p 1, F),
T 'Ly ®@r-1xy EffG=Ef' (77 Ly ®,-1x,, G).
If moreover f is semi-proper, we have an isomorphism

T Ly @p-1y BAF 2 Efi(n 'Ly @1, F).
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Remark 4.2. The condition for the isomorphism for the direct image Ef, is in
particular satisfied if X C X and Y C Y are relatively compact. This means that
the bordered spaces X and ) are of a particular type, namely they are b-analytic
manifolds and F' and G are b-constructible, notions that have been investigated in
[Sch23].

Such functorialities are, of course, not restricted to the tensor product with a
field extension, but this is the case we are interested in here. One could also try to
perform a study of functorialities for more general sheaves Lx, similar to [HS23].

In order to understand homomorphisms between scalar extensions of enhanced
ind-sheaves, we prove the following two statements.

Proposition 4.3. Let L/K be a field extension. Let X be a real analytic bordered
space and let F,G € E} (IKx). Then there is an isomorphism in D®(Lx)

RHomy  (n7 'Ly @p-1gy Fom 'Ly ®p-1x, G) ~ Lx @k RHomY (F,G).

Proof. There exists a canonical morphism (from left to right), and it suffices to
prove that it is an isomorphism locally on an open cover of X by relatively compact
subanalytic subsets. In other words, it suffices to prove the isomorphism under the

+ +
assumption that F ~ KE®F, G ~ KE ®§ for some F,G € D _(Kxxr_, ). Let us,

Jr
without loss of generality, choose them such that K;>oy @ F ~ F (and similarly
for G). Then

RHom} (n7' Ly @1y Fim 'Ly ®p-1p, G)
o~ R/Homlgx (7T71L)( Qr-1Kr I LY %_) (7' La ®p1pcy g))
~ axRrx RZhomp, (17 Ly @15, F, 1 'Ly @p-1p¢,, (K% Qg g))
~ Ly @, axRixv . RThomy, (F, K% © G)
~ Ly ®k, RHom , (F,G).

Here, the second isomorphism uses the definition of RHom®. The third isomor-
phism follows from [BHHS22| Lemma 2.7] and [DK16, Lemmas 3.3.12 and 3.3.7]
(note that the extended map 7: X x R — X is proper). O

Remark 4.4. In the above proof, we have used [BHHS22| Lemma 2.7], i.e. the
compatibility of RZhom with extension of scalars. The proof of this lemma in
loc. cit. relied on a technical lemma whose details were not given expanded there.

Let us note that an alternative proof of this lemma can be performed by using the
results of [HS23].

Corollary 4.5. Let L/K be a field extension. Let X be a real analytic bordered
space and let F,G € ER_ _(IKx). If L/K is finite or X C X is relatively compact,
then the natural morphism

L®k HomEﬁ_c(IKX)(F, G)— HomE%_C(ILX)(ﬂ'_lLX ®r-1xy F, 7 'Ly ®n-1x, G)
is an isomorphism.

Proof. Tt follows from [DK19, (2.6.3)] (cf. also [DK16}, Proposition 3.2.9 and Corol-
lary 3.2.10]) that

Hompy (1¢,)(F,G) ~ Homgy 15y (Ejay F, Ejay G)
~ HORI(X; RHoml _(EjaxnF,EjxyG)),



18 ANDREAS HOHL

where jy: X — X is the natural morphism of bordered spaces, and analogously
over L. By Lemma 1] and Proposition [£.3] we know that extension of scalars
commutes with Ejy, and RHom®. It therefore remains to show that it commutes
with taking global sections. In the case of a finite field extension, taking global
sections commutes with extension of scalars (since finite direct sums are finite direct
products and direct images are right adjoints). In the case where X C X is relatively
compact, the sheaf we take sections of has compact support, so global sections are
a proper direct image and hence commute with extension of scalars. [l

Lemma 4.6. Let X be a real analytic bordered space and L/K a field extension.
Let H € E ((IKx) such that 7 'Ly ®,-1x, H ~0. Then H ~ 0. In particular,
extension of scalars is a conservative functor on ER (IKx).

