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Tunable generation of vortex beams holds relevance in various fields, includ-

ing communications and sensing. In this paper, we demonstrate the feasibility
of nonlinear spin-orbit interactions in thin films of materials with second-order
nonlinear susceptibility. Remarkably, the nonlinear tensor can mix the long-
itudinal and transverse components of the pump field. We observe experi-
mentally our theoretical predictions in the process of second-harmonic
generation from a thin film of aluminum gallium arsenide, a material platform
widely spread for its role in the advancement of active, nonlinear, and quan-
tum photonic devices. In particular, we prove that a nonlinear thin film can be
used to produce vector vortex beams of second-harmonic light when excited
by circularly-polarized Gaussian beams.

Spin-orbit interactions' have been observed under different circum-
stances in linear optics: (i) conversion of spin angular momentum
(SAM) to orbital angular momentum (OAM) in tightly focused beams
propagating in isotropic and homogeneous media?, (ii) spin Hall effect
at dielectric interfaces illuminated with circularly-polarized light?, (iii)
spin-orbit interactions for paraxial beams propagating along the
optical axis of uniaxial homogeneous crystals* or anisotropic and
inhomogeneous structures’, (iv) quantum spin Hall effect of light due
to spin-orbit interactions at metal-dielectric interfaces®’. These inter-
actions are enhanced in the presence of structured light and struc-
tured media (metamaterials, metasurfaces, and any kind of
nanostructures) due to the presence of large inhomogeneities of near
fields®.

Spin-orbit interactions have been also investigated in nonlinear
optics. Arbitrary charge addition, besides the intuitive charge doubling
under phase-matching conditions’, has been achieved in polarization-
controlled second-harmonic generation (SHG), by combining ortho-
gonally polarized pump beams carrying OAM with different topolo-
gical charges'®”. SAM to OAM conversion has been observed in a

barium borate (BBO) crystal pumped with a circularly polarized beam,
in which the interplay between linear spin-orbit coupling and SHG is
exploited to generate a variety of OAM states™. Interaction between
OAM and SAM of light has been theoretically investigated in three-
wave mixing processes occurring in bulk isotropic chiral media™".
Spin-orbit angular momentum transfer has been also observed in
noncollinear SHG from potassium titanyl phosphate (KTP) crystal
under type-Il phase matching, where the two interacting pump com-
ponents are a vector vortex beam and a circularly polarized Gaussian
beam®. Recently, a novel mechanism for optical angular momentum
transfer to nonabsorbing nanoparticles has been proposed, in which
an optical torque is induced via harmonic generation'. The study of
light-matter interactions mediated by spin-orbit coupling is improving
our understanding of the fundamentals of vectorial nonlinear optics,
with implications in a variety of applications, including quantum
information processing' and imaging'®.

Here we report theoretical and experimental evidence of a new
type of nonlinear spin-orbit interaction mediated by the longitudinal
field of a circularly polarized Gaussian beam, in which SAM to OAM
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transfer is achieved via SHG. Its occurrence requires that at least one of
the interacting fields of the three-wave mixing process be the long-
itudinal field component of the pump beam. The effect can be induced
by circularly polarized light interacting with media with a bulk second-
order nonlinear susceptibility )((2) in which at least one of the two
subscriptsj and k is equal to z, i. e the longitudinal coordinate. One of
these crystals is aluminum gallium arsenide (AlGaAs), which is char-
acterized by a quadratic susceptibility of type X(Z) with i#j#k. This
SAM to OAM transfer does not require phase matching between the
pump and the second harmonic (SH) fields, and can be therefore
observed in SHG from a thin film of (001)-cut AlGaAs.

We first present the theoretical background of spin-orbit
coupling involving the longitudinal field, both in the linear and
nonlinear regimes. By showing the peculiar manifestation of this
spin-orbit coupling in AlGaAs with pumps carrying arbitrary
combinations of SAM and OAM, we provide the rules that deter-
mine the SAM and OAM of the SH vortex beams generated in
reflection and transmission. Then we report experimental results
of SHG from a thin film of (001) AlGaAs on a transparent substrate
excited with pump beams carrying different combinations of SAM
and OAM, showing spin-orbit coupling effects in full agreement
with our theoretical predictions. It is quite remarkable that this
effect has not been observed until now, although it occurs in a
semiconductor that is largely employed in electronics and
photonics.

