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AMOEBA MEASURES OF RANDOM PLANE CURVES

ALI ULAS OZGUR KiSISEL AND JEAN-YVES WELSCHINGER

ABSTRACT. We prove that the expected area of the amoeba of a complex plane curve of degree d is
less than 31n(d)®/2 + 91n(d) + 9 and once rescaled by In(d)?, is asymptotically bounded from below
by 3/4. In order to get this lower bound, given disjoint isometric embeddings of a bidisc of size 1//d
in the complex projective plane, we lower estimate the probability that one of them is a submanifold
chart of a complex plane curve. It exponentially converges to one as the number of bidiscs grow to
+00.

1. INTRODUCTION

Amoebas of algebraic varieties appear in a plethora of mathematical contexts, such as Hilbert’s

16th problem, tropical geometry, complex analysis, dynamical systems and mirror symmetry [6, 14,

,5,21,4,20,1]. If V is an algebraic subvariety of (C*)", then its amoeba A(V') = Log(V')

is deﬁned to be its image in R™ under the coordinatewise logarithm map Log : (z1,...,2n) €
(C)" = (In|z1],...,In|z,]) € R™.

Amoebas were defined by Gelfand, Kapranov and Zelevinsky in [6], and named due to some of
their geometric features, such as the convexity of the connected components of the complement
in the case of hypersurface amoebas. In another direction, Passare and Rullgard [19] proved the
remarkable fact that amoebas of plane curves have Lebesgue areas bounded from above by 72d?/2
in degree d. Moreover, this upper bound is sharp and the curves which realize the bound turn
out to be real modulo some toric isometry and have real locus with rich topology and special
placement with respect to the coordinate axes, they are called “special Harnack curves” [14, 17].
This finiteness result was generalized to volumes of amoebas of half-dimensional subvarieties in
higher dimensions by Mikhalkin [15], by making use of the rolled coamoeba map, which takes a
point in (C*)" to (S1)" by sending each coordinate to its argument modulo 7.

In this paper, we adopt the viewpoint of random algebraic geometry and address the question
of estimating the Lebesgue area of the amoeba of a typical complex plane algebraic curve, as
opposed to an extremal one. Indeed, special Harnack curves are real curves having the maximal
number of connected components in their degree, prescribed by the Harnack-Klein inequality. They
become exponentially rare as their degree increase [7], and are thus far from being typical, from a
probabilistic point of view.

Some first steps regarding random amoebas were taken in [2], where it was shown that with
respect to the Kostlan distribution, the expected multiarea of the amoeba of a degree d plane curve
is equal to 72d, see subsection 3.1. This implies that its expected Lebesgue area E4(Vol(A)) gets
bounded above by 72d/2, but the latter turns out to be much lower.
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Theorem 1.1. Foralld > 0, E4(Vol(A)) < g In(d)? 4 91n(d) 4 9. Furthermore, as d tends to infinity,
3

. Eq(Vol(A))
lim inf —A2 W) 5 2
iotee  In(d)? 4

This In(d)?-asymptotic contrasts with the “square-root law” satisfied for instance by the number
of solutions of a system of real polynomial equations, or by the volume or Betti numbers of real
projective submanifolds, according to which the expected number grows as the square-root of
the maximal number [3, 22, 8, 9, 10, 12] with respect to the Kostlan distribution. The expected
multivolume of plane amoebas obey the law though.

In fact, the amoeba of a plane curve supports two different measures, its area measure \ which
is nothing but the Lebesgue measure of R? restricted to .4 and its multiarea measure v, obtained by
“pulling back” this Lebesgue measure to the curve and then pushing it forward again to R?, both via
the Log map, so that the latter encodes as local weights the number of preimages of the Log map
restricted to the plane curve, see subsection 3.1. In average, both measures have densities with re-
spect to the Lebesgue measure, respectively denoted by p and da/(27), where p(t) denotes the prob-
ability that a plane curve intersects the compact torus Log~!(t),t € R?, whereas a(t) denotes the
area of the latter computed with respect to the Fubini-Study metric of the complex projective plane,
see Proposition 3.2 and subsection 2.4. The density da/(27) actually equals the average number of
intersection points of a complex plane curve with the torus Log~!(t), by Crofton’s formula, see The-

orem A.1. We deduce that p < min (1,da/(47)), so that E4(Vol(A)) < / min (1, da(t)/(4r)) dt,
2

R
see Corollary 3.3. The upper bound in Theorem 1.1 is obtained by estimating the latter integral
and we prove in particular that as d grows to +oo,

&) min (1, da(r)/(4x) dt = g In(d)? + 3 (1 + In (x)) In(d) + O(1),
R
see Theorem 3.9 and Appendix B.

In order to lower estimate the density p and deduce the asymptotic lower estimate in Theorem
1.1, we use a different strategy. We define a degree d marked Fubini-Study chart of capacity x € (0, 1]
centered at z € CP? to be the image of the bidisc By(x) = D(0,1/v/6d) x D(0, x/+/6d) c C*> c CP?
under some isometry i) € PU3(C) such that ¢/(0) = z . It is a submanifold chart for a complex
plane curve Vp C CP? whenever ¢~ '(Vp) is the graph of a map D(0,1/v6d) — D(0,x/v/6d),
see subsection 4.1. Given N disjoint degree d marked FS-charts of capacity ~ € (0, 1], we lower
estimate the probability that one of them be a submanifold chart for a plane curve, namely,

Theorem 1.2. For every k € (0, 1], there exists dy € N* such that for every d > do, every N > 0 and
every choice of degree d marked Fubini-Study charts of capacity « centered at points z1, ..., zn € CP?
such that

. 201n(d)
d i3 <] Z )
min Fs(zi; zj) 7

the probability that one of these charts is a submanifold chart for a degree d complex plane curve is
greater than 1 — 14~(k)N.

In Theorem 1.2, drg denotes the Fubini-Study distance in CP?, see subsection 2.4, and ~ the
function

21133
2) W:RG(O,I]b—Wy(/@)_l_eXp(_

5 )(1—6_1/2)€R

Since v < 1, vV decreases to zero as N grows to +oc. In order to lower estimate the density p(t),
t = (t1,t2) € R?, and deduce Theorem 1.1 we manage to pack disjoint degree d marked FS-charts
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of capacity x < 1 centered at points on the torus Log~!(¢) in such a way that one of them being a
submanifold chart for a complex plane curve Vp guarantees the intersection Vp N Log~'(t) # (). In
order to be able to do so, we need e’ and e’? to be far away from the coordinate axes, so that the
torus has low curvature and high diameter and we actually need « < 1 to get

51In(d)

Theorem 1.3. Forevery k € (0, 1), there exists dy € N* such that for every d > do, every 1 > 6 > 3 7

and every t = (t1,t2) € R? such that 6 < et <land § <e'2 <1,
p(t) =P(Log ' (t) N Vp # 0) > 1 — 1dy(r)",

25v/d J2

with N =
{3 51n(d)

We deduce that the density p converges to 1 on R? in the sense of distributions, see Corollaries
5.9 and 5.10.

Let us point out that the disjoint charts in Theorem 1.2 do not lead to independent events, even
though they become so in the limit, at least heuristically. We need to set a probabilistic result to
overcome this issue, Theorem 5.6 and Corollary 5.7, which actually represents a considerable part
of the proof.

The organization of the paper is as follows. Section 2 introduces the Fubini-Study metric to-
gether with the Bergman kernel and gathers all the material we need throughout the paper, as
preliminaries. Section 3 introduces the amoeba measures A\ and v, sets their first properties and
contains the proofs of the asymptotic upper bounds given by (1) and Theorem 1.1, see Theorem
3.9 and Corollary 3.10. Section 4 introduces marked FS-charts and sets an effective criterion for
being a submanifold chart, in the spirit of the barrier method [18, 8], in terms of L? ball-norms
of complex polynomials. Section 5 develops the probabilistic tool we use to overcome the lack of
independence which we quantify, leading to Theorem 5.6 and Corollary 5.7. It then contains the
proofs of Theorems 1.2, 1.3 and the lower estimate part of Theorem 1.1. The paper ends with
an Appendix containing a proof of Crofton’s formula for the reader’s convenience, see Theorem
A.1, and a proof of the first part of Theorem 1.1 in a slightly stronger form, see Theorem B.5 and
Remark B.6.

2. PRELIMINARIES

Let us first recall all the material we will need throughout the paper.

2.1. Hermitian matrices. Let C' = (Cj;)i<i j<n be a Hermitian matrix of size N. Let ||C||« =
sup;<; j<n |Cij| and ||C|| denote its norm as an operator on CV equipped with its standard Hermit-
ian inner product, so that

Cv
o= swp 1ML
vech\for [Vl

It coincides with the largest eigenvalue of C in absolute value, the latter being all real.

Lemma 2.1. Let C be a positive definite Hermitian matrix of size N. Then, for every a € CV,

2
(a,C71a) > |‘||2||| and det(C) > ||C~Y||~N. If moreover one of the diagonal entries of C' equals 1,

then min(]|C|], ||[C71]|) > 1.

Proof: Let us write C' = A2 for some positive definite Hermitian matrix A of size N. Then, for every
a € CN,|la]|? =||AAa|* < ||A|*[|A a|* = ||C|/{a, C~'a). Moreover, if c1,...,cy € R} denote
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the eigenvalues of C,
N N
= > ,
det(C) 1:[101 > <1<1£1<ch@> ;

—1
whereas [|[C7!||= sup ¢ ' = < inf ci> :
1<i<N 1<i<N

Let us now assume that a diagonal entry C;; = 1 for some i € {1,...,N}. Let {ey,...,enx} be the

standard orthonormal basis of CV and (¢;);<j<n be an orthonormal basis of eigenvectors for C.
N

N N
Then e; = Y _ a;é; for some (a;)1<j<n € CV and 1 = (C(e;),ei) = Y _ ¢jla;|*. Since Y a;)* = 1,
j=1 j=1 j=1
we deduce that infi<j<n ¢; <1 < supj<;<y ¢, so that min(|[C|], [[C7H]]) > 1. O
Lemma 2.2. Let C be a Hermitian matrix and I the identity matrix of size N. Then,

(@) ||Clleo < [IC[| < N|C]loo-

() If||C — I|| < 1, then ||C~ and [|[C~Y — I|| < 1 ||C — Il

IHS1— C—1 —lc—=1|
| | | |

Proof: (a) Let {e;}1<;<n denote the standard basis of CV. Then, forall 1 <i,j < N

|Ciil = 1(C(ej), ei)| < |C]| by Cauchy — Schwarz,
which implies that ||C||s < ||C||. On the other hand, for any v = Zfil vie; € CV, C(Zf\il vie;) =
Zf\il vi(Zle Cjiej), so that by Cauchy-Schwarz again,

N

N N N
IC@)IZ=NCO vienll> <D fuillorl D 1C5lICikl < N2[[Cl1Z vl
i=1 j=1

= i=1 k=1

The second inequality follows.
(b) Writing C~! = I + (C~! —I), we get ||C~Y|| < 1+ ||C~! — I|| by triangle inequality and thus

1>l =lie™ — 1]

= |lc7Ha -z -cip.

The first inequality follows and the second one as well, upon multiplying both sides by ||C — I||. O

2.2. Conditional expectation. For any event A in any sample space with probability measure p
and for any complex random variable Z, let

b
n(A)

denote the conditional expectation of Z over A.

BalZ) = o [ Z(P)du(P)

Lemma 2.3. Let Z be a real random variable with density, such that P(Z > z) = o(1/z) and P(Z > z)
is integrable. Then, for every event A and every = < E 4(Z),

- f;oo P(Z > z)dz

P(A) - EA(Z)—Z‘
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Proof: Since the law of Z has a density with respect to the Lebesgue measure of R, there exists
x4 € R such that P(A) = P(Z > z4). Then,

/ZW-—/ Z@+/ Zdy
A An{Z<z 4} AN{Z>z 4}

< mAIP’(Aﬂ{Z<:rA})+/ Zdu
AN{Z>z 4}
< xA(]P’(A)—IP’(Aﬂ{ZZxA}))—i—/ Zdu
AN{Z>z 4}
< zAP(A°N{Z > x4}) +/ Zdp  sinceP(A) =P(Z > x4)
Aﬂ{ZZIA}
S(/ Zdp
Z>x A
“+oo
= [ enato)
zA
where pz = Z,uu denotes the law of Z and A° the contrary event of A. Integration by parts gives
+o00o +o0o
/ zpz(z) = —2P(Z > z2)[f +/ P(Z > 2)dz
TA TA
+00
= xz4P(A) +/ P(Z > z)dz by hypothesis, since P(Z > z4) = P(A).
TA
We deduce
1 +oo
Ea(Z SmA+/ P(Z > z)dz.
(2) BA) J,, ( )
I P(Z >

The function f(z) =z + IP’(A)/I P(Z > z)dz has derivative f'(z) =1 — (IP(Z):U) Hence, [’

is negative on (—oo,z4) and positive on (x4, +00), so that f reaches a global minimum at x 4.
Therefore, for all x € R,

Ea(Z) <x+ P(lA)/+OOP(Z > z)dz.

