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Abstract

We investigate the existence of a fundamental computation-information gap for the prob-
lem of clustering a mixture of isotropic Gaussian in the high-dimensional regime, where the
ambient dimension p is larger than the number n of points. The existence of a computation-
information gap in a specific Bayesian high-dimensional asymptotic regime has been conjec-
tured by [1] based on the replica heuristic from statistical physics. We provide evidence of the
existence of such a gap generically in the high-dimensional regime p > n, by (i) proving a non-
asymptotic low-degree polynomials computational barrier for clustering in high-dimension,
matching the performance of the best known polynomial time algorithms, and by (ii) estab-
lishing that the information barrier for clustering is smaller than the computational barrier,
when the number K of clusters is large enough. These results are in contrast with the (mod-
erately) low-dimensional regime n > poly(p, K), where there is no computation-information
gap for clustering a mixture of isotropic Gaussian. In order to prove our low-degree computa-
tional barrier, we develop sophisticated combinatorial arguments to upper-bound the mixed
moments of the signal under a Bernoulli Bayesian model.

1 Introduction

We investigate the problem of clustering a mixture of isotropic Gaussian in a high-dimensional
set-up. The problem of clustering a mixture of Gaussian is a classical problem, which has lead to
a large literature both in statistics and in machine learning [1-14].

arXiv:2402.18378v1 [math.ST] 28 Feb 2024

Set-up. We observe a set of n points Y1, ...,Y,, € RP, which have been generated as follows. For
some unknown vectors pi, ..., ur € RP, some unknown o > 0, and an unknown partition G* =
{Gxy,...,G%} of {1,...,n}, the points Y7,...,Y,, are sampled independently with distribution

Yi ~ N(pg,0°I,), forie Gj.
We focus in this paper on the high-dimensional setting p > n, with balanced clusters

G*
m < a, for some a > 1. (1)
miny, |G|

Curse of dimensionality. For K = 2 clusters, in low dimension p < n, it is well known that
the probability of misclassifying a new data point given the label of all the others decays like
exp(—cA?) with the separation

2
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In the high-dimensional regime p > n, the variance of the estimation of the high-dimensional
means pu leads to the slower rate exp (—c’%A‘l) when A? < p/n, see [7].

This curse of dimensionality for the classification problem has some repercussion on the clustering
problem. When K = 2, and p > n are large, [15] proved that a separation

is necessary in order to perfectly recover the clusters, and also sufficient to recover them in polyno-
mial time. For larger K, [7] proved that an SDP relaxation of Kmeans [16] provides a non-trivial
clustering for A% > \/EK 2/771, when p > n, where > hides a multiplicative constant depend-
ing only on «. Perfect clustering is also possible with single-linkage hierarchical clustering when
A? > \/plog(n) + log(n) —see Appendix [F| for details on hierarchical clustering—, so, when p > n,
non-trivial clustering is possible in polynomial time for

2
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Some non-rigorous arguments from statistical physics suggest that this minimal separation for non-
trivial clustering in polynomial time may be optimal, up to a possible /log(n) factor for the second
term. Indeed, building on the replica heuristic from statistical physics, [1] conjectures that, when
the means py, are drawn i.i.d. with Gaussian A'(0,p~1A%I,) distribution in R?, in the asymptotic
regime where n,p go to infinity with p/n — v € [(K/2 — 2)72%,+00), non-trivial clustering is
possible in polynomial time only for A? > \/vK2, while it is possible without computational
constraints for A% > 2,/yK log(K), see also [17] for the problem of cluster detection.

These results are in contrast with the moderately low-dimensional setting, where it follows from
[13] that for n > poly(p, K), non-trivial clustering is possible in polynomial time when A? >
(log(K))**¢, with ¢ > 0, almost matching the information minimal separation A? > log(K) from
(6, [10L [12], up to a small power of log(K). This set of results leaves open two fundamental
questions:

1. Can we design a polynomial-time algorithm achieving non-trivial clustering for a separation
smaller than in the high-dimensional setting p > n?

2. What is the minimal separation A? necessary for non-trivial clustering in high-dimension,
and is there a computation-information gap as conjectured in [1]?

Our contribution. We provide an answer to these two fundamental questions.

1. Our first contribution is to prove a non-asymptotic low-degree polynomial lower bound sug-
gesting that the separation is minimal, up to a possible polylog(n) factor, for clustering
in polynomial time in the high-dimensional setting p > n.

2. Our second contribution is to prove that the information barrier for non-trivial clustering is

A7 2 log(K) v 1 P2, (@

with the exact Kmeans algorithm beeing (without surprise) information rate-optimal.

These two results provide evidence for the existence of a computation-information gap for the
problem of clustering a mixture of isotropic Gaussians in high-dimension p > n, when the number
K of clusters is larger than some constant Ky; confirming and generalizing the gap conjectured in
[1]-
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Impossible Hard Easy

Clustering hardness in high-dimension p > n. Here, < hides polylog(n) factors.

The main difficulty of the proof of the low-degree computational barrier is to bound mixed moments
of the high-dimensional signal, drawn under a Bernoulli Bayesian model defined in Section [2] To
derive these pivotal bounds, we develop sophisticated combinatorial arguments.

Literature review. The problem of clustering in high-dimension has been investigated in [4}
7, 8]. The latter provide some state-of-the-art controls on the (partial or perfect) recovery of
the clusters in polynomial time, based on an SDP relaxation of Kmeans [16]. [15] considers the
problem of perfect recovery when there are K = 2 clusters, identifying a sharp threshold for
information-possible perfect recovery, and proving that perfect clustering is possible in polynomial
time above this threshold with a simple Lloyd algorithm. In particular, there is no computation-
information gap for a mixture of K = 2 isotropic Gaussian, whatever the ambient dimension p.
In a Bayesian setting with a Gaussian prior on the py, [1] conjectures a computation-information
gap for clustering in the asymptotic limit where p/n — v € [(K/2 — 2)72,4+0c0). Similarly, [17]
proves that the information threshold for detecting the existence of clusters is smaller than the
spectral detection threshold, when K is large enough. Interestingly, this information barrier for
cluster detection in this Bayesian setting matches, up to a possible constant, the information
barrier for clustering, so that there is no test-estimation gap at the information level. On
a different perspective, the estimation of the parameters of a Gaussian mixture distribution in
high-dimension has been addressed in [18§].

Contrary to our high-dimensional setting p > n, there is no computation-information gap for
learning mixture of isotropic Gaussian [6, |10, |12} |13] in a moderately low-dimensional setting
n > poly(p, K). Some computation-information gaps have yet been shown in moderately low-
dimension for learning mixture of non-isotropic Gaussian with unknown covariance. In such a
setting, [19] and [14] establish some lower-bounds for the running time of any Statistical-Query
algorithm (SQ-algorithm), enforcing a computation-information gap between SQ-algorithms and
information optimal algorithms. We emphasize that in our high-dimensional setting, contrary to
the moderately low-dimensional case, the computation-information gap is not induced by some
non-isotropic effects. Indeed, when p > n, the computation-information gap shows up for isotropic
Gaussian mixture. In addition, the performances of polynomial time estimators are similar for
isotropic Gaussian and anisotropic subGaussian mixtures [|7]. We refer to Section [4| for (i) a
detailed discussion on the differences between the high and moderately low-dimensional settings,
and (i) a discussion highlighting that optimal clustering rates cannot be simply derived from
estimation rates.

The low-degree polynomial model of computation requires the output of the algorithm to be
computed by a low-degree polynomial of the entries of the input data. Many state-of-the-art
algorithms, including spectral methods and approximate message passing algorithms, can be ap-
proximated by low-degree polynomials, and the class of low-degree polynomials is as powerful as
the best known polynomial-time algorithms for many canonical problems, including planted clique
[20], community detection [21], sparse PCA [22], and tensor PCA [23]. A low-degree polynomial
lower bound is then a compelling evidence for computational hardness of a learning problem.
Low-degree lower bounds have been first introduced in [20] —see also [24]-, and then extended in
many settings. [25] and [26] provide some generic techniques for proving low-degree lower bounds
in a wide range of situations. For example, building on these results, [27] provides evidence for
the computation-information gap conjectured in [2§] for clustering in the Stochastic Block Model.



In our setting, the random partition and the high number of dimensions cause a high dependence
between the signal vectors. Thus, we have to appeal to delicate combinatorial arguments in order
to upper-bound the mixed moments of the signal. We discuss this more precisely in the sketch of
the proof of Theorem [I] in Section [2} and in the proof of the theorem in Appendix [A]l

Outline and notation. We state our computational lower bound in Section [2] we analyse the
information-barrier for partial and perfect recovery in Section |3} and we discuss these results and
their connections with the literature in Section [4 All the proofs are deferred to the appendices,
though a sketch of the proof of the computational lower bound is provided in Section

Throughout this documents, we use || - ||, for the L, norm of a vector or of the entries of a matrix.
For ¢ = 2, we simply write || - || for the Euclidean norm of a vector, and || - || for the Frobenius
norm of a matrix. The notations || - ||op and || - ||« respectively stand for the operator norm and

the nuclear norm of a matrix.

We denote by P, the set of partitions of [1,n] fulfilling . For a partition G = {G1,...,Gk},

we define k¢ as the integer such that Y; € Gy,, and the partnership matrix MS = 1;c6_1c. For
i J

G = G*, we simply write k} = k& “and M* = MS". We also define the proportion of misclassified
points as

1
err(G,G*) = 5, o Z |G AG )] (5)

where AAB stands the symmetric difference between the sets A and B, and Sk denotes the set
of all permutations of [1, K].

2 Low degree polynomial lower bound

Low degree polynomials are not well suited for directly outputting a partition G , which is com-
binatorial in nature. Instead, we focus on the problem of estimating the partnership matrix
M = li:= e with low-degree polynomials. It turns out that estimating M* and (partially)
recoverlng ‘the partition G* are closely related. On the one hand, for any partition G, we have

n

1 1
———||MY - M*||} < ——— min <1Tr(k.G)7sk.* \ 17r(kG)7ék’f>
n(n—1) n(n —1) =eSk Kyl 307
2
< - 7T12}91;(21 (kG)hr <2 err(G,G"),

so, if it is possible to cluster (in polynomial time) with error err(@, G*) < p, then we can estimate
M* (in polynomial time) with error n=2||M% — M*||2. < 2p. On the other hand, for any estimator
M, we have
n
v *12

> Lty agz1e < AIM = M7

i,j=1
So, when ||Z\7 — M*||% < 1/4, pairing together points i, j fulfilling Z\Z] > 1/2 provides a valid
partition, equal to G*.
To provide evidence of a computational barrier for the clustering problem, we build on this con-

nection by proving a low-degree polynomial lower bound for the estimation of M™. In this section,
we consider the following generative prior for the partition G* and the means p1,..., ux-



Definition 1. We draw ki, ...k, ii.d. uniformly on [1,K]. For a given A > 0, independently
from (ki)iep,n), we draw py,...,pux € RP id.d. wuniformly distributed on the hypercube £ =
{+e, —€}P, with €2 = %A202. Then, conditionally on (k;)i=1,.. n and (ur)k=1,. K, the Y; are
independent with N(uki,azfp) distribution. The partition G* is obtained from the k;’s with the
canonical partitioning Gy, = {i € [1,n], k; =k}, and M} = 1j,—;.

We observe that in this model, for any k # ¢ the normalized square distance [|px — ue]|?/(202) is
equal to A? (14 Op(p~1/2)).

Let Rp[Y] be the set of all polynomials in the observations (Yj;); je[1,n]x[1,p] Of degree at most D.
We consider the degree-D minimum mean squared error defined similarly as in [26] by

n

5 X Bl - M) )

MMSE<D = inf e
= fi;eRplY] n(n—1 oyl

We observe that the trivial estimator ]\//.7” =1 and ]\/Zij = 1/K for i # j has a mean square error

ﬁ E [||Z\7 - M* ||%} = % — 7tz- Our main result is the next theorem, which identifies a regime
where low-degree polynomials cannot perform significantly better than the trivial estimator in the

high-dimensional setting p > n. We refer to Appendix [A] for a proof of this theorem.

Theorem 1. Let D € N. If p > n and (, = Wmax (%7 1) < 1, then under the prior
of Definition[1, we have

1 1 Cn
MMSESDEK—I@(HW). (7)

In particular, if A?> < D=6 ( % A \/]5>, then MMSE<p = % — 1*;5”.

Remark: The same result holds (with a different power of D), when, in Definition [I} the prior
on the py, is i.i.d. N(0,e1,), instead of i.i.d. uniform on & = {+¢, —£}?.

The second part of Theorem [I] ensures that, when p > n, low-degree polynomials with degree
D < (log(n))**" do not perform better than the trivial estimator when

_ K2
A? < (logn) =60+ (\/ pT A \/f?> .

Since lower-bounds for low-degree polynomials with degree D < (log(n))! ™ are considered as evi-
dence of the computational hardness of the problem, Theorem [I] suggests computational hardness

of estimating M* when A% <« (log n)_6(1+") \/pnﬁ Ay/p | and p > n. Since, as made explicit

above, estimation of M* is possible in polynomial time when clustering is possible in polynomial
time, this provides compelling evidence for the computational hardness of the clustering problem
in this regime. Conversely, we explained in the introduction, that non-trivial clustering is possible

. . . . e K2
in polynomial-time under the almost matching condition A% > {/22= A \/plog(n).

Sketch of the proof By linearity of the loss function, we only consider, without loss of gener-
ality, the problem of estimating = M, when 0% = 1. We need to prove that

sty E [(F) =2 2 = - 1= (1 - (1—\/47)3> '



Since E[z?] = 1/K, the problem boils down —see [26] to proving that, the so-called low degree
correlation corr<p satisfies the following

1 Cn
corr<p:= sup E(f(Y)r)< —/14+ —"—— .
< o (f¥)z) < 4 A= Vo)
E[f2(Y)]=1

Interestingly, we can rewrite the observed matrix Y as a Gaussian additive model Y = X + F,
where £ € R™*P is made of independent standard normal entries, and X = Ay where the matrix
A € {0,1}"*K contains exactly one non-zero entry on each row and its position is sampled
uniformly at random, and where the matrix e 'y € RP*X is made of independent Rademacher
random variables. B

This allows us to apply the general results of [26], which bound the low degree correlation in terms
of a sum of cumulants )
K
corrZp < Z a—a! , (8)
aeNnXp
la|<D

where the o’s run over all integer valued matrices whose sum is at most D, and where k. is
the cumulants of the random variables (z, X11,...,X11,...,X ,Xij,...). The bound

INIEEE

@11 7]
turned out to be instrumental for establishing low degree polynomials lower bounds for submatrix
estimation [26], and for Stochastic Block model (SBM) estimation [27]. In these two works, the
authors follow a two-steps approach: first, they prune the sum in by characterizing all the
cumulants that are equal to zero. Second, they bound the cumulants as a polynomial sum of
mixed moments.

In comparison to the above works, we use the same general strategy, but the structure of the signal
matrix X is more involved. Indeed, in submatrix problem, the matrix X only contains a single
non-zero blocks whereas, for SBM, X is, up to a permutation, a block-diagonal matrix. Here,
we need to leverage on the fact that the rectangular matrix X = Ap jointly involves a random
partition matrix A and an high-dimensional random matrix u. As a consequence, we need to rely
on more subtle arguments both for the pruning step, that is for characterizing null cumulants, and
for bounding mixed moments with respect to the entries of X.

For that purpose, we represent o € N™"*? as a bi-partite multigraph G, between the set [n] of points,
and the set [p] of variables and we write G, for its restriction to non-isolated nodes. In Lemma [5]
we first establish that the cumulant , is null unless the graph G, satisfies the three following
properties: (i) G, is connected, (ii) Both the first and the second points belong to the connected
component, and (iii) Each variable in G is connected to at least two distinct nodes. Indeed, if
at least one of these properties is not satisfied, it is possible to partition (z,..., X, ;,..., X ,...)
Olivj
into two set of independent random variable, which implies the nullity of the cumulant.
Now that we have pruned the sum in by restricting ourselves to such matrices a, we need to
control the non-zero cumulants k. Since cumulants express as linear combination of moments,
we bound mixed moments of the form E[X"] = E[[[;_, [T}_, X;Yj]] and E[xzX7], for matrices

v € N**P, We establish in Lemma |§| that

1 l‘vf%lfcc’v
BX7) < i (1117 (£ ) | )

where |y| = Zij 7ij is the number of edges of G7, C'C, is the number of connected components
of G7, and [, is the number of nodes.