Proof. In the situation of Corollary [43] if X C X is relatively compact, then for
a morphism f: F — G, we have that 1 ® f is an isomorphism if and only if f
is so: Let 1 ® gog + 2?21 l; ® g; be an inverse, where 1,/,...,¢, are elements of
L, linearly independent over K, and g;: G — F are morphisms. Then 1 ® idp =
(1®@go+> i, ti®g)(1® f)=1&go+> ;- ¢i @ (gio f) and hence go o f = idF,
and analogously f o gg = idg.

Now let f: F — 0 be the unique morphism. Then we can cover X by subsets U
that are relatively compact in X and on each Uy, = (U, U) we get that F|y_ ~ 0.
By [DK21a), Proposition 3.8], this suffices to conclude F' ~ 0 globally. O

Let us also state the following lemma, whose proof is completely analogous to
[Ho23| Proposition 4.9].

Lemma 4.7. Let L/K be a finite Galois extension with Galois group G. Let X be
a real analytic bordered space and let F,G € EH%_C(IKX). Then the subspace of

HomE%_C(ILX) (ﬂ-ilLX ®7"71KX F, ﬂ'*lLX ®7"71KX G) ~ L RK HomE%_C(IK,Y) (F, G)
consisting of morphisms that fit into a commutative diagram

7 Ly @iy F— 77 Ly ®@,1p, G

Ll]@idF Lf]@idc
_1ZQ F ?g _1zg G
T LY @piggy F—— 770 @1k

for any g € G is exactly the subset 1 ® Homgy (15 (F, G).

We can now give a slightly more general version (without the compactness as-
sumption) of [BHHS22| Proposition 2.15]. Recall that if L/K is a finite Galois
extension with Galois group G and H € EP(ILx), then for any g € G one has
the g-conjugate H € EP(ILx). A G-structure on H is a collection (p4)gec of
isomorphisms ¢, : H = H? such that for any g, h € G one has <p_gh o @p = Ygn (see
[BHHS22|, Definition 2.12] for this notion).

Proposition 4.8. Let L/K be a finite Galois extension with Galois group G.
Let X be a real analytic bordered space and let H € E} (IKx) be equipped with
a G-structure. Then there exists Hig € E]%_C(IKX) and an isomorphism H ~
7 Ly @r-1x, Hg through which the given G-structure on H coincides with the
natural one on 7Ly Qn-1x, Hi -

Proof. In [BHHS22l, Proposition 2.15], we have proved the result in the case that
X = (X, X ) is such that X is relatively compact in X. (The part of the statement
about the G-structures has not explicitly been mentioned in loc. cit. but is clear
from the construction.)
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Now, if X C X is not relatively compact, we can cover X by open subsets
Ui, i € I, all of which are relatively compact in X. On each (U;)oo = (U;, U;),
we can perform the above construction (closures are taken in X here) and obtain
HK,i € E%—C(IK(Ui)w) with H|(Ui)co ~ 7T—1L(Ui)oo ®7"71K(Ui)oo HK,i- On any overlap
(Uij)oo :== (U; NU;,U; NU;) we have an isomorphism

71 ~ 71 .
T L) e ®7771K(Uij)oo Hrcili)ee =7 L) ®7771K(Uij)oo Hire jl(0:)e

induced by the identity on H (which is certainly compatible with the given G-
structure). Since the natural G-structures on both sides correspond to the given
one on H, we see that this morphism is compatible with the natural G-structures
on both sides. Hence, by Lemma [£7] it descends to an isomorphism H K1i|(Uij)oc ~
Hg jl,;)e- Since U — Ep (IKy,) is a stack, this yields an object Hx €
E2 (IKy) as desired. O

With these results in hand, we can now state Galois descent for R-constructible
enhanced ind-sheaves concentrated in one degree as an equivalence of categories.

We denote by ES (ILx)“ the category of pairs (H, (¢4)sec) of objects H €
Eg_(ILx) together with a G-structure. A morphism (H, (¢g)gec) = (H', (¢,)gec)
is a morphism f: H — H' such that for any g € G the following diagram commutes:

H—1

b s
Hg ?g Fg

Theorem 4.9. Let L/K be a finite Galois extension. Let X be a real analytic

bordered space. Then extension of scalars induces an equivalence of categories

ES (IKy) =5 EY (ILx)C.

