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SHARP BLOW-UP STABILITY FOR SELF-SIMILAR SOLUTIONS OF THE
MODIFIED KORTEWEG-DE VRIES EQUATION

SIMAO CORREIA AND RAPHAEL COTE

ABSTRACT. We consider the modified Korteweg-de Vries equation. Given a self-similar solution,
and a subcritical perturbation of any size, we prove that there exists a unique solution to the
equation which behaves at blow-up time as the self-similar solution plus the perturbation.

To this end, we develop the first robust analysis in spaces of functions with bounded Fourier
transforms. To begin, we prove the local well-posedness in subcritical spaces through an ap-
propriate restriction norm method. As this method is not sufficient to capture the critical
self-similar dynamics, we develop an infinite normal form reduction (INFR) to derive time-
dependent a priori L* bounds in frequency variables. Both approaches rely on frequency-
restricted estimates, which are specific positive multiplier estimates capable of capturing the
oscillatory nature of the equation. As a consequence of our analysis, we also prove local well-
posedness for small subcritical perturbations of self-similar solutions at positive time.

1. INTRODUCTION

1.1. Setting and motivation. In this work, we consider the modified Korteweg-de Vries equa-
tion on the real line

(mKdV) O+ Bu = +0,(u®), (t,x)eR?  w(t,z)eR.

The sign will be irrelevant in our analysis and thus we focus on the focusing case (+4). As this
equation is invariant through the scaling uy(¢,z) = Au(\3t, A\z), one may look for self-similar
solutions, that is, solutions invariant under scaling. A direct computation shows that self-similar
solutions are necessarily of the form

S(t,x) = #S <t1%) ,  where S” — %S =8+, ack.
The existence of self-similar profiles S has been proven in |3} 10} 111, 21 [30] using ODE, stationary
phase or complete integrability techniques. The corresponding solutions are critical in terms
of time, space and frequency decay. In physical space, the profiles have decay like |x|_1/ 4 as
x — —o0, while their derivative grows as |£C|1/ 4 (implying a strong oscillatory behavior, see for
example [4] for precise asymptotics). In frequency space, the solutions are merely bounded, with
logarithmic oscillations at infinity and a jump discontinuity at £ = 0 (induced by the parameter
a): we refer to Proposition below for more details.

Due to their scaling-invariant nature, self-similar solutions are not included in any existing local
well-posedness theory. Indeed, in the H?-scale, well-posedness is known to be analytic (cf. [24])
for s = 1/4, continuous for s > —1/2 (cf. [20]), and fails at the critical regularity s = —1/2 due
to an instantaneous norm inflation mechanism (this mechanism can also be seen in the evolution

of self-similar solutions). In the scale of Fourier-Lebesgue spaces H = {u € S'(R) : (¢)*ti e L¥'},
the analytic well-posedness can be shown for almost-critical spaces r > 1 and s > (1 —r)/2 (cf.
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[17]). They barely missed fAI? (which corresponds to @ € L), which is a critical space where
self-similar solutions lie.

Self-similar solutions present a natural blow-up behavior at ¢ = 0, which is connected to the
formation of logarithmic spirals and corners in the evolution of vortex patches in the plane (J15]).
On the other hand, they also determine the long time asymptotics for small solutions of (mKdV])
([9, 14l 19] 221 23]). In the refered articles, the analysis in performed for subcritical solutions. In
[4], together with Luis Vega, we introduced a critical space where long-time asymptotics could
be analyzed. In particular, we proved that any small critical object converges to the self-similar
solution with the same zero Fourier mode. As such, the most relevant open problems related
with self-similar solutions concern the dynamics near t = 0. In a parallel problem for the cubic
nonlinear Schrodinger equation on R, the use of the pseudo-conformal transformation translates
the problem from ¢ = 0 to one at ¢ = co (while also turning self-similar solutions into constants),
see [1L 2]. For the modified KdV, the absence of such a transformation forces us to analyze the
problem directly.

In our previous work [5], we managed to prove the stability of the blow-up phenomena under
smooth and small perturbations at the blow-up time. More precisely, given a self-similar solution
S (small in a critical space) and a perturbation z small in a sufficiently strong topologyﬁ, namely

(1.1) zely, (&%2ely, (Edtel' nl?
then there exists a unique solution u to (mKdV]), defined for ¢ > 0, such that
(1.2) u(t)—S(t) -z ast—0%.

There were two main ingredients in the proof. Define the profile
a(t) = Fole % ult)),
the phase
¢ = ®<§7§17§27§3) = 53 - 5% - g% - 5%7
and the hyperplane of convolution He = {(21,&2,&3) € R? : & + & + & = &}. Then the
corresponding equation becomes
i€

ff " a(t, & )a(t, &)a(t, &3)dé da,
He
so that the nonlinear term takes the form of an oscillatory integral. By stationary phase argu-
ments, this equation reduces to an almost-pointwise ODE in time:
3
s

a= 25 (iag,o)act, &) — e €0 (1, u
e S (e - o (15)) + R0,

The remainder R[u] is controlled (and integrable in time) as long as we control both
te L and Jeti € Lg.

The L* bound on % can be bootstrapped using the profile equation (L3]) itself. Unfortunately,
this is not possible for o¢u, as differentiating in frequency the profile equation would introduce
strong divergent oscillations. It is at this moment that the second ingredient comes into play, the
vector-field or scaling operator (x — 3td2)u. Indeed, the required L? bound for O¢i corresponds
(up to controlled terms) to an L? bound for the vector-field, and this can be obtained through
a direct energy estimate. These two mechanisms are enough to bound solutions for times away
from O (as done in [4]). If one introduces sufficiently smooth subcritical perturbations, the bounds
on the remainder can actually be shown to be uniform up to ¢ = 0, which lead to the blow-up
stability result.

The main issue with the above result lies with the conditions (I.I]) imposed on the perturbation
z (and also the smallness in those spaces). These restrictions can be traced to several deficiencies

We denote * or F the Fourier transform, possibly specifying variables when it is space-time.
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in our approach: first, the analysis is performed simultaneously in physical and frequency space.
Second, the solution is constructed in a critical space, leading to a smallness assumption. Third,
the control in Fourier space does not exploit oscillations in time, as the profile equation gives a
pointwise control on the time derivative 0¢ti. As optimal results in dispersive equations usually
require a refined analysis of the oscillations in frequency, it becomes clear that our previous
result was far from being sharp.

The main goal of the present work is to provide a sharp stability result of self-similar solutions at
blow-up time. Roughly speaking, given a perturbation z with almost critical decay in frequency
space (measured in Wg ) and of arbitrary size, we show here that there exists a unique solution

u to (mKdV]), defined around ¢ = 0, for which (2)) holds.

1.2. Main results and description of the proofs. As mentioned before, a sharp stability
result requires one to abandon the expansion (L4) (as it does not exploit the time oscillations)
and perform the complete analysis in frequency space. We are forced to go back to (3] and
work directly with the full oscillatory integral.

A first attempt would be to try a fixed-point argument using /t\he Fourier restriction norm method
as implemented in [I7], extending their result to weighted Lzo spaces. In this direction, we have

Theorem 1.1. Equation [mKdV]) is locally well-posed i ﬁ((@“df), for any pu > 0.

This result follows in a rather neat way (done in Section ) from the frequency-restricted estimatd]
(see Proposition [3.0])

©* 8
(1.5) VM =1, sup fj Lip_alepsdérdéo < MP,
g.aer JJm, (C1)PCEH(E3)H [@=el<
for some /3 € (0,1). The relation between the Fourier restriction norm method and frequency-
restricted estimates was observed in [6] for Lg—based spaces. Here, we extend the argument to
Lgo spaces.

The fact that a local well-posedness theory exists in almost-critical weighted L™ spaces is a good
starting point to analyze the stability of self-similar solutions in Lgo. Let us give some insight
why the critical regularity u = 0 seems currently out of reach. The description of the self-similar
solution in space-time frequency variables (7,&) presents unavoidable logarithmic divergences:
indeed, a direct computation using the scale-invariant structure of & shows that

ft,x(etagS) = g—lgg (%) , for some g € S'(R).
Therefore its L norm behaves as 1/7, which is not controllable in L2({rbdr), for any b > 1/2.
A similar problem appears in physical variables (¢, z): consider the toy problem of the linearized
equation

Oy + 03v + 30,(S?v) = 0.

The most natural move is to use the estimates of Kenig, Ponce and Vega [25], which allows to
recover the loss of a derivative:

2
lvlrerz < lv0)lz + 1K 70] 1y r2-
Now one can essentially only use Holder estimate:
2 2)12
I8% 0l < IS7ILare vl 22 ,-

However, as it was observed in [3], S(t,z) ~ t~1/3(at=1/3)"1/* ¢ LAL* and the argument cannot
be closed.
In (¢, &) variables however, self-similar solutions are actually agreeableﬂ:

“Here, L% ((6)d€) = {ue 8'(RY) : (™€) € L™ (R)}.

A frequency-restricted estimate is a multiplier estimate over sublevel sets of the resonance function.

4See ([LI0) for the definition of the weighted spaces W;fﬁ
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Proposition 1.2 ([3]). Given A € C small, there exists a self-similar solution S whose profile
S(§) = 6*2538( 1)(&) belongs to Wo L (R\{0}) (but not better). It can be decomposed

S(&) = So(§) + Sreg(£),

where Syeg € whe (R\{0}) (it may have a jump at 0) and

(4/7)~,(11/7)~
—i§§3
ialn ialn|¢|€ " °

(1.6) %@%=M8615<A+B¥15—?T>,

where x € € (R) satisfy x = 0 for || < 1 and x = 1 for [§| > 2, and for some B € C with
Al 4+ [B] ~ [Slyp.00 (R\{0}).

Of course, e*it538/(?)(§) — S(t1/3¢). When it carries no confusion, we will often denote S(t,&) =
S(t1/3£) and do the same for Sy and Sieg.

We are then lead to the analysis of the full oscillatory integral in (t,£) variables at critical
regularity. As it is becoming clear in the recent years [7} (18, 26| 27, 28|, 29], the analogue of the
Fourier restriction method in (t,£) variables is the infinite normal form reduction (INFR). Let
us briefly explain the idea behind this procedure. Write (L3)) in integral form,

(1.7) alt,€) - fﬁ%@ 5,€0)ils, £2)ii(s, €)d61dEads,

where @ = ¢3 — €2 — €3 — €3, In order to exploit the oscillations in time, we want to integrate by
parts in time, using the relation '
oIt _ AC)
1P
It does not induce singularities, as long as ® is not small. This motivates the introduction of a
parameter N > 0 to split the frequency domain in the near-resonant region |®| < N and the
nonresonant region |[®| > N and to integrate by parts in the latter (all double integrals are over

Hg):

e fJ] 1‘¢|<Nu s,&1)u(s, &2)u(s, &3)dE1dSads
+—2f ffeis¢1|q’>Nﬁ(sa§1) (s,82)t(s, &3)dE1dS2ds

_3(0,6) + fﬂ”ﬁww 61)ii(s, €2)ii(s, &) d dEads
s=t

4—{ﬂ@wwum@@<@@@]

s=0
- 42—772 L ” %1|<I>\>Nat (a(s,&1)u(s, &2)u(s, E3)) dErdéads.

In the last integral, after distributing the time derivative, we are now free to use (I.3]) and rewrite
the last integral as an oscillatory integral which is now quintic in u. We arrive at an expanded
version of (L)), with a few well-behaved cubic terms plus a quintic term: this concludes the first
step of the INFR.

We can play this game again, splitting the quintic term into “good” quintic terms plus a sep-
tic integral, then replacing the septic integral and so forth. This process can then be iterated
indefinitely: the end result is an infinite expansion of (7)) in well-behaved terms of arbitrary
order:

a(t,&) = u(0,&) + Z (Boundary terms at step J + Near-resonant terms at step J).
J=1
The main difficulty that now arises is the derivation of multilinear bounds for every single term

in the expansion, together with some decay in J to ensure summability. This has been for some
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time an unclear topic, especially in what concerns Lg—bounds: apart from some concrete cases
[18,29], the general framework announced in [28] seems not to be completely correct (see Remark
[15) and the validity of the approach described therein remains to be proved.

In this work, we rigorously formalize the derivation of Lgo a priori bounds through the INFR. As
it will be explained in Section Ml these bounds may be reduced to frequency-restricted estimates
akin to (D) (see in particular the paragraph [.3]).

Remark 1.1. One of the main takeaways of the present work is the effectiveness of frequency-
restricted estimates in deducing bounds for nonlinear dispersive equations. Not only can these
estimates be used to derive multilinear estimates in Bourgain spaces and a priori bounds through
the INFR, but they can also be used to prove Strichartz estimates. In conclusion,

INFR a priori bounds in (t,§)
Frequency-restricted estimates (in {) = < multilinear Bourgain estimates in (7, &)

Strichartz estimates in (¢, )

As we already pointed out above, the last two approaches are not suitable to deal with a self-
similar background.

In order to implement the INFR around self-similar solutions, we need to decompose (as done
in [5]) the solution into

(1.8) self-similar S + linear evolution of perturbation z + interaction remainder w.

As the first two terms are already defined, the problem reduces to the derivation of appropriate
bounds for the remainder w. As in [5], we expect it to grow in time as a small power of t.
This is actually a crucial point: it allows to avoid the failure of the time integrability induced
by the linearized operator around the self-similar solution, which gives a logarithmic singular
behavior. In other words, we are forced to work in (¢,£) in order to introduce time weights for
the interaction remainder.

Assuming subcriticallity for the perturbation, we show that the remainder is subcritical as well,
even in the presence of the self-similar background. Indeed, when expanding the nonlinearity
using the decomposition (L), the INFR can be used to prove weighted LZO a priori bounds for
the remainder, and for most of the source terms, except one (called F; in following). This one
term has to be dealt with integration by parts in space, and this requires additional smoothness
on z.

The construction of the remainder term follows from a priori bounds on an approximate problem:
we chose to cut off the nonlinearity at large frequency and then pass to the limit. As such, a mere
weighted L bound is not sufficient to show that the limit is indeed a solution to ([mKdV). To
bypass this problem, we will also derive weighted Lgo bounds for the derivatives. Such a control
cannot be obtained directly, but an effective way is to use the scaling operator which, in Fourier
variables, reads

(1.9) A =0 — %at.

A key algebraic point is that the equation for Aw has the same algebraic structure as that for
w: this is due to the specific critical structure of ([mMKdV]), and the scaling invariance of the self-
similar solution (this was already a decisive ingredient in the stability proof of [5]). In particular,
assuming subcriticality for d¢z, the INFR can be used once more to produce an a priori Lzo
bound on Aw. This control of the derivatives of w allows for the application of Ascoli-Arzela
theorem and the construction of the interaction remainder is achieved.

With these elements of context in mind, we can now present the main stability result. Given
i, >0, we define the Banach spaces

(1.10)
LP(Q) = {v e L7(Q) : vl o) < oo} and  WL%(Q) = {v e W) : [olwron o) < oo} ,
5



where v (0) = [KE)v(§)] L= (q), and HUHW:;‘S(Q) = olzg @) + 19%v] s @)

If @ =R, we omit the domain. Moreover, when p = p/, we write Wﬁjﬁo(Q) simply as Wﬁ’OO(Q).
Throughout this work, we fix

1
(1.11) 0O<p<r<1/2 and 0<7<§min(,u,1/f,u).

Theorem 1.3 (Blow-up stability of self-similar solutions). Fiz e > 0 small and a self-similar
solution S with ||SHW1,OO(R\{O}) < €. Given z € W™, there exist T = T(e, p,v, | z|p1e) > 0 and
0,1 v

a unique
we L*((0,T), W, *)
such that
torw(t
(1.12) Ve (0,71, Juw(®) e + H tZJ( | <o
Ly

and u = 1% (S + z + w)" is a distributional solution of (MEAY) on (0,T) x R. Moreover, if
1,00 . .
21,22 € W' and wy,wq are the corresponding solutions, then

(1.13) st |lwi(s) —wa(s)|re < 7|z — 2ol pe, O0<t<T.
se|0,t

Remark 1.2. Notice that the remainder has an arbitrarely small loss in decay when compared
to the perturbation. If one aims at deriving bounds without any loss, a logarithmic divergence
appears at t = 0. In view of to the critical nature of the self-similar solution, this is to be
expected.

Remark 1.3. A mere control of the perturbation in LZO is not enough to prove the stability result.

Indeed, in order to control the linearized operator d,(S%u), we need to exploit oscillations in
frequency (this was already a crucial observation in [4]).

Remark 1.4. We emphasize that our framework is only based on weighted L® estimates in
(space) Fourier variable. We do not rely on any energy estimate. We believe that this is the
correct framework to consider self-similar related problems.

As a byproduct of the analysis performed, we also obtain a local well posedness result, at strictly
positive time, for data which are a perturbation of a self-similar solution.

Theorem 1.4 (Local well-posedness around a self-similar solution at positive times). Fizty > 0.
For e > 0 small, given a self-similar solution with profile S € Woljloo (R\{0}), and wq € W,}’oo such
that

HSHW&;;O(R\{O}) + HWOHW;@O <€,
there exist Ty = Ty (e, ) >0, T < tg < T4, and a unique w € L*((T-,T}), W,}’OO) such that

oty - + |5

Se, T_o<t<Ty,
L

w(ty) = wo, and u = e~'% (S + w)Y is a distributional solution of [MRAY) on (T_,T;) x R.
Furthermore,

(1.14) HmT_(e) =0,  lim T, () = 0.

e—0 e—0

. . 1 . .
Finally, if w1, wos € WM’OO and wi,wo are the corresponding solutions, then

sup  [wi(s) — wa(s)|re < €2 |woy — woz2 | £ -
se[T-,Ty]
6



When comparing Theorems [[L3] and [L4] the main difference is the smallness assumption on
the subcritical perturbation in the latter. This is somehow unexpected, as the blow-up problem
should be considerably more difficult to handle. The difference is a consequence of the use of
the scaling operator (which behaves better at ¢ = 0) in the derivation of the required a priori

bounds (see Remark [6.]).

