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The development of the quantum skyrmion concept is aimed at expanding the scope of the fun-
damental research and practical applications for classical topologically-protected magnetic textures,
and potentially paves the way for creating new quantum technologies. Undoubtedly, this calls for
establishing a connection between a classical skyrmion and its quantum counterpart: a skyrmion
wave function is an intrinsically more complex object than a non-collinear configuration of classical
spins representing the classical skyrmion. Up to date, such a quantum-classical relation was only
established on the level of different physical observables, but not for classical and quantum states
per se. In this work, we show that the classical skyrmion spin order can be reconstructed using only
the low-energy part of the spectrum of the corresponding quantum spin Hamiltonian. This can be
done by means of a flexible symmetry-free numerical realization of Anderson’s idea of the towers of
states (TOS) that allows one to study known, as well as unknown, classical spin configurations with
a proper choice of the loss function. We show that the existence of the TOS in the spectrum of the
quantum systems does not guarantee a priori that the classical skyrmion magnetization profile can
be obtained as an outcome of the actual measurement. This procedure should be complemented
by a proper decoherence mechanism due to the interaction with the environment. The later selects
a specific combination of the TOS eigenfunctions before the measurement and, thus, ensures the
transition from a highly-entangled quantum skyrmionic state to a classical non-collinear magnetic
order that is measured in real experiments. The results obtained in the context of skyrmions allow
us to take a fresh look at the problem of quantum antiferromagnetism. In particular, we provide
a quantitative characterization of the TOS contributions to classical antiferromagnetic structures

including frustrated ones.

INTRODUCTION

Despite the huge success of quantum physics, which is
one of the pillars of our science and technology, its foun-
dations still remain a subject of hot debates, and many
conceptual issues still require further investigations' 7.
In particular, searching for the connection between quan-
tum and classical descriptions of the same phenomenon
or object has a long history in physics starting from the
foundation of quantum mechanics. In this sense, the de-
velopment of the path integral concept® !0 is a bright
example showing that the classical trajectory of a parti-
cle is just one of numerous alternatives characterized by
different probabilities. In these terms, classicality means
nothing but destruction of an interference between dif-
ferent alternatives, similar to a transition from wave to
geometric optics'!.

However, in the case of the classical-quantum corre-
spondence the problem is more complicated. The tran-
sition between the classical and quantum regimes can-
not be determined only by the fact that the characteris-
tic size of the system, which can be related to the de
Broglie wavelength, becomes small compared to other
length scales of the problem. According to the popu-
lar decoherence program, the classical-quantum corre-
spondence is rather related to the openness of the quan-

tum system and to the destruction of quantum interfer-
ences by the interaction with the environment'217. The
problem is closely connected to the measurement prob-
lem!®. According to Bohr’s complementarity principle!?,
a quantum measurement is nothing but the result of the
interaction of a quantum particle with a classical mea-
suring device. This picture is the basis of the formal
theory of measurements developed by von NeumannZC.
This theory includes a mysterious collapse of the quan-
tum wave function after the measurement. Further devel-
opments have led to a more complicated picture, includ-
ing soft measurements?! and decoherence waves in dis-
tributed quantum systems?? 24, There are also analyti-
cal?® and numerical®® attempts to derive von Neumann’s
postulate from a consequent quantum consideration of
the measurement process, including decoherence by the
environment. In general, the problem does not seem to
be completely solved, and further attempts at clarifying
these key issues are required.

These questions may look too general and too abstract
but, actually, they are very closely related to a very com-
mon and important phenomenon of physics around us.
Antiferromagnetism, a very usual property of condensed
matter?”, is, probably, one of the best examples. The
classical Néel picture of magnetic sublattices for the case
of an “antiferromagnetic” exchange interaction is in an



obvious contradiction with quantum mechanics predict-
ing a singlet ground state?”. Actually, the antiferromag-
netic state can be described without introducing sublat-
tices?®, but its difference with the singlet state remains
dramatic. A general way to establish the correspondence
between quantum and classical descriptions of antiferro-
magnets was open in the seminal work of P. W. Ander-
son??. It has been shown there that in some cases linear
combinations of eigenstates of a quantum Hamiltonian
that form a tower of low-energy states can be related
to an ordered state that would be the classical ground
state of the system in the thermodynamic limit. Such a
tower-of-states (TOS) approach may be of fundamental
importance because it treats the fundamental problem of
quantum-classical correspondence from a completely dif-
ferent perspective, without referring to measurements or
postulating decoherence due to the environment. More-
over, it has proven to be extremely helpful in detecting
broken symmetries with eigenspectrum of even small-size
supercells of quantum systems. Up to now, the Anderson
towers approach was mainly used for studying quantum
antiferromagnets®® 32, However, it is worth mentioning
that the previous studies based on the group-theoretical
calculations were fully concentrated on the symmetry
identification of the eigenfunctions contributing to the
TOS without attempting to quantify their partial con-
tributions. Such an approach is also not flexible since it
requires to know the exact symmetry of the reconstructed
classical order, which prevents using the approach in the
case when the system is characterized by a transition to
an unknown classical state (a problem known as hidden
order).

In this paper, we report on a symmetry-free numeri-
cal technique based on gradient-descent optimization for
constructing TOS on the basis of a limited number of
calculated low-lying eigenstates of a quantum system. In
contrast to previous works, our approach provides quanti-
tative information on the TOS composition. By means of
the developed scheme we explore topologically-protected
classical magnetic skyrmions®® that attract a consider-
able attention due to their fundamental interest34 36 and
technological importance in design of atomic ultra-dense
memory37, probabilistic computing®®, etc. Up to now,
most of the studies®* have been focused on a pure clas-
sical description of the skyrmionic structures, which as-
sumes that each spin in the system is a classical vec-
tor with three spatial projections. The experimental
discovery of nano-scale skyrmionic structures®® in sur-
face nanosystems significantly heats up interest to search
for quantum analogues of classical skyrmions, for which
quantum effects may play a crucial role*C.

Recent theoretical studies*' ™7 suggested that the

ground state of some quantum spin Hamiltonians with
competing isotropic and anisotropic interactions can be
considered as analogs of classical skyrmions since the
magnetization, the susceptibility, and the scalar chirality
calculated for these quantum ground states agree with
those obtained for the corresponding classical models.

