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OPTIMAL GROWTH MODELS UNDER RAWLSIAN CRITERIA
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Abstract. This article revisits the optimal growth with three distinct Rawlsian approaches: (1) the original Rawl-
sian criterion, popular in economic literature; (2) the maximin with multiple discount factors, introduced by [8];
(3) the rank-dependent criterion, applied by [27] to growth theory. Finally, we develop a new approach based on a
convex combination of the most common criteria: Ramsey-Cass-Koopmans and Rawls.
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1. INTRODUCTION

Fundamental questions in economic growth theory are how to define a criterion reconciling
efficiency and equality, and how to compute the economy behavior under this criterion.

The most popular utilitarian approach to growth theory is the Ramsey-Cass-Koopmans crite-
rion (hereinafter RCK). The main criticism addressed to this criterion is the unequal treatment
between close and distant future. In fact, given an intertemporal utility stream, its value is
computed weighting less the future generations. This leads to a situation where the current
generation does not leave enough resource to the future ones. In his seminal contribution, [24]
considers that discounting the welfare of future generations is “ethically indefensible and arises
merely from the weakness of the imagination.!

[25] argues that, behind the “veil of ignorance”, the economic agent must adopt the criterion
which maximizes the welfare of the least generation. How the economy behaves under this
criterion is an important question. [3], [7] and [23] address this issue in different contexts such
as constant productivity or uncertain technology and come to the pessimistic conclusion that, if
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the economy starts with a low stock of capital, in order to preserve intergenerational equality,
any generation must remain at this poor level.

[14] extends the maximin criterion with multiple discounting in [8] to defines a new Rawls-
like criterion. He argues that, behind the “veil of ignorance”, the economic agent faces the
ambiguity about the appropriate discount factor to evaluate the intertemporal utility stream. In
this case, given an intertemporal utility stream (ug,u,. .. ), the criterion becomes

(o)

inf (1-8)6u.
5e(0,1) /=%

[14] shows that, under this criterion, the economy behaves as under the Rawlsian one.

Criteria preserving equality present another difficulty. [11] and [6] proved that there is no
function representing a criterion which satisfies both Pareto® and anonymity® properties. In
other words, it is difficult to reconcile efficiency and equality.

The overtaking criterion by [13] seems to overcome this difficulty, since it is both Paretian
and anonimous. The future generations are not discounted. However, preferences represented
by the overtaking criterion are not complete. Moreover, when the economy starts with a low
initial stock of capital, the criteria that don’t discount the future, ask the first generations to
sacrifice.*

[27] applies the rank-dependent method of social welfare theory to growth theory. They
interpret the discount factor as a way to avoid sacrifices of poor generations too harsh. The key
idea is weighting more the worst generations in the intertemporal evaluation. They first provide
an axiomatic foundation to this new criterion by applying the axioms introduced by [17, 18],
such as separability between present and future, stationarity and the Paretian property, to the set
of utility streams either increasing or rearrangeable as increasing instead of to the whole set of
streams. In this respect, the evaluation of a stream (ug,u,...) can be reformulated as:

o)

LINE

where IT represents the set of all possible permutations of natural numbers N = {0, 1,...} and
0 € (0,1) is a discount factor.

[27] apply this criterion to growth theory and prove that, in this case, the solution coincides
with the optimal path of the Rawlsian criterion when the productivity is low, and with the
optimal path of the Ramsey-Cass-Koopmans model when the productivity is high.

An added value of our article is the global analysis of growth trajectories under the [27]
criterion.® Starting with a capital stock below the modified golden rule, the economy follows
the same trajectory as in the RCK model: the consumption increases over time and converges
to the level of modified golden rule. If the initial capital stock is between the modified golden
rule and the golden rule, then it remains constant forever and equal to its initial value. Finally,

2 Increasing the welfare of one generation in keeping unchanged the others increases the evaluation of intertem-
poral utility sequence.

3Permuting the utility level of different generations does not change the evaluation of the intertemporal utility
stream.

4[21] shows that the first generations’ saving rate may go up to more than 50%.

>See Proposition 10 in [27].

®The golden rule capital stock maximizes the stationary consumption level. The modified golden rule is the
steady state under the utilitarian criterion in the RCK model.
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if the initial capital stock is larger than the golden rule, then there are infinitely many optimal
paths, all converging to the golden rule.

An additional added value, is the definition of new criteria balancing efficiency and equal-
ity. [1] in continuous time and [15] in discrete time study weighted sums of RCK and Ralwsian
criteria.” Both these contributions share the same idea: a Rawlsian criterion, stressing the equal-
ity between generations, tends to promote forever a state of the economy with low capital. Could
we weaken the equality degree to ensure more future development? To this purpose, to what
extent we have to sacrifice the equality principle? These contributions prove that, starting with
a low level of capital, the economy follows the RCK optimal path in the long run, while with
a high level, it converges to a RCK-like steady state which is a modified modified golden rule
corresponding to a higher discount factor.

In our paper, we also consider a weighted sum of RCK criterion and [27]. If the initial capital
stock is low, then the optimal path coincides with the optimal RCK trajectory. Otherwise, the
optimal path coincides with the trajectory under the criterion in [14] and it converges to a higher
steady state.

