N
N

N

HAL

open science

Asymptotic behavior of a degenerate forest kinematic
model with a perturbation

Lu Li, Guillaume Cantin

» To cite this version:

Lu Li, Guillaume Cantin. Asymptotic behavior of a degenerate forest kinematic model with a pertur-

bation. 2024. hal-04480004v2

HAL Id: hal-04480004
https://hal.science/hal-04480004v2

Preprint submitted on 17 Jun 2024

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-04480004v2
https://hal.archives-ouvertes.fr

Asymptotic behavior of a degenerate forest kinematic
model with a perturbation

Lu LI* Guillaume Cantinf

June 12, 2024

Abstract

In this paper, we study the asymptotic behavior of the global solutions to a degenerate forest kinematic
model, under the action of a perturbation modelling the impact of climate change. In the case where the
main nonlinear term of the model is monotone, we prove that the global solutions converge to a stationary
solution, by showing that the Lyapunov function deduced from the system satisfies a Lojasiewicz-Simon
gradient inequality. We also present an original algorithm, based on the Statistical Model Checking
framework, to estimate the probability of convergence towards non-constant equilibria. Furthermore,
under suitable assumptions on the parameters, we prove the continuity of the flow and of the stationary
solutions with respect to the perturbation parameter. Then, we succeed in proving the robustness of the
weak attractors, by considering a weak topology phase space and establishing the existence of a family of
positively invariant regions. At last, we present numerical simulations of the model and experiment the
behavior of the solutions under the effect of several types of perturbations. We also show that the forest
kinematic model can lead to the emergence of chaotic patterns.

Key words. Forest kinematic model, perturbation, asymptotic behavior, Lojasiewicz-Simon gradient
inequality, robustness, computational analysis.

AMS Subject Classification: 35K57, 35K65, 35B40, 35B41.

1 Introduction

Global Forest Resources Assessment 2020 (FRA 2020)! declares that there are 4.06 billion hectares forests
around the world, cover nearly 1/3 of land globally. Forests, which are found around the globe, are the largest
terrestrial ecosystem of Earth by area, with tropical moist or dry forests around the Equator, temperate
forests at the middle latitudes, and boreal forests in subarctic climates. Most importantly, forests provide
a diversity of ecosystem services including biodiversity, carbon sequestration, purifying water, aiding in
regulating climate [19]. Meanwhile, anthropic activities and forest ecosystems interact with each other.
Anthropogenic factors that can affect forests include illegal or unsustainable logging, urban sprawl, human-
caused forest fires, acid rain, invasive species, etc [32]. There are also many natural factors that can cause
changes in forests over time, including forest fires, pollution, insect pests, diseases, competition between
species, as well as the impacts of climate change [22]. However, the impact of these accidental factors on
forest ecosystems can not be fully described by non-random forest dynamics. In the past decades, scientists
have continued to study global warming and its impact on Earth, and it is a great challenge for the scientific
community to better understand the dynamics of forest ecosystems under the impact of global warming. In
this paper, our aim is to study, through a mathematical modelling approach relying on differential equations,
the dynamics of forest ecosystems associated with several perturbations, which are caused by global warming
and anthropic activities.

In [20], an age-structured forest kinematic model determined by a system of parabolic-ordinary differential
equations was firstly investigated. The formation of the ecotone, which corresponds to the boundary between
the forest ecosystem and its neighbor ecosystem, was proved to be faithfully reproduced by the model.
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Afterwards, the dynamics of the age-structured forest model has been analyzed by several researchers in
a series of papers. The asymptotic behavior of the forest model was notably investigated in [21] (see also
Chapter 11 in [38] and the references cited therein). Recently, in [17], it was proved that the trajectories of the
model weakly converge to stationary solutions. In [6], an improvement of the model taking into account the
water resource was studied. In parallel, a simplified forest model, without any age-structure, was introduced
in [2] and [3], where a result of non-existence of the global attractor was established. Here, we consider a
forest kinematic model with a perturbation, which can be written as

% = aw — q(u) — up(u), 88—1: = dAw — fw + awu, (1)
where the unknown functions u, w denote the densities of trees and seeds, respectively, in a domain Q C R?
modelling a geographical region occupied by a forest. As detailed below, u satisfies a nonlinear ordinary
differential equation involving a perturbation p(u) of a given nonlinearity ¢(u), and w satisfies a reaction-
diffusion equation. Very recently, the dynamics of the perturbed forest model (1) was investigated in [4] by
geometric methods, in a one dimensional domain, under restrictive symmetry assumptions. However, these
geometric methods cannot be extended to a two-dimensional domain, and the symmetry assumption was
central in the paper. Therefore, our aim is to continue the analysis of the perturbed forest model (1), by
overcoming the space dimension and symmetry restrictions considered in [4].

Main contributions. In the present paper, we consider a general perturbation of the nonlinearity g(u)
involved in the first equation of system (1) and study the asymptotic behavior of the degenerate forest kine-
matic model in 1D and 2D. We establish, without any symmetry assumption, a new result on the convergence
of the solutions towards stationary solutions and we prove non trivial statements on the robustness of the flow
and of the weak attractors, under the action of the perturbation parameter, in a functional context which is
characterized by a lack of compactness. We also improve the asymptotic analysis by applying a computational
procedure, based on an original algorithm inspired from the Statistical Model Checking framework [23], to
clarify the convergence result. We show that the perturbation succeeds in faithfully reproducing ecological
properties of great interest, as highlighted by our numerical results. We emphasize that the first challenge in
our research comes from the structure of ODE coupled with PDE, which explains the non-existence of the
global attractor of the system; the second challenge follows from the multiple parameters in the generalised
perturbation. However, our main results are only valid under a monotonicity assumption similar to that con-
sidered in [17]. For the non-monotone case, to the best of our knowledge, there is no such a rigorous result
(see |2, 10] for limited results on the unperturbed problem). Finally, we show with a numerical approach that
the perturbed forest model exhibits the formation of chaotic patterns, which are of great ecological interest.

We also emphasize that the age-structure forest model presented in [20] and the simplified forest model
introduced in [2] present remarkable similarities with degenerate reaction-diffusion systems arising in other
domains of life science. Indeed, models very similar to system (1) were studied in [1] or [26] for modelling the
dynamics of interacting species with one sedentary species, and in [18] or [25] for studying cellular dynamics
in microbiology. Therefore, the methods and results presented in our paper bring a novel knowledge for a
large class of systems arising in life science, and not only in forest ecology.

Our paper is organized as follows. In Section 2, we firstly present the forest kinematic model, its well-
posedness, and the Lyapunov function governing the dynamical system. We further characterize the w-limit
sets of the global solutions, which consist of equilibria. In Section 3, under suitable convexity assumptions on
the parameters, we prove the asymptotic convergence result (Theorem 2) by applying the Lojasiewicz-Simon
gradient inequality (Proposition 7). It is remarkable that the conclusion only holds when the potential of the
perturbation is convex. Besides, we present a computational analysis (Algorithm 1) of the asymptotic behav-
ior of the system to further clarify the convergence result. In Section 4, we study the long time behavior of the
forest model when the perturbation parameter p tends to 0. We prove the continuity of the flow (Theorem
5), and in the monotone case, we can further prove the continuity of the stationary solutions (Theorem 6),
which is nontrivial, and yields the robustness of the weak attractors (Theorem 7). We also analyze the case
of a strong perturbation and show how it drives the system to converge to the trivial equilibrium. Finally,
in Section 5, we present several numerical simulations, which help better understand how the ecotone can be
shifted, and how intermediate ecosystems can emerge under different climatic perturbations. We also show
that randomly generated initial conditions can lead to chaotic patterns.



2 Setting of the problem and preliminary results

In this paper, we consider the following initial boundary value problem:

% = aw — q,(u) in (0,+00) x Q,

ow .

5 = §Aw — fw + au in (0, +00) x £, @)
ow

E—O on (0,4+00) x T,

u(0,2) = uolx), w(0,2) = wo(x) in ,

in a bounded and regular domain  C R? with boundary I'. The domain € models a geographical area
occupied by a forest. The unknown functions u = w(t,z) and w = w(t,z) respectively correspond to the
densities of the trees and the air-borne seeds. The biological coefficients «, 8 are the seed production and
seed deposition rates; ¢ is the diffusion rate of seeds in the air; g, (u) denotes the mortality of the trees, which
is a smooth function associated with a perturbation term, given as

qu(u) = q(u) + pp(w), q(u) =ula(u—b)*+cl, p>0, ueR, (3)

where a, b, ¢ are positive coefficients. We assume that the parameters «, /3,  and u are positive (1 = 0 leads
to unperturbed situation of the system (2)). And the perturbation p(u) is continuously differentiable in R
and satisfies:

Ip(s)| + |p'(s)| < My, VseR, My >0. (4)

Note that the function g, (u) derives from a potential @, (u) written as

Quw = [ (@) + u©)de, ue . 6)
In this paper, we prove a Lojasiewicz-Simon gradient inequality under the assumption:
c— %ab2 + pp'(u) >0, (6)
which implies that the potential @, (u) given by (5) is convex. Equivalently, we have

1 1
Qi) = gaBu—20)° + ¢ = gab® + ' (u) 2 0,

where g = IuIlEIDI{} Qu(u) =c— zab® + pp’ (u) > 0.

