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Abstract
This paper presents a full-wave method, based on the method of moments (MoM),
to calculate the S̄ matrix from a two-dimensional complex sample in millimeter and
submillimeter W and J bands. From the surface currents obtained by inverting the
impedance matrix and from the Huygens principle, the reflection and transmission
coefficients are computed. This allows us to obtain the four elements of the S̄ matrix.
Firstly, the method is validated from canonical samples (a dielectric slab and a stack
of two dielectric slabs) by applying the well-known Fresnel coefficients. Secondly,
for the W (75 to 110 GHz) and J (220 to 330 GHz) bands, a PVC slab covered by
water drops is considered, for which the S̄ matrix is compared with measurements
made in quasi-optical free space. A satisfactory agreement is obtained between the
measurements and the model.

Keywords Boundary integral equation · Method of moments · Millimeter and
submillimeter measurements · Radome · Scattering and propagation

1 Introduction

The mm-wave and low THz bands are of use for many applications [1–3]. When
operating outside, the system antennas must be protected from the environment by
a radome. Water can be deposited onto the radome during rainfall events and cause
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detrimental effects for applications such as automotive radar [4, 5]. Free space mea-
surements can be done to investigate the impact of the water layer deposited onto the
radome through the scattering parameters (S̄ matrix) [6–9].

Modeling the S̄ matrix of such a system, both in modulus and in phase, is a challeng-
ing problem. The Fresnel coefficients [10] provide an exact analytical solution of the S̄
matrix by assuming a stack of smooth interfaces of infinite areas separating homoge-
neous dielectric media. For a more complex geometry, such as a radome covered with
water drops, more complex methods must be investigated to account for the geom-
etry profile variations. In the context of electromagnetic scattering, this issue can be
solved from asymptotic or/and rigorous approaches. The asymptotic (or approximate)
models are based on the introduction of simplifying assumptions, while the rigorous
ones are less restrictive and can be applied for any geometry. Rigorous methods can
be classified into two main families: differential equations methods, where the space
is discretized from finite element method (FEM) [11, 12] or from finite difference
time domain (FDTD) method [13, 14], and the integral boundary methods, where the
boundaries are discretized by using the method of moments (MoM) [15, 16].

In this paper, the full-wave MoM implemented since the 1970s is an appropriate
rigorous method to calculate the scattered field from a collection of dielectric scat-
terers assumed to be homogeneous. It converts the boundary integral equations into a
linear system, in which the square impedance matrix Z̄ must be inverted. For a single
scatterer, its size N is proportional to the number of discretized points (or facets) on
the object’s surface. It increases as the frequency or/and the real part of the relative
permittivity of the inner medium grows. The direct solver, LU (lower-upper) decom-
position, is commonly applied if the value N is moderate. For huge N , the inversion
of Z̄ can be very time-consuming and requires a large memory space. Iterative solvers
[16, 17] have been developed to solve this issue.

For several scatterers, the number N equals the sum of Ni , where Ni is the number
of discretized points (or facets) on the scatterer i . This means that the size of the
resulting impedance matrix increases significantly in comparison to a single scatterer.
This explains why the MoM was first developed for a single two-dimensional (2D)
scatterer, next for a three-dimensional (3D) scatterer, and for a collection of 2D or 3D
objects. 2D means that the object geometry is invariant with respect to a direction,
chosen as y (normal to the sheet) in this paper, implying that N is greatly reduced
in comparison to a 3D problem. Moreover, as the number of scatterers increases, the
derivation of the impedance matrix is not straightforward and remains an issue in
progress, even for a 2D problem. A recent article [18] derives this expression for any
2D problem.

To our knowledge, it is the first time that the MoM is addressed to compute the S̄
matrix, both in modulus and in phase. For instance, the Kirchhoff diffraction theory
based on strong simplifying assumptions is investigated in the recent article [8]. In
this paper, to calculate the S̄ matrix, two distinct methods, based on the MoM, are
investigated and validated by considering a dielectric slab and a stack of two dielectric
slabs, for which the S̄ matrix is derived from the well-known Fresnel coefficients
[10]. The first method is based only on the Huygens principle (currents radiation),
and the second one is related to the Kirchhoff approximation (KA) combined with the
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Huygens principle. Next, the two methods are tested on a PVC (plastic) covered by
water drops and compared with measurements.