Hence the result. O

Remark 2.4. If the real random variable with density Z posseses a variance, then the Bienaymé-
Tchebychev inequality implies that for every z > E(Z),

V(%)

>2) < — 2> (45— N« Y\E)
@ P(Z>2) <P((Z-E(2) > (: ~E(2)) < g
so that P(Z > z) = o(1/z), P(Z > z) is integrable and the hypotheses of Lemma 2.3 get satisfied.

Lemma 2.5. Let Z be a real random variable with density, which possesses a variance V(Z). Then,
for all events A such that E(Z) < E4(Z),

4V (2) ‘
(Ea(Z) —E(2))?

P(A) <
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Proof: For every x > E(Z),

+oo o y(z)
> <
/x P(Z > 2z)dz < /I = ]E(Z))de by (3)
+0c0 1
< V(2) 5dz
z—E(Z)
ViZ)
- xz—-E(2)
Lemma 2.3 then implies that for all z € (E(Z),E4(2)),
V(%)
P(A) <
W= e B2 €D )
Choosing = = E(2) +Ea(2) provides the result. O

2
2.3. Gaussian complex vectors.
Definition 2.6. For every positive definite Hermitian matrix B of size N, the centered normal law
New (0, B) of CN with covariance B is the Gaussian law with density

6—<Z7B*1z>

7N det B
with respect to the Lebesgue measure, where (,) denotes the standard Hermitian product on CV.

Let us write Z ~ N~ (0, B) to denote that the random vector Z follows the law AN~ (0, B) and
first recall the moment generating function of ||Z||?.

1 2 1
L 2.7. IfZ ~ B L RNz
emma 2.7. If Nen (0, B), then for all 0 < X\ < Bl (e ) det(T = \B)
1
Proof: Assuming 0 < \ < M’
1 2 —1
E(NZIPy / Nell? o~ (z.B"12) 4
(™) Ndet(B) Jox & € z
1 -1
_ —(z,(B 7)\I)z)d
dea(B)/QNe z
1 "2
- =121 g4
wNmﬂBnmﬂAnzANe z
_ 1
~ det(I — AB)
In this derivation, we write B~! — A\I = A*A and perform the change of variables z’ = Az when
passing from the second to the third line. O

IfZ = (Z,...,Zn) ~ Ngn (0, B), then the complex random variables Z; satisfy (E(Z; Z;))1<ij<n = B
and the pairing
(2,Z)eCN xCN— (Z,B71Z)eC
defines a Hermitian product on CV. Conversely,
Definition 2.8. The Gaussian measure of an N-dimensional complex Hermitian space (F, (,)) is the
_<sz>

measure having density ——;
s

at the point Z € E with respect to its Lebesgue measure.
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Given any basis { P}, ..., Py} of E equipped with the Gaussian measure x associated to its Her-
mitian product, the coordinates X;(P),..., Xy (P) of a vector P € F in this basis become complex
random variables. Let us recall their covariance matrix.

Lemma 2.9. Let F be an N-dimensional complex Hermitian space equipped with a basis { Py, ..., Pn}
and its Gaussian measure. Let C = ((P;, Pj))1<i j<n and for every i € {1,..., N}, X;(P) be the i-th
coordinate of P € E in the basis { P\, ..., Py}. Then, (Cov(X;, X;))i<ij<n = C~L.

Proof: The random variables X; are centered, hence Cov(X;, X;) = E(X;X;) forall 1 <i,j < N,
with

BXX) = = [ X(P)X;(Phau(P).

Let {Py,..., Py} be an orthonormal basis of E and let us write P = SN b P;. We get

1 N N
=) = o [, () (SRR ravao
=1 m=

N
= > X)X, (R,
=1
since FLN - bibme PP dVol(b) = 8. Let X = (X1,...,Xn) : E — CN and let X* denote its
adjoint. We deduce that
(4) (BE(XiX))<ijen = XX,
while (X™1)*X~! = ((P;, P;))1<ij<n. Hence the result. O

We will finally need the following lower estimate of the measure of large balls in complex Gauss-
ian vector spaces.

Lemma 2.10. Let E be an N-dimensional complex Hermitian vector space equipped with its associated
Gaussian measure. Then, for all R > /N,

RQN 5
P[Pl = R) < WGXP(_R + N).

N N
Proof: Let us fix an orthogonal decomposition £ = Z E; into complex lines and write P = Z P
i=1 i=1
with P; € E;. Using Bernstein’s trick, we observe that forall 0 < A < 1,
1P|l > R < AT B > AR
so that
E (eAnPnZ)
P(|P|| > R) < —om by Markov’s inequality
Y, E (gnan?)
= CAR2
e~ AR
< m by Lemma 2.7.
. . . N
The result is obtained by choosing A =1 — — O

R?
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2.4. Fubini-Study metric. Recall that the tautological line bundle 7 = O¢pr(—1) on CP" inherits
the Fubini-Study Hermitian metric hrg from the Hermitian product on the trivial complex vector
bundle of rank n + 1. Consider the affine chart

U[):{[X():Xli...ZXn] G(C]P)n|X07é0}
and the local section e € H(Up, 7) defined by
Xl Xn
e([X(] MR Xn]) = <1, Xio, ceey )(0> S T|[X0:...:Xn}'
We identify z = (21,...,2,) € C* with [1: z; : ... : 2,] € Uy and, for all d € Z, denote by h, the

induced hermitian metric on the line bundle LY = Ocpr (d) = (7*)%. Thus, for every z € C" = U,
lle(2)l[Fs =1+ |21

and every degree d homogeneous polynomial P € H°(CP", Ocpr (d)) inherits the pointwise Fubini-
Study norm,

A2 — _[Poe(x)? _ |P(1L,2)P
(5) HP( )HFS*hd(P7P) - He(z)H%dS - (1+HZH2)d'

The curvature form wgg of this Fubini-Study metric on L = 7* reads

1 — " o 1 Zn,lzidzﬁ-
——901 1 Z | =——0 == ).
22,88 og( +Zzz> 226<1+Z¢:12z‘2i>

=1

Consequently,

1Y dzg Ndz 1 (D00 zdz) A (DD Zidz;)
- - — and
2 1+[22 2 1+ [|2]P)?
. || (R, 2) 2
(7 VheT.Uy,lhlps = wrs(h,ih) = - :
| s L+ (2 (14 [2]]2)?

The Fubini-Study volume form dVolpg of C" = Uy and its Euclidean volume form dV ol satisfy the
following relation.

(6) VZ S (Cn = U0,0UFslz

dVol n
Vo - In particular, Volpg(CP") = T

Lemma 2.11. For every z € C" = Uy, dVolps, = @+ ||z[2)+ n

In fact, CP" deprived of any projective hyperplane gets symplectomorphic to the open unit ball
of C".
Proof: For all z € C™ = U,

dVOlFS‘Z = mw%slz

_ Vel () da AdE) A (i widm) A (DI FdE)
B EHE nl(20)7(1 + [|2]|2)n T y (6)
dVol |12][2dV ol
L+ 2P @ +]]z|]2)n*
dV ol
(T+ 22+

Lemma 2.12. For every z € C", tan(dpg(0, 2)) = d(0, 2).
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Proof: By applying a unitary transformation if necessary, we may assume that z = (z,0,...,0),
where x is a non-negative real number. Then the geodesic « between 0 and z with respect to the
Fubini-Study metric is the real line segment joining them. By (7), for any ¢ € [0, z],

) WO 2O YR
||y (t)H%S— 1+ 2 - (1—|—t2)2 - (1—|—t2)2.

As a result, we get

ro1
drs(0,z) = / 1Y ||Fs = / mdt = arctan(z) = arctan(d(0, z)).
o' 0

n

Lemma 2.13. For every 0 < 6 < 7/2, Vol(Bps(0,0)) = ~ sin®" ().
n

Proof: Let 6 = arctan(R), then Brg(0,0) = B(0, R) by Lemma 2.12. Moreover, by Lemma 2.11,

Vol(Brg(0,6)) = / dvol
B(O,R) (

14 [|2]2)+!
R 742n71
= Vol(s* 1) /0 W(lr using spherical coordinates
1(g2n—1 1+R? 1 n—1 d
= VO(S)/ (1—) —’g where p = 1 + 12
2 1 p p
171y [ 1
= VO(/R Tty whereu =1 — —
2 0 P
_ Vol(s* 1) R? \"
B 2n R?2+1
_ " . 2n
= _ysin (0),
2 n
since by the Hopf fibration Vol(S*"~!) = 27V olpg(CP" ) = n ir o O
By letting § grow to 7/2 in Lemma 2.13, one recovers the total volume of CP", which can be

[wrs]"
n!
From this point on, we will concentrate on the case n = 2 since this paper concerns plane curves.

Lemma 2.14. On the bidisc B = {(z1,22) € C?||z1] < 1,]22| < 1} C Uy, the standard metric
|||

deduced through cohomology as well, integrating the fundamental class against

on C? and its Fubini-Study one satisfy the inequalities 3 < ||hllrs < ||h|| for all z € B, and all
h € C? =T|,B.
Proof: By (7), forall z € B and all h € C? = T|.B,

||hH%‘S — HhHZ _ ’<haz>‘2

L lzl? (U l2]12)?
h 2
so that ||h||%g < 1L—‘\|z|2 < ||||* and by Cauchy-Schwarz,
hl[2g > 1 T 111
TP AP A+ 2]2)?

The condition z € B implies that ||z||?> < 2, hence the result. O
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Lemma 2.15. Let z,y > 0 and 0 < § < 2min(x,y). Then, there exist N points zi,...,zy on the
torus T, ,) = {(21,22) € C?||21]| = x, |22| = y} such that for all i # j, ||z; — z;|| > J, with

L3

Proof: Suppose that z1, z] are points in C such that |z1| = |z]| = z and 0 = |arg(z]/z1)|- Let h
denote the foot of the altitude of the isosceles triangle (0z;2]) emanating from the vertex 0. The
sine rule on the triangle (0hz;) implies |z; — 2]| = 2xsin(A/2). Hence, |z; — 2}| gets minorized by §

provided that sin(6/2) > ;, which imposes the condition 7 — 2 arcsin ; > 6 > 2arcsin <25>
x x x

The maximal number of points with distance > § that one can choose on the circle of radius z is
thus

2t
The function is decreasing on the interval [0, 7/2], so that for all ¢ € [0, 7/2], sin(¢) > — and
s

sin(t)
t U
thus for all u € [0, 1], arcsin(u) < bR Hence, the maximal number of points of distance > § that

4
one can place on the circle of radius x is minorized by {;J .

4
Let (21,)1<i<n, be such a family of points and similarly (22 ;)1<j<n, be a family of L?J points

on the circle of radius y in C centered at the origin such that |25 ; — 22 x| > ¢ for j # k. Then the
points z;; = (21,4, 22,;) satisfy the requirement since ||z;; — zp||? = |21 — 216> + |22, — 22.|? gets
minorized by §2 as soon as one of the terms on the right hand side is, which happens whenever
Zij 7 Zkl- O

2.5. Bergman kernel. Recall that hy induces an L? Fubini-Study hermitian product on H°(CP", L%)
as follows: For all P,Q € H°(CP", L%),

1
P = — hq(P dVolpg.
(P.Qirs = fro—zzms | P QEDrsdVolrs
The multinomials X', where i ranges over all multiindices i = (ig, i1, ...,4,) € N**! with d =

io + ...+ i,, form an orthogonal basis of H°(CP", L%) and we recall the norms of these basis
elements.
. . . . +1 i 2 d + n ! . .
Lemma 2.16. For every i = (ig,i1,...,i,) € N, || X||7g = ) , Where d = ig + ... + iy
1

and (d ) 4 m)
tny__let+n)

Moreover, if j = (jo, . .., jn) # i, then (X1, XJ) = 0.
Proof: By Lemma 2.11 and (5),

X3 : / ‘Z”% '”’Z"|2i" dvol
= (0]
Bs vost(cw on (L4 212+ .o+ [zp]2)dntE

221+1 22n+1
= : dry...d
VOZFS CIP” / / (1+r2+...+ r2)d+n+1 r"’
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where the last equality is obtained by passing to polar coordinates in each factor of C". Consider
the generating function:

Fn<t0,t1,..., / / t0+t1T1 +t T2)n+1d .dT’n.

