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Abstract

This work introduces a new general approach for the numerical analysis of stable equilibria to
second order mean field games systems in cases where the uniqueness of solutions may fail. We
focus on a stationary case with a purely quadratic Hamiltonian. We propose an abstract framework
to study these solutions by reformulating the mean field game system as an abstract equation in
a Banach space. In this context, stable equilibria turn out to be regular solutions to this equation,
meaning that the linearized system is well-posed. We provide three applications of this property:
we study the sensitivity analysis of stable solutions, establish error estimates for their finite element
approximations, and prove the local converge of Newton’s method in infinite dimensions.

1 Introduction

Mean Field Games (MFG for short) were introduced independently by Lasry-Lions [36, 34, 35] and
Huang-Caines-Malhamé [33, 32]. The goal of this theory is to study (stochastic) differential games with
alarge number of interchangeable players. We refer the reader to [17, 18, 5, 30, 39] for general references
on this topic.

The numerical analysis of MFG systems introduced in [36, 34, 35] has been extensively studied un-
der a monotonicity assumption also introduced by Lasry and Lions, see [17, Chapter 4], [1], and the
references therein. Indeed, the latter provides a sufficient condition for the uniqueness of solutions to
MFG systems, which allows to show the convergence of numerical methods in [2] and error estimates
in [7]. In the absence of this monotonicity assumption, uniqueness may fail (see [12, 4, 20, 19]) and the
study of MFG systems with several solutions is delicate both from the theoretical and numerical points
of view. In [12], Briani and Cardaliaguet have defined a particular notion of solution for second order
potential MFG systems, the so-called stable solutions (see also [9] for a related notion in the context of
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first order mean field games). These solutions may not be unique but the authors show in [12] that they
have some interesting properties motivating their name: stable solutions are isolated and the fictitious
play algorithm, introduced in Cardaliaguet-Hadikhanloo [16], converges locally to these solutions. We
also mention the recent work by Tang-Song [45], where the authors implement a smoothed policy it-
eration method to locally approximate stable solutions. In this paper, we provide new results in this
direction, which reinforce the importance of the notion of stable solutions. We are going to prove that
stable solutions are indeed stable under perturbations and that local convergence holds for their ap-
proximations by finite element methods and Newton iterations.

This paper is the first in a series of works dealing with the numerical analysis of stable equilibria to
MFG models. Our goal is to introduce a general framework that covers different types of MFG systems
under fairly general assumptions. In order to convey our main ideas, we focus in this paper on the
following stationary MFG system

(1)

—Au+ %|Du|2+)\u: f(m) in T,
—Am — div(mDu) + Am = Amg in T,

where A > 0 is a given constant and mg: T? — R and f: R — R are given functions. This system
has been introduced in the monograph by Bensoussan-Frehse-Yam [5, Chapter 7] and has been fur-
therly studied in [24, 29]. We briefly recall its interpretation in Section 2. We have made the choice to
consider this quite restrictive setting in order to simplify the notations and draw attention to the main
ideas. However, we expect that our results can be extended to the case of Hamiltonians H (z, p) that
are twice continuously differentiable with respect to p, with bounded Hessian, and a coupling function
f(xz,m). When the Lasry-Lions monotonicity condition is used, we also require the (strict) convexity
of the Hamiltonian.

Let us now present the main contribution of this paper. We reformulate system (1) in the form
F(u,m) =0,
where F': X — X is a nonlinear mapping, defined on a Banach space X, having the form
F=I1+TodG.

More precisely, given a suitable Banach space Z, we choose T': Z — X as the linear operator defined
by T'(f,g) = (v, p), where (v, p) solves

—Av+Iw=f in T¢,
—“Ap+AIp=yg in T¢,

and G: X — Z the nonlinear mapping defined by

G(v,p) = (% |Dv|* — f(p), — div (pDu) — )\mo) .

We refer the reader to Section 3 for the details of this reformulation. In the case where the mapping
G is differentiable, the mapping F' is also differentiable and the stability of a solution (u,m) to (1) is
equivalent to the injectivity of the differential

dF[u,m] = I+ T odGlu,m].



Thus, if T is a compact operator and (u,m) is a stable solution to (1), then dF'[u, m] is an injective
perturbation of the identity by a compact linear operator. Henceforth, by the Fredholm alternative, we
deduce that dF'[u, m] is an isomorphism on X . This isomorphism property will be rigorously established
below for Banach spaces of the form

X =C*(T4) x C*A(T%) and X = W1P(T?) x LY(T?),

but many other choices are possible depending on the application in mind.

We now describe three applications of the above isomorphism property for stable solutions.

A first and straightforward application, which follows from the implicit function theorem, concerns
the sensitivity analysis of stable solutions to (1) under perturbations of the coupling function f and the
distribution my (Proposition 5.1 below).

In the second application, we make use of the Brezzi-Rappaz-Raviart theory on the approximation
of nonlinear problems (see [11, 28, 21, 13]) to obtain existence and error estimates for finite element
approximations of stable solutions (Theorem 5.4 below). The finite element approximation of a MFG
system similar to (1) has been studied by Osborne and Smears in [42] (see [43] for a parabolic MFG
system), where the convergence of the approximations is established by using compactness arguments
which do not provide error estimates. While finishing this paper, we have learnt about the recent work
[44] by the same authors addressing this issue. Regarding the convergence analysis, the results in [42,
44] deal only with the case where the coupling term f is (strongly) monotone. In contrast, our results
apply locally around any stable solution without requiring any monotonicity of the coupling and rely
on a completely different approach.

In our last application, we provide convergence rates for the iterates of Newton’s method in infinite
dimension applied to (1) in various functional spaces (Theorems 5.8, 5.10 and 5.11 below). Let us also
mention that the analysis of Newton’s method in infinite dimensions to approximate the solution to
a time-dependent MFG system, with monotone couplings, has been recently addressed by Camilli and
Tang [14] using different techniques. Compared with their approach, our result follows directly from
classical convergence results of Newton’s iterates in function spaces (see [31, 47, 22]) which allow us to
deal with non-monotone couplings and to obtain convergence rates in stronger norms.

