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Unusual functorialities for weakly constructible
sheaves

Andreas Hohl* and Pierre Schapira

Abstract

We prove that various morphisms related to the six Grothendieck opera-
tions on sheaves become isomorphisms when restricted to (weakly) constructible
sheaves.

1 Introduction

Let k be a commutative unital ring of finite global dimension and denote by DP(kyx)
the bounded derived category of sheaves on a good topological space X. There are
some classical morphisms which are, in general, not isomorphisms, such as

Ro#om (Fl,Fg)éFg — R%OWl(Fl,FQéF:g),
L L
FlGiof Gy — £(G18Gy),

for Fy, Fy, F3 € D’(kx), G1,Gy € DP(ky) and f: X — Y a continuous map. We will
prove here that, under suitable hypotheses of (weak) constructibility, these morphisms
become isomorphisms.

Assuming that the duality functor is conservative in DP(k) (see (3.3)), we prove the
following results in the categories of real analytic manifolds and weakly R-constructible
sheaves. (See Theorems 4.2, 4.4 and 4.7.)

Let f: X — Y be a morphism of real analytic manifolds, and let Fi, Fy, Lx €
Dbr.(kx), G,Ly € Dby (ky) with moreover F; being R-constructible, and Lx, Ly
locally constant. Then we have the isomorphisms

fG® 'Ly 2 f(G @ Ly),

f'RsFom (Ly,G) = Ro#om (f 'Ly, f1Q),
R.oCom (Fy, Fy) ® Ly = Ro#¢om (Fy, F>» ® Lx),
Rotom (Lx, Fy) @ F| = Ro¢om (Lx, Fo ® FY).

*The research of A.H. is funded by the Deutsche Forschungsgemeinschaft (DFG, German Research
Foundation), Projektnummer 465657531.
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For direct images we need slightly stronger assumptions: consider a morphism f: X, —
Y., of b-analytic manifolds (see [Sch23] for this notion) and let F € DP, (kx._) be

wRc
weakly R-constructible up to infinity and Ly be locally constant. We prove the isomor-

phisms
RfF &Ly ~% Rf(F @ [ Ly),
RfiR#om (f 'Ly, F) =% Rsfom (Ly, RAF).

We start by introducing the notion (implicitly already defined in [KS90, § 3.4))
of weakly cohomologically constructible sheaves (wcc-sheaves, for short) and the full

subcategory DP . (kx) of DP(kx) consisting of such sheaves. On a real analytic manifold,
the category of DP_ (ky) contains the category DPp (kx) of weakly R-constructible
sheaves.

We prove first that D (kx) is triangulated. Then our main tool is that for an

wccC

object F of this category, for z € X and L € DP(k), one has functorial isomorphisms
Rs¢om (Lx, F), = Rs#om (L, F,), RI,F®L -5 RI.(F® Lx),

where Ly denotes the constant sheaf associated with L.

The motivation for this note came through the preprint [Hoh23|, where field ex-
tensions for sheaves are considered, and many of the desired functorialities of loc. cit.
indeed follow from the more general set-up developed here.

We make the conjecture that the above results hold without Hypothesis (3.3).

2 Preliminaries

In all this paper, we work in a given universe . All limits and colimits (in particular,
products and direct sums) are assumed to be small. Recall that k is a a commutative
unital ring of finite global dimension. We assume that all topological spaces are “good”,
that is, Hausdorff, locally compact, countable at infinity and of finite flabby dimension.

For a topological space X as above, one denotes by Mod(ky) the Grothendieck
abelian category of sheaves of k-modules and by D"(kx) its bounded derived category.
We need a slight modification of the notion of cohomologically constructible sheaves
(see [KS90, Def. 3.4.1]).

We mainly follow the notations of [KS90]. In particular,

e wy denotes the dualizing complex and Dy the duality functor Ro#om (+,wx),
e D denotes the duality functor on D"(k),

e ayx: X — {pt} denotes by the unique map from X to a one-point space. Hence,
for F € D’(ky), R['(X; F) ~ Rax,F.