The structure of this article is as follows. We start in Section 2] by solving an approximate
problem and giving an outline of the structure of the proof of Theorem [[3l In Section B we
prove several useful multilinear estimates (in particular, frequency restricted estimates) related
to the expansion of the nonlinearity into various components. Section Ml is devoted to the imple-
mentation of the INFR and the derivation of adequate a priori bounds. In Section [ we prove
Theorem [I.3] The proof of Theorem [[.4] is presented in Section [0, while Section [1 is devoted to
that of Theorem [l

Notation. Given a € R, a™ (resp. a~) denotes any number sufficiently close to a which is strictly
greater (resp. smaller) then a.

Given a,b = 0, a < b means there exists a constant C' > 0 (depending at most on u,v,~y) such
that a < Cb. We may indicate extra dependencies as indices, for example a <, b. If a < b < a,
we write a ~ b.

2. EARLY STEPS OF THE STABILITY PROOF

In view of (7)), given &, all integrals will be done in the convolution hyperplane (in R?), which
we recall is

He = {(£1,6.8) e RP 1 £ =& + & + &)

We also recall the phase function ®, which we define on the hyperplane (in R*)

H={&&,6.8&)eR 1€ =& + &+ &)
by
‘1)(5,51,52’53) = 53 - g% - gg - 5%

The convolution plane Hy is endowed with its usual surface measure: we will write it d§;d§; where
i,7 are two distinct indices in [1, 3] to specify which variables are used for the parametrization.
As all changes of variable lie in SL3(R), we can choose freely which parametrization to use, and
this plays a role for the integration by parts.

Given smooth functions f,g,h € €.°([0,T] x R), define

(2.1) NI, 0, h(t€) = € j jH &M F(t,€0)9(t, €)1, €5)dé 1 ds.
3

For the sake of simplicity, we abbreviate N[f, f, f] as N|[f]. Using these notations, and as we
are interested in constructing a solution such that w(¢) — 0 as ¢ — 0, the equation for w reads

22 {@w(t,{) — N[5 + z + w] — N[S],

w|t:0 = 0.

Equivalently, after integration in time:



2.1. Construction of an approximating sequence. Fix a smooth cut-off y € S(R), radially
decreasing, such that x =1 on [-1,1], 0 < x < 1 and |x/(£)| < x(§) for all £ € R. For n € N,
define x,,(€) := x(£/n). Given a perturbation z € Wh®(R), set

zn(§) = xn(£)2(8).

Consider the approximate problem

{8twn = X%L(N[S + zn + wn] - N[S])’

(2.3)
w"‘t:O = 0.

In order to properly bound the quadratic terms in S, we rewrite
1 .
NIS,Sow 2] = i [ €6 w + 2)(0€ - WS, S)(E Cn)d,
and N[u] — N[S] =3N|[S,S,w + z] + R[S, z,w],

where R is at least quadratic in (z,w). Finally, given a time interval I, we define the function
space

X,(I) := {w € 6(I xR): Hergb(LXn) < —i—oo} where |jv|x, = nglvHLzo.

(Here, v is a function not a priori depending on time; we denote by %, the set of continuous
and bounded functions).

Proposition 2.1. There exists T} = T§(S,z) > 0 and a unique wy, € X,([0,1")) (integral)
solution to R3). If T§' < 400, then |wy(t)|x, — +0 ast — T. Moreover, there exists tj > 0
such that

(2.4) Ve e (0,151, 0wn(t)]x, Snse ¢+ |wa(®)%,)-
Proof. The proof follows from a standard fixed point argument on the map

¢
(2.5) 0:w— ((t,f) — X2 (€) L (N[S + zp, + w] — N[S])(s,ﬁ)ds)

defined on the complete metric space (Bg,1,d), where, given R, T > 0,
Brr = {w e G([0,T] x R) : |wllzoqo,1),x,) < R}, d(v,w) = v —w| oo, x,)-
Fix n € N, and let w € Br . A simple computation yields, for ¢ € [0,T],
K& Xn(E) R[S, 20, w](t, )| 5.2 (J<§>“\§|Xn(§)xn(§1)Xn(é“z)d&d&) (1 + lxn " w(®) 7o)
(2.6) Sse 1+ @), <1+ R
Similarly, as [K(S,S)(n)| < |n|~"/2 (see [4] or Lemma Bl below):

(O X (ONIS. S0+ ] 1.6) ( | <5>“'5'X;/2 jf(g”)dn) (1-+ (o) x,)

1

The point in putting a weight x2 (with a square) is apparent notably in the above computation,
where the factor x,(&)xn(§ — n) allows to make the integral bounded uniformly in &. After
integrating in ¢ € [0, 7], we infer

1O[w] | 220 (0,77, %) S50 (T2 + T)(1 + R?).
Furthermore, if wy,ws € Brr then

" xn(O)R[S, zn, w1](t,§) — R[S, 2n, w2l (£, €)]
<5,z <J<f>“|§|Xn(5)Xn(fl)Xn(f2)d51d52> (14 I wr ()20 + I w2t 2e)

o (wr — w2) (1) e



Ss,z (L4 (@))%, + ot @)%, ) lw () = w2 (t)]x, s,z (1 + R*)d(wr, ws),
and similarly

" n n - 1
( | © "’C‘Xtm o ¢ dn) s — wa)0) ], < g, z)
In particular, after integrating in ¢ € [0, 7],
d(O[w1], Ofwa]) < (T2 + T)(1 + R?)d(wr,w2).

These estimates show that, for 7" small (depending on S, z and R), © is a contraction over
(Br,T,d), yielding a fixed point w. By uniqueness, this solution can be extended up to a maximal
time of existence T and the blow-up alternative holds.

Finally, the estimate (2.4)) holds due to ([2.6]) and 2.1). O

Even though it is possible to obtain a priori estimates for w € LZO alone (Proposition .4)), these

do not suffice to extract a limiting profile. We therefore need to work in W,}’oo. Keeping in mind
the dilation operator A (L)), and given a time interval I, we are led to consider the norm

+ 5sw(t)xn> ,

wly, () == sup | |w(t)|x, orw(t ’
ol = suy ( M, + | v

(2.8) and the space Y, (I) := {w e Xp(I): m0w, dsw e Xn(I)} .

E

If t € I, we make the slight abuse of notation |w|y, ) = |lwly;, (f})- The statement below provides
the approximation w,, in this functional setting.

Proposition 2.2. There ezists T{* = T1"(S,z) > 0 and a unique wy, € Y,([0,17")) (integral)
solution to [Z3). If T{* < +o0, then |wyly, ) — +o0 ast — T7'. Moreover, there exists t} > 0
such that

Ve e [0,61],  lwnlvaey Snse 1+ [wnlFoqoq.x.))t 2 (1 + ).
Proof. We consider O defined by (2.5]), but now over the space
Brr = {we %([0,T] x R) : |wly,qor) < R},
with R,T > 0, and endowed with the metric
d(v,w) = [[v = wy, o1

Fix n € N and let w € Bg . The estimates for ©[w] and 6;0[w] in L7 are completely analogous
to the previous proof, so that

Olul()lx, + | i0lul()] oo (124 0) (04l ) 5o (872 46) (14 B

Xn

We therefore focus on the estimate for d¢O[w]. First, observe that since S(t,&) = S(t1/3¢) (see
Proposition [[2)) and |x},| < Xn,
1/3

t
vt > Oa §GR7 ‘655(15,5” $S W7

‘aézn(fﬂ <z Xn(§).
We have
OeN[S, S, w + z,](t,€) = f(?s (6 (©)e™ (w + z) (t, € — )] ﬂ%K(S, S) () dn.

If the derivative falls on £x2(£) or w + z, the estimate follows as in the previous proof. When it
falls on €Y, we bound it by

O [ xal€)6()w + 20) (1,6 ~ 1) K (5. 5) (¢ myay
9




2 _ |2 —
$S,z f <<§>“|§‘t(|§‘ + |i1/27\7}ﬁ)Xn(§)Xn(§ 77) d77> (1 + “X;lﬂ}(t)HLOO) $S,z t1/2(1 + R)

For 0¢ R[S, zn, w], we gather the terms depending on whether the derivative falls on &2, e*® or

on the remaining factors (recall that |x| < x):

M (xn + 26x7) f@it¢(35 +w o+ 20) (8 §1)(w + 20)(E €2) (w + 20) (E, £3)dE1dE2

fX"(@)Xn(&s)d&dEz 1+ Ixn 'wt)|3e) <52 1+ R,

gS,z

‘<§>“xn<fs> f 0e(€"®)(3S + w + 2n) (£, &) (W + 20) (£, &2) (w + 20 ) (L, €3)dE1dEr

<8, (1 + Ixz ' w(®)70)

f<s>“xn<s>\§|t<\a|2 1l 161 (€2)x (E5)dEr

gS,Z 1+ R37

’<f>“Xn(f) f&f“%g (BS +w+ zn) (£, &1) (w + 20) (£, €2) (w + 20) (£, €3)) dE1dEo

P (L (3) f [€1xn (€2) xn (€3)dErdE2| (1 + Xy, 'w(t)|3) <s,2 1+ R,

The integration of these estimates in time yields
10eO[w]l oo 0.17.x,) S52 T2 (L +T)(1 + RP).
Analogous computations show that one can bound the difference, so that given wq, w2 € Bgr T,
d(©[w1], Bws]) <5 TY(1 + T)(1 + R*)d(w1, w).

Thus, for T small, © is again a contraction over (Bgr,d). The rest of the proof follows as in
the proof of Proposition 2.1l O

The goal is now to show that w;, exist on a uniform (in n) time interval, on which one can obtain
uniform bounds (in 7). This is the purpose of the next three sections, and the heart of the paper.
Before this, we decompose the nonlinearity into several terms, depending on their behavior.

2.2. A first decomposition of the nonlinearity. Recalling (2.I]), we can expand
N[S+z+4+w]—N[S]=: (F+L+Q)[S,zw],

where F' is the source term and does not depend on w, L is linear in w and () includes both
quadratic or cubic terms in w.

As it is expected, the term N[S,S,w] is the hardest to handle, being the linearized operator
around the self-similar solution. An analysis of this term as a trilinear object is not adequate
for our purposes, since it is unable to capture the precise oscillatory structure of S = Sy + Sreg
(see Proposition [L2). To this effect, we define

K[f,gl(n) == Je‘%"v/‘*f (%) g (%) A

and

W(&,n) = —3n& + 3&n* — 3n° /4 = —%n(n — 20)°.

Then we may rewrite

N[So, So, w](t,§) = f . e Sy (t1/3¢1) So (&) w(t, &3 )dér dés
¢

| - / /3
- [eeutte—n) (fegl““ 1, <7t13(2“)> So (L iU ”) d)\> dn

10



1

(2.9) - f Ee™a(t, & — n) K (So, So) () dy = Lic[w).

Thus the linear term is decomposed as
L[S, z,w] = Li|w] + L2[So, Sreg, 2, w],

where Ly contains the other terms linear in w, which are at most linear in Sj.

For the source terms, we perform an analogous splitting. There is no trilinear term in S (due to
the cancelation), and once again we set aside the term N[Sy, Sy, z], but this time only for high
frequency.

More precisely, we extract the low-frequency part of all the source terms, which can be bounded
directly without any integration in time. For this purpose, given 7 € (0, 1), we define the regions

D(r) = {(¢m) e R[] + In| = 7~/10}
(2.10) Dy ={(£1,&2,8) € He : (&1 + &+ 63,60+ &) € D(1)}, Dy = He\Dy,
Dy = {(€1,62.6) € He : [61] + |&al + &5 > 773}, Dy = HA\Ds.

The regions D; = D;(7,§), i € [1,4], depend on 7 and &: we do not write this dependence
explicitely to keep notations reasonable.

The reason for the extra parameter 7 is the following: the domain decomposition should nat-
urally depend on the timd] ¢. However, when performing integrations by parts in time, if the
domain depends explicitely on ¢, the boundary terms can controlled to the expense of lengthy
computations (as it will be clear from Section []). To avoid those, we decompose time dyadically
on intervals [t41,t;] where ¢, = T/2F, and perform integration by parts on t € [ty41,x]. In
pratice, 7 will be one of the t; and in any way 7/2 < t < 27.

The regular source term is

B[S, 2](t,7,€) == & | " (2(&1) + 35(t,61))2(&2)2(63)d6rdE

(2.11) +36 | S8 (1 6)2(8)drde

2
The point in considering these regions is that, in these low-frequency domains, integration in
time (and so the INFR) is unable to gain some regularity. However, we can exploit the oscillations
in frequency for the self-similar solution by integrating by parts in space and we prove bounds
on Iy in weighted L® spaces directly. This is done in Proposition 3.4l
The remaining (high-frequency) source term writes

Fi[S,2](t,7,€) =& | e"®(2(&1) +35(t,€1))2(E2)2(E3)dérdEs

D3

+3¢ . " (Sreg + S0)(t, &1) Sreg (t, £2)2(E3)dEr1dEs

+ 3¢ B e Sy (t, £1)So(t, £2)2(E3)dErdés

m €], ¢ ) + 38 aala)alea)dndes

D3

+3¢ . " (Sreg + S0)(t, &1) Sreg (t, £2)2(E3)dEr1dEs

) 1
+36 | 26— )5 K (S0, So)(t'n)dn
D(r) t
(2.12) =: F11[S, 2] + F12[S0, Sreg, 2] + L, p(r)[2]-

5The correct variable to consider when dealing with self-similar solutions is ¢£5.
11



In conclusion,
(2.13) N[S + 2z + w] = N[S] = F11[S, 2] + F12[S0, Sreg, 2] + F2[S, 2] + Lk p(r)[#]
+ Li[w] 4+ L2[So, Sreg, 2, w] + Q[S, z,w].

For the terms other than F5, the oscillations in time can be exploited, leading us to the applica-
tion of the INFR: the construction is made in Section [l In order to be able to bound the terms
in infinite expansion, we first prove in Section B3] the necessary frequency-restricted estimates
(Proposition and Proposition B.7)). Moreover, source terms require an extra care, as we will
need a polynomial bound in time for these terms (which ultimately dictates the polynomial

growth of w). This is done in Propositions 3.8 3.9 and B.10l

3. MULTILINEAR ESTIMATES

3.1. Bounds on the self-similar solution. Here we are interested in taking care of the oscil-
lations of the self-similar solution, by deriving bounds on K (S, S).

Lemma 3.1. Let f,g € W&’fo(R\{O}), then

1
vne R\{0}, [K(f,9)(n)| =< W“f||w(}:f°([g\{o})HQHW&”{D(R\{Q})-

Proof. Assume that f and g have unit norms. Given n > 0, write

=1 (52) o (157).

Then 1 )
[h(, )] €1 and  [0\h(n, N)] < min
Hence
_ 1 3ic2/4
K9] = == || < . v dc\

1 |Ch(n,¢//m) 1 3@4( 1 )’
‘ 1+ 3i¢?/2 ’C=i|n3/2 G UCB “\1 +3iC2/2h(77’ SV ) e

U U ST B ST S WA 1
VR mmw“ﬂmh+mwxwumenme“

The first integral is bounded. For the second, if |¢| < 10|n]%/2,

<1

¢ 1 1 1 ¢ 1
— d L S
f|1+z‘<2\m (<n+€/\/ﬁ> ¥ <n—</ﬁ>) ‘= f|<|5n|3/2 T+ ics] g7 =
I£ I¢] > 10[f%/2, then [y % C/+/i| ~ ¢/+/i] and

ST A S N P R
1+ N+ /v m=¢/ym) T ) L +id? '
The proof for n < 0 follows from analogous computations. O

We will also need some estimates on the derivative, which is the purpose of the next result.

Lemma 3.2. [3, Lemma 14| One has

62

(3.1) VEe R*,  [0:K(So,50)(&)| < ek

In Lemma 3] there is no need to split S into Sp and Syeg. However, it is not known whether
the bound (B.) holds for d¢K (S, S). Indeed, in [3, Lemma 14|, one uses crucially the exact
expression of Sy and its derivative. In order to derive the estimate for d¢ K (S, .5), as we do not
have an explicit formula for Syes, we would need to use bounds up to the second derivative of
Sreg- The existence of such bounds is not a trivial problem, due to the presence of the highly
oscillatory term e~8%€/9 in (L8).

12



3.2. Bounds on Fs.
Lemma 3.3. Given t,7 € (0,1),

— r—p
SEE PV R L
L

H§ JD e"® f(&1)g(&2)h(E3)dErdés

Proof. Recall the definition (ZI0) of Dy, so that Dy is empty if || > 713, Now, if €| < 7173
then

|s|<5>ﬂf 1 (€0)9(€2)h(Es)|dErdes

Dy
B d&ad§
< (7o | 222 ) 1 el IRl e
ol +les) <172 <€3)
ik
< 7 £ gl e B - =

Proposition 3.4. Fort, 7€ (0,1),
-1 S Nl T3 2 3
LS, 210 < (74 77 1120 g o i + el |

Proof. Recall that

B[S, 2)(t,,€) = €| e (2(&1) + 3S(1,&1))2(62)2(&3)dErdéo

Dy

+ 3¢ . " S(t,&1)S(t, £2)z(€3)dE1dEo.