Remark 1. (i) Assumption (6) implies that there exists a positive constant ui such that q,(u) is monotone
on R for all 0 < p < .
(ii) Note that a special case of perturbation has been studied in [4] by geometric methods, given as

qu(u) = q(u) + pp(u), q(u) =u(w®—1), p>0, ueR,

with symmetry assumption p(s) + p(—s) = 0, but the conclusions are only valid in 1D. In this paper, we
consider a generalised perturbation (3) with monotone restriction (6), and study the asymptotic behavior of
the perturbed problem (2) in 1D and 2D.

Throughout this paper, C' will stand for positive constants, which may depend on ) and some other
parameters, but are independent of the choice of ¢, and may change from line to line. Let C (I , X) (respectively
CY(I, X)) denote the space of continuous (respectively continuously differentiable) functions defined on an
interval I C R with values in a Banach space X. Let LP(Q2) and W*P(Q), p € [1,00], k € N be the general
Lebesgue and Sobolev spaces, equipped with the norms || - ||z» and || - ||yy*.», respectively. In particular, for
p = 2, we simply note W*2(Q) = H¥(Q). If V is a Hilbert space with dual V', its inner product is denoted
(u,v), u,v € V, and the duality product in V' x V” is denoted < u,v >, u € V,v eV’



2.1 Well-posedness of the forest model

Following [38], we handle the degenerate forest kinetic system (2) in the Banach space X defined by
X = L>(Q) x L*(Q),

equipped with the product norm ||U]|y = [|ul| ;e + |w]| 2, for U = (u,w)" € X. We will also consider the
product space L.2(Q) = L2(Q2) x L2(Q2). The space of initial values is given by

K:{U:(u,w)T€X| u,w>0}.

We consider the differential operator A defined as the realization of —JA + 8 in L?*(Q) with the Neumann
boundary condition on I'. It is known that A is a positive definite self-adjoint and sectorial operator, of angle
strictly less than 7, with domain

D(A) = H%(Q) = {w € H(Q) | %“’ =0 on r} .
v
Hence, the diagonal operator A = diag {1, A} is also a sectorial operator in X, with angle strictly less than 7,
and with domain D(A) = L>(Q) x D(A). Next, we consider an exponent n € (3,1). The sectorial operator
A admits a fractional power A7 whose domain is given by

D(A") = H3'() = {w e H(Q) | %’ =0on r} :

where H?7(Q2) is the interpolation space W?27:2(Q). We have the continuous embeddings
H?"(Q) C C(Q) C L>(Q) C L*(Q). (7)
Note that the norms [lullpysy and [|[A7ul|p2q, are equivalent. The diagonal operator A also admits a

fractional power A” and its domain is given by D(A") = L°(Q) x H' ().
In this way, the degenerate forest kinematic system (2) can be written in an abstract form

% + AU = F,(U), t>0,

U(O) = UOa

where F},(U) is the nonlinear operator defined by

R = (") U = )T e D)

Note that the domain of the nonlinear operator F), is uniform with respect to the perturbation parameter u.
Based on the same techniques applied in Chapter 11 of [38], the dissipative estimate and the existence of
global solution of the problem (8) can be established. Here, we omit the proof.

Theorem 1 (Global solutions and continuous dynamical system). Let u > 0. For all Uy € K, the Cauchy
problem defined by (8) admits a unique global solution U, (t,Uy) = (uu,w,)" defined on [0,+00) in the
function space

u,, € C([0,+00), L>(2)) N C*((0, +00), L>(2)),
w,, € C((0,400), H3 () NC([0, +00), L*(22)) N C*((0, +00), L*(12)).

Furthermore, the degenerate forest kinematic system (2) determines a continuous dynamical system S, (t)
defined in X by
S, @)Uy =U,(t,Up), t=>0. (9)

Remark 2. Following [}], we emphasize that the domain of A is not compactly embedded in X, although
the domain of A is compactly embedded in L*(Q)). This is due to the absence of diffusion term in the first
equation, and partly determines the non-existence of a global attractor (see [2]). However, we can not show
that the absorbing set B,, generated by the dynamical system S, (t) is compact, hence it turns out that the study
of the asymptotic behavior of the dynamical system can not be described by means of the global attractor. In
Section 3, we will bypass this lack of compaciness by showing the existence of a family of positively invariant
regions.



2.2 Lyapunov function

It is obvious that the potential @Q,(u) defined by (5) satisfies @, (u) — cuw > —C, for all u,w > 0, with
C > 0. Therefore, we can prove that the dynamical system (S5,(t),KC,X) determined by (9) admits a
Lyapunov function given by

8

[Z|Vw|2—|— szdx—auw—i—Qu(u) dx. (10)

Z(uw) = [

Q

The behavior of the forest model (2) is also governed by the potential H,,(u,w) defined by

2 — auw + Q,(u), u,w € R.

H,(u,w) = éw
2
Note that the convexity of @, (u) does not imply that H, (u,w) is convex. Besides, a symmetric potential
H(u,w) has been studied in [2, 4], but only under symmetry assumptions. Since we consider a generalised
perturbation g, (u) in this paper, we can not take advantage of the symmetric properties of H,, (u, w) to study
the asymptotic behavior of the model (2).
Furthermore, the Lyapunov function provides the following additional estimates of time derivative of the
global solutions (see Propositions 11.4 and 11.5 in [38]).

Proposition 1. For any trajectory S,(t)Uy = U,(t) of the forest kinematic model (2), Uy € K, the time
derivative of the global solution is bounded in LQ((L oo),]LQ), that is

>l du,
J G

Proposition 2. For any trajectory S,(t)Uy = U,(t) of the forest kinematic model (2), Uy € K, the time
U,
dt

2

< Q0.
]LZ

derivative of the global solution (t) converges to 0 ast — oo in the L% norm.

Remark 3. The convergence of global solutions can be obtained as long as we have dg;“ (t) e Ll((l, oo),IL2).
However, it can not be directly deduced from the above two propositions. To overcome this difficulty, we prove
additional properties of the Lyapunov function and the global solutions, and we also prove the Lojasiewicz-
Simon gradient inequality. Then, the addititonal estimation of the time derivative of the global solution can

be deduced, so that we can further prove the asymptotic convergence result in Section 3.

2.3 Constant and non-constant stationary solutions

The forest kinematic model (2) admits constant and non-constant stationary solutions. The constant sta-
tionary solutions satisfy

{ aw — qﬂ(u) =0, (11)

—pw + au = 0.

The solutions of the above system correspond to the intersection points between the function g, (u) and the
line %Zu For p = 0, system (11) admits three homogeneous stationary solutions, which are denoted by
O0=(0,0, U" = ,w)" and Ut = (ut,wt) " (with 0 < u™ < ut).

It follows from the approach in [21] that the constant stationary solutions O = (0,0)", Ut = (ut,w*)T
are stable, and the constant stationary solution U~ = (u~,w™)" is unstable. For y > u; (where j; is given
in Remark 1), the number of constant stationary solutions can be greater than 3. In the sequel, we denote
by

U: = (uj,w:{)T (12)
the greatest constant stationary solution of the perturbed system (11). Moreover, we assume that there exists
a positive constant us > pq > 0, such that, for u > pueo, the trivial solution O is the only constant stationary
solution.



Next, the non-constant stationary solutions are determined by the elliptic problem

aw —q,(u) =0 in €,
AW — pw+au=0 in Q, (13)
@—O onI'
o '

We will prove that the non-constant stationary solutions describe the asymptotic behavior of the forest
kinematic model (2). Indeed, based on the theories in Section 4.2 of Chapter 11 in [38], for each Uy € K, we
can introduce a modified L?-w-limit set of the global solution U, (t) by setting

L?-w,(Uy) = {U, € X;3t, /oo such that ||U,(t,) — UyllL= — 0} . (14)
Then, adapting the proof of Theorems 11.4 and 11.5 in [38], the following proposition can be established.

Proposition 3. Let (6) hold, and let Uy € K. Then, the L?-w-limit set L*-w,,(Uy) is nonempty. Furthermore,

the set consists of equilibria of (2), i.e., U, = (4, w) " satisfies (13).
Our aim in Section 3 is to prove that the global solutions U, (t) = S, (t)Uy converge towards the hetero-
geneous stationary solution U, by applying the Lojasiewicz-Simon gradient inequality (see [17, 24]).

3 Convergence towards stationary solutions

In this section, we establish our main convergence result. In order to simplify the notations, we use U, (t) =
(u,w) " instead of U, (t) = (u,,w,)" to denote the global solution to (2) with the initial value Uy € K, and
we fix (u,w)" = U, € L®w(Up). It follows from Theorem 1 that

[u@lz~ + [w()nz < R, 1<t <o, (15)
where R > 0 depends only on ||Upl||x. Then, we have the following propositions.

Proposition 4. Let (15) be satisfied, and U = (i, w)" € L*-w(Uy). Then, |ii|]|p~ < R holds. Moreover,
w € H%(Q) and |w|| gz < R hold.

Proof. ||u||L~ < R follows as a result of the weak*-compactness of the closed unit ball in L>°(Q). We next
prove that w is bounded in HZ (). By definition of the L2?-w-limit set, there exists a sequence ¢,, /* 0o such
that w(t,) — w in L*(Q). Since HZ () is sequentially weakly compact and w(t,) is a bounded sequence in
HZ,(€2), there exists a subsequence w(t,,) such that w(t},) has a weak limit @ in H% (). Thus, w(t},) — @ in
L3(Q), so @ = w € H%(Q). We further have |[w|| g2 < lti/m_jgof |lw()| g2 < R, which completes the proof. [

Proposition 5. Let (15) be satisfied, and U, = (u,w)" € L*-w(Uy). Then, there exists a time sequence
tn /0o such that U,(t,) — U, in L*(Q) x Hx(Q).