By Fubini’s theorem, for every iy, ...,i, > 0,

211+1 21n+1 (_1)d (9d
dry .. dr, = . _F, s
/ / 1+ +...+ r2)d+”+1 " (n+1)...(n+4d) oty ... oty t0,st)=(1,1)

with d = ip + ... + i,. By integrating with respect to the last variable r,,, we get the recursion

formula
F,(tg,....t dry...d
n( 0, ) n) / / t0+t1T1 t T2)n+1 Tn

= dri...drp—
2tnn/ / to-i-tl?”l +tn 17 q)" ' "

= 7Fn 1(t07-- tn l)

2t,n
1
Observing that Fi(tg,t1) = ——, we deduce
2t0t1
Foltor.. ) = ——
n\lt0y---yln _2"n't0 t
Therefore,
HXiHZ (27[.)n (_1)d ad F ’
Fs Volps(CP") (n+1)...(n+d) 87560 ot (F0,-+rtn)=(1,-- 1)
(2m) " nligl. . . ip!
2 (d £ n)! by Lemma2.11or2.13
_ d+n\ "
= , )
In order to prove the orthogonality statement, we note that if j = (jo,...,jn) # 1 = (i0,...,n),

there exists k£ such that j, # i; and without loss of generality, we may assume that i > j.
Computing

C 1 2 I 7
X Xrs = 5P /n 1(1 Vel
as an iterated integral, we may take the innermost integral to be
7= |ZkP]kﬂdVol for some power 3 > 0
e G TI=IPY P =T
But then, the change of variables 2 = €2k, where ¢ denotes a primitive 2(i; — ji)th root of unity,
takes Z to —Z, so that Z = 0 and (X', XJ)pg = 0. O

Let us now denote the space of global L2-sections of Ocpr(d) by W?2(CP", Ocpr(d)) and let
7 W2(CP", Ocpn(d)) — HY(CP", Ocpn(d)) be the orthogonal projection. Then, for every o €
W?2(CP", Ocpr(d)) and every u € CP",

(o) () =

W o B(U, 'U) ® U(U)dVOlFS('U),
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where B € T(X x X, L4 X (L*)9) is the Bergman kernel and L = Ocpr (1), see [13]. For any
orthonormal basis {o;} of H°(CP", L%),
e d+n
B(u,v) = Z oi(u)hdg(-,0i(v)), where Ny = < > denotes the dimension of HY(CP", L4).
n
i=1
In the open chart Uy, the Bergman kernel can be expressed as follows. One can write o;(u) =

fi(u)(e*)?, where f; is a polynomial in the affine coordinates and e¢* = X, the section of L defined
by Xg. Then, for all u,v € Uy,

Ny *\d *\d
®  Bluw) = ﬁ-(u)ﬁ-(vn|<e*>d<u>\|||<e*>d<v>||) AP g (AT,
(; (II(@ )4 (u)] FS( [I(e )d(v)ll>)
We rename the first of these factors, which is now a function, as B(u, v).

Lemma 2.17. For every u,v € C" = U,

(L4 (w0) Ny
(L [ul2)a72(0 + [[o]2)772

Proof: For every u,v € C™ = U, choosing the orthonormal basis of multinomials given by Lemma
2.16, we deduce from (8) and (5) that

d+ : :
L+ [l 72+ (oY By = 3 (i”)wm)“...(unw
0<iy+...4+in<d

. . d—11—...—tn_1 . .
N d+n d!(U1U1)“ . (un_lvn_l)l’“l d— 11— oo — Ip—1 — \in
- ( n ) 2 ili) . in ol (d — i1 — . —dpq)! 2 : (nTn)

) . ; in
0<iy+...4+in—1<d in=0

B(u,v) =

N Z d (ur 1) . . (U1 7)1

1 U ,U— d*ilf...fin_l
illigl...in_ll(d—il—...—in_l)!( + tnn)

0<it+...+ip_1<d

Na(1+ (u,v))? by recursion.

O

Remark 2.18. (1) In particular, B is constant and equals N, on the diagonal of CP" x CP".

(2) In contrast, B decreases exponentially outside the diagonal, by the Cauchy-Schwarz inequal-
ity, since
_ <(17 u)? (17 U)>de .

(L, ) l|4]1(L, )]

Lemma 2.19. For all u,v € C" = Uy, |B(u,v)| < Ngcos(dps(u,v))%.

B(u,v)

Proof: We may suppose without loss of generality that v = 0, since the isometry group of CP" acts
transitively. Then, by Lemmas 2.17 and 2.12,

N,
|B(u,0)] = ———% = Nycos(dpg(u,0))?.

(V1 +[[ul[?)?
O

Let N > 1and zy,...,zy be N distinct points of C" = Uj. For every P € H°(CP", L) and every
ie{l,...,N}, we set
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It defines a complex Gaussian vector Z = (Z,..., Zy), since the Hermitian space H°(CP", L)

. . . . . . . _ 2 .

inherits its associated Gaussian measure p having density N, ¢ P17 with respect to the Lebesgue
s

measure, see Definition 2.8. The Bergman kernel carries the following probabilistic meaning.

Lemma 2.20. Let N > 1and z1, ...,zy be N distinct points of C" = Uy. Then, forevery 1 <i,j < N,
Cov(Z;, Z;) = B(z;,z;).

Proof: Forevery 1 <i,j < N,

COU(Zi, Z]‘) = E(ZZZ)

1
= — Zi(P)Z;(P)du(P
85 o g PV PP
1 _
= Y Zi(owZ(o) N /CNd akaldﬂ(a)>
1<k,I<Ng
Ng
= > Zi(ow)Zi(ow)
k=1
where (o1,...,0y,) denotes an orthonormal basis of H(CP", L¢) and P = Z,iv:’il apo wWith a =
(ai,...,ay,) € CNe, Writing o), = fr(e*)?, we get Zi(op) = fi(zi)||(e*)%(z;)|| and thus by (8),
COU(ZI', ZJ) == B(Zi,Zj). O

3. AMOEBA MEASURES AND UPPER BOUNDS

3.1. Amoeba measures. For every (z,y) € (Ri)zj let
Ty ={[1:21:20] € CP?||21| = x, | 22| = v},

and let A(x,y) be its area computed with respect to the Fubini-Study metric of CP? restricted to

T(4,y), so that

dV ol 4rizy
A(z,y) = = :
9) (2, y) /T (1+[]2]2)32 ~ (1 + a2+ y2)3/2

(z,y)

The compact torus T(, ) is indeed Lagrangian in CP?, so that the density (1 + ||2|[?)~%/? of its
Fubini-Study area form with respect to the standard one is the square-root of the density given by
Lemma 2.11.

Remark 3.1. (1) Integration over (]RJXF)2 recovers the volume of CP? from the co-area formula.

Indeed, RP? is Lagrangian as well in CP?, so that its Fubini-Study area form at z € RP? equals
dxdy

—_— and
(1+ ||2][2)%/2

5 ) +o0 +o00 xy

- ”/o ((1+_1+y>‘ >x:”2<2<1_+1x2>3°°>:7;2'
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. . : . O0A  An?y(1 —22% + o
(2) The area functional A(z,y) reaches its maximum at (1,1), since — = ™yl Y ),
Ox (1 + 22 + y2)5/2

0A 422 (1 — 292 + 22)
By (1+a2+y?)>?
Clifford torus T(; ;) equals A(1,1) =

and both vanish only at this point in (R )?. Moreover, the area of the

472
3V3

Let CP(R?, R) be the space of bounded continuous functions on R? and for every P € H°(CP?, L9),
let

(10) Ap:gc CY(R%ER) — / o(t)|dt] and vp:p € CP(RYER) — Log*(y)|Log™dt|,
A(P) Vp

be the amoeba measures of Vp, so that (Ap,1) = Vol(A(P)) and (vp,1) = Mvol(A(P)) compute
the volume and multivolume of the amoeba of P respectively, see [2]. We denote by

Eu(v) = / vpdp(P)  and  Ea(\) = / Apdu(P)
HO(CP?,L4) HO(CP?,L4)

the corresponding average measures and finally set

a:t=(t;,tz) € R* = Arears(Log '(t)) = A(e', e?).
and p : t € R? — P(t € A(P)), where P(t € A(P)) denotes the probability that ¢ belongs to the
amoeba of P, that is the probability that Vp N Log~—1(t) # 0.

Proposition 3.2. (1) Foralld > 0,E4(v) = %a(tﬂdt\ = 27rdLog*|dVong|‘(R:)2.

(2) Foralld > 0,E4(\) = p(t)|dt|.
Proof: (1) Say ¢ € CP(R? R). Then,

©w)e) = [ e )dn(P) = [ | Log*elLog dtlau(p)
HO(CP?,L4) Ho(CP?,L4) JVp

= /]{0(((:]}1’2 i (/Rz e(t)#(VpN Log_l(t))|dt|> du(P) by Sard’s theorem

= [ Pl (Vi 1 Log™ (1) lat
d
= — [ a(t)p(t)|dt| by Crofton’s formula,
2 R2
so that E4(v) = ;a(t)|dt|, see Theorem A.1.
s
In order to obtain the second equality, we observe that by Remark 3.1 and (9)
ee|dtydty]  a(t)|dt] 1
(14 et fe22)3/2 472 27nd

Log*‘dVOZFSM(R:‘L)Q = Ed(V).
(2) For every ¢ € CP(R% R),

Eag) = [ e = [ L@t

= [ e ( [ 1A<P><t>du<P>> atl = [ ool
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Corollary 3.3. For every d > 0,
(1) Forallt € R?, 0 < p(t) < min (1, da(t)/(4)),

(2) Eq(Muvol(A)) = r2d,

(3) Eq(Vol(A)) < min (1, da(t)/(4m)) dt.
R2
Proof: (1) For all ¢ € CP(R%R), (Ap,¢) < (vp,)/2, since for all regular values ¢ of Log re-
stricted to Vp, Log~!(t) is cobordant to () and thus consists of an even number of points. Hence,
(Eq(N), ) < (Eq(v),¢)/2. By choosing (¢n)nen to approximate the Dirac delta function at ¢, we
deduce from Proposition 3.2 that p(t) < da(t)/(4r) for any ¢ € R?, while p(t) < 1 being a probabil-
ity.
(2)

Eq(Muol(A)) = (Eq(v),1)
= 27rd/ Log*|dVolFS|(Rx)2 by Proposition 3.2
R2 +
= 2mdVolps(RY)?
= %dVolFS(RIP’Q):w2d,

since RP? is a 2-to-1 quotient of the unit sphere, which has volume 4.
(3) Follows from part (1) of Corollary 3.3 and part (2) of Proposition 3.2, since E;(Vol(A)) =

Remark 3.4. Part (2) of Corollary 3.3 has already been proved in [2] using the argument map
instead of the Log map.

3.2. Level set of the area functional and asymptotic upper estimates. In the light of Corol-
lary 3.3, we now study the level set {t € R?|a(t) = 47 /d} of the area functional, or rather,
for convenience, the corresponding level set {(z,y) € (R})?*|A(z,y) = 4r/d}. The restriction
of A to the diagonal reads, up to a constant, as the function g : p € R — g(p) = f(p?)
with f: ¢ e Ry s t(141)~%2. Since f'(t) = (1 —t/2)(1 + t)~*/?, the latter reaches a unique ex-
tremum point at ¢ = 2 which is a global maximum, and the maximum value is f(2) = 2/(3v/3).
The function f is strictly increasing on the interval [0, 2] and strictly decreasing on [2, +00) with
f(0) = limy_, 4o f(t) = 0. Therefore, for any positive k such that k < 2/(3v/3), the equation
f(t) = k has two solutions 0 < t; < 2 < to. The same remark holds for the function g(p) = f(p?).
Since 2/(wd) < 2/(3V/3) for d > 2, we conclude that the equation
P’ 2

(1+p2)32  nd
has precisely two positive solutions 0 < py < v/2 < p; foreachd > 2.

2 1 4
2 —2 —4
Lemma 3.5. p; = — +O(d™“) and o by +0(d™™).
Proof: By definition, pj = (4/(7%d?))(1 + 3p3 + 3p4 + p) so that p3 = 2/(nd) + O(d™?). Likewise,
pi = (4/(7*d*)(1 + 3p7 + 3p7 + pY), so that
AEERTIN B B
pi  mid? pi o ri o A
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Consequently, p; 2 = 4/(7?d?) + O (d™*). O

2 6 21 1 4 48 768
2 3 6
Remark 3.6. In fact, pj = — + — 5 + — 3 +0(d"”) and e s+ a1t =5 6+o(al ).

Corollary 3.7.

In(pp) = —1In(d)/2—-1In(7/2)/2+ O <zl> and
In(p1) = In(d)+In(7/2)+ 0O (dlz> :

Proof: By Lemma 3.5, In(p?) = In (2/(d)) + In (1 +0 (;)) and thus

In(po) = _In(d) In(/2) <1> |

2 2 d
Similarly, by Lemma 3.5,

1 4 1
In (p%) In (772d2> +In <1 +0 <d2>> , sothat

In(p1) = In(d)+In(r/2)+0O <d12> .