The W - and J -band measurement system is described in Sect. 2, and the MoM is
addressed in Sect. 3. It is important to underline that this system measures the four
complex elements of the S̄ matrix, both in modulus and in phase. Section 4 presents
comparisons between experimental and simulation results, and the last section gives
concluding remarks.

2 Description of the Free-Space System Setup

2.1 Experimental Setup

We use two different quasi-optical benches operating in the W (75 to 110 GHz) and J
(220 to 330 GHz) frequency bands. The principle for every frequency band is the same
(Fig. 1): A vector network analyzer (VNA) in a 2-port configuration produces a signal
which is converted into the desired band by a frequency converter. The transmitted
signal goes then through a corrugated horn illuminating a lens and propagates in
free space as a Gaussian beam. In the middle of the two lenses, the sample under
study is placed at the waist of the Gaussian beam. For each frequency band, different
frequency converters, antennas, and lenses are dedicated. The W -band setup and the
characterization method for a solid material are described in [6]. To obtain the four
{S11, S21, S12, S22} parameters (S̄ matrix), a through-reflect-line (TRL) calibration is
performed to ensure an accurate location of the reference plane. A metal plate is used
for the reflect standard, and both the lens and the antenna at port 2 are moved for the
line standard.

A new calibration is performed before each set of measurements. Two phase cor-
rections are applied to the measured S̄ matrix. The first one accounts for the difference
between the reference plane of the TRL calibration (bottom plane in 2) and the desired
plane for the {S11, S12, S21, S22} parameters. For this correction, a phase shift, corre-
sponding to an air layer with a thickness equal to the total thickness of the system, is
applied. The second correction takes into account a possible difference between the
reference plane of the TRL calibration and the actual position of the measured sample.
This correction is a phase shift corresponding to an air layer with a thickness of a few
tens of μm equal to a possible misplacement. It is applied to the S11 and S22 param-
eters. Thanks to these two corrections, a good control of the phase is achieved, and
we can directly compare (both in modulus and in phase) the S̄ matrix measurements
with the proposed theoretical model. In addition, it is important to underline that no
smoothing or time-domain gating is applied to the measured data.

In the case of a dielectric slab, by comparing the measured S̄ matrix with an analyt-
ical model based on the Fresnel coefficients (see Appendix), the complex permittivity
and the thickness can be extracted at each frequency point [6]. Throughout this study,
the slab is a piece of PVC with a thickness H = 5.01 mm and with a complex relative
permittivity

εr ,PVC = 2.956 + i (0.0044 + 0.00023 f ) , f in GHz. (1)
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Fig. 1 Experimental setup

The dispersion of the real part is negligible (less than 1%), but the dispersion of the
imaginary part must be taken into account given the wide frequency range (it matches
well with a linear function).

For non-solid materials such as water, a specific pre-characterized PVC container
is used, as explained in [19]. The permittivity of the non-solid material is obtained by
comparing the measured and calculated S̄ matrices of the container filled with water.
The calculated S̄ matrix is expressed in the Appendix.

Fig. 2 Description of the geometry. The setup geometry is vertical whereas in Fig. 1, it is horizontal
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In the present study, we use tap water. The water is left in the open air for a couple
of days for the chlorine to be evaporated. The measured complex relative permittivity
of water in the W and J bands is fitted from the following Debye model [20]:

εr ,Water = εr ,∞ + εr ,0 − εr ,∞
1 − 2π i f τ

. (2)

The following parameters are obtained:

{
εr ,∞ = 5.68, εr ,0 = 66.7, τ = 6.98 ps (W band)
εr ,∞ = 5.83, εr ,0 = 86.5, τ = 7.51 ps (J band)

. (3)

The above values depend slightly on the band because the measurements were not
performed simultaneously. For the J band, the temperature was 29 ◦C, while it was
about 22 ◦C for the W band.

2.2 Control of theWater Shape

From a given water volume, we first deposit water drops by using a syringe. After
this first set of measurements, the water is collected again and deposited as a thin
uniform film by using a polycarbonate plate to flatten it and double-sided adhesive
tape as a seal (see right-hand side of Fig. 3). A surface of 80 cm2 is delimited with
tape. The total volume of water is 0.8 mL. Ten percent of the volume can be lost
due to evaporation or other losses between each step. We measure the radius of the
droplets with a microscope, and in order to estimate the total percent of the surface
covered by water, we add colorant to the water. On the 80 cm2 surface, 87 drops are
deposited, giving a total percent of wet surface of 10.5 ± 1%. Note that the drops are
not perfect half-spheres, and thus, the wet surface cannot be deduced exactly from the
water volume, the total surface, and the number of drops.

