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Abstract

In this paper we study the strict refinement property for connected partial orders
also known as Hashimoto’s Theorem. This property implies that any isomorphism
between products of irreducible structures is determined is uniquely determined
as a product of isomorphisms between the factors. This refinement implies a
sort of smallest possible decomposition for such structures. After a brief recall
of the necessary notion we prove that Hashimoto’s theorem can be extended
to connected loop-free categories, i.e. categories with no non-trivial morphisms
endomorphisms. A special case of such categories is the category of connected
components, for concurrent programs without loops.
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Connected posets (i.e. those in which for all elements x and y we have a sequence
x = 29,21,-.-,2n = y such that z; and z;_; are comparable for every i € {1,...,n})
satisfy the strict refinement property [1]: if the following isomorphism holds in the

category of posets (Pos)
X = J]v

acA BeB
then we have a family of posets {Za”g | a € A; B e B} such that the following
isomorphisms hold for every @ € A and every 8 € B.

X, = Hzmb and Yy = HZW
beB acA



A (small) category is said to be loop-free when any two of its morphisms whose
composite is an endomorphism are identities. The category of loop-free categories
(LFCat), which is a full subcategory of the category of small categories (Cat), con-
tains Pos as a full subcategory. The embedding Pos — LFCat has a left adjoint
obtained by identifying any two arrows with the same source and the same target.
The purpose of this article is to prove that connected loop-free categories also satisfy
the strict refinement property:

Theorem A. Given a connected loop-free category C, for any two decompositions
Uy :C = Jloea Xa and ¥ : C — HBEB Y3, there exists a family of loop-free
categories Zq, g with o € A and 5 € B, and for every o € A and B € B, decompositions

o : Xo = [[ Zos and bg: Vs = [ Zas
BEB acA

such that the following diagram commutes:

\I/A ‘I’B
Yol 1t
HaeA Xa : HﬁeB Ys
i ! (1)
(aa)oceAi i(bﬁ)ﬁeB
N ’Y v
HaeA HBeB Za,p HBeB HaeA Zo,p

where v ¢ [[oeallpen Za.s = [gen [laca Za,p is the natural isomorphism sending
((2a,8)8eB)aca to ((2a,8)aca)seB-

The structure of our proof diverges from Hashimoto’s original paper [2] and instead
follows more closely the presentation found in [1, Chapter 10] which has the added
advantage of also constructing the elements of the refinement.

Beyond its pure theoretical interest, this problem is related to the study of pro-
grams made of several sequential processes running in parallel [3] (in the sequel we
just write ‘program’). The geometric model [P] of a program P is locally ordered [4,
Corollary 6.1], so each of its points has a neighborhood whose fundamental category
[5, 4.37, p.73] is loop-free. The crucial facts are:

1. the functor @y : C — Cat, which assigns to every object of C its fundamental
category, preserves finite products, and

2. two programs P and @ do not interact with each other when we have [P|Q] =
[P]x[Q] (in C) [4, Theorem 6.2].



Hence splitting a program P into subprograms that are executed independently of
each other is somewhat related to writing the loop-free categories 71 (V) as finite
product, for V partially ordered open subspace of [P]. We expect that these local
decompositions actually induce a global decomposition of 71 ([P]); our hope is based
on the van Kampen theorem [5, 4.52, p.80].

1 Definitions

Given an object X of a category C, we write idx for the identity morphism on X.
We generally omit the subscript when clear from the context. Given a morphism
f:X =Y, wewrite f = X (resp. f =Y) for its source (resp. target).

Definition 1. A morphism f: z — y in a category C is said to be without return when
the hom-set C(y, x) is empty. Otherwise, we say that f admits a return. A category C
is said to be loop-free when all its morphisms, except identities, are without return.
We write LECat for the category of all small loop-free categories.

Definition 2. In LFCat, consider a family {f, : Xq = Yo }aca of morphisms. The
product map f : [[,ca Xa = [laca Yo is the unique morphism such that 7o f = fo
for every o € A.

For the rest of the chapter we will often write f = (fo)aca for the product map
of the family {f. : Xo — Ya}aeca. For binary products, we write (f,g) the product
map of f and g.

Definition 3. A fence is a family (f;)1<i<n of morphisms of C such that:

® foi = foir1 and fo; 1 = fai
® or fa; = faiy1 and foi—1 = fo;
The length of a fence (f;)1<i<n is its cardinal n

Definition 4. Two morphisms f and g of a category C are said to be connected if
there exists a fence (fi)ie[1,n) such that f = f1 and f,, = g. A category C is said to be
connected if all its morphisms are connected.

Definition 5. A (product) decomposition of a loop-free category C is an isomorphism

¥ from C to a product [],. 4 X of loop-free categories X, for a € A.

Note that if C is non-empty, connected, and loop-free, then so are the categories
Xa.