For L € DP(k), Lx denotes the constant sheaf on X with stalk L. More generally,
for Z locally closed in X, one denotes by Ly, the constant sheaf L, on Z extended
by 0 on X \ Z. When Z is closed, we shall simply denote by L, the sheaf Ly .

For € X, denoting by i,: {z} — X the embedding, and for F' € D"(kx), one
denotes as usual by F, =i 1F its stalk at x. One also sets R, F =i\ F.
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Ind-objects

We shall make use of ind-objects. For a short exposition see [KS90, § 1.11]. For a more
detailed study, including new results that we shall use here, see [KS06, Ch. 6, § 8.6,
Ch. 15]. Let us recall a few facts that we need, skipping some delicate questions of
universes.

If ¢ is a category, one denotes by Ind(%) the category of ind-objects of €, a full
subcategory of the category " of functors from ¢°P to Set. Recall [KS06, § 6.1]

e The natural functor ¢ — Ind(%) is fully faithful.
e The category Ind(%) admits small filtrant colimits, denoted “colim” .

e Let .# be a small and filtrant category and a: .¢ — % a functor. Let T: ¢ — ¢’
be a functor. Then T'(“colim” a) >~ “colim” (7" o «).

Now we assume that ¢ is abelian. Recall [KKS06, Th. 8.6.5] that

e The category Ind(%) is abelian and the fully faithful functor ¥ — Ind(%) is
exact.

e Small filtrant colimits are exact in Ind(%).

One should be aware that even if ¢ is a Grothendieck category, Ind(%’) does not admit
enough injectives in general.

Let .# be a small category and a.: .# — % be a functor. As already mentioned, one
denotes by “colim” «v its colimit in Ind(%). Note that if ¥ admits colimits, denoted
colim , there is a natural morphism in Ind(%):

“colim” ov — colim «

but this morphism is not an isomorphism in general. However:

e If “colim” o belongs to €, then “colim” o =% colima (see [KS90, Cor. 1.11.7]).
In this case, if T: € — ¥ is a functor, then “colim” (T" o o) == T'(colim ).
Therefore, “colim” (T o «) belongs to % and hence is isomorphic to colim (T o «).

3 Weakly cohomologically constructible sheaves

Definition 3.1. Let F' € DP(ky). We say that F is weakly cohomologically constructible
(wce for short) if for all x € X, one has the isomorphisms

“colim” RI'(U; F) = F,, RI.F =% “lim” RI'.(U;F).

zelU zeU

We denote by DP__ (k) the full subcategory of DP(kx) consisting of weakly cohomo-

wcc

logically constructible sheaves,

Remark 3.2. As explained in [KS90, Rem. 4.3.2], the isomorphisms in Definition 3.1
hold as soon as the objects “colill;n” RI'(U; F) and “lirg” RI'.(U; F) are representable.
Te Te
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wce

Proposition 3.3. The category D? .(kx) is triangulated.

Proof. (i) Remark first that for F' € D?

wcce

(kx) and j € Z, one has
“colim” HI(U; F) =~ H'(F),.
Tre

(ii) Clearly, if F' € Db

wcc

(kx), then so does the shifted sheaf F'[j] for j € Z.

(iii) Consider a distinguished triangle F' — F — F” *in DP(ky) and assume that

F',F" € D®_ (kx). We get the morphism of long exact sequence in the abelian category
Mod (k)

e HIU FY) e B (U3 F) o (U3 F) o HIPH(U F)

w |

”_—>Hj(F/)x —>_H](F)x —>Hj(F”)x —>Hj+1(F/)x _— .

Applying the functor “colién” and using [KS06, Th. 8.6.5], the first line gives rise to the

TE

long exact sequence in the abelian category Ind(Mod(k)):

(32) AU H](F/)x — “colim” Hj(U; F) - Hj(F”)x N Hj-i-l(F/)x — ..

zelU

We shall apply [KS06, Lem. 15.4.6], following its notations, to the category ¢ =
Mod(k). Consider the morphism

p: “colim” RI'U; F) — F,.

zeU

It follows from (3.1) that TH(y) is an isomorphism for all j € Z and therefore ¢ is an
isomorphism by loc. cit.

