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Abstract

Our primary objective in this paper is to discuss the H™-Regularity for second order
elliptic equations over Sobolev Spaces. We here consider the cases m = 1 and m > 2
separately. We revisit some elementary concepts in Functional Analysis and Abstract
Harmonic Analysis before providing a proper definiton to the notion of weak solution of a
Dirichlet Problem.

While towards the later stages, we shall classify different types of regularity conditions,
the main focus lies upon deducing appropriate ellipticity conditions in support of commenting
about the existence and uniqueness of the weak solutions to a given problem. Appropriate
references are provided in the bibliography section to facilitate further reading for ardent

readers and researchers in this field.
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1 Introduction

1.1 Notations
We shall use the following notations throughout the article. They are as follows:
e R} = {(z1,22,....,2n) €ER" | 2, > 0}.

e A priori given integers, a; > 0V ¢ =1,2,...,n, we denote,

a = (a1, 09, ....,0p)

o = (aq,a9,....,a,-1,0).

e For a multi-index «, we define,
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1 INTRODUCTION

la] '=a1 +as+ ... +ap
D 1 olal

= o -Ae1 aan
ilol 0z 1. .ozp"

Where, ¢ = /—1.

e Forevery 1 <k <n,and j €N,

joo—1 0
D =

It is assumed for simplicity that, for j = 1, we just write Dy.
e C°(Ry") := Set of all C*° functions upto the boundary of R’ and having compact
support in En
1.2 Important results in Fourier Analysis

We recall the definition of Fourier transform and shall discuss about some of its important

properties pertinent to our topic. For further details, one can refer to [2].

Definition 1.2.1. (Fourier Transform) For any u € L'(R"), v € L'(R"), we define the fourier

transforms of v and v as,
u(€) = /e_mgu(x)dx , £EeR”
R’I’L
and,
(¢, 1) = / e_m/‘glu(:p/,xn)dx/ , g eR" = (2, z,)
Rn—1

Furthermore, for u € L?(R") N L'(R"), we have the Parseval Relation,

2 _ 1 i 2 T
[ @i = s [lioPa (1)
R?’L RTL

And,

« 2 _ 1 a2 i 2 T
/wMMme%meu@ﬂd (12)

R”
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1 INTRODUCTION

The relations and ( . yields,

O/Rn/_l ’v(m’,xn)]2dx’da:n_ / / 16, 2)[2de
/ / |D0‘/v(x/,:zn)|2dx’da;n_ = 1/ / 1€ RIo(€, ) € davn

0 Rrn-—1 0 Rrn—1
A priori given a Schwartz Space S of rapidly decreasing functions in R"™ with its dual as S’, we

can deduce the following,

W) =u(@), ueS ,peS
Remark 1.2.1. An important observation is that, & € S’ as well for every u € §’, by properties
of Fourier Transform on Schwartz Spaces.

Using the above results, we provide a formal definition of the Sobolev Space as follows :

Definition 1.2.2. (Sobolev Space) For every s € R, we define the Sobolev Space H*(R") as

HE) = Jues s [+ la©Pds < oo (1.3)
Rn
It can be verified that, H*(R") is indeed a Hilbert Space with respect to the following

inner product defined on it,

<uv> = [P Qi@
]Rn
Remark 1.2.2. For s € NU {0}, we can interpret the above as following,
H¥(R") == {u e L*R") : D € L*(R"), for |a| < s}

Where, D%u denotes the weak (distributional) derivative of u with an equivalent norm
defined on H*(R") as

=3 [ 1D (1.4)
la|<s gn
Important to note that, the above definition has a valid extension to R} as,
H¥RY) :={ue L*RY}) : D*ue L*R7}), for |a] < s}

which in turn forms a Hilbert Space with respect to the inner product,

< U, v >i= Z D%u.D%v
<s @n
lof<s gn
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1 INTRODUCTION

For future reference and for simplicity, since we shall be working in the case when s € NU 0,
we take, s = m, and for notational purposes, we shall consider the Sobolev Space H™(R"}) in

our future deductions.