For establishing @D, we first rely on the fact that the entries of p are independent and follow a
symmetric distributions. Since X = Au, where we recall that A;; = 1j,— encodes the partition

of the n points, we have
K p
_ Doy Adkig
xr - T
k=1j=1

The conditional expectation of X7 given A is therefore non-zero (and is equal to €, if and only
if, o1 Ai kvis is even for all (k, j). We call the latter a (A,~) parity property. Since 6_1ij is a
Rademacher random variable, it follows from the above that

E[X"] = €7 P[(A,~) satisfies the parity property] .

Next, we characterize in Lemma [8]the partition matrices A (or equivalently the partition G*) that
satisfy the parity property. In particular, we show that the partition induced by G* on the set of
non-zero rows of v only contains a small number of groups. More precisely, we bound this number
of groups in terms of ||, the number of non-zero rows of +, the number of non-zero columns of ~,
and CC,, the number of connected components of G7". In turn, this condition on the number of
groups enforces that P[(4, ) satisfies the parity property] is small. This combinatorial argument
for establishing Lemma [§]is the main technical result in our proof.

Finally, we build upon the mixed moment bounds @D to control the cumulants x,. Coming back
to , this allows us to conclude.

3 Information barrier

3.1 Clustering below the computational barrier with exact Kmeans

For a mixture of isotropic Gaussian, the partition G maximizing the likelihood is the exact K-
means partitioning, which minimizes the criterion

K 2
G € argmin Crit(G) , where Crit(G) = Z Z , (10)

Gegx k=1acGy,

1
Yommzr 2 Y
|Gk| beGy

with Gx the set of partitions of [1,n] in K groups. Minimizing Crit(G) is NP-hard in general, and
even hard to approximate [29].
Next theorem proves that exact K-means succeeds to produce non-trivial clustering for a separa-

tion smaller than the computational barrier for p > n, and for K larger than some constant
K.

Theorem 2. Assume that G* belongs to the set of balanced partitions P,. Then, there exist some
constants c, ¢, ¢’ depending only on «, such that the following holds. If

K log(K
A% >c <log(K) v p"g()> : (11)
n
then, we have with probability at least 1 — ¢/ /n?
~ .2 nA4
err(G,G*) < e %, where s =A*N—r. (12)

pK

This result follows from the more precise Theorem [] stated and proved in Appendix [B] The
rate e~ ¢ ¢ for the proportion of misclassified points, matches the optimal probability of wrongly



classifying a data point given the label of all the others [7]. The term A? in s? corresponds
to the rate in low-dimension, while the term T;—?: is induced by the minimal error o+/pK/n for

estimating the means py, in dimension p with n/K observations. We underline yet in Section that
the minimal separation (|11)) for clustering cannot be readily derived from the minimal estimation
rate for the means.

In the high-dimensional setting p > n, Theorem [2] ensures that for

pK log(K)
n

A? >

the exponential exponent ¢’ s? is larger than (1+7) log(K), so the proportion of misclustered points
by exact Kmeans is smaller than 1/K**7. Exact Kmeans then performs a non-trivial clustering
in this regime, breaking the computational barrier established in the previous section, when
K is larger than some constant Kj.

3.2 Information lower bound

For A > 0, let ©4 denote the set of K-tuples u1,...,ux € (RP)X that satisfy A > A, with
A defined in . Given p1,...,pux € (RP)K and G a partition of [1,n], we denote by P, &
the probability distribution of the random variables (Y7,...,Y;,) € (RP)™ generated as follows:
Yi1,...,Y, are independent, and Y; ~ N(uk,azfp) when i € Gg. The next result, proved in
Appendix [C] provides a minimax lower bound on the partial recovery of a partition.

Theorem 3. There exist c,c/, C and Ky numerical constants such that the following holds. As-
sume that p > clog(K), K > Ko, n > 2K, and o > % Then, for any estimator G, we have

A A K log(K
sup sup E, glerr(G,G)) > C, when A* < (log(K)V pKlog(K) )

GEPo HEOX n
For exact Kmeans, according to from Theorem non-trivial clustering is achieved for balanced

clusters when .

or equivalently A% > log(K) V %g(m

trivial clustering, and the information threshold for non-trivial clustering is

A2>10g(K)V1/M
~ n N

We observe that this information barrier for clustering matches, up to a possible constant, the
information barrier A% > 2,/vK log(K) + 2log(K) established in [17] for detecting clusters in
a Bayesian setting with a Gaussian prior N(O,p‘152Ip) on the ug. Hence, there is no (signifi-
cant) test-estimation gap at the information level. We refer to Section [4] for a comparison of the
information rates for clustering and estimation.

. Exact Kmeans is then information optimal for non-

We complement this result with a lower bound for perfect recovery of the planted partition, proved
in Appendix

Theorem 4. There exist numerical constants ¢, C' and ng such that the following holds. Assume
that n > 9K /2, a > % and n > ng. Then, for any estimator G,

A X K 1
sup sup P, g [G # G] >C, when A?<c¢ (log(n) v pog(@) .
GEPo HEOZ n



For K < log(n), we recover the optimal separation from [15| (K = 2) and [30], up to a multi-
plicative constant. Perfect recovery corresponds to a proportion of misclustered points err(G, G*)
smaller than 1/n. For exact Kmeans, according to , perfect recovery is achieved for

4

A
s2 =A% A 1;7 2 log(n),

: 2 K log(n)
or equivalently A® > log(n) V |/ EF==51

and the information threshold for perfect clustering is then

. Exact Kmeans is then also optimal for exact recovery,

A? > log(n) V %g(n). (13)
When K < log(n), |7] shows that an SDP relaxation of Kmeans |16] also succeeds to perfectly
recover the clusters when is met, so there is no separation in this regime —see also [30]. Yet,
in the high-dimensional setting p > n, we observe that the threshold is smaller than the
computational barrier when K 2 log(n), so there is also a computation-information gap for
perfect recovery in this regime, thereby confirming the conjecture of [30].

4 Discussion

4.1 Comparison to the moderately low-dimensional setting

No non-isotropic effect. We emphasize that compared to the moderately low-dimensional
setting n > poly(p, K), the computational hardness of clustering in the high-dimensional regime
p > n is not driven by any non-isotropic effect. Indeed, contrary to the low-dimensional setting
where there is no computation-information gap for learning mixture of isotropic Gaussian [6} |13],
we prove the computation-information gap for a mixture of Gaussians with covariances known to
be all equal to the identity. Furthermore, there is no difference between the Gaussian and the sub-
Gaussian setting, in the sense that for a mixture of possibly anisotropic sub-Gaussian distribution,
clustering is also possible in polynomial time above the computational barrier established for
Gaussian mixture, for example with an SDP relaxation of Kmeans |7, [16] for K < \/n, or with
single linkage hierarchical clustering [31] for K > /n.

Comparison to moderately low dimension. Contrary to the high-dimensional setting, where
the computational hardness seems tightly related to the BBP transition for the largest eigenvalue
of the Gram matrix of the observations [32, [33], the computational hardness in moderately low-
dimensional settings n > poly(p, K) is completely driven by the unknown non-isotropy of the
components of the mixture. A first example of non-isotropic mixture giving rise to a computation-
information gap is the so-called example of ”parallel pancakes” [19]. In this example, the K
unknown centers of the Gaussian distribution are aligned along an unknown direction v, and
the unknown covariances are all equal to the identity, except in the direction v, where they are
very thin. The key feature of this construction, is that the 2K — 1 first moments of the mixture
distribution match those of a standard Gaussian, so that it is impossible to figure out the direction
v from the 2K — 1 first moments. As a consequence, [19] proves a lower-bound for the running
time of any Statistical-Query algorithm (SQ-algorithm), enforcing a computation-information gap
between SQ-algorithms and information-optimal algorithms in this moderately low-dimensional
setting.

This approach has been extended by [14], who has adapted this construction for centers with
separation A? > k" much larger than the information-minimal separation A? > log(K) [6] in
moderately low dimension. For such a large separation, the centers are drawn according to a



standard Gaussian on a (unknown) random subspace of dimension d ~ AZ2. [14] then proves again
a lower-bound for the running time of any Statistical-Query algorithm (SQ-algorithm), enforcing a
computation-information gap between SQ-algorithms and information optimal algorithms in this
(moderately low-dimensional) setting.

4.2 Comparing estimation and clustering rates

Assume with no loss of generality that o2 = 1. Theorems show that the information-minimal
separation for clustering is A% > log(K)V y/Kplog(K)/n. When the separation A? is larger than
log(K), it is known that the information-minimal rate for estimating the means pu is at least
/Kp/n. This rate stems from the fact that we estimate p-dimensional vectors with about n/K
observations for each of them. In the moderately low-dimensional regime n > pK?3, estimation at
this rate (up to possible log factors) is actually information-possible [10]. We then underline that
for log(K) < Kp/n, at the information-minimal separation for clustering A% < \/Kplog(K)/n >
log(K), we cannot estimate the means j; better than with a precision \/Kp/n < A2, up to log
factors. This precision is much larger than the minimum distance v/2A between the means. In
particular, a natural estimate-then-cluster strategy that would consist in (i) estimating the means
with precision at least A, and then (ii) apply Linear Discriminant Analysis with the estimated
means jix, would require a separation at least A% > log(K) V (Kp/n) (up to possible log factors),
which is much larger than the information-minimal separation for clustering. The message is
then that optimal rates for the estimation problem do not directly provide useful information for
the clustering problem.

4.3 Computation-information gap for partnership matrix estimation

While our primary interest is on clustering, we point out below that our results provide evidence
for the existence of a computation-information gap for the estimation of the partnership matrix
M* in Frobenius norm, in the high-dimensional regime p > n.

As discussed in Section [2} starting from a partition C;’7 we can estimate the partnership matrix

M = Lpr—ps with MY =1 The mean squared error ﬁ”Mc — M*||% is then upper

kG =kG"
i J
bounded by twice the clustering error err(G, G*). Relying on this connection, we prove below that,
when the dimension is high p > n, and when there is a large number of points n > K?log(n), the
exact Kmeans provides an estimation of M™* below the computational barrier in the generative

model of Definition [Il

Corollary 1. Let us consider the generative model of Definition . Assume that n > cK?log(n),
with ¢ > 0 a numerical constant, and p > n. There exists ¢’ and C, two numerical constants, such
that the partnership matriz estimation induced by the exact Kmeans partition G fulfills

1 A K1
L B[ 3] < G when a2 ¢y /PRIE)
n(n—1) n? n

We refer to Section [E] for a proof of this corollary of Theorem [f] stated in Appendix [B] which
Thus, when 1/%log(n) < A? « /PE2 the error obtained

n ?

slightly generalizes Theorem

with the exact K-means estimator decays much faster than the trivial error % obtained with

the trivial estimator p, and with the best polynomial of degree at most D(n) = log(n)'*", when

A? < (logn)~60+m., /pK2/n.
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4.4 Limitations

Inspired from [26], our analysis for establishing a low-degree polynomial lower bound has the
nice feature to provide a rigorous and non-asymptotic computational lower-bound, but it has the
drawback to be a bit rough, and a spurious polylog(n) factor shows up in the computational lower
bound. Removing this polylog(n) factor in the proof would probably require a different strategy
for bounding the correlation corr?, by precisely keeping track of all terms. The complexity of such
an analysis would go well beyond the complexity of our proof of Theorem [l Given the already
high complexity of our proof, we do not intend to pursue in this direction.

Another drawback of our analysis is that it is limited to the dimension range p > n, while
a computation-information gap may also exist for smaller values of the ambient dimension p.
Indeed, when the means py, are drawn ii.d. with Gaussian N(0,p~1A2%L,) distribution in RP,
and in the asymptotic regime where n, p go to infinity with p/n — v € [(K/2 — 2)72, +c0), [1]
conjectures that non-trivial clustering is possible in polynomial time only for A% > \/vK?2, while
it is possible without computational constraints for A2 > /K log(K) V log(K), which is smaller
for K 2 1V (7*1/2 log K). Similarly, for the problem of detecting the existence of clusters in
the same specific setting, [17] shows that spectral detection is not possible at the information
threshold for v > (log(K)/K)?. Indeed, from BBQ transition, the largest eigenvalue of the Gram
matrix of the data points singles out of the bulk of the spectrum only for A? > \/vyK?2, while
detection is information possible for A% > 2,/vKlog(K) + 2log(K). These two results suggest
the existence of a computation-information gap not only for p > n, as considered in this paper,
but more generally for p > n(log(K)/K)? and K > Ky. In Appendix we adapt the proof of
Theorem [I] in order to provide a computational lower-bound when p < n. We believe that our
computational barrier is not tight in this regime, yet it already provides evidence for the existence
of a computation-information gap when

n —
VK <p<n,
K p=

where < hides polylog(n) factors. Proving a more tight computational barrier for the range
n(log(K)/K)? < p < n is left for future investigation.
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A Proof of Theorem [1I

With no loss of generality, we assume in all the proof that 0> = 1. Let D € N. We recall the
assumption that p > n, and

W;_‘_D)m X(K2, ><1.

Since the minimization problem defining MM SE<p in Equation @ is separable, and since the
random variables M/; are exchangeable, the M MSE<p can be reduced to

QL:

n

1 . M*

. * \2
= ot () - Mp)’]

In the remaining of the proof, we write x = My = 1j,=,. Then, our goal is to upper-bound

J— 3 2
MMSE<p = inf B [( FY) —2) ]

As noticed by [26], the MM SE<p can be further decomposed as

1
MMSE<p :IE[;U2] —corrng =% —007”7“251) )

where corr? p, is the degree-D maximum correlation

corr<p:= sup E(f(Y)z)= sup _Elf()a] . (14)

FERD[Y] ferply] VE(f2(Y))
E[f2(Y)]=1 E(£2(Y))#0

Hence, in order to prove Theorem [T} it is enough to prove that

! G
o < 1 (1 = \/@7)3)

The model of Definition [I]is a particular instance of the Additive Gaussian Noise Model considered
in [26]. Hence, we can use Theorem 2.2 from [26] that we recall here. For a matrix oo € N"*P we
define |a| = Zl 12—y agg and of = [TiL, TT%_, ai;!. Given another matrix § € N™ P, we write

( ) =11, H (O‘”) Finally, given a matrix Q € R™*?, we write Q® =[], Hj:I ZJ We
define X € R™*P the signal matrix whose i-th row is the vector py,, so that, conditionally on X,
the Y;; are independent with A (X,;,1) distribution. Throughout this proof, we write X; =

Proposition 1. [26] The degree D mazimum correlation satisfies the upper-bound

42
c0r7’<D < Z —O‘ (15)
aeN”XP .

la| <D

where ko, for o € N"*P is defined recursively by

ko = Bz X*] — Z]EX“B<> . (16)

BLa
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[26] observe that, for & € N"*P_ the quantity k. corresponds to the cumulant x(z, X4, , ..., Xa,,)s
where {a1,...,an} is the multiset that contains «;; copies of (¢, ), for 4,5 € [1,n] x [1,p]. We
refer e.g. to the lecture notes |34] for more details on cumulants. In the remainder of the proof,
we first characterize the matrices « for which k, # 0, and we provide an upper bound on the
corresponding cumulants.

Let us first provide sufficient conditions on «, so that the corresponding cumulant &, is zero. For
that purpose, it is convenient to represent o € N"*P as a bipartite multi-graph. More precisely,
we define G, as the bipartite multi-graph on two disjoint sets of nodes U = {u;,i € [1,n]} and
V ={v;,j € [1, p]}, with a;; edges between u; and v;, for ¢, 5 € [1,n]x[1,p]. For a given v € N**P,
the (*-norm |a| = 371", >°¥_; ay; corresponds to the number of multi-edges of G,. Besides, we
also denote by G the graph G, from which we have removed isolated nodes, and we write [, for
the number of nodes of G, . We define m, (resp. 7,) as the number of nodes of G, NU (resp.
G, NV), so that I, = mq + 7o. The following lemma is proved in Section

Lemma 1. Let a € N"*P be non-zero such that ko # 0. Then, G is connected and contains both
ur and us. Moreover, all the nodes v; of G are connected to at least two distinct nodes of G, .