The uniform water layer is about 0.0875 mm thick, assuming that the water is evenly
distributed below the polycarbonate plate. In order to remove the contribution of the

Fig. 3 Slab covered by a distribution of water drops (on the left) and by a uniform thin film (a surface of
80 cm2 is delimited with a double-sided adhesive tape)
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plate from the slab covered by the uniform water layer measurement, we characterize
the plate alone by using the same procedure as explained previously for the water
permittivity extraction.

To compare the measurements made on the two samples shown in Fig. 3, a theoret-
ical model is developed in the following section.

3 Method of Moments

In the following, a variable in boldface stands for a vector (a), a variable in boldface
with a hat above refers to a unitary vector (â), and a variable in boldface with a bar
above is a matrix (ā). The method of moments (MoM) is typically applied to compute
the radar cross section from objects for radar applications. In this paper, it is used to
calculate the S̄ matrix. To our knowledge, it is the first time this method is adapted to
calculate the S̄ matrix.

The MoM discretizes the boundary integral equations on the scatterer surfaces, the
latter being assumed to be homogeneous. This transformation leads to solving the
linear system Z̄X = b, where Z̄ is the impedance matrix (which depends on the shape
of the surfaces and on the permittivities of the media), b the incident field discretized
on the surfaces, and X the unknown of the problem. This vector contains the weights
of the electric and magnetic surface currents, which are discretized on the surfaces.

Thus, it is obtained by X = Z̄
−1

b, requiring to invert a matrix. A conventional LU
decomposition is then applied to obtain X .

In this paper, a two-dimensional (2D) problem is considered in the Cartesian coor-
dinate system (x, z). This means that the objects are invariant along the direction y and
that the profile of the surface is defined by the function z = f (x). For a 2D problem,
the principle of MoM is addressed in [18] for several objects, while [16] gives all the
details.

The size of the matrix Z̄ is proportional to the electrical dimensions of the geome-
tries. Typically, for a dielectric object of complex relative permittivity εr , the sampling
step along the abscissa x is set to�x = λ0/[Re(

√
εr )p], with p an integer. Typically,

p ∈ [10; 40], depending on the desired precision. The quantity λ0 = c/ f is the
wavelength in the vacuum, c is the celerity of the light in the vacuum, and f is the
frequency.

To calculate the vector b (in order to solve Z̄X = b), the incident field must be
known. To match with the experimental setup in order to compare with the measure-
ments, the incident field is assumed to be a tapered Gaussian wave, which is defined
for a normal incident angle as

ψinc(x, z) = exp(−ik0z) exp

(
− x2

w2
0

)
, (4)

where w0 is the waist and k0 = 2π/λ0 the electromagnetic wavenumber. As shown
in Fig. 2, the incidence angle defined from the nadir θinc equals zero. A plane incident
wave is written as exp(−ik0z), corresponding to the first term in the right-hand side
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of Eq. 4. The second one is an attenuation term along the abscissa x controlled by the
extent w0.

Typically,w0 = 25 mm and the illuminated slab abscissa x ∈ [−L/2; L/2], where
L is the slab length. In the experiment, a square surface of 80 cm2 is used, corresponding
to a side of L ≈ 92 mm. Thus, for x = ±L/2, |ψinc(x, z)| = exp(−x2/w2

0) ≈
0.034. This means that the incident field modulus is nearly zero near the two borders
of the slab, which avoids edge diffraction. In other words, the incident field “does
not illuminate” the borders, which implies that the slab is nearly “infinite” from an
electromagnetic point of view. This statement is crucial when we compare it with the
well-known Fresnel coefficients, which assume that the illuminated slab is infinite
with respect to the x direction.

The MoM computes the vector X that contains the surface currents ψ(r) and their
normal derivatives ∂ψ(r)/∂n = ∇ψ(r) · n̂, with r = (x, z) ∈ S on the discretized
points of the surface S, and n̂ is the normal to the surface at a given discretization
point. The symbol ∇ = x̂∂/∂x + ẑ∂/∂z stands for the nabla differential operator.

The MoM is applied for a given frequency. For N f frequencies, it is applied N f

times.