The paper is structured as follows. In the preliminary Section 2, we study the well-posedness of (1)
and provide some useful estimates on the solutions. We then introduce the definition of stable solution
to (1), which is similar to the one proposed in [12], and give sufficient conditions for the existence of
such solutions. In Section 3 we reformulate solutions to (1) as zeros of the nonlinear mapping F’ and
prove the isomorphism property of its differential under a continuous differentiability assumption. The
latter is rigorously justified in Section 4 in the case of Holder and Sobolev spaces. Finally, applications to
the sensitivity analysis of (1), to its finite element approximation, and to the convergence of Newton’s
method, are studied in Section 5.

Notations For k € Nand a € (0, 1], we write C*%(T¢) the usual Hélder space on T?, i.e.

Ch(T?) = {u € C*(T?) : |Jul|gra < +00},

where
lullgee =D [0%ull o + D [074],,
|71 <k lil=Fk
with
[u] = sup |U(IL') 7u(y)|
¢ y,zeT? |$ - yla
zFyY



Similarly, C’II:)CO‘ (R) is the space of locally Holder continuous functions on R, ie. f € C’IIZ)CO‘ (R)
if f € C**(Q) for every bounded open subset 2 C R. We also write C}(R) the set of k times
continuously differentiable functions f on R such that the derivatives f (), for 0 < j < k, are bounded.
We denote by P(T?) the space on probability measures over T¢ and we always identify a measure
m € P(T?) with its density, which we also denote m, provided that the latter exists. For 1 < p < oo
the dual of the Sobolev space W' *(T%) is denoted by W~1#'(T4), where 1/p + 1/p’ = 1, and we
reserve the notation H~1(T%) for the dual of H'(T%).

For Banach spaces X and Y and a mapping ®: X — Y, we write d®[x] the Fréchet differential of
® at x € X, when it exists. We also use the notation Y < X when Y is continuously embedded in X.

By convention, we do not specify integration domains when integrals are considered on T¢, i.e.,

/fdx::/wfdx.

2 The mean field game system

In this section we establish some properties of the MFG system (1). We first state existence of solutions
to (1) as well as a uniqueness result under the Lasry-Lions monotonicity condition on the coupling f.
We then define stable solutions to (1) following [12] and prove that they are isolated. Finally, we provide
sufficient conditions to ensure that any classical solution to (1) is stable.

Let us begin by describing the mean field game interpretation of system (1). We consider a typical
player whose dynamics is governed by the following controlled stochastic differential equation

dX§ = a(X®)dt ++/2dB; forallt > 0,
X5 ==z,
where B; is a d-dimensional Brownian motion and « is a feedback control. Assume that the player

forecasts p as being the evolution of the distribution of players, from which it is possible to compute
the weighted averaged density 1 defined by

m(z) = A/OM pt,x)e M dt )

for some given A > 0. Then this player aims to minimize the following cost

+o0 a2
/0 (la();t )| +f('rh(X£l))> ef)\t dﬁ‘| )

This yields the Hamilton-Jacobi equation for the value function u(z) := inf, J(z, a) :

J(xz,a) =E

D
_Aug 12U

Since all the players are assumed to be interchangeable, they should all play according to the optimal

strategy provided by the Hamilton-Jacobi equation, i.e. o*(z) = —Du(z) (see [25, 26, 46]). The player

must then update the forecasted density by solving the Fokker-Planck equation

Op — Ap — div(pDu) =0,

®)
p(0) = mo,



where my is the initial distribution of agents. This yields an updated averaged density m through (2).
Using integration by parts in (2) one can easily derive the following equation on m

—Am — div(mDu) + Am = Amy. (4)

As usual we define an MFG equilibrium as being a fix point of this procedure which corresponds
to a solution to (1). Notice that once we have a solutions to (1) it is possible to recover the probability
density function p by solving the Fokker-Planck equation (3).

In all of this paper we make the assumption that

mo € P(TH) N C%*(T¢)  for some o € (0, 1). (5)

2.1 Well-posedness

The following result was established in [5, Chapter 7] by approximation. For the sake of self-containedness
we provide a proof in Appendix A based on the classical method introduced by Lasry-Lions.

Theorem 2.1. Assume that f € W1°°(R). Then there exists a classical solution (u,m) € C*%(T%) x
C%%(T?) to (1), where the constant « is fixed in (5). Furthermore, if f' > 0 or if \ is large enough, then
this solution is unique.

We now turn to technical results, which will be used throughout the paper. The first one recalls
some properties of Fokker-Planck type equations.

Lemma 2.2. Letb € L>®(T%RY), f € L?(T9), and g € L*(T% R%). There exists a weak solution
m € HY(T) to
—Am — div(mb) + Am = f + div(g) inT% (6)

Moreover,

(i) m is the only element in L*(T%) such that
/(—A(p +b- Do+ Ap)mdx = /f(p —g-Dyodx forevery ¢ € H*(T?).
(i) If f > 0 and div(g) = O, then, either f = 0 and m = 0, orm > 0.
(i) Ifp > 2,9 € LP(T%RY), and f € LY(T?), with

qg=dp/(d+p) ifp#dandd > 2,
q>dj2 ifp=dandd> 2,

then m € W1P(T) and there exists a positive constant C = C(||b|| .« , A, d, p, q) such that
Il < Cmlips +llgllze + 1 £120)- (7)

(iv) Ifg € LP(T%RY) and f € LI(T?) forp > d and q > d/2, then there exists a positive constant
C=C(bllgoe £l Lor2 5 lgll Lo » A ds P, q) such that

[l o < C. ®)



Proof. Let us start by proving that
m € L*(T?) and /(—A(p +b-Dp+ X p)mdr =0 forevery o € H*(TY)| — m=0. (9)

Let £ € L?(T?) and v € H?(T?), be the unique solution to
—Av+b-Dv+ X v=¢ inT% (10)

Existence and uniqueness of such a solution is proved in the case of Dirichlet boundary conditions in
[27, Theorem 8.9]. Using m as a test function for (10), we have

/Emdx:/(—Av—l—b-Dv—i—)\v)mdx:O.