This lemma is proved in Section The proof mostly relies on the property that a cumulant
of two sets of independents random variable is zero. As a corollary, we deduce the following
properties for matrices «, such that k. is non-zero.

Lemma 2. Let a € N"*P be non-zero. If ko # 0, then mq > 2, |a| > 21, and |a| > 1o + mq — 1.

Proof of Lemma[2 The first property (mq > 2) holds because uq and uy are spanned by G . The
last property (Ja| > rq +mq — 1) holds because the multigraph G, is connected. Finally, we know
that each node of G that is also in V has degree at least 2. Since the graph G, is bipartite, all
these edges are distinct and we deduce that |a| > 2r,. O
In order to upper-bound corr? ;,, we need to upper-bound the cumulants &, for all o € N"*P that
satisfy the conditions of Lemma

Lemma 3. Let o € N"*P be such that ko # 0. We have

o—lal_
el < 1% (14 o) min | =, o (=) ) . (17)
- K’ K

Now we gather the three above lemmas to control the sum 3~ |, <p k2 /alin ([15). We reorganize
the sum over « by organizing it according to the values of m,, 74, and |«|, which respectively
correspond to the number of u-nodes, v-nodes and edges in G, .

Lemma 4. Givenm > 2,7 > 1, d > max(r+m—1,2r), there exists at most p"n™2d*® matrices
a € NP such ko # 0, mo =m, 7o =7 and |a] = d.

Proof of Lemmal[j} Since ko # 0, Lemmaensures that both u; and us are nodes of G . Hence,
there are less than n™2p" possibilities for choosing the remaining nodes. By assumption d >
max(m,r). For each edge, there are at most mr < d? possibilities. Since G, has d edges, we have
less than d?? possibilities for choosing these edges. Since G is one to one with «, we conclude

that there are less than p"n™2d?? matrices a satisfying the given constraints. O

Combining the bounds on the cumulants of Lemma[3] and Lemma[4] we are in position to control
corr%. We slice the sum of the cumulants according to r,, m, and d,, and we use below the
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notation Dy = {(r,m) € [1,d] x [2,d] : max(m +r — 1,2r) < d}. We recall that X;; takes value in
{—¢,+e}, with e = A/,/p, so that

CO’I"TQD < g Iii

agNnxp
la|<D

D 1 1 2m—+4+2r—d—2
S/ﬁ:g + Z Z prnm72d2d€2d(l + d)zd min (}(2, d2d (K) )

d=1 (7' m)EDy

1 1 1 2m~+2r—d—2
72 Z Z pr m—2 2D4(1 +D)2)d min (}_{2, <K) ) . (18)

d=1 (r,m)€Dy

A48 4 —
Since ¢, = % max (%, 1), with A% = pe?, we get
corr? —
K2

1 d/2 1 1 2m+2r—d—2
< d/2 —(d/2— 7’) m—2 3 [ =
Z Z n max(1,n/K?) P R\ K

d=1 (r,m)eDqy

D 1 d/2 1 2m+-2r—d—4
. d/2 r+m—d/2—2 ; 1. [ — 19
e Z 2 Gl (o) mm(’(K) ) (19)

where we used in the last line that n < p and r < d/2. Let us check that each term in the sum is
upper-bounded by Q‘f”, by considering apart the cases d/2 >m +r —2and d/2 <m +r — 2.

When d/2 > m + r — 2, the exponent of n is non-positive, so that

1 d/2 1 2m+2r—d—4
r+m—d/2—2 3 1. = <1.
! <max<1,n/f<2>> “““( ’ (K) > =

When d/2 < m +r — 2, we can upper bound the minimum by K~(2m+2r=d=4) "so that

4/ 1 d/2 1 2m+-2r—d—4
r+m—d/2—2 : 1 -
" (max(l,n/K2)> mln( ’(K) )

n \mtr—d/2—2 1 d/2
< (= R — .
- (K2> (max(l,n/KQ))

If n < K2, the latter expression is smaller or equal to one. If n > K?2, this last expression, is equal
to (n/K?2)m™+tr=4=2 and is also smaller or equal to one since d > m +r — 1 for (r,m) € Dy. Back
to (19)), and relying on the assumption ¢, < 1, we conclude that

D
1 1
corr%gﬁJrﬁZ Z ¢i?

d=1 (r,m)€Dy

1+Z d/Q]

[”u—%ﬂ | (0

<

A= Al

<

A.1 Proof of Lemma [1

In order to prove Lemma [I} we will use a classical property of cumulants, that we recall here.
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Lemma 5. [e.g. [84]] Let X1,...,X, be random wvariables on the same space Q. If there ex-
ists a partition A, B of [1,r] such that (X;)ica is independant from (X;)icp, then the cumulant
k(X1,...,X,) is zero.

We prove below that x, = 0 if one of the three following properties is satisfied:

(i) wy or ug are not spanned by G,
(ii) a node of G, which also belong to V' is connected to at most one node in U,

(iii) G, is not connected.

We denote by U, C U (resp. V,, C V) the set of nodes of G that also belong to U (resp. V). We
denote by E, the set of edges of G .

Let us first show that (i) is a sufficient condition for k., = 0. By symmetry, we suppose that u; is
not spanned by G . Then, k; (the group corresponding to w;) is independent from the family of
random variables (Xij)u, v,cE, . Hence, the random variable o = 14, -y, is also independent from
(Xij)ui’v].e B, - Together with Lemma [5| this implies the nullity of the cumulant x,.

Then, let us show that (ii) is also a sufficient condition for k, = 0. We suppose that there exists
Jo € [1,p] such that vj, is connected with only one node u;, € U. Conditionally on (k;);eq1,x] and
on (fk,j)k.jel1,k]x ([1,p]\{jo)}» the variable X;, s is uniformly distributed on {—¢,e}. This implies
the independence of X, j, With ((Xij)u, v;eE.\(i0.j0) T)- Lemmathen leads to the nullity of the
cumulant x.

Finally, let us show that (iii) is a sufficient condition for x, = 0. Let aw € N**P such that G, has
at least two connected components. Let us denote Cy and Cs two of these connected components.
At least one of them does not contain both u; and us. We suppose by symmetry that C; does
not contain both these nodes (we suppose that it does not contain wus for example). We denote
E, =E,N((UNCL) x (VN Ch)) which corresponds to the edges of G, which connect points from
U, N4 to points from V, N C;. We will show that the families of random variables (Xij)um,jeE1
and (7, (Xij)u, v;eE.\E,) are independent, which will lead to the nullity of ,, using Lemma

For sake of clarity, we begin by dealing with the simple case where C; also does not contain
u1. So, the intersection of Cy with {u,us} is empty. For w;,v; € Eo, Xij = g, ;. By defini-
tion of our model, the family ((k’i)uiech, (Nk,j)ke[l,K],vjeclmv) is independent from the family
<(ki)uieU\Cl 7(Mk,j)ke[1,K],vjeV\Cl)~ On the one hand, the random variables (Xi;)u, v;em, are

measurable with respect to (ki)u,ec,nv and (ir j)re(1,x]0;ecinv- On the other hand, the ran-
dom variables (z = 1=k, (Xij)u, v,eB.\E,) are measurable with respect to (ki)y,er\c, and
(k.5 ke(1,K],0;ev\c, - This leads to the independence of (Xij)u, v,er, With (2, (Xij)u, v,eE.\E1)-
Lemma [| implies the nullity of x,.

Now, let us deal with the more complex case where C; contains u;. Again, the random variables
x and (Xyj)u, v;eE,\E, are measurable with respect to (k;)y,conc, and (pk ;) ke[, k],0,ev\c, - The
difference with the previous case lies in the fact that, since uy € C, we lose the independence
of (ki)iec, with (z = 1, =p,, (Xij)u;v,eE.\E, ). Instead, we will show the independence of the

partition induced by the k;’s on Cy N U with (v = 1k,=k,, (Xij)u,,v,eE.\5,)- We denote G this
partition. Two nodes u; and u;s of C7y NU are in the same group of G if and only if k; = ky/.

Let (u;,v;) € Eq1. We denote A € G the group of G containing u;. Then, X;; = |7}‘ Diren ey j-
So, the family (Xi;)u,v,cp, is entirely defined by G and by the centers of this partition for

coordinates j € [1,p] N C;. For A € G, we denote Ha; = ﬁZuieA i, j, which is the j-th
coordinate of the center of the group A.
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The family (z, (Xij)u, v;eE.\B,) is measurable with respect to the family

X1 = (k) uerncrs (g ko e[t K] x (VA1) Tki=ks)

Since the intersection of UNCy with (U\ C1)U{u1,uz} contains only u, it is clear that the family

(lki:ki’)(u,- w)E(UNCH)?2 is independent from X;. Then, G is independent from A7.

We now condition to the k;’s for ¢ € [1,n], and to X;. Then, G is fixed. Since the Mk ;'S are drawn
independently, we deduce that, with our conditioning, the uy ;’s, for j € VN4, are still drawn
independently and uniformly on {—¢,c}. For A € G, there exists k4 € [1, K] which satisfies; for
all 7 € VNCy pa; = pr,, ;- The application A — k4 being an injection, we deduce that the
Mia,j's, for A€ G and j € V N C; are independent and uniformly drawn from {—¢, +¢}.

Let us summarize this; the partition G is independent from X7, and conditionally on G and Xy,
the pa ;’s, for A € G and v; € V N, are independently and uniformly drawn from {—¢,+¢}.
Together with the fact that the family (Xjj)u,v,er, is measurable with respect to G and the
ta,j's, for A e G and v; € V. N}, this leads to the independence of (Xz'j)ui,vjeEl with Xj.

Since (@, (Xij),. o cr \El) is measurable with respect to X;, we deduce the independence of the
i €Eq

families (Xi;)u; v,er, and (v, (Xij)u, v,ep.\5, ). Hence, Lemma [5| leads to the nullity of the cu-

mulant k.. This concludes our proof.

A.2 Proof of Lemma [3

First, we provide an upper-bound on the moments of the form E[X"] and E[zX"].

Lemma 6. Let v € N"*P. We denote by CC,, the number of connected components of G, and by
ly the number of nodes of U UV spanned by G.,. Then, we both have

1 lvf%fcc’v
E[X"] < eMlmin | 1, |1 (K) )

and

1 \b-#-cc,
ElzX" < e min | = |~/ =
[z X7] < &"'min 7a 7] %

This lemma, which is the core of our arguments, is shown in the next subsection. Here, we deduce
the upper-bound (|17)) on the cumulant from this lemma.

We proceed by induction on o € N"*P. For the initialization , we have ko = E[z] = % Then, we
take o € N"*Pand we suppose that, for all 5 < «, we have

]
71

lg—
1 1\7”
< I8l 8l min | L 118 (L

From Lemma [I} we can suppose that G, only has one connected component, otherwise ko, = 0.
We recall that, given v € N**? [, and CC,, respectively stand for the number of nodes spanned
by G, and the number of connected components of G,. The Definition of Ka, Lemma@ and
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the induction hypothesis imply that

ol <E[rX]+ 3 (“) E[X*8]|wg] + o] E[X°]
0<B<La B
|

la—12l1
1\ 2
<claligle [ —
<ol (K)

+ (@lawﬂ'”-ﬂ'(lﬂm)ﬁ'mﬁa—ﬁl""ﬁ (é

0<B<a

1 1\l
+ ?slaua\a (K)

o]

B
§2d“|aV‘<}{>

lo]

el (£) 3 (S)as s (;)lﬁw_l_ww . (21)

0<p<a

Claim: For any 0 < 8 < o, we have lg +lo—g — Co—p > lq.

We first show this claim. We have supposed that G, only has one connected component. We
denote C1,...,Ccc,_, CUUV the connected components of G, . For all s € [1,CCy—p], there
exists € Cs which is spanned by Gg. Indeed, otherwise, since the set of edges of G, is the union
of the edges of Gg and G,_g, Cs would also be a connected component of G, which does not span
the nodes spanned by Gg. This contradicts the connectivity of G,. So, there exist at least CC,_g
distinct points of U UV which are spanned both by G,_3 and Gg. Since the nodes spanned by G,
are spanned by G,_g or Gg, this leads to Ig + lo—g — CCo—p > la.

Now that we proved the claim, we plug it in (2I). This leads to

« « 1 la‘%_l
ol <ellal! () 2 3 () a1

0<p<a

lo]

la—lgl—
<clol |l (11() S (g)|a|l3l

0<p<a

1 la—%—l IO‘l*l |(X|
<aljlal (L 9 w
<eleljaliel ( #30 ()e

[o]
5l

1. —
1 [e3

<clal|glol (1 ol (L

<elel]a] 11 + Ja)e! (

This inequality proves the first part of the sought upper-bound of Lemma

It remains to prove that |ko| < £l®/(1 + |a])l*l L. For all 8 < a, we know from Lemma@that
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E[X?] < elfl and E[zX*] < Lelel. Together with the induction hypothesis, this leads to

o] <clol L +Z< ) 1+ 188 L sw o8l

BLa
<e|a‘— 1—|—Z< )|0¢|ﬁ|
BLla

<clal(y o 1.
<elol(1 + Jal) I

This concludes the induction; for all a € N"*P, we have

la la Uoa (L)
S < al(1 o : —, al [ &
|Ka| < (1 + |af)!* min % || ( )

A.3 Proof of Lemma

Let v € N™*P guch that G, has CC., connected components and spans [, nodes. Let us first upper
bound E[X"]. We denote m, the number of nodes of U spanned by G, and r, the number of
nodes of V' spanned by G.,. We suppose by symmetry that v is supported on [1,m,] x [1,7,]. We
denote G7 the partition induced on [1,my] by k1, .. k-

Lemma 7. If, for all j € [1,74] and for all groups A € G C [1,m,], we have ), 4 vi; =0 [2],
then, BE[X7|GY] = ell. Otherwise, we have E[X7|G"] = 0.

This lemma, proved in Section implies

EX"] =P |vjel,r], VAcG, Y ;=0 [2]1 . (22)
icA
Let G be a partition of [1,m,] with |G| < K, and let us upper-bound P[G" = G]. We write
G = {Gl,...,G‘G|}. We take, for k& € [1,|G|], ir € Gi. Then, G = G implies that, for all
k € [1,]G]], for all i € Gy, the equality k; = k;, holds. And,

Pk € [1,|G]], Vi€ G\ {ix}, ki=ki = [] PIVieGr\{ir}, ki=ki]
ke[L,|Gl]
B H (1>|Gk|1
- K
KE[L|Gl]

()

P[GY = G] < (;{)mw—Gl

The next lemma upper-bounds the number of groups of a partition G of [1,m,] such that, for all
J € [1,7,] and all groups A € G, we have ), ,vi; =0 [2]. Its proof, given in Section relies
on delicate combinatorial arguments.

This equality leads to

Lemma 8. Let G be a partition of [1,m,] satisfying, for all j € [1,7,], all groups A € G, the
equality Y .. 4 vi; =0 [2]. Then, the number of groups satisfies the following inequality

el
Gl < 5 =y + 00,
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Applying this lemma together with the fact that there are at most m5'" partitions of [1,m.] leads

to
1]

N 1 mV'HW_CC“r—T
P|vic il YA E, Yoy =0 pl| <mi (&)
i€A
We plug this inequality in and get, using m., < |v|,
ad

1 >m,y+r,yCC72

E[X"] < 5IVIMM (K

Moreover, since P [Vj €l,r], YAe G, Y icaij =0 [2]} <1, we get

1 mw-ﬁ-TW—CCW—%
E[X"] < e min | 1, |7‘|’Y| (K)

Now, let us upper bound E[zX7]. Since the random variables z and |X7|/¢"l belong to [0, 1]
almost surely, we obtain
E[zX7] < min(e"E[z], E[X"]) . (23)

Then, since E[z] = 1/K, we can deduce the desired bound from the previous case.

