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Abstract

In this paper we study the strict refinement property for connected partial orders

also known as Hashimoto’s Theorem. This property implies that any isomorphism

between products of irreducible structures is determined is uniquely determined

as a product of isomorphisms between the factors. This refinement implies a

sort of smallest possible decomposition for such structures. After a brief recall

of the necessary notion we prove that Hashimoto’s theorem can be extended

to connected loop-free categories, i.e. categories with no non-trivial morphisms

endomorphisms. A special case of such categories is the category of connected

components, for concurrent programs without loops.
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Connected posets (i.e. those in which for all elements x and y we have a sequence
x = z0, z1, . . . , zn = y such that zi and zi−1 are comparable for every i ∈ {1, . . . , n})
satisfy the strict refinement property [1]: if the following isomorphism holds in the
category of posets (Pos) ∏

α∈A

Xα
∼=

∏

β∈B

Yβ

then we have a family of posets
{
Zα,β

∣∣ α ∈ A ; β ∈ B
}

such that the following
isomorphisms hold for every α ∈ A and every β ∈ B.

Xα
∼=

∏

b∈B

Zα,b and Yβ
∼=

∏

a∈A

Za,β
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A (small) category is said to be loop-free when any two of its morphisms whose
composite is an endomorphism are identities. The category of loop-free categories
(LFCat), which is a full subcategory of the category of small categories (Cat), con-
tains Pos as a full subcategory. The embedding Pos →֒ LFCat has a left adjoint
obtained by identifying any two arrows with the same source and the same target.
The purpose of this article is to prove that connected loop-free categories also satisfy
the strict refinement property:

Theorem A. Given a connected loop-free category C, for any two decompositions
ΨA : C →

∏
α∈A Xα and ΨB : C →

∏
β∈B Yβ, there exists a family of loop-free

categories Zα,β with α ∈ A and β ∈ B, and for every α ∈ A and β ∈ B, decompositions

aα : Xα →
∏

β∈B

Zα,β and bβ : Yβ →
∏

α∈A

Zα,β

such that the following diagram commutes:

C

∏
α∈A Xα

∏
β∈B Yβ

∏
α∈A

∏
β∈B Zα,β

∏
β∈B

∏
α∈A Zα,β

ΨA ΨB

(aα)α∈A

ΨB◦Ψ−1
A

(bβ)β∈B

γ

(1)

where γ :
∏

α∈A

∏
β∈B Zα,β →

∏
β∈B

∏
α∈A Zα,β is the natural isomorphism sending

((zα,β)β∈B)α∈A to ((zα,β)α∈A)β∈B.
The structure of our proof diverges from Hashimoto’s original paper [2] and instead

follows more closely the presentation found in [1, Chapter 10] which has the added
advantage of also constructing the elements of the refinement.

Beyond its pure theoretical interest, this problem is related to the study of pro-
grams made of several sequential processes running in parallel [3] (in the sequel we
just write ‘program’). The geometric model JP K of a program P is locally ordered [4,
Corollary 6.1], so each of its points has a neighborhood whose fundamental category
[5, 4.37, p.73] is loop-free. The crucial facts are:

1. the functor ~π1 : C → Cat, which assigns to every object of C its fundamental
category, preserves finite products, and

2. two programs P and Q do not interact with each other when we have JP |QK ∼=
JP K×JQK (in C) [4, Theorem 6.2].
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Hence splitting a program P into subprograms that are executed independently of
each other is somewhat related to writing the loop-free categories ~π1(V ) as finite
product, for V partially ordered open subspace of JP K. We expect that these local
decompositions actually induce a global decomposition of ~π1(JP K); our hope is based
on the van Kampen theorem [5, 4.52, p.80].

1 Definitions

Given an object X of a category C, we write idX for the identity morphism on X .
We generally omit the subscript when clear from the context. Given a morphism
f : X → Y , we write f = X (resp. f = Y ) for its source (resp. target).

Definition 1. A morphism f : x→ y in a category C is said to be without return when
the hom-set C(y, x) is empty. Otherwise, we say that f admits a return. A category C
is said to be loop-free when all its morphisms, except identities, are without return.
We write LFCat for the category of all small loop-free categories.

Definition 2. In LFCat, consider a family {fα : Xα → Yα}α∈A of morphisms. The
product map f :

∏
α∈A Xα →

∏
α∈A Yα is the unique morphism such that παf = fα

for every α ∈ A.

For the rest of the chapter we will often write f = (fα)α∈A for the product map
of the family {fα : Xα → Yα}α∈A. For binary products, we write (f, g) the product
map of f and g.
Definition 3. A fence is a family (fi)1≤i≤n of morphisms of C such that:

• f2i = f2i+1 and f2i−1 = f2i

• or f2i = f2i+1 and f2i−1 = f2i

The length of a fence (fi)1≤i≤n is its cardinal n

Definition 4. Two morphisms f and g of a category C are said to be connected if
there exists a fence (fi)i∈[1,n] such that f = f1 and fn = g. A category C is said to be
connected if all its morphisms are connected.

Definition 5. A (product) decomposition of a loop-free category C is an isomorphism
Ψ from C to a product

∏
α∈AXα of loop-free categories Xα for α ∈ A.

Note that if C is non-empty, connected, and loop-free, then so are the categories
Xα.

2 Hashimoto’s theorem for loop-free categories

Hashimoto’s Theorem [2] states that every connected partial order has the strict
refinement property; in this article, we generalize this result to all connected loop-free
categories in Theorem A.

As previously stated, we will follow the proof from [1], generalizing the key lem-
mas to the case of connected loop-free categories. We will first give a rough idea of
the different steps of the proofs, before introducing the details and technical lemmas
necesssary for the proof in Section 3.
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To prove Theorem A we will need to find the decompositions (aα)α∈A and (bβ)β∈B

of Eq. (1). For this we will first define some notions, that will be used in the
presentation of the proof.

Definition 6. Given an element s of a set product
∏

i∈I Si, an index j ∈ I, and
an element xj ∈ Sj , we define (s, xj , j)i∈I as the element of

∏
i∈I Si obtained by

substituting xj to sj in s; in other words:

(s, xj , j)i =

{
xj if i = j

si otherwise.