Proof. Full faithfulness follows from Lemma 7] and essential surjectivity follows
from Proposition O

5. K-STRUCTURES AND MONODROMY DATA

In this section, we are going to study the impact of a K-structure on the gener-
alized monodromy data (in particular Stokes matrices) associated to an enhanced
ind-sheaf or a meromorphic connection on a complex curve. The main descent result
is Theorem [B.8] and we draw some explicit consequences in the following subsec-
tions. Many other parts, in particular the description of generalized monodromy
data and meromorphic connections, are mostly a reproduction of well-known facts
in order to clarify our setting and language.

Definition 5.1. Let X be a bordered space. If K C L is a subfield and H €
Eb(ILX), then a K -lattice of H is an enhanced ind-sheaf Hi € Eb(IKX) such that
H~r"1Ly ®ry Hig. If such an Hy exists, we say that H has a K-structure.

f
WX
any subfield K C C (recall these exponential objects from Section [23]). Similarly,
consider the following situation: Let X and S be smooth algebraic varieties and
consider morphisms

Ezxample 5.2. Tt is obvious that objects of the form E have a K-structure for

1‘;? 5

Al
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Consider the (algebraic) Dx-module £ on X and its direct image g, &f on S. We
can consider these modules (still denotlng them by the same symbols) as analytic
D-modules on a smooth completion X of X and S of S, respectively, by taking
the analytlﬁcatlon of a meromorphic extension, and we can also extend g as a map
g: X — S between these completions. Then, the enhanced ind-sheaf SolE(g+€ Yy~

Eg[!SOl])E( (€7) has a K-structure over any field K C C.
Using Galois descent, we have also deduced certain K-structures of the enhanced
solutions of hypergeometric systems in [BHHS22].

In the rest of this section, X will be a Riemann surface (a connected one-
dimensional complex manifold) and D C X a discrete set of points. We write
X* := X\ D. Given charts around every point p € D and € = (gp)pep, where
0 <& << 1 (we just write 0 < e << 1, and similarly 0 < e << 1), we set
X2 = X\ U,ep Be, (p), where B, (p) is the closed ball around p of radius ¢, in
the given chart around p.

Let k be a field. Recall the notation for enhanced ind-sheaves from Section 2.5]
and in particular the natural embedding eﬂ§( from sheaves to ind-sheaves as well as
the notation for enhanced exponentials. We will simply write Ell}zﬂf or even IEIV{;‘P
(if the field k is clear from the context) instead of IEIV{;")P( . to simplify notation.

By a sector with vertex at p € X, we will mean a subset of X of the followign
form: Given a local coordinate z in a neighbourhood U of p with z(p) = 0, an angle
0 € R/2Z and r,d € Rsq, we set

So(r,0) :={z€U|0<|z|<r,0—d<argz < 0+d}.

5.1. Descent of meromorphic normal form. Let X be a Riemann surface. We
first investigate objects motivated by the topological counterpart of meromorphic
connections on X via the Riemann—Hilbert correspondence of [DK16]. This type
of objects is described in the following definition, which is strongly motivated by
[Moc22] and [DK18| §6.2]. The goal of this subsection is to show that any lattice
inherits this property.

Definition 5.3. Let H € E°(Ikx). We say that H is of meromorphic normal form
with respect to D if the following conditions are satisfied:
(a) 7 'kx- @ H~ H.
(b) There exists a local system L on X* (consider it extended by zero to X, i.e.
L € Mod(kx)) such that for any 0 < e << 1, we have

7 'kx: ® H ~ ek (Lx:).

(¢) For any p € D, any local coordinate z in a neighbourhood U of p and any
direction 0 € R/2wZ, there exist r,0 € Rsg, n € Z~o, a determination of
21" on the sector Sy := Sp(r,8), a finite set ®g C z=/"Clz=/"] and an
integer r, € Zsq for any ¢ € ®g such that the ¢ € ®g define holomorphic
functions on Sg and one has an isomorphism

7 'ks, ® H ~ @ (E?:‘p)”.
pEDy

In simple terms, an object of meromorphic normal form is one that is concen-
trated in degree 0, localized at D, looks like a local system away from the singular-
ities and satisfies a “Stokes phenomenon” close to the singularity, i.e. it decomposes
on small sectors as a direct sum of exponentials.

Remark 5.4. Let us make some remarks that will be useful later. First of all, this
definition is really just a global reformulation of [DK18| §6.2|. It can also be seen as
the category of those enhanced perverse ind-sheaves (see [DK21bl Definition 3.4])
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satisfying 7~ 'kx+ ® H ~ H, and shifted by —1. If k = C, objects of meromorphic
normal form are the essential image of meromorphic connections on X with poles
at D under the enhanced solution functor Sol%.