The article is organized as follows. In Section 2, we present three Rawlsian criteria and an
equivalence result between the first two. Section 3 provides a global analysis of trajectories
under the criterion in [27] and a weighted sum of RCK and [27].

2. THREE RAWLSIAN CRITERIA

2.1. Fundamentals. Time is discrete: t =0, 1,... At time ¢, given the stock of capital x; > 0,
the production level is f(x;). The economic agent, which can be interpreted as a sequence
of successive generations, divides this output into consumption ¢; and capital investment for
tomorrow, x; 1 > 0. Given the consumption ¢;, the utility level at time 7 is u (c;). We assume
that the production function f is concave and satisfies the Inada conditions: f’(0) = co and
f7(e0) < 1. The utility function u is strictly increasing and strictly concave.

Let xo > 0 be a given capital stock and ® (xo) the set of feasible sequences ¥ = (x;),—, with
0 <x;41 < f(x) for any t > 0. Denote by IT the set of every possible permutations of natural
numbers N = {0,1,...}.

Let & be the golden rule, maximizing the constant consumption f (X) — &, solution to f’ (x) =
1. Given the discount factor § € (0,1), let x* be the corresponding modified golden rule, the
steady state of the RCK problem, solution to & f/ (x) = 1.

The economic agent maximizes the intertemporal utility U (co,cy,...) to smooth her con-
sumption over time. More precisely, given the initial capital stock xg, she solves the following
program:

v(x0) = maxU (co,cq,--.),
et x1 < f (%),
Cry X+1 > 07

for any t > 0, given xo > 0. The function v is called the value of the optimization program.

"In a purpose of balancing close and distant futures, [9, 10] proposes non-dictatorship properties. These criteria
have inspired many works thereafter. However, as pointed out by [16], under the assumption non-dictatorship
there is no optimal path in models with renewable resources. A similar result holds in an optimal growth context
(see [5]). [4] and [12] try to find more satisfactory solutions with alternative approaches.
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(1) The criterion of [25] focuses on the welfare of the worst generation. More precisely, given
a consumption sequence (co,cy,...), the evaluation of the intertemporal utility stream is given
by
U (co,c1,...) =1infu(c).
( 0,C1, ) >0 ( Z)

(2) [14] considers the alternative maximin criterion with multiple discounting introduced by
[8]. Behind the Rawlsian “veil of ignorance”, the economic agent does not know the right
discount factor to apply in order to evaluate the utility stream. In this respect, she is in a total
ambiguous situation.

The maximin approach leads to a second Rawlsian criterion:

: t
U (co,c1,...) = Sé{})f,l) [,g(')(l 0)6 u(ct)] ,
where the argument in the RHS is an arithmetic average with geometric weights (1 —38)d".
The second Rawlsian criterion can be also reinterpreted as an application of the first one to a
population with heterogenous discounting and the set of discount factors spanning from O to 1.
The welfare of each population member is the intertemporal sum using her own 6. The planner
maximizes the welfare of the worst agent in the population.

(3) In [27], the discount factor is necessary only to prevent hard sacrifices of the worst gener-
ations. In this respect, they reconsider the rank-dependent method well-known in social welfare
literature from a dynamic perspective. More precisely, they apply the axiomatic system elabo-
rated by [17, 18] to increasing utility streams or to streams that can be rearranged as increasing.
In doing so, they introduce a third Rawlsian criterion:

[}

U(c()acla"'):glglfl (1 _5) 8'u (Cﬂ'(t))7
=0

or, equivalently,

l
U (co,c1,...) _7%2%):5 Crr) 2.1)
where IT represents the set of all permutations in the set of natural numbers N and 0 is a given
discount factor in (0, 1). The third Rawlsian criterion weights more the worst generations.
Since the main purpose of this article is to study the properties of optimal growth under
different Rawlsian criteria, we need to demonstrate the existence of an optimal path, without
which all results would be in vain. However, in order to keep things as simple as possible,
we assume this to be the case, while inviting interested readers to refer to the set of sufficient
conditions provided by [20] (Hypothesis H1 to H6). Among them, fail-insensitivity plays the
key role by entailing the continuity of the intertemporal utility function for the product topology
and, hence, the continuity of the value function in the initial capital stock. Under these assump-
tions, for each Rawlsian criterion presented in this article, an optimal capital accumulation path
always exists.

2.2. The first two Rawlsian criteria. The first Rawlsian criterion is studied in a series of
contributions, such as [2, 3], [7], [23] among others. The second one is applied in an optimal
growth context by [14].
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(1) Let us present shortly the dynamic properties of the economy under the first Rawlsian
criterion.
(1.1) If 0 < xp < &, then for any feasible path y € ® (xp), we have

infu (f (%) —xe1) < u(f (xo) —x0).

t>0

The equality holds if and only if x; = xp for every + > 0. Then the optimal sequence is

()C(),)Co, . )
(1.2) In the case xo > X, we have
infu (f () =xr41) < u(f (%) —%). 2.2)
There is an infinite number of optimal sequences (xg,x1, ... ) such that (2.2) holds with equality.

They are all decreasing and converge to .

(2) Under the second Rawlsian criterion, the optimal path has the same qualitative properties.

