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In this work we computed the phase diagram as a function of temperature and doping for a system of lead
adatoms allocated periodically on a silicon (111) surface. This Si(111):Pb material is characterized by a strong
and long-ranged Coulomb interaction, a relatively large value of the spin-orbit coupling, and a structural phase
transition that occurs at low temperature. In order to describe the collective electronic behavior in the system,
we perform many-body calculations consistently taking all these important features into account. We find that
charge- and spin-density wave orderings coexist with each other in several regions of the phase diagram. This
result is in agreement with the recent experimental observation of a chiral spin texture in the charge density
wave phase in this material. We also find that geometries of the charge and spin textures strongly depend on
the doping level. The formation of such a rich phase diagram in the Si(111):Pb material can be explained by a
combined effect of the lattice distortion and electronic correlations.

INTRODUCTION

Recent advances in scanning tunneling microscopy have
enabled an extensive control of single atoms placed on dif-
ferent surfaces [1–8]. These techniques paved the way
for creation and investigation of a new class of synthetic
two-dimensional materials constituted by atomic structures
allocated on top of different substrates, e.g., systems of
tin (Sn) and lead (Pb) adatoms disposed periodically on
silicon Si(111) [9–15], germanium Ge(111) [16–18], or
SiC(0001) [19] surfaces. The possibility of tuning the struc-
ture and the chemical composition in these two-dimensional
systems allows for a direct modification of properties in a sim-
ilar way to cold atoms or Moiré heterostructures as proposed
in Ref. [20]. As a consequence, they can be seen as a promis-
ing platform for simulating various quantum effects [21–23].

At the band structure level, depositing a monolayer of
group-IV atoms on a Si(111), Ge(111), or SiC(0001) sur-
face leads to the formation of a half-filled narrow band that
is well-separated from the bands of an insulating background.
On the one hand, this situation could allow for an applica-
tion of the most advanced theoretical many-body approaches
developed to date for model single-band systems (see, e.g.,
Refs. [24, 25]). On the other hand, these materials exhibit a
number of non-trivial features that make the solution of the
problem not straightforward. For instance, the wave function
of single-particle states is very extended, which results in a
strong and long-ranged Coulomb interaction [26, 27] that has
to be taken into account. Another important aspect that has
to be considered is the strong spin-orbit coupling (SOC) that
emerges in the case of heavy adsorbants (Sn, Pb, etc.) [28].

The interplay between collective excitations and structural
effects has been extensively investigated using a combination
of experimental and theoretical methods in two-dimensional
materials [29–32]. However, until recently, the theoretical in-
vestigation of these surface nanostructures was mostly dedi-
cated to the description of the metal-insulator transitions ob-
served in scanning tunneling spectroscopy and photoemission
spectroscopy experiments [14, 27, 33]. Much less attention
has been paid to collective electronic effects and, in partic-
ular, to magnetic properties, and the obtained results were
controversial [34]. First-principles simulations using density
functional theory predicted an antiferromagnetic ground state
for the Si(111):Sn material [35]. On the other hand, it has
been shown that taking into account more distant hopping pro-
cesses instead stabilises a row-wise collinear order [36]. It
should also be noted, that both these calculations were per-
formed without considering the effect of SOC, which may
substantially affect the magnetic state. Unfortunately, there
is still no direct experimental confirmation of which magnetic
ordering is actually realised in the material.

Theoretically, the phase diagram of Pb adatoms deposited
on a Si(111) surface is one of the most poorly-understood fea-
tures in this class of compounds. Similarly to the Si(111):Sn
material, the Bravais lattice of the Pb adatom system is ro-
tated by 30◦ with respect to the substrate. A known peculiar-
ity of the triangular lattice is a high degree of frustration that
can lead to a non-trivial competition between different order-
ing phenomena. In addition, Si(111):Pb displays very strong
on-site and spatial electron-electron interactions [27], which
makes the system an ideal candidate to study charge and spin
fluctuations. Finally, one would also expect noticeable effects
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related to the SOC, since the Pb adatoms have a sufficiently
large atomic number [28]. In particular, the SOC results in
a splitting of the Fermi surface, which can be observed ex-
perimentally in the quasiparticle interference pattern. Ad-
ditionally, the SOC gives rise to the magnetic Dzyaloshin-
skii–Moriya interaction, which, in turn, can lead to the for-
mation of chiral spin textures with non-commensurate order-
ing vectors [28]. Previous calculations on the phases of this
system made use of methods unable to properly account for
the short and long-range correlations appearing in this sys-
tem, such as DFT [15], Hartree-Fock [28] and cluster meth-
ods [37], or approaches that do not include magnetic fluctu-
ations [26]. Notably, DFT predicts a metallic behavior [15],
whereas more correlated methods converge to a Mott insulat-
ing behavior [26, 28].

Experimentally, it was observed that the Si(111):Pb sys-
tem indeed shows a non-trivial behavior related to the above-
mentioned features. Several different arrangements of the
atoms on the surface were identified, namely a

√
3 ×
√

3 phase
with respect to the underlying Si surface, a 3 × 3 phase, and
a
√

7 ×
√

3 phase. Recent findings indicate the presence of su-
perconductivity in the

√
7 ×
√

3 at low temperatures [38, 39] as
well as chiral superconductivity in the Si(111):Sn system [40].
Unknown superconductive phases could appear also in other
surface reconstructions of Si(111):Pb, likely coexisting with
magnetic phases or CDW. The lattice distortion would likely
play a crucial role as well. Due to the similarities with
Si(111):Sn, we would expect the chirality to be still present.
In addition to that, the strong spin-orbit coupling could even
lead to more exotic forms of superconductivity [41].