However, as was shown in a previous work [47], both pro-
jective measurements and site-resolved average magneti-
zation calculated in the ground state of periodic quantum
systems do not resemble the typical pattern of a classical
skyrmion as seen in experiments. For this reason, one
can formally define the quantum skyrmion as a quantum
state for which the spin-spin correlation functions repro-
duce the same quantities in the classical version of the
problem. The natural question is then what is the mech-
anism through which one can observe a classical skyrmion
in a system which is a priori quantum.

In this work, we show that the connection between the
classical and quantum skyrmion systems can be estab-
lished not only at the level of the observables, as done up
to now, but also at the more general level of a quantum
state and of macroscopic classical order per se. To this
aim we use the concept of Anderson’s tower of states and
explore both the towers of quantum wave functions to
reconstruct classical solutions, and the towers of classical
configurations needed to reproduce the quantum ground
state. The analysis of the composition of the TOS that
we have obtained for magnetic skyrmions and for antifer-
romagnets uncovers important details of Anderson’s the-
ory that were not addressed in previous group-theoretical
considerations. We argue that the environment plays a
crucial role in selecting specific combinations of the quan-
tum states that build the TOS that correspond to classi-
cal order and are known as pointer states in decoherence
theory (Quantum Darwinism). Thus, quantum decoher-
ence should be considered as an important part of the
TOS theory. Since the TOS analysis itself can be used as
a more effective search for pointer states within the de-
coherence program, both theories will benefit from this
integration.

RESULTS
Protocol for constructing the Anderson tower

Formally, a quantum wave function corresponding to
any classical spin texture can be defined as a product of
coherent states of individual spins*® 59

91‘ ;P 0; ;P
Up) = cos—e'2 sin—e "2 , 1
1) = [Jleose’® [1) +sinZle % 1)), (1)

K3

where the polar angles 0; and ¢; set a local basis for
each spin. Below we will refer to this state as a coher-
ent state or a target wave function. The consequent
projective measurements® of the state ¥r in 0%, o*
and oV bases result in a set of projections (S?), (S¥),
and <5‘Z’ ) for each spin. The latter can be associated
with the direction of the classical magnetic moment
m; in magnetic structures measured in spin-polarized
scanning tunneling microscopy experiments®?. More
specifically, (m?) = sin6; cos ¢;, (m?) = sin#; sin ¢;, and
(m?) = cos ;. Thus, one can establish a formal connec-
tion between parameters of the coherent state and the
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FIG. 1.
eigenstates.

Protocol for constructing Anderson’s towers of states. (A) For the given Hamiltonian one calculates a set of low-lying
(B) On the basis of the calculated eigenstates, an initial approximation of the target state is prepared. The

complex coefficients a, are chosen to be random. (C) The coefficients are optimized within a gradient-descent approach aiming
to maximize the fidelity between approximation and target wave functions. NN is the corresponding number of energy levels.

classical magnetic moments of a quantum system ob-
served in real or numerical experiments: ; = arccos(m?)
mY

(-

In order to construct the Anderson tower for a
quantum system we follow the key steps visualized in
Fig. 1 A-C. First, we perform the exact diagonalization
of a quantum Hamiltonian and determine its eigenstates
U,, (Fig. 1 A). We consider only the low-lying part of the
eigenspectrum n € [0, k] and introduce the initial approx-
imation for the target wave function W, with random
complex coefficients «,, (Fig. 1B). Further, these coef-
ficients are varied using the gradient-descent method to
get the maximal fidelity between ¥a and ¥t (Fig. 1C).
Here, as for any optimization procedure, the choice of
the loss function that is responsible for the quality of the
resulting approximation and convergence speed plays a
central role. In this work it is given by the following

and ¢; = arctan

expression:
E(a) =1—[(¥r|[¥a(a))|. (2)
The coeflicients are updated as
ORE
Onew = Qold — 78a01d ) (3)

where ~ is the gradient-descent step that is taken to be
1. This choice for the loss function can be justified by
the fact that the fidelity is a standard metric to define
the distance between the two quantum states®!.

An important property of the proposed numerical
scheme for constructing TOS is that we can quantita-
tively control the quality of the approximation for Wx
with the parameter k that truncates the eigenspectrum.
It is worth noting that in previous works the construction
of the Anderson TOS for antiferromagnets was mainly
based on a symmetry-based selection of the low-lying
states of the eigenspectrum in order to find a signature
of a symmetry-broken state that can be the ground state
of the system in the thermodynamic limit®2. Such a
symmetry-based realization of the Anderson idea limits
its possible applications and does not provide quantita-
tive information on the contribution of a particular eigen-
state to the TOS, which, as we show below, can be done
with our protocol. In addition, in our approach the loss

function (2) can be replaced by another form with milder
conditions, which might be useful in the case where the
precise form of the target state W is unknown.

Skyrmionic tower of states

The implementation of the proposed protocol in the
case of magnetic skyrmions requires a specific choice of
spin Hamiltonian. While various microscopic mecha-
nisms for stabilizing skyrmion structures can be consid-
ered in the quantum case*' 4, we focus on the most tra-
ditional one which is based on the competition between
the isotropic and the anisotropic exchange interactions
in the presence of an external magnetic field. The cor-
responding quantum Hamiltonian on a two-dimensional
lattice is given by:

ﬁsk = Z JijSi : Qj + ZDz][Sz X S]] + ZBS’: (4)
ij ij i

Here, J;; is the isotropic Heisenberg exchange interac-
tion. Dy; is an in-plane vector that points in the direction
perpendicular to the bond between neighboring ¢ and j
lattice sites and describes the Dzyaloshinskii-Moriya in-
teraction (DMI). B is an external uniform magnetic field
applied along the z direction. In the following, for con-
structing the skyrmionic towers, we use the parameters
J = 0.5, ID| =1 and B = 0.44, which guarantee the
stabilization of the quantum skyrmion wave function as
the quantum ground state®”.