2 Hashimoto’s theorem for loop-free categories

Hashimoto’s Theorem [2] states that every connected partial order has the strict
refinement property; in this article, we generalize this result to all connected loop-free
categories in Theorem A.

As previously stated, we will follow the proof from [1], generalizing the key lem-
mas to the case of connected loop-free categories. We will first give a rough idea of
the different steps of the proofs, before introducing the details and technical lemmas
necesssary for the proof in Section 3.



To prove Theorem A we will need to find the decompositions (aq)aca and (bg)sen
of Eq. (1). For this we will first define some notions, that will be used in the
presentation of the proof.

Definition 6. Given an element s of a set product [];.;S;, an index j € I, and
an element x; € Sj, we define (s,7;,7)icr as the element of [, ; S; obtained by
substituting x; to s; in s; in other words:

. x; ifi=j
S, Ty, P — .
(5,23: )i {si otherwise.

Definition 7. Given an object s of a loop-free category HaeA X, and an index
A € A, the A-section at s is the functor from X to HaeA X, defined by

zx — (s,zx,A) if x is an object
fx = (ids, fa, A) if fy is a morphism

We denote by =5 : X\ = X3 the isomorphism induced by the A-section at s on its
image. We denote by ®3 the restriction of ® to X3 for every functor ® defined over

HaeA XO“

Definition 8. Given an isomorphism ®: []

X0 — HﬁeB Y3, indexes A € A,
p € B, and an object 5 € [],c 4 Xa, we define

a€cA

Xy = WA@*lEE’(S) (Y,) and Y#)‘ =1, P25 (X))

with 7y : [[pca Xo = X and 7, : H,@eA X — X,, the projections.

As we will see, the refinement (but not its existence) Z,, g (with o € A and 8 € B)
depends on an object s € [[,.4 Xo that we arbitrarily fix now if the product is non-
empty. In [1], which proves the strict refinement property for connected posets, the
isomorphisms (aq)aca and (bg)pgep of Diagram 1 are obtained by decomposing the
expected isomorphisms into smaller morphisms, obtained with the notation introduced
above, which gives the Diagram 2 below.



P
HaEA Xa H,@EB Y,B

(B2)aca (=5 sen
[Toca X3 HBEB YB¢(8)
(Plxs)aca (2)
[locallsen Y5 (qulxg(a‘))BEB
(ra®'E5 ) sen)aca
Moealloen X2 ¢ TTyep [luca X2

The first part of the proof is to prove that all the introduced morphisms, are in
fact isomorphisms and to prove that they are indeed product maps of isomorphisms.

That is to say that we have Uy = [[ aq and ¥1 = [] bg with
acA BEB

—1—=P(s —
G = (watl) Ep é)ﬂgq):fl)ﬂeB

_ H-1=2(0)
and bg = =3
Most of the proofs rely heavily on the following proposition, which allows us to
restrain the coordinates of composite images.

Lemma 8. Let ®: P x Q@ — U X V an isomorphism of connected loop-free cate-
gories. Let (u,v) and (u',v") two morphisms of U XV and p a morphism of P. Then
7p® (u,v) = mp®~L(v,v') = p implies Tp P~ (u,v') = p.

Then, once this has been achieved, we need to prove that the diagram commutes to
conclude the proof. To do this, we will first prove the commutation on a restriction of
the diagram, by replacing for each o € A the starting category X, by the subcategory
X# as in Definition 8, for an arbitrary u € 3, giving us the diagram below.

[Toea X4 2 v
Wy Wy (3>
’)’71
[Toca HBeB X5 — HBeB [oca X5

Then using the following Lemma 10, the commutation is extended along a given
A€ A



Lemma 10. Let ®: P x Q — U x V be an isomorphism of connected loop-free cate-
gories. Let Q' a connected subcategory of Q. Let p a morphism of P. Then ny®(p, q) =
mu®(p,q’) for all q,q' € Q' implies, for all p' € P, my®(p’,q) = 7P, q’) for all
7.q €9

This leads to the commutation of the Diagram 4 below.

7 o]
HaeA\)\ XE X Xy HBEB Ys
(Ta¥2)azrXmAWs v, (4)
—1
Y
HaeA HﬁEB Xg HﬁEB HaeA Xg

Using Lemma 10 once more the commutativity can be extended to the full domain
[I,ca Xa, thus ending the proof.

In our case a few necessary conditions that are less trivial will need to be detailed
in Lemma 18 to perform the last steps of the proof, but the broad strokes will remain
the same.

3 Preliminary results

As announced the proof of Theorem A relies on a few technical results and properties
of loop-free categories that we will first present in this section. The Corollary 9 and
Lemma 10 are especially important pieces of the inner working of the proof.

3.1 Properties of loop-free categories

We remind the reader of a few properties of loop-free categories that we will use in
the following proofs, as well as two usefull properties specific to loop-free categories.
Proposition 2. LFCat has all products.