To make it more similar to those definitions, our condition (b) of Definition
can be reformulated as follows:

(b’) There is an isomorphism H|yx« ~ k. ® 771£ for a local system £ on X*.
This is equivalent to (b) since E(Ik x« ) is a stack and hence the isomorphisms on all
the X} imply the isomorphism on the whole of X*. (We opted for the formulation
(b) in our definition in order to express (b) and (c) in a more similar manner.)

Since the circle of directions R/277Z is compact, part (c¢) of Definition can
equivalently be formulated as follows:

(¢”) For any p € D and a local coordinate z in a neighbourhood U of p, there

exists a finite number of sectors SY, ..., S,fp (for some ky, € Zsq) covering
a punctured neighbourhood of p such that for any j € {1,...,k,} one has:
a determination of z'/™ on the sector Sf, a finite set @? C 2z~ YrClz= /"™
and an integer v, € Zsq for any ¢ € @? such that the ¢ € @? define
holomorphic functions on Sf and one has an isomorphism

(8) ke @ H~ P (Eg§v>rw.
pe®y
We will assume that the sectors ST, ..., S,fp are ordered in a counter-clockwise

sense around p (with respect to their central directions). Then, for any j €
{1,...,kp} we can consider the overlap S¥,,, := S N S}, (where, of course,
we count modulo kp, so that k, +1 :=1). On this overlap we have the two isomor-
phisms induced by the ones from (g])
Ee? e o~ ik H~ Ee? e,
@ ( Sf,j+1) Sv ® @ ( SP )

J3,d+1 Jai41

ped? peDt

We can therefore identify the index sets ®% and @/, (see [Moc22, Lemma 3.25],
cf. also [DK18, Corollary 5.2.3]), and also r, = ry via this identification. More
precisely, this identification is given by holomorphic continuation of functions in
counter-clockwise direction from S¥ to S¥,,. We will hence consider all the direct
sums in the isomorphisms (&) to be indexed by the same set ®” = &Y. In particular,
this also means that ®? is closed under analytic continuation around the circle, i.e.
if p(z7/") € ®P, then (e 2~ 1/") € BP.

Denoting by r the rank of the local system £ from (b), it is also clear that
T=73car Ty for any p.

Our goal is to show that the property of being of meromorphic normal form
descends to a lattice. To do this, let us prepare some lemmas. Essentially, the
two lemmas below are concerned with the descent of direct sums of exponentials
(Lemma [5:6) and descent of enhanced local systems (Lemma [B.7]) separately, and
we will combine them to obtain our desired result (Theorem [B.8).

Remark 5.5. To prepare for the argument that follows, let us make the following
easy observation:

If X is an open disc around a point p € C, S C X is an open sector with vertex p
and ¢,: S — C are holomorphic functions given as ¢, 1 € z~/*C[z~1/"] for some
choice 2=/ of an n-th root of a local coordinate z at p. Assume that ¥ <g ¢, i.e.
Re(yp — 1) is bounded from below near p, but unbounded from above near p. Then:

e For any relatively compact subanalytic open subset U C X x R such that
ESY(U) # 0, we have EX°#(U) # 0.
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To see this, note that Egew(U ) # 0 means in particular that U intersects any
{t > —Re® + a} nontrivially. Now consider an arbitrary b € R, then there exists
a € R such that Re(¢ —9) > b—a,so {t > —Rep +b} D {t > —Ret + a}. This
means that also Eq® ¥ (U) # 0.

e There exists a relatively compact subanalytic open subset U C X x R such
that Eg°?(U) = k but E&°¥(U) = 0.

Such a set can be given explicitly: Let V' C X an open relatively compact set such
that Re(p — ¢) is unbounded from above on V. Set U = {(2,t) € X xR | 2 €
V.t € R;t < —Ret}. Certainly, U does not intersect {¢ > —Rev + a} for any
a >0, so E?ew(U) = 0. On the other hand, for any a € R there exists z € V such
that Re¢(x) — Rev(x) > a, and hence U intersects any {t > —Re¢ + a}. Note
that V' can be chosen such that this intersection has only one “relevant” connected
component (i.e. one connected component with p in its boundary, which “survives”
for a — 00), and so E5°?(U) = k.