In this work we are interested in exploring the proper-
ties of the eigenspectrum, thus the exact diagonalization
of the constructed Hamiltonian is performed. Following
Ref. [47], a 19-site supercell with periodic boundary con-
ditions on the triangular lattice is considered. The cor-
responding technical details are described in the Meth-
ods section. The low-energy part of the eigenspectrum
is presented in Fig. 2 A and is characterized by a size-
able gap between the first 19 eigenstates and the rest of
the spectrum. The dependence of the gap on the value
of the magnetic field is discussed in the Methods sec-
tion. As we will show below, the states at the bottom of
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FIG. 2.

Structure of the eigenspectrum and performance of the gradient-descent optimization. (A) Low-energy part of the

eigenspectrum of the quantum Hamiltonian, Eq.4 obtained with J = 0.5, |D| = 1 and B = 0.44. The numbers denote the

degeneracy of each eigenlevel.

(B) Dependence of the loss function on the number of eigenstates of minimal energy.

(©)

Comparison of the ordered distributions of quantum states amplitudes. Only the hundred basis functions giving the largest

contribution to the particular state are considered.

the gap play a central role in reconstructing the coher-
ent skyrmion state with Anderson towers. According to
Fig. 2B the loss-function demonstrates a steep decrease
for N < 20, where N is the number of eigenlevels taken
into account. Further increasing N leads to the satu-
ration of the loss function. Importantly, the number of
eigenstates we consider is negligibly small with respect
to the total dimension of the Hilbert space. More specif-
ically, while the total dimension of the Hilbert space is
equal to 2'°, to construct an approximation of the co-
herent skyrmion state we use superpositions of up to 455
eigenstates that can be packed into 105 different eigen-
levels taking into account the degeneracy of the eigen-
functions.

Fig. 2C shows the comparison of the probabilities of
the basis functions that give the largest contribution to
the quantum skyrmion and to the coherent skyrmion
state and its approximations with different numbers of
N. The probability function for W is characterized by a
step-like profile, which means that this quantum state is
highly-structured in the Hilbert space. By contrast, the
quantum skyrmion is strongly delocalized. Fig.3 shows
the composition for some approximations of the coher-
ent skyrmion state. The largest weights (> a?, where
n corresponds to a particular eigenlevel) are provided
by degenerate states corresponding to the first three ex-
cited energy levels. The eigenstates of larger energies
give much smaller contributions, but they are important
to reach the high fidelity in reproducing the solution of
the classical version of the Hamiltonian (4). Indeed, as
can be seen from Fig. 4, the local magnetization of the
quantum Hamiltonian (4) is uniformly distributed on the
lattice. We find that already the first approximation for
WU, that takes into account a small number N of levels
leads to a magnetization profile that reminds one of the
classical skyrmion spin texture. Such an approximation
is formed with the ground state and the 6-fold degener-
ate first excited state. Further extension of the set of ex-
cited states increases the fidelity between the target wave
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FIG. 3. Structure of the coherent skyrmion state approxima-
tions calculated with different number of states from the low-
lying part of the eigenspectrum of the Hamiltonian Eq.4. The
points denote the sum of probabilities (a%) of the eigenstates
corresponding to the same energy (eigenlevel). N denotes the
number of eigenlevels with different energies.

function Wt and its approximation Wa. For N = 105 the
fidelity reaches the value of 97.5%.

For a complete characterization of the transition from
the quantum skyrmion wave function to the classical
skyrmion state, the performed investigation of the mag-
netization pattern should be supplemented by the cal-
culation of the scalar chirality and its distribution over
the system in question®”. This quantity is given by the
following expression:

v
igl —

where 7, 7, and [ depict three neighboring spins that form
an elementary triangular plaquette. The total chirality
is defined as a sum of local chiralities of individual pla-
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FIG. 4. Magnetization (top) and scalar chirality (bottom)

calculated for the reconstructed wave function corresponding
to the classical skyrmion with different number of eigenstates
of the parent spin Hamiltonian. The arrows denote the in-
plane direction of spins while the z components are defined
with color. The triangle-resolved scalar chirality Q;I;-l denoted
with shaded triangles is calculated for real quantum skyrmion
state (left plaquette), coherent state with classical profile of
the magnetization (right plaquette) and for quantum states
that are different approximations of the classical skyrmion
within the Anderson tower approach. N denotes the total
number of low-lying energy levels involved in the state recon-
struction.

quettes

Qu = Z Qi (6)

(ijl)

We note that if the Hamiltonian (4) is defined on an in-
finite lattice, the problem can be solved on the basis of
a supercell with periodic boundary conditions, and all
individual triangular plaquettes produce the same con-
tribution to the total chirality. The distribution of the
chirality is thus uniform, as the distribution of the mag-
netization in the system. As the bottom row in Fig. 4
shows, in the case of the classical skyrmion state ¥ and
its different approximations W, , the scalar chirality has
a non-uniform distribution with the largest contributions
from the triangles characterized by the strongest varia-
tion of the magnetization, which can be explained by the
smallness of the system. Importantly, the values of the
total chirality are in the range 0.52 - 0.56 within the series
of approximations as well as for the target wave function
W that corresponds to the classical skyrmion structure.

One tower for different phases

The results presented above justify the possibility to
relate the eigenspectrum of the quantum spin Hamilto-
nian (4) to the classical order obtained for the particu-
lar value of the inter-spin interaction and the magnetic
field. Now we are in the position to demonstrate the
power of the proposed approach in imitating different
trivial (spin spiral) and non-trivial (skyrmion) topologi-
cal structures, simultaneously. For this purpose we con-
sider the same set of N = 105 eigenstates obtained for the
quantum model with the parameters J = 0.5, |D| =1,

spin splral I spinspiral II skyrmion I skyrmion I skyrmion IIT
B=0.1 B=04 B =043 B = 0.4375
B B = 0.4375
03F R
% 02F [
§ o B=0
0.1 ’ §
()H-h[, / —4{/\ _____ o A0 0000 0 et
0 10 20 30 40
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FIG. 5. (A) Examples of classical spin spiral and skyrmion
magnetic configurations stabilized at different magnetic fields
B that can be reproduced with high fidelity, F = 0.95, 0.96,
0.97,0.97, 0.97 (from left to right) by using the eigenspectrum
of the quantum Hamiltonian (4) with the fixed set of model
parameters J = 0.5, |D| =1, and B =0.44. (B) Compari-
son of the contributions to approximations of the spin spiral
(B =0) and skyrmion (B = 0.44) configurations.