Since ¢ is arbitrary, we obtain m = 0, which shows (9). Existence of a weak solution m € H'(T%) to (6)
for A > 0 large enough is a standard consequence of the Lax-Milgram theorem. One can then extend
this result to every A > 0 by using Fredholm’s alternative in conjunction with (9), as in the proof of [27,
Theorem 8.3]. In particular, we have established (i).

In addition, when £ > 0, div(g) = 0 and f > 0, we obtain similarly that

/fmdz:/(—Av+b-Dv+>\v)mdz:/fvdx20

since, in this case, v > 0 as a consequence of the strong maximum principle [27, Theorem 8.19]. It
follows that m > 0. The strict positivity when m # 0 is then a consequence of Harnack’s inequality
[27, Theorem 8.20]. This proves (ii).

Finally, the WP estimate (iii) is a direct consequence of [6, Theorem 1.7.4] while (iv) follows from
De Giorgi-Nash-Moser estimates [27, Theorem 8.17]. [l

Remark 2.3. We recall from [37, Theorem 10.41] that, for 1 < r < oo, any element i € Wﬁl’T,(Td),
where 1/r + 1/r' = 1, can be identified with g1 + div(ge) for g1 € L"(T?), go € L"(T% R?) and

T r 1
Ill-1or = (lgallzr + lgellz )" 1
equations with right-hand side in W~ (T%) for appropriate values of r.

", In particular the conclusions of Lemma 2.2 can be extended to

The following proposition contains a priori estimates on classical solutions to (1).

Proposition 2.4. Assume f € CP(R). Then there exists a positive constant K = K(||f|| ,d) such
that for every classical solution (u,m) to (1) it holds that

11l
3

o < 11
Jullp < 255 (1)
[Dul[ - < K, (12)
and
K2
[Aull e < 2| fllpee + — = M. (13)
2
Furthermore, if A\ > M, then
Il < 3= ol (19



Proof. Inequality (11) is a direct consequence of the comparison principle for « and (12) is given by
[38, Theorem 1.1], since any classical solution is also a continuous viscosity solution. The estimate (13)
directly follows from the equation satisfied by u. For the last inequality (14), notice that we may rewrite
the second equation in (1) as

—Am — Du-Dm+ (A — Au)m = Amg  in T,

Therefore when A > M we deduce from (13) that A— Awu > 0 and therefore the Fokker-Planck equation
satisfies a comparison principle from which the inequality follows. O

2.2 Stable solutions
The following definition is taken from [12].

Definition 2.5 (Stable solutions). Let f € C}(R) and let (u,m) be a classical solution to (1). We say

that (u, m) is stable if (v, p) = (0, 0) is the unique classical solution to
—Av+ Du-Dv+ v = f'(m)p in T, (15)
—Ap —div (pDu) + A\p = div (mDv) in T<.

Definition 2.6. Let f € C}(R) and let (u,m) be a classical solution to (1). A pair (v, p) € H'(T¢) x
L?(T?) is a weak solution to (15) if it satisfies

/Dv - Dy + Du - Dvp + \vp do = /f’(m)pcp dx  for every ¢ € H*(T?) (16)

and

/(—A@Z) + Du- DY+ M)pdx = — /mDv Dty dx for every ¢ € H*(T?). (17)

Lemma 2.7. Let f € C}(R) N CLL(R) and (u,m) € C>%(T%) x C%(T%) be a classical solution to (1)

and (v, p) € HY(T?9) x L%(T) be a weak solution to (15). Then (v, p) € C%*(T%) x C>*(T9) and is a
classical solution to (15).

Proof. Notice first that if p € C%(T4), then by Schauder estimates [27, Corollary 6.3] we have v €
C?%(T?) and then also p € C*<(T4). It is therefore enough to prove that if (v, p) € H'(T%) x L?(T%)
is a weak solution to (15) then p € C%%(T¢9). For this, let 1 < p < 0o, depending on d and «, be such
that Morrey’s inequality yields W1 (T%) < C%<(T4). It is now enough to prove that v € W1?(T%)
which implies p € WP (T4) by Lemma 2.2 (iii).

Since p € L?(T?) and f’ is bounded we deduce from standard elliptic regularity that v € H?(T%).
Therefore in the case d = 1, 2 the fact that v € W1?(T9) directly follows from Sobolev’s inequality. In
the rest of the proof we assume d > 3.

Since v € H%(T¢) we have that div(mDv) = Dm - Dv + mAw is an element of L?(T?). It is then
well known that the second equation in (15) has a weak solution § € H?(T%). Using the property (i)
in Lemma 2.2, we deduce that in fact 5 = p and therefore p € H?(T?). In the case where d = 3,4 we
have p € L"(T?) for every 2 < 7 < oo and in particular p € LP(T?). Injecting this information in
the equation satisfied by v we conclude that v € W2P(T?) (see [27, Theorem 9.11]) and the conclusion
follows. We may therefore assume that d > 5 and in this case Sobolev’s inequality yields p € L% (T%),
where ¢ = 24 and, arguing as above, that v € W27 (T4).

We now know that div(mDv) belongs to L% (T%). One may keep this bootstrap argument going
and conclude that either we can obtain that p € W?%/2(T?) after a finite number of steps, or there



exists a sequence of real numbers 2 < ¢,, < d/2, defined by

d n
n+1 = d_ngna
qgo = 27
and such that p € W2 (T%) for every n > 1.
We claim that the latter case cannot happen. Indeed, if it were the case, we notice that q;ﬁ =

d—é o > 1so that the sequence is increasing. In particular ¢,, > 2 for every n and therefore q;? > ﬁ.
n
It follows that % > qp > 2 (ﬁ) which yields a contradiction.

We must therefore have p € W2%/2(T9) after a finite number of steps and hence, also, p € L*(T%)
for every s € [1,00). Using elliptic regularity one more time we have v € W!?(T%). This concludes
the proof according to the discussion at the beginning of the argument. O

The following proposition states that stable solutions to (1), although not unique in general, are
isolated. The result is a straightforward adaptation of [12, Proposition 4.2] with weaker norms. We
provide the proof in Appendix B.

Proposition 2.8 (Stable solutions are isolated). Let f € C}(R), let (u,m) be a stable solution to (1).
Then there exists R > 0 such that, if (4, m) # (u, m) is another classical solution to (1), then

[ =@l g+ [lm = 7if| 2 > R.
The next result provides two sufficient conditions for the stability of solutions to (1).