There exists a compelling evidence that the system with 1/3
coverage exhibits a structural transition to a 3 × 3 charge den-
sity wave (CDW) phase at a temperature of 86 K [42–44]. It
is still a matter of on-going research to understand whether
this transition has to be attributed to a Peierls-like mecha-
nism, an intrinsic asymmetry induced by the interaction with
the substrate, or to strong electronic correlations, as claimed
in Ref. [37]. Remarkably, a similar transition takes place in
Ge(111):Pb and Ge(111):Sn [16, 45], but not in the Si(111):Sn
compound. In addition, by using scanning tunnelling mi-
croscopy (STM) it has been found that the quasi-particle in-
terference patterns are influenced by the strong value of the
SOC giving rise to a chiral spin structure at low temperatures
inside the CDW phase [15, 37].

The experimental study of the low-temperature 3 × 3 phase
of Si(111):Pb is technically non-trivial [44]. This phase is
difficult to grow as an extended phase limiting the experimen-
tal probes that can be used. For this reason, the investiga-
tion of this system has so far been limited to STM experi-
ments. In order to perform STM measurements, it is nec-
essary to induce a finite conductance in the system. To this
aim, slightly doped substrates have to be used [15, 37]. De-
pending on the doping level of the substrate, adatoms can ex-
ert an attractive or repulsive force on the impurities in the
bulk, that can strongly affect the doping level of the surface
band [46, 47]. As a consequence, the use of Si substrates with

strong electron-doping [48] or hole-doping [49] can induce a
significant doping on the surface states. Additional data with
accurate experimental control over doping conditions would
be crucial to shed a light on the observed phases, since the
doping in the system may strongly affect collective electronic
effects and related phases. The effect of doping could also
explain a crucial difference between theoretical results and
experiments. Calculations with correlated theories predict a
Mott insulating behavior, while the measured STM spectrum
is metallic [15, 37]. This apparent contradiction may be ex-
plained by noting that in a Mott insulator an arbitrarily small
doping level can induce a metallic behavior. For this reason,
a careful investigation of the temperature vs doping phase di-
agram is absolutely necessary to explain the experimentally
observed effects in Si(111):Pb.

In this work, we use advanced many-body techniques to
analyse collective electronic effects in Si(111):Pb as a func-
tion of temperature and doping. We find a very rich phase dia-
gram comprising charge- and spin-density wave phases char-
acterised by different ordering vectors. By comparing results
for the

√
3 ×
√

3 and 3 × 3 structures, we find that different
CDW orderings can originate from either a structural tran-
sition due to an asymmetric interaction of adatoms with the
substrate, or from strong electronic correlations depending on
the doping level. Further, we observe that the spin ordering in
the system also depends on the doping. These results illustrate
that varying the doping level in the Si(111):Pb material repre-
sents an efficient way of switching between different CDW
and magnetic phases. In addition, we argue that a simultane-
ous detection of the charge- and spin-density orderings in an
experiment can help to understand in which part of the com-
plex temperature vs doping phase diagram the measured sys-
tem is located.

a) Pb Si b)

H3a

3b

FIG. 1. (a) Top view of the Si(111):Pb surface reconstruction. Shown
is one 3 × 3 unit cell. (b) Side view of the slab geometry adopted
in the DFT structural relaxations consisting of 1/3 monolayer of Pb
adatoms on top of three Si bi-layers, bottom terminated by hydro-
gen capping. The uniform distance between the Pb adatoms and the
substrate corresponds to a high-temperature

√
3 ×
√

3 phase. In the
low-temperature 3 × 3 reconstruction the Pb adatoms form a “1-up-
2-down” configuration with respect to the substrate.
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RESULTS

Model. According to density functional theory (DFT)
calculations, the Si(111):Pb system with 1/3 coverage in the
high-temperature

√
3 ×
√

3 phase (Fig. 1) exhibits a narrow
half-filled band at the Fermi level, well separated from the
rest of the bands [26–28]. In the maximally localized Wan-
nier basis, this band has a pz character, and the correspond-
ing Wannier orbitals are centered at the Pb adatom sites. We
thus employ the following single-band interacting electronic
model derived from the first principle DFT calculations:

Ĥ =
∑

i j, σσ′
c†iσ
(
ti j δσσ′ + iγi j · σσσ′

)
c jσ′ +

∑
i

∆ini

+ U
∑

i

ni↑ni↓ +
1
2

∑
i, j,

Vi j ni n j +
1
2

∑
i, j

Ji j Si · S j . (1)

In this expression, c(†)
iσ corresponds to an annihilation (cre-

ation) operator for an electron on the lattice site i with the spin
projection σ ∈ {↑, ↓}. ti j corresponds to the hopping amplitude
between i and j lattice sites, while ∆i indicates the local on-
site potentials. The considered Hamiltonian accounts for the
SOC in the Rashba form [50, 51] of a spin-dependent imag-
inary hopping γi j = γ|i− j|

(
r̂i j × ẑ

)
. The Coulomb interaction

between electronic densities ni =
∑
σ niσ, where niσ = c†iσciσ,

is explicitly divided into the local U and the non-local Vi j

parts. Ji j represents the direct ferromagnetic exchange inter-
action between the magnetic densities Si =