A.4 Proof of Lemma [Tl

We suppose first that, for all j € [1,r,] and for all groups A € G7, we have Yieai; =0 [2].
Consider a specific (4, j). If k; = k, we have X;; = py, ;. This implies that

Zt,ki:k Yi.j
X7 = 11 Hrj :
k,je[l, K]x[1,r4]

Moreover, by hypothesis, conditionally on G7 for k € [1, K] and j € [1,7,], Dkt Vi =0 [2]
and | ;| = €. Hence, we have

X7 = |e|X = ||l .
This leads to the sought equality

]E[XW|GW] — |E|Zw — |5‘|v| )

Now, let us suppose that there exists j € [1,7,], a group A € G7, such that YicaYij =1 [2]. We
have as before

2iky=k Vis
X7 = H Mg .
k,je[l,K]x[1,ry]

By independence of the py ;’s, for k € [1, K] and j € [1,p], both between themselves and with the
k;’s, for i € [1,n], we deduce that, conditionally on the k;’s, for such k;’s that induce G7, that

Zi,ki:k Vi.j
E[X”(ki)ie[l,n]] = H E[Mk;}j (ki)ie[l,n]] .

kg€l K]x[1,75]
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Let us denote k' € [1, K] and j' € [1,7,] that satisfies; >, , _;, 7,57 =1 [2]. This, together with
the fact that the probability distribution of py ;- is symmetric, leads to E ukz,ljf:k/ ! |(ki)icnn)| =

0. This implies E [X7|(k;i)i€[1,nﬂ = 0. Thus, we get the sought equality

E[XY|G"] =0 .

A.5 Proof of Lemma

In this proof, given a partition G of a subset of [1,n], and given v € N"*P we say  is even
with respect to G if the following holds: > . ,7i; = 0 [2] for all A € G and j € [1,p]. We
recall that m., r,, and CC, respectively stand for the number of nodes in U NG, the number
of nodes in V' NG, and the number of connected components of the graph G". We prove in
this section the following claim, which rephrases Lemma For v € N"*P and a partition G of
{i €[1,n], 3j€1,p], vi; >0}, if G is even with respect to -y, then

|G\<M—r +CC (24)

=5 ¥ v o

For 8 < v a restriction of «y to one of the connected component of G_7, and for j € [1, p], the vector
p.j is either null or equal to ~.;. So, if each restriction of vy to a connected component of G is
even with respect to a partition G, then « is also even with respect to G. Hence, it is sufficient to
prove this lemma when G is connected. We proceed with by induction on r., > 0.

Initialization. If r, = 1; we suppose by symmetry that 7 is supported on [1,m,] x {1}. Again,
we proceed by induction. If |y| = 1, then there exists no partition that satisfy the conditions of
Lemma [8| and so the proposition is true. We suppose that || > 1 and that the proposition is true
for all § < . We distinguish two cases.

First, we consider the case where, for all i € [1,m,], vi1 =1 [2]. Let G a partition of [1,m,] for
which ~ is even. Then, each group of G must have an even number of elements. So, each group of
G is of cardinality at least 2. Hence, there are at most % groups in the partition G. Moreover,

5] > m,.. Thus, |G < 2.

Now, let us consider the case where there exists ig € [1,m,] such that v;,1 =0 [2]. We define +/
by 7i; = 7ijlizi,- Let G a partition of [1,m,] for which v is even. We define G’ the partition
induced on [1,m,] \ {i0}. Then |G| < |G'| + 1. The fact that v;;1 = 0 [2] implies that v is also
even with respect to G’. Since v =+’ [2], we deduce that 4’ is even with respect to G’. Applying
the induction hypothesis on G’ leads to |G’| < % Thus, |G| < % +1. Since v;,1 > 2, we obtain

|G| < %l, which concludes the proof of the initialization.

Induction step. Now, we suppose that the following holds. For all ' < 7, all 3 satisfying
rg = r’ and G connected, for all partition G of {i € 1,n],35 € [1,p], B;; > 0} for which
B is even, we have the inequality |G| < @ —rg + 1. Let us prove that, for G a partition of
{i € [1,n],35 € [1,p], 7i; > 0}, if v is even with respect to G, the inequality |G| < % —ry+1
also holds.

We suppose by symmetry that + is supported on [1,m,] x [1,r,]. We call V, the graph on [1,7,]
where we connect nodes j and 5, if they have a common neighbour in G, see Figure More

formally, for all j, j* € [1, p], there exists an edge in V, between j and j', if and only if, there exists
i € [1,n] such that ~;;v;;» > 0.
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Example.
Let us illustrate the construction of the graphs V, and V,, on an example. Let v be the
matrix below, which is even with respect to the partition {1,2, 3,4}, {5}

2 1020000
012007100
vy=]0 2002 1 2 0
00000020
0000O0O0 20

Figure |1f represents respectively G~ and the corresponding graph V,. We also represent
the set L := {i € [1,m,], 3’ € Uy, 3A € G, {i,i'} C A}. We do not represent here
multi-edges.

Figure 1: The graph G (on the left), and the corresponding graph V), (on the right).

For j,j' € [1,p], the nodes j and j' are in the same connected component for V., if and only if,
v; and vj are in the same connected component for G,. Hence, the graph V, is connected. As
a consequence, there exists a spanning tree of this connected component. By symmetry, we can
suppose that the node r, is a leaf of this tree. This implies that the graph induced by V, on
(1,7, — 1] is also connected. We define 7" by 7;; = 7ij1;zr,. We write V., for the graph induced
by V, on [1,r, —1]. The graph V., is obtained by removing the node r., and the edges connected to
it, as represented in Figure [2| This implies that V,/, and therefore also Q,YT are connected graphs.
We denote U, = {i € [1,n],3j € [1,p],v{; > 0}.
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Example (continued). In our example, we have r, = 7, and the node 7 is a leaf of a
spanning tree of V.. After setting to zero the column j = 7, we obtain

2102 0000
01200100
¥Y=10 2 00 2 1 0 0
0000 0 O0O00O0
0 000 0 0 O00O

The corresponding graphs g;, and V;,, built by removing vy and the edges connecting it,
are represented in Figure

2

Figure 2: The graph G, (on the left), and the corresponding graph V.. (on the right).

Let G a partition of [1,m,] such that 7 is even with respect to G. The r,-th column of 4" being
null, we have that, for all A€ G, >, 4 'yzfm =0.

For j # ry, the j-th column of ~ is equal to that of 4/. This implies, since v is even with respect
to G, that Y, ,7i; =0 [2] for any A in G.

Thus, for all groups A € G, all j € [1,7,], we have } ;. ,7;; =0 [2]. This means that 7' is even
with respect to the partition G. Now, we distinguish in the set U, different type of nodes. First,
we have the set U, = {i € [1,n],3j € [1,r, —1],v;; > 0} of nodes of U spanned by G_,. Then, we
define L ={i € [1,m,], 3 € Uy, A€ G, {i,i'} C A}, the set of nodes of U which are linked
to U, through the partition G. Note that U,» C L. Finally, we consider the remaining nodes
[1,m4]\ L.

We respectively define G’ the restriction of G to U, and G” the restriction of G to [1,m,] \ L.
By definition of L, we have |G| = |G'| + |G"|.

Let us first use the induction hypothesis on |G’|. To do so, let us prove that 4’ is even with
respect to G'. We know that +' is even with respect to G. Moreover, every group A’ of G’ is
the restriction of a group A of G to U,,. This implies that, for all j € [1,7, — 1], the equality
D icar Vij = DoicaVij holds. Hence, 7" is even with respect to G’. This allows us to apply the

induction hypothesis and leads to |G| < % — 7y + 2.

Now, we upper bound |G”|. For all group A of G”, it is clear by definition of L that A is also
a group of G which contains only elements from [1,m,]\ L. Hence, } .., Vir, = 0 [2]. Thus,
we know from the initialization step of the induction that |G”| < %, where we define 7" as the

restriction of v to (UaegrA) x {ry}. This leads to |G| = |G| +|G"| < # + % —ry+2. It
remains to prove that |y'| + |7"| < [y] — 2. It is clear that |y| = [v/| + [¥"| + > ;e Vir,- We
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distinguish three cases.

First case: If [{i € [1,m,], vir, =1 [2]} N Uy | = 1. We call iy the only point in this set. We
denote A the group of G such that i € A. By hypothesis, >, , vir, =0 [2]. Hence, there exists
i # 19 € A which satisfies 7. =1 [2]. Thus, since A C L, we get ) ;. ¥ir, > 2. This leads to
vl =1+ 12

Second case: If |[{i € [1,m,], i, =1 [2]}NU,/| = 0. Since G, is connected, there exists i € U,/
such that ;.. > 0. Since [{i € [1,m,], vir, =1 [2]} NU,/| =0, we have v;,., > 2. The fact that
U, C Lleads to ) ;. Vir, > 2. Hence, |y| > |¥'[ + |7 + 2.

Third case: If [{i € [I,m,], vir, =1 [2]} NU,| > 2. In this case, > ;. , Vir, > 2. This leads
Y
to [y[ = [+ 1"+ 2.

This concludes our induction and leads to the sought inequality |G| < % —ry + 1 for any 7 such
that G is connected and for any partition G of {i € [1,n], Jj € [1,p], 7vi; > 0} that is even
with respect to . In the general case where G, has C'C,, connected components, we readily get

Gl < —r +cc,.

A.6 A computational barrier for p <n

In this section, we adapt the proof of Theorem [I| to provide a computational lower bound when
p < n. This lower-bound provides evidence for the existence of a computation-information gap for
% VK < p < n, where < hides some polylog(n) factors. We believe yet, that our computational
lower-bound is not tight in this regime.

Proposition 2. Let D € N. Ifp < n and ¢, :=

A*D®(14+D)*n
p2
prior of Definition[d], we have

max (%, 1) < 1, then under the

- K K2 = \3
(1_ Cn)

In particular, if A2 < D=6 (% A %), then MMSE<p = + — H%gl)

The second statement of Proposition |2 states that low-degree polynomials with degree D <
(log(n))**" do not perform better than the trivial estimator when

<o ~ K p
A2 px P

where < hides polylog(n) factors. Since lower-bounds for low-degree polynomials with degree
D < (log(n))'*" are considered as evidence of the computational hardness of the problem, this

suggests computational hardness of estimating M* when A% < % A % and p < n. Since,

as made explicit in Section [2] estimation of M* is possible in polynomial time when clustering is
possible in polynomial time, this provides compelling evidence for the computational hardness of
the clustering problem in this regime.

Comparing the computational lower bound A% > (% A %) for p < n, to the information barrier

K log(K
AQZIOg(K)v«/]Lg(),
n
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we observe that there is a computation-information gap when
K — K
vy /B & (BEa L),
n n o /n

n —
— VK <n.
K Lp<sn

which happens when

Proof of Proposition[4 We argue exactly as in the proof of Theorem [1| by upper bounding corr?,.
In the proof of Theorem [l we only used the assumption that n < p in . Hence, we start
from by plugging the definition of {,, = A*D*(1 + D)zl% max (7z,1). This leads us to

9 1
corrp — ﬁ

1 D 472 1 d/2 1 2m+2r—d—4
< - r,m—2-d/2( -~ . 1 =
_KQZ Z Cn P <max(1,n/K2)> m1n< "\ K

d=1 (r,m)€Dy
D d/2 2m~+2r—d—4
1 =d/2 m+r—2—d/2 1 . 1
Sﬁ Z Z Gn 1 max(1,n/K?) min | 1, K ’ (25)
d=1 (r,m)eDy ’

where we used in the last line that n > p. Note that this upper bound is exactly the same as
in except that ¢, has been replaced by (,,. Hence, arguing as in the proof of Theorem |1} we
arrive at the similar conclusion

) _
corr2D < e 1+ 7( C"ﬁ ;
1- Cn

B Proof of Theorem [2

Without loss of generality, we assume throughout this proof that ¢ = 1. We will use the following
notation. For i € [1,n], we decompose Y; = E(Y;) + E; = uy + By, if i € Gy Then, (E;);ep,n) are
independent vectors, with distribution A(0, I,). We denote:

e Y € R™*P whose i-th row is the vector Yj,
o A c R"X the membership matrix defined by A;;, = Liecs,

e F € R™*P the noise matrix whose i-th row is the Gaussian vector E;,

o 1 € REXP whose k-th row is py.

We then have the relation
Y=Au+E.
Let us also denote m = minge[; k] the minimal size of the clusters, and mt = maxyc(, ] the

m

maximal size. The hypothesis G* € P, is equivalent to % < a. We define the signal-to-noise

ratio 32 = A2 A A2 We note that §s2 < 32 < 52, where s? is the signal-to-noise ratio defined in
™.

We prove in this section a more general theorem, which induces directly Theorem

26



Theorem 5. There exist positive numerical constants ¢, ¢’, ¢’ such that the following holds. If

mt
\ —

oR (26)

5 > c(log(n/m)
then, we have err(é, G*) < e=<"5 with probability at least 1 — ¢’ /n?.

First, let us formulate the K-means criterion in an alternative way. Given G = {G1,...,Gk} a
partition, let us define the normalized-partnership matrix B(G) by:

1
By= 1@;‘6@@ :
<K k

The application G — B(G) is a bijection on

B={BeS,(R)*: B;; >0,Tx(B) = K,Bl =1,B*>= B} .
We refer to |16] and to Chapter 12.4 of [31] for this last statement. It implies the following
proposition.

Proposition 3 (|16]). Finding G € argming Crit(GQ) is equivalent to finding

Be argmax(YY”T B) .
BeB

We will denote in the following B a minimiser of (YYT, B) over the set B. We note that the convex
relaxation of this problem introduced in [16] and studied in [7] is the minimiser of (Y'Y, B) over
the convex set

C={BeS,(R)*: B;; >0, Tr(B)=K, Bl=1} .
Since we have B C C, all the bounds obtained in [7] for the matrices in C are de facto valid for B.

The proof of Theorem [f] follows the same main steps as the analysis of relaxed K-means in [7]. The
main difference is in the delicate proof of Lemma [11| below. First, we use that, for any partition
G, the proportion err(G,G*) of misclustered points is controlled as a function of the I; norm
||B* — B*B||1, where B is the normalized-partnership matrix associated to G. More precisely, we
show, in Section the following Lemma.

Lemma 9. Consider two partitions G* and G. Write B* and B for the corresponding normalized-
partnership matrices. For some numerical constant ¢ > 0, we have

err(G,G*) < ¢ (m"’) 1B = B*Blx )

m n

As a consequence, we only have to control the Iy error |[B* — B*B||;. Again, as in [7], we start
from the optimality condition that defines B, that is

YY" B—B*) >0 .
By definition, we have Y = Ap + E. Plugging this expression in the above inequality leads to
(Au(Ap)T, B* — B) < (AuE™ + E(Ap)T, B — B*) + (EET, B — B*) . (27)
We call (Au(Ap)”, B—B*) the signal term, (EET, B— B*) the quadratic noise term, and (ApET +

E(Ap)T, B — B*) the cross term. The three following lemmas control each of these three terms.
For any B € B, we denote ép = ||B* — B*B||;.
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Lemma 10. For all B € B, we have
1
(Au(Ap)T,B* — B) = (S,B* — B) > §A263 ,

where Sqp = —%||pa — wl|? for a and b in [1,n].

Lemma 11. There exists numerical constants c1 and co such that the following holds with prob-
ability at least 1 — 4. Simultaneously for all B € B, we have:

(EET B — B*) <cy6p <log(n/m) \% %Jr + \/:; <log(n/m) V. ”:;))

K3 K3
+ c20p ( % log(nT) + 10g(n5)>
Lemma 12. There exist constants cg and cq such that the following holds with probability at least
1 — 5. Simultaneously for all B € P, we have

n2-

nKk3

(AuE" + B(Ap)™, B — B*) < ¢40/(S, B* — B)4/ 6 log( 5 ),

where Sqp = — % pa — t]|*.