Theorem 2.9. Let f € C}(R) and (u,m) be a classical solution to (1). Then (u,m) is stable provided
that one of the following conditions holds:

(i) (Monotonicity of the coupling) f' > 0.
(ii) (Large discount factor) A > A, where
K? ,
A= ma L 90, T e 7] (13
and the constants M and K is given in Proposition 2.4.

Proof. Let (v, p) be a weak solution to (15). Using Lemma 2.7 we may assume that (v, p) € C%(T¢) x
C?(T9). Using p as a test-function in (16) and v as a test-function in (17) we get

/Dv-Dp—l—pDu-Dv—l—)\vp dx :/f’(m)p2 dx, (19)

and

/Dp~Dv+pDu~Dv+)\pv dz:/—m|Dv|2 dzx. (20)

Subtracting (20) from (19) we obtain
/m|Dv|2 dx = —/f’(m) Ip|* d. (21)
In the case where f’ > 0, and since m is nonnegative (see Lemma 2.2), this implies that Dv = 0 on the

set where m > 0, in particular mDv = 0 on T%. Using Lemma 2.2, we deduce that p = 0 on T%. Using
the uniqueness of the solution to the equation satisfied by v, we conclude that v = 0.



We now assume that A > A. Notice that this and Proposition 2.4 yield |m||;« < 2||mo]| ;. Then,

using p as a test function in (17), it follows from (12), the positivity of m and (21), that

2 2
/|DP| +AMpl" dz < |[Dull o [lpll 2 1Dpl 2 + [ Dpll g2 [[m Dol 2

1/2
< K llpll 2 11Dl 2 + Il 1Dl 2 /2D

L2
) 1/2
1/2 2

< & ol 100l + oell/2 1Dl (= [ £ 1)

2 K? 2 1, ., 2
< 1D + 2 Mol + 217 e Il ol
2

2 K 2
< IDpl+ (% + ol 1715 ) ol

From our assumption on A, we obtain ||p||;» = 0 and the conclusion follows as in the first case.

3 Reformulation of the MFG system

We are now going to reformulate (1) as an abstract equation F(u,m) = 0. In order to do this let us
introduce an additional assumption which will be useful to state some results in a general form.

(H) X and Z are Banach spaces such that
C2(T4) x ¢?*(T?) ¢ X ¢ HY(T?) x L*(T%) and Z c LY(T%) x (WH=(T%)). (22)
with continuous embeddings. For every (v, p) € X, we have that
1
G(v,p) = <§ |Do|* — f(p), — div (pDu) — )\mo) belongs to Z (23)
and, for every (&, () € Z, the equation
—Av+ v =¢ in T¢,
—Ap+Ap=( in T¢,
admits a unique distributional solution T'(¢, ¢) that belongs to X.

Assumption (H) allows to define two mappings G: X — Z and T': Z — X such that, at least formally,
(u, m) solves (1) if and only

F(u,m) := (u,m) + T (G(u,m)) = 0. (25)
This is made rigorous in the following result.

Proposition 3.1. Assume that f € W1>°(R) and that (H) holds. A pair (u,m) € C*(T4) x C*<(T?)
solves (1) if and only if it satisfies (25).

Proof. Assume that (u, m) € C%*(T%) x C%%(T9) is a solution to (1). We can rewrite (1) as

—Au+ M= f(m)— 3 |Dul? in T,
—Am + Am = Amg + div (mDu) in T4,



or, with an obvious abuse of notation,
(A 4+ XI)(u,m) = —G(u,m). (26)
We can apply 7' = (—A + AI)~! on both sides of (26) and use the linearity of 7" to obtain that
(u,m) = =T(G(u, m)).
Conversely if (u, m) satisfies (25) we can apply the operator (—A + \I) to get (26). O

Let now (u, m) be a classical solution to (1) and X and Z be Banach spaces such that (H) holds and
(u, m) € X. Formally, the Fréchet differential of the mapping F' defined in (25) at (u, m) is given by

dFfu,m|(v,p) := (v, p) + T (dG[u, m] (v, p)) @27)

where
dGlu,m](v, p) = (Du - Dv — f'(m)p, — div (pDu) — div (mDv)) . (28)

The rigorous proof of Fréchet differentiability will be made in Section 4 below. Notice that (v, p) solves
(15) if and only if
dF[u,m](v, p) = 0. (29)

Theorem 3.2 (Isomorphism property of stable solutions). Let f € C}(R) and let X and Z be Banach
spaces such that (H) holds and let Y be a Banach space such that

Y ¢ X ¢ HY(T%) x L*(T%) with Y C X compact.

Assume also that the mapping G: X — Z defined by (23) is continuously differentiable and that T €
L(Z,Y). Then the mapping F': X — X defined by (25) is continuously differentiable with dF = I +T o
dG, and, for every stable solution (u,m) € C*(T?) x C%%(T4) to (1), the linear operator dF'[u, m] is
an isomorphism on X .

Proof. The differentiability of F' is a direct consequence of the chain rule and the differentiability of
G. If (u,m) € C%*(T9) x C%*(T9) is a stable solution to (1), then (I + T o dG[u,m]) is injective
on C?(T?) x C%%(T). By Lemma 2.7 we know that any weak solution (v, p) € H'(T%) x L?(T%)
to (15) belongs to C%%(T4) x C*%(T%). Hence the operator (I 4+ T o dG[u,m]) is also injective on
HY(T9) x L?(T9), in particular it is injective on X.

Notice now that since dGu,m] € L(X,Z)and T € L(Z,Y) we have that T o dG[u, m] € L(X,Y)
and since Y C X is compact we deduce that the operator 7' o dGu, m] € L(X) is compact. Using
Fredholm’s alternative, we conclude that dF'[u, m] is an isomorphism on X. O

We now provide two concrete examples of Banach spaces X, Y, and Z, satisfying (H) and the
assumptions of Theorem 3.2. These examples will constitute the building blocks of the applications
studied in Section 5.

Example 3.3. Let f € C}(R),let 0 < v < 8 < a and set
X =T x ¢*(T%), Y =C?>*(T) x C*P(T%) and Z = C"*(T%) x C*¥(T%)

where « is fixed in (5).