1.3 Equivalent Norm on H™(R?)

A priori from the definition of norm as mentioned in (1.4) and using the property that, 3

constants c¢1, ca > 0 such that,

al+EPm 7 < > P <+ g™ ¥ €0,1,2,..m

lo’|<m—j

For every u € H™(R'), it helps us provide the definition of an equivalent norm on H™ (R’ ),

denoted by |.|m, and defined as,

Definition 1.3.1.

ul2, ::Z/ / (14 1€12)" 7 | Dia(e, ) Pdeder (1.5)
Jj=0 0 Rrn—1

Definition 1.3.2. For every, 0 < j <m — 1, we define, v; : C*(R}") — C°(R}") as,
(vju)(a’) = (Du)(’,0) (1.6)

1.4 Trace Theorem

Theorem 1.4.1. The map v; ( as defined in (1.6) ) has in fact an extension from H™(R')

onto H™I=1/2(R"=1) as an operator which is both bounded and linear.

Proof. Using (1.5)), we can interpret the following for every u € C§°(Ry ),

, 17 T
D€ 0F < [ DI (€ )Pt + A [ 1Djut () e
0 0

Where, we take, A = (1 + |¢/|?)'/? for the purpose of this proof ( in fact any value of A would
work in general ).

Therefore, multiplying both sides by (1 + |¢/|2)™~=1/2 we obtain,

/ (14 | 2™ 912 D (€1, 0) €’ < |ul?,
Rnfl

Le., gl lm—j—1/2 < [|ullm
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1 INTRODUCTION

Important to note that, such an extension of +; is unique, since, C5°(R4.") is dense in H™(R").
In order to establish surjectivity, assume any p; € H™=I=1/2(R*=1) for j = 0...m — 1. Define,
x € C§°(R) such that,

[ 1, inB(0,1/2)
] o, outside B(0,1).

Now, we define,

A€ o) = x (1 €7 20a) 3 ps()"

Where, §;(¢') = Dha(€',0).
We claim that, u € H™(R").
A priori using Leibniz Rule, we can justify that, 3 constants Cy; satisfying,

(e, o) chle z{ ((1+\€'!2)1/2xn>} Zp] ]—1)' (j—l)(mn)jfz

4!

Again, on Supp(x), we have, |z,| < Thus, we get,

1

wi D (x (1) 2w ) )| < (14 [2) 002

Hence, 3 a constant ¢ > 0 such that,

Rn/l/’Dk (e, )

<H5M”mm<c/m (14 |¢/Pym=i-1/24g

< ellpjlla_j-1/0

It helps us conclude that,

[ulm < c sup Hijm—jq/z
<j<m-—1

Hence our proof is complete. O

1.5 Integration by Parts

Theorem 1.5.1. Assume any u,v € H'(R?). Then,

/(Dnu)v dr = — / uDpv dx — i / yo(u)yo(v)dz' (1.7)
]R'i ]Ri Rn—1
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2 CALCULUS ON THE BOUNDARY OF SOBOLEV SPACES

Proof. Choose any two sequences ug, vy € C§°(Ry ) satisfying, |uy — vi| — 0 as k — oo.

Therefore, we obtain,

Dyup)v, de =1 %dexn dx’
ox
0 n

R? Rn—1

= — /uanvk dr — 1 / ug (', 0)vg (2, 0)dz’

Ri Rn—1

A priori from the fact that, uxy — u, vx — v, Dyup — Dpu, Dpvg — Dpv, ug(2’,0) — yo(u),

vr(z',0) = Yo(v) as k — oo in L2. Hence, we obtain our desired result. O

As a corollary to the above theorem, we can indeed deduce the following.

Corollary 1.5.2. Suppose, Hj(R'}) := {u € H'(R%) : 4o(u) =0}. Then, C§°(R%) is dense
in HY(R?).

2 Calculus on the Boundary of Sobolev Spaces

2.1 Domain with Smooth Boundary

Suppose, for 1 <i <n & ri,ry > 0, and every x = (z1, 22, ..., T), we denote,
a' = (z1, 22, .., Ti_1, Tis1,...Tn) € R?L

We define the following sets in R"~! as,

Bi(2',71) == {y eR™ 2 —y| < rl}

Vi(z,r1,1r2) = {(ylay%--wyn) eR" : |2 —y| <, o —wyl < 7“2}
Using the above notations, we explain the concept of a domain with smooth boundary as follows.