Definition 7. Given an object s of a loop-free category
∏

α∈AXα, and an index
λ ∈ A, the λ-section at s is the functor from Xλ to

∏
α∈A Xα defined by

{
xλ 7→ (s, xλ, λ) if xλ is an object

fλ 7→ (ids, fλ, λ) if fλ is a morphism

We denote by Ξs
λ : Xλ

∼= Xs
λ the isomorphism induced by the λ-section at s on its

image. We denote by Φs
λ the restriction of Φ to Xs

λ for every functor Φ defined over∏
α∈A Xα.

Definition 8. Given an isomorphism Φ:
∏

α∈A Xα →
∏

β∈B Yβ, indexes λ ∈ A,
µ ∈ B, and an object s ∈

∏
α∈A Xα, we define

X
µ
λ
:= πλΦ

−1ΞΦ(s)
µ (Yµ) and Y λ

µ := πµΦΞ
s
λ(Xλ)

with πλ :
∏

α∈A Xα → Xλ and πµ :
∏

β∈A Xβ → Xµ the projections.

As we will see, the refinement (but not its existence) Zα,β (with α ∈ A and β ∈ B)
depends on an object s ∈

∏
α∈A Xα that we arbitrarily fix now if the product is non-

empty. In [1], which proves the strict refinement property for connected posets, the
isomorphisms (aα)α∈A and (bβ)β∈B of Diagram 1 are obtained by decomposing the
expected isomorphisms into smaller morphisms, obtained with the notation introduced
above, which gives the Diagram 2 below.
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∏
α∈A Xα

∏
β∈B Yβ

∏
α∈A Xs

α

∏
β∈B Y

φ(s)
β

∏
α∈A

∏
β∈B Y α

β

∏
α∈A

∏
β∈B Xβ

α

∏
β∈B

∏
α∈A Xβ

α

Φ

(Ξs
α)α∈A

(Φ|Xs
α
)α∈A

((παΦ−1Ξ
Φ(s)
β

)β∈B)α∈A

(Ξ
Φ(s)
β

)β∈B

(Φ−1|
X

Φ(s)
β

)β∈B

γ−1

(2)

The first part of the proof is to prove that all the introduced morphisms, are in
fact isomorphisms and to prove that they are indeed product maps of isomorphisms.
That is to say that we have Ψ2 =

∏
α∈A

aα and Ψ1 =
∏
β∈B

bβ with

aα =
(
παΦ

−1Ξ
Φ(s)
β πβΦΞ

s
α

)
β∈B

and bβ = Φ−1Ξ
Φ(s)
β

Most of the proofs rely heavily on the following proposition, which allows us to
restrain the coordinates of composite images.

Lemma 8. Let Φ: P × Q → U × V an isomorphism of connected loop-free cate-
gories. Let (u, v) and (u′, v′) two morphisms of U × V and p a morphism of P. Then
πPΦ

−1(u, v) = πPΦ
−1(u′, v′) = p implies πPΦ

−1(u, v′) = p.

Then, once this has been achieved, we need to prove that the diagram commutes to
conclude the proof. To do this, we will first prove the commutation on a restriction of
the diagram, by replacing for each α ∈ A the starting category Xα by the subcategory
Xµ

α as in Definition 8, for an arbitrary µ ∈ β, giving us the diagram below.

∏
α∈A Xµ

α Y
φ(s)
µ

∏
α∈A

∏
β∈B Xβ

α

∏
β∈B

∏
α∈A Xβ

α

Φ

γ−1

Ψ2 Ψ1
(3)

Then using the following Lemma 10, the commutation is extended along a given
λ ∈ A.
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Lemma 10. Let Φ: P × Q → U × V be an isomorphism of connected loop-free cate-
gories. Let Q′ a connected subcategory of Q. Let p a morphism of P. Then πUΦ(p, q) =
πUΦ(p, q

′) for all q, q′ ∈ Q′ implies, for all p′ ∈ P, πUΦ(p
′, q) = πUΦ(p

′, q′) for all
q, q′ ∈ Q′.

This leads to the commutation of the Diagram 4 below.

∏
α∈A\λ X

µ
α ×Xλ

∏
β∈B Yβ

∏
α∈A

∏
β∈B Xβ

α

∏
β∈B

∏
α∈A Xβ

α

Φ

γ−1

(παΨ2)α 6=λ×πλΨ2 Ψ1 (4)

Using Lemma 10 once more the commutativity can be extended to the full domain∏
α∈A Xα, thus ending the proof.
In our case a few necessary conditions that are less trivial will need to be detailed

in Lemma 18 to perform the last steps of the proof, but the broad strokes will remain
the same.

3 Preliminary results

As announced the proof of Theorem A relies on a few technical results and properties
of loop-free categories that we will first present in this section. The Corollary 9 and
Lemma 10 are especially important pieces of the inner working of the proof.

3.1 Properties of loop-free categories

We remind the reader of a few properties of loop-free categories that we will use in
the following proofs, as well as two usefull properties specific to loop-free categories.
Proposition 2. LFCat has all products.

Proof. LFCat is an epireflective subcategory of Cat ([6, Proposition 1.8]), a cartesian
closed category. Thus, it has all products.

By the adjunction between LFCat and Pos, we have the following result:
Proposition 3. Let Φ: C → D be a morphism of connected loop-free categories. Then
the restriction

Φ|Obj : (Obj(C),≤)→ (Obj(D),≤)

is an order-preserving morphism of connected posets with the canonical partial order
≤ defined by

X ≤ Y ⇐⇒ C(X,Y ) 6= ∅

Furthermore, if Φ is an isomorphism, so is Φ|Obj.
Lemma 4. Given two morphisms f, g of a loop-free category C, we have that f ◦g = id
implies f = g = id
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Proof. If f ◦g = id, then both f and g have a return; it follows that both are identities
because C is loop-free.

Lemma 5. Given an isomorphism of small, loop-free categories Φ: C1×C2 → D1×D2

and an object X of C1, for all morphisms (f, g) of D1×D2 such that π1Φ
−1(f, g) = idX ,

we have:

π1Φ
−1(f, idg) = π1Φ

−1(f, idg) = π1Φ
−1(idf , g) = π1Φ

−1(idf , g) = idX .