Results
Longitudinal field in a Gaussian beam carrying SAM
The amplitude of the transverse field in a Gaussian beam at its waist

x2+y2
(z=0) canbe expressed as E, =Ae” «> , where w is the beam waist and
A the peak amplitude. The transverse component of the electric field
vector at the z=0 plane and at the frequency w reads as:

EY =(ax +jBy)E, @
where j=+/—1, and a and S are free (complex) parameters that define
the polarization state of the beam é=ax +jfy. In Fourier space, one
may write, E| = (ax +jBy)E,.

Maxwell’s equations m the absence of charges impose
that V- E° = 0. Therefore k - E* =0, with k indicating the wavevector,
E®=E +ZE? the electnc ﬁeld vector with Cartesian components
(E“’,E“’ E9), and E'= E +zE its Fourier transform. It follows that the
electric field component in the z direction is not null and can be
written, in Fourier space, as":

EY = — k;'(ak, +jBk,)E, 2

where k, and k; are the spatial frequencies in the x and y directions,

respectively, and k, = 4 /k?, - kf( - kj is the wavevector component in

the z direction, with kg the free-space wavenumber at frequency w. In
the limit of a weakly divergent pump beam, k,=ko and with the
transformations jk, - 8/0x and jk; > 0/0y, the longitudinal field in real
space can be written as follows:

1 /. OF
Freg (a%e

For a circularly-polarized beam, i.e., a=+/2/2 and = ++/2/2, the
longitudinal field shows a donut-shaped amplitude profile,
proportional to the radial coordinate p=./x2+)2. It also acquires
a helical phase distribution proportional to the azimuthal
coordinate and equal to *¢=+tan"'(y/x), which is a phase
singularity at the origin with charge + 1. This is a well known linear
spin-orbit effect that involves only the longitudinal component of

OE, 2E, .
- ﬁ@) =—J kow? (ax +jBy) 3)

the field”. In the linear regime, this interaction has been observed®
as handedness-dependent transfer of OAM to nanoparticles
illuminated by tightly focused, circularly polarized Laguerre-
Gaussian beams. The importance of the longitudinal field
component extends to nonlinear spin-orbit interactions, as
theoretically predicted by Grigoriev et al.* for sum-frequency
generation within the bulk of isotropic chiral media and isotropic
media with nonlinear nonlocal response.

Spin-orbit coupling involving the longitudinal component in the
nonlinear regime

With no loss of generality, let us now explore the role of the
longitudinal field in the simple three-wave mixing process of SHG.
For AlGaAs, under Kleinmann symmetry, the only nonzero x?
elements are X, =X\2) =Xz =X\2x =Xy =Xox- Let us consider a
thin film of AlGaAs illuminated by a Gaussian pump beam carrying
SAM (circularly-polarized) at the fundamental frequency w. The
film is parallel to the (xy) plane and located at the waist of the
pump beam, where the transverse field can be written as in Eq. (1).
To study SHG from the film, we assume that the thickness of the
slab is negligible or much smaller than one wavelength (d <<Ap),
so that the fields can be approximated as constant within the film
and the induced SH source is a nonlinearly polarized sheet at z=0
and with surface susceptibility Y =x@d. The spectral compo-
nents of the induced polarization on the nonlinear sheet at the SH
frequency may be written as:

~20 NEw R0
Py =€oxPE, +E,
2

Py =X Py < Ef @

~20
P’ =eoXPE, xE,

where * stands for convolution and €y is the vacuum permittivity. The
transverse components of the SH electric field emitted by the sources
in Eq. (4) may be retrieved using the spectral Green function approach
outlined in ref. 20 and, when evaluated at z= 0", read as follows:

El2=0)=GuP{"+ Gy + 6P s
=20 £ 20~ =220 = =20
£y @=07)=CyP, +GyPy +Gy,P,

In the limit of a weakly divergent pump beam, , =~ko, G 'y zeO,

Gy = Gy, =jko /€0, Gy, =Tk, /€o, and G - =%jk, /€y, and therefore the
SH fields can be recast as follows:

E “(z=0%) jkOX(Z)E « Ey $jk X E, *E ®
E “(2=0%)=jkox?E, «E, +ka<2>E *E

The expressions of the SH fields in the direct space can be obtained by
inverse Fourier transforming Eq. (6):
E “’E ©
EZw(z 0 ) JkOX(Z)EwEw— (SZ) ( )
EX*(z=0%)=jkoxPEYE? T X <2>

Substitution of Eqs. (3) and (1) in Eq. (7) then yields the following
expressions of the transverse SH field:

E2(z=0%)=j 2005 [ap(1+ 20 +] B

Ezw(z 0* )—jZXS [aB1+2)y —j a’x]

®
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Fig. 1| Spin orbit interaction in SHG from a thin film of AlGaAs. A circularly-
polarized pump beam with Gaussian profile illuminates the film at normal inci-
dence. The transmitted SH field is a vortex beam with two components: (i) an LG
beam with zero radial number, OAM ¢’ = — 1 and SAM 0%° = +1, and (ii) an LG
beam with 4-fold intensity (the helix reported with the brightest green), zero radial
number, OAM (2 = +1and SAM 0%’ = — 1. The reflected SH field is an LG beam with
zero radial number, OAM (2 = +1 and SAM ¢2% = — 1. The pump beam is repre-
sented in orange, while SH field components are in green; red and blue circles
indicate left- and right-circular polarization states, respectively.

If we now consider the case of a pump with zero OAM (#° = 0) and left
circular polarization, i.e., é=L, =(x+jJ)/~/2 and therefore SAM equal

to 0“=+1, then the expressnons in Eq. (8) reduce to:
E*(z=0"%)=j>25 0 [X(Z £ {Zef‘?’i?+ +e*f¢i+} )
at z=0", i.e, in transmission, and:
EX(z=07)=j Y25 —0 IX (ZJEZ [ e*“’i?,} (10

at z=0", i.e,, in reflection. Here p=/x2+)2, [, = (X %,9)/~/2 indicate
the left circular polarization vectors in the forward (£, ) and backward
(L_) directions, and R, = (% §)/+/2 indicate the right circular polar-
ization vectors in the forward (R, ) and backward (R_) directions. The
spin orbit transfer described in Egs. (9) and (10) is illustrated in Fig. 1, in
the case of an input Gaussian beam with size w =30 pum and an input
wavelength 1=1.55pm. It is clear that the phase singularity of the long-
itudinal field at w is transferred to the transverse part of the SH field at
2w. Specifically, the reflected SH field is a Laguerre-Gauss (LG) mode
carrying SAM with opposite handedness with respect to the exciting
pump field, i.e. 029 = — 1 (right-circular polarization), and an OAM with
charge ff‘“’ =1; instead, the transmitted SH field is a superposition of two
LG modes, one having SAM with ¢2¢ =1 (left-circular polarization) and
OAM with charge (2° = — 1, and the other one havmg SAM with 0% = —
1 (right-circular polarlzatlon) and OAM with charge (%9 =1.It is important
to notice that the right-circularly polarized component has twice the
amplitude of the left-circularly polarized component. Therefore the
transmitted SH field has average OAM? given by f gay = *U 010 =35
and average SAM fouy = 201D = _ 3/5 The average OAM and SAM
values obtained by following the procedure outlined in ref. 21, i.e., by
averaging the OAM and SAM with the power carried by each modal
component, are identical to those that one finds by using the expressions
of the normalized SAM and OAM densities in the longitudinal direction

(2) based on the canonical momentum density* 2, which read as follows:

an

e Fx Im [E* : (V)E] S

‘o 12)
4 w

Je=

where W= 1ey|E|* is the electric energy density, r is the position
vector, and Im[E - (V)E|= Im[E,VE, + E VE, +E,VE,] represents the
canonical momentum of light.