Proof. 1t directly follows from the definition of L?-w-limit set that there exists a sequence t,, ,/”* oo such that

U,(tn) — U, in L2 Moreover, the estimate (15) yields that ||w(t) + w| g2 < 2R for all t > 1, we thus apply
1 1 1

the interpolation inequality to have ||w(t,) —w| g1 < ||[w(ty) —w|| Fe|lw(tn) —w] ;. < V2R|w(t,)—w];. — 0

as t,, — oo. O

We then set V = L?(Q) x Hx () in the rest of the paper.

3.1 Modification of the Lyapunov function

In order to consider the Lyapunov function given by (10) on the space V, we need to modify the potential
Q. (u) such that Q,(u) = O(u?) when |u| > 1, where O(-) is big O notation, without changing the value .%,
on the global solution U, (t) and U,,.

Therefore, we introduce the function Qu : R — R admitting the following properties:
(i) Qu(u) = Qu(u) for u € (-1,R+1);
(ii) Qu(u) = O(u?) for u € (—o00, —1] U [R + 1,00);



(iii) @, € C*(R) and the second derivative satisfies
0<qo<Q(u)<gr forany uck, (16)

with some constant g; > 0 (recall that gy = ¢ — $ab® + up/(u), as defined in (6)).
Based on the modified function Q s, We obtain the modified Lyapunov function ZL : V. — R, written as

B

. S .
Lu(u,w) = /Q [ZVw|2 + §w2 —auw + Q,(u)| dx for U, = (u,w)" € V. (17)

Since Q,,(u) = Qu(u) for 0 <u < R, we have that Z,(Uu(t)) = Z,(U,(t)) along the global solution, which
implies that .Z,,(-) plays the same role of a Lyapunov function as .Z,(-). Furthermore, the proposition 4
ensures that .%,(U,) = Z,(U,.).

Then, we can prove the above modified Lyapunov function .,?H : V. — R is Fréchet differentiable, and
its first Fréchet derivative is denoted as ,,22,1 V= VLV = L3Q) x H7Y(Q). Furthermore, we regard
A = —5A + 3 as an isomorphism from H} () onto H~1(1Q).

Proposition 6. The function fﬂ : V' — R is Fréchet differentiable with its derivative
Aw — au

i%:(U#) = (—aw —&—qu(u)) eV’ for U, = (u,w)" €V. (18)

In particular, we have j;ﬁ(ﬁu) =0 for U, € L*>w(Uy).

Proof. For U, = (u,w)",U, = (i, w)" € V, we have
> - > —aw + q,(u
2+ 0 - 2,0 - (T )

- /Q it + Qp(u + 1) — Q) — Q'y(u)iildz +

D

<Aﬁ)771}>H—1><H1 .

o= S

Due to (16), we have

1t + 0 - Qutw) - Qlwralas] < Ll

thus,

2+ 0) = ZuU) = (240, Oy | < C 10N (19)

where C'¢, is positive. The Fréchet derivative (18) is obtained.
_ Recall that U, € L*w(Up) is a solution of (13). Moreover, since 0 <
Q) (u(z)) = @, (u(r)) = qu(u). It is obviously to deduce that £} (U,) =

@ < R for a.e. x € 2, we know that
0. O
We note that .,5:”;1 : V. — V' is not Fréchet differentiable. Whereas, due to (16), it is easily derived that

.,?li is Lipschitz continuous, i.e., there exists a constant Ly > 0 such that

Hj,i(Uu) - j;ﬁ(ﬁu)’ , < LOHUH - UMHV for U/MUM eV (20)

v

3.2 Lojasiewicz-Simon gradient inequality
We then prove that the modified Lyapunov function .,?M(UM) give by (17) satisfies the Lojasiewicz-Simon
gradient inequality with the following form.

Proposition 7. Set 6 € (0, %) There exists v > 0 and € > 0 such that

1 _
v i U= Uplly <. (21)

|°?u(Uu) - jp«(UM)‘ e Hgﬂ(Uu)’ v




Proof. We divide the proof of the above Lojasiewicz-Simon gradient inequality into three steps.

Step 1. Note that A=t : L2(Q) — L?*(Q) is a compact self-adjoint operator. Considering the eigenvalue
problem
A e, =nne, in LA(Q).

As a result of the theory of compact self-adjoint operators, there exists a Hilbert basis {e, }nen(C H(9))
of L?(2) and positive eigenvalues {1, }nen such that 1, N\, 0 as n — +oco. For each N € N, considering
orthogonal projection Py from L?(Q) onto span {e1,--- ,en}, then we have the following estimation

[wli2) < IPxwlizg) + vt (Aw,w) gy for we Hy(9).

Therefore, for U, = (u,w)" € V, the mapping .% : V — V' is defined as

200 =200+ (3p0) = (20" Sio0w) @

which is a coercive monotone operator if N € N and A > 0 are sufficiently large. In other words, the following
proposition is confirmed.

Proposition 8. For sufficiently large N € N and X > 0, there exists a constant Ly > 0 such that

1 ~ - ~ ~
L—1HUH —UuY < (FU) = F(U0L), U= Uy), .y for Uy, Uy €V. (23)

Proof. We firstly calculate that
(L1 U) = 240D, U= U)oy

=- 201/9(“ — @) (w —w)dr + /Q[QL(U) — Q) (W)(u — @)dx + (A(w — @), w = B) g1, g1 -
Due to Q;(f) - QL(E) = fol QZ(@& + (1 —0)€)do x (& —€) for £,€ € R, applying (16) again, we have
[ 1€ = Q@ = @) = aol

and
~ ~ ~ 2 ~
—QQ/Q(U —a)(w —W)dr > —L|lu—il7. — %Hw — 0|32

by employing the Young’s inequality. Thus, it follows that

(LU = L0, U = Ui)ys gy > Bllu— a7 = 22w — @7 + (AMw — @), w — @) g1y

xV = 2 90
so we have
(FU) = ZUL)Uu = U)oy 2 Bllu—al| 22+ (A=25) [[w—d| 22+ (1=Npn41) (A(w — @), 0 — @) g1
we finish the proof by choosing A > 2(]%2 and taking N € N large enough (so that nyy;1 is sufficiently
small). O

It follows from Proposition 8 that .# : V — V' is injective. Furthermore, it is derived by the Browder-
Minty theorem (see [34], Theorem 10.49) that .Z is surjective. As for its inverse # 1 : V' — V| which is
deduced by (23) that

|7 Uy — F710)

v S LillU; = Uplly: for Uy, U eV (24)

Step 2. As a restriction of .#, consider the mapping Z : D — X, written as

~ — + 0
200~ (o Bi) € o U= T e 2

Then, we obtain the following proposition. Note that the orthogonal projection Py on L?(Q) is regarded as
a bounded linear operator from HZ () to L(£).



Proposition 9. . :UU,) C D — X is an analytic function, where U(U,,) is a neighborhood of U, in D.

Proof. Tt is easy to prove that mapping QL : L>°(Q) — L>(Q) is analytic at u € L>®(Q). In fact, if Q;L is
analytic at u € L (), a neighborhood of u exists such that Q;L is analytic on its neighborhood. We omit
the proof here. O

In particular, for U, = (u,w)” € U(U,,), its first derivative Z : U(U,) — L(D, X) is given by

G- (@) —a
7 (U#) - < —a A—F)\PN) G‘C(DvX)a

where the inverse mapping theorem theorem (see [39], Corollary 4.37) is applied. We further have the
following proposition.

Proposition 10. .#/(U,) : D — X is bijective.
Proof. Note that the operator T', given by

— A+/\PN

belongs to L(V,V’). By using the same approach in the proof of Proposition 8, L%HU#H%/ S(TULUn)yigy
for U, € V is obtained. Thus,

T is a linear isomorphism from V onto V. (26)

Let Uy = (u*,w*)" € X. Since also (u*,w*)" € V', it follows from (26) that there exists a unique

U, = (u,w)" € V such that
() u@y, (u) — aw _ (v
w —au + Aw + APyw w*
It is obviously that Aw = w* + au — APyw € L3(Q), and u = =— (u* + aw) € L>=(Q2) by employing (16).

_ Ql(u)
Therefore, #'(U,) is bijective from D to X. O

Due to Proposition 9, Proposition 10 and [39] Corollary 4.37, there exists a neighborhood V(. (U,,)) C X,
such that B - o
FUU,) - V(Z(Uy,)) is an analytic diffeomorphism (27)
by choosing sufficiently small U (U,,).

Step 3. Considering the finite-dimensional linear space

Eny =0 x span{ey, -+ ,en} C D,
equipped with the norm || - || g, we then have the norm equivalence
10, wn) || g = lonllgp for (0,wn)" € En. (28)

Therefore, we have the following proposition.

Proposition 11. There exist constants eg > 0 and ro > 0 such that

|2, 0 F1((0,APxw) ) = 20| < €0 ||(Zu o F ) (0, \Pyw)T)]

B for ||w—w| g <re. (29)

Proof. Tt is obvious that ., is analytic as a function from U(U,) C D to R. Combined with (27), we have
the function composition:

Lo F 1 V(F(U,) N Eyx — R is an analytic function from Ey to R. (30)



Then, employing the classical Lojasiewicz Theorem (see [24]) to assume that 6 € (0, 3] and €y, 71 > 0 exist,
such that

< (Lo T (0,wn)T) = (Lo FY(F(UL))]

(Z0 F7H(0.0n)T) — Zuo FHE W)

El )

if (0,wn)T € Ey satisfies ||(0,wy — APyw) " ||gy < 71. Note that, it follows from .,?Z(U#) = 0 that
(U,)) = D?é(eg‘:_l(?(ﬁu)))0(32\_1)’(%:((7“)) = .,5”;1(0”)0(3%_1)’(9;((7]”)) = 0. Then we have

if ||(O,U)N — )\PN@)THEN <7rp.