O

Remark 3.8. In particular, In(pp) = —In(p1)/2+ O(1/d). In fact, In(pg) = —In(d)/2 —In (7/2) /2 +
3/(2nd) 4+ o (d™1) and In(p;) = In(d) + In (7/2) — 6/(7%d?) + o (d~?).
In polar coordinates (p,0) € R4 x [0, /2], the area functional reads
4m2zy _ 2n?sin(26)p?

(14 22 +42)3/2 o (14 p2)3/2

This functional is symmetric with respect to the diagonal via the symmetry 6 — 7/2 — 6, and van-
ishes on the axes. For a fixed value of p, the function A increases on 6 € [0, 7/4] and decreases
for 6 € [n/4,7/2], hence it is maximal on the diagonal. On the diagonal, as a function of p, the

maximum is reached for p = /2, as discussed above.
By Corollary 3.3,

A:(z,y) €RY =

E(Vol(A)) < min(l,da(t)/(47r))\dt\—/ min (1, dA(z, )/ (47)) .
R2 (RY)? ry

Let us now prove the asymptotic expansion (1) of the right hand side, given in the introduction.

Theorem 3.9. As d tends to +oo,
3
min (1, da(t)/(4m)) dt = 2 In(d)? + 3 (1 +1In (7)) In(d) + O(1).
R2

Proof: Let us decompose the locus of integration into three parts: (i) The set where p < pg or
p > p1, (ii) the set where pg < p < p; and either 0 <6 <6, or 7/2 — 6, < § < 7/2, where
21+ %)

dmp?
so that (p,0,) parameterizes the locus below the diagonal 1 = dA/(4x), and (iii) the set where
po<p<prandf, < <7/2-0,.

(an sin(26,) =
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@)

d dad /2
// Ay~ 7rd/ / ﬁdpde
{p<po}U{pzpi} 4T Yy 0 Jop0lulpre0) (14 07)

n2d _ _
= (1))

_ ”;d (1— (1—;p8+o(p3)> +p11 (1—2;%%(/)1_2)))
O(

1)

by Lemma 3.5.
(ii) Let w(d) be any positive valued increasing function of d going to infinity as d — 4o such

o~ Pl
that lfpl_iw(d)

the following way:

p1 dzdy p1 0o
/ / 4—A(az,y) = 27rd/ / %B/Qd&lp
[0,0,JU[Z —6,,7] 4T xy oo Jo (14p%)
4 / L/ SR PO, (11
= e op &P DY
oo PSIN(20,)

4/p0 i d+4/ﬁ1 i d+4/p1 % 4
= ———+——dp ———+——dp ———+——dp.
oo PSIN(20,) 5 psin(20,) 5 psin(20,)

and py = w(d)po, then py < pg < V2 < p1 < py for all d. We split the integral in

Then,
50 9
< ————dp < —
V= 4/,;0 psm(20 )dp mIn (po/po) = 7In(w(d)),

since x —

—— is increasing and bounded from above by 7/2 on [0, 7/2] and similarly,
sin

P 0
<4 — P _dp <l 01) =7l .
0< / eintagy e < I (01 /71) = wIn(e(a)

In order to estimate the second integral, we observe that sin?(26,) = (2/(md))? (p_4 +3p7 2 +3+ ,02)
by (11) and that 6, = o(1) for p € [py, p1], by the choice of w(d). We deduce

4 / - d 4 / " L d
—op  ap = 14
5 psin(20,) 50 P (29p —463/3 + 0(«92))

2
= 2/~ (1+262/3+ 0(62))dp/p
PO
2
= 2In(p1/po) + O /~ 0>dp/p |, while
PO

p1 1 o B B
/~ dep/p = O<7r2d2/~ (p 1303+ 3p 1+p)dp)
Po Po

= 0 <7T21d2 (—p~*/4=3p2/2+ 31n(p) + p*/2) |§;>
= 0(1)
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by Lemma 3.5. Combining the estimates above, we obtain

/m/' LA™Y — 210G /) + On(w(d)) = 3In(d) + O(1)
[0,0,)U[Z—0,,%] 4T xy

by Corollary 3.7, since this estimate holds for any function w(d) going to +oo satisfying the addi-
tional conditions above.

(iii)

/pl /”/ZOP dxdy
po YO, Ty

peomA dpdd Pl
2/ / A 2/ — In(tan ) 7r/4dp
oo Jo, psinbcosd oo P

| 1 P 2cos? 0 d
2/ ln< )dp:Q/ 1n<cos'p >p
oo P tand, 0 2cost,sint, ) p

P drp? dp
z/po <ln <W> +ln(1+cos(20p))) L byan
21n (dm/2) n (p1/po) + 2 (In(p1)* — In(po)?)

-3 /m In(1+ p?)dp/p + 2 /p1 In(1 + cos(26,))dp/p.

ro £0

We now estimate the two integrals in the last expression:

PO

/p1 In(1+ p*)dp/p

P1
/ In(1+p )dp/p+/ In(1+ p?)dp/p

PO

/ In(1+p )dp/p+/pl ln(pz)dp//ﬂr/lp1 In (14 p~2)dp/p

Po
In(p1)* + O(1)

since if p € [0, 1], then In(1 4 p?) < p?. Also, using the preceding choice of py < po < V2 < p1 < p1,

PO

Finally,

/Pl /’HP dady
£0 0o zry

P1 d
/ In(1 + cos(26,)) =2
p

= 2In(dr/2)In(p1/po) + 2(In(p1)?

/f’l In(2 + O(Qg))ip + O(In(w(d))) since 0 < In(1 4+ cos(26,)) < In(2)
PO

2

2N
In(2)In (p1/po) + O </~ ppd/?> + O(In(w(d)))
PO

In(2)In(p1/po) + O(1) as in (ii).

= 3ln(p1)In(dr) — %ln(pl)2 + O(1) by Remark 3.8
= 31In(d)?/2 + 31In (7)In(d) + O(1) by Corollary 3.7.

Adding up the contributions from all three parts gives the result. O

Corollary 3.10. The expected area of the amoeba of a complex plane curve satisfies

, Eq(Vol(A)) 3
] —AT V) < 2,
isiee  In(d)? T2

PO d P1 d P1 d
/ ln(1+cos(2(9p))p+/ ln(1+cos(29p))p+/ In(1 + cos(26,)) =2
p

P0 P Po P M

—1n(py)*) — 3In(p)? + 21n(2) In (p1/p0) + O(1)
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Proof: This follows from Corollary 3.3 and Theorem 3.9. 0

4. FUBINI-STUDY CHARTS OF PLANE CURVES

4.1. Fubini-Study Charts. Let D(0,7) and D(0,) be the closed and open disks of radius » > 0 in
C respectively. For every x € (0,1], let B(x) = D(0,1) x D(0,x) C C? = Uy C CP? and 0" B(k) =
dD(0,1) x D(0,k), 0B(k) = D(0,1) x 9D(0, k). Let w1 : B(x) — D(0,1) and 73 : B(k) — D(0, k)
be the projection maps onto each factor. We finally set B = B(1).

Definition 4.1. A triple (B,0~ B, 0" B) is called a marked chart of a four-dimensional manifold M

if there exists a neighborhood V of B in C?, a neighborhood U of B in M and a diffeomorphism
¢ : V — U which maps (B, B, B) onto (B,0~ B,d"B).

Definition 4.2. A marked chart (B,0~ B,0%B) is a submanifold chart of a surface S in a four-
manifold M if the diffeomorphism ¢ : V. — U mapping (B,0"B,0"B) to (B,0” B,0" B) can be
chosen in such a way that ¢~ (BN.S) is the graph of a map 71 (B) = D(0,1) — D(0,1) = mo(B\0" B).
Definition 4.3. A marked chart of M = CP? is called a degree d marked Fubini-Study chart of capacity

k € (0, 1] if the diffeomorphism ¢ given by Definition 4.1 can be chosen to be ¥ o hy and defined on
(B(k),0 B(k),0TB(x)), where ¥ € PU(3,C) is an isometry of CP? and hy a homothety of C? of

scaling factor —. The point ¢(0) is called its center.

V6d

We thus set, for every d > 0,

By(k) = D (0, \/1@) % D <o, \/%d> c C2 =y, c CP?
8 By(k) = D (0, \/1671> % 8D <o, \/%d> ,
8 By(k) = OD <0, \/1671) ) <0, \/’;fd>

and B; = B,4(1). These sets are contained in C?> ¢ CP? and a degree d marked Fubini-Study chart
of capacity & is the image of the triple (By(x), 0~ By(x), 07 By(x)) under some isometry of CP%. We

2
also set pg; = arctan <\/ﬁ> and for every z € CP?, denote by Brg(z, pq) the Fubini-Study ball with

center z and radius pg.

Remark 4.4. We need, in the proof of Theorem 1.2, p; to satisfy dlim (Ng sin pg) > 1 and with
—+00

our choice of pg, this limit equals 8.

Lemma 4.5. Let (B,0~ B,0" B) be a degree d marked Fubini-Study chart of capacity x € (0, 1] with
center z € CP2. Then, B C Brs(z, pa).

Proof: By Definition 4.3, it suffices to prove that B; C Brs(0, pq) since for every x € (0,1], By(k) C
B,. But for all d > 0,

1 1
B, C B (0, V?E) = Brg <O,arctan <\/?E>> C Brs(0, pq)

by Lemma 2.12. (Here, B(0,r) denotes an Euclidean ball with center 0 and radius r.) O

Definition 4.6. For every z € CP? and P € H°(CP?, LY), the Fubini-Study ball-average norm of P

around z is )

P|? = / P)||%edVolpg(t).
| HBFS(Zmd) Vol(Brs(z, pa)) BFS(Z,pd)H ®)lzs Fs(t)
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4.2. Linear Polynomials. For each d > 0, we set Py(Z, X,Y) = dN;YZ%~1 ¢ H°(CP?, L9),

(d+1)(d+2)

where N, = = dimc H(CP?, Ld). We need some estimates about these reference

polynomials that we establish in this subsection.

Proposition 4.7. For each d > 0, ||P,||rs = 1 and
(1) for all z € CP?, ||Py(2)||rs < v/dNgcos(dps(0, 2))41,
+ Na -1/
(2) forall k € (0,1] and all z € 0By(k), ||Pa(2)||rs > K 5

1+ cos (drs(0, xy(0)))>d1
5 .

(3) forall W € PU(3,C), |(Pyg, Pyo U™ 1)| < dNy (

Proof: By Lemma 2.16 with n = 2 and multiindex (0,1,d — 1),

d—1)12! 2
defl 2 _ ( —
] s (d+2)!  (d+2)(d+1)d’

so that HPdHFS =1.
In order to prove (1), we observe that by equation (5) of subsection 2.4, for every z = (21, 22) €
C?,
|Z2|2 < de
(L +l2l»)9 ~ (L +[[=]2)*

Since tan(dps(0,2)) = d(0,z) = ||2|| by Lemma 2.12, we get

|1 Pa(2)|lEs = dNa

_— = 2 i
R cos“(dps(0, z)), which
completes the proof of (1).

1
For (2), we note that for every z = (21, 22) € 0" By(k), |22] = and ||z|| < —, so that

Vo6d V3d
2dN,
Py(2)|[2g = — - Old
IPs = Gag
k2N,
= gt ep(=dn(1+[]2]%)
> @6—1/37
o 6
which implies (2).
Finally, for (3),
1
PaPao WHI < / ha(Pa(z), Pa(¥~1(2)))|dV ol
(P Fac i< Volps(CP?) CP2| d(Fa(z), Pa( (2))|dVolps(z)
1
S Volps(CPY) E Py(v™! dvol
< oG fo IR s s ()
dNy » i
< Vole((CIP’Q)/CW (cos(drs(0,2)) cos(dps(0, 97 (2))))"  dVolpg

1
< 5(1 + cos(a + b)) and by the triangle

inequality ™ > dpg(0,2) + dps(0, ¥71(2)) = drs(0, 2) + dps(¥(0), 2) > drs(0, ¥(0)), the proof of
(3) gets complete. O

by part (1). Since cos(a) cos(b) = %(cos(a +b) 4+ cos(a — b)) <

Corollary 4.8. For every d > 0,
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1 iz .
7T2(l—|-4/d)3/3(0 ) |t2’2e [[2l] dVol(t) < Sm4(pd)||Pd||QBFs(O,pd) <1,

(2) for all z € CP? such that dps(0,2) > pg, ||Pal| Bpg(z.p0) < VdNgcos(dps(0,z) — pa)t L.