The spatial profiles of transmitted and reflected SH fields pre-
dicted by Egs. (9) and (10) are reported in Fig. 2a, b alongside data of
SH generation from an AlGaAs thin film measured with the experi-
mental setup reported in the Methods section (Fig. 2¢c, d). We find
excellent agreement between theory and experiments both in the
spatial profile of the field and in the distribution of the polarization
state of SH light over the cross section of transmitted and reflected
SH vortex beams. The slight discrepancies between the theory and
the experiments can be attributed to the effect of the finite thick-
ness of the AlGaAs sample (400 nm), which is not considered in the
theoretical predictions. In the calculations, the field is evaluated in
the plane of the nonlinear sheet with vanishing thickness. In the
experiments, the size and shape of the second harmonic beam
slightly vary across the thickness of the sample. Calculated and
measured interferograms between the transmitted LG beam and a
plane wave confirm the presence of a “fork” dislocation associated
with the phase singularity at the center of the beam (see the insets
of Fig. 2a, c). We note that the superposition of two LG beams with
different intensities in the transmitted SH produces a vortex beam
with elliptical polarization mostly in the radial direction. Further-
more, when the pump SAM is switched from ¢“=+1 (left-hand
polarization or é=L,) to 6“=-1 (right-handed polarization or
e=R,), then the signs of SAM and OAM for SH light flip. Theoretical
prediction and experimental verification of this behavior are
reported in Fig. 2e, f and Fig 2g, h, respectively.

Spin orbit coupling with pump beams carrying arbitrary com-
binations of SAM and OAM
We now extend the analysis presented in the previous section to
the more general case of SHG induced by arbitrary combinations
of SAM and OAM in the pump beam. We consider a pump beam
with an SAM defined by ¢” and OAM with charge #“. The SAM can
be 0“=+1 for circular polarization while the topological charge
associated with the OAM state has integer values: ¢*=+1,+2, ...
The expression of the transverse component of the pump electric
field at z=0 is then:
E®(z=0)=FEy/v2x LG} [w] % (X +j0°P) (13)
in which the LG mode has radial index equal to O and may be written in
the standard way*:

1€l 5
LG[w]= (%) ey (%) (14)

where ¢ is the topological charge, p the radial index and L,‘f‘ the
associated Laguerre polynomial. The transverse field of the induced
SH in reflection is a single LG mode with amplitude A,, OAM with
charge Ef“’, radial index p,, and SAM 02, and therefore it may be
written as follows:

E(z=07)=A, LG, [w] x (x — jo2*5) 15)
while the transverse SH field in transmission is a superposition of two
LG modes with different amplitudes (44 and Ay,), different SAM (0%
and 029), different radial index (py and p), and different OAM (%% and
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Fig. 2 | Transmitted and reflected SH beams emitted from an AlGaAs film.

a Intensity distribution (|E]%) of the transmitted SH vortex beam at z= 0", theoreti-
cally predicted by Eq. (9). The blue ellipses represent the local polarization state
across the beam cross section (the blue color indicates right-handed polarization).
The inset shows the “fork” dislocation that appears in the plane-wave interferogram
associated with the topological charge. b Intensity distribution of the reflected SH
LG beam at z= 0", theoretically predicted by Eq. (10). The circles represent the local
(circular) polarization state across the beam cross section (the blue color indicates
right-handed polarization). ¢ Same quantities as those represented in panel a but

measured in transmission through an AlGaAs thin film with the experimental setup
described in Methods. d Same quantities as those represented in panel b but
measured in reflection from an AlGaAs thin film with the experimental setup
described in Methods. In the theoretically predicted plots, the intensity is normal-
ized with respect to the maximum value, and the LG vortex beam is characterized
by the pair of angular momentum numbers (SAM,0AM). Plots in the red box refer to
the case of SHG with a Gaussian pump carrying SAM given by 0°=+1, i.e., left-
circulary polarized. Plots e-h inside the blue box are the same as a-d, respectively,
for a circularly-polarized Gaussian pump with opposite handedness, i.e., 0*=-1.