(2.1) If 0 < xp < &, the unique optimal path is the initial condition forever: (xop,xo,...) (see
Corollary 2.1 in [14]). The value function becomes v (xg) = u (f (xo) — xo)-

(2.2) If xo > x, then any optimal path under the first Rawlsian criterion is also an optimal path
under the second one. Any optimal path is decreasing and converge to x (see Corollary 2.1 in
[14]). The value function is v (xg) = u (f (X) — ).

We observe that, though these two criteria are different, they lead to the same optimal path
and the same value function. Starting from a low capital stock, the economy remains poor
forever.

2.3. The third Rawlsian criterion. Focus on the third Rawlsian criterion (2.1). Consider the
following optimization problem:

v(xg) = max inf Y 8 u(f (xXz()) — Xr(r)41) -
(o) = max inf Y, &' (f (xnt)) —*n)+1)

The next lemma states some fundamental properties. If the consumption sequence is in-
creasing, the third criterion and the utilitarian criterion (RCK) result in the same evaluation
with larger weights on poorer generations. In the general case, the evaluation under the third
criterion is bounded from above by the limit infimum of the utility sequence, normalized by

1-6.

Lemma 2.1. Consider a consumption sequence (co,cy, ... ).
(1) If the sequence (co,ci,...) is non-decreasing, then

inf Z 8" u (Crir) Z 8'u(cr) (2.3)

ﬂ'GH

(2) If there exists infinitely many t such that u(c;) < w+ (1 — ) € for some utility level w and
any € > 0, then

w
fy o <—.
jnt 28 ) < 725
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(3) If there exist infinitely many t such that u(c;) < w+ (1 —0)¢€ for any € > 0 and there
exists T such u(cz) < w, then the inequality in part (2) becomes strict:

[e )

) p w
inf Y, 8'u(exi) < 75

Using results in Lemma 2.1, we can prove the next proposition describing the optimal path
under the third criterion. When the economy starts with a low capital stock, xo < x*, where x* is
the solution to 8 f' (x) = 1 (modified golden rule), then it follows the same path we obtain under
the RCK criterion. When the economy starts from an intermediate level, x* < xy < &, then its
capital level remains constant forever. If the initial capital stock is large enough (xo > X), then
the set of solutions under the third criterion coincides exactly with the set of solutions under the
first criterion. Every optimal path is decreasing and converges to the golden rule.

Proposition 2.2. Consider an optimal path x* under the third Rawlsian criterion.

(1) If xo < x*, then ™ is also the solution under RCK criterion. This is an increasing sequence
converging to x*. The value of this problem is the same of the RCK program. If f and u are
strictly concave, then this optimal path is unique.

(2) If x* < xo < X, the optimal path is x* = (xo,X0, . ..) and the value of (2.1) is given by

(3) If xo > X, there exists an infinite number of solutions, all converging to X, and the value is
given by

v (x0) :W.

3. THE EFFICIENCY-EQUALITY BALANCE

Any criterion treating all generations equally satisfies the anonymity property, ensuring that
the evaluation of an intertemporal utility stream does not change after a permutation of welfare
level of different generations. However, [11] and [6] have shown that these criteria can not be
represented by a function satisfying also the Pareto property.

[1] in continuous time and [15] in discrete time consider a weighted sum of two criteria: RCK
and the first Rawls. In our notation, we have

o)

U(co,cl,...):;6(1—5)5tu(ct)+atiggu(c,). (3.1)
Parameter a > 0 represents the equality degree in this hybrid criterion. As limit cases, if
a = 0, we recover the standard RCK criterion and, if a converges to infinity, we have the first
Rawlsian one.
The results concerning the qualitative properties of the optimal path can be organized into
two parts.
(1) When the initial capital is low, xg < x*, where x* is the modified golden rule, then its
stock slowly increases in the period of life of the first generations. However, in the long run, the
trajectory of the capital stock will approach and, from a critical date on, coincides with the RCK
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optimal path.® The equality parameter « in the hybrid criterion reduces the distance in terms of
utility between the generations with the highest and lowest utility levels.

(2) The case xo > x* is more complicated to handle. Two critical levels matter: 0 < a; < a;
with ap, > 0.

(2.1) If 0 < a < ay, the equality part plays no role and the optimal path coincides with the
one under the RCK criterion (see part (iii) of Proposition 2.2 in [15]).

(2.2) When a; < a < ap, the economy converges to the modified golden rule as in the RCK
model, but with a larger discount factor 5>6 (see part (1) of Proposition 2.2 in [15]).

(2.3) If a > a», the equality part fully dominates and we recover the optimal path of the first
Rawlsian criterion (see part (ii) of Proposition 2.2 in [15]).

We see that the equality degree a increases the welfare of generations living in a far future
with respect to their level under the standard utilitarian criterion. It is easy to see that the criteria
represented by (3.1) and

U (co,c1,---)

I
=
|
=
g
=

—8)8'u(c) +)L[i§gu(c,) :

with A = a/ (1 + a) are equivalent.

