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Abstract: This paper addresses the distributed formation control problem of networked
robot manipulators in end-effector coordinates. We propose a distributed bipartite formation
controller that guarantees collision avoidance and connectivity maintenance for cooperative and
competitive manipulators. In the considered setting, two groups of manipulators are formed
and reach bipartite consensus. On the other hand, the end-effectors in the same group achieve
formation. We design a gradient-based control law using barrier-Lyapunov functions to ensure
that end-effectors do not collide and stay in their sensors’ range. Moreover, we establish
asymptotic stability of the bipartite formation manifold. Finally, we illustrate our theoretical

results via numerical simulations.

Keywords: Formation consensus, signed networks, robotic manipulators, barrier-Lyapunov
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1. INTRODUCTION

In formation control, a group of robots has to undertake
a task, such as reaching a consensus point or tracking
targets, while keeping a geometric pattern between agents.
This problem has been extensively studied in the lit-
erature. However, most works consider only cooperative
agents, in which case the resulting network can be mod-
eled by a graph containing only positive weighted edges.
Yet, robot manipulators are inherently nonlinear; in many
scenarios, some agents may be in competition. Apart from
applications involving robot manipulators, competitive in-
teractions may be found in several scenarios, e.g., in the
context of herding control in Chipade and Panagou (2020);
Grover et al. (2022); social-networks theory in Altafini
(2013), and aerospace applications in Zhao et al. (2022).

The presence of both cooperative and competitive inter-
actions in a network may be modeled using signed net-
works, in which the edges have both positive and negative
weights—see Altafini (2013). The signed network is called
to be structurally balanced, if the nodes may be split
into two disjoint subsets, where agents cooperative with
each other are in the same subset and agents competitive
with each other are in different ones. For these kinds
of networks, the attainable goal, in general, is bipartite
consensus, in which all the agents converge to the same
state in modulus but opposite in signs. See, e.g., Altafini
(2013); Du et al. (2018), and Valcher and Misra (2014).

The preceding references, however, only consider generic
first-, second-, or higher-order linear models, which are
less suited to modeling a network of robot manipulators.
The latter is most often modeled by the Euler-Lagrange
equations, which are inherently nonlinear, and the cooper-
ative control for such systems is well-studied in the litera-
ture. The synchronization of multiple robot manipulators
in joint coordinates is addressed, e.g., in Nijmeijer and
Rodriguez-Angeles (2003) and the formation of manipu-
lators in end-effector coordinates is studied in Sakurama
(2021); Wu et al. (2022). Yet, most of the references in
the literature only consider networks with cooperative
interactions. For signed networks, the bipartite consensus
of networked robot manipulators is addressed, e.g., in Liu
et al. (2019); Hu et al. (2019); Zhang et al. (2023), while
the leader-follower bipartite consensus is studied in Liu
et al. (2022); Liang and Huang (2020); Li et al. (2022),
all in joint coordinates. In end-effector coordinates the
bipartite formation-control problem is considered in Pan
et al. (2023).

This paper addresses the bipartite formation-control prob-
lem of end-effectors while ensuring inter-agent collision
avoidance and maintenance of information exchange.
These inter-agent constraints are commonly addressed us-
ing artificial potential functions—see e.g., Dimarogonas
and Kyriakopoulos (2008); Panagou et al. (2013) for coop-
erative networks. For signed networks, the authors in Fan
et al. (2014) address the bipartite flocking problem with



collision avoidance and connectivity maintenance, using
artificial potential functions. In Sekercioglu et al. (2023),
a controller based on the gradient of a barrier-Lyapunov
function is proposed for the problem of constrained bi-
partite formation over undirected signed networks of sim-
ple integrators. Nonetheless, all the references mentioned
above consider only first and second-order integrators.