%), and it has the following expression:

E(z=0")=Ay X LGy [w] (% +jo25) + ”
+ Ay % LG [w] % (% +j029)

In Egs. (15) and (16), the amplitudes of the transmitted and reflected LG
modes are:

(2)

X
An=J %E(ZJ St a7
X (sz) 2
A =27 EG e (18)
(2)
A=A Es, (19)

where s, =s,, = — 5,4 =sgn(¢”), while the SAM and OAM of transmitted
(the two LG modes indicated with subscripts ¢1 and #2) and reflected
(the LG mode indicated with subscript r) SH beams are given by the
following rules:

o =0 (=20 —g" (20)
o= —0v  H=20"+0" @n
0¥ =_g% 2= _ (2 —09) (22

The radial index of LG modes at the second-harmonic can be either O
(conservation of the radial index of the pump) or 1 (radial index
increased with respect to the pump). In particular, the radial index is
Prap=1 for modes in which |62% ,|=2¢°| -1, and p.a.=0 for
modes in which [£2%4 ,|=2|¢| +1. The appearance of a higher radial
order has been observed in type Il second-harmonic generation with
orbital-angular-momentum mixing of counter-rotating vortices, in
spontaneous-parametric down conversion”’ and in self-phase
modulation®, and it has been interpreted as a diffraction effect
in”’. The peculiarity of nonlinear spin-orbit coupling in AlGaAs is that
the appearance of a higher radial order is strictly related to the
presence of spin in the pump beam, as well as to the y® tensor
symmetry.

From Eqgs. (20) and (21), it turns out that the average SAM and
average OAM?” of the vortex beam generated in transmission are:

0-20)|A 1|2+0-2w|A2|2 3
f _ a7 2 7t — _ T 40 (23)
MM AP+ AP 5
(e’ 1Aal® + 1A 3
= =20+ Zo? 24
Jomm |Agl? + Ay 5 @9

To verify these predictions, second-harmonic generation on the
transmission side has been measured for all possible combinations of
SAM and OAM states of the pump achievable with #*=0, 1 and
0”=0, 1. We opted to image the second harmonic beams in the
Fourier space, by inserting a Bertrand lens in the setup (see the
Experimental setup section). This configuration is equivalent to
visualizing the beams far away from the sample surface, in the
Fraunhofer approximation. At such a distance, the differences

Nature Communications | (2024)15:1625
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Fig. 3 | Nonlinear spin orbit coupling with pump beams carrying arbitrary
combinations of SAM and OAM. Experimental (a) and theoretical (b) spatial
profiles of the SH beam intensity for the nine combinations of pump SAM and OAM
states achievable with #°=0,+1 and ¢” =0, + 1. The profiles are measured (a) and
calculated (b) in the Fourier plane on the transmission side, as described in

Theory

max

Intensity

kefko 0

Methods (Experimental setup section). The distribution of the polarization state
across the beam is illustrated with red (left-handed polarization) and blue (right-
handed polarization) ellipses. Linear polarization states that occur for 0”=0 are
indicated with white segments.

between the infinitely thin sheet of nonlinear material considered in
the theory and the experimental sample, with a small but finite
thickness, can be neglected. The results are presented in Fig. 3. The
experimental findings, including the spatial distribution of the
measured second-harmonic intensity and the polarization state
across the beam in the Fourier plane, are juxtaposed with
corresponding theoretical predictions, showing excellent agree-
ment. A larger subset of the possible nonlinear spin orbit interactions
in AlGaAs is reported in Table 1 for a few combinations of SAM and
OAM states of the pump.

For illustrative purposes, the pump, as well as the SH beams
generated in transmission and reflection, calculated in the direct space
according to Eq. (16), are reported in Fig. 4 for all the interactions
reported in Table 1.

Table 1| Nonlinear spin orbit interactions in AlGaAs (001)

Pump SHay SHo SHy+ SHe SH,
o & o & 0¥ B foam  foam 0 £
0o 1 0 2 0 2 0 2 0 -2
1 0 1 -1 1 -3/5 35 1

1 K B A -1 -85 -5 - 3

1 1 1 1 -1 3 -3/5 135 - -1

1 2 5 - -3 -85 7/5 -1 5

1 2 3 -1 5 -3/5 23/5 - -5

Nonlinear spin orbit interactions in AlGaAs for selected combinations of SAM and OAM states
of the pump. The first and second column refer to the SAM and OAM of the pump (labeled
“Pump”); the second and third columns refer to the SAM and OAM of the first SH component in
transmission (labeled “SHy"), whose relative amplitude is equal to 1; the fifth and sixth columns
refer to the SAM and OAM of the second SH component in transmission (labeled “SH,,"),
whose relative amplitude is equal to 2; the seventh and eighth columns are the average SAM
and average OAM of the overall SH vortex beam generated in transmission; the last two
columns refer to the SAM and OAM of the reflected SH beam (labeled “SH,”), whose relative
amplitude is -1.