Proof. LFCat is an epireflective subcategory of Cat ([6, Proposition 1.8]), a cartesian
closed category. Thus, it has all products. [l

By the adjunction between LFCat and Pos, we have the following result:
Proposition 3. Let ®: C — D be a morphism of connected loop-free categories. Then
the restriction

Dlopj: (Obj(C), <) — (Obj(D), <)
is an order-preserving morphism of connected posets with the canonical partial order
< defined by
X<Y < C(X,Y)#0
Furthermore, if ® is an isomorphism, so is ®|op;.
Lemma 4. Given two morphisms f, g of a loop-free category C, we have that fog = id
implies f = g =1id



Proof. If fog = id, then both f and g have a return; it follows that both are identities
because C is loop-free. [l

Lemma 5. Given an isomorphism of small, loop-free categories ®: C1 X Co — D1 X Dy
and an object X of Cy, for all morphisms (f, g) of D1 xDa such that 1y ®~1(f,g) = idx,
we have:

ﬂ-l(I)_l(fa ldg) = ﬂ-l(I)_l(fa ldﬁ) = ﬂ-lq)_l(idiv g) = ﬂ-l(I)_l(idfv g) = 1d)(

Proof. By definition of the product, the following diagram on the left commutes:

(id, 9) o R w1 @71 (id,g) o
/ 7T7>O<P71 /
(f,id) (f,9) (fid) =  mae~l(fid) id @1 (f,id)

[ ] [ ] e —— ©®
(id, g9) m® 1 (id,g)

The category P is loop-free, thus by applying Lemma 4 we have
m® ' (idg, g) = m® ' (f,id,) = id
We prove in the same way that &' (idys, g) = m®~'(f,idg) = id. O

3.2 Technical lemmas

The proof of Hashimoto’s theorem in [1] makes extensive use of the Proposition 6 and
Proposition 7, which we will respectively extend to connected elements of LFCat in
Lemma 8 and Lemma 10. As we have changed the formulation to make the proofs
easier to follow, we give them here and refer to the original work for the proof.

These lemmas are at the core of the proof and are where the hypothesis that we
are using loop-free and connected categories really comes into play, so it is important
to keep them in mind.

Proposition 6. Given ®: P x Q — U x V an isomorphism of connected posets and
pepr,
mp® L (u,v) = mp® 1 (u', V') = p implies Tp®(u,0) = p

Proof. [1, Lemma 10.4.5]. O
Proposition 7. Given ®: P x Q — U x V an isomorphism of connected posets, if
there exists p € P such that my®(p,q) = mu®(p,q’), then for each p’ € P,

Tu®(p',q) = v (', q')

Proof. [1, Lemma 10.4.8] O

In the two following proofs, as the objects in the commutative diagrams are of no
importance, we have omitted them, replacing them by e when not necessary.



Lemma 8. Let ®: P x Q@ — U X V an isomorphism of connected loop-free cate-
gories. Let (u,v) and (u',v") two morphisms of U x V and p a morphism of P. Then
7p®L(u,v) = mp® (v, v') = p implies Tp®(u,v') = p.

Proof. Given p,q,q" such that ®(p,q) = (u,v) and ®(p,q’) = (uv/,v’). Let us prove
that 7p®~!(u,v’) = p. We proceed by induction on the length of the fence between q
and ¢'.

e A fence of length 2 implies ¢ = ¢/ or § = ¢'. First, let us suppose ¢ = ¢/, the other
case being solved dually. -
Let us prove that 7p®~1(u,v’) = p.
First, let us define

(I)(pa ldg) = (U’*a U*) (I)(ldﬁa q) = (uqa 'Uq) (I)(ldﬁa ql) = (’U/;, ’U:]) (5)
such that:

/
u=ugou” u =u

!
v =1vg00" v =0

By the 77, the following diagram commutes:

u,id

Following the outer arrows, we get

(u,0') = (ug, vg) © (u”,v")

) = p. We are thus left to prove mp®~!(uy,v}) = id. By

By Eq. (5), mp®~t(u*, v*
construction vy = v; = v* such that by functoriality:

ﬂp@fl(uq,v;) = qu)il(ﬁ, v_;)



Tp® ! (ug, v)) =P

By Proposition 3, ®: Obj(P) x Obj(Q) — Obj(U) x Obj(V) is an order-preserving

isomorphism of connected posets and such that mp®~! (g, v4) = mp®~*(uf, v}) = .
Hence,

p=mp® (T, o)) Proposition 6

= 1p P~ (ug, v}) by functoriality

3

Thus, Tp® 1 (ug, vy) € P(P, ), with P loop-free. This implies 1p® 1 (uy, vy) = idg,
such that