Lemmas |10 and taken from [7], are in fact valid for the larger class of matrices B € C. The
difference with [7] lies in the quadratic noise term controlled by Lemma For this quadratic
term, we can get an upper-bound over the class B, that is significantly smaller than over the class
C. Indeed, here, we can leverage the fact that the class B of matrices is finite. Instead of having
an upper-bound of the order of n/m, we get a smaller upper-bound of the order of log(n/m) Vv ”%
This is the main reason for which the Condition for exact Kmeans is less stringent than the
condition § > n/m for the SDP relaxation of Kmeans. We refer to Section for a proof of
Lemma which is the main hurdle for proving Theorem [5| We note that when the constant c

of is large enough, the term c3dp | log(n/m) v 7’% + \/51 <log(n/m) \Y% ’Zf)) is bounded by

Ai%. That allows us to neglect it in l) up to a multiplicative constant.

Combining with Lemmas we deduce that, for some constants ¢ and ¢ the following
holds with probability at least 1 — =

~ n 3
\/<S’B*—B>1/5310g<§)+63< ilog(ni)—i—log(ni))] :

Below, we write for convenience a < b for a < ¢b, with ¢ a positive numerical constant that may
vary from line to line. The above bound implies

(S,B* —B) < ¢”

nKk?3 P nk3

B*—B) <451 o] —1

)

Moreover, by Lemma we have $A%5; < (S, B* — B). This leads us to

K3 D nk3
A25: < slog () Vg [ Llog (L) |
B B 53 B m 553
which, in turn, implies that
K3 A4
log(T—) 2 A2 A =2 = 32
53 P
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Thus, for some numerical constant ¢y, we have
) 3 —co8?
05 <nK’e .

Coming back to Lemma@ we conclude that the proportion of misclassified points satisfies err(é’ ,G*) <
("%)K%*COE2 < (%)4676052. Therefore, provided that the constant ¢ in Condition is large
enough, there exists a constant ¢” such that

A~ //§2

err(G,G*) <e™ ¢

This concludes the proof.

B.1 The quadratic noise term (Proof of Lemma

In this section, we will upper-bound uniformly over all B the noise term (EET, B-— B*).
Let us decompose, for B € B, the term B — B*. We get: B — B* = B*(B — B*)+ (B — B*)B* +
(I,—B*)(B—B*)(I,—B*)—B*(B—B*)B*. We also remark that, since for all B € B, Tr(B) = K,
we have (I,,, B— B*) = 0. We thus get
(EET,B — B*) =2(FEE" — pI,,, B*(B — B%))
+(BET = ply,, (I = B*)(B = B*)(I, - BY))
—(EET — pI,,, B*(B — B*)B*).

We will control each of these terms.

First, let us deal with the term in (I,, — B*)(B — B*)(I,, — B*). We show, using Hanson-Wright
lemma and union bounds over the sets

Bj = {B 68753 € []_17]]}7 ] < 2n 3
the following lemma (see section for the proof of this lemma).

Lemma 13. There exists c5, cg two positive numerical constants such that the following holds
Cs

with probability at least 1 — 5. Simultaneously for all B € BB, we have

n2

(EET — pl,, (I - B*)(B ~ B*)(I - B")) < cs0p <1°g<”/m) v %+ - \/fa (log(n/m) ! n;*)) '

Now we will upper bound the other quadratic terms (the ones corresponding to B*(B — B*) and
to B*(B — B*)B*). To do so, we will distinguish two cases:

1. We will use the bound obtained in [7] for the matrices B such that 65 < m;

2. We will then show a similar result than Lemma for the matrices B that fulfill 6 > m.

For the first point, we will use Lemma 7 of 7] which states:

Lemma 14. There exist positive numerical constants c; and cg such that the following holds with
probability at least 1 — £%. Simultaneously for all B € B, we have

n? -’

1) K3 K3
T * _ B*)) < Cs0B N Ho
(EE pl,, B¥*(B — B¥)) < NG ”plog(ndB)-i- Vg + 1log(n (53)

The same result holds for the term in B*(B — B*)B*.
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This lemma implies that, with probability at least 1 — %, for all matrices B fulfilling 5 < m,

T * * * * * K3 K3
(EE* —pl,,2B*(B — B*) — B*(B — B*)B*) < 6¢gd —log(nT)—Hog(nT) .

For the second point, we will do as for Lemma and use Hanson-Wright Lemma and union
bounds over the sets B; to get the following Lemma (see Section for a proof of this lemma).

Lemma 15. There exists cg and c19 two positive numerical constants such that the following
holds. With probability higher than 1 — 7%, we have simultaneously for all B € B such that
|B* = B*Blly =z m,

(EET —pI,,, B*(B — B*)) < c1005 | lo (n/m)\/m—++ L1 (n/m)vniL
Pin, = C100B g m m g o .
The same result holds for the term in —B*(B — B*)B

Combining the results from Lemma we get the bound of Lemma

B.1.1 Proof of Lemma [13|

Let us use Hanson-Wright Lemma, that we recall here (see e.g. [31])

Lemma 16. (Hanson-Wright inequality) Let € ~ N(0, ;) for some d. Let S be a real sym-
metric p X p matriz. Then, for all x > 0,

eTSe — Tr(S) > 1/8]|S|2a v (8||S||Opa:)] <ee.

That inequality implies that, for a fixed matrix B € B, with probability at least 1 —e™7,

(EET —pl,, (I - B*)(B ~ B*)(I - B*)) <\/8pz|[(I — B*)(B — B)(I - B*)|[%
VI = BY)(B = BT = BY)lopi) -

Our task will be to bound both ||(I — B*)(B — B*)({ — B*)||op and ||(I — B*)(B — B*)(I — B*)||r
with respect to 5. We will then do an union bound on all B € B; := {B € B,dp € [j—1,j]}, and
finally a union bound on all j in [1,2n]. From Lemma 1 of 7], we have ép = 23, [Ba;crli-
For all i € G, >4, |Big;| < 1. This implies §p < 2n. Hence, it is sufficient to consider j < 2n.
We have, for j € [1,2n] and B € B;,

1. [|[(I = B*)(B — B*)(I — B*)|lop < (I — B*)(B — B*)(I — B*)||+ where || - ||, denotes the
nuclear norm. And, Lemma 1 of [7] shows that ||(I — B*)(B—B*)(I — B*) dp. Hence:
|1 - B*)(B - B)(I - B 083

||*Nm

ome

2. Since (I — B*)(B — B*)(I — B*) is a difference of product of projections, all its eigen-values
are bounded by 2 in absolute value. Hence: ||(I — B*)(B — B*)(I — B*)|lop S %63;

3. (I =B*)(B—B*)(I—-B"|r S ||(I—-B*)(B— B*)(I— B*)|. and therefore, we also have
(I = B*)(B = B*)(I - BY) 0;

Ir S+

4. Since all the eigen-values of (I — B*)(B — B*)(I — B*) are bounded by 2 in absolute value, we
have |[(1— B*)(B B*)(I-B")|lr £ VU = B*)(B - B*)I — B*)|.. Thus, ||(I-B*)(B-
B)(I-B")lr S =0
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These inequalities on the norms imply that, for B € B; and = > 0, with probability at least

1—e™%,

p x
EET —1,,(I-B*)(B-B*)(I—-B") <46 = .
(BE" 1, (1~ BB - B)(1 - ) S 00 (254 2
Doing an union bound on Bj, it appears that for z > 0, this inequality remains true with probability
at least 1 — |B;le”", simultaneously on all B € B;. This implies that for a positive constant ¢,
c1

with probability at least 1 — 5%, simultaneously on all B € B;:

2n3

(EET — I,,,(I — B*)(B — B*)(I — B*)) < 63 ( » log(|B;| vn) , los(|5;| vn))
m IVvm JVvm

The next lemma, proved in Section bounds the cardinality of |B;].
ot
Lemma 17. For any j € [1,2n], [B;| < (;5,) K%727% .

Hence, with probability at least 1 — 515, simultaneously on all B € B;,

p log(n) + log((;p,)) + 7 log(K) +jmt
m jvm

(EE" — I,,(I - B*)(B - B*)(I - B")) 553(\/

JjAn

N log(n) +log((;,)) + Jjlog(X) +j”%)
jVvm '
And,

e We have log (j/r\‘n) <j log(jALn). The function # — 2 log(2) being increasing on |0, 2], we get
that, when j < m and m < 2, jlog(53;) < mn(%). When j > m, we have jlog(;%) <

Jlog(7+). Moreover, if m > % and j < n, jlog(=2-) < Zlog(e) < mlog(;:). If m > 2 and

_n_ n
jAn m

n
m

Jj = n, then jlog(52) =0 < mlog(n/m). Hence, we get that log (j;‘n) < (mVj)log(2);

e jlog(K) < jlog(;) since K < ;

e The fact that the function x — xlog(2) is increasing on |0, 2] also implies that, if m < 2,

log(n) < mlog(;=). If m > 2, we have log(n) Sn < 2 < mlog(n/m).

~ e ~

C1

Thus, with the same probability 1 — 575,

simultaneously on all B € B;,

An union bound on j € [1,2n] concludes the proof of the lemma.

B.1.2 Proof of Lemma

In this section, we consider the partitions G such that B(G) € B;. For B € B, denote Bg: g the
restriction of B where we keep the rows belonging to G, and the columns belonging to G;. From
Lemma 1 of [7], we get that, op =23, |Ba:c;|, for B € C. This equality tells us that if a point
i € G, for some r € [1, K], is linked in G to a majority of points not belonging to the same G,
then the contribution of 2 Zk:k?ﬁr |Bigx| in dp is at least of one. Indeed, denoting by [ the index
such that ¢ € G;, we have

1
2) IBi;l=2 ) e
kik#r jeGnGs
|G\ GY
=2————= >1.
Gl
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In order to bound |B;|, we will find, for a partition G whose normalized-partnership matrix is in
Bj, alabelling G, ..., Gx for which we can upper-bound the possibilities for choosing points that
are in some G NG for [ # 7.

The equality that fulfills g will help us bound the possibilities of choosing the points that are in
some G} NGy, with | # r and ‘Gllgﬁr‘ < % On the other hand, the following lemma allows us to

control the number of cotuple (I,7), with I # r, satisfying |G|’gﬁ:‘ > %, by stating that for any of

these cotuple, we can consider that all the points belonging to G add a contribution of at least
one to dp.

Lemma 18. Let G = {G4,...,Gk} be a partition of [1,n]. There exists ¢ : [1,K] — [1, K]
a bijection such that the following holds. For all | # r such that GonCrl 1

. [Gol 27
IGINGyan| ~ 1
|G¢(l/)| — 2

we have
max;js
This lemma is proved in Section Let G such that B(G) € B;. Without loss of generality, we

can suppose that the bijection ¢ considered in Lemma (18| is the identity. Fix any [ # r in [1, K].
We consider two cases

1 ‘G‘l*cgﬁ;r‘ < % For any i € G} N G,., we have
1 . 1
> |Bigil= >, Baz> @|GT\G1| =
k:k£l te[1,n)\G; "
2. % > % Consider any i € G*. Then, denoting !’ the index such that ¢ € G/, we have

from Lemma |18 that % < % Arguing as above, this implies Zk# |BiG;;| > % Hence,
Zk:k;ér |BG:G£ 2 % l

Since B € Bj, we deduce from the above discussion that (i) there are at most jAn points that belong

to Gj N G, for some I # r such that [ < 1 and (ii) that [{(1,r),1 # r, 55 > 1} < £

Hence, |B;| is upper-bounded by the number of partitions satisfying these two conditions. Such
partitions are fully defined by the points ¢ that are in some G} NG, for [ # r. So, it is sufficient
to count the possibilities of choosing these points:

e We choose j A m points, and for each of these points we decide a group G, where it is sent
(r is not necessarily different than the index of the group of G* that contains i); we have
(]:\Ln) K™ such possibilities,

e We choose % couples (I,7) and, for each of these couples, we choose a subset of G that will

y 771+ J . e .
be a subset of G,.. That gives less than 27 %= K2 possibilities.

m

ot
Hence, we conclude that |B;| < (];Ln) K3197% .

B.1.3 Proof of Lemma [1I8]

Let G = {G1,..., Gk} a partition of [1,n]. For | € [1, K] such that there exists I’ € [1, K] which

satisfies ‘G‘l*giﬁ“l > 1, we define ¢(I) = I’. The mapping ¢ is an injection since for all ' € [1, K],
there is at most one index [ such that % > % Then, we can expand ¢ to [1, K] in order to

have a permutation of [1, K].
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The permutation ¢ verifies the following assertion. For I € [1, K], if there exists I’ such that

|GING 41y 1 |GING oyl 1 |GyyNGT| 1
72000 5 1 then, we also have —i—200 > 1 Go for [ # 7 such that =22~ > 1 there
o > 20 then, Goyl > 2 S0 for b # Gl 20
. GING . G;nG
exists no !’ such that ‘IZG7<4:;LII)| > 1. Indeed, otherwise, we would also have I"Tuﬁ”l > 1. That
ol
. . |GENG )|
would contradict the hypothesis el 2

This concludes the proof of the lemma.

B.1.4 Proof of Lemma [15]

For any B in B, Lemma implies that, for L > 0, with probability at least 1 — e~ %,

(BEET — I, B*(B — B")) S\/8pL||B*(B - Bl
V (8] B*(B — B*)||opL)

Following the same argumentb as in Section [B:I.1] it is bufﬁcient to show that, for j > m and
B € B;, [|B* (B~ B")|r < 05 and | B*(B — B*)op < ;05.

1. B*(B — B*) is a product of a projection and a difference of projections. That implies that
all its eigen-values are bounded by 2 in absolute value. Hence: ||[B*(B — B)[op < 5 155.

2. All the coefficients of B* are non-negative and bounded by % Since the coefficients of
B*B and of B*B* are convex combinations of coefficients of B*, it comes forward that
all its coefficients are also bounded by L in absolute value. That implies that the coef-
ficients of B*(B — B*) are bounded by"% in absolute value. Hence: ||B*(B — B*)||lr <

LB BB S =05

That concludes the proof for the term in B*(B — B*).

For the term in B*(B — B*)B*,we use the same arguments and add the fact that |B*(B —
B*)B*||; = ||B*(B — B*)||1 (see Lemma 1 of [7]).

B.2 Proof of Lemma

In this section, we bound the proportion of misclassified points

1
err(G,G*) = o min Z|GkAG IR

n mes

with respect to ||B* — B*B||1, for a given partition G and its normalized-partnership matrix B.

We consider G a partition. By Lemma there exists a bijection ¢ : [1, K] — [1, K| such that
. . ‘G (l)ﬂGﬂ 1 |G (L/)r‘IG*| 1
the following holds. For all [ # r, if \%TH > 3, then for all //, W < 5. Without loss

of generality, we suppose that this bijection is the identity.
Then, by definition,

K
* 1 *
err(G,G") < o Z |GEAG| .
k=1
So, we have
err(G,G") Z Z Licg:na, -
l;ér i€[1,n]

33



Let I #r. If |G‘gc‘;l| < %, each i € GX N G, adds a contribution of at least 1 in ||B* — B*B||;.

Moreover, if ! |Q|G’| > 1. each point of G} adds a contribution of at least 1 in ||B* — B*B||;.
So, we can match any set G} N G| such that ‘Gl m?" %, to a group G} which contains points

all adding a contribution of at least 1 to ||[B* — B*B||;. Since |Gf| > m and |G; N G| < m™,

|Gy > 2 |(Gr N Gl| Let us denote A the set of points that are in some G N G}, with [ # r,
satlsfymg IG‘GTC‘:” > 5. We also denote A; the set of points that are in some G} N Gy, satisfying

IG‘C??[' S . We then have

|Ao| = Z |G NG

IGENG
l#r e >3

+

m
< — Gyl .
<s— > ol

|GENGl 1
I#r '|G7H>§

Given | # r such that IGIQ?L\ > 1. the following assertion is satisfied: For all I’ € [1, K],

27
% < L. Hence, |Gf| = (600, < |G7 NGy|. Moreover, for all [ € [1, K], there exists at

U
1G]

. GinG
most one index r such that . ten d s % Hence,

+
m *
| Ao| S Z |GI NG|
|G} ﬁGl/\

’
N S

+
m *
<—IB*=B"BJx ,
m
where the last inequality comes from the fact that, for [,1’ € [1, K], if IG‘ZEZ?‘”‘ < 1, each point of
|G} N Gy| adds a contribution of at least 1 to || B* — B*B]|.