Proof. By definition of the product, the following diagram on the left commutes:

• •

• •

(id, g)

(f, id)

(id, g)

(f, g) (f, id)
πP◦Φ−1

=⇒

• •

• •

π1Φ
−1(id,g)

π1Φ
−1(f,id)

π1Φ
−1(id,g)

id π1Φ
−1(f,id)

The category P is loop-free, thus by applying Lemma 4 we have

π1Φ
−1(idf , g) = π1Φ

−1(f, idg) = id

We prove in the same way that π1Φ
−1(idf , g) = π1Φ

−1(f, idg) = id.

3.2 Technical lemmas

The proof of Hashimoto’s theorem in [1] makes extensive use of the Proposition 6 and
Proposition 7, which we will respectively extend to connected elements of LFCat in
Lemma 8 and Lemma 10. As we have changed the formulation to make the proofs
easier to follow, we give them here and refer to the original work for the proof.

These lemmas are at the core of the proof and are where the hypothesis that we
are using loop-free and connected categories really comes into play, so it is important
to keep them in mind.

Proposition 6. Given Φ: P ×Q→ U × V an isomorphism of connected posets and
p ∈ P ,

πPΦ
−1(u, v) = πPΦ

−1(u′, v′) = p implies πPΦ
−1(u, v′) = p

Proof. [1, Lemma 10.4.5].

Proposition 7. Given Φ: P × Q → U × V an isomorphism of connected posets, if
there exists p ∈ P such that πUΦ(p, q) = πUΦ(p, q

′), then for each p′ ∈ P ,

πUΦ(p
′, q) = πUΦ(p

′, q′)

Proof. [1, Lemma 10.4.8]

In the two following proofs, as the objects in the commutative diagrams are of no
importance, we have omitted them, replacing them by • when not necessary.
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Lemma 8. Let Φ: P × Q → U × V an isomorphism of connected loop-free cate-
gories. Let (u, v) and (u′, v′) two morphisms of U × V and p a morphism of P. Then
πPΦ

−1(u, v) = πPΦ
−1(u′, v′) = p implies πPΦ

−1(u, v′) = p.

Proof. Given p, q, q′ such that Φ(p, q) = (u, v) and Φ(p, q′) = (u′, v′). Let us prove
that πPΦ

−1(u, v′) = p. We proceed by induction on the length of the fence between q

and q′.

• A fence of length 2 implies q = q′ or q = q′. First, let us suppose q = q′, the other
case being solved dually.
Let us prove that πPΦ

−1(u, v′) = p.
First, let us define

Φ(p, idq) := (u∗, v∗) Φ(idp, q) := (uq, vq) Φ(idp, q
′) := (u′

q, v
′
q) (5)

such that:

u = uq ◦ u
∗ u′ = u′

q ◦ u
∗

v = vq ◦ v
∗ v′ = v′q ◦ v

∗

By the ??, the following diagram commutes:

• • •

• •

•

u∗,id

u,id

u,v′

u∗,v∗

id,v∗

id,v′

uq,id

id,v∗

id,v′
q

uq,id

uq,v
′
q

Following the outer arrows, we get

(u, v′) = (uq, v
′
q) ◦ (u

∗, v∗)

By Eq. (5), πPΦ
−1(u∗, v∗) = p. We are thus left to prove πPΦ

−1(uq, v
′
q) = id. By

construction vq = v′q = v∗ such that by functoriality:

πPΦ
−1(uq, v

′
q) = πPΦ

−1(uq, v
′
q)
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= πPΦ
−1(uq, vq)

= πPΦ
−1(uq, vq)

πPΦ
−1(uq, v

′
q) = p

By Proposition 3, Φ: Obj(P) × Obj(Q) → Obj(U) × Obj(V) is an order-preserving
isomorphism of connected posets and such that πPΦ

−1(uq, vq) = πPΦ
−1(u′

q, v
′
q) = p.

Hence,

p = πPΦ
−1(uq, v′q) Proposition 6

p = πPΦ−1(uq, v′q) by functoriality

Thus, πPΦ
−1(uq, v

′
q) ∈ P(p, p), with P loop-free. This implies πPΦ

−1(uq, v
′
q) = idp,

such that

πPΦ
−1(u, v′) = πPΦ

−1(uq, v
′
q) ◦ πPΦ

−1(u∗, v∗)

πPΦ
−1(u, v′) = p

• Now let us suppose a fence · · · ·
q′ r q

of length n = 3 between q and q′. Let

(u, v) := Φ(p, q) (x, y) := Φ(p, r) (u′, v′) := Φ(p, q′) (6)

such that Φ sends the commutative diagram on top to the one below.

• • •

• • •

id,q′

p,q′
p,id

id,r

p,r
p,id

p,q

id,r id,q

=
⇒

Φ
(7)

• • •

• • •

u′
q,v

′
q

u′,v′
f∗,y∗

u′
r,v

′
r

x,y u∗,v∗
u,v

ur,vr uq,vq

We are going to use the same method as before, working on each 2-fence inside the
3-fence above. For that we’ll decompose (u, v′) using the Diagram 7. By the ??, the
following diagram commutes:
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• •

•

• •

id,v′

id,v′
q

u,v′

u,id

u∗,idid,y∗

u∗,y∗

uq,id

such that

(u, v′) = (uq, idv′) ◦ (u
∗, y∗) ◦ (idu∗ , v′q) By following the outer arrows

(u, v′) = (uq, idvr ) ◦ (u
∗, y∗) ◦ (idu′

r
, v′q) By the Diagram 7

– Working on the 2-fence
q
← ·

r
→, let us prove πPΦ

−1(uq, idvr) = id
By Eq. (6) we have πPΦ

−1(u, v) = πPΦ
−1(x, y) = p. Thus, as proved for 2-fences

above

p = πPΦ
−1(u, y)