Lemma 5.6. Let L/K be a field extension and X a Riemann surface. Let S C X be

an open sector with vertex at some p € X and let ® C z=Y/"C[z~'/"] be a finite set

of holomorphic functions on S for some n-th root z=/™ of a local coordinate z at p.

Then, up to an automorphism of @ (EIS{ELW)Tw, a K-lattice Fre C @ (Egﬁi’))”
Re

(ES,K) 7.

pe®
with Fx € EE_C(IKX) is of the form Fx = @

ped
ped

Proof. Tt is clear from Lemma that Fx is concentrated in degree 0. Let us
assume for simplicity that r, = 1 for any ¢ € ®, and let us think of the ngip and
Fx as subanalytic sheaves on X xR (cf. Remark[24]). Then for any open U C X xR,
the sections of Fx on U must be a K-lattice of the sections of € Eg,ef on U
(see Lemma [2.3)).

Fix a numbering on the elements of & = {¢1, ..., ¢, }. For any relatively compact
subanalytic open V' C S, the space of sections of @we(b EFS{?L“D onV xRis L™ A
K-lattice for this space of sections is given by a vector space

iK * Uy
j=1

for some v; € L™ (linearly independent over L). Since S is connected and restriction

ped

maps of P, cq Egﬁf (recall that they mainly consist of projections and inclusions)
need to be compatible with those of Fk, it is not difficult to see that one can choose
the same vectors v; for each such V, and this lattice will also determine the sections
of F on all other open subsets of X x R.

Assume that there exists an open subset S’ C S such that ¢, <5 @ for some
k., € {1,...,n}. By possibly shrinking S’, we can assume that we have a total
ordering ¢;, <gs ... <g @j,, where {j1,...,j4n} = {1,...,n}. Now we see (as in

Remark [5.5) that there are relatively compact subanalytic open sets V; C X x R

with V; C Vj» whenever ¢;; <g/ ¢; such that IEI;EL@]" (V;) = 01if ¢y =g ¢; and

Re ¢,/ . - .
ESfLW] (V;) = L if ¢; <s ¢jr, and restriction maps between these V; are given

by projections. Therefore, this means that for any ¢ € {1,...,n}, the vectors
prs;,(v1),...,prs;, (vn) span a K-vector space of dimension i. (Here, pry ;. is the
projection to the components j;,...,jn € {1,...,n}.) Therefore, we can assume
(forming suitable K-linear combinations of the v;) that the j,-th component of
Ujy,...,0j_, vanishes. In particular, the kth component of vy vanishes (but indeed
the whole matrix (vj,,...,v;,) can be chosen to be upper-triangular with invertible
entries on the diagonal).
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We can then perform a similar argument for any other such S’ and ¢, <gr @k,
whose details we leave to the reader (in particular, one needs to check that the
vanishing entries already constructed are preserved under this procedure, which is
due to the triangular structure of the matrix with respect to all the orderings al-
ready considered). Recalling Lemma [Z.0] we finally see that the matrix (vq,...,v,)
defines an automorphism of oD Egi‘p, and applying its inverse transforms the

K-structure Fg into @weq) EF;E, as desired.
The proof for the general case is analogous: If r, > 1, one thinks in terms of

graded vector spaces and block matrices instead. (I

Lemma 5.7. Let X be a real analytic manifold, H € E®*(ILx) and let U C X be
an open subset such that there is an isomorphism 7 'Ly ® H ~ eg((ﬁ) for some
local system L on U (extended by zero to X ). Assume that H has a K-lattice
Hy € E]E_C(IKX). Then, there exists a local system Lx on U with £ ~ Ly ®k, Lk
and n Ky @ Hi ~ X (Lk).

Proof. Since L is a local system, there exists, for each x € U, a subanalytic open
neighbourhood V such that

9) m Ly @ H ~ ex (Ly) = (Ey, )"

for some r € Zsg. By an argument similar to (but much simpler than) that of
Lemma [5.6] we see that the lattice of (EQAL)T given by the image of 77 'Ky ® Hg
under the isomorphism (@) is — up to an automorphism — isomorphic to (IE?, )’
Hence, by composing with a suitable automorphism of (EQ, .)", the isomorphism

@) comes from an isomorphism
7 'Ky ® Hg ~ (EY, x)"

by applying 7 'Lx ®,-1x, (—). This implies that 771Ky ® Hy ~ ek (Fg) for
some Fx € Mod(Ky) by [DK21al Proposition 3.8].