Proof: To get the first inequality of (1), we observe that

1
P2 - / Py(O)||%edVolpg(t
1Pall B g (0,p9) Vol(Brs(0, pa) BFS(O’pd)II a()|7s Fs(t)
dNy / | 222
= - ——————dVol(z) by (5) and Lemmas 2.11 — 2.13
Volrs (CB%) sin*(pa) Ji(oasva) A+ B2 %)
N, to|? —dIn (1 +|[t||?/d
- d2 - / |t2|? exp (—dIn ( L‘H/))dVol(t)
d VOlFS((CP )Sln (pd) B(0,2) (1 + ||t|‘2/d)
1

to|2 exp(—|[t||2)dVol(t).
72 (14 4/d)” sin? (pq) /B(o,z)’ d (=111 (*)

Here, the substitution ¢ = v/dz was used. This establishes the first inequality in (1). The second
inequality in (1) follows from the equality ||P,||%¢ = 1 given by Proposition 4.7, the inequality
1
Py||? < Py(t)||%gdVolpg(t) and L 2.13.
Eilrt0.00 (s 0 pa) o I1PAC s s 6) and Lemma
To get (2), we observe that

dNy
Brs(z,pa))

1Pl < / cos(dpsg (0, )2V dV olpg (1)

| HBFS( ) Vol( Brs(z,p4) )

by the first part of Proposition 4.7, while by the triangle inequality, 7/2 > drg(0,t) > dps(0, 2) — pg
for any ¢t € Brs(z, pq)- O

4.3. An Effective Criterion. The zero scheme of the reference polynomial Py(Z, X,Y) = /dNgY Z9~1
in CP? is the union of the axes Y = 0 and a (d — 1)-fold thick line supported on the “line at infinity”

Z = 0. In an affine neighborhood of the origin [1 : 0 : 0], this zero locus agrees with the xz-axis,
hence (By(k), 0 By(k),0TBy(x)) is a submanifold chart for it whatever x € (0, 1] is and sustains
being a submanifold chart for any small enough perturbation of it. The goal of this subsection is to
quantify the latter, to deduce an effective criterion that will be used in the proof of Theorem 1.2,
see Corollary 4.12.

Proposition 4.9. For every d > 0, every s € (0,1] and every Q € H(CP?, L%),

1Q() s 3°2% (1 + 4/d)° 2
sup iz 5 S OF P 7@l B (0,00)-
2€0TBy(k) [ Pa(2) %5 ML, eo+B, (k) [[Pa(2)|1 %5

Proof: For all z € 07 By(x) and all Q € H°(CP?, L?), by the mean value inequality,

QGRS _ Q)P | -
RO~ RGP S T aBE Vo Doy 2OV
: (LR
TRV AV Joas 2O () vl
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Moreover, for all t € B(z,1/v/3d) and all z € 9tBy(x), ||2|| < 1/V34d, ||t|| — ||2|| < 1/v/3d and
2 _ _
(1+Hﬂ| ) _ <1+ (Il = 112D (1] HZH+2IIZH))

EELE L+ [P
1 d
1 —
(+3)

< e.
For any z € 0*By(k), the ball B(z,1/1/d) is contained in B(0,2/v/d), while Vol(B(0,2/Vd)) =
3224V ol(B(z,1/v/3d)). We deduce from Lemma 2.11 that
1Q(2)[|Es < 3%2%e /
1Pa(2)[Fs ~ |1Pa(2)|I}sVol(B(0,2/V/d)) JB(02/vd)

IN

1Q)|[Fs(1 + [It][*)*dV ol ps(2).

Since Vol(B(0,2/v/d)) = /B A 22V olps(t) > Vol(Brs(0, pa)), we get

( r@<z>u%s) L B2+ 4/d)

sup < - el :
scovBar) \|[Pa(2)|}s) ~ infocorpym) [[Pa(2)|[Bg PrsOrd)
]
Corollary 4.10. For every d > 0, every « € (0,1] and every Q € H°(CP?, L9),
1Q(2)|IEs ) ci(d) )12
Ny sup ( el
seo+Ba() \I|Pa(2)l[Fg ) = w2 T BrsO0d)
4\ 3
with ¢ (d) = 332°¢*/3 <1 + ) ——— 3320643,
d d——+o0
Proof: The result follows from Proposition 4.7 part (2) and Proposition 4.9. O

Proposition 4.11. For every d > 0, every s € (0,1] and every (a,Q) € C x H°(CP?, L) such

that |a> >  sup ( 1Q(2)I[frs > the triple (By(k), 0~ By(k), 0T By(k)) is a submanifold chart for
searBa(s) \ [ Pa(2)]7

Van+Q.

Proof: We already observed that (By(r), 0 Bg(r), 9TBy(r)) is a submanifold chart for Vp, = V,p,.
Now, for all a € C satisfying the hypothesis, all t € [0,1] and all = € 9tBy(x), the evaluation
(aPy + tQ)(z) does not vanish since

[(aPy +1Q)(2)llrs = lalllPa(2)l|rs — [|Q(2 )HFS
> 0.

The result then follows by homotopy, since the number of roots of the polynomial aP; + ¢Q in
each disc {21} x D(0,x/v6d) C By(k), 21 € D(0,1/+v/6d), does not depend on ¢ € [0, 1] by Cauchy
formula and thus equals one. O
Corollary 4.12. For every x € (0, 1] and every (a, Q) € Cx HY(CP?, L?) such that |a|* > ci(d) Q||

’ ’ ) KZN Brs(0,p4)
the triple (By4(rk), 0" Ba(k),0TBy(k)) is a submanifold chart for V,p,1¢.

Proof: The result follows from Proposition 4.11 and Corollary 4.10. O
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4.4. The Ball-Average Norm. We now investigate, as a random variable, the ball-average norm
given by Definition 4.6 which appeared in Corollary 4.12. Let thus Y; denote the random vari-
able P € HY(CP? L% ~ ||P||gpg(0ps) € Re. Given an orthogonal direct sum decomposi-
tion H°(CP?,LY) = H ® H', we denote by 7y (resp. m.) the orthogonal projection to H
(resp. H1) and by sy (resp. s ) the orthogonal reflection with axis H (resp. H 1), so that
Fix(sy) = H = Im(rg). We alsoset Yy g = Ygomyg and Y, g1 = Ygomy..

Lemma 4.13. For every d > 0, E(Y,?) = N, and for every orthogonal decomposition H°(CP?, L¢) =

HoHYE(Y]) =E(Y ) +EY] ).

Proof: For all d > 0,

1
B / / P(t)||%5dVolps(t) | du(P
( d) HO((CIP’Z,Ld) (VOZ(BFS(Ovpd)) Brs(0,04) || ( )HFS FS( ) ,u( )

~ Vol(Brs(0, pa)) /Bst,pd) </Ho(wm) ||P(t)”FSdM(P)> dVolps(t)

||P(t)||%sdu(P) does not depend on t € CP? since the isometries of CP?
)

The average /
HO(CP?,L4
act transitively. We deduce that

E(Y]) = /HO(C]P>2 " ||P(t)||%gdu(P) for any ¢ € CP?
1

Volps(CP?) P(#)||%sdu(P)dVolps(t

Volps(CP?) /@pg /HO(CP?,Ld) ||P(t)||pgdu(P)dVolrs(t)

= E(||PIf3s)
— Var(n)
- N,

Hence the first claim.
Next, we observe that forany P € H and Q € H™,

1 1
SEHP+Q+Y2P-Q) = S (IP+Qlg0p + 1P = QliE, 000

2 2
- HPHBFS(prd) + HQHBFS(O:Pd).
by the parallelogram rule for Hermitian norms. This shows that
1

(12) §(Yd2 +Yjosy)= Yd2,H + Yd2,HJ-
and consequently;,

1

S B +E(Y] 0 s51)) = E(Yig) + E(Yzp0)-
The result now follows from the fact that sz preserves the measure x on H°(CP?, L%). O

Lemma 4.14. Let Py,..., Py € H°(CP? L%) be linearly independent, H = Span(Pi,..., Py) and
C = ((Pi; Fj))1<; j<n- Then,

||PiHQBFS(OPd) N
sup | — e | SE(Yig) < |lC P2 .
l<i<pN< HRH%S = ( d,H)—” H;H HBFS(O,pd)
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Proof:

2 _ 1 0
BOE) = im0 503 o 1P st () aVoles o)

where p g denotes the Gaussian measure of H given by Definition 2.8. Say t € Brg(0, pq) and oy g
is a vector of norm 1 in H which is orthogonal to the hyperplane of polynomials vanishing at ¢.
Then,

12|55

/HP(t)vasd#H(P):HUt,H(t)II%SZ e
H 1Pl s

for every i € {1,..., N}. This implies the first inequality.
In order to prove the second inequality, we write P = Zf\il X;(P)P; and deduce that for every
te BFS(O7 Pd);

/H 1P| Bsdun(P) = 3 Cov(Xs, Xp)hus(Pi(t), Py(1))

1<i,j<N

< llc7i ZHP s

by Lemma 2.9 and Cauchy-Schwarz inequality. Averaglng over the ball Brg(0, pq) provides the
second inequality. O

Lemma 4.15. For every d > 0, every orthogonal decomposition H°(CP?, L?) = H @ H" and every
event A C H°(CP?, L%) invariant under sy, there exists z4 € Brs(0,pq) such that Ea(Yj,) <

Ea(||Z||%), with Z : P € HY(CP? L%) s P(z4) € LY.,.

Recall that E 4 denotes the conditional expectation over A, see subsection 2.2.
Proof: By definition and Fubini’s theorem,

; = ! ! T 0
Eallam) = N(A)A<VOZ(BFS(0,Pd)) /Bmopd Ima POV lFS(t)) a(P)

1
— Vol(Bps(O,pd)) /;FS(O,Pd)< /H H "FSdM(P)> dVOlps(t).

Therefore, there exists z4 € Brg(0, pg) such that

Ea(Yin) < M(lA) /A 178 (P) (za)|[Esdp(P) = Ea(l|Z o wa||Fs)-

Now, by the parallelogram rule for Hermitian norms

§(HZH%S +1Z o snllbs) =112 o mllies + 1|Z o mpi|lfs,  compare (12).

Taking conditional expectations over A, the two summands on the left hand side contribute equally
since sy preserves u and sy(A) = A, so that we get E4(||Z]|%.¢) on the left. We deduce that
Ea(||Z o mhl||%g) < Ea(]|Z]|%¢) and the result. O

5. ASYMPTOTIC LOWER ESTIMATE

5.1. The probabilistic tool. A substantial part of the proof of Theorem 1.2 relies on a probabilistic
phenomenon which we now establish. Namely, the proof provides N pairs of real random variables
(X;,Y;) together with the event Ji € {1,..., N} such that X; > x and Y; < y for some z,y € R. The
aim of this section is to bound from below the probability of this event by 1 — ¢y with ¢ > 0 and
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0 < v < 1. If these pairs of random variables were independent and identically distributed, such a
lower estimate would be given by the following proposition, which we recall for convenience.

Proposition 5.1. Suppose that (X;,Y;)1<i<n are N independent pairs of real random variables which
follow the law of (X,Y), with X L Y. Then, for all z,y € R,

P(Fief{l,...,N}X;>zand ¥; <y) =1— (1 —P(X > 2)P(Y <y)".
First proof:
1-P(Fie{l,... N}|X;>zand V;<y) = P(Mie{l,..., N}, X;<zorY; >y)

_ P (ﬂ({xi <zyu{y; > y})>

=1

|
&zz

@
Il
i

P({X; <z} U{Y; >y}

I
‘:2

@
I
—

(1-PU{X; >z} n{Y; <y}))

I
Azz

@
I
—

(1-P(X; > 2)P(Y; < y))

—P(X > 2)B(Y <y)".

I
—
—

Second proof: In general, assuming only that X; L Y; for all ¢, j, we get

N N
P(ﬂ({Xi<:c}U{m>y})> = P(|] | | ({ X < wiffi € I} N {Vi ¢ I, Yi > y})

i=1 k=0 I, C{1,...N},| I |=k

= Y PXi<ziffie)P(VigLY,;>y).

Now, assuming moreover that the X;’s are i.i.d. and the Y;’s are i.i.d., we deduce
PX;<ziffiel) = P(X <az)"P(X >az)N-#! and
P(Vi ¢ 1,Y; >y) = PY >y)N#L

Therefore,

i=1

N N
P <ﬂ<{Xz- <a}u{yi> y}>) = 3 (1 )Pex <t (X 2 PO > )Y
X

O

We now aim to prove a similar estimate under weaker independence assumptions, but for ran-

dom variables which can be compared to Gaussian ones with controlled covariance, see Corollary
5.7.
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Proposition 5.2. (a la Bernstein) Say Z ~ N¢n (0, B). Then, for all y > ||B||,

P([2I > Ny) < de{(vB) e (v (1-720)).

Recall that the normal law Nn~ (0, B) has been introduced in Definition 2.6.