3.1 Method 1: MoM

By applying the Huygens principle for the radiation of the surface currents {ψ, ∂ψ/∂n},
the 2D scattered field is expressed as [16]

ψsca(r ′) =
∫

S

[
ψ(r)

∂g0(r, r ′)
∂n

− g0(r, r ′)∂ψ(r)
∂n

]
d S, (5)

where g0(r, r ′) is the 2D Green function in free space, defined as

⎧⎪⎪⎨
⎪⎪⎩

g0(r, r ′) = i

4
H(1)0

(
k0
∥∥r − r ′∥∥)

∂g0(r, r ′)
∂n

= − i

4

H(1)1

(
k0
∥∥r − r ′∥∥)

‖r − r ′‖
(
r − r ′) · n̂

. (6)

In addition, the functions H(1)0 and H(1)1 are the Hankel functions of the first kind
and zeroth order and first order, respectively, and r ′ /∈ r (r ∈ S) is an arbitrary
observation point of coordinates (x ′, z′). Knowing ψsca, the reflection R = {S11, S22}
and transmission T = {S21, S12} coefficients must be determined. In Eq. 5, d S is an
elementary line (because a 2D problem is solved) surface.
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The first method, named “Method 1” or “MoM,” defines the (radiated) reflection
R and transmission T coefficients as

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

R = S11 =

n=Nobs∑
n=1

ψsca(r ′
n)

n=Nobs∑
n=1

ψsca,R(r ′
n)

r ′
n ∈ Sobs,R

T = S21 =

n=Nobs∑
n=1

ψsca(r ′
n)

n=Nobs∑
n=1

ψsca,T (r ′
n)

r ′
n ∈ Sobs,T

. (7)

As shown in Fig. 2, in Eq. 7, the observation surface in reflection, Sobs,R , is defined
at the constant height z = zobs,R = zT ∀x ′ (corresponding to the location of a lens
in Fig. 1) and on the reflection side (zobs,R > H/2), whereas for the transmission,
Sobs,T , it is defined at the constant height z = zobs,T = −zT but on the transmission
side (zobs,T < −H/2). Typically, zT = 400 mm, corresponding to the lens locations
in the measurement setup. The sample is centered on (x = 0, z = 0). In addition, the
abscissa xobs of Sobs goes from −L/2 to L/2, with a sampling step�x,obs = λ0/10 to
capture the phase variations of the scattered field. From Eq. 7, R and T are averaged
over xobs, where Nobs is the number of observation points. Equation 7 also requires
the knowledge of the fields in reflection, ψsca,R , and in transmission, ψsca,T .

To calculate ψsca,R , the geometry is replaced by a perfectly conducting surface of
length L and of center (0, H/2) (slab top), where H is the slab thickness. From this
new geometry, the scattered field ψ ′

sca is computed from Eq. 5 and evaluated on the
surface Sobs,R , giving ψsca,R = ψ ′

sca for r ′ ∈ Sobs,R . This is analog to the reflect
standard applied in VNA calibration.

The calculation of ψsca,T is more complicated. The obvious way would be to apply
Eq. 4 with z = −zT and x ′ ∈ Sobs,T , but from Eq. 5, we can show that the scattered field
is a cylindrical wave (in far field), meaning that its modulus is proportional to 1/

√
r ′,

where r ′ = √
x ′2 + z′2. Since the incident field modulus does not have this behavior,

the ratio between these two fields (Eq. 7) has no sense because their dimensions differ.
To have a consistent approach, the relative permittivity of the slab is replaced by that
of the air, which is equal to unity. This means that the scatterer is not “viewed” by the
incident wave, which is similar to not considering it. Next, the resulting linear system
is solved, and the scattered field is computed from Eq. 5 for r ′ ∈ Sobs,T . This is analog
to the through standard applied in VNA calibration. Unfortunately, numerical results
will show that this approach gives an unphysical S21. From a mathematical point of
view, this behavior is expected because the equivalent problem corresponds to the
propagation between two points located inside a unique medium. Thus, the boundary
integral equations have no sense.