= πPΦ
−1((uq, vr) ◦ (u

∗, v∗)) Diagram 7

= πPΦ
−1(uq, vr) ◦ πPΦ

−1(u∗, v∗) Functoriality

p = πPΦ
−1(uq, vr) ◦ p Diagram 7

By loop-free property of P , πPΦ
−1(uq, vr) = idp. Which implies by Lemma 5,

πPΦ
−1(uq, idvr ) = idp

Similarly, πPΦ
−1(idu′

r
, v′q) = idp. Hence

πPΦ
−1(u, v′) = πPΦ

−1(uq, idvr ) ◦ πPΦ
−1(u∗, y∗) ◦ πPΦ

−1(idu′
r
, v′q)

= idp ◦ πPΦ
−1(u∗, y∗) ◦ idp

πPΦ
−1(u, v′) = πPΦ

−1(u∗, y∗)

– Let us prove now πPΦ
−1(u∗, y∗) = p. By commutativity of both projections the

central square:

(x, y) = (ur ◦ u
∗, y∗ ◦ v′r)

= (ur, idu∗) ◦ (u∗, y∗) ◦ (idu∗ , v′r)

(x, y) = (ur, idvr ) ◦ (u
∗, y∗) ◦ (idu′

r
, v′r)
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As πPΦ
−1(ur, vr) = idp, by Lemma 5, πPΦ

−1(ur, idvr ) = idp. Similarly, we have
πPΦ

−1(idu′
r
, v′r) = idp. Thus

p = πPΦ
−1(x, y) = πPΦ

−1(u∗, y∗)

Such that

πPΦ
−1(u, v′) = p

• Now let us suppose that the property holds for all fences of length 1 ≤ k < n,
with n > 3. Let us suppose given q, q′, connected by a fence (qi)1≤i≤n. We define
(ui, vi) := Φ(p, qi), for each 1 ≤ i ≤ n and

(u, v) := (u1, v1) = Φ(p, q1) = Φ(p, q)

(u′, v′) := (un, vn) = Φ(p, qn) = Φ(p, q′)

By definition, ((p, qi))1≤i≤n−1 and ((p, qi))2≤i≤n are fences of length n − 1 respec-
tively connecting (p, q1), (p, qn−1) and (p, q2), (p, qn). By definition of (ui, vi) we
have,

p = πPΦ
−1(u1, v1) = πPΦ

−1(un−1, vn−1)

p = πPΦ
−1(u2, v2) = πPΦ

−1(un, vn)

Thus, by induction hypothesis, this implies

p = πPΦ
−1(u1, vn−1) p =πPΦ

−1(u2, vn) (8)

Now we suppose q1 = q2 (q1 = q2 can be treated dually). We’ll have to proceed
differently depending on the symmetry of the fence.

– If qn−1 = qn, by functoriality of Φ, un−1, vn−1 = un, vn, such that u2, vn =
u1, vn−1. This implies that (u1, vn−1) and (u2, vn) are connected by a fence of
length 2. Thus, πQΦ

−1(u1, vn−1) and πQΦ
−1(u2, vn) are connected by a fence of

length 2. By Eq. (8), we have p = πPΦ
−1(u2, vn) = πPΦ

−1(u1, vn−1). We can
then apply our induction hypothesis, such that

p = πPΦ
−1(u1, vn)

p = πPΦ
−1(u, v′)

Which concludes this case.
– If qn−1 = qn, by functoriality of Φ, un−1, vn−1 = un, vn. Thus, if we define

q2,n = πQΦ
−1(u2, vn) and q1,n−1 = πQΦ

−1(u1, vn−1), we get the following fences:

11



• •

• •

u2,vn
u1,vn

u1,vn−1

Φ−1

=⇒

• •

• •

p,q2,n
Φ−1(u1,vn) p,q1,n−1

Thus, q2,n et q1,n−1 are connected by a fence of length 3. We can apply our
induction case for k = 3 with the fence (p, q1,n−1), (p, πQΦ

−1(u1, vn)), (p, q2,n).
Indeed, we have Φ(p, q1,n−1) = (u1, vn−1) and Φ(p, q2,n) = (u2, vn) (Eq. (8)).
Thus, we get

πPΦ
−1(u1, vn) = p

Thus, πPΦ
−1(u, v) = πPΦ

−1(u′, v′) = p implies πPΦ
−1(u, v′) = p, proving the

induction step.

This Lemma 8 is not restricted to binary product and easily extends to arbitrary
products as shown in the following lemma.
Corollary 9. Let Φ:

∏
α∈A Xα →

∏
β∈B Yβ an isomorphism of connected categories.

Let f i = (f i
α)α∈A a morphism of

∏
α∈A Xα for i = 1, 2. Then for all λ ∈ A and all

µ ∈ B such that πλf
1 = πλf

2

πλΦ
−1(Φ(f1),Φ(f2)µ, µ) = πλf

1 = πλf
2

Proof. This follows directly from Lemma 8 by defining:

P := Xλ Q :=
∏

α∈A,α6=λ

Xα U := Yβ V :=
∏

β∈B,µ6=β

Yβ

and by defining

(p, q) := δ−1
λ (f1) (p, q′) := δ−1

λ (f2)

(u, v) := δ−1
µ Φ(f1) (u′, v′) := δ−1

µ Φ(f2)

With δλ and δµ the natural isomorphisms:

δλ : Xλ ×
∏

α∈A,α6=λ

Xα →
∏

α∈A

Xα δβ : Yµ ×
∏

β∈B,µ6=β

Yβ →
∏

β∈B

Yβ

We get an isomorphisms Ψ = δ−1
β ◦Φ◦δλ : P×Q→ U×V . Such that f i

λ = πPΨ
−1(u, v′)

for i = 1, 2.

Lemma 10. Let Φ: P × Q → U × V be an isomorphism of connected loop-free cate-
gories. Let Q′ a connected subcategory of Q. Let p a morphism of P. Then πUΦ(p, q) =
πUΦ(p, q

′) for all q, q′ ∈ Q′ implies, for all p′ ∈ P, πUΦ(p
′, q) = πUΦ(p

′, q′) for all
q, q′ ∈ Q′.
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Proof. Let p a morphism of P Let Q′ a connected sub-category of Q, such that for all
morphisms q, q′ in Q′, πUΦ(p, q) = πUΦ(p, q

′). Let us prove that for all p′ morphism
of P , πUΦ(p

′, q′) = πUΦ(p
′, q) by induction on the length n of a given fence connecting

q, q′.