Let us check that (H) and the assumptions of Theorem 3.2 are satisfied in this case. From the Arzela-
Ascoli theorem we have the compact embedding of Y into X. It is also clear that X C H'(T%) x L2(T9).
We fix some stable solution (u,m) € C%*(T%) x C%*(T%) to (1). From the Schauder estimates [27,
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Corollary 6.3] we have T' € £(Z,Y). It remains to prove that G: X — Z is well-defined. First notice
that
2 2 2
[IDof],.. < 2100200 < C s

Since f is Lipschitz continuous we also have

[f ()l co.e < [ fllwres [Pl go.e < Tl llwoe ol o

Finally, writting
div(pDv) = Dp - Dv + pAw,

we obtain that
[div(pDv)|[cos < 2[[Dpllcos [[DV] cos + 2 [|pllcos [[AV[cos < Cllpll o (0]l g2.6 -

In conclusion we have
2 2 2
162l <O (Iolns +lpl2) < Cllw. DI

and the mapping G is therefore well defined from X to Z.
In the case where G is also continuously differentiable we have dG: X — L(X, Z) and we can
apply Theorem 3.2 to conclude that dF'[u, m] is an isomorphism on C2-#(T%) x C27(T4).

Example 3.4. Let f € C}(R) and
X = WhP(T%) x LYT?Y), Y = W2P/2(T%) x W' (T and Z = LP/*(T%) x W17 (T?)

where d < p,q < oo, r,7’ > 1 are such that 1/r > 1/p+1/q,1/r + 1/r" = 1 and we have a compact
embedding W (T9) — L(T4).

We now verify that (H) and the assumptions in Theorem 3.2 are satisfied. Since we assume p > d the
Rellich-Kondrachov theorem gives the compact embedding W?2?/2(T¢) < W'P(T9). It follows that
there is a compact embedding from Y into X. Using W?2? estimates [27, Theorem 9.11] and the WP
estimate (7) from Lemma 2.2, and using Remark 2.3, we have that T € £(Z, W2?/2(T4) x W17 (T4)).
Therefore T' € L(Z,Y) C L(Z, X ). Moreover is is easy to check that G: X — Z is well defined.

Therefore in the case where GG is continuously differentiable we obtain from Theorem 3.2 that
dF[u,m] is an isomorphism on WP (T%) x LI(T9).

We now turn to the particular case of a monotone coupling and prove that the unique classical solu-
tion to (1), which we also know to be stable by Theorem 2.9, satisfies a stronger isomorphism property
than the one resulting from the direct application of Theorem 3.2.

Theorem 3.5 (Isomorphism property for monotone couplings). Let f € C}(R)N Clt’ Cl (R). Assume that
f >0 and let (u,m) € C**(T?) x C%*(T<), where o is fixed in (5), be the unique classical solution to
(1). Then (H) holds for X = C%%(T4) x C*%(T%) and Z = C%(T?) x C**(T%). Moreover, assume that
G in (H) is continuously differentiable and define F' according to (25). Then dF'[u, m] is an isomorphism

on X.

Proof. According to Theorem 2.9, (u, m) is a stable solution to (1). Therefore the injectivity of dF'[u, m)
follows from the definition of stable solutions.

We now prove its surjectivity. More precisely we prove that for every (w, ) € C%%(T%)x C2%(T?)
there exists (v, p) € C%%(T4) x C%%(T4) such that

dF[u’ m](v, p) = (’LU, :U’)’ (30)

11



which is equivalent to showing that there exists a unique solution (v, p) € C>%(T?) x C%(T%) to

(31)

—Av+ Du-Dv+ M= f'(m)p— Aw+ \w in T¢,
—Ap —div (pDu) + Ap = div (mDv) — Ap + Au in T<.

The argument relies on the Leray-Schauder fixed point theorem and is adapted from [15, Lemma
3.4]. Let us first define the mapping for which we will find a fixed point. Fix some p € L2(T¢). Then
there exists a solution v € H?(T%) to

—Av+Du-Dv+ X v=f(m)p—Aw+  w inT?,
and a unique weak solution 5 € H'(T%) to
—Ap —div (pDu) + \p = div (mDv) — Ap + A in T,

This allows us to define a mapping ®: L?(T¢) — L2?(T9) by setting ®(p) = p. In order to apply
the Leray-Schauder fixed point theorem [27, Theorem 11.3] we have to prove that the set of solutions
p € L2(T%) to p = 0®(p), where o € [0, 1], is uniformly bounded in L2(T¢). This amounts to prove a
uniform bound on the solutions to

—Av+ Du-Dv+ v =0c[f'(m)p — Aw + \w] in T,
—Ap —div (pDu) + Ap = div (mDv) — o [Ap — ) in T

Using p as a test function for the equation satisfied by v we obtain that
/Dv -Dp+ pDu - Dv+ Mvp dx = U/f’(m)p2 +p (Aw — Aw) dz. (32)
Similarly, using v as a test function for the equation satisfied by p we obtain that
/Dp - Dv + pDu - Dv + \pv do = /fm |Dv)* + o (\op + Dv - D) da. (33)
Subtracting (33) to (32) we get
/m |Dv|* dx = J/—f’(m)p2 —p(Aw — Aw) + Avp + Dv - Dy de.
The positivity of f’ then yields
[ mIDof dz < ol s + el ). (34)

Let now &£ € H~1(T%) and z € H'(T¢) be the unique weak solution to
—Az+Du-Dz+ X z=¢ inT%

Using z as a test function for the equation satisfied by p and recalling that m > 0 (see Lemma 2.2-(ii))
we get

& p)p-1m = /mDv~Dz+J()\zu+Du~Dz) dz

<C (Hml/QDz

Hml/QDv
LZ

Lzl )
1/2
< Clallgs (ol I0lgs + ol lallzr)? + )

1/2
< Clell-r (Qelze ol + Noll g Nl ) + il )
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where we used (34) to obtain the second inequality. Since ¢ is arbitrary, we deduce by duality that

1/2
ol < € (Qlell g oo + ol Nell )2 + Dl )

and hence, by Young’s inequality, we get

1/2 1/2
ol 2 < € (oll gz + U5 Nl 32 + a2 )

From elliptic regularity we know that

1/2 1/2
ol < C Ulpll o+ Nl ) < © (ol o+ Noll 32 Nl 32 + il )

and hence, after another application of Young’s inequality, we get a uniform bound on v in H?(T%)

[0l gz < C (wll gz + [l pell 1) -

Using standard H'! estimates we can now deduce a uniform on p in H*(T¢)

ol < C (lwll gz + el o) -

The compactness on ® then follows from the Rellich-Kondrachov theorem and we can therefore
apply the Leray-Schauder fixed point theorem to obtain a pair (v; p) € H?(T%) x H'(T9) solving (15).