(iv) The proof for RI', F" is the same and we do not repeat it. O

Proposition 3.4. Let F € D®_(kx). Then DxF € D®_(kx). Moreover, one has the

isomorphisms RI',DxF ~ D(F,) and (DxF), ~ D(RI.F).
We shall adapt the proof of [KS90, Prop. 4.3.4 (iii)].

Proof. (i) The first isomorphism holds without any hypothesis, see [KS90, Exe. viii 3].
(ii) Recall first the isomorphism for U open and F € DP(ky):

RI(U; Dy F) ~ RHom (RT'.(U; F), k).

Now assume that F € DP

vee(kx). Applying the functor “colim”, we get the isomor-
phisms

zeU

“colim” RD(U; Dy F') = RHom (“lim” RI'(U; F'), k)
~RHom (RI',F, k) = D(RI', F).



This proves that “colill;n” RI'(U; DxF) is representable, hence isomorphic to (DxF'),.
This also proves the"Second isomorphism.

(iii) Let K be a compact neighborhood of . One has

R,FK(X, DxF) ~ RHom (kXK> DxF)
~RHom (Fk,wx) ~ RHom (RT'(X; Fi), k).

Now, denote by K the interior of K. We have
“lim” RI'.(U; Dx F') ~ “lim” Rk (X; Dx F)

zcU zeK
~ RHom (“colim” RI'(X; Fx), k) ~ RHom(“coéill;n” RI(U; F), k)
zeEK T
~D(F,).

This proves that “111%” RI'.(U;DxF) is representable, hence isomorphic to RI',DxF'.
4SS
O

L
Proposition 3.5. Let F € D®_.(kx), let L € D*(k) and let z € X. Then FRL and
R#om (Lx, F) belong to D®__(kx). Moreover one has the isomorphisms

L
Ro#om (Lx, F), =2 RHom (L, F,), (RI.F)®L = RI,(F ® Ly),

Proof. (i) One has

RHom (L,F) RHom (L, “cohm” RINU; F)) ~ cohm” RHom (L, RI'(U; F))
cohm” RHom (LXU, F) ~ cohm” RP(U Rotom (Lx, F)).

This proves that “cohm” RT(U R ¢om (Lx, F)) is representable as well as the first
isomorphism.

(ii) One has
L L L
(RT,F)@L = (“lim” RT(Us F))L = “lim” (RL(U; F)&L)

~ “lim” RT".(U; F®LX)
zelU
This proves that “lim” RI'.(U; F' ® Lx) is representable as well as the second isomor-
phism. z€lU O
All along this paper, we shall consider the hypothesis
(3.3) For any M € DP(k), if DM =~ 0, then M =~ 0.

Since DP(k) is triangulated, this is equivalent to saying that the functor D: DP(k)°P —
DP(k) is conservative.

Example 3.6. (i) Hypothesis (3.3) is obviously satisfied if k is a field. Indeed, in this
case, M =~ @, H/(M) [~j] and we are reduced to the case where M is a vector space.
The result then follows since the map M — DDM is injective.

(ii) This property is satisfied when k = Z. See [KS90, Exe. 1.31].

bt



Proposition 3.7. Assume (3.3). Then the functor [[,cx RTz(*): DY (kx) — DP(k)
18 conservative.

Proof. Let I € D°_ (kx) and assume that R, F' ~ 0 for all z € X. By Proposition 3.4,

we get that DxF ~ 0. Hence RI',DxF ~ 0 and by the same proposition, we get that
D(F,) ~ 0. Using the hyptohesis (3.3), we get F' ~ 0. O

4 Weakly R-constructible sheaves

The property of being weakly cohomologically constructible is not stable by the six
operations. That is why we shall consider instead weakly R-constructible sheaves.
Hence, from now on, all manifolds and morphisms of manifolds will be real analytic.