Definition 2.1.1. 2 C R" is defined to be a domain with smooth boundary if for every
29 € 0Q, 371,70 >0,4i€1,2,...,n and a smooth function, 1; : B;(z’,r1) — R satisfying,

Vi(xo,m1,72) NQ = {m € Vi(wo,m1,7m2) & () < xz} (2.1)
or,

Vi(xo,m1,72) NQ = {:1: € Vi(zo,r1,7m2) = i) > xz} (2.2)
and,

Vi(xo,7m1,72) N O = {:L’ c i(a)) = acl} = {(:Bl, s i1, Vi (2 wig 1, ) L2 E Bi} (2.3)

Subham De 7 IIT Delhi, India



2 CALCULUS ON THE BOUNDARY OF SOBOLEV SPACES

Example 2.1.1. Consider Q2 = R.. Then, ¢,(2') = 0, where, 2’ = (21,22, ...,xp—1). Further-

more, we can deduce that, r{ = ry = 0.

Definition 2.1.2. (Outward Normal) Suppose, z¢ € 92 and, r1, 72 > 0, such that, (2.1)) holds
true.

For every = € V;(xg,r1,72) N O, we define,

Ot O 9Y; 9
l/(g}) _ V(_:L,Z_'_,(/}Z(x/)) _ (61‘17"'7 8:1)1'717_ ’a.l’i+1""’ 8$n> (2 4)
IV(=zi + i(2))] L+ V|2 '
Subsequently,
o |* ||’ o |° | oy |? i |?
1% = ! ! ! ! ! 2.
Vi ‘ - 30s| Tt |5 ooy T o (2.5)

v is denoted as the unit outward normal to 0f) at the point x.

Definition 2.1.3. (Measure on 092) We define the measure do on V;(xg, 71, 7r2) NOSY as follows,

do =+/1+ |vwi|2dl’1d$2...dl‘i71d$i+1...dl’n (2.6)

We can use the Integration by Parts (Theorem ((1.5.1))) to infer about the relation of v and

do as defined above with the smooth boundary of a domain €.

Lemma 2.1.2. For any Q C R", the unit outward normal, v and the measure do as defined

earlier are in fact independent of the description of 0S2.

Theorem 2.1.3. In any bounded domain 2 C R with smooth boundary, we choose any u,v €
CHQ)NCORQ). Then,

g;’udx = —/uggidx—i—/uvl/ida (2.7)
Q Q o
Where, v(x) = (v1(x),v2(x), ..., un(x)) is the unit outward normal to O and do is the measure

on 0N).

Proof. We shall introduce two important results which shall be used to prove this theorem.

Lemma 2.1.4. Assume K to be the support of u as defined in the statement of the theorem,
such that, K is compact in Q.. Furthermore, let, ¢ € C&(Q) be such that, ¢ =1 on K. Also, let
vy = ¢v. Hence, u,v1 € C}(R™) and Supp(u), Supp(vi) € Q, and

ou ov

8:131' B b 61’1 du
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2 CALCULUS ON THE BOUNDARY OF SOBOLEV SPACES

Lemma 2.1.5. Let g € 02, and, ri,79 > 0, 1 < i < n. A priori using the notations
i, Vi as defined before,let us take, m < 11, 12 < 72 and, u,v € C*(Q) N C°(Q) satisfying,
u C V(xo,m,m2) C V(xo,71,72). Then,

/gﬂivdx: —/uaa;jdx—l-/uvyjda
Q

Q o0N

Now we an indeed proceed to the proof of the main theorem.
Clearly, Q is compact, hence, it has a finite cover, say,  c V° Ulol:1 Ve, where, VY C Q is
compact and, V¢ = V,*(z,r{, rg), z* € 0L

Suppose, {Xi}ézo be a partition of unity subordinate to this cover. Therefore,
! !
U= UXa = Y. U, where, we define, u, = uxo. As a result, Supp(ug) C V° C Q and,
a=0 a=0

Supp(uq) C V.

From the results mentioned in Lemmas (2.1.4)) and (2.1.5), we obtain,

a=0 Q a=0 0
! !
o\ Ov
:/(Zu ) 8$idx+/<2u )vyzdo
Q a=0 90 a=0
:—/uavdl‘—k/uvwda
&vi
Q 0N

And, the proof is done.