In this paper, we consider the distributed bipartite
formation-control problem of robot manipulators’ end-
effectors under relative distance constraints. Robot ma-
nipulators are modeled by the Euler-Lagrange equations.
The contributions are twofold: firstly, contrary to Nijmeijer
and Rodriguez-Angeles (2003); Sakurama (2021); Wu et al.
(2022), we consider networks containing both coopera-
tive and competitive robot manipulators. The resulting
graph is signed, structurally balanced, and undirected.
Then, we consider inter-agent distance constraints on the
end effectors, such as collision avoidance and connectivity
maintenance using barrier-Lyapunov functions. Relative to
Fan et al. (2014), which focuses on bipartite flocking with
collision avoidance, in our work, a minimal safety distance
is ensured between any two agents. Moreover, contrary to
Sekercioglu et al. (2023) and Fan et al. (2014), we consider
Euler-Lagrange systems, not simple integrators. Our con-
trol design and analysis rely on the edge-based formulation
for signed networks—see Du et al. (2018), which allows to
recast the problem into one of stabilization of the origin
in error coordinates. We establish asymptotic stability of
the bipartite formation manifold using Lyapunov’s direct
method. To the best of our knowledge, similar results
are not available in the literature for robot manipulators
containing competitive interactions.

2. MODEL AND PROBLEM FORMULATION
2.1 Agents’ dynamics

Consider a network of N n-degrees-of-freedom robot ma-
nipulators modeled by the Euler-Lagrange equations.

. N 0 .

M;i(qi)G; + Ci(qis di)di + aqui(qi) =7, <N, (1)

1

where ¢;, ¢;,G; € R™ are the generalized joint position,

velocity, and acceleration respectively, M;(¢g;) € R™*"

is the inertia matrix, U : R®™ — R is the potential

energy function and 7; € RP is the control input. As it

is customary, we assume the following.

Assumption 1. The following properties hold.

1. There exist ¢; and ¢; > 0 such that, ¢;,] < M;(q;) <
¢;I for all ¢; € R™.

2. The matrix Mi(qi) —20C5(qs, q;) is skew-symmetric.

3. The Coriolis matrix C;(g;, ¢;) is uniformly bounded
in g;. Moreover |Ci(qi, 4i)di| < ke,|¢i|* for ke, > 0.

2.2 Problem statement

The bipartite formation-control problem of the manipu-
lators’ end-effectors consists in ensuring that the posi-
tions of the end-effectors, in cooperation with each other,
achieve a desired geometric shape around a consensus
value. Meanwhile, the end-effector positions of the com-
peting agents converge on another spatial configuration,

which is symmetrical. Let z; € RP be the position of the ith
manipulator’s end-effector in the task space. The position
of the end effector x; can be mapped to its generalized
joint coordinates using a nonlinear forward kinematics
mapping—see Murray et al. (1994)

T = xi, + hi(q:), (2)
where z;, is the position of the manipulator’s base and
h; : R" — RP is the mapping from joint-space to the task
space. Differentiating (2) with respect to time, we obtain
the relation between the task-space and joint velocities—
see Murray et al. (1994)

Ha) = T8

with J;(¢;) € R™*? the Jacobian matrix of the forward
kinematics. The shape of the end-effector formation is
defined by the relative biases b; and b; with respect to the

two consensus points. Therefore, we can mathematically
define the bipartite formation control objective as

Jim 7i(1) — sen(ai)a; (1) 50, i <N, (4)

&; = Ji(¢:)dis

where Z; := z; — b;, and a;; € R is the adjacency weight
between the two agents. Moreover, for agents to achieve
the objective in (4), we assume the following.

Assumption 2. The systems described in (1), which are
interconnected via inputs 7;, form a structurally balanced
(see below), undirected, and connected signed graph.

We recall that a signed graph is structurally balanced if
it may be split into two disjoint sets of vertices V; and
Vo, where V1 UV, =V, Vi NV, = ) such that for every
i,j € Vp,p € {1, 2}, if a;; > 0, while for every ¢ € V,,j €
Vg, with p,q € {1, 2},p # ¢, if a;; < 0. Otherwise, it is
structurally unbalanced—cf. Altafini (2013).

In the case, where all agents in the network are coopera-
tive, all Z; converge to the same value. However, in this
case, given that some robot manipulators are competi-
tive, there appear to be two competing groups of agents.
Therefore, all Z; reach two symmetrical values, resulting in
all end-effectors adopting a desired formation around two
symmetrical consensus points. For the purposes of control
design and analysis, this is equivalent to making synchro-
nization errors converge to zero. These errors correspond
to the edges of the graph and are defined as

k<M, (5)
where k denotes the index of the interconnection between
the ¢th and jth end-effectors.