@ (u,v) = mp @ (ug, v)) o TP (u*, v)

mp® t(u,v) =p

Now let us suppose a fence - Lo L of length n = 3 between g and ¢’. Let

(u,v) == ®(p,q) (z,y) := ®(p,7) (u',v") == @(p,q) (6)

such that ® sends the commutative diagram on top to the one below.

id,q’ id,r
[ ] [ ] ®

p,id

id,r id,q

[ )
Uy, Ur Ug,Vq

We are going to use the same method as before, working on each 2-fence inside the
3-fence above. For that we’ll decompose (u,v’) using the Diagram 7. By the ??, the
following diagram commutes:



S
N

Uq,id

such that

(u,v") = (ug,idyr) o (u*, y™) o (idy~, vy) By following the outer arrows

(u,v") = (ugq,idzy) o (u”,y") o (iduy, vg) By the Diagram 7

~ Working on the 2-fence <~ - 5, let us prove mp® ! (ug, idy;) = id
By Eq. (6) we have 7p®~!(u,v) = 7p®~!(z,y) = p. Thus, as proved for 2-fences
above

(
= 1p® ((ug, v,) o (u*,v*)) Diagram 7
=mp® ! (uy,v.) 0 mp® (U, v*) Functoriality
p=1p® Hug,v)op Diagram 7

By loop-free property of P, 7p®~!(ug, v,) = idz. Which implies by Lemma 5,
p @ (ug, idy) = idy
Similarly, mp®~! (idu, ,vq) id,. Hence
p® (u,v') = mp @ (ug, idgr) 0 mp® T (u*, y*) 0 mp® T (idu, ,vq)
=idyomp® H(u*,y*) o idp
ap® (u,v) = mp @ (u*, y*)

— Let us prove now mp®~!(u*,y*) = p. By commutativity of both projections the
central square:

(#,y) = (urou™,y" ov})
= (uTv ldF) ° (U*a y*) © (ldﬂv ’U;)
(SC,y) = (u’l“vld’ui) © (U*,y*) o (ldulrvv:‘)

10



As mp® ! (u,,v,) = idp, by Lemma 5, mp®~! (u,, id5-) = idp. Similarly, we have
mp® ! (idys , v).) = idp. Thus

p=1p® (2,y) = mp® L (u", )
Such that
1p® H(u,v') =p

® Now let us suppose that the property holds for all fences of length 1 < k < n,
with n > 3. Let us suppose given ¢, ¢’, connected by a fence (¢;)1<i<n. We define
(ui,v;) = ®(p,qi), for each 1 <4 < n and

(u,v) = (u1,v1) = 2(p,q1) = 2(p, q)
(u/,v’) = (un;vn> = q)(pv Qn> = q)(pv q/)

By definition, ((p, ¢:))i<i<n—1 and ((p,q:))2<i<n are fences of length n — 1 respec-
tively connecting (p, 1), (p,n_1) and (p,qa), (p>qn). By definition of (s, v;) we
have,

p=mp®  (ur,v1) = p® (up_1,vn-1)

p=mp® Hug,va) = Tp P (tUn,vy)
Thus, by induction hypothesis, this implies
p=mp® (uy,v,_1) p =mp® ! (uz,v,) (8)
Now we suppose ¢1 = @2 (¢1 = g2 can be treated dually). We'll have to proceed

differently depending on the symmetry of the fence.

— If §.—1 = @y, by functoriality of ®, U,_1,U,_1 = Un,Upn, such that uz,7, =
U1, Up—1. This implies that (u1,v,-1) and (ug,v,) are connected by a fence of
length 2. Thus, 7o ® ! (u1,v,—1) and m1g®~*(uz, v,) are connected by a fence of
length 2. By Eq. (8), we have p = mp®~(ug,v,) = mp®~1(uy,v,_1). We can
then apply our induction hypothesis, such that

p=mp® (u1,vy)

p=mp® !(u,v)

Which concludes this case.
- If g1 = qu, by functoriality of ®, up_1,v0-1 = Un,vn. Thus, if we define

q2.n = mo® 1 (ug,v,) and q1 1 = T P® " (u1,vn—1), we get the following fences:

11



[ ] [ ] [ ] ®
\ @71 ,\
U2,Un = P,q2,n _1
ul’“"\ UL,Vn—1 &7 (ur,vn) Pyq1,n—1
[ ] [ ] [ ]

Thus, g2, et ¢1,n—1 are connected by a fence of length 3. We can apply our
induction case for k = 3 with the fence (p,q1.n—-1), (p, 7@ (u1,v,)), (P, q2.n)-
Indeed, we have ®(p,q1,n—1) = (u1,vn—1) and @(p,q2,n) = (u2,vn) (Eq. (8)).
Thus, we get

qu)_l(ulavn) =P

Thus, 7p® 1 (u,v) = 7p®~L(v/,v') = p implies 7p®~1(u,v’) = p, proving the
induction step.