Using a bootstrap argument similar to the one used in Lemma 2.7, we can obtain that (v, p) €
CQ,a(Td) X C27a(Td).
O

4 Differentiability of the mapping F'

In this section we prove the differentiability of the mapping F' defined by (25) in both Hélder and Sobolev
spaces. This corresponds to the situations considered in Examples 3.3 and 3.4.

4.1 Differentiability in Holder spaces

The following proposition summarizes the differentiability properties of the Nemytskii operator on
Holder spaces which we will use to prove the differentiability of the mapping G.

Proposition 4.1. Assumethath € C*(R) andlet3 € (0, 1]. Then the Nemytskii operator H : C%#(T4) —
CYB(T4) defined by
H[u](z) = h(u(zx)) forz € T¢

is continuously differentiable and dH [u](v) = h'(u)v. In particular, for every v € (0, 1] the mapping
C*Y(T%) 3 u— H[u] € C%P(T?)

is also continuously differentiable. Furthermore, if h € Cfocl (R), then dH is locally Lipschitz continuous in
L(C*2(T9), COP(TY)).

Proof. The first statement is proved in [41, Theorem 4.1] (this is where we need the C'? assumption on
f). For the second one let us write J € £(C?%7(T?), C%#(T4)) for the natural injection of €7 (T¢)
into C%8(T%). It is enough to notice that H o .J is continuously differentiable from the chain rule.
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For the local Lipschitz continuity let v € C?7(T?). We have
1(P (1) = B (u2))vllco.s < 2l os B (ua) = 1 (u2)llcos < 2vllgeq 1B (ur) = 7' (u2)ll co.s
so that
|dH [w1] — dH [u2]| £ (o2 co.0y < 1B (u1) = B (u2)l|co.s -

Therefore dH is locally Lipschitz continuous as soon as
C%7(T) 3 u v W (u) € C%P(T?)

is locally Lipschitzian, which is the case if ' € C L according to [41, Theorem 3.1]. O

loc
We are now going to prove the differentiability of the mapping F', defined by (25), in the situations
described in Example 3.3 and Theorem 3.5.

Lemma 4.2. Let f € CL(R) N C?*(R) and 0 < v < B < «, where « is set in (5). Set X = C%P(T4) x
C?7(T?) and Z = C%*(T?) x C%B(T?). Then the mapping G: X — Z, defined by (23), is continuously
differentiable and, for every (u,m) € X, we have

dGlu,m](v, p) = (Du - Dv — f'(m)p, — div(pDu) — div(mDwv)) .
Furthermore, if f € Cfocl (R), then dG is locally Lipschitz continuous.

Proof. From Proposition 4.1, we have that the differentials of

D 2
C2B(T4) 5 u s % e 008 (T9)

and
C%7(TY) 5 m — f(m) € COP(T?),

are given by
C%A(T?) 5 v — Du- Dv € C%P(T?)

and
C*>1(T?) 3 p = f'(m)p € COP(T7),

respectively. The second component of dG being continuous and bilinear, its differentiability is also easy
to check. The remaining conclusions follow from the assumptions on f and last assertion in Proposi-
tion 4.1. O

Then fact that F is continuously differentiable when f € C}(R) N C%(R) is then a direct conse-
quence of Lemma 4.2 and the chain rule.

Proposition 4.3. Let f € C}(R) N C%*(R) and let 0 < v < B < «, where « is fixed in (5). Set
X = 0%8(T?) x C?7(T?) and Z = C%*(T?) x COB(T9). Then the mapping F': X — X defined by
(25) is continuously differentiable with dF given by (27). Furthermore, if f € Cfocl (R), then dF is locally
Lipschitz continuous in L(X).
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4.2 Differentiability in Sobolev spaces

We begin with a preliminary result on the differentiability of the Nemytskii operator on Lebesgue spaces.

Proposition 4.4. Let (0, A, 1) be a finite measure space and let 1 < p,q,r < oo withq < p and
1/r = 1/q — 1/p. Consider a function h € C*(R) such that

W@ < (1+1a"7) (39)
and define the Nemytskii operator H: LP(Q, u) — L1(Q, u) by
Hlu](z) = h(u(z)) forxz € for p-aex € .
Then H is continuously differentiable with dH [u)(v) = h'(u)v.

Proof. The result is well-known and directly follows from (35) and [3, Theorem 3.12]. O

We now come back to the differentiability of the mapping F' for the situation described in Exam-
ple 3.4.

Proposition 4.5. Let f € CL(R) N CLY(R), X = WLP(T?) x LY(T?), and Z = LP/?(T?) x

loc
WL (T4, where d < p,q < 00, q > p/2, and 1/r > 1/p + 1/q. Assume also that W7 (T9) <
L4(T?). Then the mapping F': X — X defined by (25) is continuously differentiable.

Proof. Under these assumptions, we recall from Example 3.4 that (H) holds. From Proposition 4.4 we

have that the mappings
LT 5 m > f(m) € LP/*(T)

and
WP (T4) 5 u— |Dul* € LP/?(T%)

are continuously differentiable. Moreover
WLP(T4) x LYT?) 5 (u,m) — div(mDu) € W~17(T%)

is also continuously differentiable as a continuous bilinear operator. The differentiability of F' then
follows from the chain rule. O

5 Applications

In this section we provide three applications of the isomorphism property of stable solutions to (1).