Along similar lines, we define a new hybrid criterion which combines a standard utilitarian
part with an equality part, and we study the optimization problem under the weighted sum of
RCK and [27]. More precisely, we introduce the Ramsey-Zuber-Asheim (RZA) criterion as
follows:

7T€H

U(co,cl,...):(l—l)g(l—S) u(c —|—7me2 (1-9 (cx(r))

where the parameter A € [0, 1] represents the equality degree in the new criterion. When A =
0, we recover the standard RCK criterion, while, when A = 1, the third Rawlsian criterion,
considered in subsection 2.3.

There are two cases.

(1) When the initial capital is low, xo < x*, the optimal path is the solution under the RCK
criterion. Therefore, if the economy starts with a low stock of capital, this criterion promotes
development differently from the first Rawlsian criterion.

(2) When x¢ > x*, we prove that the optimal accumulation coincides with the capital path un-
der the hybrid criterion, which is a weighted sum between RCK and the first Rawlsian criterion,
applied in [15]. Hence, for a sufficiently large equality degree A, the economy converges in the
long run to the modified golden rule as in the RCK model, but with a larger discount factor (the
reader is still referred to Proposition 2.2 in [15]).

These results are formalized and summarized in the next and last proposition.

Proposition 3.1. Ler0 < A < 1.

(1) If the economy starts with 0 < xog < x*, then the optimal path under RZA criterion coin-
cides with the one under the RCK criterion.

(2) If the economy starts with xy > x*, then there are two critical values with 0 < A1 < Ay < 1
such that:

8See Proposition 2.1 in [15].
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(2.1) If 0 < A < Ay, the equality part plays no role, and the optimal path under the RZA
criterion is also the one under the RCK criterion, converging to x*.

(2.2) If A < A < Ay, then the optimal path under the RZA criterion is decreasing and con-
verges to a steady state corresponding to a discount rate 5 greater than 9.

(2.3) If L > Ay, then the optimal path under the RZA criterion follows the optimal path of the
first Rawlsian criterion.

4. CONCLUSION

In this article, we considered the behavior of the economy under different Rawlsian crite-
ria and the weighted sum of the popular utilitarian RCK with these criteria. We obtained the
optimal solutions from the planner’s viewpoint.

A number of questions remain unanswered. In the context of these criteria, how does produc-
tivity (TFP) influence the optimal trajectory? What should the competitive equilibria be? Could
fiscal policy implement the optimal trajectories described in our article?

Let us conclude by remarking that, if we replace the weighted sum of RKC and a Rawlsian
criterion with a new criterion as a strictly increasing function of the standard utilitarian value
and the equality value, the qualitative behavior of the economy does not change. However, the
shape of the function would affect the optimal degree of equality, that is the efficient sacrifice
in terms of equality.

5. APPENDIX

Proof of Lemma 2.1

(1) Let * the permutation such that &* () = ¢ for every ¢. Since this permutation weights
more the lower utility levels, equation (2.3) follows.

(2) Fix € > 0. Denote by (1,),._ the subsequence of (m),,_, such that u (c;,) <w+(1—90)e.
Since the sequence (cg,cy,...) is bounded from above, we can fix N sufficiently large such that
for any 7w € I1, we have }.,° v, | 6°u (cﬂ(,)) <E.

Consider a permutation 7* such that 7% (n) =1, for any n € {0, 1,...,N}. We have

1nfz5Y cay) < Z5u Cr*(1) ZSuctn + Z o’u c,r*

neH t=N+1

< w+(1-68)g Z5s+8.
=0
Let N converge to infinity. Then

w
fy 6'u < 2€.
%gn Z c” —1- +

Since € is arbitrary, we have
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(3) Choose a permutation 7* such that 7* (0) = , and ©* (n) =1, for each n € {0,1,...,N}
where N is defined as in the proof of part (2). Then
inf Z o’u c,r < Z o’u (cﬂ*(t))

neH

== C‘c +Z§S Ctn + Z 5t CTL'*( ))
t=1

t=N+1
< uler)+[w+(1-96 8]Z5t+8

Since the inequality is satisfied for any N large enough, we can let N converge to infinity to
obtain

5 ow
7%16111:126 Cr(r )<M(C1)+m+(1+5)

Since € is arbitrary, recalling that u (c;) < w, we obtain the following inequality:

ow 1%
£y 6'u < — < —.
%Enz (€n()) Suled + 775 <775
Proof of Proposition 2.2

For simplicity, with a notational misuse, let us denote

) = inf Z 6'u ) = Xx()+1) »

neH

for any feasible sequence ) € P (xg).

(1) Let xo < x*. Let x be the optimal path of the program under the RCK criterion. One
of the well-known results in dynamic programming literature is that (u (f (x;) —X/41)),— 1S
non-decreasing.” Part (1) of Lemma 2.1 applies and the claim is proven.

(2) The most challenging case is x* < xo < x. We know that, since xo < X,

%gé%())tiggu (f () = 2041) = u(f (x0) —x0),

with unique solution x* = (xg, X, .. .)-
Let x* = (x;);—o be the optimal path of the initial problem max,cap(x,) U (¥) With x* #
(x0,X0, - -.)- Then the following inequality is satisfied:

tiggu(f(xf)—xfﬂ) <u(f(xp)—x0)- (5.1)

We observe that there are finitely many 7 such that u (f (x) —x7 ) <u(f (xo) —x0) (and, at
least, one). Indeed, in the contrary case, with an infinite number of ¢ satisfying this inequality,
applying the part (3) of Lemma 2.1, we have U (x*) < u(f(xo) —xo) a contradiction.