€k = T; — sgn(aij)i“j,

In addition, to ensure the safety of manipulators and the
success of their task, the controller 7; must ensure that the
end-effectors do not collide and that they remain within
the range of their sensors. This amounts to ensuring that
for any pair of communicating nodes v; and v; € V, let
0 = x; — xj, and let Ry > 0 and A > 0 be defined as
the maximum and minimum distances with & < M, the
following sets are invariant.

Z.:={0p € R" : |0x| < Rg, Vi,5 €V, le{l,2}} (6a)

Z.:= {6k ceR": |5k| > Ayg Vi < M}, (6b)
where Z,. is the set of proximity constraints and Z.. is the set
of collision-avoidance constraints. Under these conditions,

it is required to design a distributed bipartite formation
control law of the form



Ty = f(ékvqiaqi)7
to achieve bipartite formation of end-effectors, such that,
N _ C < <
tli)rgoek(t) 0, }E&ql(” 0, k<M,i<N, (7)

and the manipulators’ end-effector’s trajectories satisfy
the proximity and collision-avoidance constraints, that is,
0i(t) e Z for all t > 0, with Z :=Z,, N Z,.

3. MAIN RESULT

In this section, we first present our control approach. We
deal with the considered problem as the stabilization of
the origin in edge coordinates, which correspond to the
synchronization errors in (5)—see Mesbahi and Egerst-
edt (2010); Du et al. (2018). Then, in order to respect
the inter-agent distance constraints, the control input is
designed based on the gradient of a so-called barrier-
Lyapunov function—cf. Panagou et al. (2013), Mesbahi
and Egerstedt (2010), Restrepo-Ochoa (2021). Finally, we
analyze the stability of the bipartite formation manifold.

3.1 Control design

A barrier-Lyapunov function (BLF) is defined in the
following—cf. Panagou et al. (2013), Mesbahi and Egerst-
edt (2010), Restrepo-Ochoa (2021).

Definition 1. Consider the system & = f(z) and let Z be
an open set containing the origin. A BLF is a positive
definite C* function W : T — Rsq, = — W(x), satisfies
VW (z)f(x) < 0, where VIW(z) := 0V/0x, and has the
property that W(x) — oo, and VW (z) — o0 as x — 9T.

We introduce a barrier-Lyapunov function expressed in
terms of the synchronization errors é; for the purposes of
this paper. To that end, for a couple of cooperative agents,
we express € in (5) as

e =1; —T; =0 — by, 1,j €V, (®)
and for a couple of competitive agents, we have
i€V, jeVy, (9)

where p,q € {1,2}, p # q and by = b; — sgn(a;;)b;. Then,
in terms of synchronization errors, the constraint sets in
(6) can be restated as follows

ék:fi+5j:6k—5k+2xj,

I.-= {ék e R": |ézk + ak| < Ry, Vk € gm}, (10&)

Z.={ex e R" : Ap < |é$k + agl, VkE < M}, (10b)
where oy, is defined as
(11)
Here, &,, contains the indices of m < M cooperative edges
(edges with strictly positive weights) since the connectivity
constraints are only for cooperative agents. Notice that, in
the case of two cooperative agents, we have oy = by, so it

is constant. Now, we define the BLF W), : R = R3¢ for
each k < M,

ap = 0 — €.

Wiler) = gllenl? + Bu(ew) (12)

where By(éx)! is the sum of two functions satisfying
Definition 1, encoding the constraints in (10), respectively,
Bi(er) = 3(140%) By, (€x) + Be, (€), where B, (&) — oo

LA particular choice for By (€y) is given in Section 4.

as |ex| = Ap and B, (éx) — oo as |ex| — Ry for all
k. In the latter, since the connectivity constraints are
only for cooperative agents, o, = 1 if k& € &,,, and
o, = —1 otherwise. Furthermore, By(éy) is non-negative
and satisfies By (0) = 0. Additionally, it tends to infinity
as |ex| — Ay for all edges and as |éx| — Ry for k € &,,.
However, considering the constraints defined in (10), the
barrier function has to be adjusted to ensure that the
solution lies within the interior of the constraint sets in
(10) and to guarantee the system’s convergence to the
desired point. To achieve this, we employ the concept
of the gradient recentered barrier function—cf. Wills and

Heath (2002). Let We:T. xR — R>o for competitive

interactions and I//V\k :Z.NI. x R = R>( for cooperative
ones be defined as

— 19114
Wk(ak, ék) = Wk(ék + ak) — Wk(ak) — k

(o )er,
(13)
which satisfies Wk(ak,O) =0, Véka(ak,O) =0, where
Véka = %‘Z’C, and Wk(ak,ék) — 00 as |0g| = Ay for
k < M, and as |0x| = Ry for all k € &,,. Moreover,
Wk(ak,ék) satisfies %éi < Wk(ak,ék) < ﬁg[Véka}z.