Recall (see [KS90, Exe. 1.30]) that M € DP(k) is perfect if it is isomorphic to a
bounded complex of finitely generated projective k-modules. If M is perfect, then so is
D(M) and the morphism M — DD(M) is an isomorphism. We shall denote by DY (k)
the full triangulated category of DP(k) consisting of perfect objects.

Let X be a real analytic manifold. As already mentioned, we denote by DP, (k)
(resp. DB (kx)) the full triangulated subcategory of DP(kx) consisting of weakly R-
constructible (resp. R-constructible) sheaves on X.

Recall that F' € D"(ky) belongs to D (k) if and only if its micro-support SS(F')
is contained in a conic subanalytic isotropic subset of 7% X and this is equivalent to the
fact that SS(F') is a conic subanalytic Lagrangian subset.

L
If Fi,F, € Dby (kx), then Fi®F, and RsZom (Fy, Fy belong to Db (ky). More-

wRc wRc

over, if f: X — Y is a morphism of real analytic manifolds and G € D (ky), then

wRc

f7'G and f'G belong to D2, (kx). If F € D2, (ky) and f is proper on supp(F), then

wRc wRc

RAF =% Rf.F belongs to D2y (ky). This follows from [KS90, Prop. 8.4.6].

Finally recall ([KS90, § 8.4] that F' € D2 (kx) is R-constructible if for any z € X,
F, is perfect.

Lemma 4.1. Weakly R-constructible sheaves are weakly cohomologically constructible.
In other words, the category Dy (kx) is a full triangulated subcategory of D® . (kx).

wRc wce

This result is implicitly proved in [KKS90, Pro. 8.4.9]. For the reader’s convenience,

we repeat the proof (this is basically a slightly more detailed version of the proof of
[KS90, Lemma 8.4.7]).

Proof. Let F € DP, (kx). We want to prove that F is weakly cohomologically con-
structible, and this is a local problem, so we can assume X = R".

Let x € X and consider the real analytic function ¢: X — R,y — |y—x|. Since F'is
weakly R-constructible, its micro-support SS(F') is a closed conic subanalytic isotropic
subset of T*X (see [KS90, Th. 8.4.2]). We can therefore apply the microlocal Bertini-
Sard theorem (see [KS90, Prop. 8.3.12]), which shows that there exists b € R such that
for all y € X with 0 < p(y) < b we have dp(y) ¢ SS(F).

Now, it follows from the microlocal Morse lemma (see [KS90, Cor. 5.4.19]) that for

any a € R with 0 < a < b, the natural morphisms
RI'(By(x); F) — RI'(Bu(x); F) — F,
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are isomorphisms. (The second one is not directly part of the lemma, but is easily
deduced, cf. e.g [KS90, Remark 2.6.9]).

Similarly (using —¢ instead), we get that for a suitable b € R and 0 < a < b the
natural morphisms

RI.F — RFm(X, F) — er(X, F)

and
R (By(x); F) = RI(By(x); F)

are isomorphisms.
Since the balls B,(r) make up a fundamental system of open neighborhoods of =,
we obtain

“colim” RI'(U; F') ~ “colim” RI'(B,(z); F) ~ F,,
xeU —0

a

“lim” RIo(U; F) = “lim” RUo(Ba(w); F) = “lim” RIg5(X; F) = R F.

zeU

This completes the proof. O

Inverse images

Theorem 4.2. Let f: X — Y be a morphism of real analytic manifolds. Let Ly,G €

DPe.(ky) and assume that Ly is locally constant. Then

(a) f'Rsfom (Ly,G) == R#om (f 'Ly, [1G).

(b) Assume (3.3). Then f'GOf Ly < f(GSLy).

Proof. Since the problem is local on Y, we may assume that Ly is the constant sheaf
associated with for some L € DP(k). Hence f~!'Ly ~ Lx.

(a) Let x € X, and set y = f(x). Applying Proposition 3.5, one gets

R#om (Lx, f'G), ~Rom (L, (f'G),)
~R#om (L,G,) ~ Rs#om (Ly,G), ~ (f'RA#om (Ly,Q)),.