(31)
Due to (28), there exists 79 > 0 small enough so that ||w — ||z < ro and [|(0,wy — APyw) |5y < 71
Therefore, (29) can be deduced by (31), we finish the proof of Proposition 11.

(Z o F (0, wn) ") = Zu (O] <o [[(Z 0 7 ((0,00) 7))

By

Furthermore, we estimate the right side of (29) to have

(Lo Z 1) ((0,A\Pyw) ")

g, = 1 Z0(F (0, 0Pxw)T)) o (F 1) (0, APy w)T)
< C[|Z0(F (0, APyw) T))|

V/ )
where the constant C,. is positive and depends only on 7, we note that it follows from (27) that

||(j71)'((0,)\PNw < C if |Jw—w|g <ro.

HL En,V)
For arbitrarily u € L?(Q2), we have

|-Z4(F 71 (0, APyw) 7))

v <12 Z 10, APyw) 1)) = Zo((w,w) ||, + (| Za((u,w) T)
< Lo 770, Pyw) ") = ZHF ((u,w) )|, + |-Z4(U)|
< (LoL1 +1) | Z5(U,)|

HV v’

v’

by employing (20), (22) and (24). Then, for U, = (u,w)" € V,||w — w| g1 < 7o, it follows that

20 F (0, MPyw) ") = Zu(U,)] " < @Cr(LoLy + 1) [|Z2(U)] . - (32)
Besides, note that U, = % ~1((0, \Pyw) ") — U,,, it follows from (19) that
!%(U — 2,0 F (0, A\Pyw) )]
=|2.U,) - Z.(U, +T,)|
<122l |2 (OAPNw)T) = Uyl + Caz, |1F (0, APyw) ) = UL[5,
<(Ly+ Ce, 1Y) || Z4(U, |V,, (33)

again, (22) and (24) are applied. Therefore, it is derived from (32) and (33) that

2

|2, (U,) — Z,(U,)| < eCr(LoLy + 1) |Z(U,) | v

+(Ly+ Co, I3) || 22U,

<y ||.$ )|

= if ||U#—UHH\/<T,

VI
where the constant Cy is positive and depends on €y, C, , C;, Lo, L1 and 0, by taking r € (0,79) small enough
- - 1
to make sure that HXIQ(UHM f/ < HXIQ(UM)’ v - We eventually finish the proof of Proposition 7. O

Remark 4. Note that the convexity condition (6) is a restrictive one, otherwise (especially, when the per-
turbation p is large), the approach we apply in this section can not ensure the Lojasiewicz-Simon gradient
inequality still holds. Therefore, we can not further prove the following asymptotic convergence result.
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3.3 Asymptotic convergence result

To prove the asymptotic convergence of global solutions, we firstly present the following lemma (see Appendix
in [17] and Lemma 7.1 in [12] for the proof), which gives a sufficient condition in order that a function in
L?(0,00) is also in L(0,0).

Lemma 1. Let F : (0,00) — [0,00) be a nonnegative continuous function satisfying F € L?(0,00). Assume
that an interval I = (T, T") C (0,00), an exponent « € (1,2), and a constant k > 0 exist such that

(/too F(T)2d7>a < kF(t)?, Vte I (34)

Then, the following inequality holds:

/I F(r)dr < KIF %700, (35)

where o/ > 0 depends only on a, and k' > 0 depends only on o and k.
Then, we have the following proposition.

Proposition 12. For sufficiently large time T > 0, There exists a constant k > 0. If [|U,(t) — U.|lv <,

t>1T, then
| qU, 2 200 dU
i) d < R
([l e) x|t

Proof. Since we have H dg;‘ (t)H , 0 as t — oo due to Proposition 2, take T' > 1 large enough such that
L

2
(36)

L2

ou
Hat(t) <1, vt >T,

L2

and we fix such time 7" > 1. Due to the definition of L?-w(Up), there exists a ¢ € (T,00) such that
1Uu(8) = Upllv <7
Next, we have

1

By integrating the above equation with respect to time on (¢, 00), we have

I

it is deduced from (21) that

[ (e

Then, it follows from Proposition 6 that D?li(UM(t)) = (—%, —%—?)T € V', which yields
2
H1> -

)

ouf* |ow
ot ot

2 d ) B
dr = 7/ S| Vwldz + Swde — cuw + Q(u) | da.
dt Jo |2 2

2
+

ou

ou
or (1) or (1)

2) dxdr = jp(Uu(t)) - oiﬂ,u(Uu),

) dr < e| ZLULE)IE". (37)

2
L2

2
ow
LT Ha#”

ou 2 ow
50|+ 150

21 Ua)]2 < © (\

[ e

where, C’ depends on positive constants e and 6 € (0, %) We finish the proof. O

Combined with (37), we have
2

1-6

du,,

dr < Cl W(t)

L2 L2

11



Furthermore, we prove the following lemma.
Lemma 2. There exists a sufficiently large ty > 0 such that ||U,(t) — U,llv <7 for allt > ty.

Proof. Owing to Proposition 5, there exists a time sequence t,, ,* oo such that U, (t,) — Uu in V. Thus, a
sufficiently large Ny exists to ensure that

U (tn) = U ||v< 7> ¥n = No.

Moreover, for n > Ny, set t, = inf{t € (t,,00); |U.(t) — U,llv = T} in particular, t/, = oo when ||U,(t) —
Uullv < r for all t > t,. Recalling Lemma 1, we take F (¢ H ,a=2(1-0),T=t,,and T' =1t,.

Then, due to Proposition 12, we have
|| dU,
dr <K' / H —L (1)
L2 . dt

0’
du, ’
ar 7

’
/tn
tn

2
ﬁ),
L2
where 0’ depends only on 6. Therefore,
9/

t, oo 2 z
Gt = Uty < ¢ [ |G MS04</]ﬁﬂw do |
tn T L2 tn i L2

Then, ||U,(ty) — U.(tn)||v < % can be derived by taking N > Ny large enough. Besides, we know that
p\tN Iz 3 g

thy = oo, for such N > Ny. Indeed, suppose that 5, < co. Then, ||U,(t)y) — Uu|lv = r. On the other hand,
we have

~ 2r
10 () = Unllv < 1UL(th) = Uptn)llv + 1Uu(tn) = Upllv < EX

which completes the proof. O

Finally, we conclude the asymptotic convergence result.

Theorem 2. Assume that assumption (6) holds. Let U,(t) = S, (t)Uo be the global solution to the forest
kinematic model (2) with initial value Uy € K, and let U, € L*-w(Uy) be a stationary solution to (2). Then,
we have U, (t) = U, in L?(Q) as t — oo.

Proof. Due to Lemma 1, 2 and Proposition 12, there exists a sufficiently large tx > 0 such that

|1 dU, A relldu., )P
K < K
[Tl e ([ o

Furthermore, since the definition of L?-w(Uy), there exists a time sequence ¢, ,/* oo such that U, (t,) — U,
in L2(€2). Then, we have

U

dT> ,VE> .

||U/t(t) - UMHIL2 < ||Uu(t) - Uu(tn)HlL? + ||Uu(tn) - U#HL?

- /tn du,
t

?(7)

dr + || Uu(tn) — UM”LZ’
and when ¢, goes to infinity, we obtain

LZ
0o 2
U () = Tz < # (/ HdU“(T) dT>
t dT L2

Therefore, we conclude the assertion. O

o/
2
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3.4 Computational analysis of the asymptotic behavior

The convergence result established in Theorem 2 guarantees that the global solutions of system (2) necessarily
converge towards a stationary solution. However, it does not distinguish the convergence towards a constant
stationary solution (which is a solution of system (11)) or towards a non-constant stationary solution (which
is a solution of system (13)). Therefore, it is of great interest to better analyze the convergence towards non-
constant stationary solutions, since they correspond to the formation of the ecotone, which is the ecological
transition between the forest and its neighbor ecosystem. In this section, since it is known that the complete
asymptotic analysis of system (2) by theoretical methods is very delicate (see notably [21] and [2]), we perform
a computational analysis of the asymptotic behavior of system (2). Our computational method is adapted
from the Statistical Model Checking method [23], which was very recently applied in [5] to the study of the
forest model perturbed by a discrete probabilistic process. This method relies on Monte-Carlo techniques
and provides formal guarantees that can be expressed by means of confidence intervals.