To solve this issue, another approach is addressed.
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3.2 Method 2: MoM Combined with KA

The second method, named “Method 2” or “MoM+KA,” also applies the MoM to
calculate the surface currents, but the scattered field is evaluated in a different way. By
analogy with the Kirchhoff approximation (KA) or the tangent plane approximation
[16], for r ∈ S, the surface currents, computed from the MoM, can be expressed as

{
ψ(r) = (1 + RS)ψinc(r)
∂ψ(r)
∂n

= (1 − RS)
∂ψinc(r)
∂n

r ∈ S, (8)

where RS is the reflection coefficient on the surface. To be consistent with KA, the
surface curvature radius (or small surface slope) must be larger than the electromag-
netic wavelength λ0. In other words, KA is not valid on the slab borders defined at
x = ±L/2.

By considering only ψ(r), from Eq. 8, RS is given by

RS = ψ(r)− ψinc(r)
ψinc(r)

r ∈ STop, (9)

where STop is the surface points on the slab top (blue dashed line in Fig. 2). To calculate
the radiated reflection coefficient RS,sca, the above equation must be integrated on STop.
By using Eq. 5 with ∂ψ/∂n = 0, we have

RS,sca(r ′) = LR (ψ)− LR (ψinc)

LR (ψinc)
r ′ ∈ Sobs,R, (10)

where the integral operator LR is expressed for any function f (r) as

LR [ f (r)] (r ′) =
∫

STop

f (r)
∂g0(r, r ′)

∂n
d S. (11)

The reflection coefficient S11 is obtained by taking the mean value of RS,sca(r ′)
over the abscissa {xobs,R}, leading to

S11 = 1

Nobs

n=Nobs∑
n=1

RS,sca(r ′
n). (12)

Using the same way for the transmission case, we obtain

TS,sca(r ′) = LT (ψ)

LR (ψinc)
r ′ ∈ Sobs,T , (13)

where

LT [ f (r)] (r ′) =
∫

SBot

f (r)
∂g0(r, r ′)

∂n
d S. (14)
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For the transmission, it is important to underline that the integration over the scatterer
surface is made only on the slab bottom (dashed green line in Fig. 2). The transmission
coefficient S21 is therefore given by

S21 = 1

Nobs

n=Nobs∑
n=1

TS,sca(r ′
n). (15)

Moreover, since the reference phase is defined at the slab top (position of the
perfectly conducting plate introduced in the method 1), S21 must be defined from the
slab top. As a consequence, in Eq. 13, ψinc must be multiplied by the phase correction
exp(ik0Re(

√
εr )H), where εr is the slab relative permittivity.

3.3 Calculation of S21 and S22

The coefficients S11 and S21 are obtained when the incident wave propagates in −z
direction (down-going wave). The coefficients S12 and S22 are obtained when the
incident wave propagates in +z direction (up-going wave), coming from the below
of the slab. Mathematically, it is equivalent to take the complex conjugate of the
incident field and by switching (STop, SBot) → (SBot, STop) and (Sobs,R, Sobs,T ) →
(Sobs,T , Sobs,R).

4 Validation and Comparison withMeasurements

The polarization of the incident wave is H (horizontal or TE), which means that the
incident electric field is collinear with the y direction.

4.1 Dielectric Slab

The geometry is shown in Fig. 2. The slab length is L = 92 mm, and its thickness
is H = 5.01 mm. The incident wave waist equals w0 = 25 mm. The rela-
tive permittivity of the PVC slab is expressed by Eq. 1. The observation height is
zT = 400 mm to match the experimental setup. The sampling step �x of the surface
is �x = λ0/[Re(

√
εr ,PVC)p], where the integer p = 40. The value �x decreases as

the frequency grows (Figs. 3 and 4).
On the left, Fig. 5 plots the modulus of {S11 = S22, S21 = S12} in dB scale versus

the frequency (W band), whereas on the right, their phase is plotted. For S21, the results
calculated from the MoM (method 1) are not represented because values much larger
than one occur. This unphysical behavior comes from the calculation of the incident
field (numerator of Eq. 7). Different ways have been tested to calculate it, but without
any success. In the following, to predict S21, only the method “MoM+KA” will be
kept on.