Then, we introduce the BLF-gradient-based bipartite for-
mation control law given by

M M
==k Ji(@)" | D _[BdikVe, Wi + D _[ElixVa, W
k=1 k=1
—k "—&-iU-( ) (14)
2:4i 8(]1‘ i\qi),
where ki, >0, kg, > 0 for all i < NV,
E=FE - E,, (15)

with E the incidence matrix of the network if all interac-
tions were cooperative?, and E, the incidence matrix of
the considered signed network. We recall that E; describes
the interaction topology of the network and is defined as
follows for a structurally balanced signed network.

+1, if v; is the initial node of the edge ey;
—1, if v;,v; are cooperative such that
v;,v; € Vi, 1 € {1,2} and v; is the
terminal node of the edge e;
+1, if v;, v; are competitive such that
vi € Vp,v; € Vy,p,q € {1,2},p # q and
v; is the terminal node of the edge ey;
0, otherwise,

where ¢, = {v;,v;}, K < M, 4,5 < N are arbitrarily
oriented edges and V; and Vs are the two disjoint sets of
vertices. The first two terms of the control law in (14) are
needed to ensure the bipartite formation of end-effectors
while respecting the inter-agent constraints imposed on the
task space. The second term is needed specifically because
of the use of the gradient recentered barrier function and
the presence of competitive interactions between agents.
The third term is needed to control the joint velocity. It
consists of a damping term to stabilize the joint velocities
at zero. The last term is to compensate for the gravita-
tional force.

2 A structurally balanced signed graph may be transformed into a
cooperative one using the gauge transformation—see Altafini (2013);
Du et al. (2018).



3.2 Asymptotic stability

We analyze the stability of the bipartite formation mani-
fold for the closed-loop system (1) interconnected by the
control law (14). To that end, using the definition of the
incidence matrix, we represent the synchronization errors
in (5) and ay, defined in (11), in vector form

=E/z, (16a)
a=E'z—-E]z. (16b)
Then, after (13), we define
M —
= Wilak, ), (17)
k=1

to write the closed-loop system (1)—(14) in the compact
form

i=- M@ [Cla.dq+ K@) [Bs@ L
+K1J(q) [E® I)VoW (o) + [Ky ® I)§|, (18)

where ¢ = [g], M(q) = blkdiag[M;(g:)], C(¢,4) =
blkdiag[C;(gi, ¢i)], K1 = diag(ky,), Ko = diag(ke,) and
J(q)" = blkdiag[J;(g:) "], forall i < N.

On the other hand, after Assumption 2, the resulting graph
of the considered network is undirected and connected, so
it contains a spanning tree. Then, the closed-loop system
can be expressed only in terms of the errors corresponding
to the spanning tree—see Du et al. (2018), Mesbahi
and Egerstedt (2010). In order to obtain the closed-loop
equations in spanning-tree coordinates, we recall that
the incidence matrix of the considered network can be
partitioned into

]VQV_V(O{, é)

Es = [Ets
c RNXN—l

Ec.], (19)

where E}, is the incidence matrix represent-
ing the edges corresponding to the spanning tree, and
E., € RN*M=(N=1) i5 the incidence matrix representing
the remaining edges. Following the same reasoning, the
synchronization errors can also be expressed as

e=lef &,
where é; corresponds to the spanning-tree errors. More-
over, for a structurally balanced signed graph, there exists

a matrix R, such that
E, = EtsR (20)

where Ry := [In_1 Ti] and T, := (EE,) 'E] E.,—
see Proposmlon 1in sekermoglu et al. (2()23 Thus we
can also express all synchronization errors in terms of the
spanning-tree errors as