We now describe our computational approach. We first fix a number of time steps T' > 1. We denote
by ®r the set of global solutions of system (2) in the functional space X, which converge to a non-constant
stationary solution. Next, we consider randomly generated initial conditions Uy = (ug,wo) ' satisfying

1 19 1 19

—u < < Zu —w < < “w~ )

0% S uo(x) < T TR wp () < Tk e (38)
The latter conditions are chosen in order to obtain a distribution of Uy = (u, wo)T in a neighborhood of

the saddle equilibrium U~ = (u~,w™)", while guaranteeing non-negativity. Our aim is to estimate the
probability for a global solution U(t,Uy), starting from an initial condition of the form (38), to belong to
the set ®p. Hence, we fix a precision factor € > 0 and an error rate ¥ € (0,1). In order to perform the
estimation using the Monte-Carlo method, we sample a fixed amount (U;)1<,<n of global solutions of system
(2). Each global solution U; is associated with a Bernoulli variable X; regarding the satisfaction of ®, that
is, X; = 1 if and only if U; € ®r. Using Theorem 1 in [16], we obtain the following estimation, provided
N > 4log (2) /%

1
P|P@r)—— Y Xi|<e|>1-0. (39)
1<i<N

In the following, we will fix T' = 1000 and ¢ = 9 = 0.1, which will therefore require N > 1200 samples
of system (2). With these notations, we consider Algorithm 1 below. In this algorithm, we generate ran-
domly an initial condition Uy in line 7. In line 8, we compute an approximation U (t,Up) of the global
solution U(t, Up) of system (2). This numerical approximation is performed by applying a splitting numerical
scheme of Strang type [36], with a classical Runge-Kutta method in time and a finite elements discretization
in space. The discretization in space of the domain € requires to introduce a mesh domain ., (lines
9, 10). We emphasize that this splitting scheme is convergent, which guarantees that the probability for
a global solution U(t,Uj) to belong to the set &7 can be estimated by the probability for its numerical
approximation U (t,Up) to belong to the set ®p. In lines 9, 10, 11, we detect a non-constant equilibrium
by counting the numbers of points & € Q,esn such that u(7T, x) is greater or less than «~, with a numeri-
cal margin m. In practice, Algorithm 1 was implemented with the FreeFem++ language [15], and ran on
the computation server of the Laboratory of Digital Sciences in Nantes (France), in a GNU/Linux envi-
ronment, with a total execution of about 8 days. The complete code is available on the public repository
https://gitlab.univ-nantes.fr/forest/computational-analysis-of-the-forest-model,
along with the complete results of its execution.
The execution of Algorithm 1 leads to the following Computer Assisted Theorem.

Theorem 3 (Computer assisted analysis of the asymptotic behavior). Assume that « =1, =1, a = 0.6,
b=1,¢=0.9, 6 =10 and p = 0. Assume morevover that § is an elliptic domain of dimensions L = 50 and
¢ = 30. Then, the probability for a global solution U(t,Uy) of system (2), starting from an initial condition
Uy satisfying (38), to converge towards a non-constant stationary solution satisfies the following numerical
estimate:

P(®r) 2 0.479.

Obviously, Algorithm 1 can be applied to other parameter values, provided assumption (6) is satisfied.
We show in Table 1 some results of the execution of Algorithm 1. A non-constant stationary is detected
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https://gitlab.univ-nantes.fr/forest/computational-analysis-of-the-forest-model

Algorithm 1 Computational analysis of the asymptotic behavior of system (2)

1: variables

2 integer NV + 1200; // Number of simulations, guaranteeing (39)
3 integer i;

4 integers ng < 0, ny, no; // Counters for analyzing the asymptotic behavior
5: real m < 0.1; // Margin around the saddle u~
6: for i from 1 to NV do // Main loop of the Monte-Carlo algorithm
7 generate randomly an initial condition Uy satisfying (38);

8 compute the approximated trajectory U(t,Up) on [0,T]; // (the numerical scheme is convergent)
9: ny < number of points  in Q,,es, such that u(T,x) > u™ + m;

10: ng < number of points = in Q,,es, such that w(T,z) < u™ —m;

11: if ny > 0 and ny > 0 then // We detect a non-constant equilibrium
12: ng < ng + 1;

13: end if

14: end for

15: return ng/N; // We return the frequency of non-constant equilibria

when the counters n; and no are both positive. If one of these counters is equal to zero, then it means
that the solution converges towards a constant stationary solution. Overall, an amount of 575 non-constant
equilibria were detected, over 1200 simulations, which means that at least 0.479% of the global solutions
of system (2) converge to a heterogeneous steady state. Note that the numerical margin m introduced in
Algorithm 1 leads to an over approximation of the probability to be estimated, but prevents from low level
numerical unexpected behavior. We emphasize that in the sequel, we will obtain additional information on
the asymptotic behavior of system (2). Indeed, we will prove the continuity of the flow under a variation of
the perturbation parameter p (see Theorems 5 and 6), which will ensure that the global solutions of system
(2) with parameter values close to those given in Theorem 3 converge to non-constant equilibria with a close
probability (see Remark 6 below).

Table 1: Partial results of the computational analysis of system (2) with Algorithm 1. Non-constant stationary
solutions are detected when n; > 0 and ns > 0.

Simulation 1 2 3 4 5 6 7 8 9 10 ... 1200
ny 356 0 137 195 390 230 96 154 0 0 ... 0
N9 236 24 30 140 286 213 383 490 771 170 ... 451
o 1 1 2 3 4 6 6 7 7 7 ... b5

4 Robustness of the weak attractors

In this section, we analyze the robustness of the dynamical system (9) determined by the degenerate forest
kinetic system (2). As explained previously in Remark 2, we have to face a lack of compactness, which
is due to the absence of diffusion in the first equation of system (2). Therefore, as shown in [2], the long
time behavior of the dynamical system (9) cannot be described by means of the global attractor. However,
following [38], we can still analyze the weak convergence of its orbits in the topology of the Banach space Y,
for simplicity, given by

Y =1L%(Q) = L*(Q) x L*(Q). (40)

Hence, for Uy € K and B C X, we consider the weak L%-w-limit sets of the dynamical system S, (t) given by

W (Uo) = () [Sp ) Unit <5 < 0}, (41)
>0

where the closures are in Y. Note that w); (Up) actually coincides with the set L?-w,,(Up) defined in (14).
We bypass the lack of compactness by proving the existence of a family {Z,} of positively invariant
regions, from which we deduce the continuity of the flow induced by the dynamical system (9). Combined
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with the asymptotic convergence result obtained in Section 3.3, we can further prove the continuity of the
stationary solutions. Therefore, the robustness of the weak w-limit sets under the effect of the perturbation
parameter p can be derived. In the end of this section, we address that the case of a small perturbation
u € (0, u1) proves to be the most interesting, since the case of a strong perturbation p > po (u2 > 1 > 0)
leads to trivial dynamics.

4.1 Positively invariant regions

The following theorem establishes the existence of a family of positively invariant regions for the dynamical
system {S,(t)} defined by (9).

Theorem 4 (Positively invariant region). Let > 0. Then the region %,, C X defined by
B, = {(u,w) € X | (u(z),w(x)) € Ry, ¥z € R} (42)

with R, = [0,u}] x [0,w/f] (where (u},w}) is given by (12)) is positively invariant by the flow induced by

the degenerate forest kinetic system (2), that is, if Uy € %, then S, (t)Uo € %, for all t > 0.
Proof. Let Uy € %, for t > 0, we denote by U, (t) = S, (¢)Us the global solution of the degenerate reaction-
diffusion system (2) stemming from Up.

We consider a cut-off function y defined on R by

We observe that x is continuously differentiable on R, and elementary computations show that the following
properties hold for all r,s € R:

x(s) =0, X'(s) <0, (43)
0 < sx'(s) < 2x(s), (44)
X' () + sx'(r) < X/ (r) + sX'(s). (45)

Now, we introduce the functions £ and ¢ defined for all ¢ > 0 by

o) = /Qx<u:—uu<t>>dx, palt) = / x(wt — w, (6))de.

Q

Since Up(x) € R, = [0,u;f] x [0,w;] for all z € ©, we have p;(0) = p2(0) = 0. Furthermore, since x(s) > 0
for all s € R, we have py(t) > 0 and pa(t) > 0 for all ¢ > 0. Since p; is continuously differentiable on R, we
obtain its time derivative

Olulr —u
i) = [ PO )

—a | (= w0 (i}~ w0 — [ [ 6}) ~ g n (O (]~ w,(0))ds
Q Q

= a/(w: - wu(t))X/(u: — uy(t))de — / JM(ULW(t))(UI - Uu(t))X/(u; — uy(t))dz
Q Q

< a/(w;r — wu(t))xl(u: — uy,(t))dx + 27}, p1 ()
Q

by applying (44) and denoting that

Ay (“:) — qu(up(t))

Tulu () = #

)

I

It is obvious that J, (u;},u,(t)) gives the coefficient of the line that joins the points of coordinates (u}, ¢,.(u;}))
and (u,(t), qu(u,(t))) in the plane R?. Hence, there exists .J; > 0 such that

T (uf

wo

u(t)) > —J%, V> 0.
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In particular, if assumption (6) is satisfied, which ensures that Ju(u:, u,(t)) is positive, then we can easily
erase the corresponding term in the above estimation.
In parallel, the time derivative of py is given by

) = [ QD )
=5/Awﬁ—wAmxwg—wwwwm+gém:—mm»xw:—wﬂ»m
—5/ ;= w0 (wy — w,(0))de
<o [ (uf = O (wf — w, ()

by applying property (44) and the Green formula with the Neumann boundary condition, i.e., for all ¢ > 0,

/ A(w —w, ()X (wi — w,(t))de = —/ IV (w} — wu(t))|2 dr < 0.
Q Q

Eventually, for all ¢ > 0, we have

m®+m@SQA@PMWMWMMWM+QA@$*%@MW&*%UM%MLMU

<o [ (wiuOW @fu®)s+a [ (0} - uON () - uu0)do + 270100
Q

Q
[o1(t) + p2(D)] + 251 (1)
(a+ J)lpr(t) + pa(D)]

by employing property (45). We then apply the Gronwall lemma to deduce that

< 2a
<2

prL(t) + po(t) < [p1(0) + pa(0)] 2+ <0, Vit > 0.