Since all ¢ € A; adds a contribution of at least 1 to ||B* — B*B]|1, we have |A;| < ||B* — B*B]|;.
This leads to 3y, Ve, Licozna, = Aol +|A1] < | B* = B*Bl1(1+ %) < 2| B* - B*B|, 2.
Therefore, the proportion of misclustered points is upper-bounded by
m+
err(G,G*) < 2—||B*—= B*B|; .
m

This concludes the proof of Lemma [9]

B.3 The signal term (Proof of Lemma

The term (Au(Ap)T, B* — B) is already dealt in [7]. We re-derive Lemma [10| for the sake of
completeness. We denote S € R"*" the matrix defined by Sap, = —0.5(|ux — w||?, if a € G and
be Gy. For B € C, we get

{(Ap(Aw)",B* =B) = Y (nas i) (Bay — Ba)

a,be[l,n]

= > (—05[lpa — poll* + 05| p2al|* + 0.5]|25]|*) (B — Ban)
a,be(l,n]

= S —05lta — pll* (Bl — Bus)
a,be[l,n]

=(S,B*-B) ,
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where the third equality comes for the fact that, for a € [1,n],
> lkal* (Bay — By) =0
be(1,n]
The term Sy, being null when a and b are in the same group, we have

($.B=B")=05% > >l uil*Ba

i#k a€Gf bEG?

oY Y Y B

i#k a€Gy G
1
2A2§||B* — B*B|; ,
where the last inequality comes from Lemma 1 of [7], which states that for any matrix B belonging
to the larger class of matrix C, we have the equality ||B* — B*Bll1 =23_, ZaEG,’; ZbeG; Bp.
This concludes the proof of Lemma [T0]

C Proof of Theorem 3|

In this section, we prove Theorem [3] We suppose that p > clog(K), for ¢ a numerical constant
that we will choose large enough later. Without loss of generality, we suppose throughout this
proof that o = 1. We suppose n > 2K, K > K, for Ky a numerical constant that we will choose
large enough, and o > %

Given p a probability distribution on (RP)¥X and a partition G of [1,n] in K groups, we define the
probability distribution on (R?)" by

Bc(B) = [ Buc(Bldp(n)
To prove Theorem [3] we will use three lemmas. The first one, proved in Section [C.3] is a conse-
quence of Fano’s lemma that we recall in Section [C.3]

Lemma 19. Let p be a probability measure on RP*X . For any finite set A C Py, any partition
G ¢ P,, we have the following inequality

2 R
inf — Z E,clerr(G,G)] > min  err(G,G") (1

_ 1+ ﬁ ZGeA KL (PﬁyG’ ]Pp,G“”)
¢ Al &= ~ G£GEP, '

log [A]

The second lemma is a reduction lemma, which plays the same role as Lemma [26] in the proof of
Theorem [d] We prove it in Section

Lemma 20. Suppose that there exists a probability distribution p on RP*E and a numerical
constant C' > 0 satisfying

inf sup E, g [err(é,G)} — p(RP*E\ @) >C .

G GePq
Then, we have

inf sup sup E, ¢ {err(é,G)} >C .
G pedx GeP,

Finally, the third lemma helis us choose the set A of partitions to whom we will apply Lemma

We prove it in Section We define G the partition of [1,n] defined by; i € G}, if and only
if i =k [K]. It is clear that G € Ps.
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Lemma 21. We suppose that the constant Ky such that K > Ky is large enough and that n > 2K.
There exists S C 73% which satisfies:

o There exists a numerical constant ¢’ > 0 such that log|S| > ¢'nlog(K),

o There exists a numerical constant a > 0 such that, for G #G' € S, err(G,G') > a

e Forallk € [1,K], for all G € S, |Gy| = |G}
We distinguish two cases. In the first one, we suppose that there exists a numerical constant ¢,
that we will choose small enough, such that A% < ¢; log(K). In the second one, we will suppose

that ¢y log(K) < A% < ¢3/ZK log(K), for ¢, a numerical constant that we will also choose small
enough.

C.1 Case A? < ¢ log(K)

In this section, we suppose that A? < ¢; log(K). We suppose that the constant ¢ such that
p > clog(K) is larger than 4/log(2), for having % log(2) > log(K). Our choice of the centers
{1, - .., px relies on the following lemma, proved in Section [C.7]

Lemma 22. If Blog(2) > log(K), there exists 1, . .., ik in RP such that 5 mingz, ||p—p.||* > A2
and L 5 Max;£, ||m wr||? < 4A2.

We consider p = (p1, ..., pux) in (RP)E given by this lemma. In particular, we have u € Ox.

We recall that G is the partition of [l,n] defined by; i € Gy if and only if i = k [K]. Given G
taken in the set S defined in Lemma [21} let us compute K L(P, ,P, 7). We denote P, ¢(Y;) the
marginal law of Y; under the joint law l" .. By independence of all the Y;, we have that

KL(B,c.P ZKL wa (V)P (V) -
Given i € [1,n], with k and [ such that i € Gy N Gy, we have KL(P,,¢(Yi),P, z(Y)) = M
A fortiori, using Lemma [22]
KL(P,c,P,5) < 4nA® < deinlog(K) .

Applying this, together with log |S| > ¢"nlog(K) and Lemma |19| with p = d(,, ... ,,) leads to

1+ 4c2nlog(K) 1+ 4c3nlog(K)
f— E > l-— 5| > l1l-—
n éa 15] GZGS wa {err(G G)} a( log | S| =4 c"nlog(K)

1+4c2nlog(K)
c"nlog(K)
enough, there exists a constant C' such that

The quantity a (1 — being larger than 3, supposing c; is small enough and Ky large

inf — uf g Z E.c {err(é, G)} >C .

Ges

A fortiori, since p € Ox and S C Py,

inf sup sup E, ¢ [err(é,G)} >C .
G GEPo n€O4

This concludes the proof of the theorem in this case.
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C.2 Case ¢ log(K) < A? < ¢5/2K log(K)

In this section, we suppose that ¢; log(K) < A% < ¢y LK log(K), with ¢y a numerical constant
that we will choose small enough. We still suppose that K > K.

Let us define p the uniform distribution on the hypercube £ = {—¢, +¢}PX, where ¢ = \/%A. We
show in Section the following lemma, which controls KL(P,,¢,P,7), for G € S.

Lemma 23. If ¢y is small enough with respect to ¢; and cylog(K) < A? < c2y/ EK log(K), there
exists a numerical constant ¢ > 0 such that, for all G € S, KL(P,c,P,7) < ecinlog(K).

Combining this lemma with Lemma [I9] implies that

1+ ccin 10g(K)>

inf — Z E, [err(GEG)} > min err(G,G) ( &' log(K)

¢ IS1 &= G#G'eS
By definition of S in Lemma given G # G’ € S, we have err(G,G’) > a. Hence,

(1 1+ cc%nlog(K))

nf — P Z Bpa [err(G G)} "nlog(K)

GeS

This last quantity is larger than § provided cz is small enough and Kj large enough. Hence, since
S C P, this implies

inf sup E, ¢ [err(G G)}

a
G GeP. 2

In order to apply Lemma [20] it remains to upper-bound the quantity p(RP*X \ z). The next
lemma, proved in Section provides such an upper-bound.

Lemma 24. For all K >2, p> 1 and A > 0, the probability distribution p satisifes

-1
p(RpXK \O3) < @e—pm .

In particular, if the constant ¢ such that p > clog(K) is large enough, the quantity M e P/8

is smaller than a/4. This, together with Lemma[20] leads to the existence of a numerlcal constant
C > 0 such that

inf sup sup E, ¢ [err(é,G)} >C .
G pne®x GeP,

This concludes the proof of the Theorem

C.3 Proof of Lemma [19]

Lemma |19|is a simple derivation from Fano’s Lemma that we recall here (see e.g [31]).

Lemma 25 (Fano’s Lemma). Let (P;) e, be a set of probability distributions on some set ).
For any probability distribution Q such that for all j € [1, M], P; << Q,

1+ £ 3Y KL(P;, Q)
ZP ( )21_ - log(M) ’

inf
Jyop,m M

where we recall that KL(P,Q) = [ log (
P and Q.

Tg) dP stands for the Kullback-Leibler divergence between
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Let A be a subset of P,. Denote G(l),A. ..,GUAD the elements of A. Given any estimator G, we
denote j an index that minimises err(G, GW)).

For any j € [1,|A]], using the definition of j together with the fact that the function err satisfies
the triangular inequality (for the second inequality), we have

rlr;éllnerr(G() G 52y < err(G(3)7G(j))

< err(G, GG)) + err(G,GW))
< 2err(G,GY)) .
Applying the expectation to this last inequality, we have, for j € [1, |A]],
2E, ¢t [err(é’7G(j))] > rgglzrll err(G(i),G(i/))]P’p,G(j) [5 #* j}
Summing over G € A leads to
|A| Z E,c {err G G)] > G%igA err(G,G’ )mén Al Z P, co [J #J]
GeA GUeA

Applying Fano’s Lemma [25] we get the sought inequality

1 + ﬁ Ycea KL(Pp G, P, co)
log([A[) '

inf — ot C;L‘]EPG {err(G G)] > Gné}relAerr(G G")

This concludes the proof of the Lemma [19].

C.4 Proof of Lemma 23

For G € S, let us compute KL(]P’pg, 5). We recall that i € Gy if and only if i = k [K].

From Lemma we have that, for k € [ K], |Gi| = |Gk|. We define my, this quantity. Given
k,le [I,K],We erte mg; = |GkﬂGl|.

We recall the definition KL(Pp7g,Pp a) = [log (Zﬁpg> dP, . We write Py ¢, or equivalentely
’ I

Py &, the distribution of (Y;)ie[1,n) when p; = ..., ux = 0 almost surely. Under this distribution,
the Y;’s are drawn independently according N (0, I,,). First, we will compute the quantity

dP, a dP, a
de7G _ dPo,c _ dPoc
dP =  Fg g

d]P’Q,G dPO,a

(28)

where the second equality comes from the fact that Py ¢ =P, 5. Given a probability distribution
P on some Euclidean space, which is absolutely continuous with respect to the Lebesgue measure,
we write dP for the density of this distribution with respect to the Lebesgue measure. For the
numerator in , we have

de,G :EP [dPu,G(Y)]
dPyc Eo [dP,,c(Y)]

E [[heqm Miec, exp (—311% — )]
o [Meepwio ica, &0 (= 31Y — pn]2)]
E, [Hde[l,p] [Tiep g Hice, exp (*% (Yia — l‘hd)Q”
Hde[l,p] eru,x] [Licc, exp (_%Yi?d>
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Using the independence of the jiy 4’s under the law p, we get that

de,G _ H H [licq, oxp (=5 (Yia — pr.0)%)]

d]P’o,G de1,p] ke[1,K] [Licg, exp ( 1de>
H II & | ]] eXp( — pkd)’ — (Yz‘,d)Q))]
[1,p] k€[1,2] i€Gy
2
H H E, [H eXp(kad—Z)]
1,p] k€[1,K] 1€Gy,

RN cosh<zgm> _

de(l,p] ke[1,K] i€Gy

Similarly, we have

dP, &
dIP’OG

2
7mk€
Il e 2 cosh E eYiq

defl,p] ke[1,K] i€Gy

Combining these two equalities in , we end up with

dP L cosh (¥,cq, €Y
pG H H ZzGGk ’d) ) (29)
dP, G — X1 cosh (Eieék eY;.q)

.2
We denote ¢ the standard Gaussian density ¢(z) = ﬁeT. We recall that my, is the size of Gy,

aIld alSO Of Gk aIld mpl G k Gl . EIldeI tlle la‘“ IE P G COI]dl‘thIlall:y on Mla oK P,
) ,LL ,0 we
have lhal .

* ZiGGk )/;:d ~ N(mklu’k?,dﬂ mk)7
o Yica, Yia ~ N(Xiep, k) ki, mi)-

Plugging these two points, together with equality , in the definition of the Kullback-Leibler
divergence leads to

%KL( .G P Z E, [/ log cosh(e(mppg,1 + v/mrz))d(x)dz

ke[l,K]

- Z E, /10gcosh Z M1 + /mex))eo(x)dz| . (30)

kE1,K] l1€1,K]

By symmetry, it is sufficient to upper-bound the term corresponding to the first group G; in the
sum above which is equal to S; = S11 — Si2, with

S —E, [ / log cosh((maps1 + Mx))¢(w)dx} ,

and Si2 =E, /logcosh Z mup + miz))e(z)de

l€[1,K]

First, we upper-bound the term S;;. We will use the following inequality

.172

2 1

I

SL’Q

?7

8

< log cosh(z) < Ve eR . (31)

[\]
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2

Proof of inequality . Let us first prove the upper-bound logcosh(z) < %. For z € R,

cosh(z) = ZteNé—i;! < ZteN% = exp (%) Applying the logarithmic function leads to
log cosh(z) < %

Let us now prove the lower-bound log cosh(z) > % — %1 To do so, we write, for z > 0, f(x) =
(

tanh(z) and g(z) = = — "“3—3 We have f/'(x) =1 — (f(x))?. Besides, ¢'(z) =1 — 22 <1 — (g(z))>.
Together with the fact that f(0) = g(0) = 0, this implies

f(x) > g(x), Yo >0 .

Integrating these function leads to

2 ot
1 h > ———, Vr>0.
og cosh(z) > 7 "1 V2
By parity of these functions, this last inequality is satisfied for all € R. O

Inequality , together with the independence of = and p; 1, imply that

S < %IE,, [/(5(7”1#1,1 + miz))p(x)de | < 1*32( L+ mie?) . (32)

(\}

We arrive at 1
S < §m1€2(1 +mye?) . (33)

Let us now lower-bound S12. Inequality induces

1 2
S12 ZiEp /52( Z mll.ul,l‘f'\/mll") ¢(x)dz

l€[1,K]

4
—I—IQE,J /54< Z mum,l—l-\/ﬁm) o(x)dx

l1€1,K]

1 1
2552 Z mllé‘ +mq | — 75 E ( Z ma i, 1) — E543771%
l€[1,K] l€[1,K]

— fs Yy B Z map,1)
le[1,K]

1 1 1
2552 Z mye? +my | — 558 Z m‘lll +6 Z m3, — Ze4mf
l€[1,K] l€[1,K] le[1,K]

—faml E mi; .

l1e[1,K]

We end up with

1 1 1
S12 > 2m16 — Zmle - *6 my mu 1268 g mi, + 6 E mi, . (34)
le1,K] le[1,K] le[1,K]
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Combining inequalities and (34)), together with the equality m; = >ief1,x] M, leads to

1 1 1
Sy S§m1€2(1+m15 )_§m1€ + 4m15 + 5 my Z mu
le[1,K]
2
+ Tf':g Z mll + 6 Z m?l
l€[1,K] 1€[1,K]
8 L6 3

7
125 ml—i— 25 m3

2 2
§04n (1+E+E4n> ,

3
gfmfsél +

K? K K2

where ¢4 is a numerical constant, obtained using the fact that m; < %% Summing over k € [1, K]

in leads to

n? 4 n?
KL(IPp,GaPME) < C4p?€ <1 + 6 ? +e ﬁ

From the definition of £, we have p”%e‘1 = 4%&4. The hypothesis A? < c2y/E K log(K) leads

to pre e* < 4cinlog(K). Moreover, the hypothesis ¢;log(K) < A? < ¢y LK log(K) implies

2
2 _ 2 A C. . . . . .
g = p}é A S22 <1, if ¢ is small enough with respect to ¢;. Thus, there exists a numerical

constant ¢ > 0 such that, when cs is small enough,
KL(P,,P,5) < ciinlog(K) .

This concludes the proof of the lemma.