∑
σσ′ c†iσσσσ′ciσ′ ,

where σ = {σx, σy, σz} is a vector of Pauli matrices.
In momentum-space, one can write the Fourier transform

of the hopping amplitudes as εσσ
′

k,ll′ = tk,ll′δσσ′ + i γ⃗k,ll′ · σ⃗σσ′

with l(′) labeling nonequivalent lattice sites within the unit
cell. Further, we focus on the two distinct structures of the
Si(111):Pb material. In the high-temperature

√
3 ×
√

3 struc-
ture the Pb adatoms form a triangular lattice with identical
lattice sites, so we set l = l′. Upon decreasing the temperature,
the system undergoes a structural transition, which results in
a 3 × 3 reconstruction of the adatoms. The resulting structure
has the form of an effective triangular lattice, but the unit cell
contains three Pb atoms. Lattice relaxations within the gener-
alized gradient approximation (GGA) and experiments show
that these three Pb atoms display a corrugated “1-up-2-down”
configuration with respect to a flat surface [42–44]. We find
that a local potential ∆l with l ∈ {1, 2, 3} is sufficient to de-
scribe the position of non-equivalent sites within the unit cell.
This potential is set to zero in the

√
3 ×
√

3 structure, while
it is non-zero in the 3 × 3 structure because of the substrate-
induced deformation, which corresponds to a static electron-
phonon interaction [18]. In this regard, the high-temperature√

3 ×
√

3 phase can be seen as a time-averaged 3 × 3 structure,
due to dynamical fluctuations of the adatom height [52, 53].
The values of all model parameters and details of the DFT
calculations are given in the Methods section.

Detection of collective electronic instabilities. Instabil-
ities related to collective electronic fluctuations in the charge

(c) and spin (s) channels can be detected via the momentum-
dependent static structure factor (see, e.g., Refs. [54–56])

S c/s(q) =
∑

ll′
e−iq·(Rl−Rl′ )Xc/s

ll′ (q, ω = 0) , (2)

where the vector Rl depicts the position of the atom l within
the unit cell. In the high-temperature

√
3 ×
√

3 phase, where
l = l′, the static structure factor coincides with the static sus-
ceptibility Xc/s(q, ω = 0) obtained at zero frequency ω. The
divergence of the structure factor at momenta q = Q indi-
cates a transition to a symmetry-broken ordered state asso-
ciated with Bragg peaks at Q. Transitions without symmetry-
breaking, such as the metal to Mott insulator phase transition,
can be observed by inspecting the spectral function. In this
work, the introduced many-body problem (1) is solved us-
ing the dual triply irreducible local expansion (D-TRILEX)
method [57–59]. This method provides a consistent treat-
ment of the local correlation effects and the non-local col-
lective electronic fluctuations in the charge and spin chan-
nels [60–63]. Importantly, D-TRILEX is also able to ac-
count for the long-range Coulomb interaction [61] and the
SOC [59], which are the two important aspects of the con-
sidered material. More details on the many-body calculations
are provided in the Methods section.

Phase diagram for the
√

3 ×
√

3 structure. The phase di-
agram for the Si(111):Pb material in the

√
3 ×
√

3 structure

FIG. 2. Phase diagram for Si(111):Pb in the
√

3 ×
√

3 structure. Dif-
ferent phases as a function of doping δ and temperature T are high-
lighted by colors (color code in the legend). Calculations have been
performed by fixing the temperature and conducting a scan over dop-
ing levels on a finite grid, which defines the error bars. Positive
(negative) values of δ correspond to electron (hole) doping. The
horizontal dashed black line depicts the temperature T = 86 K at
which the material exhibits a structural phase transition according
to Refs. [42, 43]. The vertical line that divides the magnetic phases
below the transition points is only meant as a guide to the eye, since
we are not able to distinguish between the two different phases in
symmetry-broken regime.
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a) b)

FIG. 3. The static charge structure factor S c(q). The result is ob-
tained close to the CDW transition points δ = −7%, T = 25 K (a)
and δ = 10%, T = 67 K (b). In the hole-doped case, the Bragg peaks
in the structure factor appear at the Q = K points of the BZ indicating
the tripartite CDW ordering. In the electron-doped case, the ordering
vector Q = M corresponds to the row-wise CDW instability.

is shown in Fig. 2 as a function of doping level δ and tem-
perature T . In the considered system, the value of the local
Coulomb interaction is approximately 3 times larger than the
electronic bandwidth [27, 28]. As a consequence, at high tem-
perature the half-filled system lies deep in the Mott insulat-
ing phase (black line at δ = 0%). A small amount of hole-
or electron-doping causes a phase transition to a Fermi liquid
regime (gray area). For this reason, the electronic behavior
in doped Si(111):Pb is a characteristic manifestation of the
physics of a doped Mott insulator.

Upon solving the many-body problem (1) we identify sev-
eral different spin density wave (SDW) and CDW orderings at
different values of doping, as illustrated in Fig. 2. Since these
phases are realized for a non-integer filling of electrons, they
are likely metallic. However, we cannot confirm this in our
actual calculations because our method does not allow us to
perform calculations inside phases induced by dynamic sym-
metry breaking. Specifically, around half-filling we observe
a CDW ordering (orange area around δ = 0%) characterised
by the divergence of the static charge structure factor at the
Q = K point of the Brillouin zone (BZ). This ordering is anal-
ogous to the 120◦-Néel phase of the Heisenberg model on a
triangular lattice with three inequivalent sites in the unit cell
(see, e.g., Ref. 64). For this reason, hereinafter we call this
type of ordering a “tripartite CDW”. Importantly, we find that
this instability does not appear if instead of the full long-range
Coulomb potential Vi j one considers the interaction only be-
tween nearest-neighbour lattice sites. In the presence of only
local interactions, the Mott phase and a CDW would be mu-
tually exclusive. Here, we note that the effective long-range
interaction is enhanced by correlations as the temperature is
reduced, while the local interaction barely depends on tem-
perature. We would also like to note that competing tripartite
CDW and Mott phases have been observed experimentally in
the other adatom system Ge(111):Sn [65].