• n = 1. Trivial.
• n = 2. πUΦ(p, q) = πUΦ(p, q

′) for all morphisms q, q′ in Q′ implies

πUΦ(p, q) = πUΦ(p, q
′)

πUΦ(p, q) = πUΦ(p, q
′) for all q, q′ ∈ Mor(Q)

πUΦ(p,Q) = πUΦ(p,Q
′) for all Q,Q′ ∈ Obj(Q)

By Proposition 3 Φ|Obj is an isomorphism between Obj(P)× Obj(Q) and Obj(U) ×
Obj(V). By Proposition 7

for all Q,Q′ ∈ Obj(Q), πUΦ(p
′, Q) = πUΦ(p

′, Q′) (9)

Thus for q ∈ Mor(Q′) we have

πUΦ(idp′ , q) = πUΦ(p
′, q)

= πUΦ(p
′, q) By Eq. (9)

= πUΦ(idp′ , q)

πUΦ(idp′ , q) = πUΦ(idp′ , q)

As Q′ is loop-free, this implies πUΦ(idp′ , q) = id. Similarly, πUΦ(idp′ , q′) = id.

Let us suppose that q = q′, the other case being dual. By the above argument, the
following diagrams commute

•

• •

•

(idp′ ,q)
(p′,q)

(p′,idq)

(idp′ ,q
′)

(p′,q′)

πUΦ
=⇒

•

• •

•

id
πUΦ(p′,q)

πUΦ(p′,idq)

id
πUΦ(p′,q′)

Therefore, πUΦ(p
′, q′) = πUΦ(p

′, idq) = πUΦ(p
′, q).

• Now suppose a fence (q = q0, q1 · · · , qn = q′) and the property true for all integers
strictly smaller than n. Then there is a n−1-fence (q1, · · · , qn) and a 1-fence (q0, q1).
By induction hypothesis, πUΦ(p

′, qn) = πUΦ(p
′, q1) = πUΦ(p

′, q0).

Q′ is connected so for all p′ ∈ P , for all q, q′ ∈ Q′, πUΦ(p
′, q′) = πUΦ(p

′, q′).
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4 Proof of Theorem A

For the remainder of section, we will consider that Φ is an isomorphism of connected
loop-free categories, (Xα)α∈A and (Yβ)β∈B families of connected loop-free categories.

As stated before, we will first prove that all the morphisms of the Diagram 2 are
isomorphisms.

Lemma 11. Given a category X =
∏

α∈A Xα, λ ∈ A, s a morphism of X and Ξs
λ as

defined in Definition 7, then
πλ ◦ Ξ

s
λ = idXλ

We say that Ξs
λ is a section of the canonical projection πλ :

∏
α∈AXα → Xλ.

Furthermore, Ξs
λ is a full and faithful functor

Proof. Let f ∈
∏

α∈A Xα((s, xλ, λ), (s, yλ, λ)). Then Xα loop-free implies, παf = idsα
if α 6= λ and πλf := fλ ∈ Xλ(xλ, yλ). Such that f = Ξs

λ(fλ). This proves that Ξs
λ is

full. Furthermore, it is clearly faithful.

Corollary 12. Given a category X =
∏

α∈A Xα, λ ∈ A, s a morphism of X then
Xs

λ = Ξs
λ(X) is a connected, loop-free full sub-category of X isomorphic to Xλ.

Furthermore
πλ ◦ Ξ

s
λ = idXλ

Ξs
λ ◦ πλ|Xs

λ
= idXs

λ

One last proposition that we will need from [1] is the fact that for any λ ∈ A, sλ
object of Xλ, the object part of the functor Φ|Xs

λ
: Xs

λ →
∏

β∈B Y λ
β is an isomorphism

of the underlying objects of the category.

Proposition 13. [1, Lemma 10.4.7]
Let Φ:

∏
α∈A Xα →

∏
β∈B Yβ be an isomorphism of connected posets. Let s ∈∏

α∈A Xα and λ ∈ A and Xs
λ be as in Lemma 11. Let Y λ

β = πβΦ[X
s
λ], then

Φ|Xs
λ
: Xs

λ →
∏

β∈B

Y λ
β

is an isomorphism of posets.
This proposition also translates to an isomorphism of connected categories.

Proposition 14. Let Φ:
∏

α∈A Xα →
∏

β∈B Yβ be an isomorphism of connected
loop-free categories. Let s ∈

∏
α∈A Xα and λ ∈ A and Xs

λ be as in Lemma 11. Let
Y λ
β = πβΦ[X

s
λ], then

Φ|Xs
λ
: Xs

λ →
∏

β∈B

Y λ
β

is an isomorphism of connected loop-free categories.

Proof. Let us show that Φ|Xs
λ
: Xs

λ →
∏

β∈B Y λ
β is essentially surjective. By Proposi-

tion 3, ΦObj|Xs
λ
is an isomorphism of posets. Thus, by Proposition 13,

ΦObj[X
s
λ] =

∏

β∈B

πβΦObj[Obj(X
s
λ)]

14



=
∏

β∈B

Obj(πβΦ[X
s
λ])

ΦObj[X
s
λ] = Obj(

∏

β∈B

πβΦ[X
s
λ])

Thus Φ|Xs
λ
is essentially surjective. Furthermore, Φ|Xs

λ
is full and faithful as the restric-

tion of a full and faithful functor to a full subcategory (Lemma 11 and Corollary 12).
Thus, Φ|Xs

λ
is a fully faithful and essentially surjective functor, thus an isomorphism

in LFCat

Proposition 15. Let Φ:
∏

α∈A Xα →
∏

β∈B Yβ an isomorphism of connected loop-
free categories. Fix α ∈ A and β ∈ B. With

Y α
β := πβΦ[X

s
α] Xβ

α := παΦ
−1[Y

Φ(s)
β ]

The two following morphisms are inverse of each other

πα ◦ Φ
−1 ◦ Ξ

Φ(s)
β : Y α

β → Xβ
α πβ ◦ Φ ◦ Ξ

s
α : X

β
α → Y α

β

Proof. Let us prove that

πβΦ ◦ Ξ
s
απα ◦ Φ

−1Ξ
Φ(s)
β |Y α

β
: Y α

β → Y α
β is the identity.