By the full faithfulness of e (see [DK16, Proposition 4.7.15]), we indeed have
Lx ®ky Fx ~ L, and in particular Fg is also a local system (cf. e.g. [Ho23|
Lemma 4.12]). O

Theorem 5.8. Let L/K be a field extension and let H € ER (ILx). Assume
that there exists Hi € EH%_C(IKX) which is a K-lattice for H, i.e. there is an
isomorphism H ~ 7 'Lx Q-1 Hi. If H is of meromorphic normal form, then
Hy is of meromorphic normal form.

Proof. Let us check that Hg is of meromorphic normal form:

The condition (a) from Definition B3] is easily checked: Consider the natu-
ral morphism 7 'Ky« ® Hx — Hg. By assumption, applying the functor
7 1Lx ®r-1x, (=) to it makes it an isomorphism and hence it is itself an iso-
morphism by Lemma

Property (b) is exactly what we proved in Lemma [5.7] (note that the datum of a
local system on any X7 for 0 < € << 1 determines one on X*).

Property (c) follows directly from Lemma Given an isomorphism

g, @ H ~ @ (Eg{j’i)’"*"
pEDy

as in Definition B3|(c) for H, we see that, due to the L-linearity of £, the object
§(r'Ks, ® Hi) C D eq, (E?:i)”’ is a K-lattice. We therefore see that, by
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Lemma [B.6 the isomorphism above comes, after composing it with an automor-
phism of the right-hand side, from an isomorphism

7Kg, ® Hy ~ @ (Eg{i‘” )
pEDy

This completes the proof. ([l

5.2. Generalized monodromy data as gluing data for enhanced ind-sheaves.
Given an enhanced ind-sheaf H € EE__(Ikx) of meromorphic normal form with re-
spect to D C X, we can describe it purely in terms of linear algebra data. Let us
recall the description of these so-called generalized monodromy data here (in the
case k = C, they are what is often called Stokes data).

Since H is of meromorphic normal form, any p € D admits data as in Remark[.4]
in particular we can fix

(10) a finite collection of open sectors ST, ..., S, and isomorphisms
P
&k @ He @ (EGH)™ for jefl,... k).
J
pEDP

Definition 5.9. Let H be of meromorphic normal form. We denote by Dicg :=
{p € D| @ = {0}} C D the set of regular singularities of H. We also set
Diyy := D\ Dyeg and call its elements irregular singularities of H.

For any p € Dj., we choose a local coordinate at p and €, € R such that
B. (p) C Ufil S¥. For p € Dieg, we choose &, = 0. This determines X C X.
Then, by Definition [E3(b) and (c), it is clear that there is a local system £ on X*
such that we can choose an isomorphism

(11) v kxs ® H ~ % (L)
for a local system £ on XZ. (Note that indeed this does not depend on the concrete
choice of € in view of Remark 5.4 (b’).)

In view of wanting to use Lemma [2.0] we also fix the following data:

(i) For any p, a numbering (total order) on ®? and also, for any ¢ € ®?, a

numbering on the factors of the power (IEIS{S‘P)W, so that there is a total

order on the summands of P ¢ g» (ERe“’)W =@, cor @7 Ecp? for any
J-

(ii) A point z € X7, a basis of the stalk £,, and for each p € Dy, a point
yp € ST N XZ and a path in X7 from z to y,. (Indeed, it suffices to fix
the homotopy class of such a path in X*, and this does not depend on the
concrete choice of €.) Together with the above v, this gives in particular
an isomorphism 7~ 'kgrqx: @ H >~ @, _; E rrx: for any p.

We can then associate the following generalized monodromy data to H: Let

p € Diyy, then for any j € {1,...,k,} we get two (in general different) isomorphisms

on the overlap S7 .,

P ¢ep . _—1 Re ¢ 7‘
ke @ H - P (B )
53 V541 S5+ Cor 55, J+1
%)

(These are induced by Qp and ¢ j+1 above and we denote them by the same symbols. )
From these we get an automorphlsm (a transition or gluing automorphism)

P ._ ¢P py—1 Reyp \r
o= e o D B ),
(7]

which is represented by an invertible square matrix E? by Lemma [2.6]
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Similarly, on the overlap U? := S? N X7, we get two isomorphisms
Poyin kyr ® H-"5 (E?JE)T
note that ERS? ~ E0 ). Then the composition
U, U

cp =170 (ff)_l c Hom((E%E)T, (E%E)T)
is again represented by an invertible square matrix C),.