Additionally, we identify two other CDW phase transitions
at dopings around δ = ±10%. These instabilities appear to be
weakly temperature-dependent and approximately symmetric
with respect to half-filling. At hole doping, the CDW order-
ing vector remains Q = K (orange area), as in the half-filled
case. However, in the electron-doped regime the divergence

a) b)

c) d)

FIG. 4. The static spin structure factor S s(q). The results are ob-
tained with (left column) and without (right column) SOC, respec-
tively. The upper row corresponds to the half-filling δ = 0%, the
bottom row to δ = 7.4% electron doping. The chosen tempera-
ture, T = 67 K, is close to the SDW transition. Without SOC, the
Bragg peaks in S s(q) indicate the row-wise (b) and the Néel (d) mag-
netic structures. Taking into account the SOC, the Bragg peaks in
both cases shift to incommensurate positions with chiral-M (a) and
chiral-K (c) SDW orderings.

of the static charge structure factor occurs at the Q = M point
of the BZ, which can be associated with a “row-wise CDW”
ordering (red area). One can speculate, that this ordering
might be related to the isoelectronic mosaic phase observed in
Si(111):Pb [66] or to the intermediate stripe-like order in the
alkali doped Si(111):Sn surface [67]. However, a direct obser-
vation of the row-wise CDW phase in Si(111):Pb has not been
performed yet. The momentum-resolved static charge struc-
ture factors obtained close to both these CDW instabilities are
shown in Fig. 3, where the Bragg peaks clearly indicate the
corresponding ordering vectors.

In addition to the CDW instabilities, we also observe mag-
netic structures with different ordering vectors depending on
the doping level (cyan and blue areas in Fig. 2). Around half-
filling, we observe a SDW characterized by Bragg peaks in
the static spin structure factor that lie at an incommensurate
point Q ≃ 2

3 M of the BZ (Fig. 4 a). At δ ≳ 2% of electron-
doping the SDW ordering vector changes, and the peaks shift
to another incommensurate position Q ≃ 3

4 K (Fig. 4 c). The
appearance of the Bragg peaks at incommensurate points of
the BZ signals the formation of a chiral magnetic order that
can be viewed as a superposition of spin spirals. According to
the position of the Bragg peaks, we call these magnetic struc-
tures “chiral-M” (cyan area) and “chiral-K” (blue area) SDW,
respectively. The presence of the chiral magnetic orderings in
Si(111):Pb suggests that this material might be a suitable can-
didate for the realization of skyrmionic phases that can possi-
bly be stabilized under an external magnetic field [28].

Remarkably, the obtained chiral SDW structures partially
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coexist with the CDW orderings. In the considered Si(111):Pb
material such coexistence was recently observed by means of
STM measurements [15], but an estimate of the doping level
in the system was not provided, presumably due to difficulties
in the determination of the effective doping. Remarkably, we
find that the chiral-M SDW structure coexists only with the
tripartite CDW ordering, which appears around half-filling.
Instead, the row-wise CDW ordering coexists only with the
chiral-K SDW at a relatively large electron doping. This ob-
servation suggests a simple way for a qualitative estimation
of the doping level in the experimentally measured material,
which is difficult to probe directly (see Refs. [46, 47] and re-
lated supplemental materials for discussion).

We have made a very crude estimation of the doping level
by calculating the area of the Fermi surface that can be de-
duced from the STM map shown in Ref. [15]. The obtained
result is compatible with up to ≃ 11% electron-doping, which
coincides with the region of coexisting chiral-K SDW and
row-wise CDW orderings. This result appears to be consis-
tent with use of an electron-doped substrate [48].

Effect of the SOC. We observe, that the large SOC,
which is an intrinsic feature of Si(111):Pb, manifests itself in
the magnetic properties of the material. In particular, the ef-
fect of the SOC can be seen in the spin structure factors shown
in Fig. 4. As we have shown above, the SOC results in the
formation of the chiral-M (a) and chiral-K (c) SDW orderings
in the system. Instead, if the SOC is not taken into account,
the Bragg peaks in the static spin structure factor calculated
close to the SDW phase transitions appear at the Q = M (b)
and Q = K (d) points of the BZ. These instabilities correspond
to commensurate row-wise and Néel magnetic structures, re-
spectively. Remarkably, despite the shift of the peaks in the
BZ and the consequent change of the ordering of the system,
we find that the position of the phase boundaries is not affected
by the SOC (up to the error bars of our calculations), similarly
to what has been found in Ref. 68 for a square lattice. Based
on this result, one can argue that the phase boundaries in the
considered system can be obtained correctly without taking
into account the SOC. However, considering the SOC is abso-
lutely necessary for an accurate determination of the ordering
vectors.