O

This Lemma 8 is not restricted to binary product and easily extends to arbitrary
products as shown in the following lemma.
Corollary 9. Let ®: J] o4 Xa — HﬁeB Y3 an isomorphism of connected categories.

Let f' = (fi)aca a morphism of [Ioes Xo for i = 1,2. Then for all A € A and all
1 € B such that my f! = m\f?

AP TH (1), R(f*)ps ) = Taft = ma f?
Proof. This follows directly from Lemma 8 by defining:
P =X, Q= H X, U =Y V= H Y5
€A, a#N BEB,u#p

and by defining

(p.q) = 65" (f') (p.d') = 65" (f?)

(u,v) = 6;1<I>(f1) (', v") = 5;1@)(]‘2)
With 0 and 6, the natural isomorphisms:

heXax J[ Xe—=J[Xe ds:Yux J[ s []Ys

aEA,aFAN a€A BEB,u#p BEB

We get an isomorphisms ¥ = 5[;104)0(&: PxQ — UxV.Such that fi = 7p ¥~ (u,v’)
fori=1,2. 0

Lemma 10. Let ®: P x Q — U x V be an isomorphism of connected loop-free cate-
gories. Let Q' a connected subcategory of Q. Let p a morphism of P. Then ny®(p, q) =
mu®(p,q’) for all q,q' € Q' implies, for all p' € P, my®(p’,q) = 7P, q’) for all
7.q €9

12



Proof. Let p a morphism of P Let @ a connected sub-category of Q, such that for all
morphisms ¢, ¢’ in @', 7y ®(p,q) = 7y P(p,q’). Let us prove that for all p’ morphism
of P, my@(p, q') = my®(p’, ¢) by induction on the length n of a given fence connecting

4,4

e n = 1. Trivial.
e n=2 7y®(p,q) = 7uyP(p,q) for all morphisms ¢, ¢’ in Q" implies

u®(p,q) = 1w (p,q)
u®(p,q) = v ®(p,q’) for all ¢,q" € Mor(Q)
mu®(p, Q) = Tr®(p, Q) for all Q, Q" € Obj(Q)

By Proposition 3 ®|op; is an isomorphism between Obj(P) x Obj(Q) and Obj() x
Obj(V). By Proposition 7

for all Q,Q" € Obj(Q), 7y ®(p’,Q) = mu®(p’, Q") 9)
Thus for ¢ € Mor(Q’) we have

7"-U(I)(ldp aQ) - WU(I)(p/a )

=@, ) By Eq. (9)
U(I)( P 7q
ﬂ'U(I)(ldp ,q) = 7rU<I>(1

)

,_.

As Q' is loop-free, this implies 7y ®(id,, ¢) = id. Similarly, 7y ®(id,, ¢') = id.
Let us suppose that § = ¢/, the other case being dual. By the above argument, the
following diagrams commute

[ ) [ ]
Ty P
(id,s,q) « u®(p',q9)
TFUq> B(p' id=
M . — mu ®(p’,idg) °
(idys,q") id
= ®'.q") mu®(p',q")
[ ] [ )

Therefore, 7y ®(p', ¢') = my@(p', idz) = 7o @(p’, q)-

e Now suppose a fence (¢ = qo,q1 - ,qn = ¢') and the property true for all integers
strictly smaller than n. Then there is a n—1-fence (q1,- - , ¢») and a 1-fence (qo, g1).
By induction hypothesis, 7y ®(p’, ¢,) = mo (', ¢1) = 7uv @ (P, q0)-

Q' is connected so for all p’ € P, for all ¢,¢' € @', my®(p',¢') = 7v @ (P, ¢). O

13



4 Proof of Theorem A

For the remainder of section, we will consider that ® is an isomorphism of connected
loop-free categories, (Xo)aca and (Yz)sep families of connected loop-free categories.

As stated before, we will first prove that all the morphisms of the Diagram 2 are
isomorphisms.

Lemma 11. Given a category X =[]
defined in Definition 7, then

wea Xas A€ A, s a morphism of X and Z3 as

my 0 =} =idx,
We say that Z5 is a section of the canonical projection y: []
Furthermore, Z3 s a full and faithful functor

Proof. Let f €[], ca Xa((s,2x,A), (5,9, A)). Then X, loop-free implies, 7, f = ids,
if a # X and myf = fn € Xa(za,yn). Such that f = Z3(fr). This proves that =3 is
full. Furthermore, it is clearly faithful. (|

aeAXa — X)\.

Corollary 12. Given a category X = [[,c4 Xa, A € A, 5 a morphism of X then
X§ = E3(X) is a connected, loop-free full sub-category of X isomorphic to Xj.
Furthermore
7'(‘,\OE§\:idXX Eioﬂ',\b(i:idxi
One last proposition that we will need from [1] is the fact that for any A € A, sy
object of X, the object part of the functor ®|x;: X3 — H,@eB YﬁA is an isomorphism
of the underlying objects of the category.