Definition 5.10. The collection of data consisting of

o the set ®P together with a total order for every p € D, the number ry, € Zg
for any p € PP,
e the sectors Sf and the matrices E? foranyp € Diyy and any j € {1,...,kp},
o the matriz C}, for any p € Diy,
o the local system L on X*, as well as the point x, the basis of L, and the
homotopy types of the paths from (ii)
1s called generalized monodromy data associated to H with respect to all the choices
@), [, (i) and (ii) fized above.
Of course, the generalized monodromy data just defined highly depend on the

choices made (cf. also Remark [£.12)).
The following statement is easily proved.

Lemma 5.11. The generalized monodromy data determine H up to isomorphism.
More precisely, assume we are given D C X, an object H € Eﬁ_c(lkx) of mero-
morphic normal form at D and generalized monodromy data for H with respect to
certain choices as above. Then if H' € E]E_C(Ikx> is of meromorphic normal form
at D and has generalized monodromy data (for certain choices as above) that co-
incide with that of H (meaning that the local systems associated to H and H' are
isomorphic via an isomorphism respecting the given bases at x, and all the other
data are the same for H and H'), then H ~ H'.

Remark 5.12. The matrices Ef are what is usually called “Stokes matrices” in the
context of solutions of differential equations. They describe the behaviour of the
solutions around the singularity. On the other hand, the matrices C, are similar to
what is usually referred to as “connection matrices”. They give the relation between
solutions around a singularity with the generic solutions away from the singularities.

Let us also note that there are ways to make the choice and size of the sectors
Sf as well as the isomorphisms «E;-’ more canonical, which makes the definition of
generalized monodromy data less ambiguous and more natural, but we will not insist
on these choices here and only use the existence of these sectors and isomorphisms
(see e.g. [Boalll Boa2l] and references therein for a thorough study of intrinsic
generalized monodromy data for meromorphic connections). Let us just remark
that with appropriate choices of sectors and isomorphisms, for example in the case
of unramified exponents of one level, one gets Stokes matrices with a certain block-
triangular structure and the diagonal entries of all but one Stokes matrix around
each point p € D consists of identities.

From what we proved above, we can now deduce the following statement.

Corollary 5.13. Let L/K be a field extension, and let H € EP(ILx) be of mero-
morphic normal form. Assume that H has a K-structure. Then there exist gener-
alized monodromy data for H with entries in K.

Proof. By Theorem[B.8] if H = 7' Lx®, -1, Hg, then H is also of meromorphic
normal form. Therefore, H admits generalized monodromy data that agree with
generalized monodromy data of Hx and hence the matrices E? , Cp, have entries in
K and also the local system is defined over K. (I
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5.3. Meromorphic connections and Stokes data. Let now M be a meromor-
phic connection on X with poles at D, i.e. a holonomic Dx-module such that
M(xD) ~ M and sing supp M = D.

We briefly recall why Sol% (M) is of meromorphic normal form:

First of all, M(xD) ~ M implies that 77 1Cx- ® Sol% (M) ~ Sol%(M).

Since a meromorphic connection is generically an integrable connection, we also
have, for any 0 < € << 1, an isomorphism

71X @ Solf (M) ~ €5 (L),

where L is the local system of solutions £ := Solx:(M|xx), extended by 0 to X.
Let p € D, then the Levelt—Turrittin theorem gives us a decomposition (up to
ramification) of the formalization of the stalk of M at p

~ D ~
(p*M)|p = (@ E¥ ® Ri) |p7
il
where p(t) = t" is a ramification map in a small neighbourhood of p, the ¢;(271) €
271C[z7!] are (pairwise distinct) polar parts of Laurent series in a local coordinate
z at p and the R; are regular holonomic Dx-modules.

By the Hukuhara—Turrittin theorem, locally on sufficiently small sectors around
p, this decomposition lifts to an analytic decomposition of M, which is usually
formulated as a statement on the real blow-up space of X at the points of D. We
will not go into too much detail here, and rather refer to the existing literature on
asymptotic expansions in this context (see e.g. [Was65|, [Mal91]).