By Lemma [3.3] these integrals are bounded adequately in Dy. It remains to estimate the second
integral in Da\Dy. In this region, we have &3] < [¢] + &1 + &| < 77Y3/5 and || = 7/2071/3
(because 2|¢1] = [&1] + €] + &3] — & + &a| — |&3] = T771/3/10). As a consequence, |d¢, ®| =
3|62 — €2| 2 |&1|? and we can integrate by parts in & (observe that, since £; and & are far from
0, no boundary terms appear from the jump of S at £ = 0):

H e"®S(t,&1)S(t, £2)z(€3)dE1dEs
DQ\D4

<

~

i 1
ngM e <z’t8§1<I>S (t:€1)5 <f,£2>> 2(€)dé1dE

itd

¢ f O S(t,6)S(t, £2)2(E)do (61, &)
0(D2\Dy4)

+
itg,

Omitting norms in S and z,

pane Ce (iw&@S (t&)s <t~52>> 2(&s)dé1de

o |

A(D2\Dy) 10 P

€or |

DQ\D4 @ @

<t /3 f dSs f d_il S <y O
eal<r—1/3/5 <630 ) \Jjea1=7r-13/20 &3

13

|§<§>“ |

eitcb
+

S(t,€1)S(t,82)2(&3)do (&1, 83)

< dé1dé3| + do(£1,&3)

p 1 1
§o L(DQ\D4) tE3 (E3)”




3.3. Frequency-restricted estimates. In this section, we derive the frequency-restricted es-
timates needed for the implementation of the infinite normal form reduction (see Section ). We
begin with some elementary computations.

Lemma 3.5. Given « € R and M > 0,

(32) jj 1\q%+q%—a|<qu1dQQ b3 min(laM),
B1(0)
(3.3) Jf Lig1ga—al<mdqidgz < min(1, M|In M]),
B1(0)
dgq 1- 6
(3.4) Vo e (O, 1), 1|q al<MT 5 <s M and
lal°
1
(3.5) f Ljg2—aj<mdq < min(1, vV M).
~1

Proof. The first estimate is direct. For [B.3]): if M < 10, the integral is uniformly bounded; if
M > 10,

H 1jg1g2—al<nrdq1dge ~f flql o/gal <M /g24914G2 +f f ldgidgs
5.0 M<|g2|<1 lg2|<M Jlg1]<1
1

d

< f © 4 M < M|InM|.
M<|g2|<1 |QZ|

The proof of ([3.4]) follows from direct integration if |a| < 2M. Otherwise,

M

dgq 1-6 1-6 1-6
Lyalsmi— S (ol + M) —(Jo| - M) ° < +———— <M °.
J amoterry s = (laf + M)°
Estimate (3.5) follows from (3.4]) with 6 = 1/2 by a change of variables. O
Proposition 3.6. Given M > 1,
dé1d&s -
: " 1 < MHB,
(3 6) Sup <§> ff < m1a§(3‘§] > [ P—a|<M 7 \u/¢ u <§ >N<§2>N
In particular,
d£1d£2 1—1/3
3.7 sup (€ Hl Py TSy VEEE)
( ) 67014) <£> |£| “1’ |<M <£1>/J<£2>,U«

Proof. We reduce (3:0]) to the case [£1| < |§2] < |€3], since

Jf (Jmla%(3|§3 ) |~ a\<M<£ ;?f@“d&d&

@
< [[ (o 616 ) -t esrendrdes
I
S 6”1|51<I€2<|£3|1|<1> —alsM <€<§>>ﬂ<‘§3iud51d52'

First notice that

“w
H1|£3<11|51<|52<|53|1|<1> a<M<§f>>ﬂ<‘§iﬂd£1déz S H d§1déz = O(1),
[—1,1]2

because |£3] = |£]/3. Hence we want to bound

£31<E)"
I:= jf1|§3>1151$|€2$|€31|<basM%d{ld&_
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We split the integration into different regions, depending on the behavior of the phase function
®. We view @ as a function of (£1,£&2), with &3 given by £ — & — &a, so that

00 . R
ag (51 53)’ 6_52 - 3(52 53)

The idea now is to perform a change of variable in the 1ntermed1ate frequency &5 — ® and then
integrate in the smallest frequency &;. This is possible when < f is of the order of 53 (Case 4).

When it is too small, then we are either close to a stationary point of ® (Cases 1 and 2), given
by

S0 = (5/375/3)7 §1 = (575)7 S2 = (57 _5)7 83 = <_§7§)7
or we're near |&] = |&3] with [&;] % |€3] (Cases 3 and 5).

The stationary cases. In this region, all frequencies are comparable. The bound will follow from
a careful description of the geometry of ® coming from Morse theory.

Let ¢ > 0 small to be chosen later.
Case 1. Near the stationary point sq, that is,

(€1,62) € Beje|(50)-

In this region, all frequencies are of order £/3. In particular, as |§3] > 1, [¢] 2 (€¢). We normalize
the frequencies, so that the region becomes independent of |£ | Denote ro = (1/3,1/3),

(3.8) =¢&/¢fori = 1,2, and ¢(p1,p2) = 1 —pf — p§ — (1 — p1 — p2)?,
so that @(51,52) &3¢(p1,p2). Then
n
f Lo a<M<§§>>M<‘§3‘>Md§1d§2 S |§‘1_M ff Lie g—a|<mrd€1dEs

Bejg|(so) Bejg|(s0)
< g f Liesg—a|<mdprdps.
Bc(ro)

Observe that
8 ) 2 1) . . .
¢(ro) = 9’ Vo(ro) =0, D?*¢p(rg) = —2 | o)1 definite negative.
By Morse’s lemma, if ¢ is sufficiently small, there exist a domain Dy < B1(0) in R? and a "
diffeomorphism ¢q : Dy — Be(rg) such that ¢g(0) = rg and

Vge Do, é(eol(q)) = g — |qf?.

Therefore, by (3.2)),

ff 1‘53 a|<Mdp1dp2 = fflgg(S \q\ a‘<M|deth00( )|dq

Bc(ro)
M
~min (1. = ) < mL-#/3,
ff oo~ (s10-)| <2 %0 = €7 mm(’mg)”
B1(0)

Case 2. Near the other stationary points, that is,

(51,52) € Bc|£|(8]’), for j = 1,2,3.

We perform the analysis around s1, the other ones being similar. As before, denote r; = (1,1).
Using the normalization (B.8]),

m
ﬂ L —afert <§§>>M<'§3£Md&d§2s S | I TE—

Beje|(s1) Be(r1)
15



We compute
d(r1) =0, Vo(rg) =0, V2¢(rg) =3 (12 02) , which has signature (1, —1).

Applying again Morse’s lemma, for small ¢, there exist a domain D; < B1(0) and a ¢! diffeo-
morphism @1 : D; — Be(r1) such that ¢1(0) = r; and

Y(q1,q2) € D1,  o(¢1(q1,q2)) = q1g2.
Therefore, by (3.3))

ff Lieag Oz|<Md191d192 —ffléf’qlqg a\<M|detDsﬁl(QhQ2)|dQ1dQ2

Bc(r1)
M
dgqidgs <min [ 1, —= |In
U ez g |2 1 ( €3

Mi—#
|€[3—+

M

M1-#/3
G ) <

TP

and thus

I < |£|17u/3 < M3

The nonstationary cases. Before we proceed let us observe that, in the remaining region

D= {(&,&)eR*:Vj=0,....4, |(&,&) — 55l = cl¢], 1&] < & <&, 1] = 1},

there exists a constant ¢ > 0 (depending solely on ¢) such that

V(é1,&) e D, J&] < (1—C)&l.

Indeed, if this was not the case, we would be near one of the four stationary points. As a
consequence,

V(&1,6) € D, =3(¢3 - &) = 3d€.

-

Case 3. In the comparable-frequencies region.
Let d > 0 small to be chosen later, and denote

D3 =D n{(&1,&) e R* 1 [&] = d|&s]}-

Since |§3| = [€1], we have [&1] ~ [&2] ~ |€3] = [€]-
We decompose D3 further into

D3y = D3 n {(&,&) e R? : [¢] = d|&1]},  Dsp = D3\Day.
In D3y, we perform a change of variable @3 : (£1,&2) — (®(&1,&2),&2) and

EME EHIE déod®d
I3 = ”1|51<|£2<|53|1|<1>asM%d&dfz < f <<5>2>|23| |¢a<M‘§j
D3y w3(D31) o1

1
= H Ealufe] H1e-al<prdé2d®.
As [9] < |65, by @),

d® déo 1-
Iy < J1 ol ——= f =2 ) < MM,
" ( . IgM|<I>V‘/‘°’> ( €2/~I¢ |5|>

In D3, & + & ~ —&3. We perform the change of variables (£1,&2) — (®,p) = (®(&1,£2),£1/82),
whose associated jacobian is

0P 1 8<I>§_2

L0268 _|8+8-8E+&)
0616 06 €

&

(3.9)

~ |&3],
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when d is small enough. Thus

M5 f €3] d®dp
Isp:= || 1 Lig_aler —L—2—dgdes < Lo—ol< i ——
32 H xI<leal<les| Lol <M 7z e S §1d&s (e He—al<M e
D Ip|<1
1 1
< — 1o al<ard®dp < —— g o< d®dp < MH3,
Ip|<1 Ip|<1

Case 4. Away from the bisectors &3 = &, with small &;.
We consider the domain

Dy =D n{(é1,&) e R? 1 [&] < d|&s), |&] < (1—d®)|&)}

In this region, there exists ¢” > 0 such that

V(&1,&2) € Dy, = 3( 53 52) C”§3

%l-
We divide this region as

Dy = Dy n {(&1,8) e R? 1 |&] = |€]}, Dag = Dy\Dy;.
Over Dy, we perform the change of variables (£1,&2) — (®,p) = (®(&1,&2),£1/€2) as in the

previous case. Observe that, since we're far away from the region |£3] = [£3], (39) holds. Since
@] < [&2f,
,_ ©)H1€s] &l d®dp
Lay = Uhgl<|52|<53|1|<1>—a<M<§1>u<§2>M dCrdz = | | 7g pon teal<M Tz
Dy |p|<1
< || gpte-audrdr s || Grmmte-advdp < 201
Ipl<1 |p|<1

For Dys, we have |£| 2 |£3] and it suffices to consider the change of variables & — ®:

EME
lyp = ” 1|51<|§2<|§3|1|¢—a<M%d€1dﬁz
Dyo

_ /3

|€|1+u< ] >1 n/3 . a )

s (| et fl&gm ANEs

—1+2p L < d@) 17“/3d Ml ,u,/3

<¢l LM 55 ([ - b <

Case 5. Near the bisectors €3 = +&o, with small &. We work on

D3 =D n{(&,6) € R : |G| < digsl, |62 + & < dlésl}.
We split the domain further into

D5i1 = D5 n {(&,&) e R? 1 |&] = d¢]}, D52 = D;_F\D;_rl

In DF, | 22| ~ ¢2 and |®| < |&|3. Performing the change of variables &; — ®,

351

n ddd
I = H1|51|<52|<53|1<1> a|<M<§£>>H<|§3£Hd5ld52 S H <|§3>|ﬂ [—al<M g |§2

€212 | @[1/3

1
< |10 f ———d& | dd < MM,
J . Q<M< ealzl@f/s [Eol A )
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In D, we have || ~ |&| 2 |¢] = |€1]/d, which implies

8<I> 8(1)

~ [¢&| and  [€®| ~ |E€3( ~ SUESE

For &; fixed, this imphes that
M

1
& g o <nrdE gf—l ey AP < ————
and, using (34)),
- _ 1
J|£2|1 H1\¢—a|<Md£2 < J|£2|1 ﬂ1|<1>—oz<M’a—¢d(I)

&2

1 M 1_M/2
1—p T B — Tel
< f|§2| Lig—al<m |61 |ED|/2 d® 3 <‘§|> .

Interpolating the above estimates, we conclude that

M U3 7 ap\ 2/3-—1/3
1= d — — .
J 161 10aj<maca < <|s|<£>u) (|5|)
Therefore,

B B
I35 = H151<|£2<|£31|<1>a<M <§f>>ﬂ<|§z|>ﬂd£ USES H <<§1>>H|£2|1“1<I>a|<Md£2d£1

+
D52

@ LM\ MNP
s <Ll|<d£ <fl>“d£> <|§|<§>u> <|£|> < M H2, .

Proposition 3.7. For M > 1

(3.10) sup [[max (g ) —— 2
§a

VIKE =

Proof. Before we proceed, it is useful to normalize the frequencies. Write p = n/¢ and ¢ (p) =
—%p(p —2)2, so that

1\\If—a|<Md77 SVM.

oY 3 0% 9
U =89p), —=-"(p-2)Bp-2), —5 =—=-p+6.
£ (p) o 1P =2)Er-2) 0 5P
In particular, the stationary points p = 2,2/3 are nondegenerate. We assume, without loss of
generality, that & > 0 and split the integration into the regions near the stationary points of ¥

(n = 2¢,2£/3), the singular points (7 = 0,&) and the remaining domain.

Case 1. Near the stationary points 2§ and 2§/3.
Let us focus on the case n ~ 2£. Since p = 2 is a nondegenerate critical point of v, there exist
¢ > 0 small, a segment Dy < [—1,1] and a ¢ diffeomorphism ¢ : D1 — [2—¢,2 + ] such that

for all g € D1, ¥(¢1(q)) = —¢*. Given n € [(2 — ¢)¢, (2 + ¢)€], we have
" 1/2
mas €] o) = <6l

Therefore, using (3.5)

= max <£>
s J[(Qc) €,(2+0)¢] el b Zie = VIKE = mH

+
< |§\3/2L Lieay(p)—al<mdp < €2 f Liesg2tal<mdq S VM

If n ~ 2¢/3, for ¢ > 0 small, there exists a segment Dy < [—1,1] and a ¢ diffeomorphism
@9 : Dy — [2/3—¢,2/3 + c] such that for all g € Da, 1(p2(q)) = ¢*. The estimate in the interval
[2/3 — ¢,2/3 + c] follows from computations analogous to the n ~ 2¢ case.
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Case 2. Near the singularity at 0.

In this region, we use the fact that ¢ is a diffeomorphism on [—2/3 + ¢,2/3 — ¢] onto its image,
with ¢/ (p) = ¢ on this interval. In particular, as 1(0) = 0, we also have |¢)(p)| < |p|. Furthermore,
for |n| < (2/3 —¢)[¢], <€ —n) 2 |£]. Performing the change of variables p — v and using (BZI)

o
J = , al< d ~ 5 —a|<
’ fn|<(2/30)|£| e (&l 1nl) e = xf<5 m Ho—ot<ardn | ‘Jn<(2/3 o)le] H—el M\f\

dT,Z) L (M2
g|£|3/2f . ~|£|3/2f < e < )
Ipl<2/3—c Hewt) |<M\/ ‘w & ‘<\s| €3
< VM.

Case 3. Near &.
As for the previous case, 1 is a diffeomorphism on [2/3 4 ¢,2 — ¢| onto its image, with ¥/(p) = ¢
on this interval. By Cauchy-Schwarz inequality,

o
Jy = 7 rd
! J\[(2/3-1-6)57(2—@5] max <|§‘ |n‘) \/_<§ >N “1/ |<man

: v et N
< €21 g rrl j |
f[(2/3+c)£,(2c)£] al=M [(2/3+¢)¢,(2—c)€ <€ 77>2“

Now, with ¢ = & — 7, we bound the second integral as

2pu—1 d
f [ns dn = |§‘2u—1f _C = 0(1).

n—€l<ce (€ — ) cl<2lel <O
On the other hand, by (B84,

2—c
f[(2/3+ )6,(2— |£| truap<pedy = IEF f Lig34(p)—al <P

< 3f dip < M.
€ ‘w_ ‘\|s\3 v

Gathering these two estimates together yields

Jy VM.

Case 4. In the remaining region.
We conclude with the region

Ry =1—0,(=2/3+ ¢)§[ L ](2 + ¢)¢, o .
In Ry, [p* ~ [v(p)], [¢/(p)] 2 p*. and (£ —n) 2 |n| 2 [¢]. In particular,

i "
(€], n]) N >M~In\

1/2.

Hence

I = JR max (€], |n]) \/’<§ e a<Mdn<fR 0121w —aj<ardn
5 5

2 2
SR e aienlsl e
|[p—1|=1+c
We now perform the change of variable p — 1,

dy di
3/2 3/2 -
Js < €)Y fl|§3wa|<M REE < ¢ J1£3wa|<M‘¢|1/2 S VM.
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Propositions and B.7] are sufficient to control the nonlinear terms involving w. These results
could also be applied to the source terms. However, to achieve the polynomial bound in time
for w, we need a refined control in time on the source terms (see (212))). The next result will be
used to control the term F11[S, z].

Proposition 3.8. Recall v was set in (LI1)) and let B be such that 1 — (v —p—3v)/2 < B < 1.

Then, for M > 1,
. d&1d&s 3
Sup <£>“f <jg11a5<3|£gl) Yo—al<m 7 Surg 5o < MO

Proof. We split into several cases. If either |€;] = 771/3/100 or |&] = 7—1/3/100, then

dé1dés
EH JDS ( mla§<3\§]\> B—a|<M 77~y ey e ey

dé,de vu
s <<5>“ Jo <j213§f3'5j'> Ho—al <M T Suleyyn >i<£22>ﬂ> T

and the proof follows from Proposition Otherwise, |1, |€2] < 773/100 and the definition of
Ds implies that [&3] = 9771/3/100 and || = 7|¢1|. Then |0g, ®| ~ |¢|2. Setting 1/p = (v—pu—37)/2,
we have vp > 1 and, by applying Hoélder in &,

1
1 o 1 ro 1
Al 1g_alert ————dE1dE < “f(fl —al<Mmd ) <J—d ) ——d
13K, f [0—al<M 7g Surz §1dée < (€16 |B—al<M d&1 DL &1 &y &2
1
. 1 Y _

<@ ([ o-aarggan)” < M 5 M0

We now prove the necessary frequency-restricted estimate in order to handle the Fi2[S, Syeg, 2]

term.