C.5 Proof of Lemma

We suppose that there exists a probability distribution p on RP*X and C' > 0 satisfying

inf sup E, ¢ [eTT(G G)} p(RP*ENOz)>C .
G GEPq

Given an estimator G, there exists a partition G' € P, such that E, ¢ {err(é, G)] —p(RP*E\B ) >
C. Since E, ¢ [err(é, G)} = Jpoxx Epc {err(é, G)] dp(p) and E, ¢ {err(é, G)] is upper bounded
by 1, we end up with f@A E.c {err(é, G)] dp(u) > C.

This implies the existence of y € ©x such that E, ¢ {err(é, G)] > C. A fortiori,

sup sup E, ¢ [err(CA{G)} >C .
pEOX GEP,

This last inequality being true for all estimator G, we get the sought inequality

inf sup sup E,q [err(G G)} >C .
G pEOR GEP,

C.6 Proof of Lemma [21]

We recall that G is the partition of [1,n] which is defined by i € Gy, if and only if i = k [K].
Throughout the proof of this lemma, we denote m = [ |. We define V' C 7)% , the set of partitions
G which satisfy
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e the restriction of G to [1, K|2]] U [Km + 1,n] is equal to the restriction of G on the same
set

)

o |Gy| = |G| for all k € [1, K].

The number of partitions in V' is equal to the number of partitions [K[ % | 41, Km] in K groups

of size m— | 2 |. For the [£] first groups, we choose m — | 2| elements amongst at least | £ |(m —

2
L Jon ) 3
m-|%] '

We arrive at log|V] > %log(tgiﬁn&?“). Besides, if the constant Kj is large enough, we

get that, when K > Ky, (L%J(m—L%J)) > (KTm)m—L%J

m-lz] ) =

s Kl(m—|2 m m m
(m—[%])log (m— [2]). We arrive at log ((L 2»Jn(—L%LJ2J )) > 2 (log (B2) —log (m — [2])).
This implies the existence of a numerical constant c3 > 0 such that, if K > Ky with Ky large
enough,

|2]) elements. Hence, the number of such partitions is lower-bounded by (

Besides, log (m — [2])! <

log |V| > ecsnlog(K) . (35)

Let S be a maximal subset of V satisfying; for all G, G’ € S, the proportion of misclassified points

between these two partitions err(G,G’) is lower-bounded by a, with @ > 0 a numerical constant

that we will choose small enough. As a consequence, for all G € V, there exists G’ € S such

that err(G,G') < a. For G € S, we denote Bg C V the set of partitions G’ € V that satisfy

err(G,G") < a. Then,

51> —
maxges | Bal

Given G € S, let us upper-bound |Bg|. For G’ € V, we define E(G') = {i € [1,n], Ik #1 €
[1,K], i € Gy NG} C[K|%]+ 1, Km]. We recall the definition

(36)

K
n o s 1 ’
err(G,G") = min o ; |GLAG (1] -
For k € [1,K], if m(k) # k, then |GrAG, )| = 2|3 ]| = |G}, N E(G')]. If n(k) = k, then
|GRAGT ()| = |G, N E(G')|. Plugging this in the definition of err(G, G") leads to

! 1 !
err(G,G") > %E(G) .
Hence, if G’ € Bg, then E(G’') < 2an. For choosing a partition G’ such that F(G') < 2an, we
choose 2an points amongst [K || + 1, K'm| points and, for each of these points, we choose the
group G}, which will contain it. We arrive at [{G' € V, E(G’) < 2an}| < (K("ZTLL%D)KQ“". We
end up with log | Bg| < 2anlog(K) + log (K(m;}l%J)) < 2anlog(K) 4+ 2anlog (i) Combining this
last inequality with inequalities and leads to

1
log |S| > ¢snlog(K) — 2anlog(K) — 2anlog(2—) .
a
If the constant a is small enough and the constant K large enough, we have, when K > Kj, and
a fortiori n > 2Ky, $nlog(K) — 2anlog(5-) > < log(K).
Besides, if a is small enough, we also have nlog(K) — 2anlog(K) > %*log(K). This leads to
the sought inequality

log | S| > %log(K) :

For G € S and k € [1, K], we have |G| = |Gi| € [| %], [ %] + 1]. Hence, S C Ps. By definition
of S, for G # G’ € S, we have the lower-bound err(G,G’) > a. Hence, the set S satisifies all the
conditions of Lemma This concludes the proof of the lemma.
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C.7 Proof of Lemma 22

We suppose that §log(2) > log(K) and we want to find vectors pi,...,ux in RP such that
%minl#. lper — ]l > A% and %maxl#. i — pr|]? < 4A2

Denote H = A\/g {—1,1}". There are 2P elements in H. Consider H a maximal subset of H such

that the following holds. For 6 and @’ two distinct elements of H, there exists at least £ index
such that 6; # 0.

If 0 and 0’ are two distinct elements of H, we have from the definitions of H and H that

_ 1 _
A? < 5\\970’”2 < 4A? .

It remains to lower-bound the cardinality of H. Given § € H, denote By the subset of H made
of the elements 6 that have at least | %2] index such that 6; = 6. From the definition of H, we
deduce that H C (Jycy By Since the By’s are all of the same cardinality, we get that, for 6 € H,

[H| < |HI[Bs|.

Let us upper-bound |By|. Given a fixed set of index of cardinal BTPJ, there are at most 2% points
in H that are equal to 6 on these index. Hence, the cardinal of By is upper-bounded by (L%Jp%'
Plugging this inequality in |H| < |H||By| leads to log(|H|) > plog(2) —log (L%J) — Llog(2). Using
the inequality log (L%J) < log (LgJ) < £log(2), we end up with log(|H|) > %1log(2). This implies
from our hypothesis on p that |H| > K. Any K-tuple of vectors p1, ..., ux taken from |H| satisfies
the sought conditions. This concludes the proof of the lemma.

C.8 Proof of Lemma [24]

Let p > 1 and K > 2. We lower bound in this section ming ||ur — || when g ~ p. Let
k # 1€ [1,K]. Then, |ju — pul* = 4e 35 1 1,0, ut.- Hence, 7z|lpue — wl|? is a sum of p
independent Bernoulli random variables of parameter 5. In particular, 17z || s — pu||? is the sum of
p independent random variables of mean % and bounded in absolute value by 1. Using Hoeffding’s
inequality leads to

1 P 1 1 p
Pl — il < 2] =P | =l — ) — B | — e — pul?] < -2
12 ik — pu]]® < 4} [462”% | [462”#% | < 1

<on (1)

Besides, 1% s — ]2 = 525l — pul]2. Hence,

1 _
P Sl — il < A%| < exp (-2)
2 8
Using an union bound on the set of pairs k # [ € [1, K| leads to
K(K —1)

1 _
P[Elk 7é le [LKL 5”#% _,ul“2 < AQ} <

This concludes the proof of the lemma.
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D Proof of Theorem 4|

Without loss of generality, we suppose throughout this proof that o = 1. We suppose that n > ng,
with ng a constant that we will choose large enough. We also suppose that o > % and n > 9K/2.

As in Section [C] we will distinguish two cases. In a first time, we will prove that there exists
numerical constants ¢; and C such that when A? < ¢; log(n),

inf sup sup P,g(G#G)>C .
G n€O4 GEP,

Then, in a second case, we will show that there exists a numerical constant co, such that this also

holds when ¢ log(n) < A2 < ¢g4/ % log(n).

In the following of this proof, we consider a partition G(©) ”P%. In particular, G(® € P,. The

existence of such a partition is ensured by the hypothesis n > 2K (for example, we can take the
partition G defined in the proof of Theorem [3| by ¢ € G, if and only if ¢ = k [K]).

D.1 A2 < ¢ log(n).

Let us suppose that A% < ¢; log(n) for ¢; a positive numerical constant, that we will choose small
enough later.

Let e be a unit vector of RP and define up = v2kAe for k € [1,K]. It is clear that pu =
Ui, .-, i € Ox. We will prove our statement using Fano’s Lemma that is recalled page Our
goal will be to find different partitions GV, ..., GM) € P, with M as large as possible, such that
KL(P, ¢ P, cw) remains small for all r € [1, M].

Given k € [1,K—1],i € G;O) and j € G,(;Rl, we define the partition G(*) as follows. For [ € [1, K]
distinct both from k and k + 1, we take Gl(i’j) = Gl(,o). Besides, we take G,(f’j) = (ng) \ {z}) u{j}

and Ggﬁl = (Gl(c(21 \ {2}) U {j}. This partition corresponds to the partition G(©) after shifting

the points 4 and j. We denote Sh(G(?)) the set of all these partitions

Sh(GO) = (¢, ie G, jea)

wi1s keE[LK 1]} . (37)

For G € Sh(G©®), the groups of G(*7) are of the same size than the groups of G(?). Thus,
GU:d) € P,. And, all the groups of G(9) are of size at least 3. This implies that the G("7)’s are all
distinct.

For G(9) € Sh(G®), let us compute KL(P, ¢in,P,co). Giveni’ € [1,n], we denote P, ;i) (Yi)
the marginal law of the vector Y; under the joint law P, ;i.j). Using the independence of the
Y;’s for ¢’ € [1,n], we get

KL(P, 6.0, Puc) = > KL(P, gon (Vi) P, o (Yir))

i'=1
=KL (P, cun (Ys), Py oo (V) + KL (P, gai (Y3), Py co (Y)))
=KL (N</‘k+1v IP)vN(:“kv Ip)) + KL (N(Nka Ip)aN(Nk+1»Ip))
=2A? < 2c%log(n) ,

where we used the property KL (N(f,I,),N(g,1p)) = M, for all f,g € RP.

For any estimator G, we associate .J the estimator that gives (i,7) if G = QU9 and (1,2) else-
where (we can suppose that G(2) € Sh(G©)). Lemma implies that, for all estimator G, the
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corresponding estimator J satisfies

1 S 1+ 2¢% log(n)
T AN Pugan(J#(i,))) 21— s
SHGEO ., e%(m e log(Sh(GO)))

For all i € Gy, if j € Gi1, then G0 € Sh(G®). The groups of G») are of size at least 2%.
Hence, since K > 2 and n > 9K /2,

\/

4
> 18 n . (38)

2
shE) > (- (Bn) = 1>

We arrive at

~ 1+2cflog(n)

1 Z IP’#’G«,J)(JA # (,7)) 2 log(n)

©
|Sh(G Ng(z\j)gSh(G(U))

If ¢1 is small enough and ng large enough, there exists a constant C' > 0 such that, for all integers

2
14+2¢118(n) > @ This implies

n > ng, we have 1 — Tog(n)

1 7 . .
Sy 2 Pueeo(T£00)2C
G eSh(GO)

For any estimator G and its corresponding estimator J, for any GU9) ¢ Sh(G(©), we have
P, e (G =GU1) < P, ctn(J = (i,7)). Thus, we arrive at

1 R y
|Sh(GO)| Z P, gun(G#GH)) > C .
G eSh(GO)

This, with the fact that, for all estimator é,

sup sup P, a(G#G) >

P i, G G(i’j) ZC .
sup sup ShGo) | 2 Fucoa(G#GH)

Gl eSh(G®)

This concludes the proof of the theorem in the regime where A% > ¢; log(n).

D.2 ¢ log(n) < A? < ¢y/EK log(n).

We suppose that ¢;log(n) < A? < ¢31/EKlog(n), with ¢; the numerical constant chosen just

above and cs another numerical constant that we will choose small enough. Given p a probability

distribution on (RP)X and a partition G of [1,n] in K groups, we define the probability distribution
n (RP)™ by

Bc(B) = [ Buc(Biiolu)

The proof of Theorem [4] in this regime uses the following lemma. It is a reduction lemma which
plays the same role as Lemma [20] in the proof of Theorem

Lemma 26. We suppose that there exists a probability distribution p on (RP)X and a > 0 such
that

inf sup P, a(G#G) - p(RPYE\©3) > a
G GeP.

Then, we have

inf sup sup P,c(G#G)>a .
G peOx GeP,
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We refer to Section [D.4] for a proof of this lemma. We will consider the same distribution on
(RP)E as in SectionWe take ¢ = \/%A and p the uniform distribution on the hypercube
E = {—¢,e}P*k,

We will use Fano’s Lemma to lower bound inf & supgep, Pp,g(é # G). To do so, we need to find
many partitions GV, ..., GM) ¢ P, with M large, such that KL(P, c0),P, c)) remains small.
Again, we use the set of partitions Sh(G(?), defined by , for GO ¢ P%. For such a partition
G € Sh(G®), the next lemma controls the quantity

dP
KL(]P,J,GJPPGM):/mg(ﬁ)mp,g .
Py

We refer to Section for a proof of this lemma.

Lemma 27. We suppose that co is small enough with respect to ¢1. Then, there exists a numerical
constant ¢ > 0 such that, for all G € Sh(G(O)), we have the inequality

KL(P,c,P, o) < cc3log(n) .

Together with Lemma |25| applied to the set Sh(G(O)), this lemma induces

1+ cc2log(n)

1 R
inf ———— P,oo[G#G0]>1—- — 25
% 2 Foaole# GVl 1 @)

(0)
a [Sh(GO) s
Since for all estimator G , the inequality

1 A N
IETECON PpclG # Gl < sup PpqlG # G
|Sh(GO)] Ges%:G(o)) GEPa

is satisfied, we have the following inequality

) A 1+ cc3 log(n)
£ sup P,glG#G]>1— —c2osln)
e R O N e )

Finally, referring to equation (38), we have log(]Sh(G®)[) > log (n). Thus, if we choose c; small
enough and if ng large enough, there exists a numerical constant b > 0 satisfying

inf sup P, q[G#G]>b .
G GEPo
In order to apply Lemma it remains to control p(RP*X\ ©3). Lemma states that p(RP* K\
2
Ox) < K(K —1)exp(—p/8). Moreover, since ¢; log(n) < cay/EK log(n), we have p > & % log(n).

This implies that p(RP\ ©3) < %, provided ¢ is small enough with respect to ¢;. Combining this
inequality with Lemma [26] leads to

N o

inf sup sup P, ,[G #G] >
G GEP, €O,

This concludes the proof of Theorem [

D.3 Proof of Lemma

By symmetry, we can suppose that 1 € G§°) and 2 € G(QO) and we compute KL(P, ¢,P, co) for
G = G2, We proceed similarly as for the proof of Lemma except that here we will use an
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upper-bound and a lower-bound of increments of the function logcosh, instead of bounding the
function log cosh itself. That will allow us to have a sharper bound on KL(P, ca.2),P, g ).

In the following, in order to ease the computations, we denote by p’ the probability distribution
on (R)P*X that satisfies; if (u1,...,ux) ~ p, all the u;’s are independent, p; = p2 = 0 and
all the other y;’s are drawn uniformly on the set {—e,+e}?. We recall that ¢* = %A and that

c1log(n) < A% < ¢y 2 Klog(n), with ¢y that we will choose small enough.

First, we compute the quantity

AP 50,2 AP 50,2
dehG(l‘?) _ d]P)p’ﬁG(l*Q) _ d]Pp’yG(l‘m (39)
dPP,G(t)) aF, 0 aP e 7

d]P’p/,G(Lz) d]P’pQG(o)

where the second equality comes from the fact that Pp/7G<0) = Pp/7G(1,2). Given a probability dis-
tribution P on some Euclidean space, which is absolutely continuous with respect to the Lebesgue
measure, we write dP for the density of this distribution with respect to the Lebesgue measure.
For the numerator in , we have

Fygon o By [dP,gon (V)]
dIP)p/7G(1,2) Ep/ [d]P)p,G“vZ) (Y)]

P [er[u(] Hiecﬁj’” exp (—3]|Y; — ,Uk:||2):|
By [Mieqs s Micag s exp (=5 1¥: — )]

_ Ep [Hde[l,p] er[u{] HieG,i”) exXp (—% (Yi,d - Mk,d)g)}
]Ep’ [Hde[l,p] er[u{] Hiecgm exp (—l (Yi,d - ,uk:,d)zﬂ

Using the independence of the ug q’s both for the law p and p’ together with the fact that, when
k > 3, ui has the same distribution under p and p’, we get that

APy cuo)
d]P::lyG(l,Q) H H

de[1,p] ke[L,K] Epr

B [[Legpo oxp (~3(Via — pra)?)]