(b) Remark first that for any sheaf H on Y, one has RT,(f'H) ~ RI',H. Then using
Proposition 3.5, one has

RT,(f'G&Ly) ~ (RT, f'G)SL ~ (RT,G)SL
LL L L
Rl f(G®Ly)~RT,(G&Ly) ~ (RT,G)RL.
Set A = f!GéLx and B = f!(GéLy). We have proved that the morphism A — B

induces for all x € X an isomorphism RI',A ~ RI',B. Then A ~ B by Proposition 3.7.
U



Tensor product and hom

We shall make use of the following result, well-known among specialists. However, we
shall give a proof for the reader’s convenience.

Lemma 4.3. Let L, M € D(k) and let N € D}(k). Then

(4.1) RHom (L, M)&N =% RHom (L, M&N).

Proof. By Hypothesis, we may represent N with a bounded complex of projective
modules of finite rank.

(i) Assume first that N = P is concentrated in a single degree. If P is of finite rank,
there exists an integer n and an epimorphism k™— P. If moreover P is projective, then
this epimorphism has a retract and we get k™ ~ P & (). This proves the result in this
case.

(i) Now assume that N is represented by the complex 0 — P? — -+ — P™ — ( with all
PJ’s projective of finite rank. Here we assume for simplicity in the notations that P? is in
degree 0. Assume that the result is proved Let us use the so-called “stupid truncation”.
Denote by Ny the complex 0 — P° — ... — P™~! — (0 and by u: N — Ny the natural
morphism. We have an exact sequence of complexes 0 — P™[—m] — N - Ny — 0

and it follows that the triangle P™[—m] — N = Nj NP distinguished. Arguing by
induction on m the proof is complete. O

Let X and Y be real analytic manifolds. As usual, one denotes by ¢; and ¢y the
projections from X X Y to X and Y, respectively. One denotes 6: X — X x X the

L
diagonal morphism. One denotes by X the external product
L L
FXRG:=q'Fo¢u'G.

Recall [KS90, Prop. 3.4.4] that for F' € D2 _(kx) and G € DP(ky ), one has the isomor-
phism

L
(4.2) DxF R G =% R#om (q7'F, ¢,G).

Also note the isomorphism, for F}, Fy € DP(ky) and G, Gy € DP(ky):

L L L L L L

Theorem 4.4. Let Lx, Fy € D2, (kx), with Lx locally constant and let Fy € DR (k).
Then

L L
(a) Rom (Lx, F1)®@F, = Riom (Lx, F1QF,).

(b) Assume (3.3). Then R#om (Fy, F\)®Lx <5 R#om (Fy, R&Ly).



Proof. We may assume that Lx is the constant sheaf associated with L € DP(k).
L L

The fact that Fi®@F, and R#om (Lx, Fi®@F,) belong to DP 5 (kx) follows from [KS90,

Prop. 8.4.6].

(a) Let z € X. One has

L L L
(Ro#tom (Lx, F1)®F;), ~R#om (Lx, F1),®@Fy, ~ RHom (L, F1,)®Fs,
L L
~ RHom (L, F1,®F,,) ~ (R#om (Lx, FiRF,)),.

The second and fourth isomorphisms follow from Proposition 3.5 and the third one
from Lemma 4.3.

(b) One has

L L L L | L L L
R.om (Fy, F))®@Lx ~ 8 (DxFy KM F)@6 H(kx X Ly) ~ 6'(DxFy K F)®(kx X Ly))

L L L L
25'((DXFQ®kX) X (F1®LX)) ~ R%om (FQ,F1®LX).

Here, the second isomorphism follows from Theorem 4.2 (b). The other ones follow
from (4.2) and (4.3). O

Direct images

Let f: X — Y be a morphism of real analytic manifolds. Let F € DP, (ky) and
Ly € D"(ky) being locally constant. One can ask if the morphism

L L
Rf.F®Ly — Rf.(F&f ' Ly)

is an isomorphism. The answer is negative in general, even if we require F to be
constructible, thanks to an example of [Hoh23, Rem. 4.6].