Proposition 3.9. Fiz t,7 € (0,1) such that t = 7/10 and M > 0. Then

d§1d§2 /. —v/ - V—g/i
851,101{) <§>N fDl (m1a2x3‘§]|) |P—al<M <t1/3£2>(4/7 <£3>1, [(tM)l w/3 (tM)l 3] it .

Proof. Observe that, compared to (3.6)), the weights in the denominator are slightly stronger.
Thus, for large frequencies, we can convert the extra weights directly into powers of ¢ and then
apply Proposition Indeed, if |&3] = t~1/3/300,

d&1déo
@”fpl (ffﬁ%fs'gj') - a|<M<t1/3§2>(4/7 &

dé1d v—p

=1,2,3
< Ml’“/?’t < (tM)1*“/3t*1+—s’i.

Second, if |¢] = t~1/3/300,

d§1d§2
v d§1d§2 vop

Otherwise, €], &3] < t71/3/300, then &1 + & + & + €1 + &| < t71/3/100 < 771/3/10, but this
is not possible in D;.
O
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Finally, we prove a frequency-restricted estimate for the last source term, L, D(T)[z]. It looks
very similar to the bound (3.I0) in Proposition 3.7, with a improvement in 7 when the intregal
is over D(7) only.

Proposition 3.10. For M > 1

"

\/—<£ >V1‘\I/70{|<Md77 g \% MT%

sup f max (€], |1
&a JD(1)

Proof. 1f |¢ — 5| = 773/100, then

. (&
L)m (e ) e el

_©r v
< (JD(T) max (|¢], n]) —=>—=; N Ly a<Md77> T,

and the estimate follows from Proposition B2 If | — 5| < 77/3/100, the conditions on D(7)
imply |£| ~ |n| = 773, Proceeding as in Case 3 of the proof of Proposition B.7

<£>u+1 ( ) )1/2 ( |£|2u—1 )1/2
al< dn < Ty_al<md ——d
L~£ |0 —q M\/W<§ 77>” n < f \§| | —a|<M A7) L~£ <£777>2,, n
1/2
s (f 1|w-a<Md‘P> O s VM. 0

Finally, we notice that frequency restricted estimate with constraint of the form |© —a| < M
(where © is a phase function), as above, can help derive a frequency restricted estimate with
constraint of the form |© — a| > M, via the use of a dyadic decomposition on the phase.

Lemma 3.11. Assume that one has the bound, for M =1

Sgqu m(&,E)joe,z)—al<mdE < CoM?,
& £

for some 0,Cqy = 0, where © is a phase, m = 0 is a multiplier and I'¢ is a domain of integration
in RN which may depend on €.
Let p > 6. Then there exists C' = C(p,0) such that, for any M > 1

m(& E) e
sup LE ml‘e(g,a)_a\>Md; < gyt

Proof. We decompose dyadicallyﬁ depending on the size of |© — af:

SllpJ;1 |(_) a‘p1|® a\>Md._ < sup Z fp WlM'/QS\@*a|<M’d:

<2 Z sup

M'>M &°
M’dyadic

<2°C; Y. MTP < CCMI. 0

M'>M
M'dyadic

M,pf m (&, Z)1jo—a|<mrd=

6We write “M’ > M is dyadic” as short for “There exists n € N such that M’ = 2" M™.
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3.4. Pointwise bounds for the nonlinearity. As it will be seen in Section 4] we will perform
a bootstrap argument involving w, dgw and dyw. The infinite normal form reduction will provide
a priori bounds for

3t
w and  Jew — gatw.
In order to close the bootstrap, we need an estimate for %@w, which amounts to a pointwise

estimate of the nonlinearity.
Lemma 3.12. Given0<a<1land0<a <V <1, set
1
0 = 3 min(a, b’ — a’).
Then, forte (0,1),
t 0
B ENUa RO S O ol oo

a/

Proof. Throughout the proof, we omit the spatial domain R\{0} in the norms, keeping in mind
that integrations by parts in frequency will produce boundary terms at the zero frequency.
Moreover, assume, from now on, unit norms for f,g and h. Recall that

%N[f,g, n = f e F(€1)g(E) () dErdey = T.

Without loss of generality, we suppose that [£1] = |£2] = |€3]. In the domain where all frequencies
are smaller than ¢t~1/3, the corresponding integral I; is bounded directly:

1 1 1
< -— 0 0 o < < .
1% ([ ggmtts) Uy oy sy < ars < jrarg

We henceforth consider |&1| = ¢~1/3. In the domain where |&;] = 10[¢|, then |&] ~ |&]| = t~/3
and |0g, ®| 2 |&1]%. The integration by parts in & in this domain Dy gives

B12) L= [ v, (#ﬂ&)g(@)h(@)) d61d6,

i10e,
o 1
- Lh&)eaDQ (e itaglq)f(§1)9(§2)h(§3)> ’ggzoid&

and

1 1 1 1 déo
I ~ e 12 =) 7 7 d d 762
Ll UD (e + i (e ) s L t§§>

A F o gl e Blye

< 1 1 n 1 n 1 < 1 N 1 1
~ ¢ <£>a+a’ <£>b’ $2/3 ] ~ \ 41-('—a')/3 tl—a/3 <£>a’ )
In the domain |£1] < ||, we decompose in the stationary and nonstationary cases. In the domain

D3 where furthermore |dg, ®| ~ |7 — €3] > |£|?/100, we perform the same integration by parts
as in ([3.12]). We bound the corresponding integral I3 by

1 1 1 1 d§2
, 1 dé1d )
s (L (‘tms = <<51>a’<53>a " <53>b’>> b fm)ews t52>

N oo g llyyroe [l a.c0
WO,a’ WO,a’ Wa,b/

1 1 1 Ly _ 1 ! .
~t \ + ©v ton) S \aas T mw—as &
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By symmetry, these computations can also be applied to the case [0, ®| > |£|?/100. We are left
with the region [£7 — £3],]€3 — €3] < |€]?/100. Setting p; = &;/€ and P = 1 — p} — p3 — p3, this
implies that (p1,p2,p3) is near a stationary point for P,

111
— == 1,1,-1 1,-1,1 -1,1,1).
(333) @L-D @-1D, L1

We consider only the first two possibilities. After a change of variables, we must bound

¢2 f P £(¢p1)g(Epa)h(Eps)dprdps.

In the region [p; —1/3] < 1/10 for j = 1,2, 3, and (without loss of generality) [p1 —p3| = |p2 —p3],
the corresponding integral writes

I, =¢ Opy (eitggp(m - pg))
Dy

1
2+ it£3(p1 — p3)8p1P
Writing q; = p; — p3, j = 1,2, the integration by parts in p; yields

f(€p1)g(§p2)h(Eps)dp1dpa.

¢ 3.2|¢l—a 1—(1’—aJr 1-b —a
e P Il Y o [

lg2]<|q1|<1 1 +it§3qq] |1 +it&3q7| |1+ t&?|
<§2f tEP gl N P + 1Y) ot

qj<1 \ |1+ it&3¢3|? 1+ it&3q3| tjg|tta
] CTNPASE S
’\/7 7. Zl ! /

21 Stl/g 3/2 ZZl
tEre )iz <aspepe |1+ izf)? tjglata’ T otlgPt o tg]ita

3
_ log(1€?) S S
3 e 1 R I R A (I
In the region where [p; — 1| < 1/10 for j = 1,2, define ¢; = p; + p3, 7 = 1,2. We can assume
without loss of generality that g2 < |g1| < 1, and write for the corresponding integral

.3 1
I = & JD5 Op (eltg P) Wf(SPl)Q(&D)h(§p3)dp1dp2

Since 0, P ~ 812,113 ~ ¢, the integration by parts in p; gives

|I5] < &

JD5 eit£3pap1 (@f@m)g(fm)h(&m)) dp1dpa| + & f'm S dp2

<2 1§

1 _ IS ) _ K
SE[ e I 1€ ) dndas +
gzl <lr|<1 £6°1

S U S SR |
Tofgftre gfgferet g T O

Summing up the bounds for I1,...,I5, we obtain the desired estimate for I. O

1
t|£|1+a

Remark 3.1. In the above proof, the analysis can be performed with a single integration by
parts due to the subcriticality of the norms in (BI1) (in the critical case, two integrations are
necessary, see [5, Lemma 9]). The gain in powers of ¢ comes from an extra decay either in the
functions involved or in their derivatives.

4. THE INFINITE NORMAL FORM REDUCTION

We now detail how to control
t

wnt) = 2 fo (NTS + Xz + wn] — N[S])ds

uniformly in n. We use the decomposition (ZI3]), in which we distinguish the “well-behaved”
terms which can be bounded suitably using the multilinear estimates of the previous section,

and the other “bad-behaved ” terms, which require an extra reduction. For the latter, the idea
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it to perform an integration by parts in time. When the time derivative falls on the nonlinear
terms, many new terms appear: to be able to correctly treat them, we’ll associate to each of
them a tree. The nodes and leafs of the tree will have a color corresponding to one of S, z, w
etc. (this will be made precise below). We actually need some extra information, which leads to
consider four different types of trees:

resonant, where the integration by parts in time does not improve the estimate;
boundary, corresponding to the boundary terms after an integration by parts;
derivative, when the time derivative falls onto S;

F,, when the time derivative falls on w and we replace it by the source term F» (see
E1I).

Given a colored admissible tree of a given type, we can provide an estimate of the associated term
in a systematic way, which is actually rather automatic: we essentially use pointwise estimates.
This is a very agreable feature coming from working in weighted L® spaces.

Observe that, as x, does not depend on time (and 0 < x, < 1), it is not affected by the
integration by parts in times, so that it plays essentially no role in the construction of the tree
nor in the estimates. For simplicity of the exposition, we therefore choose to drop all n and x,,
in the section: equivalently, this corresponds to derive a priori estimates on a solution to

(4.1) w(t) = f: NI[S + z + w] — N[S]dt,

and it will be clear when doing the computations that all bounds also hold for w,,, with the
same constants (independent of n).

In view of the frequency-restricted estimates of the previous section, at each step j, the inte-
gration occurs on domains with some conditions on the phase. We therefore give ourselves a
sequence of frequency thresholds (IV;);, to be precised later.

As it will be clear, we will need to incorporate a dependence on time in the normal form reduction
itself, ideally by taking N; = N;(t). However, as we perform integrations by parts in time, this
dependence would yield new delicate terms.
Instead, from now on, we choose T' > 0 small (to be fixed later) and we work separately on
the dyadic time intervals Iy, = [tgy1,tx] = [T/25F1,T/2F] (k € N). This will allow us to freely
interchange t € Ij, with 51 (it plays the role of the variable 7 of the previous section). For each
k, we perform the infinite reduction to the equation starting at ¢t = tg1:

t
(4.2) w(t) = wtpr1) + N[S(t) + z +w(t')] — N[S(t')]dt,

T+
and our goal is to obtain estimates for ¢ € [tx11,t;]. Actually the admissible trees do not depend
on k or the (IV;);, only the estimates do, and we will of course track the dependence in k and
(Nj);-
In the next paragraph, we describe the algebraic procedure corresponding to the infinite normal
form reduction. The precise analytic structure and the derivation of a priori bounds will be
discussed in the following subsection, starting with an example.

4.1. The normal form algorithm. In this procedure, k € N is fixed, and we recall that we
are given a set of frequencies (N;);. We also give ourselves a time t € [tj41, tx].

In the equation ([A2]) for w, at each iteration of the algorithm, the right-hand side is made of an
(increasing number of) terms. To go to the next iteration, we split between well-behaved terms
(for which the tree building proceduce stops), and bad-behaved terms, for which we will increase
the number of factors (and so, the size of the tree).

All terms will have have the form

(4.3) Lm f wem]_[ fi(s, &)d=ds,



(except for boundary terms for which there is no time integration) where © is a phase function,
I" is a convolution surface, m is a space-frequency multiplier, [y is the degree of the nonlinear
term and f; are one of the intervening functions w, z, So, Sreg, Ko, Where

Kolt,€) i= K (S0, 50) (/%)

(Ko is required to make retain the special cancellations specific to the self-similar solution),
the derivatives 0; Sy, 0¢Sreg, 01Ko (2 does not depend on time, and we replace dyw using the
equation, which increments the step), or F» (which cannot be treated by INFR, but fortunately
is well-behaved). We will give two equivalent descriptions: first, an algorithm to produce the
terms of the INFR; second, the procedure to construct colored trees (which can help to visualize
the algorithm, and is similar to the description given in [28]).

The algorithm is as follows. In the first step J = 0, the well-behaved term is just Fb, and the
bad behaved terms are the other ones appearing in (2.I3)). To construct the terms at step J > 1,
for each of the badly-behaved terms at step J — 1, which are of the type ([@3]), we perform the
following term-loop:

(1) We split the frequency domain into the regions |©] < N; and |©] > N;. The first
corresponds to a resonant term and is a well-behaved term.
eit@

= to integrate by parts in

it@)

(2) For the nonresonant term, we use the relation d;(e

time: this generates one boundary term and [y integral terms, depending on where the
time derivative falls onto which fi; in each of these terms there is a gain of ©~! with
respect to the previous step.

(3) The resulting boundary terms are well-behaved.

(4) If the time derivative fell onto Sy, Sreg or Ko, the term is called a derivative term and it
is well-behaved.

(5) If the time derivative fell onto w, we replace d;w using (2.2). The terms with Fy become
well-behaved. The remaining ones are part of the badly-behaved terms of step J and
can be written in the form (43]); we emphasize that among these remaining terms, those
corresponding to source terms (with no w) have restricted domains of integration D;,
according to the decomposition in (212)).

We emphasize that a well-behaved term at step J is not considered at step J + 1.
For each J > 1, let A/, be the sum of all resonant terms appearing at step .J. Analogously, we
define NB]dv Nci]t and N, i;];rl for the boundary, derivative and I} terms. Finally, R”(t) is the sum
of all badly-behaved terms at step J. This allows us to write the equation for w as

J
(44)  wt) = Y (Nlt) + AP0 + NGO + N5 ) + V@) + R,
j=1

4.2. Tree representation of the terms in the INFR. As mentioned above, it is convenient
to describe a term appearing in the INFR by a tree, which we call admissible. We now explain
how to construct the corresponding set of admissible trees at each step.

Each node (internal or leaf) is colored with one color among

{wa Z, SO7 Sreg7 K07 at507 aIf‘SvI"egW at}-(07 FQ}

An elementary tree is be a tree with a single root, colored w, and 2 or 3 leafs, satisfying either
one of the following;:

e It has three leafs, where at least two of them are colored either w or z and the third is
colored w, z, Sg or Syeg. This corresponds to the quadratic and cubic terms in w or z.

e It has three leafs, one of them colored S;es, another colored Sy or Syee and the third
colored w or z. This corresponds to the linear terms in either w or z which have a
trilinear structure.

e It has two leafs, one colored K and the other colored either w or z. This corresponds to
the linear terms in w or z with a bilinear structure related to the self-similar solution.
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An admissible tree of size J will be a colored tree with J parents, together with a numbering
# : {parents} — {1,...,J} such that:
e For each parent node, the subtree made of this node and its children is an elementary
tree.
e If one parent z is an ancestor of another parent y, then #(z) < #(y).

Analogously to the normal form procedure, we will build resonant, boundary, derivative and Fy
trees. The parallel algorithm for admissible trees is the following: given an admissible tree of
length J, the tree-loop is as follows:

(1) Put a copy of it in the resonant trees set.

(2) Put a copy of it in the boundary trees set.

(3) For each leaf not colored z, create a copy of the tree, which will be extended as follows.

(4) If the chosen leaf is colored either Sp, Sreg Or Ko, change its color to 0:Sp, 0¢Sreg Or 0K,
respectively, and put the tree in the derivative trees set.

(5) If the chosen leaf is colored w,
(a) create one copy where this leaf is replaced with F5 (and put it in the Fh-trees set),
(b) create copies where the leaf is replaced with each of the elementary trees. In the

latter, the parent of the elementary tree (which replaced the leaf) is numbered J +1.

Notice that all numbered nodes are parents, and so are colored w. Also, by direct induction,
derivatives or F5 factor can only occur at most once in a given admissible term or tree, as a
child of the final elementary subtree (i.e whose parent is numbered J in a tree of size J).

The term and tree generation algorithms are equivalent: there is a one-to-one correspondence
between terms at step J of the INFR and admissible trees of length J. Here is how to proceed.

Given a term (at step J) by the algorithm, the associated tree is constructed inductively on
j = 1,...,J: at each step j, we consider the choice made in step (5) of the term-loop. The
factor where the derivative falls corresponds to a terminal node (leaf) which we replace by an
elementary tree, whose parent is labeled j and whose leafs are colored according to the choice
made in step (5) of the term-loop.