What we need is the following consequence on the level of the enhanced ind-sheaf
associated to M: Let p € D and let z be a local coordinate of X at p. Then for
any direction 6 € R/277Z, there exists a sufficiently small sector S = Sy(r,d) and a
finite set ® of holomorphic functions on S such that there is an isomorphism

7 'Cs @ Sol (M) ~ @D (Eg*#)".

ped

Remark 5.14. The right-hand side can be described more explicitly: Concretely,
® is the set of functions o;(¢J2Y/") for all i € I and j € {1,...,n — 1}, where
Cn i= €2™/™ ig a primitive n-th root of unity and z/™ is the choice of an n-th root
on S of a local coordinate z around p. In particular, the functions ¢ have Puiseux
series expansions with a pole at p. The r, are the ranks of the corresponding R;.

Indeed, there is the following equivalence (see [DK18| Proposition 6.2.4]).

Proposition 5.15. The category of meromorphic connections at D is equivalent
to the subcategory of E]E_C(I(CX) consisting of objects of meromorphic normal form
via the functor Sol%;.

Proof. The functor is certainly fully faithful by [DK16, Theorem 9.5.3]. It therefore
remains to show that it is essentially surjective. Let therefore H be of meromorphic
normal form. The statement is proved on disks in [Moc22, Lemma 4.8], so on
suitable small disks B, around any p, we can find M, such that Solgp (Myp) ~
H|p,. Furthermore, on X} we can certainly find (by the regular Riemann-Hilbert
correspondence) a Dx-module M, locally free over Ox, such that SolE; (M) ~
H|x:. All these D-modules glue to a single meromorphic connection on X with
poles at D (cf., e.g., the argument in [Ho20, Proposition 2.17]). O

We can now draw two direct consequences of our studies above. The first one
follows directly from Corollary 513
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Corollary 5.16. Let M be a meromorphic connection with poles at D. If Sol% (M)
has a K-structure, then it admits generalized monodromy data defined over K, in
particular M admits Stokes and connection matrices with entries in K.

Remark 5.17. This gives in particular an alternative proof of [BHHS22, Theo-
rem 5.4|, and in a certain sense it is more natural since it does not leave the setting
of enhanced ind-sheaves. (Another difference is that we do not pull back via the
ramification before studying the Stokes matrices here.) In loc. cit., we studied the
special case of a hypergeometric system M, and the K-structure on Sol% (M) was
used to derive properties of the Stokes filtration associated to M, from which we
could then conclude the desired statement about the Stokes matrices.

Going through the notion of Stokes filtration can indeed also be an approach in
general: In [DK21D], the authors give a functorial way of associating to an enhanced
perverse ind-sheaf a Stokes-filtered local system (cf. Definition 4.1 of loc. cit. for
a local version of such a functor). One could therefore derive a K-structure of
the Stokes-filtered local system (in the sense of [Mocl4], for example) from a K-
structure of the enhanced ind-sheaf and then conclude that the monodromy data
extracted from the Stokes filtration can be defined over K. Knowing this rela-
tion between enhanced ind-sheaves and Stokes filtrations, one can argue that the
statement of Corollary is not entirely new. Compared to the above ideas,
our approach to the proof is, however, more direct and intrinsic to the theory of
R-constructible enhanced ind-sheaves, which is the main interest of this section.

Lastly, let us remark that, more generally, K-structures for holonomic D-modules
in any dimension have been studied in [Moc14], and it seems reasonable to expect
that a holonomic D-module has a K-structure in the sense of loc. cit. if and only if
Sol¥ (M) has a K-structure in our language.

As a kind of upshot of all our considerations in this article, we get the following
consequence of Theorem [3.9] Theorem L9 and Corollary[5.16 Note, however, that
our results from Sections @ and [l are valid in greater generality and not restricted
to the case of the field extension C/R. The results of the present section do not
even require a finite Galois extensions, while the results of Sections Bl and @ are
valid in any dimension.

Corollary 5.18. Let X be a Riemann surface and let M be a meromorphic connec-
tion with an isomorphism ¢: M — ¢(M) such that c(¢) o = idr, then Sol% (M)
has an R-structure and M admits generalized monodromy data with entries in R.
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