B =0.44. Some examples presented in Fig. 5 confirm
the high fidelity of the reconstruction of completely differ-
ent coherent states with the same set of quantum states.
Surprisingly, we find that coherent states corresponding
to topologically trivial and non-trivial classical configura-
tions can be obtained with the same set of eigenfunctions
of the quantum spin Hamiltonian (4) that reveals the
quantum skyrmion state. The comparison of the contri-
butions to the corresponding approximations of the clas-
sical spin spiral and skyrmion configurations is presented
in the bottom panel of Fig. 5. These two profiles are
clearly different, and one can conclude that the topol-
ogy of a classical spin texture related to the first few
(N = 1,2, and 3 excited) levels of the quantum spectrum.

This finding suggests a new approach to the problem
of the topological protection of the classical skyrmionic
structures. As it was shown previously, no continuous
deformation between topologically inequivalent configu-
rations exists in an idealized continuum consideration. In
turn, in real materials, in which magnetic skyrmions of
nanosize are experimentally observed, the magnetic den-
sity is strongly localized and fully associated with con-
crete transition metal atoms. In this case the topologi-
cally protected configurations are separated from others
by only finite energy barriers. Recent experimental re-
sults reported in Ref. [53] have demonstrated that the
skyrmionic structures with a non-zero topological charge
are characterized by longer lifetimes than trivial bubble
structures, which gives evidence of the topological sta-
bility in a real discrete system. According to the results
we obtained, the non-trivial topological structure of the
classical magnet is fully defined by a unique combination
of the eigenstates of the corresponding quantum system.



Tower of classical states

The theoretical analysis presented above revolves en-
tirely around reproducing the classical state with low-
lying quantum states, and one might think that the
quantum-classical connection in the Anderson’s approach
works only in one way. However, it is not the case.
A simple justification can be demonstrated, for exam-
ple, for the antiferromagnetic configuration of two spins
S = % On one hand, the antiferromagnetic state can be
expressed through a combination of the singlet wave func-
tions W, = L (14) — [11)) and Wa, = - (114) + [11)),
which corresponds to the tower of quantum states. On
the other hand, the singlet wave function entangles
two coherent antiferromagnetic states U, = |1}) and
Uy, = |J1). It means that one can construct two dif-
ferent types of towers: the tower of the classical states to
reproduce the quantum state and, vice versa, the tower of
quantum wave functions to reconstruct the antiferromag-
netic classical configuration. Thus, Anderson’s approach
supports both, classical-quantum and quantum-classical
channels of characterization of the system, which funda-
mentally distinguishes this approach from measurement-
based theories that assume complete or partial collapse
of the quantum wave function upon measurement.

To explore the possibility of reconstructing the quan-
tum states, which are the eigenfunctions of the quan-
tum spin Hamiltonian, with classical solutions we built
a tower of coherent states on the basis of the classical
skyrmionic solution obtained at B = 0.44. This magnetic
skyrmion is visualized in Fig. 5 A (skyrmion IIT), and its
properties regarding the spin-spin correlation functions
were discussed in a previous work®’. Initially, the tower
of states is built up as a random superposition of the
coherent states corresponding to the considered classi-
cal skyrmion and its replicas obtained applying transla-
tional and rotational symmetry operations as visualized
in Fig. 6 A. The number of coherent states contributing
to the tower depends on the specific classical configura-
tion and in our case is equal to 38:

) = an 1)+ [ + .+ s . (D)

where a; is the amplitude of the i-th coherent state. One
should note that ) . a? # 1, since coherent states in Eq. 7
are not orthogonal to each other. Nevertheless, the state
U4 remains to be normalized to 1 in the o* basis.

The constructed tower is optimized with the gradient-
descent approach to get maximum possible overlap with
one of the states from the low-lying part of the eigenspec-
trum. For demonstration purpose, we chose the eigen-
spectrum of the quantum spin Hamiltonian (4) calculated
for the same value of the magnetic field B = 0.44. From
Fig. 6 B one can see that the constructed classical tower
reveals high fidelity (more than 95%) in reconstructing
the eigenstates with £ = 0, ..., 18 that belong to the low-
energy part of the eigenspectrum below the energy gap.
In contrast to the low-energy eigenfunctions, the calcu-
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FIG. 6. (A) 38 classical skyrmionic configurations obtained
at B =0.44 and used to define the tower of classical states,
Eq.7. (B) Reconstruction fidelities of the ground and excited
eigenfunctions of the quantum Hamiltonian, Eq.4 calculated
at B = 0.44. The reconstructions are performed with opti-
mization of the tower of classical states, Eq.7. (C) Calculated
fidelities (circles) describing the quality of optimizing the
quantum ground states at different magnetic fields with the
tower of classical states. Triangles correspond to the approx-
imation of Eq.7 taken with a1 = a2 = .. = ass = 0.1078068.

lated fidelities for the excited states above the gap are
nearly zero.

The optimization of the quantum ground states ob-
tained at different values of magnetic field (circles in
Fig. 6C) reveal high fidelities close to 1 within the
skyrmionic phase for 0.3 < B < 0.66%7. Interestingly, for
B < 0.3 one can find a combination of coefficients in
Eq. (7) with gradient-descent method such that there is a
non-zero overlap between the quantum ground state and
the constructed tower of classical skyrmionic configura-
tions. Even at B = 0 the fidelity is not identically zero
and has the value of about 0.1, which is a direct evidence
that there is a quantum superposition of the spin spiral
and skyrmion states in the range of fields 0 < B < 0.3.