1
Proof: Following Bernstein’s trick, for all y > ||B|| and all 0 < A < 11BII’

P(||Z]*> Ny) = P (exuzu? > ewy)

< E (eAHZHQ) e MY by Markov’s inequality
e~ ANy
m by Lemma 2.7.
Since B is a positive definite Hermitian matrix, it is diagonalizable with real eigenvalues by, ..., by
and orthogonal eigenvectors, so that ||B|| = sup b;. Choosing A = —— — 1, we get
1<i<N 1Bl vy

N N

det(Id — AB) = [J(1 - 2b;) =[] (1 - HZH + Z) > Hin}l bi _ dZtNB.

i=1 i=1
Therefore,

P([2IP > Ny) < deﬁfB) e (¥ (1-720)).

Proposition 5.3. Say Z = (Z1, Za, ..., ZN) ~ N~ (0, B) satisfies V(Z;) = 1 forsomei € {1,...,N}.
Let A be an event such that a :==E 4 (\|Z||2/N) > 2||B||||B7Y|| =: 2b. Then,

e-a a N
< - = .
P(A) < (a— Zb) exp <1 2 —|—lna>

Proof: By Lemma 2.1, min(||B||,||B~!||) > 1 and Lemma 2.3 applied to the random variable
||Z||*/N implies that for all = < a,

P(||Z||* > Nz)dz
a—x '
Then, Proposition 5.2 implies that for all = € (||B||, a),

P(A) < det(B)l(a_x)/;mexp <N (1 - H;HHM» dz.

Noting that for all 0 < a < 1 and all t > 1/a, In(t) < at+1In(1/a)—1, we get by choosing
o = det(B)/N /z that for all z > z,

m(—— ) <Zqm(—a ) -1
det(B)Y/N ) ~ det(B)1/N ‘

+o0
P(A) < Ja

Therefore,
N exp (Nz (1/z — 1/||B]|)) |+
det(B) (a —z) N (1/x — 1/||BJ|)
aN Bl exp (N (1 —/||B])))
=~ Ndet(B) (a — ) (z — || B]])

P(A)
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Choosing = = a — || B||/N, which lies in the interval (|| B||, a) by hypothesis, we deduce

- eaNtexp(N(1 —d'))
= det(B) (a— (1+1/N)||B]|])

<a_1_1/N> exp (1 —d' +(1+1/N)In (a/ <<L|£(’|fg>>l/(N+l)>>N’

Since det(B) > ||B~!||~Y by Lemma 2.1, this implies

P(A)

(13)

a
where o/ = —.
||B]|

e

P(A) < <a/_1_1/N> exp (1+Inb—a + (1+1/N)Ina)"

But ¢’ — (1+1/N)Ind" > % —(1+1/N) ln%, since the function t € R} — t — (1+1/N)Int is

increasing on (1 + 1/N,+oc) and 1 4+ 1/N < — < a. Hence,

P = (25

a N
exp <1— g—i—lna) .

~——— I

0

Remark 5.4. We have actually proved the stronger estimate (13) under the weaker assumption
Ea(||Z|[?/N) > (1+1/N)||B||.

Proposition 5.5. Say X = (X1,..., Xy) ~ Ngw~ (0, B). Then, forallz € Rt andall I C {1,...,N},
- 1n N _
P(IX,* <a®V(Xy) ift i € I) < (|[CIIICTH)" m(@)*! (1 = (@)Y,

COU(XZ', Xj)

where C = <
V(Xi)V(X;)

) and p(z) =1— e~ /lCll,
1<ij<N

Proof: We observe that
| Xi|

VV(Xi)

P(IXif <2?V(Xy) iffiel) = IP( <xiffz'€])

e—(a.C7"a)
- / —~N T~ da
HiGI D(va)XHi¢I D(O,x)c ™ det C

where D(0, z) denotes the disk of radius x, centered at the origin of C.

1...daN,

2
Moreover, by Lemma 2.1, det A > ||[A™!||~" and for all « € CV, (a,Cta) > 1all” o that

—llcl”
e—llal2/lC]]
P(X;?<2*V(Xy)ifiel) < HClHN/ ~——day ... day
[Licr DOz)x[ ;¢ D(0,x)° 0
_ N _
< (llehe=) ™ ) (1 — p)N—#
with pu(z) = <D (0, !TCH>> =1 ¢/l since u ~ N¢(0, 1). 0

We are now ready to prove the main result of this subsection. Let us denote by B(R") the
o-algebra of Lebesgue measurable sets of R,
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Theorem 5.6. Let cy > 1, @ > 0 and X = (X1,...,Xy) ~ Nenv(0,B), Y
be two independent random vectors such that for every event A € Y }(B(R
(Z1,...,ZNn) ~ Ngn (0, Ba) satisfying

o Vic{l,...,N}, E(Yi]?) > o®E(|Z|?) and E(|Yi|?) < EA(|Z:]?),
o VI C{1,....N}, [|C/IICT M| < en, with

( COU(Zi, Z]) )
Cr=|——————== .
VZOV(Z) ) e

Then, for all x € Rt and all y > /2cy/a,

(Yi....,Yy) € RV

NY), there exists Z =

1 — PEie{l,...,N}|Xi> > 2°V(X;) and|Y;|* < y’E(|Y;]?))

(2 ) (3 (w0 + 0 -t (1- 22 o) ))

COU(XXﬂ) and p(z) = 1 — ==/l

where b = ||C||||C~}|| with C = (

Proof: We proceed as in the second proof of Proposition 5.1 to deduce that

1 — P(Jiefl,..., NHX;> > 2*V(X;) and |Y;]* < y*E(|Y;]%))
= Y P(XP<2PV(Xy)iffie )P (Vig L[V > y’E(|Yi]?)) sinceX LY
Ic{1,..,N}
= oV Z ()1 — w(x)NHIP(Vi ¢ 1,]Y5)? > y*E(]Y;)?)) by Proposition 5.5.

For every I C {1,..., N}, let us denote by A; the event {Vi ¢ I,|Y;|* > y*E(|Y;|*)}. By hypothesis,
there exists a complex centered Gaussian random vector Z; = (Z1,..., Zy) such that E(|Y;|?) >
o®E(|Z;|?) and E 4, (|Yi]?) < Ea,(|Z:]?) for all i € {1,...,N}. Thus, for all i ¢ I, E4,(|Yi]?) >
y*E(]Yi|?) > o*y*E(]Z;|?) and therefore E 4, (|Z;|?) > o?y*E(|Z|?) = o?y?V (Z;). We set

ZjN—#I

Z,
ZI: J1 g ooy 9
VV(Zj) V' (Ziy_r)

where {ji,...,jnv—#1} = I¢, and deduce by summation that E 4, (

|Z][?
N —#I

I¢ # 0, Proposition 5.3 can be applied to Z; since by hypothesis a2y? > 2||Cy|||C7 Y]] == 2¢;. Tt

provides
eay? a2y? N—I
P(A)) < | —5—— 1-— 21
% (2 Yo (172 )"

) > oy?. As soon as

the function ¢ € R} — t — ¢rIn(t) € R being increasing on (c¢7, +00). The latter estimate remains
2,2
ary

valid when ¢ = (), since
a?y? — 2¢;

> 1.
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Finally, setting c = sup ||C7]|||C; ||, we obtain
Ic{1,..,.N}

P (3i e {1,.. N}!\X-!2>x2V< X;) and|Y;]* < y*E(]Y;]?))

fo‘ f T Z (1— pu(z))exp (1 - oy’ 2 In(a) o
a2y? — 2c c
() s (M - stane (1- %2 2 ))

Hence the result. O

Corollary 5.7. Under the hypotheses of Theorem 5.6 and provided that cy < 2e/5, for all z € R,
1|2 N
P (Eli e{l,...,N}|X;* > 2*V(X;) and|Y;]? < eE(‘;;Z‘)> > 1-be (b <u(:1:) +(1- u(w))e_l/z» :

ocn

Proof: We apply Theorem 5.6 with y? = oL

and deduce that for all z € R,

E(|Y;|?
P (Eli c{l,...,N}|X;|* > 2*V(X;) and|Y;|* < e(|2|)>
(6

o

> 1-—5e <b (M(x) + (1 — p(z)) exp (_2 i <5CQN>>>)N

> 1-—5e (b (,u(:v) +(1- ,u(;v))e_l/2>)N .

5en E(Yi[?
> P <32‘ €{1,... N}, |Xi|? > 22V(X;) and|Yi|? < CQN(H))

O

5.2. Proof of Theorem 1.2. Let d > 0 and (By,0~B1,07By),...,(By,0”By,0"By) C CP? be
degree d marked Fubini-Study charts of capacity « centered at z1, ..., zy € CP2. By Definition 4.3,
there exist @1, ..., px € PU3(C) such that for every i € {1,..., N}, 0;(Bq(k)) = Bi, 0i(0TBy(r)) =
9*B; and ¢;(0) = z. We set P, = Pyjop;* € H(CP?, L%), where Py(Z, X,Y) = /AN;Y 74!

has been introduced in subsection 4.2, H = Span(Pi,...,Py) and H*' its orthogonal comple-
201In(d
ment in H°(CP?, LY). Let C = ((P;, P; i<ij<n and 0 = II;éindFs(Zi,Zj) > 0 2( ) by hypoth-
i#]
1 5\ !
esis. By Lemma 2.2 and Proposition 4.7, ¢ := ||C — I|| < N||C' — I||oo < NdN, (Jr(;os()>

_ 1 Vol(CP?) 1
d ||C7Y| € ——. We know by L 2.11 and 2.13 that N < =
and ||C™|| < T We know by Lemmas an at N < Vol(Brs(0,6/2))  sin'(6/2)"

d2
sothat N = O <)2>,

In(d
14 cos(d)\*“" cos(d) —1\\ (1
and ¢ = o(1). We deduce in particular that P, ..., Py are linearly independent for d large enough.

For every P € H°(CP?, L?), we then denote by X;(P),..., Xn(P) € C the coefficients of 7 (P)
in the basis {P,..., Py} of H and for everyi € {1,..., N}, we set Y;(P) = [|P||p,g(z:,p0)> Yi,H =
Yiory and Y; g1 =Y, 0wy, see subsection 4.4.
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We apply Corollary 5.7 to X = (Xi,...,Xy)and Yy = (Y] yo,..., Yy g1). The hypotheses of
Theorem 5.6 are satisfied since X is a centered complex Gaussian random variable independent of
Y ;1 and every event A in Y;Ill (B(RY)) is invariant under s, so that by Lemma 4.15, for every
i € {1,...,N}, there exists 2,4 € Brs(zi,pa) such that Eq(Y?,,) < Ea(]|Z]|%g) with Z; : P €

(€")(z1.4)

: I(e*)4(zi,4) || Ps”
where e* is the section of L defined by Z, so that Z; is a complex centered random variable which
satisfies V(Z;) = E(||Zi|l|%¢) = B(zi a,2i,4) = Nq by Lemmas 2.17 and 2.20. Moreover, for every
ie{l,...,N},

HO(CP? L)  P(z;4) € LY., ,. Wesset, for every P € HY(CP?, LY), Z;(P) = Z;(P)

N
E(Yy) = Na =BV ) > No = 107D 1P g e
j=1

by Lemmas 4.13 and 4.14, whereas by Corollary 4.8, || ;| |2BFS(

< and for every j # 1,
2ispd) — Sin4(pd) ryj#i

P13, o erp) < ANa (cos(8 — pa))* V). We observe that

(cos(d — pd))Z(d*I) = exp (2(d — 1) In(cos(d — pq))) = O (exp(—d(5 — pd)z)) —0 (exp(4 dg(? ln(d)))

and deduce that
1 7

B limg 1 o0 (Nd sin4(pd)) TR

see Remark 4.4. In particular, for d large enough, E(Y?,.) > o?E(||Zi||%g), with o = 3/4. Let

|
it B0 ) > 1

ey = maxyeqrny ||1Cr]|[|C7 Y], with

V(ZZ)V(Z]) ijel Nd ijel

by Lemma 2.20, so that

ey < Icgﬁ)fN} <m> by Lemma 2.2
< Ic?ll?%N} <1 i_ %Igﬁ : ﬁjH:) by Lemma 2.2
< 1 i_ ]szzzzgg : ;ZZ; by Lemma 2.19.
Since
cos?(6 — 2pg) = exp (d1In(cos(d — 2pq))) = O <exp <_;l( _ 2pd)2>> _0 (exp(ll\gi)()lW)) |

we deduce that cy —— 1.
d—+00

2
In particular, ¢y < Ee for d large enough and Corollary 5.7 implies that for every 2 € R,
o N, N
P (32‘ e {1,...,N}|X;]> > 2V (X;) and Y%, < eaj) >1—5e (b (,u(x) +(1— M(x))eflﬂ))
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with p(z) = 1 — /IO & = <C‘”’(X"’ X5)
V(X)V(X;)

E(Y?) = N, by Lemma 4.13 .
All the quantities ||C||, b and (V(Xi))1<i<n can be estimated by using Lemmas 2.2 and 2.9.
Indeed, let V = Diagi<i<n(V(X;)) be the diagonal matrix which coincides with the diagonal part

of (Cov(X;, X;))1<ij<n = C~! by Lemma 2.9. Then,

) and b = ||C|||C"||, using that E(Y?, ) <
1<4,5<N

()
1
. NS 1V T =1 1V — o
&l 1I§IZ}1SHNV(X1) > 1-||[V—-I|=1—]||V —1I|l (Visdiagonal)
> 1—||C7' —1I|| (Lemma2.2)
\c—11 1-2c
= T_o—1] 1= (emma22)
(2) .
c
WISV =Tl <14 = —— by (1),
(3
S -1 —1— -1, _ _
b= [VV WYV VY CTVY )< viliiv e el
1+4+¢
< —— by(1), (2)and L 2.2.
S Ao0- y (1), (2) and Lemma
(4) By (2) and Lemma 2.2,
l—c 1 e = —1y)111/—1 1
< < <llelf <lie= vl < :
L+ = [ICIVIE= 1IVII 1—=2¢
Now, by Corollary 4.12, if |X;(P)|* > Q(N [T (P +ZX P||BFS (21,pq) fOT sOME i €

JF
{1,..., N}, then (B;,0” B;,0" B;) is a submanifold chart for Vp. By the triangle inequality,

||mgo (P +ZX )P ||BFS 2ipa) = zHJ- Z‘X I?QZXHPJ'HBFS(%M)
J# J#i

and by Cauchy-Schwarz inequality;,
2
(Z Xj(P)) < N||X(P)|* = N{(zu(P), X*X(P)) < N[|X*X]|||mu(P)|]%,
JF
— 1
while || X*X]| = || XX*|| = ||Cov(X;, X;)|| = ||C7L| < 1 e by Lemmas 2.2 and 2.9.