¢=(E,.R,)"Z=R]e. (21)
Then, to express the control law in spanning-tree coordi-
nates, we introduce W (a, &) := W(a, R} &). That is, in
view of (21), W(a, &) denotes the same quantity as the

right-hand-side of (17), but in spanning-tree coordinates.
In spanning-tree edge coordinates, Eq. (18) becomes

G==M(@)" |Cla,d)q + K1 ()" [Br, ® L) Ve, W (0, &)
+ K1J(@) [E® LIVaW(a,e) + K2 © L] - (22)
Remark 1. Notice that, using ( 0), the gradient-based

_BW oe

=% 3 = Ve WTR/].

control term reads Vg, W

Then, we have the following.

Proposition 2. Consider N robot manipulators modeled
by (1) and satisfying the Assumptions 1 and 2, in closed-
loop with the distributed control law (14), with ki;, ko; >
0, for all ¢ < N. Then, for any given formation shape
reachable by the end-effectors, the set {(&,¢) = (0,0)}
is asymptotically stable for any initial conditions such
that, for any & < M, 6y € T = I, N I.—see (6)—and
|ak(0)] > Ag. In addition, the set Z is forward invariant,
i.e., the constraints hold for all ¢ > 0.

Sketch of proof: We first express the collision-avoidance
and connectivity constraints in terms of the spanning-tree
error coordinates, as below.

Z, ={e, eR": |r;;étk + ag| < Ry, Yk € &},
Te, = {1, €R": Ay < |r] &, + ai|, Yk < M},
and rg, is the kth column of R;.

(23)
(24)

Next, we consider the Lyapunov function candidate

. . .
V(aa ét7 q) = W(Oé, et) + §qTM(q)Q7
where M(q) = M(q)" and its derivative satisfies
V=—4"[K:®1,]§ <0.

The rest of the proof consists in establishing asymptotic
stability of the origin {(&;,¢) = (0,0)}, using Barbashin-
Krasovskii’s theorem—cf. Barbashin and Krasovskii (1952);
Khalil (1992), and forward invariance of the set Z; := Z,, N
Z,,, for the trajectories of (22), similar to the proof in
(Sekercioglu et al., 2023, Proposition 2).

4. SIMULATION RESULTS

(D=

€2 €4 €9

@6(5 68

Fig. 1. An undirected signed network of 8 robot manipulators.

The black lines represent cooperative edges, and the red lines
represent the competitive edges.

We provide a numerical example to show the performance
of our control law in (14). For that, we consider a system
of 8 two-link robot manipulators interconnected over a
structurally balanced undirected signed network, modeled
by a graph as the one depicted in Figure 1. For the
corresponding graph, we define the orientation of the nine
edges as €1 = V1419, 9 = V1 —V3, €3 = V1 —Vy, €4 = Va—Us,
€5 = Vg — Vg, €6 = V3 + Vg, €7 = Vg + V7, €g = V5 + g and
eg = g+g. The set of nodes may be split into two disjoint
subgroups as Vi = {v1,v3, v, v8} and Vo = {va, V5, 16, 7},
so the network is structurally balanced. From (19), the
edges e;,1 < 5 correspond to the edges of the spanning tree,
and the remaining edges, eg, €7 , eg and eg, correspond to
the cycles. The corresponding incidence matrix is given by



11 1 0 0 0 0 007
10 0 1 10000
0-10 0 01000
E_OO—lO 0 0-100
7100 0 -100100
00 0 0 —-10001
00 0 0 01100
00 0 0 000 11]

Each manipulator is modeled by the Euler-Lagrange equa-
tions in (1), with inertia and Coriolis matrices given by

oy i+ 2Bicos(qa;) 6i + Bicos(qz;)
Mila:) = [ 6; + B cos(gz,) 0 ’
A ) = S, _Sin(qu)(bi _Sin(Q2i)(Q1i + qQ@)
@Ww—ﬂsmM% 0 ’
where a; = I3 ma, + 13 (m1, + my,), B; = l1,l2,mz, and
0; = l%imgi with [q,,l2, and my,, mo, are the length and
the mass of links 1 and 2. The physical parameters are
my = 1.2kg, mo = 1kg, and | = I3 = 1m for all i < N.
The kinematic model for each manipulator is given by
_ [locos(ai) +Iacos(a, +a2.)| -
l1sin(gi, ) + l2sin(q1, + g2,) fo
and the Jacobian matrix
Ji(q:) =
—lysin(g;,) — lasin(q1, + g2,) —lasin(qy, + g2,)
ll COS(qil) + 12 COS(QL‘ + q21) 12 COS(QL‘ + QZl) '
Consider the system (1) with the bipartite formation

control law (14), where ki, = 15, k2, = 10 for all
i < N and the barrier-Lyapunov function in (13), with