2.2 Boundary of Sobolev Spaces

Suppose, 2 be a bounded domain with a smooth boundary. Let, 9Q C Ul _;V?, where,
Ve = Vo(x®,rf,re) and assume 3 ¢ : B(z®,r}) — R describing 9Q as in (2.1.1).
Furthermore, let {xo} be a C*°-partition of unity subordinate to this cover. u : 9 — R be a

function. A priori under the assumptions as discussed in the previous section, we can infer that,

Subham De 9 IIT Delhi, India



2 CALCULUS ON THE BOUNDARY OF SOBOLEV SPACES

U =) Uq, Where uy, = xqu has support in V;*(z, r{*,ry). Hence, we define another function

o on R by,

Ua(l') - Ua(ﬂfl, ey Ti—1, wza(x,)a TLijd1yeeey Ilfn)
Then, we give the follwing definition.

Definition 2.2.1. u € H*(09Q) iff @, € H*(R"" 1) and,

l
lulls = [laalls
a=1

Remark 2.2.1. Important to observe that, the norm as defined above depends upon the partition
of unity and the cover {V} and any such two norms obtained by different covers and partitions
of unity are in fact equivalent.

Using the definition of H*(9€2) and the Trace Theorem (Theorem (1.4.1))) in R":, the following

theorem follows.

Theorem 2.2.2. For a bounded domain 2 with smooth boundary, we define v; : C>(Q) —
C>®(09) as

You = ulaq if, j =0

A o
Yiu = %’89 if, 7 >0

n
Where, % = 121 Vla%l, v(z) being the unit outward normal to 02 at x.

Let, m € N and 0 < j <m — 1, therefore, vj extends to a continuous surjective map from
H™(Q) to H™77Y2(8Q). Moreover, if

H' Q) ={ueH™(Q) : yju=0,0<j<m-—1}
Then, C§°(Q) is dense in H"(S2).

Corollary 2.2.3. Suppose u,v € HY(Q), then,

3331 vdaz = /

Q Q
i.e., if, u € H}(Q), then,

/ o(w)y0(v)vido

ou ov
de = — d
oz, % / U
Q Q
Remark 2.2.4. The above formula in Corollary (2.2.3]) holds true for C*-functions and thus by

approzimation process, the same holds for H' ().
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3 BOUNDARY VALUE PROBLEMS

3 Boundary Value Problems

3.1 Introducing Boundary Conditions on Solutions
Let, Q C R" be open, and a;; € C1(), c € C°(Q). Furthermore, suppose, a;; = aj;, and they
satisfy the uniform ellipticity condition,

mlgl? <Y ay(0)6ig; < MIEP V2 eQ, R (3.1)

for some m, M > 0. Let, f € C°(Q), g € C1(99Q), and u € C?(2) be satisfying the following,

Lu+ c(x)u = — Z 8695, <aij( )885 ) +c(x)u=f (3.2)

1,j=1

with the following two kinds of boundary conditions imposed on 90X as follows,

(1) u=g on 9dQ (Dirichlet Boundary Condition) (3.3)

8 Zawuz =g on 09 (Neumann Boundary Condition) (3.4)
vr

Therefore, multiplying (3.2) by v € H?(Q) and integrating by parts, it yields,

[ == 32 [ (i) v [ e

1,j=1g

Z/ du v / uv—/vda
”8 (9.%'] 8V3

7]_

Interested readers may ask certain questions like, whether a solution to (3.2)) really exists for given
f,g and under the so called boundary conditions as descibed in (3.3]) and (3.4). Furthermore, if

a solution does in fact exists, one might also raise a question as to whether it is unique!

Remark 3.1.1. Existence of solutions to (3.2)) in C?(Q2) is not true in general. Hence, we relax
the condition to a certain extent and look for solution in a much bigger space, i.e., the Sobolev
Space. There, we consider only the Dirichlet Problem and the other boundary conditions can

bemodified in a similar manner.