Let T be the largest time index 7 such that u (f (x}) —x7, ;) < u(f (x0) —xo)-

Forany t > T, u (f (xf) —x ;) > u(f (xo) —xo). We observe that

}25” (f (x;—i-t) _x;+t+1) > u(f(x0) —xo)-

9The reader interested in the dynamic properties of the optimal path under the RCK criterion, is referred to
section 2.4.4 of chapter 2 in [19].
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On the contrary, for any € > 0, there are infinitely many ¢ such that

M(f(xf)—x?ll) <u(f(x0)—x0)+E€.

By part (3) of Lemma 2.1, we obtain U (x*) < u(f(xp) —x0) /(1 — &), a contradiction.

Hence, infy~ou (f (x},,) — x5 ,.) > u(f (x0) —xo), which implies the existence of a > 0
such that u (f (xf) —x7,) > u(f (x0) —x0) +a forany t > T.

Observe that x}., | > xo. Indeed, assume the contrary, xj. | <xo. Since u (f (x}, ;) — x5 ,) >
u(f (xo) —xo), this implies x7_, < xo. By induction, for every ¢ > 0, x7_, < xo. By applying
the part (3) of Lemma 2.1, we obtain U (x*) < u(f (xo) —xo), a contradiction.

Fix an € > 0 sufficiently small such that

u (f (X§+1 - 8) _X*T+2) > M(f(xo) _XO) +a>u (f(x?) - (x;+1 - 8)) .
Denote by IT the subset of IT such that #~! (T) < T and ! (T') < #=! (T 4 1). Let us prove

that
t t *
nltrelIfIZ(S < ( >_x )_;21225 ( ( ) (t)+1>'

Indeed, take any 7 € IT which does not satisfy one of the two conditions in the definition of
IT, thatis: (@) 7~ (T) > T or (b) x~ ' (T) > w1 (T +1).

(a) First, consider the case 7~ ! (T') > T. This means that the place T is now occupied by an
element which was in a strictly higher place before the permutation. This implies the existence
of some 7 > T such that 77! (T) < T because T is finite. Recall that for every ¢ > T, we have
f (&) —x7 1 > f(x0) —x0. Hence f (x*%) — X5, > f(x0) —xo. Let T =min{T}.

LetTy =n ' (T)and T, ="' (T). Then, n(T}) = T and 7 (T3) = T. Consider an auxiliary
permutation # such that 7 (t) = 7 (¢) for any ¢t # Ty, T, #(T;) = T and #(T3) = T. We have
n~ N (T) =Ty =#~" (T) and, symmetrically, z! (T) = T, = 27 (T).

Let us show that & € IT. Clearly, 7! (T) =2~ (T) < T.

Moreover,if T =T+1,wehave &' (T+ 1) ="' (T) =21 (T)>T>n"" (T)=2"1(T).

If T >T+1,wehave 77! (T +1) > T, otherwise T + 1 < T will be the smallest time index
T > T suchthat 7! (T) < T, acontradiction. Then &~ (T+1) =2~ Y(T+1)>T >n"1(T) =
A71(T).

In this case, we obtain

°:{
/‘\
/—\
Pb*
v
><
D K
T
o \V_/
M8
a
<
/~
kﬂ
N
)

8 %
Nl
)
2
T
N
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since0 <8 <1, 77" (T) <T < ' (T)and f(x}) —x}, <f<x*T) — X3

)z (T) > 7' (T +1) is equivalent to 7~! (T) > 7~ (T + 1) because 7! is a permuta-
tion and, then, 7~ 1 (T)# 71 (T+1).

The case 7! (T) > 7~ (T + 1) can be similarly treated.

Let7Ty=n"'(T)and T, = n~' (T + 1). Consider an auxiliary permutation # such that & (¢) =
n(t)forany t 2T, T, #(T}) =T +1and A () =T. Wehave n~ 1 (T) =Ty = &~ (T +1)
and, symmetrically, 77! (T +1) = T, = #~1(T).

Let us show that # € IT, thatis 27! (T) < 27! (T 4+ 1) and =1 (T) < T.

Clearly, 7' (T) =" (T+ 1) <n Y(T) =21 (T +1).

b.DIfx (T)<T,wehave &~ (T) =" (T+1)<x ' (T)<T.

Thus, if 7! (T) < T, we have that 7 € I1. In this case, since

g5tu(f(xz<t>> %m) 25‘ (( ) x;;(m))

f(x7)—x741) +8" (TH)”(f (¥741) —%742)
= 8" Du(f(7) =x741) = 8" T Vu(f (¥741) = ¥7.42)
= 8" T 0u (£ (x}) x§+1)+5”"< Ju (f (K1) —x742)
= 8" Du(f7) =x741) = 8" T Vu(f (¥741) = ¥742)
= [5 D) 5 O [ (f () =) —u (f (6 0) =6 42)]
0.