Reciprocally, given an admissible tree, we can construct the associated term, inductively on the
index j of the numbering #. At the j** step: consider the node z numbered #(z) = j. Denote &/
the corresponding frequency. Then in the (j — 1) term, one replaces the factor w(t,&7) corre-
sponding to x with N[f, g, h](t,&7) where the intervening function f, g, h are chosen according
to colors of the children of z, except when we are facing a source term (that is no children
is colored w), in which case we replace it with the adequate component of Fi[S,2](t,,&7),
as detailed in ([2.I2]). Notice that these source terms come all with frequency restrictions; and
we emphasize that the complementary frequency restrictions are taken care of by the F5 term,
which appeared at an earlier step (that of the parent of x).

For example, the trees

A O ()
To®  CUR°
correspond, respectively, to

ff "z (&)w(t, &)w(t, &)dé dés.

E=81+82+€3
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and

f f e f f /162 801:82:025) G (1 €91) Sy (¢, £22)2(€23) dEa1dE s

=£1+€2+E3 D1 (tg41,6%)
Ea=E21+E22+623

w(t, &3)dE1dSa.

In the next subsection, this identification will help us derive appropriate bounds on the normal
form expansion.

Since the elementary trees are at most ternary, an admissible tree of length J will have at most
2J + 1 terminal nodes. Furthermore, there are 18 different elementary trees (corresponding to
the number of nonlinear terms in the equation for w); at every step of the algorithm, each node
can create at most 18 new admissible trees. Therefore, denoting AT ; the set of admissible trees
of length J, the total number of admissible trees of length J is bounded by

(4.5) Card(AT ;) < 187+ . (27 + 1)!

4.3. Bounds on the infinite normal form equation. We now define the frequency thresholds
sequence (Nj)jen. To that end, we fix

— -3
(4.6) max{l—%,l—szy} <B<1.

With this choice of 3, in every single frequency-restricted estimate of Section B the integral is
controlled by M?.
Let (cj)j=1 be an increasing sequence, with ¢; = 1 and such that there exists C' > 0 for which

(4.7) VJ>1, Card(ATy)- H

/

For example, one may choose ¢; = j 3/(1=8)  We then define
(4.8) Nj = ¢j/trsa-

Let € > 0 small, to be fixed at the end of the argument. We will bound the terms appearing in
the normal form expansion by using a bootstrap argument based on the assumption that

(4.9) vt € [0,T7, Hw(t)HL;‘? < et”.

Through the infinite normal form expansion, we will prove that
VEVEE [thyn bl () — w(ten) e < €0,

which allows us to recover

(4.10) vie [0,T], [w(t)|re < €.

The gain €2 will come from the smallness of the nonlinear terms, which are at least cubic. From
the bootstrap assumption, w is small. By hypothesis, the self-similar solution .S is small, namely
it satisfies

(4.11) Ve >0, Sy oy < €
and so
(412) vVt > 0, “51/2K0“Loo $ Gzt_l/Q, HatSHLoo § Et_l.
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We need to ensure that z is also small in some space-time norm. Since z is not small in frequency,
we need to use weights in time to force the smallness, and this will make our choice of T' > 0,
which is the last free parameter. Fix

1-B v—p—3y v—3vy
37 9 To12

€

Té =
1

2112

(4.13) 0<p< min{

The idea is to write
(4.14) Vi e [0,Tp),  |zlloe < et

This gives smallness, up to the loss in time ¢~ which must be recovered in the estimates for the

normal form equation. Also, from Proposition B.4] (and in view of (.11)), (412])),
(4.15) Ve [0,T5),  [FlS. 2)(t thpr) oy < 75 % < 1
Throughout this section, we will thus suppose that we have the following

Bootstrap Assumption. w is defined on [0, T"] with T < T, satisfies (£.I]) and the assumption

(#9) holds.

After recovering estimate (£I0), the bootstrap argument is done in Proposition

From now on, we fix £ € N and we work on the interval [t;41,%;], with the equation (£2]). The
precise definition of each well-behaved term in the INFR derived from (£.2)) will depend on k,
but for most of this section, this dependence is not relevant here (since k is fixed), and we will
omit it here. We however emphasize that in the following, the implicit constants do not depend
on k (nor n).

In order to explain how one finds a priori bounds through the INFR, we need to introduce some
notation to make the form (3] more precise. To fix some ideas, let us consider an element of
resonant type, with an admissible tree of length J. If the j*-subtree (the elementary tree whose
root is the node numbered j) is ternary,

e =/ will denote the frequency variables corresponding to two children (they are called the
represented frequencies); the choice of children is not important, as one can use the con-
volution relation in the integrals that follow to pass from one choice to the other. We call
the frequency corresponding to the unchosen child the unrepresented frequency (cor-

responding to the dependent variable in the integration). Furthermore, = = U< ; =4
represents the total variables.

e It is convenient to number the frequency via word indices: {5 = £ and if {, represents
the parent node, the frequencies for its children will be denoted &,1,&,, and &gs.

e We write the convolution hyperplane as

Fj = Hfa = {(5a1,£a2,£a3) : 50« = a1 + 50«2 + £a3}-

The total convolution surface, determined by the convolution relations at each step k < j,
is

T = {(€,&a1, €un €a3) 1 E€ T (€at, a2, Eus) € TV}

e the corresponding phase function as ©7 = ®(¢,,, €a1, a2, 8a3)-
e the total phase function of the j-subtree as ©’ = Zj,gj o7

e m? will denote the multiplier introduced by the subtree. More precisely, it is the parent
frequency (coming from the derivative loss), together with any possible restrictions in
the domain of integration.

e if a child is a terminal node (leaf) of the full tree, then it is associated to f, where f is
one of the intervening functions. If ¢ is the frequency associated to this node, we define
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its frequency weight as

(10 if f = w,
PG if f =z,
(4.16) {1 if f =5,
<t1/3C>(4/7)_ if f _ Sreg7
t1/2)¢|1/2 if f =K.

Notice that the weights are chosen so that

if f # Ko,
if f= K.
(see Proposition [[L2] Lemma Bl Proposition [3.4] and (£9])).

e For non-terminal nodes (parents), the associated weight will always be ({)* (the same
weight in frequency as for w, with no weight in time).

| f - frequency weight |z < {62
¢ €

In the binary case, still denoting &, the frequency of the parent, the child colored Ky has
frequency &,; and the other has frequency &49. The frequency set =7 is the variable of a single
child: the dependent frequency is the other one. The convolution hyperplane is simply the line
IV = {& = &1 + €42} in R? on which we define the phase ©; = ¥(&q,&a1). The other notations
are modified accordingly.

A concrete example. Let us exemplify the INFR procedure and the notations above with a
particular case. Let us consider one of the bad behaved term at step 1, namely

t
f f eisq’§S(t,£1)Z(52)w(t’53)d£1d£2d5-
tet1 JHe

According to the notations above, I'! is the hyperplane He = {(&1,&2,&3) € R? : £ = & + &+ &3,
=l = (&1,£), & is the unrepresented frequency, the phase function is ©! = ®(¢, &1, &) and the
multiplier m! is simply &.

According to the INFR algorithm, we split the frequency domain into resonant and nonresonant
regions:

t .
f f eS8 zwde déods
try1 JTT

t

t
= J Ll ezsq)§1\<1>|<N1 Szwd&déads + Ll elsq’§1|q)‘>Nl Szwd&déads.
thtt

tht1

In the next computations, we systematically use (L9), ([£I4), (£II) and (AI2). Using the
frequency-restricted estimate of Proposition B.6] we are able to bound directly the resonant
term. Indeed,

HLI 6i8¢£1\<1>|<N1 Szwd&dés

€1<E*"
d&1d€s - ||S]| oo o o0
i $Sl§pjp1 <£2>“<£3>ﬂ1|<1>\<N1 §1d&s - S| ||2l| Lo 1wl L

1—p/3 1-p/3 3 — _
< N B/ ST PE3 <l B/ S 1Hrtu/3—p

Integrating in s € [tx41,t] yields (using that p < 1 — 3/3 < u/3)

t
1—p/3 - - 1—p/3
<c B/ ng s~V HR/3=p g <cl B/ 37

[, tk:+
I3

t
f f €1 )< N, Szwd€y déads
try1 JTI

For the nonresonant term, we integrate by parts in time:

t ‘ ois® s=t
f j P €1 g )=y, Szwdy déods = [ f —5 Nl lezwdgldgz]
tk+1 rt rt ? S:tk+1
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t 6is<1>
—j J , 0s(Szw)d& déads.
tk+1 Tt Z@

The bound for the boundary term follows from Lemma B.IT] together with (3.7): for either s = ¢

or tx41, there holds
1 fekor

de1des - ||S] oo | 2] oo [w] oo

prl i® s Supfrl (B (Eaor{Earht Lgsny d1d€e - |5 o] 2] g 1wl 2

—u/3 — —u/3 — —u/3
$N1 B/ €357 pgclﬂ/ 63S,u/3+'y pgclﬂ/ €357

Szwd&dfg

Regarding the integral term, we distribute the time derivative. As z does not depend on ¢, there
are two cases. If the derivative falls on .S, we obtain the derivative term

J~t j eis@
tk+1 Fl Z@

The estimate for this term is very similar to that of the boundary term, the difference being
that the loss of a power of ¢, coming from ;S = O(et™!), is then compensated with the time
integration:

(0¢S)zwd&y d€ads.

ei8<1>
Ll T Elip>n, (00S) zwd€rdEs

1Ko
S Ll ] ooy 12> N1 A1z - [0S e 2wl

—n/3 — — —1/3 —p—
SNl w/ . 1+~ pEBSCIﬂ/ €3Sﬂ/3+’“/ p 1’

Ly

and so, integrating in s € [tgxi1,1],
t is®
jtkﬂ Ll 1P
If the time derivative falls on w, we use the equation ([£2]) and the decomposition (ZI3) to write
¢ is®

Lkﬂ Ll 1P

t 6is<1>
= f f —_— 51‘¢|>NISZ(F11[S, Z] +F12[So,5reg,z] +F2[S, Z]
tk+1 Tt Z@

(8tS)zwd£1d£2ds

~

¢
< c}“/ge?’f st/3tY=P—1gs < c;“/Be?’tV.
let1

Ly

SZ(at’w)dgldfgdS

(4.17) + Lic o, [2] + Lic[w] + Lo[So, Ste, 2, w] + Q[S, 2, w])d&dfgds.

(In the last factor of the integrand, the terms are evaluated at (¢,%x41,&3)). As mentioned, the
term with F5[S, z] is well-behaved: by Lemma 311 (3.7) and (£I5),

ezs<1>
., S€tior-m SRS, 1 des

Ly

1 [EKo”
sup J;ﬂ @<§2>“<§ >H1|<I>\>N1d£1d£2 . HS”LOO ”Z”LffHF2[S, Z]HLTP

—u/3 5 _ _ —u/3 —
< lu/ Do 1v/3 4p$c1 w/ P+

—u/3
§N1“/65

—H/3 5257 which is €2 more than what was neces-

Then, the integration in time gives the bound ¢,
sary.
The remaining terms in (£I7)) are badly-behaved terms, and are left to the second step of the

expansion.

In order to give an insight on how the frequency-restricted estimates propagate throughout the
INFR expansion, let us consider one of them, say:

jt j eis@
tk+1 IR Z@

S(s,61)2(&2) Lic[w](s, £3)dE1dEads
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t is® .
- JL St ([ e O Kl (s e ) derdads
tg1 JTT 3=€31+E32
=2

t isO
= f j_g 6261 m1m21\@1|>N15(8a51)2(52)1(0(5,531)10(8,532)d$1d§2d§31d8,
Tkt

where Zg = {£31}, the dependent frequency is {32,
= D(E,61,60,63), O = B(E,61,60,63) + U(E3,631), m'=¢ mP=E,

and
= {(&,61,60,63,631,832) eRO 1 € = &) + & + &3, &3 = &31 + E30).

The associated admissible tree is represented in Figure [II

FiGURE 1. The replacement, in the tree on the left, of the w node with an

elementary tree yields an admissible tree associated to a badly-behaved term at
Step 2.

. . . . =2 .
As before, we split the integral into the resonant region |©°| < N3 and the nonresonant region
=2 . .
|©7] > Ns. Let us perform the estimate for the resonant term. First,

=2

ezs@
frg ST 6128, gy, SERowdérdéadEan

Ly
1 [135]
2 O] (€a)|€311/2 (€3

< sup ©" Lot|>n g2 oy, 4610820851

(8] oo 12 2o | Ko €12 oo ] £z

1 [EKO* |€51<€3)" .y
Sup f2 [OF] {&apr{Eap Her I>N1ml\e |<Na dédéadesy - €57 P7 2

Using the convolutlon relations, the frequency associated with the last parent can be assumed
to be represented. In the specific case above, this can be achieved by replacing & with £3. This
we are left to bound

G O
supf ‘91‘ <§2>M<§3>M |® \>Nl‘§31‘1/2<§32> 1‘®2|<N2d§2d§3d§31.

Now observe that the only frequency that depends on {31 is his unrepresented brother, £35. This
means we can integrate in {31 first, leaving the factors corresponding to the first step of the
INFR algorithm on the outside:

L& §(€s)"
Sup Ll [O1] (Eap{€aym He >, (Lz m1@2|<md£31> d&adgs

1« . £3¢€)"
) [S“p Ju e <sz>u<sg>u191'>Nld§2d§3] [S%p i) \531|1/2<532>~1@2<N2d§‘°’1]

1 &«on £3¢€3)"
: [S“p Jo ¢'>Nld§2d’53] | L‘“‘pf el 2y 1V “<N2d531] |
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This procedure has decoupled the integrals corresponding to steps 1 and 2. Applying the
frequency-restricted estimates,

n
SUPJ . 7| 656s) déz1 < N21/2,
r

v— N:
£5.0 Jr2 [E31]1/2(Ego)H Hel<Ns

and, with Lemma [B.11]

G
p f o <§2>i<>§ il déads < N

Hence (we use again p < ,u/3)

t
e
J;Ic+1f_2 ;01 m1m21|@1|>N1lléz|<N25zKowd£1d§2d§3ld3

Ly

t
—u/3 x71/2 — —u/3 1/2
< Nl w/ NQ/ N 1/2 p+765d8S01ﬂ/ 62/ S
tet1

The analysis of the nonresonant term can be made following the general approach described
below.

Remark 4.1. Here, one can observe the critical behavior of the linearized operator Ly . Indeed,
the gain of a full power of ¢t coming from the 1/M; factor is compensated exactly by a loss of

2 12 1/2

el X coming from N21 /2 and another loss of ¢~ coming from the bound on Kj.

The general case. We now proceed to the estimates of a generic well-behaved term in the
INFR procedure.
Case 1. We begin with a general resonant term,

t

(4.18) Nies = N(s,&)ds

let1
’it@‘] J-1 mj J :J :J
where N(t,&) = L" e H El‘@j|>NJ m 1|6"\<NJ - F(t,&,27)d=",
j=1

and F' is a product of intervening functions: counting double the K factors (and one for each
of other factors), there is a total of 2.J + 1 factors, as can be seen by immediate induction.

Our goal is to derive an L% bound for this term, in terms of some weighted L* bounds on the
intervening functions. We multiply and divide each of the factors f in F' by the corresponding
frequency weight according to (£I0), so that the numerator g can is bounded in Lfga by € (or

€2 if f involves Kg). Denote G the products of the g: then

|Gl _, s/,
t,g,E‘]

and the tree structure allows to us to rewrite:

I / ; ; m? x weight for node j
(4.19) " Hmj F = HM] G, where M = . —
j=1 j=1

[T weights for its children’

Then
m =J\ =J
Nl < sup e [ (H' 'l@w)\mJueJkNJxF(t,s,:>d:
<o [ (T8, ) 100, B 5 160
(4.20) — 1 % |G .
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We now decompose the estimate for I/ (which can be seen as an LZO(L;,) estimate) into J

estimates of the same type, each one involving a single subtree. This comes from the iterative
scheme, which induces a lower triangular dependence of the phase functions ©7 on the frequencies
Z7. Indeed, the crucial observation is that, after ensuring that the last parent is represented,
the only frequency which depends on Z7 is the unrepresented frequency of the J*-subtree. In

articular, in I”, only MY and 6’ depend on =7. This allows us to split the integration as
b ) ) y p
follows:

17— ﬁ—'Mj‘l , M7 |1 az’ ) gz’
—Slgp -1 it |@j| |87 |>N; r [@’|<n, "= =

|MJ v EJ*I J —J
~ lbuP J—J 1 < |®.7 ‘@J‘>Nj d= ' S_qul rJ |M |1‘@J|<N1d\_‘ )

¢E
Now, as SR = + ©7 and © only depends on =771,

J —J J —J
_ =) <s d= .
S—lLl]I_)l (L] M |1\9J|<N‘1d ) 23172 (L] M |1\@Jfa|<NJ )

575

Therefore,

(4.21) I’ <771 sup (f ; \MJ\le.z_a|<NJdEJ)
r

. FJ—1 . |Mj ) EJ*I
with 1 = Sup f <H |@J |®’>Nj> d=" .

As I77! has the same structure as I/, we can repeat (a small variation of) the above argument:

- ./\/l] MI1
IJfl Sllp | —j J |_‘]71|1—Jfl '_‘J 1 d._
_I 2 |@] |® |>Nj rJ—1 |@ - ‘ ‘@ ‘>NJ_1

M| =J— M7 .
7J ) | — |®j|>NY =7 sup f ‘_L]fl‘l‘@pl‘ﬂv d=7 -1
[e) J =J-2 /-1 |@ | J-1

675
J—1

72 (M7 =J—1
< s S A G S . d=

I 621]132 (LJ—I \@j—l +@J—2‘ 07-1487%|>N, 4 )

J—1

7J—2 |M | —=J—1

< I . 5;15 (jFJ_I m1|6‘]—1_a|>N‘]71d\_‘ ) .