Proposition 13. [1, Lemma 10.4.7]
Let @: [[oen Xa — H,@eB Ys be an isomorphism of connected posets. Let s €

[Toca Xo and X € A and X3 be as in Lemma 11. Let Y5 = mg®[X3], then

oxs: X3 [[ V2
BEB

is an isomorphism of posets.

This proposition also translates to an isomorphism of connected categories.
Proposition 14. Let ®: [[,c4 Xa — [lsepYs be an isomorphism of connected
loop-free categories. Let s € [[,cq Xa and X € A and X3 be as in Lemma 11. Let
Y = m®[X3], then

; A
oxs: X3 = [[ V3
BeB
is an isomorphism of connected loop-free categories.

Proof. Let us show that <I)|X§ X5 — HBeB Yﬂ)‘ is essentially surjective. By Proposi-
tion 3, CIDObJ-|X§ is an isomorphism of posets. Thus, by Proposition 13,

Do X3] = [ ] msPou[0bj(X3)]
peB

14



= [ Obj(ms®(X3])

BeB

Dowi[X3] = Obj( [ ms@[X3])
BeB

Thus P xs 1s essentially surjective. Furthermore, | xs is full and faithful as the restric-
tion of a full and faithful functor to a full subcategory (Lemma 11 and Corollary 12).
Thus, ®|x; is a fully faithful and essentially surjective functor, thus an isomorphism
in LFCat O

Proposition 15. Let ®: [[,c4 Xo — [lscp Ys an isomorphism of connected loop-
free categories. Fix « € A and f € B. With

7N s . — P(s
Y = mp®[XS)] XP =@ Y]
The two following morphisms are inverse of each other
ﬁaotﬁ*loEE(s):Yﬂa%Xg ﬂgo@oEZ:Xg%YB’l
Proof. Let us prove that

TP 0 Z5me 0 ®TIE ) ya: Y - V' is the identity.

First let us remark that m3® o @’152(5) =idyg and Ejma|x; = idy; (Corollary 12).

But this contraction can only be made if we prove that @‘152{;(5) sends Yg' to a
subcategory of X;. As mg®Ey: Xo — Y is full and essentially surjective by Propo-

sition 14, it is equivalent to proving that @‘152{;(5)#5@5; sends X, to a subcategory
of X2

Let fo € Xo and A € A, A # «. By definition, my\ids = m\Z5 f. Thus, by
Corollary 9,

@~ H(D(idy), P(Z5, f)p, B) = maid,

ie. M@ =L @S f = maid,

Thus, @*155(8)@@5; sends X,, to a subcategory of X¢. Such that,

=s —1=2(s) _ =s —1=%(s)
WB(I)O_‘aﬂ'aO(I) =3 |yﬂa —WB(I)O_.aﬂ'aO(I) =8 |y§t
Y
=idxg maps to X3

_ —P
=mgodod 1 053(5)|Y§“

_ :q>(5)
= 1555y

15



3P o Elme 0 P 1"q>(é)|ya = idyg Corollary 12

Similarly, 1o ®'E5") 0 mp®F| (s = id yp O

With this we have all we need to build the isomorphism ¥; =

(bg)gen: [lpep Y = [lacasen X2 and Uy = (@a)aca: [Toea Xa — [ocasen X7
from ?7, i.e. all the morphisms in Diagram 2 are isomorphisms.

Proposition 16. With the previous notations and with

U, = <H o 1lo EE(S)> Uy = H <H <7ra o® ! OEE(S)) od oEi)

BeEB a€A “BEB

Vo ®d and Vs are isomorphisms of connected loop-free categories. Furthermore, for all
a€ A, Be B, mg¥ and m,Vy are isomorphisms.
Proof. ® ¥ is an isomorphism. Indeed, by Corollary 12 EE(S) Y5 — YB(I)(S) is an iso-

morphism. By 14, so is 1 : Y;(S) — [Taea X£. Thus, as products of isomorphism,
all arrows in the following diagram are isomorphisms.

H Y3 HBGB B H Y<I>(s [lpen @ H H Xﬂ
BEB BeB BEB acA

® Let us prove that Us is an isomorphism. Indeed, by Corollary 12, resp. Proposition 14
resp. 15, the following functors are all isomorphisms:

=s ® [pep mac® lo=5® s
Xo == X35 [[ Ve IT x4
BeB BEB

It follows that Wy = [[ .4 <H§€B (ﬂ'a od lo Eg(s)) odo Eg) is an isomor-

phism by composition and product of isomorphisms. Furthermore, each 7, V5 is an
isomorphism

O

Now let us prove the commutativity of the Diagram 3.
Proposition 17. Let p € B, f € [[ca XA = [loca wafb_l[YMq)(s)], with 1 and Uy
as defined in Proposition 16. Then for all ﬁ eBanda € A

fo WfB=n

So Otherwise

Tama(Y " 0 W1 0 @)(f) = mpmaVa(f) = {
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Proof. By definition of ~, the equality of Proposition 17 above is equivalent to

fa 1fﬁ::u

So otherwise

(W10®(f)g)a = ((vo ¥a(f))p)a = {

Let f = (fa)aca € Il eaX). By Proposition 14, &(f) € Yf(s) with
®(f) = (2(ids), 2(f)u, 1) and S(f)u € V..