However, there is a positive answer when considering sheaves constructible up to
infinity. Before proving the result for general direct images, let us establish it in the
particular case of open embeddings.

Lemma 4.5. Let j: U < X be the open embedding of a subanalytic relatively compact
open subset U of X. Let F € DPp (ki) and assume that there evists G € D2y (kx)

wRc wRc

with j77'G ~ F. Let Lx € DP(kx) be locally constant. Then

(a) RjRAFom (j~'Lx, F) == Rs#om (Lx,RjF).

L L
(b) Assume (3.3). Then Rj,FRLx = Rj.(F®j 'Lx).

Proof. As above, we may assume that Ly is the constant sheaf associated with L €
DP(k). Let G € DPp.(kx) be such that j7'G ~ F. Then Rj.F ~ RIyG ~

wRc

Rstom (kxy, G) and RjF ~ Gy ~ kxy @ G.



(a) Note that j7'Rsfom (Lx,G) ~ Rs¥om (j 'Ly, F). Using Theorem 4.4 (a), we get

RjR#om (5 Lx, F) ~kxy @ Ro#om (Lx,G) ~ Rs#om (Lx,G Qkxy)
~ R¢om (Lx, leF)

(b) Using Theorem 4.4 (b), we have

L L L
R]*F®LX ~ R.#om (kXUa G)@LX ~ R¢om (kXUa G®Lx)
L
~Rj.j (G ® Lx) ~ Rj.(F&j ' Lx).

Recall the following notions extracted from [Sch23].

Definition 4.6. A b-analytic manifold X, is a pair (X, )?) with X C X an open
embedding of real analytic manifolds such that X is relatively compact and subanalytic
in X.

A morphism f: Xo = (X, X) — Yoo = (Y,Y) of b-analytic manifolds is a morphism
of real analytlc manifolds f: X — Y such that the graph I'f of f in X xY is subanalytic

in X xY.

Let F' € DPr.(kx). One says that I is “weakly constructible up to infinity”
simply weakly b-constructible, if jx,F (or, equivalently, Rj,F') belongs to Dch(kX)-
One denotes by D", (kx..) the full triangulated subcategory of D, (ky) consisting of
weakly b-constructible sheaves.

Theorem 4.7. Let f: Xoo — Y, be a morphism of b-analytic manifolds. Let F €
DPr.(kx..) and let Ly € DP(ky) be locally constant. Then RAF and Rf.F belong to
DWRC(kXoo) and

(a) RfiRAom (f~'Ly, F) = Rstom (Ly,RAHF).

(b) Assume (3.3). Then (REF)®Ly < RE(F&f LLy).

Proof. Here again we may assume that Ly is the constant sheaf associated with some
L € DP(k). Set for short Z = X x Y and denote by ¢ and ¢y the first and second
projection from Z to X and Y. Denote by I'y C Z the graph of f. Note that, I'; is
subanalytic in Z by definition, and relatively compact in Z since it is contained in the
relatively compact subset X x Y.

One has

L
RAF ~ jy " Raoy (g1 " jx | FRkr, ),
Rf.F ~ ji, Rge, Ro#om (kr,, i Rijx , F).

Note that the supports of ¢; 'jx F ® kr, and RoZom (kr,, ¢|Rjx,F) are contained in
I't and hence compact in Z.
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(a) Let us apply the functor R#om (Ly, *) to the first isomorphism. We get

RA#om (Ly,RAF) ~RAom (jy' Ly, jy ' Rao. (4 i Fékr, )
~ j7 ' R#om (Lg, Rap. (a7 jx: ke, )
~ i Rap RAom (Lg 5, qr jx Fékr,)
~ jy ' Rao, (RAom (47 'Ly, 7 'jxiF)kr,)
~ j5 Ran, (g7 'RAom (L, jx F)&kr, )

L
~ jy ' Raa,(q7 ' jxRAom (Lx, F)&kr,)
~RfiR#om (f 'Ly, F).