5.1 Stability under perturbations of the MFG system

In this section, our goal is to study perturbations of the mean field game system (1), or equivalently (25).
In the case of stable solutions, the isomorphism property obtained in Theorems 3.2 and 3.5 motivates
the use of the implicit function theorem, allowing us to consider a large class of perturbations. In what
follows we provide a simple example of this idea. Namely, we consider the system

(36)

fAu+%|Du|2+)\u:f(m)+ef(m) in T9,
—Am — div(mDu) + dm = A((1 — €)mg + em;) in T,
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where € > 0 is a small parameter and f € C2((0, +00)) and m; € C%*(T%)NP(T?) are perturbations
of f € C}(R) N C%*(R) and my, respectively. We recall that « is fixed in (5).

Let (u,m) € C%(T%) x C*%(T?) be a stable solution to (1) and set 0 < v < 3 < a. Since mg # 0
we also have m > 0 from Lemma 2.2 (ii). In particular, there exists a bounded neighborhood O of m in
C%7(T?) and 7 > 0 such that, for every 7 € O, we have m > 1. Notice that if we define

Eo = {i(z) : m € O, z € T},

then we have that Fo is bounded in R and inf Eo > 7 > 0. Since f € C?((0,+400)) is Lipschitz
continuous on Eg, we deduce from Proposition 4.1 that the mapping O > m — f(m) € C%P(T4) is
well-defined and continuously differentiable.

Let X = C?#(T4) x C*7(T%), Z = C%B#(T4) x C%7(T?) and consider the mappings G and T,
defined by (23) and (24), respectively. We recall that it was checked in Example 3.3 that (H) holds in this
case. We introduce the mapping

G: C?P(TY) x O x Ry — C%P(T?) x ¢ (T)

defined by

G(”v m, 6) = G(”v m) - e(f(m)v )‘(ml - mO))

Then, setting

F(u,m,e) = <f+ToG) (u, m,€),

where T is defined by (24) and I (u, m, €) = (u, m), it holds that (u., m.) € X solves (36) if and only if

F(te,me,€) = 0.

Arguing as in the proof of Proposition 4.3, we have that Fis continuously differentiable on C 2.6(T?) x
O x [0, +00). Moreover, it follows from Theorem 3.2 and Example 3.3 that d(y, ,,) F'[u, m, 0] = dF[u, m]
is an isomorphism on X. We can apply the implicit function theorem to obtain the following result.

Proposition 5.1 (Sensitivity analysis). Let f € C}(R) N C%(R), f € C?((0, +00)), m; € CO*(T4) N
P(T),0 < v < B < a, where « is fixed in (5), and (u,m) € C%*(T%) x C%(T4) be a stable solution
to (1). Then, for some eq > 0 and every e € [0, €g), there exists (u., m.) € C*8(T%) x C%7(T) such that

F(tue,me,€) =0,

with
(te;me) = (u,m) — edF (u,m) "' T(f(m), A(m1 — mo)) + o(e),

and
ue — ullgz.s + |me — ml| g2y = O(e).

Furthermore, (ue, m.) is a stable solution to (36).

Remark 5.2. We may choose o = 8 = + in Proposition 5.1 under the additional assumption that f’ > 0.

5.2 Finite Element approximation of the MFG system

Our goal here is to obtain error estimates for the finite element approximation of a stable classical
solution to (1) by applying the following result of Brezzi-Rappaz-Raviart [11] (see also [28, Section
Iv.3)]).
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Theorem 5.3 ([28, Theorem 3.3 and Remark 3.5]). Let V, W be Banach spaces, let T, T}, € L(W, V), for
everyh > 0, and let G: V — W be a continuously differentiable mapping such that dG locally Lipschitz
continuous in L(V,W). Set F = I + T o G and let x € V be such that F(x) = 0 and dF'[z] is an
isomorphism on V. If

%i_>mo 1T = Thll owvy = 0, (37)

then there exists ho > 0 and a neighborhood O of x in V such that, for every 0 < h < hg, there exists
xyp € V such that
Fr(zp) =T 4+ Th o G)(zn) = 0. (38)

Furthermore the following properties hold
(i) dFy[xp] is an isomorphism on V,
(ii) zp, € O forevery 0 < h < hg and there is no other solution to (38) in O,

(iii) there exists a constant K > 0, independent of h, such that

| = znlly < K|[(T = Tw)G()]ly - (39)

We fix d < 3 and consider the following Banach spaces
X =W'P(TY) x LYTY) and Z = LP/*(T%) x H~Y(T), (40)

where p, ¢ € (3, 6) with %—i—i = % Notice that under these assumptions we have ¢ > p/2. Moreover the

Rellich-Kondrachov theorem gives the compact embedding H!(T%) < L4(T4) since ¢ < 6. Therefore
all the assumptions in Example 3.4 are satisfied (with » = 2). In particular, the linear operator 7' €
L(Z,X), defined by (24), and the mapping G: X — Z, given by (23), satisfy (H). We set r := prd <
min{p, d} and we notice that Sobolev’s inequality implies that W2 (T¢) < WLP(T4).

For every h > 0, let 7}, be a quasi-uniform family of periodic triangulations of [0, 1]¢ (see [8, Defi-
nition 4.4.13]). Let also V}, C W1>°(T%) be the associated finite element space induced by P! Lagrange
finite elements. We define Sj, € L(H ~1(T¢), H'(T?)) by Si& = vj, where vy, is the unique element in
V}, such that

Duy, - Doy, + Mopdn de = (€, on)g—1 g1 for every ¢y € V.
Td
In addition, we denote by S € L(H~(T%), H*(T%)) the linear operator defined by S¢ = v, where
v € HY(T?) is the unique weak solution to

—Av+ v =¢ inTe (41)
These linear operators are known to be well defined through the Lax-Milgram theorem and we have

1

1SN 21,81y > 1SRl 2 a1, 01y < min{ LA} (42)
We also have from [23, Theorem 3.16, Theorem 3.18] that
[(S = Sn)éllL2 < CR[(S = Sp)éll g < Ch||SE]| g < Ch[El -1 (43)

where the constant C is independent of h.
Let & € L™(T9). According to [23, Theorem 3.21] and [8, Theorem 8.5.3], there exists hg > 0 and a
positive constant C' such that, for every h < hy, it holds that

1Sn&llwrr < CISEllwp - (44)
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Using the continuous embedding W27 (T4) < W1P(T%) and W?P estimates [27, Theorem 9.11], we
have

15€llwre < ClISEllywar < ClIE L - (45)

Combining (44) and (45), for every h < ho, we have Sj, € L(L"(T4), WP(T%)), where || Sk z(r- w1»)
is bounded from above by a constant which is independent of . Moreover, up to the choice of a smaller
ho, from [23, Theorem 3.21, Corollary 3.23] and [8, Theorem 8.5.3] we also have, for every h < hy, that
Sp € L(LP(TY), WP (T4)) with

1S = Sh)éllwre < ChIISEllwen < CRIE L , (46)

where the constant C' is independent of h.