© For U10® =[5, ' 0= om0

T30 0 ®(f) = D! ”‘P(‘” o ®(f)s

= 1(1d<1>(s)a (f)p,B) Definition 7
- 1 ld‘b(é) (1d<1>(s)a (f)#vﬂ)ﬁvﬂ)
H(ida(s)) = id, if j# B

s \Illoq) = .
’ { Hida(ay, ®(fpopt) = f if p=p

e For yo WUy = HaeA<HBeB7Ta(I) L o:q)(s))(q)oEg)

- B#
By definition, id, = ®'®(id,) € ®[V;7”] = [[,c. X/, such that for all

a € A Zfu € [oea XU e ®oE5(fa) € V™ and thus for all 8 # p,
ma® 0 Z5(fo) = ®(ids)s-
Thus, for all 8 # u
_ —1':"I>(S) —s
Tamg oy o Va(f) =ma® " E57 | mpP 0 E(fa)
= 1, @ =5 (0(idy)5)
Tamg 07y 0 Ua(f) = maids
— p=f. Then, f € [[,c4 X¥ therefore ®(f) = (®(ids), ®(f)s, B). It follows that

Vs € Y3, (®(f), 95, 8) = (®(ids), 95, 3) (10)

Furthermore 7, @~ 1®(f) = 7, ® 1 ®(ids, fu, ) = fo. Hence,

fo = Ta® H(@(f), ((ids, fu, ), B) By Corollary 9
= @7 (2(ids), (P(ids, fa, @), B) By Eq. (10)
fa =mamgy o Ua(f) By definition of ¥,
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Now that commutativity of Diagram 3 is proven, we extend the commutativity
along one of the A € A, thus proving the commutativity of the Diagram 2. First as
explained in the outline, we will to prove the faithfulness of the restriction, which is
less trivial in our case.

Lemma 18. With the previous notation, ~y: H,@eB [Toca X5 - [Toca H,@eBX
the natural isomorphism and with s, the singleton category for a given A € A , the
following restrictions are faithful functors.

Ty Wy 0 Oy T{acAlazr}Y V1 0 PI[T. ., Xaxsx

mWalxg TlaeAlaza} Y2IT], ., Xoxsx

Proof. ® U1 0d = (H,@eB ot O:¢(5)> od

Let f = (fa)aca € X3, then 7o f = maids for all o # A. Thus, by Corollary 9, for
all B € B and all a # A,

7T0¢ ( (1d ) (f)ﬂaﬁ) = Waids
ie. mampW¥y 0 ®(f) = muids. Thus

Ui(f) o ® = (ids, (s P1(f)),, NpeB
= (EX(mam¥1(f)))sen

IT =3 ) (mams¥1(f))sen

=3 ) ° (le‘l’l ° ‘1)) (f)
BeB

\Illoq)

This is true for all f € X3, thus:

¥, o @|X§ = (H Ef\) o (ﬂ,\'yl\Pl ) @)|X§

BeB

By faithfulness of ¥; o ® (Proposition 16) and Z5 (Lemma 11), this implies
Ty W o @|X§ faithful.

Now let f € (fa)aca € [[ozn Xa X 8, then myf = myid,. By Corollary 9, this
implies for all 3 € B

WAq)il((I)(ids)v (I)(f)ﬁvﬂ) = myid,
i.e. mymg¥y o ®(f) = maids such that

Uy 0 ®(f) = (mgWy 0 ®(f),idsx, \)gen Corollary 9
= ((ﬂ-aﬂ-ﬁ\ljl © (I)(f))QGAvidS)\a A)ﬂEB
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U;o (I)(f) = ((Wﬁﬁa')ﬁl\pl © q)(f))aeAvids/\a /\)ﬁeB

Faithfulness of U1 o ® then implies the faithfulness of ((m3may ™ W10 ®(.))axr)seB,
i.e. the faithfulness of wa;éxy*l\lll o ® on the subcategory Ha#\ X, X 8y

1 =P -
o U, = HaGA (HﬁeB <7ra o®! o:ﬁ(s)) od o:fl)
By Proposition 16, each 7, Vs is an isomorphism, thus a fortiori, the restriction
moWa|xs is faithful. Hence, W{aeA|a¢)\}\I}2|HQ¢A x. x5 is faithful as a product of
faithful functors.
O