Discussion

We have presented theoretical and experimental evidence of a new
type of spin-orbit coupling occurring in second-harmonic generation
from thin films. The nonlinear interaction is mediated by the long-
itudinal component of the pump field, and therefore it requires
materials with nonlinear susceptibility tensor elements that mix
longitudinal and transverse components of the pump. We have
demonstrated that AlGaAs thin films, when pumped with circularly-
polarized light, emit vortex beams of second-harmonic light carrying
both spin- and orbital angular momentum. In particular, average
SAM and OAM are produced in transmission due to the super-
position of LG beams with opposite topological charge and different
intensities. We have provided general rules to determine SAM and
OAM of SH light in the presence of different combinations of SAM
and OAM pump states. These rules are related to the particular
choice of the shape of the second-order nonlinear tensor, and
therefore we foresee that this type of spin orbit coupling may be
engineered in structured films, i.e., metasurfaces, to produce a
variety of OAM states. Besides improving our understanding of
fundamental aspects of vectorial nonlinear optics, our results sug-
gest that the nonlinear response of seemingly simple systems such as
non-structured thin films can be leveraged to structure nonlinearly
scattered light and may find applications in a variety of fields, such as
quantum optics, information processing and communications, opti-
cal trapping and imaging.

Methods

Fabrication of the AlGaAs thin-film sample

Sample fabrication begins with the growth of a planar structure by
molecular beam epitaxy on a GaAs (001) wafer. The structure consists
of a 400 nm thick layer of Alg1;GaggsAs which rests on a sacrificial
layer of Alg gGag,As. Alg17Gag g3As is transparent at the SH frequency
and, at the same time, is immune to two-photon absorption at the
pump wavelength. Cleaved parts of the sample are then glued upside

Nature Communications | (2024)15:1625
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Pump
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a b c

Fig. 4 | Cross sections of pump and SH beams for selected combinations of SAM
and OAM states of the pump. Panels a-fillustrate the cross-sections of the pump
(first row), transmitted (second row) and reflected (third row) SH fields associated
with all the interactions described in the six rows of Table 1. All the cross sections
are calculated at z= 0" and in each plot, the LG vortex beam is characterized by the

(-3/5,-7/5)

)

(-3/5,+13/5) (-3/5,-17/5) (-3/5,+23/5)

L2

d e f

pair of angular momentum numbers (SAM,0AM), as reported in Table 1. a The
pump state is (SAM,0AM) = (0,+1). b The pump state is (SAM,0AM) = (+1,0).

¢ The pump state is (SAM,0AM) = (+1,-1). d The pump state is (SAM,0AM) = (+1,+1).
e The pump state is (SAM,0AM) = (+1,-2). f The pump state is (SAM,0AM) = (+1,-2).

down to a sapphire substrate using an epoxy adhesive (M-bond 610).
Subsequently, a series of mechanical etchings using abrasive discs with
different roughness levels is employed to partially remove the GaAs
(001) substrate which was utilized during MBE growth. The polishing is
stopped when its thickness reaches approximately 35pum, so as to
avoid the formation of structural defects in the active layer. We take off
the residual GaAs layer through a selective chemical etching (citric acid
and H,0, diluted in deionized water) with a typical GaAs etch rate of
~1.5 pum/min. As a final step, we remove the sacrificial Alg sGag ,As layer
with a second selective chemical etch using concentrated hydrofluoric
acid. During this final step, only the sacrificial layer undergoes etching,
thus leaving behind a flat, clean and mirror-like Alg;7Gagg3As mem-
brane glued on the transparent sapphire substrate.