Another important result is that the optimized co-
efficients within the skyrmionic phase (0.3 < B < 0.66)
are practically the same for each term in Eq. (7).
Triangle symbols in Fig. 6 C denote the overlap be-
tween the quantum ground state calculated for a spe-
cific magnetic field and the wave function ¥g taken with
a=a; =ag =. =azg = 0.1078068. Omne can see that
using such a uniform state

v =o(@+ &+~ @) ©

we can approximate any ground state within the
skyrmionic phase with high fidelity. In other words,
it means that the quantum ground state within the
skyrmionic phase is almost insensitive to the external
magnetic field. This specific choice of coefficients gives
the wave function for a pure skyrmion state, so fidelity of
this pure skyrmion state with the state that is a super-
position of spin spirals and skyrmions is zero as we see
for B < 0.3.

Thus, a highly-entangled wave function |¥g), the
ground state of the quantum spin Hamiltonian (4), can
be expressed as a simple superposition of trivial coher-
ent states that correspond to the same classical magnetic
configuration and differ from each other only by transla-
tion or rotation operations. We believe that this result is
remarkable. First of all, it directly demonstrates the con-
nection between quantum and classical skyrmion states.
Previously, the relation between quantum and classical
skyrmionic solutions was established only on the level of
observables, such as the magnetization, the spin struc-
tural factors, and the scalar chirality. Further, Eq. (7)
suggests a distinct way for simulating and storing large-
scale quantum topological states. They can be efficiently
prepared on the basis of the classical solution thus avoid-
ing hard-to-do exact diagonalization procedure, for which
the current limit is a quantum system of 50 spins®%.

It is also worth discussing the connection of the quan-
tum state decomposition onto coherent states realized
within Eq. (7) and the results of projective measurements
of ¥y reported in our previous work [47]. Looking at
Eq. (7), one might think that one of the classical replicas
of a skyrmion should be observed in the experiments af-
ter the measurement. However, it is not the case. A sin-
gle projective measurement in ¢ basis results in a basis
function that can be attributed to one or more coherent
states (1) simultaneously. That is why in Ref. [47] when
measuring W, a sequence of basis states that are fully un-
structured with respect to the classical skyrmion profile
was observed. Averaging over such measurements leads
to a uniform magnetization. To amplify the contribution
of one particular coherent state it is necessary to perform
the measurements by using the corresponding local bases
for each spin in the system. In principle, such a proce-
dure can be realized in quantum computing. In this case
one will get the basis state [000..0) or | 111 .. 1) with the
probability ~ 0.01, which can be considered as a finite
value in comparison with practically zero contribution of
that basis function in the global ¢ basis.

Below we will discuss a purely quantum mechanism
that allows to preselect a specific coherent state from
Eq. (7) before the measurements.

Comparison to the case of quantum
antiferromagnets

Previous studies®*3? aiming at detecting broken-
symmetries in quantum antiferromagnets with Anderson
towers are mainly based on the group-theoretical calcu-
lations that only allow one to identify the contributing
eigenstates by their symmetries. However, a combination
of these eigenstates taken with some amplitudes into a
concrete coherent wave function and exploring its prop-
erties by calculating different observables are beyond the
capabilities of the group-theoretical approach. Our pro-
tocol for constructing Anderson towers allows for the
direct numerical estimation of the contribution of indi-
vidual eigenstates to broken-symmetry wave functions,
which, to the best of our knowledge, was not done up
to date for quantum antiferromagnets. In this respect
we would like to cite the results of the paper® in which
an analytic expression for the tower decomposition coef-
ficients in the specific limit of the Bose-Hubbard model
parameters was derived. Based on this the authors have
shown that one can find a signature of a nematic order
when constructing the TOS for the quantum system be-
ing in the superfluid ground state of spin-1 bosons. Thus,
it is instructive to implement our approach to explore
canonical quantum antiferromagnets and compare them
to the case of the quantum skyrmion.

Fig. 7 visualises the contribution of the eigenstates
to the Anderson towers for quantum antiferromagnets
with only isotropic exchange interaction between nearest
neighbours

Harm = Z Jijgi . Sja 9)

ij

defined on the square and triangular supercells with peri-
odic boundary conditions. First, let us discuss the results
obtained for the case of the square lattice antiferromag-
net. If the directions of the magnetic moments in the
classical texture are collinear to the z axis, all the non-
zero contributions to the Anderson tower come from the
states with zero total spin (Fig. 7A). A non-monotonous
behaviour as the energy of the state increases represents
another peculiarity of the constructed tower. While the
largest weights |av,|? are provided by the excited states
belonging to the first and second eigenlevels, the ground
state gives about 20% of the coherent state. If the clas-
sical antiferromagnetic structure is along the y axis, as
shown in Fig. 7B, the distribution of the leading con-
tributions over spin sectors becomes completely delocal-
ized in comparison with the z axis case. Such a tower
is mainly built by the lowest energy states in each spin
sector. Basically, the obtained states structure agrees
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FIG. 7. Eigenspectra (black lines) and largest contribu-

tions to TOS (red lines) obtained for z-oriented AFM (A),
y-oriented AFM (B) and 120° AFM (C) orderings. The sim-
ulations were performed with 4x4 square (A and B) and 3x3
triangular (C) supercells. For the sake of the visualization the
eigenstates giving 1% or less contribution to the TOS are not
highlighted in red.

with the conventional picture of TOS%? for the Heisen-
berg model on a square lattice. However, we additionally
observe significant contributions from the excited states.
Such a deviation from the standard TOS scenario may
be explained by the small size of the simulated systems.

To examine whether these contributions of the excited
states to the TOS are a unique property of the square
lattice antiferromagnet, or they can also be revealed in
Heisenberg systems with different scheme of isotropic in-
teractions, we consider the spin model (9) on a triangular
lattice, for which the target coherent wave function cor-
responding to the classical order is assumed to be a 120°
antiferromagnetic state®®. According to calculations on a
36-site cluster, the ground state of the quantum Heisen-
berg Hamiltonian subjected to frustration on the triangu-

lar lattice has a very small order, if any, as follows from
the decay of the spin-spin correlation function at large
inter-spin distances®”. This frustration requires simulat-
ing quantum systems of large enough sizes in order to
perform an extrapolation of the system’s properties to
the thermodynamics limit. Advanced techniques such as
neural quantum state®® potentially allow for modelling
large quantum systems. However, they do not provide
the required accuracy in determining the ground and
the excited eigenstate energies of frustrated magnets®®,
which makes it inevitable to use exact diagonalization
methods.