Proposition 19. With the previous notation, ¥1 0 ® = vyo Uy

Proof. Let ¥ € {Uy,7 10U 0 ®} and p € B. Let f§ € X{'. By Proposition 17, ¥y
and v ! o ¥y o & are equal when we restrict to [Toca X4 As explained above, we
wish to extend this equality to the full domain. Proposition 17 also implies that for all
9" € [Taea XE, maW(g", f,A) = ma¥(s, f{, ). Thus, by Lemma 10, for all f € X3,
for all g" € [[,ca X4

TAU(g", fr, ) = T8 (s, fr, \) = ;UE3(F) 2 Ua(fy) (11)

We want to prove that for all A € A, p € B, g* € [[,ca
on any a # X of U(g*, fo, @) depends only on g", i.e.

X%, fn € X\, the projection

(9", fas A) = T (E(g"), Ua(f2), A)
® For a# A\ o,V W(g", fr,A) = g# = 1, U1 (g#). Thus, by Corollary 9,
TaUTH(W(g"), U(g", fr. Aa, A) = gh
By definition of ¥y (fy) (Eq. (11))
T U (W(g"), Ua(fr), N) = b (12)
e For )\, By Eq. (12), U=1(W(g"), Ux(fr), ) € (X%, Xy, \), such that by Eq. (11)

MAPEL (M (T ("), Ua(fa), A)) = maWT T (P(g"), Ua(f2), A)

= UA(f2)
MAPES (M0 (P (g"), Ua(fr): A)) = MPES(f2) Eq. (11)
By faithfulness of m\WE3 (Lemma 18),
MU (W (g"), UA(fr): A) = fa (13)
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By Fa. (12) and Eq. (13), we have (g4, fa, A) = U= (W(g"), Wr(f), \) i.e.

(g", fa, A) = (W (g"), Ua(f2); A) (14)

So far Eq. (14) only holds when g* € [],., X/4. Let us prove that it is in fact valid
for all g € [[,c4 Xa, ie. for all X € A and for all f) € Xy

(g, fr, ) = (P(9), UA(f2); A)

Let p € A, p # X By Eq. (14), for all f\ € X\, m,%(¢", fa,A) = 1, ¥(¢g"). By

Lemma 10 this implies, for all g € [],c4 Xa, for all fy € Xy

¥ (g, fr, A) = mx¥(g) = ¥x(9) (15)

where 75 is the projection on A\ {A}.
Thus, proving U(g, fx, A) = (¥(g), ¥a(fr),A) is equivalent to proving,

(\P(gv f/\; A)v \I//\(f)\), >‘) = \Il(g, f)\; A)
THT(g, frs A), OaA(F2),A) = (g, Fro \)

Let us look at the different projections

e On X,.
U (U(g, fr, A) = mAUH(PES(f2)) = fr implies by Corollary 9

U (W(g, fr, A), MATEL(fr), A) = fa
YT (U(g, f, A), Ua(fr),A) = fr Eq. (11)

e On [Ja # AX,
By Eq. (15), for all h € [],c 4 Xa, 5P (h,idsy, A) = 75 ¥ (h). Applying this to the
element h = U=1(W (g, fr, ), Ur(fr), \) we get

RO (W(g, f2, A), Ua(fr), A)idan, A) = T @81 (W(g, fr, A), Ua(f2), )
=75 (¥(g, fx, A), Ua(f2), )
=mV(g, f,\)
TR (T (W(g, f2, ), WA(S2), A),idr, A) = T3 ¥ (g, idsy, A) Eq. (15)

By faithfulness of 7r;\\Il|(Ha€A X5, (Lemma 18),

(\I/fl(\ll(ghf/\’)\),\Il)\(f/\),A)7jd5)\7>\) - ( 7ids)\a>‘)
TP (g, fr, A), Ua(fr) = mrg
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Thus =1 (g, fr,A), Ux(fr), ) = (g, fr,A) and as such, for all fy € A, for all g €

II

As this is true for any f,g € []

X

acA a

U(g, fr,A) = (¥(g), UA(fr), N)

acA Xa, and any A, we get

\I/(f) = (‘I]oz(fa))ozeA

All that is left to do is to prove that U, (f,) is the same whether ¥ = ¥y or ¥ =

N

Lo W, 0®. By Eq. (11)

Wa(fa) = maWEL(f)

But, by definition

Temala(Z3f2) = mpma (@ 0 25 o mg 0 @ 0 Z3)(ma (231 £1))

-1

= gma(P OEE(S) omgo®o=3)(fr) Lemma 11

= mpmA(@T1EF ) (15 @) (25 /1)

Ao (E5 /) = Tamay T o Uy 0 B(E5f)) by Definition of ¥,

This is true for all A and 3, thus U =y to ¥, 0 ®

This concludes the proof of the commutativity of the diagram in Theorem A.
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