Experimental setup

The nonlinear characterization setup is based on a horizontal
microscope presented in Supplementary Fig. 1. The pump field is
generated by an optical parametric amplifier (Mango, APE) pumped
by a mode-locked Yb-doped fiber laser (Satsuma, Amplitude). This
source emits 160 fs-pulses at 1550 nm with a repetition rate of
500 kHz. The pump beam size is controlled by a telescope, its
polarization state is set by a linear polarizer and a quarter-wave plate
and the pump OAM is tuned by reflecting the beam on an SLM (200-
21, Santec). The pump power is controlled with a half-wave plate and
a Glan-Taylor polarizer, and then it is measured by sending a fraction
of it on an InGaAs photodiode through beam-splitter BS2. The pump
beam is focused on the sample by a micro-lens with NA=0.16 and
high transmission at the fundamental frequency. The reflected (resp.
transmitted) pump beam is removed by a short-pass dichroic mirror
(resp. short-pass filter). After being collected by a micro-lens (NA =
0.68), the forward “transmitted” SH signal is focused either on a CCD
camera (Sony, ICX825AL), or on a spectrometer (Broadcom, Qmini),
or on a Si photodiode (Newport, 818-SL). For SHG measurements in
transmission, we move from real to Fourier space by imaging the
back focal plane of the collection lens with a Bertrand lens. For phase
imaging of the SH signal, we let it interfere with a reference beam at
SH in a Mach-Zender interferometer that includes beam splitters BS1
and BS3. The former sends a part of the pump beam to the reference

path, where first a phase-matched BBO crystal doubles its frequency;
then a delay line, consisting of a micrometric precision motorized
stage, ensures the temporal overlap of the two pulses on BS3. The
resulting interference pattern is recorded on the CCD, while the
transmitted reference and reflected sample beams at BS3 are sent to
a beam dump.

SH characterization

Spectral properties of the SH signal were characterized using a fiber
coupled spectrometer. Results are presented in Supplementary Fig. 2,
where the Gaussian fit gives a peak wavelength of 775.2 nm and a full
width at half maximum of 5.5 nm.

SHG efficiency measurement

SH power scales with the square of the pump power. Thus, for low
incident power, we implemented lock-in detection to measure low SH
power. A mechanical chopper modulates the pump intensity and
serves as reference input for the lock-in amplifier. We simultaneously
measure the ratio Ps,/Pgr and the results are presented in Supple-
mentary Fig. 3. We report maximum efficiency of 8.2x10°® for an
average pump power of 16.8 mW. As expected for second order non-
linear process, the fitting coefficient is 2.02 + 0.04.

Stokes parameters measurement
The polarization of a beam with intensity / and degree of polarization p
can be characterized in terms of four intensity parameters:

I I

so| Q|| tpeos@wcosian s
U Ip sin(2y) cos(2x)
4 Ipsin(2y)

where ¢, the inclination, gives the orientation of the polarization
ellipse and y, the ellipticity, gives the ratio between the two semi-axes.

The measurement of such parameters is carried out by adding two
polarizing elements in the optical path just before the imaging camera.
As discussed in ref. 30, we use a quarter-waveplate that can be rotated
by an angle 0 followed by a fixed wire grid polarizer whose
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transmission axis is aligned with the x-axis. These two elements are
placed in the transmission arm of the setup (QWP2 and LP2) or in the
reflection arm (QWP3 and LP3).

The intensity is given by

1(0)= %(A+B sin 20+ C cos 46+ Dsin 40) (26)

Experimentally, we acquire an intensity map of the SH beam for N
discrete values of 6. Eq. (26) needs to be rewritten as

I,= %(A +Bsin26,+C cos46,+Dsin46,)(n=1,2,--- ,N)(N=8)

(27)
where N is an even number whose minimum value is given by Nyquist’s

sampling theorem. Thus, for eight measurements with equal angle
intervals, we can recover A,B,C and D and the Stokes parameters

4;

A= 2 5 B= 3 in26

N; N; sin26,,
(28)

48 cos4d,  D=t371 sin4g

an:jl cos40,, NZ:: sin46,
I=A—-C,Q=2C,U=2D,V =B (29)

p:; [Q*+ U2+ V2

and,forp=1: (30)

¢=1itan™! (%)
x- a1

As an example, we show in Supplementary Fig. 4 the experimental
distribution of p, y and ¢ characterizing the polarization state of the SH
beams of Fig. 2¢, d. The blue ellipses in Fig. 2c, d are derived from these
experimental maps.

Data availability
The data that support the findings of this study are available from the
corresponding authors upon request.

Code availability
The codes that support the figures of this paper are available from the
corresponding authors upon request.
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