The second and fifth isomorphism use Theorem 4.2 (a), the fourht uses Theorem 4.4
(a), and the sixth isomorphism uses Lemma 4.5 (a). On the other hand, the third
isomorphims is classical (see [KKS90, (2.6.15)]).

(b) The proof is completely analogous, using parts (b) of the statements mentioned
above instead. O

Recall the isomorphisms which hold for any F' € DP(kx) and L € D"(k). One has
L L
(44) RFC(X7F®L)()) = RFC(X;F)®L,
RIX;RA#om (Ly, F)) ~ RHom (L,RT'(X; F)).

Corollary 4.8. Let F' € D2y (kx) and let L € DP(k). Let U be an open relatively

wRc

compact subanalytic subset of X. Then

(a) RI'.(U;RHAom (Lx, F)) = RHom (L,RI'.(U; F)).

L L
(b) Assume (3.3). Then RI'(U, F®Lx) ~ RI'(U; F)®L.
Proof. Apply Theorem 4.7 to the sheaf F'|;y with X, = (U, X),Y =ptand f =ay. O

Note that this corollary applies in particular when X, = (X, X ) is b-analytic and
F € Dby (kx.. ). In this case, one gets

wRc
RI.(X;Rsom (Lx, F)) = RHom (L, RI'.(X; F)),
L L
RI'X, F®Lx) ~ RI'(X; F)RL.

Duality

From our above result, we obtain slight generalisations of [KS90, Exe. VIIL.3].
Recall that for any G' € DP(ky ), one has Dx f1G ~ f'DyG.

11



Corollary 4.9. Let f: X — Y be a morphism of real analytic manifolds. Let G &€
D2 (ky) and assume that Ly € DP(ky) is locally constant. Then

LL B L
Dy f(G®Ly) ~ f'Dy(GRLy).
Proof. One has the chain of isomorphisms
! L | L —
Dx f(G®Ly) ~RFom (f'GRf 'Ly, wx)
~RA#om (f~' Ly, Dx(f'G)) =~ R#om (f ' Ly, f'DyG)
~ f_lR%,”om (Ly, DyG) ~ f_lDy(GéLy).

Recall that for any I € D(kx), one has DyRfiF ~ Rf.DxF.

Corollary 4.10. Let f: Xo — Y be a morphism of b-analytic manifolds. Let F &€
Db (kx..) and let Ly € D"(ky) be locally constant. Then

L L
RfiDx(F®f 'Ly) ~ Dy(Rf, FRLy).
Proof. One has the chain of isomorphisms
L
RfiDx(FRf 'Ly)~RfiR#om (f *Ly,DxF)
~ R %om (Ly, RleXF) ~ Rom (Ly, DyR,f*F)
L

Micro-support

Remark 4.11. Consider a field extension 1 of the field k. Then of course all preceding
results apply with L = lx (the case of interest in [Hoh23]). Moreover, note that
[KS90, Rem. 5.1.5] asserts that if for denotes the forgetful functor

for: D*(Lx) — D"(kx),
and if F' € DP(Ly), then the micro-support of F' and that of for(F) are the same.

To conclude, let us consider the action of the functors L ® « and R.Zom (L, +) on
the micro-support. Remark first that for F, Lx € DP(kx) with Ly locally constant,
one has

(4.5) SS(Lx®F) C SS(F), SS(RAom (Lx, F)) C SS(F).
Indeed, one has by [KS90, Prop. 5.4.14]

L
SS(Lx®F) C Tx X + SS(F') = SS(F),
and similarly with R.Zom (Lx, ).
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Proposition 4.12. Assume that k is a field. Let F,Lx € Dy (kx) with Ly locally
constant, Lx # 0. Then

SS(Lx ® F) = SS(F), SS(R#om (Ly,F)) = SS(F).

Proof. The problem is local and we may assume that Ly is the constant sheaf associated
with L € DP(k). Then L = &;H’(L)[—j] and we may assume that L € Mod(k). In
this case, there exists K € Mod(k) such that L ~ k @ K, hence Ly ~ ky @& Kx and
the result follows (see e.g. [KS90, Prop. 5.1.3]). O
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