First let us remark that πβΦ ◦Φ−1Ξ
Φ(s)
β = idY α

β
and Ξs

απα|Xs
α
= idXs

α
(Corollary 12).

But this contraction can only be made if we prove that Φ−1Ξ
Φ(s)
β sends Y α

β to a
subcategory of Xs

α. As πβΦΞ
s
α : Xα → Y α

β is full and essentially surjective by Propo-

sition 14, it is equivalent to proving that Φ−1Ξ
Φ(s)
β πβΦΞ

s
α sends Xα to a subcategory

of Xs
α

Let fα ∈ Xα and λ ∈ A, λ 6= α. By definition, πλids = πλΞ
s
αf . Thus, by

Corollary 9,

πλΦ
−1(Φ(ids),Φ(Ξ

s
αf)β, β) = πλids

i.e. πλΦ
−1Ξ

Φ(s)
β πβΦΞ

s
αf = πλids

Thus, Φ−1Ξ
Φ(s)
β πβΦΞ

s
α sends Xα to a subcategory of Xs

α. Such that,

πβΦ ◦ Ξ
s
απα ◦ Φ

−1Ξ
Φ(s)
β |Y α

β
= πβΦ ◦ Ξ

s
απα︸ ︷︷ ︸

=idXs
α

◦Φ−1Ξ
Φ(s)
β |Y α

β︸ ︷︷ ︸
maps to Xs

α

= πβ ◦ Φ ◦ Φ
−1 ◦ Ξ

Φ(s)
β |Y α

β

= πβΞ
Φ(s)
β |Y α

β
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πβΦ ◦ Ξ
s
απα ◦ Φ

−1Ξ
Φ(s)
β |Y α

β
= idY α

β
Corollary 12

Similarly, παΦ
−1Ξ

Φ(s)
β ◦ πβΦΞ

s
α|Xβ

α
= id

X
β
α

With this we have all we need to build the isomorphism Ψ1 =
(bβ)β∈B :

∏
β∈B Yβ →

∏
α∈A,β∈B Xβ

α and Ψ2 = (aα)α∈A :
∏

α∈A Xα →
∏

α∈A,β∈B Xβ
α

from ??, i.e. all the morphisms in Diagram 2 are isomorphisms.
Proposition 16. With the previous notations and with

Ψ1 =

(∏

β∈B

Φ−1 ◦ Ξ
Φ(s)
β

)
Ψ2 =

∏

α∈A

(∏

β∈B

(
πα ◦ Φ

−1 ◦ Ξ
Φ(s)
β

)
◦ Φ ◦ Ξs

α

)

Ψ ◦Φ and Ψ2 are isomorphisms of connected loop-free categories. Furthermore, for all
α ∈ A, β ∈ B, πβΨ1 and παΨ2 are isomorphisms.

Proof. • Ψ1 is an isomorphism. Indeed, by Corollary 12 Ξ
Φ(s)
β : Yβ → Y

Φ(s)
β is an iso-

morphism. By 14, so is Φ−1 : Y
Φ(s)
β →

∏
α∈AXβ

α . Thus, as products of isomorphism,
all arrows in the following diagram are isomorphisms.

∏

β∈B

Yβ

∏
β∈B

Ξ
Φ(s)
β

−−−−−−−−→
∏

β∈B

Y
Φ(s)
β

∏
β∈B

Φ−1

−−−−−−−→
∏

β∈B

∏

α∈A

Xβ
α

• Let us prove that Ψ2 is an isomorphism. Indeed, by Corollary 12, resp. Proposition 14
resp. 15, the following functors are all isomorphisms:

Xα

Ξs
α−−→ Xs

α

Φ
−→

∏

β∈B

Y α
β

∏
β∈B

πα◦Φ−1◦Ξ
Φ(s)
β

−−−−−−−−−−−−−−→
∏

β∈B

Xβ
α

It follows that Ψ2 =
∏

λ∈A

(∏
β∈B

(
πα ◦ Φ−1 ◦ Ξ

Φ(s)
β

)
◦ Φ ◦ Ξs

α

)
is an isomor-

phism by composition and product of isomorphisms. Furthermore, each παΨ2 is an
isomorphism

Now let us prove the commutativity of the Diagram 3.

Proposition 17. Let µ ∈ B, f ∈
∏

α∈AXµ
α =

∏
α∈A παΦ

−1[Y
Φ(s)
µ ], with Ψ1 and Ψ2

as defined in Proposition 16. Then for all β ∈ B and α ∈ A

πβπα(γ
−1 ◦Ψ1 ◦ Φ)(f) = πβπαΨ2(f) =

{
fα if β = µ

sα otherwise
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Proof. By definition of γ, the equality of Proposition 17 above is equivalent to

(Ψ1 ◦ Φ(f)β)α = ((γ ◦Ψ2(f))β)α =

{
fα if β = µ

sα otherwise

Let f = (fα)α∈A ∈
∏

λ∈A X
µ
λ . By Proposition 14, Φ(f) ∈ Y

Φ(s)
µ with

Φ(f) = (Φ(ids),Φ(f)µ, µ) and Φ(f)µ ∈ Yµ.

• For Ψ1 ◦ Φ =
∏

β∈B Φ−1 ◦ Ξ
Φ(s)
β ◦ πβΦ

πβΨ1 ◦ Φ(f) = Φ−1 ◦ Ξ
Φ(s)
β ◦ Φ(f)β

= Φ−1(idΦ(s),Φ(f)β, β) Definition 7

= Φ−1(idΦ(s), (idΦ(s),Φ(f)µ, µ)β , β)

πβΨ1 ◦ Φ(f) =

{
Φ−1(idΦ(s)) = ids if µ 6= β

Φ−1(idΦ(s),Φ(f)µ, µ) = f if µ = β

• For γ ◦Ψ2 =
∏

α∈A

(∏
β∈B παΦ

−1 ◦ Ξ
Φ(s)
β

)
(Φ ◦ Ξs

α)

– β 6= µ.