(b.2)If 7~ (T) > T, we recover the case (a).
Therefore, for any 7 ¢ IT, it is always possible to define an auxiliary permutation # € IT such
that

Z%‘St“(f (X)) = Xas1) < Z%)yu(f (V) = X))
t= 1=

Hence

inf Z 61 x;kt(t+1)) = inf; Z 6lu(f(x:<r(z)) _x;kt(t+1))'

EEH nell =0

Fix & > 0 sufficiently small such that 0 < & <x7_,,,0<x7 ., <f (x“}H) — &,

u(f (7)) — (5741 —€)) <u(f(x0) —xo),
and
u(f (x0) —xo0) +a<u(f(xp41—€) —x742)-

Consider the sequence § € ®(xo) such that £ = x; for any ¢ # T + 1 and 7,1 = x| — €.

We have u (f (XAT) - )GTH) <u (f (XAT_H) - )?T+2).
The following equality is satisfied for € > 0 sufficiently small:

inf Z 'u _)en'(t)—i—l) = inf Z S'u (f ()E,,(,)) _)en'(t)—l—l) .
nell;—q

neH
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Let @ (xp_ 1) = u(f () —xp.y) and v (x5, ) = u(f (x5, ,) —x5,), where @ is strictly
decreasing and strictly concave and y is strictly increasing and strictly concave. By the defini-

tion of derivative,
¢ (xy}ﬂ - 8) -9 (X;Jrl) = ¢ (X?H) (=€) —Ri(g),
lI/(X*TJFI _8) - W(X;H) =y (xf;-i-]) (=€) —Ra(e),
with R; (¢) > 0 and limg_, [R; (¢) /€] = 0 for i = 1,2. Then,
u (f (x7) — (X;H - 8)) —u (f (x7) _X;H)
= W (f(¥) —x7i1) €—Ri(€)
u(f (5741 —€) =x742) —u(f (1) —¥742)

= W (f (5741) =27 12) £ (7 11) (=€) —Ra (€).-
We obtain

;)Stu (f (Rz) — £z 1) —;65% <f <x’,‘r(t)> —X;Z(t)+1>
= & D [u(f () — (¥ —€)) —u(f (35) )]

+5ﬂ”<f+l> [ (f (71 = &) =2712) —u (f (F1) =272
_ D (f () —x741) €= Ry ()]

+5” (T [ (f (T 41) =37 42) £ (741) (=€) —Ra (€)]
= M’( X7) —X741) €

—§7 (T /(f (¥F+1) =X742) £ (5741) €= R (),

withR(g) = 87 'R, () + 6™ '(TT1R, (e).
Recall that, for any 7 € 1, we have 7' (T +1) >z~ (T), then z~ ' (T +1) > n~ 1 (T) + 1
and

L8 (f () = r(11) =~ 1 O (£ (¥20)) ~%301)
=

> 8™ D (f (x7) —xp1) €
=& I (f (¥y) = ¥rsa) £ (3741) €= R(€)
= g5"' ™ [”/ (f (x7) _x;ﬂ) —&u (f (x?ﬂ) _x;+2) f (x;+1)} —R(e)
By definition of 7', we have
u (f(x?) _xy}ﬂ) < M(f(xo) —XO) <u (f (X;H) _xy}+2)

Since u is strictly increasing, we obtain f (x}.) —xj., | < f (x5, ;) — x5, and then

u (f (x7) _x;ﬂ) >u (f (’x;-i-l) _x;+2) :
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Therefore,

Y 8 u(f (Frp)) = Ery+1) — Z(,)&M (f (xi(r)) _x;(t)+l)
=

v

)

>
3

( TV (f (37) = %y) = S0 (F (¥41) = ¥502) £ (¥1) Rf:))
> € <5T [ (f OF) =x70) = 00 (f (5741) = 3712) f (701)] = RTQ) '

xo and o (f (x5) = x5 y) >’ (f (x5,) —x5.,), we have

1 [ee] R R [ee] . .
e [X;,)‘St”(f (Fx()) = fx0) 1) = X;.)at” (f (xyr(t)) _xn(t)+1>]
t= t=

> 8Ty (f (x7) —xF41) [1 =81 (x0)] —@.

Let € converge to zero, the RHS converges to a strictly positive value because 8 f (xg) <
o f' (x*) = 1. Moreover, for € > 0 sufficiently small, the right-hand side is strictly superior to

STu (f(x?) —x}ﬂ) [1—3f" (x0)] /2.

Hence, if € is sufficiently small, we obtain
Y 6'u(f (Rr(r) — Enr)+1)
=0
- t * * 1 T. ./ * * /
> Z 5 u <f <'x7l'(t)> _'xﬂ:(t)-f—l) ‘I‘ 586 u (f(XT) —.XT+1) |:1 — 5f (XO)] .
=0

| \%

1 *
Since x7_

We observe that € is independent on 7 € I1. Thus, we have

,;2525 u ~Ea(0)+1)
= inf Z S'u (f (iﬂ(,)) _fn(;)+1)
well;—q
> infi&u(f(x* )—x* )+185Tu/(f(x§)—x9} 1) [1=87 (x0)]
= rell = 7(r) w(r)+1 2 +
. .- t * * _ t *
g 2212,;)5 u(f (%50) — 1) = 7%2%25 (£ (x3) 1)

a contradiction. Hence, the unique optimal path is ¥ = (xo,Xo, . ..) and

u(f(xo) —xo)'

£€w() ;ggZ& (vx0) —%a11) = =5

(3) According to (2.2), for any ¢, infy>qu (f (Xr1s) — Xris41) < u(f (%) — X).10 Hence, for any
€ > 0, there exists a subsequence (#,),_ such that

u(f (x,) —xn,+1) <u(f(x)—Xx)+e.