- a2N maxg-£; ’

Under the condition (|7 (P) = R%(N), so that d'® = o(R3(N)),

112
‘PJ | |BFS(Zi:Pd)

we get
N
|7 (P —|—ZX Pl < Y g (P)+ TCI?;??{H%HBFS(%Wd)Rd(N)
JFi
N,
< Vg (P)+ L

[0
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Choosing = = 2 - c-a(d) in (14), we thus deduce from Corollary 4.12 that
(67 mlnlSiSN V(Xl)

P (3i € {1,..., N}suchthat (B;, 0~ B;, 0" B;) is asubmanifold chart for Vp)

N
> 1= 5e (b (u@) + (0= p@)e ™))" =P (lra(P)]| = Ra(V))
> 1—be <(1_(1)(+1622C) <1 — exp (—4622(;2 (11j260>> (1-— 61/2))>N - W exp(—R4(N)? + N)

by (1), (3) and Lemma 2.10, since R;(N) > VN for d large enough. Continuing the chain of

71
(1 () (150 )) o)

Y2 = exp <1 - RdEVNP +2In(R4(N)) —lnN) :

N
inequalities, the quantity above dominates 1 — 5eyl — Y =1 — AV <5e + <72> ) with

and

Now, 2 converges to 0 as d grows to +oo, uniformly in N, and v; converges to 1 — exp(—27 - 33 -
e”/?/(a?k?))(1 — e~ 1/2) by Corollary 4.10, so that for instance there exists dy > 0 which does not
depend on N such that for every d > dy,

P (3i € {1,..., N}suchthat (B;, 0 B;,d" B;) isasubmanifold chart for Vp) > 1 — 1dy(k)"
with y(x) = 1 — exp(—2'133/k2)(1 — e~1/2). Hence the result. O

5.3. The lower estimate. We are now ready to prove Theorem 1.3 and the lower estimate of
Theorem 1.1.
Proof of Theorem 1.3: Let k € (0,1) and dy € N* be given by Theorem 1.2 for this choice of x. Let

1
d>dy,1>6>3 > r;(d) and (z,y) € (RY)? be such that § <z < land § < y < 1. By Lemma
201n(d
2.15, there exists z1,...,2y € T(,,) such that forall i # j € {1,..., N}, [|zi — (| > 3 2()

with )
20v/d
M= {3\/51n(d)J '

201
By Lemma 2.14, it implies that for all i # j, dps(zi,2;) > 02@1)

. In particular, the Fubini-
Study balls (Brs(zi, pa))1<i<n are pairwise disjoint, since py = arctan(2/Vd) < 2/Vd. Let A =
{(2,%Z)|z € C} be the graph of the complex conjugation in C2, it is a Lagrangian plane which
contains the origin. For every i € {1,...,N}, let ¥; € PU3(C) be such that ¥,;(0) = z; and
dlo¥;(A) = T,,T(,,). We observe that U1 Bps(zi,pq)) = Brs(0, pg) and since pg < min(z,y),
gl (T(5,)) is @ smooth perturbation of A in the neighborhood of this ball, that is

U (T, = {(z,z+ o(1/Vd)||z| < 2/\/&} .

7

The latter does not depend on i € {1,..., N} provided (¥;)1<;<n is chosen such that for all i #
j, ¥io \I!j_l is a toric isometry, preserving T,,). The chart B, = D(0,1/v/6d)? is contained in
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Brs(0,pqg) by Lemma 4.5 and contains B;(x). Moreover, A N 0B, is a trivial knot which has
linking number +1 with the graph of any map 9D(0,1/v6d) — D(0,1/v/6d). We deduce that
when d is large enough \I/Z._l(']I‘(Ly)) N 0B, has linking number +1 with the graph of any map
0D(0,1/v/6d) — D(0,r/+/6d), for the latter is homotopic to the graph of a constant map, the
former homotopic to A N 9B, and such homotopies can be chosen to keep the two knots disjoint.
Now, for every i € {1,...,N}, let (B;,0” B;,0" B;) = ¥;(Bg, 0" By, 0tB,). By Theorem 1.2, the
probability that there exists i € {1,..., N} such that (Vp N B;) is the image under ¥, of the graph
of a map D(0,1/v6d) — D(0,x/+/6d) is greater than 1 — 14~(x)". We deduce that Vp and T (2
intersect each other in such a chart B;, since the linking number of T(%y) N 0B; with Vp N 0B; is
+1. Hence the result. O

Remark 5.8. In Theorem 1.3, the torus T, ,) could be replaced by any compact surface S; of

CP? with principal curvatures neglectable with respect to v/d, so that one can pick disjoint marked
degree d FS-charts with centers in S; making them submanifold charts for S;.

Corollary 5.9.

lim inf M= 1.
d—+oo (t1,t2)ER3,—% In(d)+In(In(d)) <t: (p( ))

Recall that p(t) = P(t € A(P)), see subsection 3.1.
Proof: We apply Theorem 1.3 with k = % and ¢ = hi;g) for d large enough, so that In(d) = O(NV)

and N converges to +oo as d grows to +oco. This holds for every (z,y) € (RY)? such that § <
1 1
x < land 0 <y < 1, that is —§1n(d) + In(In(d)) < t; <0 and —§ln(d) + In(In(d)) < t2 <0,

with (t1,t2) = Log(x,y). The result follows from the fact that ~ (1/2)" = 0, while p < 1 by
—400

definition. O
Let U : [20: 21 : zo] € CP? — [23: 20 : 21] € CP?, so that in the affine chart Uy = {[z : 21 : 2] €
1
CP?|zy = 1}, it reads (21, 22) € C x C* (, Zl) € C?. This toric isometry induces under the
z2 22

Log map the special linear isomorphism v : (t1,t2) € R? — (—tg,t1 —t2) € R? whose square equals
P2 (t1,t2) € R? — (ta —t1,—11) € RR?, so that LogoW = 1o Log. Let H, be the union of the images

of the square domain Kg = {(t1,t2) € R?| — %ln(d) + In(In(d)) < t; < 0}, under the action of the
group (1) = {Id,1,?}, see Figure 1. The function p is invariant under 1) since for every ¢t € R?,
po(t) =P((t) € A(P)) =P(t € A(Po¥)) =P(t € A(Q)) = p(?).

We deduce from Corollary 5.9 that it simply converges to 1 over R? as d grows to +oo, or also that
it converges to 1 in the sense of distributions.

Corollary 5.10. The expected amoeba measure E4(\) converges to the Lebesgue measure of R? as d
grows to +oo, in the sense of distributions.

See subsection 3.1 for the definition of E;(\).
Proof: Let ¢ be a continuous function with compact support in R2. The latter gets contained in H,4
for d large enough, so that by Corollary 5.9 and Proposition 3.2,

®0. ) = [ eopola — [ el

We finally deduce the asymptotic lower estimate given in Theorem 1.1.
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V*(Ka)

~11In(d) + In(In(d))

FIGURE 1. The domain #, in R2.

Proof of the lower estimate of Theorem 1.1: For every d large enough,

Vo) = o [ ().
= ln(1d)2 /11&2 p(t)|dt| by Proposition 3.2
> ln(ld)2 /Hd p(t)|dt| see Figure 1
z ln(:ii)2 /[;1n(d)+1n(1n(d)),o]2 p(t)ldil,  sincey) € SLo(R).
The result follows, since the right hand side converges to Z by Corollary 5.9. O

APPENDIX A. CROFTON’S FORMULA

Let S be a smooth surface in CP?. The zero locus V;, of a section Q € H°(CP?, L?) almost surely
intersects S transversely. We denote by éy,,ns the empirical measure on this intersection locus, so
that for every ¢ € C2(S, C), (dv,ns, ) = erVQms ¢(x). We then denote by E4(dv,,ns) the average
measure, so that

Eaovpst) = [ | S o) | aui@)
’ xeVgons

and finally we denote by |dVolg| the Lebesgue measure on S induced by the Fubini-Study metric
of CP? restricted to S.

Theorem A.1. Say S is a smooth Lagrangian surface of CP2. Then, forall d > 0, Eq(dvyns) = Qi |dVolg].
T

In particular, if S has finite volume, the expected number of intersections of Vj; and S is given
by

Ea(#(Vy N S)) = %Area(S).
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Proof: Let H denote the correspondence subvariety # = {(z,Q) € S x H*(CP? L%)|Q(z) = 0},
and m, o the projections from H to the two factors S and H°(CP?, L?) respectively. The former is
the restriction to S of the fibration of hyperplanes in H°(CP?, L?) over CP? with fibers H, = {Q €
HO(CP?, L%)|Q(z) = 0}, = € CP?. Then, for every ¢ € C%(S,C),

z€(VgoNns)

(Eq(6(Vo N S)),¢) = /HO(CPQ L ( > sO(a:)) dp(Q)

* * 1 — 2 * *
= /H(Wl@)WQM =N /H e IIRlFs (r7 )3 |dV ol (Q)).
Writing 75 |dVol(Q)| = (75|dVols(z)|) A |dVoly, (Q)|f(x, Q) for a suitable density function f : H —
R, we deduce from Fubini’s theorem that

as) Vo S)oh =1 [ o) ([ 10.00u(@) lavais(o).

Let us now calculate the density f(z,Q). We denote by o, a Bergman polynomial of norm 1
orthogonal to H,, so that H*(CP", L%) = H, &+ Co, and dVol = dVol|3, A dVolc. Say vy : t €
D(0,1) = (x(t),Q(t)) € H is such that v(0) = (x,Q) and d|(, oym2(7'(0)) € Co,, where D(0,1) is
the unit disk in C. For every ¢t € D(0, 1) we have Q(¢)(x(t)) = 0, so that, by taking derivatives, we

deduce
2'(0) = —(dQ|Tzs)1%Qt) —o(x).

As a result, the restriction of d|(, o)1 to H: can be written as t € C +— —(d|,Q|r,5) " (to(z)) and
mi|dVols| = |dVols(dmi,dm)| = [Jac(dmi |y )||dV oly1 |, showing that
1

(16) (. Q) = {Get{d0lns) Ton ()]

We now proceed to evaluate this density function in the case of an isotropically embedded surface.
Let Ha, = {Q € H°(CP?, L%)|Q(z) = 0 = d|,Q} and Hs,, be the orthogonal complement of Hs, in
H.

d+2
Lemma A.2. The evaluation Q € Hz, + d|.Q € T;CP? dilates the norm by a factor of <d i_ ) 0).
Proof: It suffices to prove the result for z = [1 : 0 : 0] since the isometry group of CPP? acts transi-
tively on CP2. The dimension of 3., is two, since d|,(Q = 0 imposes two independent conditions,
and we choose the basis { X1, X5} for ”HQLQD given by subsection 2.4, so that

d+2 \ '
X;||%e =
s = (, 077 )

by Lemma 2.16. The result follows. 0

Let us now set H5, = {Q € H°(CP", LY)|Q(x) = 0and d|.Q|7,s = 0} and write H, = H5, &+
(H3.)*. The following corollary calculates fo f(z,Q)du(Q) in the case of a Lagrangian surface S
and finishes the proof of Crofton’s formula.