An inductive application of this procedure yields

J—1 1
7J—1 ‘M] | —j—1
It < [[sup (le WH@J g, A2 )

j=1 &«

Combining this with (£20) and (£.21]),

t J—1 ]
M
(4.22) [ Nies| sf <‘| [ sup LJ |®|j | o7 lter ol 0= )

tht1 \j=1 &

- sup ( [ \MJ|1|eJ—a<N,,dEJ) a1 1)
f‘],a TJ

So, due to Lemma [B.17] it suffices to estimate quantities of the form

fr MOl s
J

for j < J, which will follow from a direct application of the results of the previous section.
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For boundary, derivative or F,-terms, one can proceed as above. Indeed:

e A boundary term of length J can be written as
N(t€) = [N, 1

where

J .
_ e’ m =\ =7
(423) N(t,f) - J;, € (H Elejl>Nj> F(taéa‘—‘ )d‘—‘ .

I j:1

The differences with the resonent term are the lack of integration in time and the non-
resonance condition at the last subtree. Therefore, we get

J .
M7 o
(4.24) [Nbal < [Hzlp LJ_ mh@iwpmdﬂ NGl e ry)-
j=18
e We can write derivative or Fa-terms of length J as

t
N(s,&)ds with N as in (£23),
tet1
with the feature that in the last subtree, one of the children is colored 0;Sp, 0¢Sieg OF
01K (for derivative term); or Fy (for F5 term). According to Propositions [[.2] 3.4] and
Lemma [3.2] the correct frequency weight associated to this node is

t if f = atSOa
HEBANEDT if f =
(4.25) <2 1<2> 1 f atSreg,
21 if f = 0K,
=7 OH if f=F,.
Notice that each weight gains a ¢ factor compared to the corresponding weight for the
non derivated function in (£J6]), and they are chosen such that
e if f = 0:Sp or 0¢Sreg,
| f - frequency WeightHLgoC <<€ if f = 0K,
63 if f = FQ.
The above discussion can be summarized as
T M| »
4.26 Natl, |V, Sf su f —1ioi_ dZ7 | ds - |G| o1,y
( ) Watl, Wr| - Llj[l gj,g |67 —af |©7 —a|>N; G (Ix)

We emphasize that in the following, implicits constants are independent of j and k.
We first consider the case of an intermediate subtree, that is when j < J.

Lemma 4.1. Let t € [tyi1,tk] and, in a term corresponding to a tree of size J, consider the
factor given by the j* elementary subtree, for some j < J. Then

VM >1, VaeR, f Mty < =07,
T

As a consequence,

M| - 1
E?ELJ mH@j,a‘}de:] < (tN;)

Proof. In a non-terminal subtree, the frequency weights are among those in ([L.I6]).
a) We start with the case © = ® and denote £ = &7, =7 = (£, £2). Then the children are colored
among Sp, Sreg, 2, w, and there is at most one Sy and at least one w/z.
We split the analysis on the various possibilities of weights for the j**-subtree:
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e at least two children have weights corresponding to w and/or z. Then, the third child
has frequency weight = ¢”, and up to permutations on the frequencies,

: SO -
j
M= e
Then it follows from (B.7)) that

S§UPJ|Mj|1<I>—a|<Mj d§1dés < t_gpMjk“/B’-
Q

e one child has a w-weight, one has a Syee-weight and the remaining has a weight corre-
sponding to either S.ez or Sp. In this case,

€1 P

M| < (EHABEYADT ™ t1/3(€ i Eapi”

and

SUPJV\/‘]H@ al<md§1dée < —Ml w3,

e one child has a z-weight, one has a Syeg-weight and the remaining has a weight cor-
responding to either Ses or Sp. This corresponds to a source term: the construction
of the term from the tree tells us that the the region of integration is restricted to
Dy = Dy (tk+1,€) (it is an Fio-type source term, see (212])). Therefore

K9S

I <
M S e ey

1p,
Proposition 3.9 then implies
S§UP f |Mj|1\q>—a|<Md£1d£2 < (tM)ﬁt_l_i_,y‘
ey

b) We now turn to the case ©/ = W, and denote & = ¢ and =/ = (. There are only two
possibilities:

e one child has a Ky-weight and the other has a w-weight, then

€1
ORI = Gy

M| <
and Proposition B.7] implies
SUPJ MLy o< prdérdés < tV2MY2
670{

e one child has a Ky-weight and the other has a z weight. Then

» glke”
M el =g ot

and Proposition [3.10] gives that

SHPJ\M 1y —a|<prdérdés < 127 3 M2,

In all cases, in view of the definitions of 8 (6] and p @I3), the bound ¢t~'*A M5 holds.

The second bound claim is an immediate application of Lemma B.11] O

In the above lemma, we have bounded all but the last subtree of any given tree of length J,
uniformly in time. However, our goal is to gain a power t7, in order to bootstrap the estimates
for w. This gain is achieved at the last subtree:
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Lemma 4.2 (Final subtree). Let t € [txy1,tx], and consider a term corresponding to a tree of
size J.
a) For resonant terms, the contribution of the terminal subtree is bounded by

sup LJ \./\/(J\l‘@.z_akdeEJ < (tNy)P 1,

6"706
b) For boundary terms, the corresponding bound is

(M| - _
(427) 21}1}) JF] m1|ej_a‘>1\hd:‘] $ (tNJ) 1+Bt’y.
Ja .

c) For Fy or deriwative terms, the corresponding bound is

|MJ‘ —J —14+84—14+y
?}}lp o ml\ej—apmd: < (tNy) t :
ey :

Proof. The argument follows closely the steps in the previous proof. However, it is necessary to
split between the source terms (where no child has a w-weight, and frequencies are restricted
according to (2.12)) and the remaining ones.
a) We begin with the case of a resonant term. First consider the case ©/ = ® and denote ¢ = ¢/
the frequency of the parent J, and & and Z7 = (£1,&).
If at least one child has a w-weight, there are two possiblities:

e another child has a w or z-weight: then as in the previous lemma, we don’t take into

account the last weight (which is 2 ¢”) and

M7 < Mtv—%.
Euprd&a
We apply [B.7), it yields
slilp , MJl‘@.I,a‘<NJdEJ < (NJ)Bt“/—ZP < (tNJ)Bt’Y—QP—ﬁ < (tNJ)ﬁt—l-i-y.
§7,0 JIT

(we used the fact that —2p — § > —1).
e another child has a Syeg-weight: in this case,

P P 3 (>
TG BE) W T (GGt '
The estimates follows from (B.7]).

Otherwise, if no child has a w-weight (which corresponds to a source term), we consider two
alternatives:

e two children have a z-weight, then the frequency set is restricted to Ds:

[ G
TGyt
and the estimates follow from Proposition B.8l
e one child has a z-weight and another has a Syes-weight. Then the frequency set is re-
stricted to Dy:

S leker
~ tp<£1>u<t1/3£2>(4/7)*
and we apply Proposition

Ip;,

We now consider the case © = ¥, and denote & = ¢/ and =7/ = (. There are two cases.
e One child has a w-weight and the other has a Ky-weight. Then

e
M2 e e

and we use Proposition B.71
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e One child has a z-weight and the other has a Ky-weight. Then the frequency set is
restricted to D(tx41):

€<
M € — OHv2|C|1/2 ID(t 1)

and the estimate is then a consequence of Proposition B.10l

b) For boundary terms, we can bound using the same argument as in case a) to obtain, in all
configurations and for any M > 1,

sup MJ].Iej_a|<MdEJ < MPP—1+7,
Using Lemma B.IT], we infer that

supv | M7 Lgs_gon,dE7 < NI = (¢N,) T

& JTY
c¢) For derivative terms, the computations are the same as in b), taking into account that one of
the children is a derivative, so that its frequency weight is given by ([4.20). Compared with the
corresponding weight for the non derivated intervening function in (£.10), we see that there is a
t extra factor. Therefore in this case

(4.28) sup MJ1|@J,Q‘<MdEj < MPHP=217,
£J7a rJ
Hence
(4.29) supf M7 Yo5 _azn,d27 < NTHP147 = (¢N,) 711,

For an Fj term, the frequency weight is the one of w, with an extra t factor. So we obtain as for
the derivative tree, the bounds (£28)) and ([£29)). O

Remark 4.2. It is in the above proof that one sees the optimality in the frequency-restricted
estimates. Indeed, it is necessary to match the power in M with the singular powers of ¢ coming
from the self-similar solution in order to recover the exact polynomial growth ¢7.

Corollary 4.3. Given J =1 andte [tk+17tk]
k Jk J 1k
W], + W Ollzp + NG Ol + IV Wl < Cq7,
where C' is the absolute constant defined in (A.1).

Proof. First consider N;2F(t). It is the sum of at most Card(AT) terms, cach of which can be
bounded in L7 norm, due to (4£22)), by

J—1 t
J H (sN;) P (sN ) s Hds - |G e, < H cf»_l N J s ds . 27F1
t ’ t

k+1 j= j=1 k+1

1_[ €2J+1t'y.

(We used (EEI) and Lemmas 1] and [4.2). From ({.7) and (@35), we infer that

J—1

o, < cotomy T+ < o
Ly jalic}

For Nﬂ{’f@)? in view of (A24]) (and using Lemmas T and 2] and (£8)), each of the terms can

be bounded by

J—1 _
Z H(SNj)flJrﬁ . (SNJ)flJrBSW . ”GHL‘;O H —1+Bt7 2J+1

SE{tk+17t} ]:1 :
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€2J+1t'y.

Q:]‘

(because ¢y = 1). As before, there are at most Card(AT);) boundary terms, and so we obtain
the same bound as for resonant terms:

v “M < ey,

For ./\/'(i]t’k(t), in view of (£26]) (and using Lemmas Il and [£.2] and (£8), each of the terms can
be bounded by

t J-1 - t
f H (sN;) 718 (sN) 17147 ) ds - Gz, < H 71+ﬁ f s71Hds . 2711
tht1 tet1

J=1

< 1_[ cffl L2
=1

.

(again we used ¢y = 1) and the computations are the same as for ./\/r‘ésk
For N }]271’16(25), the computations are the same as for the derivative terms N é]tfl’k(t), except that

the I factor (multiplied by its weight) contributes €3 instead of €, so that the final elementary

B— 15t'y

tree (with parent numbered J — 1) contributes c; Therefore,

H J 1, k( )HLﬁJ < CGZ(J—2)+165t’y < C€2J+1t’y. O

Remark 4.3. As a consequence of the above analysis, each of the space-time integrals corre-
sponding to well-behaved terms in the INFR expansion is absolutely convergent (independently
of n).

We recall that from Proposition 2.1, w = w, is defined in a suitable space on a time interval
(0,Tp) which a priori depends on n. The analysis performed above translates directly to ws,, so
that if k € N and ¢ € [t41, tr],

J
(430) ’U)n(t) - wn(tk-i-l + Xn (Z ('N’r]efn Nbd n( ) th n( ) NF2 n( )>

+NAER() + Ri””ﬂ(t)) ,

where the bounds of Corollary [£.3] hold:

(431) VB @l + IV Oz + NG @Ol + IV (Olp < 5,

We have now all the tools to prove existence and bound on w,, independently of n (which is why
we write the index n in the next statement).

Proposition 4.4 (A priori estimate for wy,). Suppose that, for some T < min{T{}", T},
vt e [0,T7, ||X;1wn(t)||Lz: < et
Then, given J,k = 0
Vie [tontel, IR @)np <0 V26,
As a consequence,
vt e [0, xn wa(®)lzz < 1

where the implicit constant does not depend on n.
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Proof. a) Observe that Ry k( t) has exactly the same structure as a boundary term of step J,
except one terminal node is colored d;w instead of w and one also integrates in time. By (2.4)),

1

0wz Snsz 1

Proceeding as in Corollary 3] we get
t
J+1,k -3/2 2J —1/2 2J
IR ()| 1p < f s 2 <, g 12
lht1
as claimed.

b) We now consider the w, estimate, where the bound is independent on n. Let x € N, and
T € [tk+1,tx]- Due to equation (£.30) Wlth the bounds (£3]]) and a), we can estimate

X (wn (7) = wn (tes)) | gp

> (WG (Dl + NG (M) e + NG (D e + IAF A (D)

M8

<.
Il
—_

g t262j+1 + O, 2% < St + Cnt;1/2e2“].

° M-

Now, let J — 400 (while n, x and 7 are fixed) to infer

Ixp (wn () = W (tet1)) L < ).

Finally, fix t € (0,7p) and let £ > 1 such that ¢ € [tg41,tx]. The above estimate holds for all
k=k+1andfor 7 =t or 7 =i, hence

I " wn (D) < Ixn  (wa(t) = watie)) e + D I (wnlte) = wntes)) L2
rk=k+1

3 (tg + ) tg> <) <. O
k=k+1

Remark 4.4. The sucessful derivation of low-regularity estimates through the INFR hinges on

the first bound on R. Indeed, even though the remainder R; *1(¢) grows as n — o (or as t — 0),

one can first take the limit in J to drop the remainder and arrive, for each fized n and t > 0, to

an infinite sum of well-behaved terms.

Remark 4.5. The problem with the strategy presented in [28] is the reduction to a trilinear
operator estimate (see the proof of Lemma 3.10 therein). Indeed, it is not true that a general
multilinear term in the infinite expansion may be written as a successive composition of a
trilinear operator, as one cannot separate properly the dependence in the various frequencies. The
difference in our approach is the replacement of an operator bound with a multiplier bound - the
frequency-restricted estimates. These multiplier bounds, when inserted in the infinite equation,
reveal a lower triangular dependence structure (see (£.2I)). As a result, the estimate for a term
at step J is reduced to the product of J frequency-restricted estimates and the a priori estimates
follow.

4.4. A priori estimates on Aw,, and uniform time of existence. Recall the scaling operator

(T3

Azag—%at

Due to the self-similar structure of S, the homogeneity of ® and A being an order-one operator,
we have the identitied]

EAS =0, Az=0¢z, and
"For the identity involving AN, one can either work in physical space (cf. [5]), or use the Euler identity

EDe® = 3% on T.
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[0, Au = %atu, AN[u] = %N[gAu,u,u] - %N[u].

ence, for the solution w, € Y, 1 to given by Proposition
H for the soluti Y,rt i by P ition [2.2]
3 2
OrAw, = %N[&X(wn + 2), U, U] + 2Xn X0 (N[vn] — N[S]), with v, =S + 2, + wp,
Aw,(t =0) =0.
As we have done for w,, we want to perform a bootrap argument for Aw,, starting from
| Awn (t)|Lp < et”
and recovering, through the INFR,
[ Aw, (t)] e < €7
When compared with the normal form algorithm for w, we see that few changes arise:
(1) the set of intervening functions is now w, z, Sy, Sreg, Ko, Aw and 0O¢z.
(2) As done in ([II3) and ([EI4), define T} = eHzHI;/ll/ﬁo, so that
(e oczllp < e, Ve < T},

(3) the frequency weights for terminal nodes associated with an intervening function f are

rt‘”((}“ if f=w or Aw,
tP{CH if f=2or ez,

<1 if f =29,
<t1/3c>(4/7)* if f _ Sreg7
42|12, if f = Ko.

(4) when distributing time derivatives, one may find either d,w or d;Aw, which one then
replaces with the corresponding equation.

In other words, one may view the problem as a coupled system for (w, Aw). The nonlinear
terms in both equations have exactly the same algebraic structure, allowing for the application
of the algorithm described in Section A1l Handling Aw (resp. 0¢z) as if it were w (resp. z), by
inspection of Section [4.3] the a priori bounds derived for Proposition [£.4] hold for the expansion
of the equation for Aw, and we have the following result:

Proposition 4.5 (A priori estimate for Aw). Suppose that, for some T < min{T{*, T},
v e [0, xn wa(®)]zz + Ixn  Awn(t)re < et

Then
Ve [0.T],  Ixa wa®)lzg + Ixn Awn(®)le < 7, vt e[0,T],
where the implicit constant does not depend on n.
Having the a priori bounds for w (Proposition [£4)), Aw (Proposition [L5) and ¢;w (Lemma

[B.12), we are now in position of closing the bootstrap argument for w. We recall the definition

of the Y,, norm (2.8)).

Proposition 4.6 (Uniform local time of existence). Under the conditions of Theorem[IL3, there
exists T' =T (¢, |z]y1.0) > 0, independent of n, such that the solution wy, defined in Proposition
22 is defined up to a time T1(S,z,n) > T and

(132) Ve [0,T],  Jwnly, < .

Proof. Let

1 7
v <9< -min(u,v—p) and T =min | T3,T7, <
3 Eme
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Recall T} < T} < 1 are given by Proposition 4] and Proposition [L35]), and 7" is chosen so that
9—

(4.33) T777(e% + ”Z”?/Vl},w)HZHWVLOO < 26%.

Fix n e N. For 7 € [0,T) define

A(T) = sup t_“/HwnHYn(t), and 7" =sup{re[0,T): A(1) < ¢}.
te[0,7]

By Proposition 2.2] 7* > 0. Let ¢ € [0, 7*). Then, since x,, < 1,
lwn @)1 < Ixa wa@)lrz + x5 dwnlly < et” <.
We claim that

< 7.