As we can see in Fig. 5, a good agreement is obtained between the reference solution
(generalization of the Fresnel coefficients to a slab addressed in Appendix) and the
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Fig. 4 Upper left panel: case of two dielectric slabs. The top one (blue line) is tap water. The bottom one
(red line) is PVC of thickness 5.01 mm. Their length is 92 mm. Other panels: A PVC slab covered by water
drops; scenarii 1, 2, 3, and 4 of Table 1. The drops are assumed to be infinite along the y direction

methods 1 (except for S21) and 2, both in phase and in modulus. As expected, the
modulus nearly follows a periodic function, due to the interferences between the
direct reflected ray (for S11) and those emanating from the transmission through the
slab. The period � f can be evaluated as

� f = c

2n̄H
, n̄ = 1

N f

i=N f∑
i=1

Re
(√
εr ( fi )

)
, (16)

where c = 3 × 108 m/s and n̄ is the mean refraction index of its real part over the
frequency band. From Eq. 1, n̄ ≈ 1.72 and� f ≈ 17.42 GHz, which is consistent with
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Fig. 5 On the left, modulus of {S11 = S22, S21 = S12} in dB scale versus the frequency (W band). On the
right, the corresponding phase. The geometry is shown in Fig. 2, where L = 92 mm, H = 5.01 mm, and
w0 = 25 mm

Fig. 5. In addition, the plastic skin depth goes from 50.2 to 101.1 mm from 75 to 110
GHz, which is much larger than the slab thickness H = 5.01 mm. This explains that
the amplitudes of the local maxima do not change significantly with the frequency. In
addition, in Fig. 5, the measurements (legend “Meas”) match well with the reference
solution.
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Fig. 6 Same variations as in Fig. 5, but the frequency band is J
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Fig. 7 On the left, modulus of {S11, S21 = S12, S22} in dB scale versus the frequency (W band). On the
right, the phase. The geometry is shown in Fig. 4, where L = 92 mm, HTop = 0.0875 mm (tap water),
HBot = 5.01 (PVC) mm, and w0 = 25 mm

Figure 6 plots the same variations as in Fig. 5, but the frequency band is J . As we can
see, the results obtained from the two numerical methods (except for S21 of “Method
1”) and from the measurements match well with those of the reference solution.
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Fig. 8 Same variations as in Fig. 7, but the frequency band is J (HTop = 0.104 mm)
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4.2 Slab Covered by a Constant ThicknessWater Film

We consider two dielectric slabs depicted in Fig. 4, upper panel. The bottom one is
shown in Fig. 2 (previous subsection, tap water of relative permittivity given by Eq. 2),
and the second one is located above, with the same length L = 92 mm and with
thickness 0.0875 mm for the W band (and 0.104 mm for the J band). The transmission
coefficient S21 = S12 is calculated only from the method “MoM-KA.”

On the left, Fig. 7 plots the modulus of {S11, S21 = S12, S22} versus the frequency
(W band), whereas on the right, their phase is plotted. Figure 8 plots the same varia-
tions as in Fig. 7, but the frequency band is J . As we can see, the results of the two
numerical methods (MoM and MoM-KA) match well with the reference solution,
both in modulus and in phase. In addition, the measurements are in agreement with
the reference solution, except for the S22 phase and for the W band. It may be caused
to an experimental problem due to an uncertainty in the measured phase definition.

These comparisons (modulus and phase) allow us to validate methods 1 (except for
S21 and S12) and 2 and also show that the measurements are in agreement with the
reference solution.

4.3 Slab Covered byWater Drops

From the experimental setup described in Section 2, this section presents the S̄ matrix
for a plastic slab, as shown in Fig. 2, covered by water drops. The main issue is to
reproduce the geometry (Fig. 3) of the experimental setup. First, it is important to
underline that the MoM deals with a 2D problem, which means that the geometry is
invariant along the y direction. In practice, it is not the case.

The following parameters are known:

• pS ≈ 11% is the percentage of the surface covered by water.
• vWater ≈ 0.86 ml is the total water volume.
• STape ≈ 80 cm2 (≈ L2) is the area delimited by the tape.
• nD = 87, the number of water drops.