Such fundamental limitations on the size of the frus-
trated systems encouraged an active use of the TOS con-
cept to explore the presence of magnetic order in the
triangular lattice Heisenberg antiferromagnet32:60-61  In
particular, as shown in Ref. [32], there is a whole set of
excited states which can constitute the tower of state.
Our numerical results presented in Fig. 7 C support this
symmetry-based conclusion. For the in-plane 120° Néel
ordering simulated with a 3x3 supercell the eigenspec-
tra resolved in total spin numbers is symmetrical. The
largest contributions of about 29% of the target coher-
ent wave function come from the ground eigenstates in
spin sectors with S, = +1 43, It is clearly seen from
Fig. 7C that the excited states of the same sectors pro-
vide non-negligible contributions from 5 to 19%.

Thus, one can define the eigenfunctions candidates
that build the TOS with group-theoretical consideration
or by using the gradient-descent approach we proposed
in this work. Importantly, our analysis of the quan-
tum skyrmions (Fig. 3) and quantum antiferromagnets
(Fig. 7) has demonstrated that the coherent state repre-
senting the particular classical configuration can be re-
constructed with only specific combination of the eigen-
states. However, in the thermodynamics limit, follow-
ing the original idea by Anderson, these states should
collapse to the highly degenerate ground state manifold,
which means that the quantum system in question can
be described by an arbitrary superposition of the consid-
ered wave functions. Thus, one faces a critical problem
that was not addressed in the previous works on TOS,
namely the mechanism responsible for the transforma-
tion of the random composition of the TOS eigenfunc-
tions onto their specific combination. In the next section
we will take a step forward and propose a concrete sce-
nario describing such a transformation using the devel-
oped gradient-descent protocol.

Loss function for decoherence

The tower of states analysis is a very important ap-
proach to detect the spectral structure for several scenar-
ios of symmetry breaking in the thermodynamics limit,
but it does not unveil all the details of such a transfor-
mation. To demonstrate this we have prepared 100 trial
wave functions Wi representing a random superposition



of the TOS eigenstates (the corresponding eigenlevels are
denoted with red in Fig. 7) for both, square and trian-
gular lattice quantum antiferromagnets. In other words,
this random wave function is given by the following ex-
pression:

k
Up(a) =) a, Ui, (10)
n=0

where «, are random complex coefficients. One can think
of constructing such random superpositions as a finite-
size supercell imitation of the thermodynamics limit in
which these TOS eigenstates should form a degenerate
ground state manifold, which means that the quantum
system can be found in an arbitrary combination of such
eigenfunctions. For the square lattice quantum antifer-
romagnet we consider the case where all the TOS lev-
els are concentrated in S7, =0 sector (Fig. 7A). The
eigenstates used to construct Wy for the triangular lattice
Heisenberg model are collected from different spin sectors
(Fig. 7C). Magnetization textures obtained as a result of
projective measurements of such random superpositions
(TRr) are presented in Figs. 8 A and D. Triangular pla-
quette Heisenberg antiferromagnets are characterized by
non-uniform magnetization profiles (S?) (Fig. 8 A) with
small random (S7) and (SY) components fluctuating from
sample to sample. In turn, one can recognize an anti-
ferromagnetic pattern in the case of the square lattice.
However, the observed lengths of the magnetic moments
are negligibly small compared to what one would expect
for a classical configuration. These results raise an im-
portant question about the connection between Ui and
the coherent antiferromagnetic states Wyge1, which was
not discussed in the previous works concerning the TOS,
but at the same time it would be a demonstration of the
internal consistency of the whole TOS theory no more no
less.

Since the main focus in our work is on the recon-
struction of the classical magnetic structures, it is im-
portant to discuss details of building random skyrmionic
TOS and compare them with coherent skyrmion wave
function. As shown above, the eigenspectrum of the
skyrmionic Hamiltonian (4) is characterized by 19 low-
lying eigenstates that compose 4 eigenlevels and are well
separated by the sizable energy gap from the rest of the
spectrum. Exact diagonalization calculations (see the
Methods section) show that the energy gap varies from
0.2 to 0.7 in units of DMI within the skyrmionic phase.
Comparing this to the energy width of the set of 19 low-
lying states that is about 0.03 in units of DMI, one can
consider these eigenstates to be nearly degenerate. The
low-temperature physics of the quantum skyrmion sys-
tem can be described with a random superposition of
only the 19 low-lying eigenstates. Following the antifer-
romagnets consideration we have generated 100 different
such superpositions and measured their scalar chirality.
Remarkably, in all the cases, the total chirality (6) cal-
culated for W has the value of 0.51, which was also
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FIG. 8. Searching for pointer states. Examples of magnetic
structures corresponding to the different realizations of the
random state Wi generated with TOS eigenfunctions in the
case of square-lattice (A) and triangular-lattice (D) Heisen-
berg models as well as for quantum skyrmion (G). (B, E, H)
Loss functions describing the decrease of the entanglement
in the system in question due to decoherence. The insets
show the evolution of the magnetic structures during the op-
timization. (C. F. I) Examples of pointer states - classical
configurations that are preselected by the decoherence and
revealed in the quantum state measurements. Histograms de-
note the percentage of realization of a certain pointer state in
100 independent numerical experiments for each spin model.

found for the ground state of the same Hamiltonian7.

At the same time, the generated ensembles of Uy in the
case of skyrmions are characterized by featureless mag-
netization textures (Fig. 8 G) fluctuating from sample to
sample, which is similar to antiferromagnets. It con-
tradict the results of real-space magnetization imaging
experiments, such as spin-polarized scanning tunneling
microscopy®?%? and Lorentz transmission electron mi-
croscopy®® experiments in which one routinely observes
reproducible skyrmionic vortex-like profiles.