Subham De 11 IIT Delhi, India



3 BOUNDARY VALUE PROBLEMS

3.2 Weak Formulation of a Dirichlet Problem

A priori from the fact that, the operator £ maps H2(Q2) into L?(Q2) and ~y maps H?(£2) into
H?3/2(0Q). Tt allows us to reformulate the problem in the following manner:
Given f; € L?(R2),g € H3/?(0Q), we intend to find a u; € H?(Q) satisfying,

Luy + c(z)ug = — Z ax (a”( ) Z;) +e(@)ur=fi inQ

4,j=1
Your =g on 0f2.
As o : H%2(Q) — H%?2(0Q) is surjective, thus, 3 ug € H?(Q) with yup = g. Suppose,
U= up — ugp.
Hence, u satisfies,

n

-2 812 (a”( ) ;j)—i-cu:fl—ﬁuo—cuo in Q
ij=1
You =0 on 9.

Thus, putting f = f1 — Lugp — cug, the problem further reduces to obtaining one such u € H?()
such that,

It suffices to look for a solution to the problem,

u € H*(Q) N HL(Q) 5

- i ox; (aw( )aw)Jrcu—f inQ. v (2)

3,j=1

Multiplying (i) by v € H () and applying Integration by Parts, we obtain,

ou 0
/< ”8:281) +cuv> dx—/fv (3.5)
Q

Important to note that, u is a solution of (i) iff (3.5)) is satisfied for every v € H{ ().

3.3 Weak Solution of a Dirichlet Problem

Using the above concept, we can introduce the notion of weak solution for a boundary value

problem as follows.

Definition 3.3.1. (Weak Solution) Suppose, u € Hg (). We define u to be a weak solution
of the problem,

Subham De 12 IIT Delhi, India



3 BOUNDARY VALUE PROBLEMS

n
—lzlaim(aij(:r)%‘j)—i—cu:f in
Zhj:
You = on 0f).

iff Vv e HY(Q), (3.5) holds true.

Remark 3.3.1. In case for weak solution, the assumption that, u € H?(Q) can be relaxed.

Further, using the above definition, we can in fact search for answers to some critical questions

related to the existence and uniqueness of a weak solution. Even, one can comment on some

regularity properties of the weak solution in H?((2).

We shall introduce the following results in order to discuss these concepts in the next section.

Lemma 3.3.2. (Poincare’s Lemma) 3 a constant ¢ > 0 which satisfies the following relation

for every u € HL (),

/|u|2dx < c/|Vu|2dx
Q Q

Proof. A priori from the fact that, Q is bounded, 3 M > 0 such that,
Qc{z : —M<z;<M,i=12,..,n}

Suppose, u € C§°(Q2), thus, for z € Q,

Hence,

2 2

dt

ou

uf? < (1 + M) /

dt < 2M ‘?;(t,xg, ey )

We thus conclude,

lu(x)|*de < (2M)?* | |Vul*dx
/ /

Q

And the proof is complete.

As a corollary to the above result, we can infer the following.

(3.6)

Subham De 13
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3 BOUNDARY VALUE PROBLEMS

Corollary 3.3.3. Given any u,v € H}(Q) and, c(z) > 0, c € L>(Q), suppose,

a(u,v) = / <az~j$$ + cuv) dx
i 0T
Q

Then, a satisfies the following conditions:
(1) (Symmetry) a(u,v) = a(v,u).
(73) (Continuity) 3 ¢1 > 0 such that, |a(u,v)| < ci|ul1]]v]]1-
(iii) (Coercive) 3 co > 0 such that, a(u,u) > ca||ul|3, where, ||.||1 is the norm defined on HE(S2).

Lemma 3.3.4. (Lax-Milgram Lemma) Suppose H be a Hilbert Space and a : H x H — H

be symmetric, continuous bilinear map. Furthermore, let us assume that, 3 ¢ > 0 such that,
alu,u) > cl|ul|* Yu € H.
Then, for everyl € H*, 3 ug € H satisfying,
a(up,v) = 1(v)
Vove H.

Proof. H being an inner product space with respect to the bilinear form a(.,.), which also
happens to be both continuous and coercive ( Corollary ), we can conclude that, the two
norms, ||.|| and ||.||; are indeed equivalent.

Therefore, H with the inner product a is complete and, subsequently is a Hilbert Space.