Corollary A.3. Let S be a Lagrangian surface of CP2. Then, for every x € S, fHI fz,Q)du(Q) = d/2.

Proof: Since S is isotropic, the condition d|,Q|7,s = 0 is a complex codimension two condition on
the set of complex polynomials. Let {o1, 02} be an orthonormal basis of (#5,)*. If Q = Q2 + aoy +
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boy with Qo € HQSx and a = a1 + iag,b = by + ibs € C, we obtain from equation (16) and Lemmas
2.17 and A.2
. 1 d + 2 al bl
f(x7Q) - Nd <d— 17170>

ol = dim(@b).

Consequently,

/ [, Qdu(@) = d / \Tr(@b)|ds(a, b)
Ha C2

d 2 2 +o0 +o0 5 o
= 3 / / / e "1 "2r2r2| sin(fy — 601)|dridrodb dbs
™ Jo 0 0 0

_ ¢ 1/+Oor26r2dr 21/27r /%sin9ld9 do (substitute § = 0y — 61)
= i\ = 1 =0— 0

(—cos 6]F)

1\3[&»&\&

O
Last part of the proof of Crofton’s formula: From Corollary A.3 and equation (15) we deduce that

Ba#(Von8) =1 [ ( e Q)du@) Vols(a)| =~ [ Slavels(a)| = 5-Area(s).

0

Remark A.4. (1) If S is a complex curve instead of a Lagrangian surface, then E4(dv,ns) = d |dVols|,
™

as follows from Bézout’s Theorem, since the density function sz f(z,Q)du(Q) is then also con-
stant. In general, the latter depends on = € S.

(2) Such a Crofton’s formula has already been used by M. Kac or A. Edelman and E. Kostlan to
compute the expected number of real roots of a univariate real polynomial [11, 3].

APPENDIX B. UPPER ESTIMATES IN ALL DEGREES

Corollary 3.10 provides the asymptotic upper bound on E;(Vol(.A)) as d — +oco. The aim of this
Appendix B is to prove the upper estimate given by Theorem 1.1 for every degree, see Theorem
B.5. For this purpose, we return to subsection 3.2.

Proposition B.1. Let d > 2 and let 0 < py < /2 < p; be the two positive solutions of the equation

2
2
p = —. Then,

1+ 22~ md

Ea(Vol(A)) < 2In(d)In(p1/p0) — n(p1)? — 2In(po)* + (2In(r) + ) In (p1/p0)
2

md _ _
+ 3In(1+ pf) In(po) + 5= (1 (1+8) 2+ (1+ p])772).

Proof: We first employ Corollary 3.3 to get, for every d > 0,

Ey(Vol(A)) < min(l,da(t)/(47r))\dt\—/ min (1, dA(z, )/ (47)) .
R2 (RY)? Ty

We then proceed as in the proof of Theorem 3.9 and split the latter integral into three regions that
we estimate separately.
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() If0<p<porp; < p, then min (1, dA(x,y)/(4n)) = dA(z,y)/(4r) and we saw in the proof
of Theorem 3.9 that

//{ d = Az, )dwdy _ 7T;d (1 — 1+ V2401 +p%)—uz) .

p<po}U{p=pa} 4T Yy

(i) If po < p < py and either0 < 0 < 6,orn/2 — 6, < 6 < /2, thenmin (1, dA(z,y)/(47)) = dA(z,y)/(4).
Let us call this region U temporarily. We have, as in the proof of Theorem 3.9,

p1
//A d:rdy _ 4/ 'Hp dp
0o PSIN(20,)

< 7wln(p1/po) using the inequality

<

Nk

20,
sin(20p)

(i) If po < p<prand b, <0 <7/2—40,, then min (1,dA(x,y)/(47)) = 1 and as in the proof of
Theorem 3.9,

L (5 (2) i ity [

p

p1
+o / In(1 + cos(ze,)))d’f’

0

< 2In(dn)In(p1/po) + 2(In(p1)? — In(po)?) — 3/p1 In(1+ p*)dp/p since cos(26,) < 1
PO

< 2In(dm)In (p1/po) + 21n(p1)? — 21n(po)? — 3 / in(1+ p)dp/p 3 [ a1+ )dolp
PO

< 2In(dm)In(p1/po) +2In(p1)? = 2In(po)* + 31n(1 + pg) In(po) — 3In(p1)?

< 2In(dr)In(p1/po) — In(p1)? — 21n(pe)? + 31n(1 + p2) In(po).

Adding up the contributions from (i), (ii) and (iii) gives us the result. O
We now estimate py and p; in the following two lemmas.

Lemma B.2. Forall d > 2,

2 ) 4

<p5 < and p <7Td<1 0 >
—3 =M =5 U -ar=e )
md =3 (nd —3) + \/(rd — 3)> — 6 2 (md)* =6

Proof: From the relation p2 = (2/(nd))(1 4 p2)*/? defining po, we first deduce that p? > 2/nd. This

in turn implies that
2~ i 1+ = 2 i > 3 1+ i
Po =24 nd ~ nd nd)’

since (1 +t)%/2 > 1+ 3t/2 for all t > 0. Iterating, we obtain

2 2 3\\*? 2 3 3
1+ (1+2 > 1+ 2 (142 h
TFd(+ d<+7rd>> 7rd<+ d(+7rd)>’ sothat
3/2
2>21+31+3+32 />11+3+32+33
Po rd rd rd " \7d = Td rd " \7d rd) |

>
S
Vv
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L 253\ o2 2
Po =74 nd)  wd \1-3/(nd)) 7wd—3

Likewise, by definition, p? = (2/(rd))(1 + p3)®/2, so that p; ' = (2/(rd)) (1 + pl_2)3/2. This implies

so that by recursion

v
2w
N
[—
+

[rea(2) (”3 () <1+p1>>>>/
k=0 (3 <7r2d>2> ) by iteration.

22 20+ (5) () 2 3 ()

and the upper bound on p;.

[V
2w
/
—
+
N W
I/~
SIS
N~

[N}
[~

We deduce

2
In order to obtain the upper bound on p3, use the relation p3 = —d(l + p2)*/? together with the
s
inequality (1 + ¢)%/? < 1+ 3t/2 + 3t2/8 valid for t > 0, to deduce

2 3 3
2 2 (143,294
Po_ﬂd< +2P0+8P0 )

that is N 5
— T
L+ = p3+§p320.
. . . . . . . . 2 7Td - 3 2 3
The discriminant of the quadratic polynomial obtained by substituting v = pj above equals A = 5 ~
which is positive for d > 2. Since p3 < 2, it must be less than or equal to the smaller root of the
quadratic, hence
4 — 4
Bt <7“123 _ \/z> _ .
(md — 3) 4+ 1/ (nd — 3)* — 6
O
An alternative to Lemma B.2 is the following.
LemmaB.3. Ifd >2,0< 3 <pi <~vand?2 < a < p?, then
23+ /9 + (1+83)((rd)? — 12)) 5 203+ /9+ (1+3)((7d)? — 12))
Po < and

(nd)? — 12 = (rd)? — 12

((wd/2)2 34 \/((wd/2)2 - 3)2 12— 4/a>

AN
s
=D
IN

N
7
—~

3

QL
~
2

N

|
w
_.l_
—~

3

QL
~—

[\
S~—

N

|

w
SN—
|

—
[\

N——

N
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Proof: Given 0 < 8 < pg < ~ and using the relation pj = (2/(wd))* (1 + p2)?, we deduce

wd wd

that is ((7d/2)* —3) p§ — 3p3 — (1 + B%) > 0 and ((7d/2)* — 3)pg — 3p3 — (1 +~°) < 0. The dis-
criminants of these two trinomials in p? respectively are Ag = 9 + (1 + £%)((7d)? — 12) and

A, =9+ (1+~%)((md)* — 12). We deduce that p3 has to be greater than the positive root of the
trinomial on the left and less than the positive root of the trinomial on the right. This means that

2(3+\/A,3) < <2(3+\/A7)
(rd)2 —12 —"° = (wd)2—12"~
which proves the first part of the statement. Likewise,
Pt = (2/(rd))* (1 +3p7 +3p1 + p}) = (2/(nd))* 3p7 + 3p1 + pf),

2\ 2 2\ 2
<> (1+ 8% +3p5 +3pp) < pp < () (147" + 305 + 3pp),

o4

so that
pi+ (3 —(wd/2)*) pi +3 < 0.

The discriminant of the trinomial X2 + (3 — (7d/2)?) X + 3 equals A" = ((rd/2)* — 3)2 —12 and
1
its roots are y4 = B ((7ml/2)2 -3tV A’). We deduce that

P2 <y, = % <(7rd/2)2 —3+ \/((wd/2)2 - 3)2 . 12) .

Finally, if o« > 2 is a less than p?, then 1 < p?/«a and
pt = (2/(rd))* (1+3p7 + 3p1 + pf) < (2/(7d))* ((3+ 1/a) pi + 3p1 + 1) ,

so that
pi+ (83— (7d/2)%) p? + (3+1/a) > 0.
The discriminant of the trinomial X* + (3 — (7d/2)?) X + (3 + 1/a) is A” = ((7d/2)* — 3)2 —12—-4/a
1
and its roots are z4 = 5 ((wd/2)2 -3+ \/A”) . We deduce that for every 2 < a < p?,

P> % ((ﬂd/2)2 — 3+ \/((mz/m? - 3)2 12— 4/a> .

U

Starting from Sy = 0, 790 = g = 2, one can now use Lemma B.3 iteratively to improve the lower

and upper bounds at each step. For small values of d, we obtain after few iterations the following
numerical estimates:

d=2 0714 < p2<0.715 and 6.374 < p? < 6.401
d=3 0322 < p2<0.323and 19.046 < p? < 19.050
d=4 0212 < p2<0.213 and 36.395 < p? < 36.396
d=5 0158 < p2<0.159 and 58.633 < p? < 58.634
d=6 01269 < p<0.1270and 85.7913 < p? < 85.7915

We deduce from Proposition B.1 the upper bound E5(Vol(.A)) < 24.298 for the expected area
of the amoebas of plane complex curves in degree five, while the upper estimate given by half the
expected multiarea of the amoeba is 72d/2 = 24.675, see Corollary 3.3 and Remark 3.4. In degrees
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less than five, the latter provides better estimates. As for degrees greater than five, the above values
lead to Eg¢(Vol(A)) < 26.813 and in general,

Corollary B.4. For every d > 6,
2/(md) < p < 2/(nd)-1.2138 and (wd/2)?-0.9658 < p? < (wd/2)>.

2
Proof: For all d > 2, by Lemma B.2, pZ > 73 > — and by Lemma B.3 with v = 0.1270 for d = 6
mwa — T

, _ 2 (3/(7rd)+\/9/(7rd)2+(1+73)>
o= T4 1— 12/(rd)?

< 2 -1.2138

= md

Likewise, by Lemma B.2, p? < (wd/2)? and by Lemma B.3 with a = 85.7913 for d = 6,

<2> ( Trd/z +\/(1_ (wdi2)2)2_m>

) -0.9658

v

Pt

v

(

Theorem B.5. For all d > 6, E4(Vol(A)) < ;ln(al)2 + 8.37521n(d) + 8.5607.

e
2

Proof: By Corollary B.4, In (p1/po) < 5 ln (rd/2). Using this estimate together with the other esti-
mates in Corollary B.4, we deduce from Proposition B.1 that
2

Eq(Vol(A)) < 31In(d) In (rd/2) — <; In ((7rd/2)2 : 0.9658)>2 —2 (1 In (jd 1. 2138>>

L3 m2d 2 1/2
+3 (2In(r) + ) In (md/2) + - (1 ~ (1 +2/(rd) - 1.2138)"Y2 4 (1 + (nd/2)2 - 0.9658)" )

IN

2
31In(d)? + 31n (7/2) In(d) — (ln(d) +1n(7/2) + 3 ln(0.9658)>

1 (In(d) + In (7/2) — In(1.2138))% + 8.1466 (In (7/2) + In(d)) + md <1 — <1 -
2 2 md

IA

3 1 2
2 ln(cl)2 + (In(1.2138) — In(0.9658) 4 8.1466) In(d) — <1n(7r/2) + 3 1n(0.9658)>

1
—5 (n(m/2) - In(1.2138))% + 8.1466 In (7/2) + 1.62457

IN

3
5 In(d)? 4 8.37521n(d) + 8.5607.

O

Remark B.6. For d = 6, Theorem B.5 provides the upper bound Eg(Vol(A)) < 28.3827, while
72d/2 = 29.6089. The upper estimate given by Theorem 1.1 follows from Theorem B.5 and the
above given values for d < 5.

1.2138> 2.0352
+

wd

)
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