Owing to p1(0) = p2(0) = 0, we deduce that p1(t) + p2(t) = 0. Moreover, we have p;(t), p2(t) > 0, which
yields that p; = ps = 0. The proof is complete. O

Although the invariant region %,, defined by (42) depends on the perturbation parameter x, we can prove
the existence of a L>°-bound for the dynamical system S,,(t), which is uniform with respect to u. Indeed, it
suffices to remark that the homogeneous stationary solution (u,f,w;) given by (12) that delimits %,, varies
continuously with p. Note that such a uniform bound could not be established for the absorbing set B,

derived from Theorem 1 (see Remark 2).

Corollary 1 (Uniform bound). There exists a positive constant Mg such that, for all p € [0, p1] and for all
Uy € ‘%P« :
||Su(t)U0||Loo(Q)2 < Mg. (46)

Proof. Let p € [0, 11] and let Uy € Z,,. For t > 0, we denote (u,(t),w,(t)) = S.(t)Uo. By virtue of Theorem
4, we have

lun ()] < ub, |wu(t)] < wf, VE>0.

o

Next, it is easily seen that (u“‘ w+) depends continuously on u. Hence we can consider

+

max ~

max uf, wl =

wo max 7,U+
0<p<p

u
0<u<pn M’

Fax and |w,(t)] < wi,, for all t > 0 and for all u € [0, q]. Finally, we

from which we deduce |u,(t)| < u},
), which achieves the proof. O

introduce Mg = max(u; ., wi, .
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4.2 Continuity of the flow and of the stationary solutions

In this section, we consider the perturbed dynamical system S, (t) determined by (9) with ¢ > 0, and the
unperturbed dynamical system Sy(t) obtained with g = 0 in (9). The following theorem establishes the
continuity of the flow S,(t) when p tends to 0, and plays a significant role to prove the continuity of the
stationary solutions.

Theorem 5 (Continuity of the flow). Suppose that assumption (6) holds. Suppose moreover that %Z,, C %
for all p € (0,p1]. Let Uy(t) = (up,wy,)" and U(t) = (u,w) " denote, respectively, the global solutions to
the degenerate forest kinematic model (2) when p > 0 and p = 0. Then, there exists a positive constant
0 = min {%O,ﬁ}, such that, for all Uy € #,, and allt > 0, the following estimate is fulfilled:

2772
pMEIQ] oo
Su(t)Uo — So(t)Uolly < (2@t —1). 47
15, (t)Uo — So(t) OHY—qo(a—g)( ) (47)
Moreover,
+
(1) if a — 0 <0, then U,(t) e U(t) in' Y uniformly for t € [0, +00);
;4—)0Jr

(1) if o — o >0, then U,(t) "— U(t) in'Y uniformly in every compact interval [0,T) with T > 0.

Proof. Let p = u, —u, ¥ = w, —w and V() = (¢,¥)" = U,(t) — U(t), then we can rewrite the degenerate
forest kinetic system as following

%f = ay) — qu(uy) +q(u) in (0, 400) x Q,

oy B )

887 =0AY — B+ ap in (0, +00) x £, 48)
3*15:0 on (0,400) x T,

©(0,2) = @o(x), ¥(0,2) = Yo(x) in Q.

Multiply the first equation of (48) by ¢, and integrate the product in Q to have
1d 9
Sollelze =a | pvde — [ (qu(uu) — q(u))edz,
2 dt 0 0
we next multiply the second equation of (48) by 1, and integrate the product in 2 to have

1d
33 =0 [ Av-vds = 10l +a [ pvde

Combine the above two equations to have

1d
3108 =20 [ vda 8 [ Av-vdo = 81l ~ [ (auluy) - alu)ods,

Note that
% /Q pvdz < allg]2s + a2

by employing the Young’s inequality, and

5/ A - pdz = —0|| V2. <0
Q

by employing the Green formula with Neumann boundary conditions. Besides, owing to the properties of
the potential Q,(u), p(u), the LP interpolation inequality, and the e-Young’s inequality we have

- / (4u(1t) — () oz = — / (Gu(1t) — () oz — / up(u)pde

< —aollgl2s + My / pdx
Q

P> M2

qo
<-ZI :
qo

2
S35 ol +
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by taking e = ©. Then, it is derived from the above that

1d P> M21Q|

2 2
q0 =M |Q\
sl < allelli: + alleli: - Blvlz: - el + = o=

< (a—=o)||¥|? +
< (a—o)|¥|5 20
where ¢ = min {—q; , 6}7 then it follows from the Gronwall lemma that

P> ME|Q|
QO(CY— 9)

Furthermore, if @ — p < 0, it is obvious that there exists a positive constant ¢ small enough so that

£ 202 M7 |9
U@ —-U@R)|y < = =] —2—, —07T.
100Ul < 5=\ Ta sy ¥

Similarly, if o — ¢ > 0, then there exists C}, ; > 0 depending on u and ¢ so that

< HMEIQ

N} 2 < eQ(a—g)t U, 2 + <
1[5 olly P P

(e*lo—ot (e2lo—at _ 1),

p2MZ|Q|

e Q)(e2(“—9)t—1)7 w— 0% te0,T)], T>0.
ola —

1U.() = U@)lly <Cpup = \/

The proof is complete. O
By virtue of case (i) in Theorem 5, the following main result can be deduced.

Theorem 6 (Continuity of the stationary solutions). Suppose that the assumptions in Theorem & hold. Let
U, U be the stationary solutions to the forest kinematic model (2) when p > 0 and p = 0 respectively. Then,

ifa—p0<0, wehaveﬁuﬂﬁinY.

Proof. 1t follows from Theorem 2 that U, (t) — Uu inY ast — oo, i.e., for u € (0, 1], there exists € > 0 so
that

€

3

In parallel, when p = 0, Theorem 2 still holds as long as the assumption ¢ — %ab2 > 0 is satisfied, i.e.,
U(t) - Uin Y as t — oo. Thus, we have |[U(t) — Ully < 5. Combine with the conclusion in case (i) of
Theorem 5 , we eventually deduce that

1Uu(8) = Uplly <

10 = Ully <10 = Uu@®lly + 1U#) U@y +IUE) = Ully <&, p— 0%t o0,
which completes the proof. O

_ + _
Remark 5. Note that we can not conclude that U, "2 T in Y when o — o > 0. Due to the assertion
in case (ii) of Theorem 5, the dissipative estimation (47) only holds on a compact time interval [0,T]. In
particular, the above convergence results and continuity estimations are based on the assumption that Q,(u)
18 convez.

Remark 6 (Extension of Theorem 3). We can apply Theorem 6 in order to extend the parameter domain of
validity of the Computer Assisted Theorem 3. Indeed, we can deduce that the probability for a global solution
of system (2) to converge to a non-constant stationary solution is positive for the parameters values given in
Theorem 3, but with a parameter perturbation p > 0 small enough.

4.3 A robust family of weak attractors

Numerous results on the effect of a perturbation on the asymptotic behavior of a given dynamical system have
been established. Very often, these results express a type of robustness of the global attractor [7, 9, 14, 27, 37],
whereas results on the robustness of w-limit sets are rare [8]. More specifically, robustness is often described by
proving the upper or lower semi-continuity of the global attractor with respect to the perturbation parameter.
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As mentioned previously, compactness is a necessary requirement for proving such statements [28]. Here, the
compactness requirement is not fulfilled. However, we can still prove that the set <7, defined by

—_ VY
= |J whWo) ., p>0, (49)
UOE@M

where the set w}-(Up) is given by (41), attracts the trajectories of the forest kinematic model (2) and varies
smoothly with p. Recall that the distance in Y between a element v € Y and a bounded set B C Y is defined
as dy (u, B) = inf,ec g dy (u, v), and the semi-distance in Y between two bounded sets By, By C Y is defined
by dy(Bl, Bg) = supueBl dy(u, Bg).

Theorem 7 (A robust family of weak attractors). Suppose that assumption (6) holds. Suppose moreover
that Z, C %o for all p € (0, p1]. Then the set <7, defined by (49) satisfies the following properties:

(i) <, is invariant, closed and uniformly bounded in'Y', for all p € (0, p1];
(it) <7, attracts in'Y the trajectories of (2) starting in Z,,, for all p € (0, 1], that is:
i dy (Su(t)Uo, #,) =0, (50)

for all Uy € %, and for all p € (0, pu1];
(iii) if o« — 0 <0, then the family {7, }o<p<pu, satisfies
dy (), ) < Cp, (51)
where C' is a positive constant and o = min {%‘J, ﬁ}

Proof. (i) Let p € (0, p1]. It follows from the definition (49) that .27, is invariant and closed in Y. Next, let
U, € <,. Then there exists a sequence (U, ) in U Wi (Up) such that (U,,,) converges to U, in Y as n
UoE.@“

tends to +oo. By virtue of Theorem 2, we have wi.(Uy) = {¢*(Up)}, for each Uy € Z%,,, where we shortly
denote by ¢#(Up) the limit in ¥ of the trajectory S, (t)Uy. Hence, we have Uy, ,, = ¢*(U, n,0) for each n > 0,
with Uy no € %,. Now, Corollary 1 guarantees that ||S,(t)Uynolly < Mg for all t > 0, where My is a
positive constant that does not depend on p. We can deduce that ||Uy, ||y < Mg for all n > 0, and finally
that |Uy|ly < Mg, for all U, € <, and for all u, which proves that <7, is uniformly bounded in Y.