Applying Riesz Representation Theorem, for every | € H*, 3 ug € H such that,
a(ug,v) =1(v) Vv € H holds true.

This eventually estblishes the statement of the lemma.

3.4 Existence and Uniqueness of Weak Solution

Theorem 3.4.1. Consider any a;j,c € L*>(Q), such that, 3 m, M > 0 satisfying,
(a) ¢>0.

(b) ml¢|? < o ai(x)&i& < M|¢?, VzeQ¢eRn.

Subham De 14 IIT Delhi, India



4 H™-REGULARITY FOR SECOND ORDER ELLIPTIC EQUATIONS

Furthermore, if f € L*(Q), then 3! weak solution u € HE(Q) of the problem,

n

o)
_Z ox;

2 (aij(x)g%) +cu=f inQ
)= ’

You = on 0.

Proof. Let us choose, v € H}(2) and,

Hence, we have,

1) < [flrz@lvlez) < [flrz@llvlh

This implies, | HL(Q) is a continuous linear mapping. From the Lax-Milgram Lemma (Lemma
(3.3.4)), we can infer that, a is symmetric, continuous and coercive bilinear form on H&(Q),
hence, 3! vy € HE(Q) saatisfying, a(ug,v) = I(v), for every v € H} ().
Therefore, we conclude that ug is the desired unique weak solution to the given Dirichlet
Problem.
O

4 H™-Regularity for Second Order Elliptic Equations

In this section, we shall discuss the existence of the weak solution, u € H} () in the space

H™(€). For our simplicity, we shall consider a special case, m = 2 for our analysis.

4.1 Interior Regularity
Given h € R, ¢; := (0,0, ....,0,1,0,...,0), for 1 <1i < n. Moreover, for every u € R", we define,

(rhu)(@) o= ) — D) (1)

Lemma 4.1.1.  (I) For every u € H'(R"), and 1 < i < n,

Imhullre < [|Vul| 2

Subham De 15 IIT Delhi, India



4 H™-REGULARITY FOR SECOND ORDER ELLIPTIC EQUATIONS

(II) For everyu € HY(R%), and 1 <i<n-—1,
lImhull e < [[Vul| g2

Theorem 4.1.2. (Interior Regularity) A priori given a;; € C*(R"™), u € HY(R") such that,
Supp(u) is indeed compact in R™. Then, f € L?>(R"), and moreover, 3 m > 0 satisfying,

1.

mlé[? < Zaij(x)fifj ; Vo € Q
Where, ) is an open set such that, Supp(u) C Q.

2.V ve H(RY),

Z/ ”8u ov —/f
- a”al‘ial‘j_ v
R’ﬂ

iv] Rn
Then, u € H?(R™).
Proof. To prove the above Theorem, one can in fact proceed through the following steps
systematically, using the results and concepts which we shall briefly discuss below.

Lemma 4.1.3. 3 ¢,cq > 0 satisfying,
’ ; Ou

Thig
ij
From the above Lemma (4.1.3), we can observe that, {Té%} "
7 ) 0<|h|<co
ou

in L2. Thus, for any subsequence, Ték(?Tj converging weakly to ’U;- in L?(R"), and for every
¢ € C§°(R™), we shall have,

g Ou [ Ou [Pz — hpe;) — ¢(x)
[rhgmote= [ g

R" R™

<ec, V 0<|hl<co, 1<i,j<n

L2

is indeed bounded

As k — oo, we apply dominated convergence theorem to deduce,

0*u i
—— =t e L*(R"
8331‘81’]' U] ( )
Hence, we conclude that, u € H?(R"), and the proof is complete. O

We can indeed generalize the above result to comment on the H™-Interior Regularity for a

Dirichlet problem.
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4 H™-REGULARITY FOR SECOND ORDER ELLIPTIC EQUATIONS

Corollary 4.1.4. Assume that, a;j € C"H(R"), f € H"(R"),u € H'(R") ,V 1<i,j<n
satisfy the same hypothesis as described in Theorem ([{.1.2)). Then, u € H™2(R").

In addition, one can further deduce the following.

Corollary 4.1.5. If a;;, f € C°(R") ,V 1<14,j <n, then, u € C°(R").