Effective Heisenberg model. The observed changes in
the spin structure factor as a function of doping level can
be explained by analyzing the exchange interactions [69–
71]. These quantities are accessible in D-TRILEX calcula-
tions [59]. To this aim, we consider the following effective
Heisenberg-like classical spin Hamiltonian with bilinear mag-
netic exchange interactions:

H = J
∑
⟨i j⟩

Si · S j + J′
∑
⟨⟨i j⟩⟩

Si · S j + D
∑
⟨i j⟩

z ·
(
Si × S j

)
. (3)

In this expression, J and J′ are the nearest-neighbor ⟨i j⟩
and the next-nearest-neighbor ⟨⟨i j⟩⟩ exchange interactions, re-
spectively. D is the nearest-neighbor Dzyaloshinskii–Moriya
interaction (DMI), which appears due to the SOC. We have
also calculated the symmetric anisotropy, but we omit it for

FIG. 5. Magnetic exchange interactions as a function of doping. The
orange line depicts the value of the nearest-neighbor Dzyaloshin-
skii–Moriya interaction D/J. The blue line corresponds to the next-
nearest-neighbor exchange interaction J′/J. Both quantities are nor-
malized by the value of the nearest-neighbor exchange J. The results
are obtained at T = 50 K. The black hexagon and the black dot rep-
resent the values of D/J and J′/J obtained at half-filling in Ref. [28]
using the strong-coupling approximation. The vertical dashed black
line at δ = 1.8% indicates the transition from the chiral-M to the
chiral-K phases according to our calculations. The horizontal dashed
line at J′/J = 0.12 represents the prediction for the M to K transition
in the J-J′ Heisenberg model obtained from Monte Carlo calcula-
tions in Ref. 72.

simplicity as it hardly affects the following considerations.
The value of its only non-zero component is Γyy ≈ 0.5D in
the whole range of δ considered here.

Fig. 5 shows the evolution of J′ and D, normalized by the
value of J, as a function of doping. Remarkably, we find that
the magnitude of D in Si(111):Pb is of the order of the nearest-
neighbor exchange interaction J, which is very unusual for
magnetic systems. Moreover, D and J even become equal
in the electron-doped case. At half-filling the value of D/J
coincides with the one obtained in Ref. [28] using the strong-
coupling approximation. This fact confirms that the half-filled
Si(111):Pb material lies in the strong-coupling regime. Fur-
ther, we observe that the ratio D/J has an approximately lin-
ear dependence on doping with different slopes in the hole-
and electron-doped regimes. In the hole-doped case, D/J
substantially decreases upon increasing the doping. Instead,
in the electron-doped regime, D/J slowly increases with in-
creasing δ. This behavior explains the formation of the chi-
ral SDW orderings in the regime of doping levels δ ≳ −7%,
where DMI is strong enough (D/J ≳ 0.4) to be able to shift
the Bragg peaks from a commensurate to an incommensurate
position, as shown in Fig. 4.

While DMI is responsible for the formation of chiral spin
structures, the change in the ratio J′/J with doping explains
the transformation of the magnetic ordering from the M- to
the K-type, as observed in our calculations. The magnitude of
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FIG. 6. Phase diagram for Si(111):Pb in the 3 × 3 reconstruction.
Different phases that appear in the system as a function of the doping
δ and temperature T are highlighted in color. The color code can
be found in the legend. Calculations have been performed by fixing
T and conducting a scan over doping levels on a finite grid, which
defines the error bars. The vertical line dividing the magnetic phases
below the transition points are only meant as a guide to the eye.

J′ is rather small compared to J and D, but it is not negligi-
ble. In addition, we find that the actual value of the more dis-
tant, next-nearest-neighbor exchange interaction J′ is substan-
tially larger than the one predicted by a strong-coupling esti-
mate [28]. An important feature is that the ratio J′/J is nearly
constant in the hole-doped regime, while in the electron-doped
case it substantially decreases and even changes sign. We at-
tribute this variation of J′/J to the shift of the Bragg peaks
in the spin structural factor from M to K, which is consis-
tent with Monte Carlo calculations for the J-J′ Heisenberg
model on a triangular lattice performed in Ref. [72]. It has
been shown there, that the transition from a row-wise (Q = M)
to a Néel (Q = K) magnetic order occurs for J′/J ≃ 0.12. As
shown in Fig. 5, this result coincides with our estimate for
the transition point between the chiral-M to chiral-K SDW
orderings. In this figure, the horizontal dashed black line de-
picts the J′/J = 0.12 value, and the vertical dashed black line
marks the mean-point between the closest doing levels that
correspond to chiral-M and chiral-K SDW orderings.

Phase diagram for the 3 × 3 reconstruction. At low
temperature, Si(111):Pb undergoes a structural phase tran-
sition from

√
3 ×
√

3 to 3 × 3 periodicity. The 3 × 3 recon-
struction exhibits a 1-up-2-down configuration of Pb adatoms,
as confirmed in experiments [42, 43] and by DFT calcu-
lations [15, 33]. In order to account for the effect of
the structural phase transition, we also perform many-body
calculations for the 3 × 3 reconstruction of adatoms. The
1-up-2-down configuration requires to consider a unit cell
with three Pb atoms, which significantly increases the cost of
the numerical calculations. As previously discussed, the in-

c) d)

a) b)

FIG. 7. Charge (top row) and spin (bottom row) static structure fac-
tors. The depicted results are for the 3 × 3 reconstruction in the vicin-
ity of the tripartite CDW (a), row-wise CDW (b), M SDW (c), and
K SDW (d) phase transitions. The corresponding doping levels are
specified for each panel. The temperature is chosen to be close to the
phase boundaries, T ≈ 25 K in panel (a), T ≈ 35 K in panel (c) and
T ≈ 67 K in (b) and (d).

clusion of the SOC does not affect the position of the phase
boundaries in the considered material. In order to make nu-
merical calculations in the 3 × 3 phase feasible, we neglect
the Rashba term in the model Hamiltonian (1).