2 2
B, (s) =1In <%> ,Be(s) = 1n (%) The bases
of eight robot mampulators are located at T1p = [0.8, 1]
$20:[2, _05] ,.’E30:[05 ] X4, [3 05]

L5, = [_1? _Q]Ta Tey, — [37 _1] ax7o = [17 _3]
rg, = [-2.5, —0.5]T. The initial conditions for each agent

2 y
S\
2
_ o =
= q. a a, o,
a, ., @, @,
2 ; : . z z ; ; I .
0 5 10 15 20 25 30 35 40 45 50
t[s]
5 o @, o, @,
% ®., o, ®.,
R —
N —— -
5 . . . . . . . . .
0 5 10 15 20 25 30 35 40 45 50

¢
Fig. 2. Bipartite formation of system (1) with control input (14) on
joint trajectories.
e 0(0) = [ 5/00T, 4(0) = fon/% /T, 00) =
[m, 7/3]", qa(0) = [0, /2", ¢5(0) = [, 7/3]", ¢6(0) =
0, —=m/3]", ¢:(0) = [m, 7/3]T, qs(O) = [0, —W/3]
G1(0) = ¢2(0) = ¢3(0) = ¢a(0) = ¢5(0) = ¢6(0) = ¢7(0) =
Gs(0) = [0, 0T, with ¢ = [q1, o] " and ¢ = [d1, do]
and the relative displacements of the end-effectors are
by = [0.4, 04T, by = [-0.4, 0.4]", b3 = [0.4, —0.4]7
by = [-0.4, 04]7, bs = [-0.4, —0.4]", bg = [0.4, 0.4]T,
by =[0.4, —0.4]", bg = [-0.4, —0.4] T, with b = [b,, b,]".

Q@ Q. ., .,
- 3 i i, i, Q| ]
= n
g }
N ————
= O\ > IS r———
5
| | | | | | | | |
0 1 2 3 4 5 6 7 8 9 10
t[s]
20 — — -
@, G, [ G,
= [ [ s, s,
< 10
S
= ’(\o-
S e
\ V ‘ ‘
0 1 2 3 4 5 6 7 8 9 10

Fig. 3. Bipartite formation of system (1) with control input (14) on
joint velocities.

N
T

y [m]

 [m]

Fig. 4. Evolution of the manipulators’ end-effector from the initial
positions (o) to the final positions (*). Each group of end-
effectors forms a triangle around the symmetric consensus
points.

tsl
Fig. 5. Trajectories of the norm of inter-agent distances with control
input (14). The black dashed line is the minimum distance
constraint for all end-effectors, and the red dashed line is the

maximum distance constraint for cooperative end-effectors.

The constraint sets are A, = 0.1forallk < M and R, =7
for all k € &,,.

The joint positions and velocities are depicted in Figures
2 and 3, respectively, and all velocities converge to zero.
The paths of each end-effector up to bipartite formation
are depicted in Figure 4, and their final configuration is de-
picted in Figure 6. Moreover, it is clear from Figure 5 that
collision avoidance and connectivity maintenance among
the manipulators’ end-effectors are both guaranteed.

5. CONCLUSION

We addressed the problem of constrained bipartite for-
mation of cooperative-competitive robot manipulators’



®
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Z3

g

y [m]
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-3 -2 -1 0 1
x [m]

3
Fig. 6. Final positions of the manipulators and their end-effector.

end-effectors, modeled by Euler-Lagrange equations. We
considered a structurally balanced and undirected signed
graph. We presented a bipartite formation control law
based on the gradient of a barrier-Lyapunov function
that guarantees that end-effectors do not collide and stay
within their sensing regions. We established the asymp-
totic stability of the bipartite formation manifold. Further
research aims to extend these results to directed signed
networks.
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