Assuming that the drops have half-ellipsoid shapes of semi-axes {ai , bi = ai , ci }
(i goes from 1 to nD), one has (mean total area of nD drops in the plane (x, y) is
nDπ āb̄ = nDπ ā2)

ā =
√

10−2 pS STape

πnD
≈ 1.81 mm, (17)

and (mean total volume of nD drops is 2nDπ āb̄c̄/3 = 2nDπ ā2c̄/3)

c̄ = 3vWater

2πnDā2 ≈ 1.45 mm, (18)

where (ā = b̄, c̄) are the mean values of {ai , bi }, respectively. These values are
consistent with those obtained experimentally. With respect to the x and y directions,
assuming that the spacing dD between two consecutive drops (defined from their
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center) is equal, the mean spacing is

d̄D =
√

STape

�√nD + 1
≈ 9.2 mm, (19)

where the symbol � stands for the integer part.
The incident field is a tapered wave given by Eq. 4, meaning that its modulus depends

on the abscissa x . In other words, the drops are not uniformly illuminated. Like in [8],
the measurements show that the S̄ matrix is more sensitive to the wet area (in the plane
(x, y)) than the water volume. To account for this dependence, the illuminated wet
surface SIll is defined as follows:

SIll = L
∫ +L/2

−L/2
|ψinc(x, z)| u(x)dx, (20)

where u(x) (dimensionless) is a window function.
If a uniform water film of constant thickness HWater is considered, that is u(x) = 1

for x ∈ [−L/2; L/2], 0 otherwise, then

SIll,0 = L
∫ +L/2

−L/2
e
− x2

w2
0 dx = Lw0

√
πerf

(
L

2w0

)
, (21)

where erf is the error function. If w0 � L , which corresponds to an incident wave
assumed to be plane, then SIll,0 → L2, the area of the water film with respect to the x
and y directions. For w0 = 25 mm and L = 92 mm, SIll,0 = 0.48L2, which implies
that 48% of the wet surface is “illuminated.”

For a single water drop of elliptical shape (a, c) (semi-minor and semi-major axes,
respectively) and of center (xD, zD = H/2), SIll,D is

SIll,D = c
∫ +a

−a
e
− (x−xD )

2

w2
0 dx

= w0c
√
π

2

[
erf

(
a + xD

w0

)
+ erf

(
a − xD

w0

)]
.

(22)

Table 1 Parameters of the water drops

Parameters S1 S2 S3 S4

nD 2 2 3 3

ai (mm) 1.6 1.6 1.6 1.6

bi (mm) 1.6 1.6 1.6 1.6

xDi (mm) {−4.6;4.6} {0;9.2} {−9.2;0;9.2} {−4.6;4.6;13.8}

rSIll,D (%) 15.2 14.7 21.5 20.9

vD is the water drop volume
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The ratio, in percent, of the illuminated surface is defined as

rSIll = 100
SIll, D

SIll,0
. (23)

Equation 20 can easily be generalized to a 3D problem. From the values obtained
in Eqs. 17, 18, and 19, an array of nD = 87 half-ellipsoids having a spatial periodicity
d̄D with respect to the x and y directions (panel on the left of Fig. 3) is generated. We
find numerically

rSIll = 13.7%. (24)

The values listed in Eqs. 17, 18, and 19 allow us to select values in agreement with
the experimental setup. Four scenarii shown in Fig. 4 are obtained, and their parameters
are listed in Table 1. The numerical values of rSIll,D and rVIll,D (Eq. 22 with L = 92
mm) are also reported.

For the four scenarii, the horizontal distance separating the drops from their center
is a constant equal to 9.2 mm. In addition, the semi-major and minor-axes of the drops
are constant and ai = bi = 1.6 mm. For scenarii 1 and 2, nD = 2, whereas for scenarii
3 and 4, nD = 3. For scenarii 1 and 3, the drops are centered on x = 0, whereas for
scenarii 2 and 4, they are shifted to the right of a horizontal distance of 4.6 mm. As
expected, the value of rSIll,D increases with nD and slightly increases when the drops
are centered.

On the left, Fig. 9 plots the modulus of {S11, S21 = S12, S22} in dB scale versus
the frequency (W band) and on the right, their phase. The parameters {S11, S22} are
computed from the MoM, whereas S21 is computed from the MoM-KA. Figure 10
plots the same variations as in Fig. 9, but for the J frequency band.
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Fig. 9 On the left, modulus of {S11, S21 = S12, S22} in dB scale versus the frequency (W band). On the
right, the phase. The four scenarii {Si } are depicted in Fig. 4
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As we can see in Fig. 9, for |S11|, the difference between the MoM results and the
measurements is of the order of 1–2 dB, and the measured minima are slightly shifted
toward a lower frequency. As the frequency increases, the difference diminishes, also
exhibited in Fig. 10 (for the modulus, the y-scale differs in Figs. 9 and 10). In addition,
the MoM results are nearly the same for the four scenarii, since the scattered field is less
sensitive to the locations of the water drops. They are “seen” as the mean phenomenon
only related to the wet surface, which is nearly the same for the four scenarii. For
|S22|, a similar conclusion is drawn, and we can observe that the agreement with the
measurement is better for the scenarii 1 and 2. Moreover, in Fig. 10, the measurements
match well for S22 (modulus and phase), and the MoM results nearly no longer depend
on the scenario. For the phase of S11, Fig. 9 exhibits a good agreement between the
measurements and the MoM results, except for near the minimum locations of |S11|.