Fig. 6 shows the resulting phase diagram for the 3 × 3 re-
construction, which qualitatively agrees with the one obtained
for the

√
3 ×
√

3 structure. Indeed, the phase diagram for the
1-up-2-down configuration of Pb atoms also contains row-
wise and tripartite CDW phases that are nearly temperature-
independent and appear at values of the hole- and electron-
doping comparable to the

√
3 ×
√

3 case. We note that these
dynamical CDW instabilities emerge on top of the struc-
tural phase transition, which affects the ordering vector of
the row-wise CDW structure. Indeed, Fig. 7 b shows that
the Bragg peaks in the charge structure factor are now found
at incommensurate positions in the vicinity of the M point
of the BZ. This result can be explained by the observation
that the divergence of the corresponding charge susceptibility
Xc

ll′ (q, ω = 0), which enters the expression (2) for the struc-
ture factor, also appears at incommensurate positions in the
vicinity of the M point of the reduced BZ. A wave-vector at
the M point would mean row-wise ordering, as in the single-
site case. However, here we have two overlapping order-
ings: a row-wise order induced by correlations and the 3 × 3-
underlying broken symmetry due to the lattice distortion. The
reason for this pattern is that a perfect row-wise arrangement
would not be commensurate with the underlying 1-up–2-down
structure. It means that the spontaneous symmetry breaking
leading to the row-wise CDW ordering occurs between differ-
ent unit cells on the lattice, but not within the unit cell of three
Pb atoms. On the contrary, we find that the ordering vector
Q = K of the tripartite CDW instability remains unchanged
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upon the structural transition (top left panel of Fig. 7). The
tripartite CDW corresponds to the ordering, where all three
Pb atoms in the unit cell are inequivalent. The fact that upon
the tripartite CDW phase transition the charge susceptibility
diverges at the Γ point of the reducible BZ confirms the state-
ment that in this case the spontaneous symmetry breaking
occurs within the unit cell. Consequently, the 1-up-2-down
structure of Pb atoms in the unit cell transforms to a tripartite
structure, and the Bragg peaks in the structural factor appear
at the K point of the BZ as usual.

The structural transition also affects the phase boundaries of
the temperature-dependent instabilities. All of them, namely
the CDW around half-filling and both SDW instabilities, are
pushed down to lower temperatures. This can be related to the
appearance of an effective local potential ∆l upon the struc-
tural transition to the 1-up-2-down structure. This potential
acts as an on-site doping that differs from site to site and thus
suppresses collective charge and spin fluctuations. Interest-
ingly, the CDW ordering found around half-filling in the 3 × 3
reconstruction has a row-wise structure instead of the tripar-
tite one observed in the

√
3 ×
√

3 case. As discussed above, the
row-wise ordering does not break the 1-up-2-down structure
of Pb adatoms in the unit cell. Probably for this reason the for-
mation of the row-wise CDW is more favorable in the 3 × 3
phase. Finally, we note that apart of decreasing the critical
temperature for the SDW instabilities, the structural transition
does not affect the magnetic ordering in the system. As in the√

3 ×
√

3 case we find the M SDW ordering around half-filling
and the K SDW ordering at δ ≳ 2% of electron-doping. In our
calculations, the Bragg peaks in the corresponding spin struc-
ture factors appear at commensurate Q = M (top left panel of
Fig. 7) and Q = K (top right panel of Fig. 7) positions. We
expect that the inclusion of the SOC would shift the peaks
to incommensurate positions and lead to the formation of the
chiral magnetic structures also in the 3 × 3 case.

DISCUSSION

We performed many-body calculations for a system of Pb
adatoms on a Si(111) substrate, including the SOC and long-
range Coulomb interactions. By investigating spatial collec-
tive electronic fluctuations in both, charge and spin chan-
nels, we observe a rich variety of different symmetry-broken
charge- and spin-density wave phases in the low tempera-
ture regime by varying the doping level. Regarding the Mott
physics, our results show a picture similar to that of Sn on
Si(111): the system is a Mott insulator at half-filling, but im-
mediately turns into a metal as soon as some small doping is
introduced in the system [47]. We find that the strong SOC
in this material results in a very large Dzyaloshinskii–Moriya
interaction comparable to the usual Heisenberg exchange in-
teraction. This leads to the formation of chiral-M and chiral-K
SDW phases, a signature of which have recently been ob-
served in STM measurements [15]. These chiral spin struc-
tures are compatible with magnetic skyrmion textures, as

highlighted in previous theoretical calculations [28]. Tuning
the doping level allows one to switch between the two chi-
ral SDW phases and thus realize different kinds of spin struc-
tures with potential topological structure in one material. We
note that a similar change of the magnetic ordering was pro-
posed for a Si(111):Sn system by means of varying the local
Coulomb interaction [36].

We also find that two different CDW orderings can appear
in Si(111):Pb, and that their geometry is strongly affected by
the doping level. The values of doping, at which the transi-
tion takes place, appear to be consistent with the intrinsic dop-
ing levels observed in this kind of systems [46]. There is an
on-going debate whether the 3 × 3 pattern of charge densities
observed in experiments emerges in Si(111):Pb due to a dy-
namical symmetry breaking associated with strong electronic
correlations [37], or by means of a structural transition [18].
We argue that the corresponding 1-up-2-down structure of Pb
adatoms can be realized in the system upon either the struc-
tural transition from the

√
3 ×
√

3 to the 3 × 3 phase, or the
dynamical symmetry breaking towards the row-wise CDW
phase, depending on the doping level and temperature. In ad-
dition, we find another CDW ordering in the system associ-
ated with the formation of a tripartite structure.