(134) |V - NS, -

We use Lemma [B.J2] to control the trilinear terms obtained when expanding N[v,] — N[S,],
distinguishing two cases:

e If there is one factor z,, it takes the place of h and we choose a = V' = v and a’ = u so

that ¥ < £ min(a, b’ — o). Keeping in mind (@33), the term is then bounded by

0

9
0 (ISOBg g+ Ion O+ Ton Ol ) Ll

(v
<t <S(t)§vol,fo(R\{0}) + 25000 + ”w"(’f)a/;m) [E e
< )2y (€ + 23 10) S €17

e If there is no factor z,, there is at least one w, which takes the place of h; we choose
a="b =pandd = p— 30> 0so that ¥ < 3 min(a,b’ — a’). The term is then bounded
by

7 [S@))?
(1502,

2
mrop 1O ) TnOly e

<17 (18003 + im0 ) Ly

0
<tV g S,
This proves (d34]). Hence, for t € [0, 7*), there holds
’ _ tOwn ()

ot O < SV - V)
G AT
and, using as well the bound from Proposition [£35]
_ 1 torwy (t)
BES

It oewn ()] < | + I Awn ()] < €60
L
This proves that

-1 tatwn (t)
B

(the absolute C; does not depend on n). Choose € > 0 so small that Cye? < 1/2. A continuity
argument gives that 7 = T. Due to the blow-up criterion of Proposition (4.5)), we infer that

€ € o
T1(S,z,n) > T = min 7y ,
AN eR

VEe[0,7), I wal)lzs + 1x

H + X L own (8)] e < CrEPD.
L 7

and (£32) holds. O
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5. PrRoOF OoF THEOREM [[.J]

5.1. Existence. Before we move to the proof of the existence of w, we need some very mild
control in physical space for the linear evolutions whose Fourier transform lies in W,}’OO.

Lemma 5.1 (Boundedness in physical space). Let u > 0 and w € Wol’ljo. Define v = etV |
Then, for 0 <ty <ty and R > 1,

Vtefto,t1],  [v(®)llwre(-rR]) St RQHWHW(}:O-
Proof. By linearity, we can assume |w] 1,0 = 1. Then we write
0,p

v(t,x) _ % J;R eim§+it§3w<§)d§ _ % fRé-eireritﬁﬁlag < w 5) 3t£2)) d§

1+(x+

(
_ 1 iwevires iz + 9EHw(€) dew(§) )
27 JREe " ((1 + i€ (x + 3t€?))? * 1+ i&(x + 3t&?) s

Since w and dgw are bounded by 1,

i) < |

We split the integral between different regions. In the region || < 1, the integral is O(1).
In the region |z + 3t£2| < to&€?, it is bounded by

(z + 9t€?)¢
(1 + i€(x + 3t2))2

§
‘1 + i&(x + 3t&?)

dg

[ a1 bl IV EIE o 1+ o
x| =2t

In the region |x + 3t£2| > to&2, we bound it by

j (14 || + t1€2)|¢]
B tges

d§ gto,h 1+ ‘x|

For the derivative, we have

_ A e imeite? _ 1 imEited i§w(§)

Geult) = g J T Ok =5 fR e <1 i+ ) ©
_ 1 iwe+ited [ (T + 9t&%)icw(§)  i€oew(€) + iw(&)
b JR germert ((1 i@ T ) T 1+ k(e + 3 ) dc.

Thus

€12~ + [EKEO™
1+ i€(x + 3t€2)

& (x + 9™
(1 + i€(x + 3t€2))2

2pu(t, 7)) < f .

We use the same region decomposition as earlier, and we bound the integral in a similar fashion,

with an extra |z|'/2: this yields the desired estimate. O

We can now prove the existence part of Theorem [L3l

Proposition 5.2 (Existence of w at t = 0). Under the conditions of Theorem [I.3, there ezist a
time T = T(e, u, v, |2]y1.0) > 0 and w € €p([0,T] x R) such that u = (S +z+w) isa
distributional solution of (mKdV)) on (0,7) x R and

§

The proof follows similar arguments to that of [4, Proposition 13|, with some changes in the
details which we provide for the convenience of the reader.
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Proof. Step 1. Convergence of the approximating sequence. For each n € N, let w,, be the solution
of ([2.3). By Proposition L6} there exists T = T'(e, | z[|;,1.0) such that w, is defined on [0, 7]
and, as xy, < 1,

€]

In particular, given R > 0, (wy,), is equibounded and equicontinuous on [0,7] x [-R, R]. By

< .

VneNVte [0,T],  fwn(t)y + H
Ly

Ascoli-Arzela theorem (and a diagonal extraction), there exists w € Wlifo((o, T] x R) such that
(up to a subsequence)

VR>0, w,—w in%([0,T] x[-R,R]).
Moreover,

t&tw(t) t&twn(t) < 63257.
[3 Le [3 L -

The uniform decay in & implies w, — w i €([0,T],S'(R)). As such, if we define, for ¢ € [0, T
and n € N,

Un(t) 1= €719 (S(t) + 20 (t) + wa ()Y and  wu(t) := e % (S(t) + 2z + w(t) ",

we can conclude that u, — u in €((0,7),S’(R)). We need to improve the convergence in the
physical space in order to pass to the limit in the nonlinear term. For ¢ € (0,7) and R > 0 fixed,
Lemma [B.] implies that (u,(t)), is equibounded and equicontinuous on [—R, R]. By Ascoli-
Arzela, there exists a subsequence (up, (t))r (which may depend on the chosen time t) such
that

DT o)y + |

< lim nf (wn(t) lyproo + H

Un, (t) = h(t) in L. (R).
Since, by Lemma 5.1 [|[{z)~2u,(t)|| L= < 1, the convergence must hold in &’(R) and thus h(t) =

u(t). As the limit A is uniquely determined, we can conclude that the whole sequence converges
to h = u, and so

(5.1) un(t) = u(t) in LP(z)"% da).
Step 2. KAV is satisfied in distributional sense. Define for v € S'(R), v = (x2(£)d(€)) "

this is a continuous operator on &’'(R). Then we may rewrite (2.3) as
(5.2) (0 + 2)up = T0,,0, (ud).

As u, — u in 2'((0,T) x R), we have (0; + 03)u, — (J¢ + 2)u in 2'((0,T) x R). For the
nonlinear term, first observe that, by (&.1l),

(t) > u(t) in L9(x)"%" dx)
and we have the bound uniform in ¢ € [to, T,
[y~ i (@)1=, [<2) ™% ()] 2= < 1.

Fix ¢ € €((0,T) x R), with supp ¢ < [tg,T] x R for some tg > 0. As II,¢(t) — ¢(t) in S(R)
for all ¢ € [to,T], and that for sufficiently large integer a > 8, one has the uniform (in n) bound

Vo e S(R), [(a)’Mnduiplpr < [€2)*(1 = 82)*¢1=,

we can conclude by dominated convergence that

Vte [to, T], u’

n

T T
(00 (1), 6 — ft fR 3 (D)T1,0,0()dadt — L fR WB0)osd()dzdt — 0y (uP), Bpr e,

and so 11,0, (u}) — 0.(u®) in 2'((0,T) x R). Taking the limit n — +o0 in (5.2), we see that u
solves the (mKdV) equation in the distributional sense. O

8In the sense that for all ¢ € S(R), SUPyefo,7) [{wn(t) — w(t), )| — 0 as n — +o0.
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Remark 5.1. Through the INFR procedure, one can actually prove that (wy)nen is a Cauchy
sequence in Lff. This allows for the extraction of a limit w and could allow us to lower the
assumptions on the perturbation, not requiring anything on the derivatives. However, there are
two caveats: first, the control of Fy depends on integration by parts in frequency, which uses
information on J¢z; second, the proof that the limit w satisfies (mEKdV])) uses the control on
physical space given by Lemma [5.1] which depends once again on a control of dcw.

Remark 5.2. Another possibility to construct the solution w of Theorem [L3] could be to use a
Picard iteration scheme. Setting

wo =0, forneN, 0Oby41=N[S+ 2z, +w,] — N[5],

the bounds of the INFR would show that (i), is a Cauchy sequence in weighted L spaces.
However, we do not know how to justify the normal form algorithm, as it requires a control on
the time derivative of W, see the proof of Proposition .4l

On the other hand, one could define the Picard iteration for the expanded equation (5.3)) directly.
In this case, the bounds given through the INFR do show that the Picard iterations form a
Cauchy sequencd], producing a limit object w’. The problem is to identify w’ as a distributional
solution to (mKdV]). This is in fact the case a posteriori: since the solution given through
Theorem also satisfies (B.3)), it must coincide with w’.

In our approach, using the approximating equation (2.3)), the normal form reduction can be
rigorously justified to produce the required a priori bounds for each fixed n € N, circunvent-
ing the obstructions explained above. We pay the price later on: instead of proving that the
approximating sequence w, is a Cauchy sequence in W,}’oo, we prove only that it is bounded
in this space and then resort to Ascoli-Arzela theorem to show the weaker convergence in LZO.
Fortunately, this is sufficient to prove that the limit satisfies (mKdV]).

In conclusion, we have two equations, (mKdV]) (the one we are trying to solve but which behaves
badly) and (5.3)) (which is better behaved, but equivalent only under additional assumptions).
Our approach permits us to work on both equations at the same time, while the Picard iteration
scheme only works on (5.3)).

. . . . . 1,00 1 oo
5.2. Uniqueness and continuous dependence. Given S and z of size € in W~ and W’

respectively, let w e L*([0,T], W *) be any function that satisfy the condition of Theorem IBI
it is a solution to (2.2]) such that
< et

Ve [0,T],  Jw(t)|yro + | ;o)

=

As it was done in [28], uniqueness and continuous dependence in Theorem [[.3] will follow from
proving that w actually satisfies the infinite normal form equation

(5.3) 2 (M t) + M) + N () + N (1)

To do this, we need to prove that, for any J > 1 and ¢ € [tg41, 1] (where t;, = T/2% and k € N)

w(t) = w(te 1) +Z(we§ T + N0 + N O)) + M) + RTFR@).

and that, when J — o0, N ék(t) and R7T1¥ (1) tend to zero in some appropriate norm.
Lemma 5.3. Forany J > 1 and ke N,

< 62J+1t'y.
Ly

Vit € [tisr, th, ) + RJH’k(t))

i

90ne can even apply a fixed-point argument in weighted L* spaces.
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The bounds of Corollary[{-3 also hold for w: for [tii1,tk],
Jk Jk J—1,k
(5.4) HA@%«@HL$+HA@d<twa+nA@t(twa+A@a (D0 < 127+,

The choice of this norm is essentially guided by the control of Aw and (LI2])

Proof. We use a sequence (c;); as in (A7) and set N; = ¢;/ti+1, as in ([LF).

Step 1. Adaptation of the INFR bounds. Observe that Nék(t) + R7FLE(t) corresponds to the
nonresonant terms at step J where, in the last subtree, one child is colored d;w. More precisely,
each term will be of the form

t t 57 J mJ 7 g

(5.5) N(s,&)ds = LJ e’ (H 1|®j|>NJ_> F(s,&,27)dZ",

7
let1 tht1 j=1 10

where F'is a product of the intervening functions w, z, Sp, Sreg and/or Ky, and exactly one dyw.
We now derive a bound for this term based on the analysis performed in Section €3]

Consider the associated tree, where every node is colored either w, z, So, Sieg Or Ko, except one
terminal node, which is colored diw. Define the weights as follows:

e for a terminal node colored f (see ([LI4])), its weight is

O if f=w,

PGy if f=z,

1 if f=25g,
)\ <t1/3C>(4/7)_ if f _ Sreg

t2(¢ |12 if f = Ko,
(IO f = dw.

e for a node which is an ancestor of the dyw node (so it is non-terminal), the weight will

be (CH#I¢]7

e for the remaining (non-terminal) nodes, we set the weight to be ({)*.
Then, defining (analogously to (£.19))

m? x weight for the parent

- _
M weights for the children

the procedure described in Section 3] gives

+ J
L il
tot1 j—1 | &, JIY

Step 2. We claim that Lemma 1] holds for w, that is, given j < J and ¢ € [tg41, tx], one has

1 t

(5.6) G .

N(s,&)ds

M]‘19j—oz>deE]] ds - 62J+1.

L

VM >1, VaeR, f N1 oy ongdS < 749007,
TJ

and
sup Mj1|@j7a‘>deEj < (th)ilJrﬁ.
& JTI
Indeed, let us we repeat the proof of Lemma H It we compare the multipliers M7 and M.

e If the j' parent is not an ancestor of the d;w node, then M7 and M7 are the same and
Lemma [£1] holds.

e If the j*" parent is an ancestor of the 0w node, then the change between M7 and M7
is the extra factor ||~ coming from the parent and one of its children. In the proof
of Lemma (] this corresponds to replacing the [£| factor with the slightly stronger
weights max;_j 23 |&;| (for ternary trees) or max(|{|, |n|) (for binary trees). Fortunately,
the frequency-restricted estimates of Section [B:3] hold for these multipliers and thus
Lemma 1] is still valid.
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Step 3. We have the following analogue of Lemma the contribution corresponding to the
terminal subtree is bounded, uniformly in [tg41,%x], by

sup ./\;(Jl‘@.z_aPdeEJ < (tNy) A,

Indeed, this term is analog to that of case b) in Lemma 2] and as in the previous step, we
repeat the proof. The change between M7 and M? is now twofold: the extra |¢|~! coming from
the parent and the dyw child (which, as in the previous step, is harmless); the % factor coming
from the djw-weight. Therefore ([Z27) holds with an extra ¢! factor and the claim follows.

Step 4. Conclusion. We argue as in Corollary 3] Inserting the estimates from Steps 2 and 3
into (5.6) and recalling that N; = ¢;j/ty41, we see that each term in ./\/j;]f + R7*FLF is bounded
by

1 t
‘§| tht1

Therefore, as there is at most Card(AT}) terms involved,

t J S
N(s,&)ds < f st H(ij)—HﬁdS C2THL < 2T+ ch.
tet1

J=1 Jj=1

Ly

L

Vt € [trir, ], N}f (t) + R”l’k(t))

H iy
as desired. The proof of (5.4) is similar and the same as that of Corollary 4.3 O

Remark 5.3. As a byproduct of the above proof, we see that, for each £ # 0, the integrals (5.5)
are absolutely convergent.

Proposition 5.4. Let w satisfy the conditions of Theorem [I.3, in particular (LI2). Then, for
any J =1, ke N and t € [tgi1, tx],

(5.7) wlt) = w(te) + Z (W2 + M@ + NG + M)

(with convergence in LOO(<C>“\C\*1dC)). In particular, if one sets
Ni(t) = NZ*@t) + D) NI¥ (1) for = € {res, bd, dt, Fa},
k'>k
(with convergence in L7 ), then the relation (5.3) holds (with convergence in L7 ).

Proof. The result is a consequence of the INFR expansion as long as one can rigorously apply
the procedure described in Section 1] at the level of regularity of w. More specifically, we need
to justify the integration by parts in time, the product rule for the time derivative and the decay
in J of the badly-behaved terms.

First, notice that the condition (L.I2]) on w implies after integration that

w(0) =0 and weE([0,T],L* (! [E|dE)).

Step 1. The integration by parts in time are justified. Indeed, observe that both S(+,¢) and w(+, &)
belong to W1®((0,T)) for any £ € R a.e. Therefore the product rule for the time derivative
(which is applied for fixed frequencies) is valid.

Then, we focus for example on the integration by parts for nonresonant terms in the generic
form ([43)). We claim that the following sequence of equalities holds:

. lo t 15O lo

. p— e =
j j 6Z86m1\e|>N | | fi(s,&)dZds = f f 0 ( e ) mlig|>nN | | fi(s, &)d=ds
tpt1 VI r =1

tey1
S lo
f f 04 ( 0y <m1|®>NHfl(37§l)> d=ds
trt1 =1

(s,& ) d=ds —
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t 61’56
(s,&) | dsd=— f f —0; | m1 fi(s dEds
f ftk“ ( l ) s I o) t( |®\>NH l

ezs@ t t eis@ lo
= ml fi(s,&) d= — f f — 0 | m1 fi1(s,&) | d=ds.
L 5 "o H 1(s,& e Ol>N 111 (s:&)

tet1

The first equality is immediate. By Remarks 3] 53] every integral appearing in the INFR
iteration is absolutely convergent (in time and frequency). In particular, the second equality
holds: one applies the product rule in time and then splits the integral. The third equality is just
the application of Fubini’s theorem, which is again a consequence of the absolute convergence of
the integral. In the last equality, we use once again the fact that, for each = fixed, the integrand
is WL ([tg41,t]) and so absolutely continuous. Thus the integration by parts can be made
rigorous at the current level of regularity.

Step 2. Equation (5.7) holds for w. Let us write the equation for w at the J! step:
J
w(t) = wtern) + Y (MEEE) + AT + N0 + M) + RTHH@).
j=1
Then, by Lemma [5.3]

J
= (wu) - [wmm) + 3 (MR + NE®) + NEE@) + N ) D

j=1

Ly

—0 asJ— oo.

Jk(t) + RJJrl,k(t))
Ly

_ Hi
€l
from which (5.7 follows.

Step 3. Equality (5.3) holds for w. Due to (5.4)), the series below are absolutely convergent: for
x € {res, bd, dt, Fb},

V()

+ ) HNﬁ’k/ (k)
K>k

< et (tw + Z tZ/> < &ty
Ly

0
Li k'>k

Hence A, € L7 is well-defined. For any K >k+1,

k'—1

w(t) = w(t) —w(tps) + Y (wlte) = wltes1)) +w(ty)

rk=k+1

=Y X mrweantte

Jj=1 \ x€{res,bd,dt}

k-1 oo

+ ) D NI(te) + NI () |+ w(te)

k=k+1j5=1 \ xe{res,bd,dt}
o) k-1 k-1
lk j—1
N DY (W 2, Mt >+wa2 0+ Y NG00 | +wite)
Jj=1| #€{res,bd,dt} k=k+1 k=k+1

Let k" — +oo. Then, in L;7, w(ty) — 0 (due to (LIZ)). Furthermore, the above computations
show that the series are summable. We thus get (4.4]) and the proof is finished. ]

We are now ready to complete the proof of Theorem L3
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Proof of Theorem [1.3. Recall that the existence of w has been shown in Proposition [5.2], so we
are left with the proof of uniqueness and continuous dependence (I.I3)): in fact it suffices to show
the latter, which we do now.