By definition, ids = Φ−1Φ(ids) ∈ Φ−1[Y
Φ(s)
µ ] =

∏
α∈A Xµ

α , such that for all

α ∈ A, Ξs
αfα ∈

∏
α∈A Xµ

α i.e. Φ ◦ Ξs
α(fα) ∈ Y

Φ(s)
µ and thus for all β 6= µ,

πβΦ ◦ Ξ
s
α(fα) = Φ(ids)β .

Thus, for all β 6= µ

παπβ ◦ γ ◦Ψ2(f) = παΦ
−1Ξ

Φ(s)
β

(
πβΦ ◦ Ξ

s
α(fα)

)

= παΦ
−1Ξ

Φ(s)
β (Φ(ids)β)

παπβ ◦ γ ◦Ψ2(f) = παids

– µ = β. Then, f ∈
∏

λ∈A X
µ
λ therefore Φ(f) = (Φ(ids),Φ(f)β , β). It follows that

∀gβ ∈ Yβ , (Φ(f), gβ , β) = (Φ(ids), gβ , β) (10)

Furthermore παΦ
−1Φ(f) = παΦ

−1Φ(ids, fα, α) = fα. Hence,

fα = παΦ
−1(Φ(f), (Φ(ids, fα, α))β , β) By Corollary 9

= παΦ
−1(Φ(ids), (Φ(ids, fα, α))β , β) By Eq. (10)

fα = παπβγ ◦Ψ2(f) By definition of Ψ2

.
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Now that commutativity of Diagram 3 is proven, we extend the commutativity
along one of the λ ∈ A, thus proving the commutativity of the Diagram 2. First as
explained in the outline, we will to prove the faithfulness of the restriction, which is
less trivial in our case.
Lemma 18. With the previous notation, γ :

∏
β∈B

∏
α∈A Xβ

α →
∏

α∈A

∏
β∈B Xβ

α

the natural isomorphism and with s̃λ the singleton category for a given λ ∈ A , the
following restrictions are faithful functors.

πλγ
−1Ψ1 ◦ Φ|Xs

λ
π{α∈A|α6=λ}γ

−1Ψ1 ◦ Φ|∏
α 6=λ

Xα×s̃λ

πλΨ2|Xs
λ

π{α∈A|α6=λ}Ψ2|∏
α 6=λ

Xα×s̃λ

Proof. • Ψ1 ◦ Φ =

(∏
β∈B Φ−1 ◦ Ξ

Φ(s)
β

)
◦ Φ

Let f = (fα)α∈A ∈ Xs
λ, then παf = παids for all α 6= λ. Thus, by Corollary 9, for

all β ∈ B and all α 6= λ,

παΦ
−1(Φ(ids),Φ(f)β , β) = παids

i.e. παπβΨ1 ◦ Φ(f) = παids. Thus

Ψ1(f) ◦Φ = (ids,
(
πβΨ1(f)

)
λ
, λ)β∈B

= (Ξs
λ(πλπβΨ1(f)))β∈B

=

(∏

β∈B

Ξs
λ

)
(πλπβΨ1(f))β∈B

Ψ1 ◦ Φ(f) =

(∏

β∈B

Ξs
λ

)
◦

(
πλγ

−1Ψ1 ◦ Φ

)
(f)

This is true for all f ∈ Xs
λ, thus:

Ψ1 ◦ Φ|Xs
λ
=

(∏

β∈B

Ξs
λ

)
◦

(
πλγ

−1Ψ1 ◦ Φ

)
|Xs

λ

By faithfulness of Ψ1 ◦ Φ (Proposition 16) and Ξs
λ (Lemma 11), this implies

πλγ
−1Ψ1 ◦ Φ|Xs

λ
faithful.

Now let f ∈ (fα)α∈A ∈
∏

α6=λ Xα × s̃λ, then πλf = πλids. By Corollary 9, this
implies for all β ∈ B

πλΦ
−1(Φ(ids),Φ(f)β , β) = πλids

i.e. πλπβΨ1 ◦ Φ(f) = πλids such that

Ψ1 ◦ Φ(f) = (πβΨ1 ◦ Φ(f), idsλ, λ)β∈B Corollary 9

= ((παπβΨ1 ◦Φ(f))α∈A, idsλ, λ)β∈B
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Ψ1 ◦ Φ(f) = ((πβπαγ
−1Ψ1 ◦ Φ(f))α∈A, idsλ, λ)β∈B

Faithfulness of Ψ1 ◦Φ then implies the faithfulness of ((πβπαγ
−1Ψ1 ◦Φ(.))α6=λ)β∈B,

i.e. the faithfulness of πα6=λγ
−1Ψ1 ◦ Φ on the subcategory

∏
α6=λ Xα × s̃λ

• Ψ2 =
∏

α∈A

(∏
β∈B

(
πα ◦ Φ−1 ◦ Ξ

Φ(s)
β

)
◦Φ ◦ Ξs

α

)

By Proposition 16, each παΨ2 is an isomorphism, thus a fortiori, the restriction
παΨ2|Xs

α
is faithful. Hence, π{α∈A|α6=λ}Ψ2|∏

α 6=λ Xα×s̃λ is faithful as a product of
faithful functors.

Proposition 19. With the previous notation, Ψ1 ◦ Φ = γ ◦Ψ2

Proof. Let Ψ ∈ {Ψ2, γ
−1 ◦ Ψ1 ◦ Φ} and µ ∈ B. Let fµ

λ ∈ X
µ
λ . By Proposition 17, Ψ2

and γ−1 ◦ Ψ1 ◦ Φ are equal when we restrict to
∏

α∈A Xµ
α . As explained above, we

wish to extend this equality to the full domain. Proposition 17 also implies that for all
gµ ∈

∏
α∈A Xµ

α , πλΨ(gµ, fµ
λ , λ) = πλΨ(s, fµ

λ , λ). Thus, by Lemma 10, for all fλ ∈ Xλ,
for all gµ ∈

∏
α∈AXµ

α

πλΨ(gµ, fλ, λ) = πλΨ(s, fλ, λ) = πλΨΞs
λ(fλ)

def
:= Ψλ(fλ) (11)

We want to prove that for all λ ∈ A, µ ∈ B, gµ ∈
∏

α∈A Xµ
α, fλ ∈ Xλ, the projection

on any α 6= λ of Ψ(gµ, fα, α) depends only on gµ, i.e.