Thus, we arrive at the famous problem of the transi-
tion from the quantum realm characterized by a super-
position of alternatives (outcomes) to the classical real-
ity with a single outcome, which haunts researchers since
the very foundation of quantum mechanics'®64:6%, How-
ever, the quantum-classical transition we deal with in this
work is a specific one. The performed numerical experi-
ments on measurements of the magnetization density in
skyrmionic systems and antiferromagnets unequivocally



testify that there should be an additional transforma-
tion of the system’s wave function before the measure-
ment, which would give a classical spin configuration as
an outcome of the measurement. Now, we have to es-
tablish the relation of the TOS approach to the decoher-
ence program!'?17. First of all, according to the deco-
herence theory, macroscopic systems are never isolated
from their environments, which automatically makes the
TOS approach, which predicts the properties of an iso-
lated quantum system in the thermodynamic limit, in-
complete without taking into account the influence of the
environment. The decoherence leads to the environment-
induced superselection of states (pointer states), which
remain stable in the presence of the environment. The
environment has a little effect on the pointer states, since
they are already classical. Thus, following this definition,
we would like to stress that the coherent (target) wave
functions corresponding to the classical skyrmionic or an-
tiferromagnetic textures we reconstruct within the TOS
framework can be associated to such pointer states in-
troduced in the decoherence theory. For simpler model
situations, the transition from quantum singlet state to
classical Néel state under the effect of the environment
was studied in Refs. [66] and [67].

In general, the search for the pointer states can be real-
ized within the following scheme. First, one has to define
a general density matrix pse that describes an entangled
superposition of the quantum system in question (S) and
the environment (£). Then, it is necessary to compute
the reduced density matrix for the quantum system by
tracing the environmental part out: ps = Trepse. All
possible states of the system will be involved in ps de-
fined as a function of time. Thus, minimizing von Neu-
mann entropy for ps(t) allows one to detect the pointer
states. However, having introduced an environment one
should make some assumption on its properties, which
leads to the loss of generality of the performed analysis.
Besides, from the numerical point of view a simulation of
the environment to detect the pointer states looks some-
how unrealistic since it should be characterized by an
exponentially larger number of degrees of freedom than
those describing the investigated quantum system itself.

Fortunately, the wave functions we consider within the
TOS theory to describe quantum antiferromagnets and
skyrmions contain pointer states by construction. Thus,
the influence of the environment on the quantum system
can be considered as an optimization of Uy as a function
of o towards a coherent (pointer) state. Importantly, the
environment could be taken into account on the level of
a loss function without explicitly introducing it into the
model. The discussion above on the decoherence theory
makes the choice of the loss function obvious:

Edecoh(a) = —TrpA(a) log, PA(Q), (11)

where pa (a) = Trppap () is the reduced density matrix
for a half-system biparition into parts A and B. This
loss function is nothing but von Neumann entanglement
entropy.
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FIG. 9.  Comparison of the optimization results obtained
with different number of spins in the subsystem A, Eq.11
used to extract information on entanglement of the system
in question. In the upper panel, the spin clusters used for
the definition of the reduced density matrix pa in the opti-
mization procedure Eq.11 are highlighted. The bottom panel
gives examples of the resulting skyrmionic structures induced
by the minimization of the entanglement entropy defined for
the corresponding clusters.

The use of such loss function for optimizing ¥y al-
lows us to describe the decrease of the uncertainty
due to the contact of the quantum state with the en-
vironment. Some examples of the evolution of ran-
dom states Ur describing quantum antiferromagnets and
skyrmions within gradient-descent procedure are pre-
sented in Figs. 8 B,E and H. Depending on the initial
random combination of the TOS eigenfunctions different
alternatives of the classical outcome can be realized. In
the case of the square lattice Heisenberg antiferromag-
net the symmetry of the TOS eigenstates allows for the
formation only one type of pointer state that is the 180°
Néel configuration (Fig. 8 C). At the same time there
are two alternatives allowed by the symmetry of trian-
gular lattice Heisenberg model, namely 120° Néel and
collinear stripe phases (Fig. 8 F). The latter is charac-
terized by the larger energy than the former one for the
considered spin Hamiltonian (9). However, the account-
ing for the next-nearest-neighbour exchange interactions
in the model Hamiltonian is known to change the balance

between these classical configurations®s.

The period of the antiferromagnetic structures is
shorter than that of the skyrmion one. The square
4x4 and triangular 3x3 supercells we used can be safely
divided into smaller fragments (clusters) locally repro-
ducing the corresponding antiferromagnetic configura-
tion between nearest spins. It means that the reduced
density matrix is defined on the system’s fragment that
is expected to contain complete information on the mag-
netic configuration stabilized in the classical case. For the
quantum skyrmion system the situation is more compli-
cated. 19-site plaquette can host only one skyrmion*”.
It means that the subsystem A of 9 sites for which we
calculate pa covers roughly a half of the skyrmion in the
classical case. Judging by the fact that the optimization
of entanglement entropy calculated for the local fragment
of the quantum system restores the classical skyrmionic



structure, one can conclude that the corresponding re-
duced density matrix compresses a complete information
on this three-dimensional topological texture.

To elaborate on this point and to probe the limit of
such quantum compression of the classical information we
performed the quantum-classical optimization described
in Eq. (11) by choosing subsystems of different shapes
and different number of spins involved into reduced den-
sity matrix. It follows from Fig. 9 that the symmetry
and size of the subsystem used to probe the entangle-
ment strongly affect the quality of the resulting classical
state. Nevertheless, even the single-site entropy contains
enough information to get recognisable skyrmionic pat-
tern, albeit with some symmetry distortion.

The survival of the most robust, that is, pointer states
in an environment was called by Zurek “quantum Dar-
winism”17. It is worth to mention that the word “Dar-
winism” when discussing optimization problem means
probably much more than just a bright analogy. For-
mal correspondence between Darwinian evolution, op-
timization problem in machine learning, and statistical
mechanics was recently discussed in Refs. [69] and [70],
the loss function corresponds to (minus) the logarithm of
fitness in evolutionary biology and to the free energy in
statistics.

DISCUSSIONS

The catalog of the topologically-protected classical
magnetic quasiparticles found in real or model sys-
tems is already quite extensive and is constantly sup-
plemented. It includes different types of two-"%"? and
three-dimensional skyrmions™ ", and related spin tex-
tures”™. One could expect that in the quantum case the
list of skyrmionic structures would be much richer and
more diverse. It simply follows from the fact that all
the classical skyrmionic species we already know could
be potentially reproduced with quantum mechanics and
then on this basis various entangled superposition of dif-
ferent coherent skyrmionic wave functions can be cre-
ated. For instance, one can formally initialize a superpo-
sition of Bloch and Néel skyrmions, which is impossible
in the classical case. Practical realization of such manip-
ulations with topologically-protected spin textures are in
demand for creating novel quantum technologies”™ and
ultimately requires to establish a direct conformity be-
tween the state of a quantum system and topologically-
protected classical order.