In order to realize these theoretically predicted phases in
experiment, it is necessary to use a probe sensitive to collec-
tive excitations, as well as to be able to give an accurate es-
timation of the doping level. Since the precise occupation of
the isolated band is experimentally challenging to access, we
propose an alternative way to identify the doping level. Using
a probe sensitive to the underlying magnetic structure, such
as spin-polarized STM [73], could prove a valid alternative to
the measurements of the doping, since the magnetic textures
appearing at different doping levels exhibit different geometry
and also coexist with different types of CDW ordering.

A recent study on a similar adatom system of Sn adatoms on
germanium indicated the presence of strong electron-phonon
coupling (EPC) [74]. This system has a different composi-
tion, so it is not known if a similar effect holds also for Pb
on Si(111). We argue that the EPC scales as 1/

√
M with the

atomic mass M, so the contribution to the effective electron-
electron interaction scales as 1/M and it is much smaller on
the Pb surface than in the case of Sn. Additionally, in order to
strongly affect the properties of the system, EPC would need
to overcome the very strong Coulomb interaction present in
this system. As this is very unlikely to occur, we conclude
that we do not expect this contribution to be crucial to deter-
mine the phases of this system. However, it could modify the
position of the phase boundaries, hence in the future it would
be desirable to devise a way to deal with EPC in D-TRILEX
calculations. Further studies are also required in order to in-
vestigate superconductivity in the low-temperature regime.
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METHOD

Ab-initio DFT calculations. All model parameters used
in the model Hamiltonian (1) have been obtained from ab-
initio calculations. For the

√
3 ×
√

3 structure of adatoms
we adapted the parameters from Ref. 28, where a Wan-
nier projection on localized orbitals was performed to obtain
the nearest-neighbor t01 = 41.3 meV and the next-nearest-
neighbor t02 = −19.2 meV hopping amplitudes. The Rashba
parameters γ01 = 16.7 meV and γ02 = 2.1 meV are taken from
the same work as the hopping amplitudes. The value of
the local Coulomb interaction U = 0.9 eV is the one ob-
tained from cRPA calculations [26–28]. The long-range
Coulomb interaction with a realistic 1/r tail is parametrized
by the nearest-neighbor interaction V01 = 0.5 eV as suggested
in Refs. 26, 27, and 75. The direct exchange interaction be-
tween neighboring sites that enters Eq. (1) is rather small and
reads J⟨i j⟩ = 1.67 meV [28].

For the 3 × 3 reconstruction, we simulated the surface by a
slab geometry consisting of 1/3 monolayer of Pb adatoms on
top of three Si bi-layers, as established in previous works [15,
26, 28, 35, 76]. The Pb adatoms occupy the T4 positions.
The dangling bonds of the bottom Si bi-layer are compen-
sated by hydrogen capping, and 19 Å of vacuum are in-
cluded in the simulation. For structural relaxations we em-
ploy the WIEN2k [77, 78] program package, a full-potential
linearized-augmented plane-wave code. We start with the
relaxation of the

√
3 ×
√

3 structure, which contains one Pb
per unit cell. We then construct the 3 × 3 supercell contain-
ing 3 Pb atoms (66 atoms in total, thereof 54 Si). To re-
lax the 3 × 3 structure, which in experiment is found in a
1-up-2-down configuration, we displace one of the three Pb
adatoms by 0.4 Å perpendicularly to the surface in the first
DFT self-consistent-field iteration. We then let the internal
coordinates of all atoms in the supercell relax freely until con-
vergence. We employed a multisecant approach [78], as im-
plemented in WIEN2k [77, 78]. A k-grid with 6×6×1 k-points
in the reducible Brillouin zone was used and internal coor-
dinates were relaxed until forces were less than 2 mRy/bohr.
We employed the generalized gradient approximation (PBE),
spin-orbit coupling was neglected. In agreement with experi-
ment, we find the stabilisation of a 3 × 3 reconstruction, where
one Pb adatom is vertically displaced by 0.22 Å compared to
the other two Pb adatoms in the supercell. The energy gain of
this 1-up-2-down reconstruction is found to be 9.5 meV with
respect to a flat adatom layer. These findings are in good
agreement with previous ab initio calculations [15, 42]. We
find that the computed band structure for the 3 × 3 reconstruc-
tion can be well interpolated with a 3-band dispersion using
the same parameters taken from Ref. 28 by simply adding
a local potential ∆l to the inequivalent Pb atoms l ∈ {1, 2, 3}
in the model Hamiltonian. We choose this approach to en-
sure better comparability between the calculations. The ob-
tained values for the potential are ∆1 = ∆2 = 31.5 meV and
∆3 = −55.4 meV. The effect of the substrate-induced defor-

mation, which corresponds to a static electron-phonon inter-
action, can be a crucial ingredient for the formation of the
3x3 structure [18]. We stress that this effect of phonons is
taken into account in our calculations of the 3x3 structure by
keeping the lattice distortion appearing at the DFT level in the
interacting problem (1).