(gµ, fλ, λ) = Ψ−1(Ψ(gµ),Ψλ(fλ), λ)

• For α 6= λ, παΨ
−1Ψ(gµ, fλ, λ) = gµα = παΨ

−1Ψ(gµ). Thus, by Corollary 9,

παΨ
−1(Ψ(gµ),Ψ(gµ, fλ, λ)λ, λ) = gµα

By definition of Ψλ(fλ) (Eq. (11))

παΨ
−1(Ψ(gµ),Ψλ(fλ), λ) = gµα (12)

• For λ, By Eq. (12), Ψ−1(Ψ(gµ),Ψλ(fλ), λ) ∈ (Xµ
α , Xλ, λ), such that by Eq. (11)

πλΨΞs
λ(πλΨ

−1(Ψ(gµ),Ψλ(fλ), λ)) = πλΨΨ−1(Ψ(gµ),Ψλ(fλ), λ)

= Ψλ(fλ)

πλΨΞs
λ(πλΨ

−1(Ψ(gµ),Ψλ(fλ), λ)) = πλΨΞs
λ(fλ) Eq. (11)

By faithfulness of πλΨΞs
λ (Lemma 18),

πλΨ
−1(Ψ(gµ),Ψλ(fλ), λ) = fλ (13)
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By Eq. (12) and Eq. (13), we have (gµ, fλ, λ) = Ψ−1(Ψ(gµ),Ψλ(fλ), λ) i.e.

Ψ(gµ, fλ, λ) = (Ψ(gµ),Ψλ(fλ), λ) (14)

So far Eq. (14) only holds when gµ ∈
∏

α∈AXµ
α . Let us prove that it is in fact valid

for all g ∈
∏

α∈A Xα, i.e. for all λ ∈ A and for all fλ ∈ Xλ

Ψ(g, fλ, λ) = (Ψ(g),Ψλ(fλ), λ)

Let ρ ∈ A, ρ 6= λ. By Eq. (14), for all fλ ∈ Xλ, πρΨ(gµ, fλ, λ) = πρΨ(gµ). By
Lemma 10 this implies, for all g ∈

∏
α∈A Xα, for all fλ ∈ Xλ

πλ̄Ψ(g, fλ, λ) = πλ̄Ψ(g) := Ψλ̄(g) (15)

where πλ̄ is the projection on A \ {λ}.
Thus, proving Ψ(g, fλ, λ) = (Ψ(g),Ψλ(fλ), λ) is equivalent to proving,

(Ψ(g, fλ, λ),Ψλ(fλ), λ) = Ψ(g, fλ, λ)

i.e.

Ψ−1(Ψ(g, fλ, λ),Ψλ(fλ), λ) = (g, fλ, λ)

Let us look at the different projections

• On Xλ.
πλΨ

−1(Ψ(g, fλ, λ)) = πλΨ
−1(ΨΞs

λ(fλ)) = fλ implies by Corollary 9

πλΨ
−1(Ψ(g, fλ, λ), πλΨΞs

λ(fλ), λ) = fλ

πλΨ
−1(Ψ(g, fλ, λ),Ψλ(fλ), λ) = fλ Eq. (11)

• On
∏

α 6= λXα

By Eq. (15), for all h ∈
∏

α∈A Xα, πλ̄Ψ(h, idsλ, λ) = πλ̄Ψ(h). Applying this to the
element h = Ψ−1(Ψ(g, fλ, λ),Ψλ(fλ), λ) we get

πλ̄Ψ(Ψ−1(Ψ(g, fλ, λ),Ψλ(fλ), λ), idsλ, λ) = πλ̄ΨΨ−1(Ψ(g, fλ, λ),Ψλ(fλ), λ)

= πλ̄(Ψ(g, fλ, λ),Ψλ(fλ), λ)

= πλ̄Ψ(g, fλ, λ)

πλ̄Ψ(Ψ−1(Ψ(g, fλ, λ),Ψλ(fλ), λ), idsλ, λ) = πλ̄Ψ(g, idsλ, λ) Eq. (15)

By faithfulness of πλ̄Ψ|(
∏

α∈A Xα,s̃λ,λ) (Lemma 18),

(Ψ−1(Ψ(g, fλ, λ),Ψλ(fλ), λ), idsλ, λ) = (g, idsλ, λ)

πλ̄Ψ
−1(Ψ(g, fλ, λ),Ψλ(fλ)) = πλ̄g
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Thus Ψ−1(Ψ(g, fλ, λ),Ψλ(fλ), λ) = (g, fλ, λ) and as such, for all fλ ∈ λ, for all g ∈∏
α∈AXα,

Ψ(g, fλ, λ) = (Ψ(g),Ψλ(fλ), λ)

As this is true for any f, g ∈
∏

α∈A Xα, and any λ, we get

Ψ(f) = (Ψα(fα))α∈A

All that is left to do is to prove that Ψα(fα) is the same whether Ψ = Ψ2 or Ψ =
γ−1 ◦Ψ1 ◦ Φ. By Eq. (11)

Ψλ(fλ) = πλΨΞs
λ(fλ)

But, by definition

πβπλΨ2(Ξ
s
λfλ) = πβπλ(Φ

−1 ◦ Ξ
Φ(s)
β ◦ πβ ◦ Φ ◦ Ξ

s
λ)(πλ(Ξ

s
λfλ))

= πβπλ(Φ
−1 ◦ Ξ

Φ(s)
β ◦ πβ ◦ Φ ◦ Ξ

s
λ)(fλ) Lemma 11

= πβπλ(Φ
−1Ξ

Φ(s)
β )(πβΦ)(Ξ

s
λfλ)

πβπλΨ2(Ξ
s
λfλ) = πβπλγ

−1 ◦Ψ1 ◦ Φ(Ξ
s
λfλ) by Definition of Ψ1

This is true for all λ and β, thus Ψ2 = γ−1 ◦Ψ1 ◦ Φ

This concludes the proof of the commutativity of the diagram in Theorem A.
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