In our work, we have revealed and explored such a way
to connect quantum and classical skyrmion systems by
means of the combination of the Anderson tower of states
and decoherence theory. It is unambiguously shown that
classical non-collinear configuration of spins with non-
zero chirality can be reconstructed with the set of a few
low-lying excited eigenstates of the quantum Hamilto-
nian containing isotropic and anisotropic exchange in-
teractions. Importantly, the same quantum model can
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be used for imitating topological magnetization patterns
stabilized with various microscopic mechanisms includ-
ing frustration of isotropic exchange interactions’”, high-
order spin couplings®® and others, which proves the ver-
satility of the proposed approach. Having performed a
cross analysis of classical and quantum towers we have
shown how highly entangled quantum skyrmion wave
function can be represented as a superposition of trivial
coherent states corresponding to the concrete skyrmion
configuration of the classical spins. In turn, the imitation
of the decoherence due to the contact with environment
by using a gradient-descent approach uncovers the evo-
lution of the constructed tower of quantum states and
reveals the transition of the highly-entangled quantum
skyrmion to a set of pointer states, trivial wave functions
with zero entanglement entropy corresponding to the par-
ticular classical skyrmions. This defines the mechanism
through which one can observe a classical skyrmion in a
system which is a priori quantum.

Among the research directions that can be initiated
by using our results we would like to discuss those re-
lated to machine learning that plays a crucial role in
solving different real-world problems such as classifica-
tion, recognition, translation, optimization and others.
The gradient-descent method we used for constructing
Anderson’s tower of states is one of the main workhorses
in machine learning. Constructing Anderson towers of
states is similar to learning in a sense that a tower of
entangled quantum states is optimized to reproduce dif-
ferent coherent wave functions with fidelity as high as
possible. And the results of such a learning can be used
for the phase classification problem in the case of non-
collinear topological structures. More specifically, as fol-
lows from Fig. 5 one can distinguish the spin spiral and
skyrmion phases by the decomposition of the weight pro-
files of the towers. In general, performing phase classifi-
cation in the case of non-collinear magnets is supposed
to be a hard problem that can be solved by inventing or-
der parameters or other means including machine learn-
ing”™ 81, Our results suggest a distinct way for phase
classification through Anderson towers.

In the proposed realization of the Anderson idea on
tower of states one can find a motif of the generative
machine learning®?, one of the goals of which is to gen-
erate new reliable content (images, videos). Instead of
explicitly specifying a target state, we can describe its
required properties using an appropriate loss function.
Importantly, such properties can be related not only to
some physical observables (magnetization and spin-spin
correlation functions), but also to pure theoretical physi-
cal quantities such as Shannon entropy. It opens the way
to constructing different classical states as well as various
quantum-classical hybrid wave functions characterized by
non-zero entanglement and specific magnetization pat-
terns. The demonstrated reconstruction of pointer state
from the tower of states by just minimising the entan-
glement entropy in that subspace could have interesting
applications in identifying the order in systems where one



knows that there is a phase transition but has no clue as
to what the order could be (a problem known as hid-
den order): from the low energy states, one could try to
determine the linear combinations with lowest entangle-
ment and see if some kind of classical order appears in
the resulting state.

At present, interest in the harmonization of quantum
and classical considerations of the same matter is also as-
sociated with the fast development of quantum technolo-
gies, including quantum computations,®® quantum com-
munications®*, quantum machine learning®® and others.
It means that different applied and practical problems
become involved. For instance, an extreme miniaturiza-
tion of classical computing devices makes inevitable the
influence of quantum effects on classical computational
resources. On the other hand, the creation of large-scale
quantum computers ultimately requires taking into con-
sideration the decoherence effects originating from the
connection of quantum computing core and classical en-
vironment. From the algorithm perspective the solution
of the real-world computational problems such as opti-
mization®S, search®', image processing®” and others also
aims for searching for efficient representations of classical
data for following quantum processing and, conversely,
converting results of quantum measurements into the ap-
propriate classical data format. Thus, we believe that
the proposed combination of the TOS and decoherence
theory can be employed to solve not only fundamental
problems in condensed matter physics as it was demon-
strated in this paper, but also more practical ones related
to the development of quantum technologies.

METHODS
Exact diagonalization

The eigenstates used for the calculation of the scalar
chirality and magnetization were obtained via an exact
diagonalization approach. For that purpose we used the
implicitly restarted Arnoldi algorithm as implemented in
ARPACK library. Such a solution allowed us to opti-
mize memory and CPU utilization due to CRS (Com-
pressed Row Storage) sparse matrix format®® used for
the representation of the Hamiltonian. The calculation
of scalar chirality as well as fidelity and local magneti-
zation was performed on GPU using CUDA framework
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and cuBLAS library. We also used the package for ex-
act diagonalization developed by Tom Westerhout®”. In
order to construct the TOS for 19-site supercell we cal-
culated 512 eigenstates using 2048 Arnoldi vectors for a
magnetic field B = 0.44. For the classical TOS shown
in 6(c) we also calculated 16 low-lying eigenstates in-
cluding the ground state using 64 Arnoldi vectors for a
magnetic field in the interval [0, 1] with steps AB = 0.02.
In the case of antiferromagnets we solved the eigenprob-
lem for each sector of the Hamiltonian separately. For
each spin sector of the triangular supercell we performed
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FIG. 10. Magnetic field dependence of the energy gap be-
tween th 19 low-lying eigenstates and the rest of the spectrum
as obtained in exact diagonalization calculations.

a full diagonalization whereas for the square lattice su-
percell we calculated 512 low-lying eigenvectors.

Fig.10 shows the main feature of the eigenspectrum of
the spin Hamiltonian, that is the energy gap between the
low-lying eigenfunctions and the rest.
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