(ii) Let Uy € #,,. Theorem 2 guarantees that S, (t)Up converges in Y to £#(Uy) as t tends to +o0, with
Wi (Uy) = {€"(Uy)}, which can be written

lim dy (Su(t)Ume(Uo)) =0.

t——+o0

But we have dy (S, (t)Uo, #,) < dy (S.(t)Uo, " (Uy)), since £#(Uy) € 7, which proves (50).

(iii) Let U, € 4/,. We consider again a sequence (U, ,) in U Wi (Up) such that (U, ,) converges to
UOG'%LL
U, inY as n tends to 400, and we write again Uy, ,, = 0* (U n,0) with Uy, n 0 € %Z,,. Now, we have

dY(Uu,na f%) = dY (ﬂt(UM,n,O); %) < dY (Zu(Uu,n,O)7 EO(Uu,n,O))v

where (°(U,, o) denotes the limit in Y of the unperturbed trajectory So(¢)U, » 0 (which is well defined, since
R, C Ho). Since o < min {%", ﬁ}, Theorem 5 ensures that

dy (gﬂ(Uum,O)v EO(Uu,n,O)) < Cp,

for all p € (0, u1] and for all n > 0, with C > 0. We can deduce that dy (U, ., o) < Cp, for all n > 0 and
consequently that dy (U, 2%) < Cp, for all U, € «7,. We obtain dy (%7,, %) < Cp, which proves (51). The
proof is complete. O

Remark 7. Theorem 7 guarantees that the set <, defined by (49) attracts in Y the trajectories of the
kinematic forest model (2). However, due to the lack of compactness, it is not known if the set <7, attracts
the bounded sets of %,,.
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4.4 Case of a strong perturbation

We end this section with the case of a strong perturbation, obtained for g > po (12 > p1 > 0). The following
theorem proves that in this case, the orbits of the dynamical system (9) converge to the trivial equilibrium.

Theorem 8. Let (1 > o, then there exists p* > 0 such that for each Uy € I, the solution U,(t) of the
degenerate forest kinetic system (2) stemming from Uy satisfies

U0y < [Uollye™"", ¢ = 0.

Proof. Since p > g, there exists p > 0 such that g, (u) > (%; +p> wif w > 0 and ¢, (u) < (QT; + p) u if

u < 0. Hence we have ug, (u) > (O‘T; + p)u?, for all u € R. Now we introduce the energy function L defined

for t > 0 by
£0) = 5 [ [0 + v (0l

which is continuously differentiable. We easily show the estimate

L(t) < 2a/ﬂuu(t)w#(t)dw - (0; +p> /Qui(t)dx — ﬁ/ﬂwi(t)dx

by applying the Green formula with the Neumann boundary and the assumption above. Now we apply the
generalized Young’s inequality to write

2a/§luu(t)wﬂ(t)dx < %/Qui(t)dx—l—aa/gwi(t)dx,

. . 2 . (64
in which we can choose a proper ¢ > 0 to ensure ¢ = % + £, ie,e= —
N

. Therefore, we obtain

[MI)s}

- 4 2 2
i) < —§/Quu(t)dx (B ae) /Q w? (t)dz,

where 5 — ae > 0 is guaranteed by the choice of . Note that p* = min{p, 8 — aec}, we thus obtain that

L(t) < —p*L(t). Employing again the Gronwall lemma, we complete the proof. O

5 Numerical simulations illustrating ecological properties

In this section, we aim to illustrate with relevant numerical simulations the theoretical results established
above, and to show how the perturbed forest kinetic model (2) fulfills various ecological properties of interest.
Firstly, we experiment the effect of several perturbations on the position of the ecotone, which corresponds to
the frontier between the forest and another ecosystem (as for instance savanna in tropical regions, or tundra
in boreal regions). These perturbations are expected to model the impact of global warming on the biological
dynamics of the ecosystem. However, as the complex mechanisms of global warming are not yet precisely
understood, we experiment several functions for the perturbation p(u) involved in (3), mainly determined by
polynomial or sinusoidal expressions. Then, we present numerical results that prove that the forest kinetic
model (2) can reproduce the formation of chaotic patterns [29].

As in Section 3.4, our numerical computations were performed using a Strang type splitting scheme [36],
with a finite elements discretization in space, and a Runge-Kutta method in time. The computation code was
again executed in a GNU/LINUX environment, with the free software FreeFem++ [15]. For all simulations,
we have considered an elliptic domain  of width L = 500 and height ¢ = 300; we have again fixed the
parameters of the forest kinetic model (2) as a = 8 =1,0 = 10, a = 0.6, b = 1, ¢ = 0.9. With these
parameters, the unperturbed problem admits three homogeneous equilibrium states given by O = (0,0),
U =01~ 71— z)and Ut =1+ 7,1+ 7).
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5.1 Shift of the ecotone or modification of the persistence equilibrium

One of the most fascinating properties of forest ecosystems is their ability to migrate in space, while they are
obviously populations of sedentary individuals. Recently, it has been proved in [2] that this indirect diffusion,
when combined with a hysteresis process, can explain the separation of trajectories, that reproduces the
formation of an ecotone (see [30]). As forest ecosystems are highly destabilized by climatic and anthropic
perturbations, it is relevant to investigate the impact of a perturbation on the position of the ecotone. In
the ecological science literature, it is well described that the ecotone can be simply shifted to the north or
to the south, depending on the nature of the perturbation and on the geographical region, or can be highly
modified and exhibit the formation of chaotic or fractal patterns [40]. For instance, in [11], a northward shift
is proved to occur in the boreal forest-tundra ecotone; in [31], the tropical forest-savanna ecotone is studied
and it is shown that climate change can modify the trees density near the ecotone; in [33], island tropical
montane cloud forests are studied and it is observed that climate change might push them towards higher
elevations.
Here, to reproduce these complex mechanisms, we consider two shift perturbations s;, s defined by
s1(u) = auu™ (u —ut), so(u) = —auu™ (u —u™). (52)
The effect of these shift perturbations on the cubic function ¢(u) is depicted in Figure 1: when p increases,
the persistence equilibrium Uj is not modified, thus can be denoted U+. However, the saddle equilibrium
U,, is shifted to the left under the action of s;(u), or to the right under the action of sy(u). The shift can

o
also be visualized on the energy levels of the potential H, (u,w) defined by (2.2), as illustrated in Figure 2.

2 2 2

U+ U+ Ut

B B
—a —a —a
Fu T U

—qw) — q(e) + i () — qlo) + psa(w)

U Il Il I U Il Il I I
0 0.5 1 1.5 2 0 0.5 1 1.5 2 0 0.5 1 1.5 2

(a) (®) (©)

Figure 1: Effect of the shift perturbations s1(u), s2(u) defined by (52) on the cubic function q(u). (a) Shape of the
unperturbed cubic function q(u). (b) When u increases, the persistence equilibrium U: = U" is not modified; the
saddle equilibrium U, is shifted to the left under the action of s1(u). (c) The saddle equilibrium U, s shifted to the
right under the action of s2(u).

Figure 2: Effect of the shift perturbations s1(u), sz2(u) defined by (52) on the energy levels of the potential H,(u,w)
defined by (2.2). (a) Energy levels of the unperturbed potential. (b) Under the action of si(u), the saddle U, is
shifted to the left, whereas the persistence equilibrium U = U™ is not modified. (c) Under the action of s2(u), the
saddle U, is shifted to the right.

Next, we have considered an initial condition (uo(z), wo(x)) which is equally distributed within the basins

of attraction of the extinction equilibrium O and of the persistence equilibrium U, As proved in [3], the
trajectory of the forest kinetic model (2) starting from such an initial condition is expected to converge to
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Figure 3: Numerical simulation showing the effect of the shift perturbations si(u), s2(u) on the position of the
ecotone. In the last row, the position of the ecotone is highlighted by a brown band. Under the action of si(u), the
ecotone is shifted to the left (second column). Under the action of s2(u), it is shifted to the right (third column).

a heterogeneous stationary solution that reproduces the ecotone. Hence, we have computed the trajectories
(u(t, x), w(t, x)), (uu(t, x), wy(t, x)), of the unperturbed problem and of the problem perturbed by s1(u) or
sa(u), respectively. The results are depicted in Figure 3, where we focus on the density of trees. In this figure,
the color semantics is chosen according to intuition: deep green illustrates a high density of trees, while pale
green represents a low density of trees. We have chosen a 3D view in order to visualize the formation of
the ecotone. In the first column, we show the time evolution of the trees density w(t,z) of the unperturbed
trajectory, from ¢ = 0 (at the top), until ¢ = 1000 (at the bottom). In the second and third columns, we show
the time evolution of the trees density u, (¢, z) of the trajectories perturbed by s1(u) and sa(u), respectively.
In the asymptotic phase (¢ = 1000), the ecotone is highlighted by a brown band, located at the position of
the domain €2 where the density of trees decreases very rapidly. As expected, the ecotone is shifted to the left
under the action of sj(u), which implies that the area occupied by the high density of trees spreads in the
domain . If the perturbation parameter yu is increased, the area occupied by a high density of trees can even
invade the whole domain 2. At the opposite, the ecotone is shifted to the right under the action of ss(u),
which implies that the area occupied by a high density of trees shrinks. Hence, these numerical simulations
show that the perturbed forest model (2) can faithfully reproduce ecological observations of great interest.
Afterwards, we have also experimented two perturbations mi, mo that are expected to modify the persis-
tence equilibrium U lj‘ , without impacting the position of the ecotone. The perturbations my, ms are defined
by the polynomial expressions
o

mi(u) = auu™ (u—u”), ma(u) = —auu™t (u —u™). (53)

The effects of the perturbations mj(u), ma(u) on the cubic function g(u) and on the energy levels of the
potential H(u,w) are depicted in Figures 4 and 5, respectively. Under the action of the perturbation m;(u),
the persistence equilibrium U If is decreased, whereas it is increased under the action of the perturbation
mg(u). In parallel, the saddle point U, ., is not modified, thus can be denoted U~.