4.2 Boundary Regularity

Theorem 4.2.1. Suppose, a;j € CYRL"), u € H}(RL") satisfying, Supp(u) is compact in
R,". Moreover, let f € L*(R™) and 3 m > 0 such that,

1.
mlEP <Y ay@)&s , Vo eQ
Where, £ is an open set in Eﬂ such that, Supp(u) C Q.

2. Y ve H(RY),

Z/ ”8u8v_/f
~ a”al‘i al‘j a v
RY

]
RY

Then, u € H*(Ry").

Proof. Suppose, 0 < |h| < € satisfies that, for i < k < n — 1, the support of x — u(x + hey) is
in fact contained in Q [ Since, k <n —1].

A priori using concepts similar tothe case for interior regularity, it follows that,
||7‘,]fVuHL2(R1) <c¢, 0<|hl<e, kE<n-—1

Thus, for a subsequence hy — 0, we obtain,

(i) gl €I? ¥ 1<ij<n—1

(i) 324 €L?,V 1<ij<n-—1

Therefore, it only suffices to prove that, 3273 € L2 Let, ¢ € C} (En) Hence,

[ 220
tnn oxy Oz,

RY
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4 H™-REGULARITY FOR SECOND ORDER ELLIPTIC EQUATIONS

_ Ou 99 | _ Ou 99 _ Ou 99
- / Z a”@aci&rj <Z /“’”axj aa:n+ aj”@mn&nj +/f¢

Ri 5,j<n—1 js<n—1 RTJLF Ri Ri
_ / Fo
RY
Where,
Oa;; au da,,; Ou Oain Ou d%u
F= ’ : in 27 4 2, +
J; . Oz Ox; ”8 8:6 Z 8:cn 8x] jg;l Oxj Oxy, ]n(?xjaxn /
Therefore,
0 ou
— — |=FelL’
0xy, (am Bq:n) €
ie.,
0%u Oann OU 9
—pp— = F — €L
@nn ox2 + 0z, O,
Applying the concept that, ay, > 0 in Q and therefore, 2 8 2 € L?, and the proof. ]

As a corollary, one can establish the following.

Corollary 4.2.2. (Higher Regularity) Assuming a;; € C™1, f € H™(R%), u € H}(R%)

satisfying similar conditions as above. Then, uw € H™2(R™).

Corollary 4.2.3. Let, a;j € C*, f € C*°(R"), then, u € C*.

4.3 A Special Diffeomorphism on Second Order Elliptic Operators

Theorem 4.3.1. Given Q1 and Qg being bounded open sets, and F : Q1 — o be a diffeomor-
phism. We further define, J(F) := (%];5)%, such that, J(F) and J~Y(F) existV y € Q1 and
is continuous there. Then F transforms angj second order elliptic operator L on 1 to a second

order elliptic operator on Q.

Proof. A priori given any two bounded domains wy and {29, and a diffeomorphism defined as,
F = (Fl,FQ, ,Fn) : Ql — QQ

We an in fact observe that, F' is C"*°, one-one and onto and the inverse is indeed differentiable.
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4 H™-REGULARITY FOR SECOND ORDER ELLIPTIC EQUATIONS

Furthermore, for any function u on 23, we define @ : 21 — R by,

Consequently,
ot ou OFy
and,
0% " 9%u OF 0F, <~ Ou O*Fy,
auidy; ~ 2= andrs T Dy oy, " 2 am TP ayay,
Let,

_ 0? o0
L= Zaij(y)m + Z bi(y) o +c(y)

be any elliptic differential operator on 2. Hence, in {2y, we can in fact deduce that,

9? 0

L= Zail(y)m +Zbk(y)873k + (). (4.2)

Where,
ou@) = Lyl ) g ) L7 @)

and,

= 0Fy _ _ 0?Fy,

(o) = M ) G + s e (@)

and,

One can indeed verify the neccessary conditions for £ to be an elliptic differential operator on
Qs.
O

Suppose, for 71,72 > 0,2’ := (21,22, ..., Tn—1), we define, z¢ := (zf,20) € R™. Furthermore,
: B(z),,r1) — R be a smooth map such that, 20 = ¢(z}). Let,
0 n 0

Q= {o | 2/ € B(ah,r) , $(a) < 20 < 12
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4 H™-REGULARITY FOR SECOND ORDER ELLIPTIC EQUATIONS

and,
Qg = {y | v € B(zh,r1) , 0 <yn <re— 11)(3:')}
We define,
F:=(F,F, ... F):Q — Q
by,

Putting y = F(z), we can deduce,

B($6,T1) = B(y()?Tl) s 0<yn<re— ¢(y/)

and,

In—1)x(n1) O
JF(x):(gi):{ (_1% n 1}.