}
}
]

Ly  _ 2
et exXp (=3 (Yia Ik,

at (- )
=11 II [[ ieG{ expi )

(

(i
5(Yia — pu,a)

(

de(1,p] ke{lQ}E EG}gmexp % zd—Mkdz)

1 2 2
II II B | II oo (50— ma)® - (ia)?)
dell,p] ke{1,2} et

&2
I I E| I ew (Yi,duk,d-Q)
dell,p] ke{1,2} e
,‘G(l 2) . 7‘G§1,2)‘€2

H ez COSh Z eYiaqle 2 cosh Z eYial,
de[1,p] ieG{H? ieGy?

where the third equality comes from the fact that, for all d € [1,p] and when i < 2, y; 4 = 0 almost
surely under the law p’. Similarly, we get that

dP, G(O) —16{%) <2 —16§01e2

de[1,p] e ieG®
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Combining these two equalities in (39), and using the fact that the groups of G(® and G2 are

of the same size, we get
de,G(va) (Y) _ ﬁ cosh (Zi€G§1,2) 53/1’,(1) cosh (ZiEG(Ql’Z) E}/;,d>
dP, o d—1 cosh (Ziecglﬂ) €Y¢7d) cosh (ZiEGgO) eYi,d)

Plugging equality in the definition of the Kullback-Leibler divergence leads to

(40)

dP G(l,z))}
KL(P,gon,Pyao) =E, go |log  —m=—
( p,G(1,2) p,G<o>) 0,G(1:2) [ g ( dep(o)

- Z E, a2 |logcosh | e Z Y;a | +logcosh | e Z Yi.d
dell,p] iGG(ll‘z) iGG(zl‘z)

_ Z E, a2 [logcosh | e Z Yia | +logcosh | e Z Yia
de[1,p] iea” e

a2
We recall that ¢ is the standard Gaussian density ¢(z) = \/%67. We denote by m; the size of

Ggo) and mo the size of Géo). Under the law P, ca 2, conditionally on i, ... ux ~ p, we have

© > icqt Yia ~ N(mipg,m),
i ZieG;m) Yia ~ N(mapz.q,m2),
. Zieggm Yia~N((my — 1)p1,q + p2,.a,m1),

° Ziecg’) Yia~N((mg —1D)pg,q+ p1,4,m2).

These four points, together with the fact that the p 4's are identically distributed, lead to

KL(P,ca2,P,q0) =pE, [/ log cosh(e(map1 + ./mlx))¢(x)dx}

+pE, /log cosh(e(mapo,1 + \/@Z))(ﬁ(.’ﬂ)dl}

-pE, /log cosh(e((m1 — )p11 + pa1 + \/ﬁx))ﬁﬁ(l’)dz]

-pE, /logcosh(g((mg —Dpor +p1a+ \/@x))(b(x)dx] . (41

First, let us upper-bound the term E,, [ [ logcosh(e(mip1,1 + /miz))$(x)dz] . We denote u =
e((m1 — Dp11 + /mix) and b = epq,1. Then, we have

E, [ / log cosh(e(ma .1 + M$))¢(x)dx} _E, [ / log cosh(u + h)d)(x)dx]

We will use the Taylor expansion of the function logcosh around u. We compute the following
derivatives:

e For all x € R, log cosh’(z) = tanh(z),

e For all z € R, logcosh”(z) = 1 — tanh?(2) which is bounded by 2 in absolute value.

48



Hence, Taylor-Lagrange inequality implies
| log cosh(x + y) — log cosh(z) — tanh(x)y| < y?, V(z,y) € R? . (42)
Plugging this inequality leads to
E, {/ log cosh(u + h)¢(x)dz | < E, [logcosh(u)] +E, [/ tanh (u)hp(z)de | +E (%) . (43)

First, since h? = &* almost surely, we have Ep(hz) = ¢*. Now, we need to upper bound

E, [[tanh (u)hé(z)dz]. For any y € R, we have tanh’(y) = 1 — tanh®(y) and tanh”(y) =
—2tanh(y)(1 — tanh(y)?), which is bounded by 4 in absolute value. Hence, Taylor-Lagrange
inequality taken at 0 leads to

|tanh(y) —y| <2y® ,Vy€R .

This leads to E,, [ [ tanh (u)h¢(z)dz] < E, [[ uhé(z)dz]+2E, [ [ u?|h|¢(x)dz]. On the one hand,

E, { / uh¢(m)dﬂc} _2E, [ / (m1 = 1)pes + \/nTlx)m,lqs(x)dx]

=€ E, [(ml - 1),“%,1]

=(my — 1)e* .

On the other hand,

E, { / u2|h|¢(x)dx] _'E, { / (m1 = pns + Mx)2¢(x)dx]
et (i — 122 )

Plugging these inequalities in leads to
E, [/ log cosh(u + h)¢>(x)dm] < E, [log cosh(u)]+ (m1 —1)e* +2e* ((mq — 1)%* + my) +&*. (44)
Now, let us lower-bound the term
E, [/ log cosh(e((m1 — 1)p11 + po1 + \/ﬁx))qb(w)dx] =E, {/ log cosh(u + h’)(b(x)dx] ,

where we define h' = epg,1, which is independent of u. Using inequality together with the
independence of u and I’ leads to

E, [/ log cosh(u + h’)(b(x)dm] > E, [logcoshu] + E, [/ tanh (u)qﬁ(:c)dz] E, W] —E, [n?].
Since E, ['] = 0 and E, [2/?] = &*, we have
E, [/ log cosh(u + h’)¢(m)dm} > E, [log coshu] —&* . (45)

Similarly, for the other terms in the equality , we have, denoting us = e((me—1)p2,1 ++/max),
h2 =EM2,1 and h/2 = EM1,1"

E, [/ log cosh(ug + hg)qb(x)dx] < E, [logcosh(uz)] + (mg — 1) + 2e*((mg — 1)%* + my) + &*

E, [/ log cosh(ug + h'2)¢(x)dm] > E, [log cosh(uz)] —&* .
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We denote m = m; + msy. Plugging these two inequalities, together with inequalities and

, in equality leads to

KL(P, ga»,P, co) <p (*(3m +2) +&° (m1 — 1) + (m2 — 1)?))
§4pm54(1 + mEQ) .

Since €2 = 2A2, we have

2
p
_ m
KL(P, o, P, qw) < 16A4%(1 +20A)
, , "

Besides, G ¢ 73%. Thus, all the groups of G(©) are of size at most %
arrive at

n n
- Hence, m < 3%- We

KL(P P < 48AY (14 6-—A2)
( p,G(1:2) 5 p,G(U)) <48 Kp( + 6Kp )
The hypothesis ¢ log(n) < A? < ¢31/EK log(n) leads to

A4Kip < 3log(n)

and to )
M2 M al o alog(n)
Kp Kp~ A2 = cilog(n) =
when ¢5 is chosen small enough with respect to ¢;. Thus, there exists a numerical constant ¢ such
that
KL(P, gu2,P, co) < cc3log(n) .

By symmetry, this inequality is satisfied by all partition G' € Sh(G(®). This concludes the proof
of the lemma.

D.4 Proof of Lemma [26]

Let us suppose that there exists a probability distribution p on (RP)¥ and a > 0 such that

inf sup P, (G # G) - p(R*F\ Og) > a .
G GePyo

GivenAan estimator G’, the previous hypothesis directly implies that there exists G € P, such that
Ppc(G # G) — p(RP* )\ Og) > a.

By definition, Pp’g(GA # @) = [P,c(G # G)dp(p). The quantity P, o(G # G) being bounded
by 1, we have P, (G # G) < Jou P..c(G # G)dp(p) + p(RP*K \ ©g). Therefore, Jou P,.c(G #
G)dp(p) > a. This implies the existence of p € O such that ]P’Mc(é #+G) > a.

This being true for all estimator G, we get the following inequality that concludes the proof of the

lemma

inf sup sup P,q(G#G)>a .
G peO®g GePq

E Proof of Corollary

We suppose n > cK?log(n), with ¢ > 0 a numerical constant that we will choose large enough,

and p > n. Let M© be the estimator of M* induced by the exact K-means estimator G. Again,
we suppose without loss of generality that o = 1.
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We will show that, if A* > ¢/2X1og(n), for ¢’ a numerical constant chosen large enough, the
conditions of Theorem [o] will be satisfied. These conditions are a condition of balanceness of the
partition G* and a condition on the separation of the py’s.

First, Lemma [28] states that the partition induced by the k;’s balanced. We refer to Section
for a proof of this lemma.

Lemma 28. We consider the partition G* induced by the k;’s by the relation G5, = {i € [1,n], k; =
k}. Then, there exists a numerical constant ¢ > 0, such that if n > cK? log( ), the following holds
with probability at least 1 — 2. For all k € [1, K], the size of G}, satisfies 7%= < |Gi| < 3.

Hence, condltlonally on the puy s Theorem [f] implies the existence of a constant ¢; > 0 such
that, if ming 1 ||k — ] > cl— log(n), the partition G recovers exactly the partition G*, with
probability larger than 1 — <% W1th ¢ > 0 a numerical constant. The next lemma shows that this
condition on the separation of the py’s is satisfied with high probability. We refer to Section
for a proof of this lemma.

Lemma 29 We suppose p > n. There exists numerical constants cs > 0 and cq4 > 0 such that,
if A* > ezl log( ), the following holds. With probability at least 1 — =%, the separation between

the clusters satzsﬁes A* = mingy 5k — |t > o BE log( ).

Combining Lemma [28] Lemma [29] together with Theorem [] leads to the following statement. If
n > cK?log(n), p > n and A* > e3> log( ), the partition G recovers exactly the partition G*

with C' a numerical constant. This induces P[M G LM < & and

nZ
N . C
E[|M # M ||7) < — .

with probability at least 5
thus

nZo

This concludes the proof of the corollary.

E.1 Proof of Lemma 2§

Let us denote Ny, = [{i € [I,n], k; = k}|, for k € [1,K]. We prove in this section that, if
n > cK?log(n), for c > 0 a numerical constant that we will choose large enough, then, with
probability at least -%, simultaneously on all k € [1, K], [Ny — %] < 5%

Let k € [1, K]. Then, Ny =3 ;11

of parameter . Hence, E[N}] = £ and Hoeffding’s inequality implies

1;,—1 is a sum of n independent Bernoulli random variables

2
n 2 n
P[| Ny, — *‘ 2 ﬁ] < 2exp< 4;;2> < 2exp (_@>

Moreover if the numerical constant ¢ such that n > cK? log(n) is large enough, we have exp ( —
An union bound on k € [1, K] induces that

7ed)
n2K
P[ak e [1, K], |Ny— 7| > %] <2

n?

This concludes the proof of the lemma.

E.2 Proof of Lemma 29

We proceed as for the proof of Lemma [24]in Section Let k # 1 € [1, K]. Then, ||ux — w|?* =
4e? 2 et p) Lun.am,q- Hence, 1oz |4 — pu||? is & sum of p independent Bernoulli random variable

ol
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of parameter . Using Hoeffding’s inequality leads to

1 p P
P|— — 28 <« <77>
452”#1@ wl® < 4] S exp 3

Since p > n, there exists a numerical constant ¢4 > 0 such that exp (—g) < %7. Using an union
bound on the different pairs k # [ € [1, K] implies that the following holds with probability at
least 1 — <. For all k # 1 € [1, K], 3|lpe — pul* > pe* = A% This concludes the proof of the
lemma.

F Hierarichical Clustering with single linkage

For sake of completeness, we provide in this section an analysis of hierarchical clustering with single
linkage in the isotropic Gaussian setup. We recall our setup: for a hidden partition G* and hidden
vectors fi1, ...,k € RP, the Y;’s are drawn independently and, if i € G, Y; ~ N (ug, 021,).

Let us describe the algorithm considered. We build recursively a sequence of partitions as follows.
Initially, we take the partition G° = {{1},...,{n}}. Then, as long as G*) has more than K
groups, we construct the partition G**+1) by merging two groups of G® with the two closest
points. The algorithm stops when the number of groups of the partition G® is K, which occurs
when ¢t = n — K. Let us write more precisely this algorithm. We define the linkage function
between two subsets A, B C [1,n] as (A, B) = ming; jyeaxp ||Yi — Y;||>. Here is the hierarchical
clustering algorithm considered.

Algorithm 1: Hierarchical Clustering algorithm with single linkage
Data: Yi,...,Y,
t <+ 0;

GO« {{1},...,{n}};

while ¢t <n — K do
Find &, b minimizing [ (Gg)7 th));

Build Gt by merging the groups G((;) and G’gt), the other groups remaining
unchanged;
t—t+1;
end
Result: The partition G*~5),

The next result gives a sufficient condition on the separation A for recovering exactly the partition
G* with high probability using Algorithm

Proposition 4. There exists numerical constants c¢i and co such that the following holds. If A? >
c1 (log(n) + plog(n)), hierarchical clustering recovers exactly the partition G* with probability

at least 1 — %

Proof of Proposition[f, Without loss of generality, we suppose that o = 1. We recall that, by
definition, for i € Gy, we have kf = k. Let ¢ # j € [1,n]. Then

1Y; = Yil1* = |Bi — Bjl|* + 2(B; — By, g — o) + llpary — s |* -

In order to prove Proposition [4] we shall prove that, with high probability, the above quantity is
uniformly smaller when k! = k7 than when kf # k3. For i # j € [1,n], using Lemma we get
that for some numerical constants ¢ > 0 and for all z > 0,
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PIIIE: — EjI — 29| > c(ypE+2)] < 2¢7° .
Setting e™* = # and doing an union bound on all possible couples i # j, we get
1
Phﬁ%je[Lm,ng—Em2—m4>m( pmgny+mgng}g;§.

Let us know control the cross term (E; — Ej, py: — Hk;> uniformly on all ¢ # j € [1,n]. For such
i #j € [,nl, (Bi— Ej, kg — pws) ~ V2 e — s

N (0,1,). Hence, for some numerical constant

¢ > 0, with probability at least 1 — e‘x2, we have (E; — Ej, jux» —uk;> > —c'z||pg: = ez |- Setting
e = # and doing an union bound on all i # j, we end up with
. . 1
P [VZ # Js Bi — Ej, ez — pz) > —2¢"\/log(n) ||k — pns } 21-—.

2

=, simultaneously on all i # j € [1,n], we have the two

Hence, with probability at least 1 —
inequalities

(Bi — Ej, ez — puz) > —2¢"\/log(n) || pk; —
m&—aw—wg%(pMMthw

)

Let us restrict ourselves to this event of probability at least 1 — % on which these two inequalities
are satisfied. For i # j € [1,n],

o 10k} =k, then Vi = Y; |2 = || B — B> < 2p+ e (V/plog(n) + log(n) ),

o If k} # kI, then [|Y; —Y;||*> > 2p—4c (x/plog(n) + 1og(n)> —Ad\/log(n) || puw; — b

2
Nk;” .

+ [| porer —

Thus, if A2 > ¢ (log(n) + plog(n)), for ¢; a numerical constant chosen large enough, we get,
for all i # j,

o Ifk; = k3, then ||Y; — Vj|2 < 2p+ &7,
o If k¥ # k7, then ||Y; — Vj||> > 2p + 287

Therefore, for all 7 # j such that k7 = k] and i’ # j' such that &}, # k3, we have with probability
at least 1 — %

IY; = Yi|1* < Yo = Y ? (46)
In other words, Algorithm [I] will always choose, when it is possible, to merge groups that both

intersect a same cluster of the partition G*. By induction on t € [0,n — K|, we deduce from this
that G() is a subpartition of G*, ie that each group of G® is a subset of a group of G* .

Initialization: The partition G(®) = {1},...,{n} is indeed a subpartition of G*.

Induction step: Let t € [0,n — K — 1] and let us suppose that G®) is a subpartition of G* and
let us prove that so is Gt Sincet <n—K — 1, |G(t)| > K + 1. Hence, there exists at least two
groups of G that are subsets of the same group of G*. Equation ensures that Algorithm
will choose to merge such a pair of groups. Hence, G**1 is also a subpartition of G*. This
concludes the induction.

In particular, the output partition G("~¥) is a subpartition of G*. Combining this with |G~ 5)| =
K leads to G("=K) = G*. This concludes the proof of the proposition. O
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