Many-body D-TRILEX calculations. The interacting
electronic problem (1) is solved using the finite tempera-
ture D-TRILEX method [57–59]. To this aim, we first per-
form converged dynamical mean-field theory (DMFT) calcu-
lations [79] with the w2dynamics package [80] in order to take
into account local correlation effects in a numerically exact
way. Furthermore, the effect of the non-local collective elec-
tronic fluctuations and of the SOC is taken into account dia-
grammatically as described in Ref. 59. The spin susceptibility
Xs

ll′ (q, ω) required for the calculation of the structure factor (2)
is defined as the maximum eigenvalue of the matrix

Xss′
ll′ (q, ω) = ⟨S s

lqωS s′
l′,−q,−ω⟩ (4)

in the space of spin channel indices s(′) ∈ {sx, sy, sz}. The
charge susceptibility is defined as:

Xc
ll′ (q, ω) = ⟨nlqωnl′−q,−ω⟩ . (5)

Note that in this work the susceptibility is computed non-self-
consistently, as, e.g., in Ref. 61. This means that the suscepti-
bility is calculated on the basis of the electronic Green’s func-
tions dressed only by the local DMFT self-energy, which re-
sembles the way the susceptibility is computed in DMFT [58].
This procedure allows one to treat collective electronic insta-
bilities in the charge and spin channels independently without
mutually affecting each other.

The magnetic exchange interactions used to construct the
effective Heisenberg model (3) are also computed within the
D-TRILEX scheme as explained in Ref. [59].
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Igor Marković, Edgar Abarca-Morales, Seán R. Kavanagh,
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Ibrahimi, A. Tejeda, C. González, A. Martı́n-Rodero, J. Ortega,
and F. Flores, “Giant electron-phonon interaction for a proto-
typical semiconductor interface: Sn/Ge(111)−(3 × 3),” Phys.
Rev. B 107, 045303 (2023).

[75] Jiansheng Wu, Philip Phillips, and A. H. Castro Neto, “Theory
of the Magnetic Moment in Iron Pnictides,” Phys. Rev. Lett.
101, 126401 (2008).

[76] G. Profeta and E. Tosatti, “Triangular mott-hubbard insulator
phases of Sn/Si(111) and Sn/Ge(111) surfaces,” Phys. Rev.
Lett. 98, 086401 (2007).

[77] P Blaha, K Schwarz, G Madsen, D Kvasnicka, J Luitz,
R Laskowski, F Tran, and L. D. Marks, WIEN2k, An augmented
Plane Wave + Local Orbitals Program for Calculating Crystal
Properties (Karlheinz Schwarz, Techn. Universität Wien, Aus-
tria,ISBN 3-9501031-1-2, 2018).

[78] Peter Blaha, Karlheinz Schwarz, Fabien Tran, Robert
Laskowski, Georg K. H. Madsen, and Laurence D. Marks,
“WIEN2k: An APW+lo program for calculating the properties
of solids,” Chem. Phys. 152, 074101 (2020).

[79] Antoine Georges, Gabriel Kotliar, Werner Krauth, and
Marcelo J. Rozenberg, “Dynamical mean-field theory of
strongly correlated fermion systems and the limit of infinite di-
mensions,” Rev. Mod. Phys. 68, 13–125 (1996).

[80] Markus Wallerberger, Andreas Hausoel, Patrik Gunacker,
Alexander Kowalski, Nicolaus Parragh, Florian Goth, Karsten
Held, and Giorgio Sangiovanni, “w2dynamics: Local one-
and two-particle quantities from dynamical mean field theory,”
Comput. Phys. Commun. 235, 388–399 (2019).

http://dx.doi.org/10.21468/SciPostPhys.13.2.036
http://dx.doi.org/ 10.1103/PhysRevLett.127.207205
http://dx.doi.org/ 10.1038/s41524-022-00798-4
http://dx.doi.org/ 10.1038/s41524-022-00798-4
http://dx.doi.org/ 10.1103/PhysRevLett.129.096404
https://arxiv.org/abs/2204.02116
http://dx.doi.org/ 10.1103/PhysRevLett.86.1106
http://dx.doi.org/ 10.1103/PhysRevB.88.125113
http://dx.doi.org/ 10.1103/PhysRevB.88.125113
http://dx.doi.org/10.1103/PhysRevB.66.035325
http://dx.doi.org/10.1103/PhysRevB.66.035325
http://dx.doi.org/10.1103/PhysRevLett.124.097602
https://arxiv.org/abs/2210.09384
https://arxiv.org/abs/2210.09384
http://dx.doi.org/ 10.1103/PhysRevLett.121.037204
http://dx.doi.org/ 10.1103/PhysRevLett.121.037204
http://dx.doi.org/ 10.1103/PhysRevB.99.115124
http://dx.doi.org/ 10.1103/PhysRevB.105.155151
http://dx.doi.org/ 10.1103/PhysRevB.105.155151
http://dx.doi.org/ 10.1134/S0021364011160156
http://dx.doi.org/10.1038/nnano.2010.64
http://dx.doi.org/10.1038/nnano.2010.64
http://dx.doi.org/10.1103/PhysRevB.107.045303
http://dx.doi.org/10.1103/PhysRevB.107.045303
http://dx.doi.org/ 10.1103/PhysRevLett.101.126401
http://dx.doi.org/ 10.1103/PhysRevLett.101.126401
http://dx.doi.org/ 10.1103/PhysRevLett.98.086401
http://dx.doi.org/ 10.1103/PhysRevLett.98.086401
http://dx.doi.org/ 10.1063/1.5143061
http://dx.doi.org/10.1103/RevModPhys.68.13
http://dx.doi.org/https://doi.org/10.1016/j.cpc.2018.09.007

	 Doping-dependent charge- and spin-density wave orderings  in a monolayer of Pb adatoms on Si(111) 
	Abstract
	Introduction
	Results
	Discussion
	Method
	References