10 See part (ii) of Proposition A.2 in [15].
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Applying the part (2) of Lemma 2.1, we obtain

u(f(x) —%)

e

(5.2)

for every x € ¢ (xo).
In the proof of part (ii) of Proposition A.2, [15] show that there are infinitely many optimal
paths ¥ = (xo,x1,...) such that
infu (f (%) —xi41) = u(f (%) —%).

>0

Let x be one of this paths. We have

Ux) = ;gﬁZ‘st xfr(t)ﬂ) > §03ltiggu(f(x,)—xt+1)
b o U(f(F) —X)
Ou(f(x)—x)= ————=.
> Youtrm-n =L

According to (5.2), we obtain U () = u(f (x) —x) /(1 —8). Thus, every optimal path are
decreasing and converges to X.

Proof of Proposition 3.1

To simplify the presentation, RZA will denote the weighted sum of RCK and the third Rawl-
sian criterion introduced by [27].

(1) Focus on the case 0 < xo < x*. Let (x/),- be the optimal path under the RCK criterion.
This sequence is increasing and converges to the modified golden rule x*, solution to 8 f' (x) = 1
(Proposition 2.4.4 in [19]).

Moreover, the corresponding consumption sequence c¢; = f(x;) —x;, ; is increasing and con-
verges to ¢* = f(x*) —x* (see the Euler equation in Proposition 2.4.4 in [19]). This implies:

inf Z (1-6)8u (c;';(,)) - ;0(1 —§)8u(c).

Hence, for every feasible sequence (x;);-, with the corresponding consumption sequence
¢ = f(x) —xr41, we have

[}

A)Y (1-8)8"u(c)+2 1an (1-6 5tu<cj‘t([)>

~
O

= -4y - Ay a (c7)
; Z 8)8'u(c)

o)

> (1-1)) (1 5)5u(c,)—|—klnfz (1-8)8"u(ca) -

=0 nEH

v

Therefore, the optimal path under the RCK criterion is also the optimal path under the RZA
one.

(2) Now, consider the nontrivial case: xo > x*. We will prove that the optimal path coincides
with the one in [15].
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Let (x),, be the optimal path under RZA criterion, and ¢; = f(x;) — x,41. First, we will
prove that x; > x* for any ¢ > 0.

Assume the contrary, that is the existence of T such that x7 < x*. It is known that there exists
some ¢ > T such that ¢; < f (x7) —xr < f (x*) —x* = ¢*. Moreover, there are only finitely many
t such that ¢; < ¢* = f(x*) —x*. Indeed, by part (2) of Lemma 2.1, the existence of infinitely
many ¢ such that ¢; < ¢* implies

;Iellfitga(l —8)8"u (cp(r)) <ul(ch).

Recall that (x);-, is the optimal capital path under the RCK criterion. Moreover, since
xp > x* (see Proposition 2.4.4 in [19]), the corresponding consumption sequence (c;);-, is
decreasing and converges to c¢*. We obtain:

)

(1-2)Y (1-8)8u(c) ”,}2%;“ —8)8'u (c;';@)

~
(=]

)

> (1-2)Y (1-8)8"u(cy)+Au(c?)

~
]

(o)

> 1-M)Y —5)6’u(c,)+lgggi(l —8)8'u(cnp)) -

=0

a contradiction with the hypothesis that (x;),- is the optimal path under the RZA criterion.

We have proven that there is a finite number of ¢ such that ¢, < ¢*. Let T be the biggest
period satisfying this inequality. Therefore, x7; | > x*. Indeed, if x7 | < x*, following the same
argument we used to solve the optimization problem under the Rawls criterion (see inequality
(5.1)), we obtain:

infu(f (74¢) = X74141) <u(c’).
This implies the existence of ¢+ > 0 such that ¢y, < ¢*, a contradiction with the definition of 7.

Fix any € such that 0 < € < xp4; and 0 < x742 < f(x741) — €. Define the capital sequence
(%);— such that £ = x; for any r # T + 1 and £ = x74| — €. Hence,

ZSW(@)—Z&M(Q)
6T (er)+ 8T u(ery) —8Tuler) — 8" u(ers)
8" (er) (ér —er) + 8" (ér1) (érs1 —crs)
8" (er) (f (xr) — (xr1— &) — [f (x7) —xr41])
+8T N (er1) [f (711 — €) — X740 — f (¥r41) + X742]
> 8" (ér)e— 5T+1 w (er1) f (xry1—¢€)e
= &8 [u (¢r)— 8u (er1) f (xr41 —€)], (5.3)

because of the concavity of f and u. We obtain:

AVAR

1 [e 0
o5 Z 'u(é)— Z S'u(c)| >u (ér)—8u' (er1) f (xri1—€).
€07 /=0 =0
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Since u' (cr) > ' (er4+1) and 81" (x741) < 8f' (x*) = 1, for € small enough, the RHS is
strictly positive and, thus,