Moreover, the diffeomorphism F maps {z : 2, = ¥ (2')} to {y : y, = 0}.

Using the above concept, we can indeed conclude the following result.

Theorem 4.3.2. Given a bounded domain € with smooth boundary, suppose we have the

following second order elliptic operator,

L=— Z aaxl (aij(l’)aij> + ;bi(x)ai tc (4.3)

,j=1

where, the coefficients satisfy, a;j € C1(2),b;,c € L®(Q) and the ellipticity condition given by,
ml¢? <Y ay&&y < MIEP, ¥V EER™ (4.4)
for some m, M > 0. Let, f € L*(Q) and, u € H}(Q) be a weak solution of the problem,
Lu=f in (4.5)
Then, u € H?().
Proof. Suppose, {V*} be an open cover satistying,

(i) VOcQ.
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4 H™-REGULARITY FOR SECOND ORDER ELLIPTIC EQUATIONS

(13) V& =Vi(a®, r¢,ry), and, ¥ : B(z*,r{) — R be a smooth function such that,

QnNVve={z eV |2 € B(z®r),v*a) <z <r§},

NV ={z eV | () =i}

Let, Fp : QNVE 5 Ry — {y:y; > 0} be defined as,
Fi(x) = jA
Fola) =z —'(a').

and,
W = Fa(QmVa) = {y | y; S B($a7r?)70 <y < 7"3 _¢(y/)}

Consider a C'* partition of unity as {Xo‘}lazo subordinate to the assumed covering such that,
u® = y“u.

We can observe that, v = > u® and, Supp(u®) C V®, where,

0 0 ou ox®

o

a.ﬁz(u ): Oxz(x U):X 6951 +u6x,;

As a result, we can obtain b¢,c® € L>(Q), Supp(b$), ¢ C V* such that,

0
Lu® = x"L(u) + Z bf‘a—;f + c®u

Ou a 2 «
zxa—i—Zb?a—xi—l—co‘u:f € L2(V*)
Clearly, we have, Supp(f®) C Supp(x®) = K¢ is compact. Moreover, Supp(u®) C Supp(x®) =
K.

For a = 0, we have, Supp(u’) ¢ K € Q and, Lu° = f° in Q. Thus, Lu® = f° in R™.

A priori from the fact that, £ is indeed elliptic in €2, hence, by interior regularity property,
we conclude, u® € H?(Q).

In case when, o # 0, we define, F'* : (2N V%) — W< such that,

@ (y) = u(F*) " ())-

Therefore, 4* € HE(W?) implying, Supp(a®) is in fact compact in R} . Consequently, 7 is a

weak solution of a second order uniformly elliptic operator £, in other words,
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4 H™-REGULARITY FOR SECOND ORDER ELLIPTIC EQUATIONS

L9 = f*  inRY
a* € HY(RT).
Hence, 4® € H?(W®) = u® € H*(QNVY) = wu:= > u®* € H?>(Q). The result is thus
established.
O

As a corollary, we can further comment on the H™—regularity for the case m > 2 as follows.

3

Corollary 4.3.3. Suppose, f € H™(Q), g € H™2(0R), and u € H'(Q) satisfies,

Lu=f imn
You=g on 0

Then, u € H™2(Q).

3

Proof. A priori applying the fact that, o : H™2(Q) — H™"2(09Q) is surjective, and hence, 3
up € H™? with, y9(u1) = g. Let, v = u — uy. then, v € H}(Q). Moreover, Lv = f — Lu €
H™(Q), and, yov = 0 onto 0f.

It follows that, u® indeed satisfies the Interior Regalarity and Boundary Regularity conditions
as described in Theorems and respectively. Therefore, we conclude that, u® €
H™2(Q),V «, implying that, u € H™*2(2). And the proof is thus complete. O
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