Let 21,29 € LY are two perturbations and let solutions wq,ws € L*([0,T], W,}’OO) be two corre-
sponding solutions satisfying the conditions of Theorem [[L3] in particular (I.I2)). By Proposition
54 both satisfy (53). We observe that the r.h.s. of (53] can be seen as a bounded multilinear
operator acting in weighted L* space@. More precisely, denoting .4’ (¢, w) the terms appearing
in (5.3) related to the expansion of w, 45 (t,w) is a homogeneous polynomial of degree 2.J + 1
in its variables Sp, Sieg, 2, w, Ko (counting Ky as quadratic), and estimates as in Corollary B3]
allow to bound, for ¢ € [0, 7]

| A (8, w1) = At wa)| L S € ( sup s7||lwi(s) — wa(s)|rp + t*|21 — sz) :
s€[0,t]

Indeed, in each difference of a term appearing in (/V*j , we can factorise either w; — we or 21 — 29
(since Sy, Sreg, Ko do not depend on z1,22), and bound the result according to the weights

indicated in (£.16]).
Therefore, similar to Proposition B4} the difference between the two solutions satisfies, for ¢ €

[0,T]

sup Jwi(s) = ws(s)] e < Coe? (ﬂ sup [wy(s) — wa(s)| oz + 71 — 2 HL??) -

s€[0,t] s€[0,t]
Choose T' > 0 so small that 7' < T} and CoeT” < 1/2, then (ILI3)) holds on [0, T] (with implicit
constant 2Cy). O

6. PROOF OF THEOREM [ 4]

In this last section, we present a sketch of the proof of Theorem [[L4l In fact, it follows from
a simplification of the arguments used to prove Theorem [[L3l Before we begin, observe that,
through the scaling invariance, it suffices to work on the time interval (0, 1) with 0 <ty < 1. We
start by writing the equation for w,

drw = N[w + S| — N[S] = Q[S,w] + 6N[S, Sreg, w]| + Lx[w],

w(to) = wo,
where @ contains the terms which are at least quadratic in w; 6N[S, Sieg, w| corresponds to a
linear term in w without two Sy’s; Lx[w] is the linear term in w with two Sp’s, written as in

Z9).

We then approximate the problem by cutting off large frequencies as done in Section 2.1t

6.1) Oywn, = X2(N[S + w,] — N[S]),
Wn (0) = anOa

and construct, by a fixed-point argument, a solution in Y;,(I) (recall the definition (2.8])).
Proposition 6.1. Under the conditions of Theorem there exists 0 < T} < 1 and a unique
wy € Yo ([T7, T}]) (integral) solution to (611 for t € (T™,TY). If T} < 40, then |wlly, ) —
ast — T%, and an analogous alternative holds iof T" > 0.
Moreover, there exists t™ > 0 such that

Vt e [to —t" tg + tn], HwnHYn(t) < 2e.

The second step is the derivation of a priori bounds for w, and Aw, through a bootstrap
argument, starting from

lwn (@), [Awn(t)[Le <26, t,t0€ ]
10This is the main advantage in working with the normal form equation. By replacing the nonlinearity with a

sum of well-behaved terms, a priori bounds can now be obtained without having to resort to any auxiliary space.
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and reaching
3
[wn @)z, [Awa (@)L < Se.

As done in Section M this will follow from the application of the INFR over dyadic intervals. We
consider intervals of the form [ty 1,tx] = [to/2FF!, to/2F] for k € Z and set
w1
=1—-—=> -
p 372
Then we take ¢; as in (A7) and define the frequency thresholds N; = ¢;/tx4+1 (see ([&8])). One
simplification with respect to Section Ml is that only finitely many intervals [tx11,tx] will play a
role.
We can now perform the same argument as in Section .3} this allows to write the expansion,
for t € [tk+17tk] N (TE,T_?),
J
(62) wwwwmwn+ﬁ<2Q%&w+wmw+me)H%ﬂ%0,

J=1

(indeed, as there is no longer a source term z, there is no F5 term in the INFR here), where the
terms in the above formula are as in (4.I8)) or (£.23)).

Having defined the INFR development, let us perform with care the estimates for resonant,
boundary and derivative terms. Define the frequency weight for a terminal node colored f as

O, if f=w,
1, if f =S,
ABOWDT 1 if f = Sreg,
t12(¢|V/2, if f=K,.

When compared with ([£I6]), the difference is the lack of a weight in time when f = w. For
non-terminal nodes, we set the weight to be ({)*. Arguing as in Section [L3] we are led to the

bound (£22]).

The following results are the analogous versions of Lemmas 1] and

Lemma 6.2. Lett € [tgy1,tx] N [0,1], and in a term corresponding to a tree of size J, consider,
for some j < J, the factor given by the j™* elementary subtree. Then

VM >1, YaeR, f Mty ooppdZ) < 907,
TJ

As a consequence,
sup Mjl‘@jiodzdeEj < (th)ilJrﬁ.
& JId
Proof. There are three possibilities. If the subtree is ternary so that 67 = ®:
e If at least two children have w-weights, then
. I
i < e
SSPLKSYS
Due to (8.7,
suprj Lo—aj<prdbrdéy < MM g g7 IFHB A1,
670{
e Otherwise, there is one child colored S and another colored S;eg, so that

i< leer e
T (BTN ey T B e

and applying again (3.1,

Suijj1|<I>a<Md£1d£2 S IR,
67&
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Now, we have the case where the tree is binary and ©7 = U: the only possibility is that a child
is colored Ky and the other w, so that

P
t1/24/|n|<€ — nym

The conclusion now follows from (B.10]).
This concludes the first claim. The second is then a direct application of Lemma 3111 O

Lemma 6.3 (Final subtree). Let t € [tgp11,tk] N (0,1], and consider a term corresponding to a
tree of size J.
a) For resonant terms, the contribution of the terminal subtree is bounded by

sup MJ1|®j_a|<deEj < (tNy)Pt L
b) For boundary terms, the corresponding bound is
sup [ Mg _apmn, dE7 < (tNy) O
&l TV
¢) For derivative terms, the corresponding bound is
sup MJl‘e.z_akNJdEJ < (tNy) 1AL
é.Jya r’

Proof. The proof for resonant and boundary trees follows from the arguments of the previous
proof. For derivative trees, the multiplier is as for boundary trees, except for an extra t~!
factor. O

The estimates for the subtrees give the analogue of Corollary 43l
Corollary 6.4. In the normal form expansion ([6.2), given J =1 and t € [tx41,tx] N (0,1]

Jk Jk Jk J
VR NG Ol + NGOz < 7.
m
In particular, if ¢ € [tgy1, tx] n (0,1],

X! (wa(t) = wa(to)) Iz < I (wn() = waltkr))lzg + X5 I (w(te) = w(tesr)) e
k=0

< [NEEE) + NGEE () + N Ol + D INGEE () + N () + N (t) | e

k'=0

3

t
< \k:|e3 <In €.

and therefore, if t € (T, T?) N [toe_QCEQ,mm{l,tOeQC/EQ 1,

€3 < 2e.

_ ~ t
Ix twn () 222 < I " wn (o) [z + C'ln "

This bound essentially closes the bootstrap argument on |x;, 1wy, (t)] £z The bootstrap on
Ix t Awy (1) Lz also follows from the INFR procedure: indeed, the algebraic structure of the
nonlinearity in the Aw, equation and the required frequency-restricted estimates coincide with
those for w,,. To summarize this discussion, there exist a constant 7. > 1 (depending on € only)
such that denoting

T :=to/Te and T4 :=min(1,7tp),
then
63)  WneNVie (I TH) [T T, Ix: wal®)leg + Ixi Awa(t)lrg < 26

The last step that ensures the existence of a uniform time of existence for w, is a bootstrap
argument for dyw,, as in Proposition
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Proposition 6.5 (Uniform local time of existence). In the conditions of Theorem there
exist T < ty < T, independent of n, such that

Vte [T—7T+]7 HwnHYn(t) < 2e.

In particular, [T-,Ty] < (T?,T}) (where T} are the mazimal times of existence of wy, in

Proposition [6.1). Furthermore, (L14]) holds.
Proof. Fix n € N. Define
T% = sup{r € [to, min(T, T7)) : [wnlly, (9.7 < Ge}-

By Proposition 6] T > to. Given t € [to, T}), the a priori estimates (6.3]) given by the INFR
yield

Ix wn ()] e + [ " Awn (8] e < 2e.
HW/}L,OO < 6e for t € [to, T} ). Then we use Lemma [3.T2]
(with @ = @’ = b = ) to produce a control for the time derivative: as x, <land 0 <t < T} <1

SYCH R (suévg,;o(w) + HwnH%V;m)

BES
(6.4) S e <e,
for € < ¢y small enough: indeed, one argues as in the proof of Proposition [1.6] with the simplifi-
cation that there is not z term here. Therefore for t € [to, T7}),
1 toywy, (t)
BEY
and 8o |wy |y, ) < 5e < 6e. A continuity argument (using the blow up criterion of Proposition

[6.1) implies that T% = T < T?. One argues in a similar fashion for ¢ < ¢y, and this yields the
result. O

The bootstrap assumption gives that |w,(t)

< Hé(z\r[s &+ w,] = N[S])

L Ly

+ I Awn ()| L < 3e.

L

b0

Having w,, defined over the interval [T, T ], the existence of w is done exactly as in Proposition
(.2} for uniqueness and continuous dependence, one exploits once again the INFR, as in Section
we leave the details to the reader. This concludes the proof of Theorem T4l

Remark 6.1. The smallness of the initial data wy comes up only in the control of the time
derivative. The estimates (6.3]) given by the INFR on the interval [T_, T ] hold regardless of
size of e. However, there is no time factor in (6.4) to compensate for a large e.

One could attempt to work only with w and Aw in order to bypass this difficulty. The limiting
procedure through Ascoli-Arzela would would still give a limit profile w, continuous in the self-
similar direction 7 = t/3¢, but not necessarily in the transverse direction. This lack of regularity
makes it impossible to prove that the limiting profile gives a distributional solution to (mKdV).
One could also ask whether it is possible to construct w without using Aw, so as to obtain a
result for data wg € LZO. This approach raises the same concerns as those explained in Remark
the INFR bounds allow to show that w,, is a Cauchy sequence, but it is unclear if the limit

solves the (mKdV]) equation.
7. PROOF OF THEOREM [l

Finally, we prove Theorem [T} through the Fourier restriction norm method. Given b, u € R, we
define the adapted Bourgain norm
b o3
[ull e o= TN Fra (€' ) |2 e

associated to the space
X = {ue SR xR): lul| oo < 00}
[ee]

Observe that, for b > 1/2, X/5 < %(R,I//EO(R)).
51



In order to handle the nonlinearity, it is also convenient to introduce the auxiliary space Yo‘é’b,
defined through the norm

3
[ullygs == KT Frale )|z 12
For the remainder of this section, we fix ¢ € C(R) with suppy < [-2,2] and ¢ = 1 in [—1,1].
For 0 < ¢ < 1, define ¢5(t) = 1(t/6). Our goal is to prove
Proposition 7.1. Fiz u > 0. Given ug € LOO there exist > 0 and a unique u € Xég’ satisfying

t

w(t) = Bt)e P ug + g (?) f (=93 (43) s,

0

This will follow from a standard fixed-point argument. In particular, we derive Theorem 11

Lemma 7.2 (Basic properties in XHb spaces). For p € R, b > 1/2 and b—1 <V < 0, there
exists C' > 0 such that

(7.1) [be ™% oy < Clito|nge, for all ug e L,

and
t

(7.2) ‘%(t)j e~ (=% £(5)ds < CS Y fl s for all f e VAP,
0 Xég’b o0

Proof. The linear estimate (.I]) follows from a direct computation:
3 ~
[he™%ug| o = ITE(T)a0(€) 2z < ol

For the proof of (.2]), we follow closely the computations of [16, Lemma 2|. Let g = etz f. First,
we write

it

—1
7 (.th)(T/,.%')dT/ =10 + I+ Is,

Ps(t) fg(s)ds = Cws(t)f :

0
where

tk
I = cs(t) f (a1 )k 1(ftg)(7 x)dr’,
k:>1 ‘T|(5<1

I = —cys(t) f| L Fa i

and I3 = C¢6(75)f (it YN Feg) (7, x)dr.
|T]6=1

We begin with ;. Taking the Fourier transform in (¢, x),

o
Fal=e D[ ) )

k=1

Due to the Cauchy-Schwarz inequality we can bound for each k and & the integral in 7/ by

< (f |T'\2’f—2<r'>—2b’dr') ) Fovo(@)los
|7/]16<1

1 _
< 07N Fragle s

fl T Fg)

On the other hand,
KT e 2, f PP () Pdr = 5442 f PO 6r)2dr

< 52k+272b71 J<T>2b|w(k (T)‘QdT < 52k+172bH<t>kaH1 < 52k+172b22kk2.
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Therefore, as k > 1and V' < 0,2k +1—2b<2(1+V —b) and

[<r € Fralillizre < Z 51”’/ I Fraglz iz < 80N Fragliz rz.

For Is, notice that

1/2
j (im") " (Frag) (7, §)dr < (J |T'|2<T/>2b/d7/> <7 Feag ()12
|T|6=1 [T'6=1
< 62 Y Fiag(€) loers-
Hence, as b > %, (1—2b) + (%—i—b’) >1+b —band
<P Fralall iz e < [<m)P s | 2612+ H<T>b/<§>“ft,xgHLgOLg < 51+b’_bH<T>b/<§>“ﬂ,mg\\Lng-

Finally, taking the Fourier transform of I3 in (¢, z), and by Cauchy-Schwarz inequality,

‘-Ft,xI3| =

f Js(r — =) (i) (Frag) (7 )
=

1/2
S (f s 1|zz35(7T’)IQIT’|—2<T’>2b’dT’> 167 Frag ()12
T'6>=
Therefore
1/2
KO Frachilizry = (ﬁ W)‘S(TT,)|2|T'|_2<T'>_2b/<7>2bd7’d7> K € Fisglizrs

< ST O Fraglip s

Summing up together the estimates for Iy, I and I3, (T.2]) follows. O

T'6=1

Lemma 7.3. For > 0, there exist b > 1/2 and b—1 <V < 0 such that
o (urusus)lyeor S | golfuz] o sl

Proof. We work in space-time Fourier variables: by duality, the multilinear estimate is equivalent
to proving that the continuity of the quadrilinear operator T : (LZLEO)3 x L2 — L? defined by

f T — &)V IEle”
re Jr, T15o1(m5 — ED0Em
where I'c and I'; are the surfaces defined respectively by

E=&6+86&+E&, and T=71+71+ 713+ D(EE,6,E).
We first prove the continuity of the operator 717 : (LiLgo)2 x LYLE x LY — L, where

=Mo" (v .
T [u, ug, u3, v] Lgf (s — >2bl_[j:1<§j>“ (jl:[luy(%?&)) v(7)d&1dadTidradT.

Assuming unit norms HMHL;LEO = H’LLQHL;LEO = HU,gHL?_oLEO = |vlre = 1, and as b > 1/2, we
bound

sup [T1[u1, ug, uz, v](§)|
3

E1KE (T =%
Te H?=1<5j>“ g3 (T3 — §3>2b

aun [ GO (e (5 dr -
s p I HJ {EDH [j Jua ( 1)”Ls luz( 2)||LE ( Iy —— <I>>2b> dmd 2] dé dés

T[u17u27u37

3
(H (74, @)) v(7)d€ dEadmdrydr,

Jj=1

< sup Jur(m1) |z Huz(Tz)LgodeﬁdT2> dg1dgy
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g
jRQ Slﬁlp Ls (H?=1<§j>ﬂ) (11 + 19 + Oy~
“ sl

5Lz@ﬁﬂ@mﬁ@—arw

m
ap Y L S oaderdss

€0 prstdyadic M (Epr€apH

1—p/3
cop Y lpanesgy
§a M=>1, dyadic

A

d€1da | [ur ()| Lz |uz(72)| Lp dridrs

A

dédés

A

as soon as 1 —u/3+2b" < 0, which is possible as soon as b < 1/2+ /6 (we used in the frequency-
restricted estimate (3.0) in the penultimate inequality). Similarly, one can show the continuity
of Ty : (LYLE)? x L LE x L} — LE, where

£le :

Tolur, u, us,v] = f f i(15,&5) | v(7)d&1dEad T dmodrT.
re Jr, (mi = E)2(r — EHP [T} (&» ]1:[1

The claimed boundedness of T follows by Stein interpolation between 77 and T5. U

Proof of Proposition[71. The proof is standard. Take b as in Lemma [Z3 and C as in Lemma
Consider the closed ball

B ={ue X" Jul yuo < 200},

of the complete space Xéé’b and the map
¢

MMw=w@f@w+wwfe**@w%m.

0
Applying the estimates of Lemmas and [Z.3]

|©[u]ll g < Clliio]lzge + 6"+ Jul

XFM
and
b'—b
|8[u] = O] xue < CO (3 + [0 5ol = v o
Therefore, for § sufficiently small, © is a contraction over B, yielding the result. U
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