For S11 and S22, the MoM and MoM+KA results (not shown here) are nearly the
same with a maximum difference smaller than 0.5 dB for the modulus. Concerning
S21, since the dynamics of |S21| over the frequency band is lower than those of |S11|
and |S22|, the differences are more visible. Nevertheless, for the scenarii 1, 2 and 4,
they do not exceed 1–2 dB.

For the two frequency bands and for the full S̄ matrix, scenario 2 is the best candidate
to reproduce the measurements both in phase and in modulus. This case corresponds
to the rSIll closest value (14.7%) from the measured percent of wet surface (10.5%).
The main reason that could explain this difference is that the drops are assumed to be
infinite along the y axis which produces more wet surface than the measurement.

In conclusion, the 2D geometrical parameters of water drop shapes were well cho-
sen to reproduce the 3D geometry, especially scenario 2. An additional criterion is
introduced to quantify the percentage of the illuminated wet surface defined in Eq. 20.
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Fig. 10 Same variations as in Fig. 9, but for the J frequency band

123

For Approval



Journal of Infrared, Millimeter, and Terahertz Waves

5 Conclusion

This paper presented the full-wave MoM to calculate the three elements {S11, S21 =
S12, S22} of the S̄ matrix in W and J frequency bands and by assuming a 2D geometry.
The MoM has been validated on a dielectric slab and on a stack of two dielectric slabs.
Comparisons with measurements showed a very good agreement both in modulus and
in phase. Moreover, the MoM results were compared with measurements, done on a 3D
PVC slab covered by a distribution of water drops, for which a satisfactory agreement
was obtained. To reproduce an equivalent 2D geometry, the drop water shapes and
their distribution were determined and a criterion on the illuminated wet surface was
defined. It must be of the same order for a 3D geometry and its 2D equivalent.

Appendix. Generalized Fresnel coefficients of a slab

To validate the two numerical methods based on the MoM, the Fresnel coefficients
generalized to a slab are addressed in this Appendix. They are expressed as [10]

⎧⎪⎪⎨
⎪⎪⎩

RC = r12 + r23e2iφ

1 + r12r23e2iφ

TC = t12t23eiφ

1 + r12r23e2iφ

, (A1)

where φ = k0 Hn2 cos θ2, n2 = √
εr , cos θ2 =

√
1 − sin2 θ2, sin θ2 = sin θ1/n2.

Moreover, the Fresnel coefficients are defined as

ri j =

⎧⎪⎪⎨
⎪⎪⎩

n j cos θi − ni cos θ j

n j cos θi + ni cos θ j
V polarisation

ni cos θi − n j cos θ j

ni cos θi + n j cos θ j
H polarisation

, (A2)

and

ti j =

⎧⎪⎪⎨
⎪⎪⎩

2ni cos θi

ni cos θ j + n j cos θi
= ni

n j

(
1 + ri j

)
V polarisation

2ni cos θi

ni cos θi + n j cos θ j
= 1 + ri j H polarisation

(A3)

with n1 = n3 = 1, the air refraction index and n2 = √
εr the one of the slab. We can

note that r23 = −r12. For the simulations, θ1 = θinc = 0, which implies that

⎧⎪⎪⎨
⎪⎪⎩

RC0 = ±ρ
(
1 − e2iφ0

)
1 − ρ2e2iφ

TC0 =
(
1 − ρ2

)
eiφ0

1 − ρ2e2iφ

, ρ = 1 − √
εr

1 + √
εr

and φ0 = k0 Hn2. (A4)

where the plus sign refers to the H polarization and the minus sign to the V polarization.
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By convention, the imaginary part of the relative permittivity is chosen as positive
(see Eqs. 1 and 2), which implies in Eq. A1 that the sign of the phase terms, eiφ and
e2iφ , is positive to ensure an attenuation of the intensity.
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