With the perturbations mq(u), me(u) defined by (53), we have again considered an initial condition
(uo(z), wo(x)) which is equally distributed within the basins of attraction of the extinction equilibrium O
and of the persistence equilibrium U, lj‘ . The perturbed trajectories starting from that initial condition are
depicted in Figure 6. We observe that the trajectory behaves as expected, with a modification of the level of
the persistence equilibrium U :[ and no modification of the position of the ecotone. It is worth noting that this
behavior reproduces a non trivial ecological transition which is well observed and described: indeed, under
the action of climate change, forest ecosystems can exhibit a deep modification of their dynamics, such as,
for instance, the savannization of the Amazon forest (see e.g. [35]), that leads to a sharp fall of the density
of trees in the ecosystem.
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Figure 4: Effect of the perturbations mi(u), ma(u) defined by (53) on the cubic function q(u). (a) Shape of the
unperturbed cubic function q(u). (b) The persistence equilibrium U, decreases under the action of mi(u). (c) It
increases under the action of ma(u). In parallel, the saddle point U, = U~ is not modified.
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Figure 5: Effect of the perturbations mi(u), ma(u) defined by (53) on the energy levels of the potential H,,(u,w). (a)
Energy levels of the unperturbed potential. (b) The persistence equilibrium U: decreases under the action of mi(u).
(c) It increases under the action of ma(u).
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Figure 6: Numerical simulation showing the effect of the perturbations mi(u), ma(u) on the level of the persistence
equilibrium U,f. In the last row, the position of the ecotone is again highlighted by a brown band. Under the action of
m1(u), the level of persistence is decreased (second column). Under the action of ma(u), it is increased (third column).
In parallel, the position of the ecotone is not varied.
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5.2 Emergence of intermediate ecosystems

We continue with numerical simulations of the forest kinematic model (2) perturbed by a periodic process.
Hence, we consider the perturbations py(u), p2(u) and ps(u) defined by

p1(u) = sin(20u), p2(u) = sin(9u), p3(u) = sin(11lu). (54)

The effects of the perturbations p;(u), pa(u) and ps(u) are depicted in Figures 7 and 8, with p = 0.035,
w=0.09 and p = 0.07, respectively. Note that these values of the perturbation parameter p guarantee that
the perturbed cubic function g, (u) is still monotone; however, it admits more than three intersection points

with the line w = O‘T;u. These supplementary intersection points are expected to perturb the form and the

position of the ecotone. In parallel, the positions of the intersection points can modify the values of the trees

density at equilibrium.
I
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Figure 7: Effect of the perturbations p1(u), p2(u), p3(u) defined by (54) on the cubic function ¢(u). (a) Shape of
the unperturbed cubic function ¢(u). (b)-(c)-(d) The perturbed function g,(u) admits more than three intersection
2

points with the line w = %u.

(a) (b) (c) (d)
Figure 8: Effect of the perturbations p1(u), p2(u), ps(u) defined by (54) on the energy levels of the potential H (u,w).
(a) Energy levels of the unperturbed potential H(u,w). (b)-(c)-(d) The perturbed potential H,(u,w) admits a sup-
plementary saddle point and a supplementary sink.
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Figure 9: Numerical simulation showing the effect of the periodic perturbations p1(u), p2(u), ps(u) on the dynamics
of the forest model (2). In the last row, the positions of the ecotones are highlighted by brown bands. Under the action
of the perturbations, the form of the ecotone is modified and intermediate ecosystems emerge. The size and trees
densities of these intermediate ecosystems are very sensitive to the nature of the perturbation.

24



With the perturbations py (u), pa(u), p3(u) defined by (54), we have again considered an initial condition
(uo(x), wo(x)) which is equally distributed within the basins of attraction of the extinction equilibrium O and
of the persistence equilibrium U, :[ . The perturbed trajectories starting from that initial condition are depicted
in Figure 9. In this figure, we show the time evolution of the density of trees u, (¢, x) for each perturbation.
We observe that the position and the form of the ecotone are modified and intermediate ecosystems emerge.
The size and trees densities of these intermediate ecosystems are very sensitive to the intensity and the nature
of the perturbation. In each case, the perturbation leads to a decrease of the total living biomass, which is
in concordance with ecological observations (see for instance [13]).

5.3 Randomly generated initial conditions lead to chaotic patterns

We end this section with numerical simulations of the forest kinetic model (2), starting from randomly
generated initial conditions. We have chosen an initial condition (u0($)7w0(x)), x € (2, using the random
number generator randreal () of the FreeFem++ software, and we have computed two trajectories of the
forest kinetic model (2). The first trajectory (u(t,z),w(t,x)) is the solution of the unperturbed problem
(that is, with 1 = 0), while the second trajectory (u,(t,x), w,(t, x)) is the solution of the perturbed problem,
with p(u) = sin(20u) and g = 0.035.

Our results are presented in Figure 10. In this figure, the left column shows the time evolution of the
density of trees u(t,z) (of the unperturbed trajectory), from ¢ = 0 (at the top), until ¢ = 2000 (at the
bottom). The color semantics is the same as in Figures 3 and 6 (deep green models a high density of trees,
and pale green corresponds to a low density of trees). However, we have chosen a map view rather than a 3D
view, so as to better visualize the formation of patterns. The second column shows the time evolution of the
density of trees u,(t,x) (of the perturbed trajectory), with the same color semantics. The third and fourth
columns show the time evolution of the densities of seeds w(t,z) and wy,(t,z) (unperturbed and perturbed
trajectories, respectively); white and yellow correspond to a high density of seeds, while blue and brown
model a low density of seeds.
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Figure 10: Numerical simulation showing the time evolution of the densities of trees u(t, z), u,(t,x) (first and second
columns) and of the densities of seeds w(t,x), wu(t,x) (third and fourth columns), corresponding to an unperturbed
trajectory and a perturbed trajectory of the forest kinetic model (2), respectively. Starting from a randomly generated
initial condition, the trajectories converge to a stationary solution that erhibits spots patterns with a low density of
trees and seeds.
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We observe that the trajectories converge to a heterogeneous stationary solution that exhibits spots
patterns with a low density of trees and seeds. For instance, a white spot of low density of trees is located at
the position (400, 200) of the domain € (first and second columns, at the bottom), in correspondence with a
brown spot of low density of seeds, located at the same position (third and fourth columns, at the bottom).
According to Theorem 7, the stationary solution is robust with respect to a variation of the perturbation
parameter u, that is, the spots are smoothly modified by an increase of u. Hence, modifications of the
spots can be identified after a careful look, but these modifications are small. However, these spots are
very sensitive a change of the initial condition (uo(x),wo(z)). Indeed, we show in Figure 11 the limits of
two other trajectories (u(t, x),w(t, x)), (u#(t, x), wy(t, x)), starting from another randomly generated initial
condition (uo(x),wo(:c)). As in Figure 10, we observe the formation of spots, modeling a low density of
trees and seeds. While these spots are again smoothly modified by the perturbation parameter p, their
number and location are completely different in Figures 10 and 11. Therefore, these patterns admit a chaotic
behavior. It is worth emphasizing that such a chaotic behavior has been intensely studied in non degenerate
reaction-diffusion systems admitting a diffusion driven instability (see notably [29] and the references therein);
however, chaotic patterns emerging in degenerate reaction-diffusion systems as the forest model (2) have not
been as much analyzed. In particular, given an initial condition (uo(x)7w0(x)), it seems very difficult to
predict the position of spots of the corresponding trajectory.
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Figure 11: Numerical simulation showing the limits of two trajectories (u(t,x),w(t, x)), (uu(t, ), wu(t, :v)) starting
from another randomly generated initial condition (uo(x),wo(a:)). The trajectories converge to a stationary solution
that again exhibits spots patterns with a low density of trees and seeds. However, the number and location of spots are
completely different than in Figure 10.

6 Conclusion

In this paper, we studied the dynamics of a perturbed forest kinematic model (2). We firstly presented the
preliminary results. Then, we established the asymptotic convergence result by proving that the Lyapunov
function generated by the system satisfies the Lojasiewicz-Simon gradient inequality, which is guaranteed by
the monotonicity of the nonlinear perturbation g,,(u), i.e. when assumption (6) holds. Besides, we provided an
original algorithm, based on the Monte-Carlo method, to further clarify the convergence result. Furthermore,
we established the existence of a family of positively invariant regions for the dynamical system {S,(t)}, and
proved the continuity of the flow, which yields the continuity of the stationary solutions. We finally addressed
the robustness of the weak attractors, which is highly nontrivial. However, when the monotonicity assumption
is violated, no rigorous result can be obatined. We also presented the case of a strong perturbation, which
leads to trivial dynamics. At last but not the least, we performed numerical simulations to better understand
the forest ecosystem. We showed the modification of the persistence equilibrium, and the emergence of
intermediate ecosystems associated with different perturbations. We also introduced the chaotic patterns
caused by randomly generated initial conditions.
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