1 (o] [ee]
lim — Su(é,)—Y & > 0.
lim = ;{) u(é;) ,Z(') u(cy)
Then, for € sufficiently small, ;7 8"u (&) > Y77 o 8'u(cy).
Let IT7 be the set of permutations 7 such that 77! (T) < 77! (T 4 1). Since cr < ¢* < cr41,
we obtain:

[}

ggltg (1-8)8"u(c(y) = inf Y (1—8)6"u(cq)-

relly =0

Now, fix any permutation 7z € IT7 with z=! (T) < 7= (T +1). Applying similar arguments
as in (5.3), we obtain:

[e] [}

_ 5n_](T)u(AT)+5ﬂ_l(T+1)u(éT+l)_67t (T) (cT)—57T—1(T+1)u(CT+1)
= &' (u(er) ~uler)] + 8 T Olueri) —uleri)])
> gs™ (1) [”l(éT) 5n*1(T+1)—n*1(T)u'(@T+1)f’(xT+1—8)]

> &8™ D[ ()= 8u (¢r1) £ (xr1 —€)]

with X741 = x741 — €.
Therefore, for any 7 € Il7,

o)

Y (1-8)8"u(Cq))

> Z (1 — 5) 51u (cn(t)) N

t=0

for € small enough. Then, for € small enough, for any 7 € Ilr,

L (-0 8ully) = nf T (1=0)8ultr)
= nienr{T =0 (1 - 6) o (C”(l))

> inf Y (1—8)8u(cq) -

neHIZO
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Therefore, for € > 0 sufficiently small, we have
(1=2)) (1—8)8"u(é&)+A inf Y (1—8)8"u(eg))
=0 el =2

(o]

> (1-24)Y (1-8)8u(c)+A inf Y (1—8)68"u(cq),
=0 nell =0
a contradiction.

This contradiction comes from the hypothesis that there exists ¢ such that x, < x*. Hence
x; > x* for any t > 0.

Let us prove that ¢; > ¢;11 for any r > 0. Assume the existence of some 7 such that cr < c741.
Fix € > 0 such that 0 < € < x741 and f(xr) —x741+ € < f(xr4+1 — €) —x742. Consider the
sequence (£;);7, as in the first part of point (2) of the current proof. Using the same arguments
and considering that x4 > x* implies 0 f' (x741) < 1, we can prove that the sequence (x;),
is not optimal, a contradiction.

This contradiction comes from the hypothesis there exists T such that c7 < c¢r41. Hence,
the sequence (¢;),-, is non-increasing: ¢; > ¢4 for any r > 0. Since the utility function u is
strictly increasing, we have lim;_,e u (¢;) = inf>qu (¢;).

Hence, for every € > 0, there exists an infinite number 7 such that u(¢;) < inf;>qu(¢;) +
€. Applying part (2) of Lemma 2.1, we obtain infzerr Yo (1 —6) 6'u (c,t(t)) <infi>qu(c).
Clearly,

(o) [e)

. . t > . t: — .
;glf'l,zo(l 8)8"u (cr(r) %Iellf_‘l 0(1 5)8 tnzlgu(c,) llggu(c,).
Thus infrer Y7o (1= 8) 8"u (cqy) = infi>ou(c:).

Hence, we have

[}

(1-2)Y (1-8)8"u(c;)+A ggli (1=8)8"u(c))
=0 =0

[}

= (1-1) Z{)(l - 6)5’u(cl)+7tti§gu(6z)-

Consider the sequence (¥;),-, which is the optimal path under the hybrid criterion presented
in section 2 of [15], and the corresponding consumption sequence (¢;);,. We have

(o]

(1-2)Y (1-8)8"u(c;)+A ggg;(l —8) 8" u(cnr))

~
=]

(o]

= (1-1) —5)5tu(c,)+/ltilzlgu(ct)

1=0
< (1—),)[;)(l—6)5’u(5,)—l—7ttirzlgu(6t)
— \- f— t [—
< (1 ),)[;)(1 8)6'u(é +7L7%I€11f_1 (1 Cr(r)
< (1-2)Y (1-8)68"u(c +7L7%1611f_1 (1—8)8"u(cqp)-
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Hence, all these inequalities hold with equality and, finally, the two sequences (x;),—, and
(%), coincide.

In [15], the authors proved that the optimal path under the criterion that is the weighted sum
of RCK and the first Rawlsian is non-increasing when xy > x*. Therefore, this path coincides
with the optimal path under the mixed criterion presented in [15], witha =4/ (1 —4).

For x¢ > x*, in [15], the optimal path can be described as follows:

(2.1) If 0 < a < ay, the equality part plays no role and the optimal path ¢@ifiGidesiEicIoptia
path of the RCK criterion.

(2.2) When a; < a < ap, the economy converges to the modified golden rule as in the RCK
model, but with a larger discount factor 5> 6.

(2.3) If a > ay, the equality part fully dominates and we recover the optimal path of the first
Rawlsian criterion.

LetA =a1/(14a;)and A =ay/ (1 +ayz), we have 0 < A} <A, < 1 with a; > 0. Moreover,
A < Ajifandonly if a <ay and A > A, if and only if a > a,. Hence, we obtain the results using
Proposition 2.2 in [15].
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