We can now define the linear operator
Ty € L(L"(T?) x H~'(T4), W'?(T%) x H'(T%)),
with range in X}, := V}, x V},, by setting
(& €) = (Sn&, SnQ)  forevery (&,¢) € L™(T) x H™}(T*).
Notice that from (24), (43) and (44), we also have
Ty, € L(LP(TY) x H=H(T9), WhP(TY) x L*(T?))

with
H(T - Th)(ga C)HWLPXL? < Ch H(ga C)HLPXH*1 : (47)

In particular, using Sobolev inequalities ([10, Theorem 9.9, Corollary 9.11, Theorem 9.12], we have ob-
tained that

(T—Ty) € L(L"(T%) x H=Y(T9), WhP(T?) x L*(T9))) N L(LP (T?) x H~1(T), WhP(T?) x L2(T4)),

where s is the critical Sobolev exponent for the continuous embedding H!(T¢) < L*(T¢), namely

s=26 ifd =3,
sel6,00) ifd=2,
5 =00 ifd=1.
We set 6 = pfflande* = (’752_)7;)_’3”30 that
2 1-60 0
p T

and
1 p—-2 1-6° 0O

q 2p s 2"

Using complex interpolation (see [40, Chapter 2]) we have that
LP2(T?) = [L7(T%),L7(T%)], and LY(T?) = [L*(T%),L*(T%)],. .
It follows from [40, Theorem 2.6] together with (44), (45), (46), (42) and (43) that that

1-6 6
HS - Sh||£(Lp/2,W1,p) < ”S - ShHL(anl,p) HS - Sh”g(Lle,p) < Che
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and

—0* 0* *
1S = Shll 1,00 < 1S = Shllzg,00) 15 = Sulleqar 12 < R

Noticing that T — T}, = (S — Sh, S — Sp), we deduce that

17— ThHL(Lp/szfl,Wl,prq) <|s- Sh”g(Lp/z,Wl,p) + 15— Sh”ﬁ(H*l,Lq)
<c(n+n").

Since
6* = (p—3)/p ifd=3,
0 clp-3)/p,(p—2)/p) ifd=2,
0 =(@p-2)/p ifd=1,

we have o := min{6, 6*} = 0*. Therefore we obtain that
Ty, (T —Tp) € £(Z, X)
with
|T = Thllgzx) < CR7, (48)

for every h < hg < 1.
We can now apply Theorem 5.3 to obtain the following result.

Theorem 5.4 (Local convergence of finite element approximations). Let f € W2>°(R) and let (u,m)
be a stable solution to (1). Let X, Z be defined according to (40) with3 < p,q < 6and1/2=1/p+1/q
and let Ty, be defined as above. There exists hy € (0, 1] and a neighborhood O of the origin in X such that,
for every 0 < h < hy, there exists a solution (up,mp) € Xp, to

Fh(un,mn) == (un, mn) + Th(G(un, mn)) =0
satisfying
(i) (u,m) — (up,mp) € O,
(ii) (up,mp) is the unique solution to Fy,(up,mp) = 0 in (u,m) + O,
(iii) There exists a positive constant C > 0 such that

[(w = un,m —mp)l[x < Ch?,

where
o=p-3)/p ifd =3,
oellp—3)/p,(p—2)/p) ifd=2,
o=(p-2)/p ifd=1,

(iv) dFp[un, mp] € L(X) is an isomorphism.

Proof. Using Proposition 4.5 we have that F' is continuously differentiable and from Example 3.4 we
know that dF'[u, m] is an isomorphism on X. Note that the assumption f € W?2°°(R) ensures that dG
is locally Lipschitz continuous in £(X, Z). Moreover, from (48) we deduce that (37) is satisfied. We can
therefore apply Theorem 5.3 to obtain the conclusion. O
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As a direct consequence of Theorem 5.4 (iv) we deduce the local convergence of Newton’s method
for the discretized problem.

Corollary 5.5 (Local convergence of the discrete Newton method). Under the assumptions of Theo-
rem 5.4, let (up, mp) € X}, be a solution to

Fy(up, mp) = 0. (49)

Then there exists a neighborhood O of (uy, mp,) such that, if (ul, m%)) € O, then the sequence (uf, mF)
given by Newton’s method applied to (49), i.e.,

(g omy ™) + T (G uly, miy) + dGlu, my] (uy ™ — ug, mi ™ —miy)) =0, (50)
converges quadratically to (up, mp) in Xp,.

Proof. Since X, C X is finite dimensional, and since dF}p,[up, mp] € L(X},) is injective on X, by
Theorem 5.4-(iv), we have that dF}, [up,, my] is also an isomorphism on X},. We conclude using standard
results on Newton’s method (see Theorem 5.7 below). O

Remark 5.6. Relation (50) amounts to finding (vp, pp) € X}, such that
/Dvh - D¢ + Duj, - Dvp + Avpgp da: = /f’(mi)(ph —mf)p+ |Duf|” pdr,  (51)
/Dph - D+ ppDuf - D + Apptp dx = /m;j (Duy — Dvy,) - Dy da, (52)
for every (¢,v) € Xp.

5.3 Newton’s method

We recall here the convergence results Newton’s method, see [31, Corollary 2.1 p.120], [47, Proposition
5.1], and [22, Theorem 6E.2] for instance.

Theorem 5.7 (Classical Newton method). Let X and Y be Banach spaces and F': X — Y be continu-
ously differentiable. Let T € X be such that F(Z) = 0 and dF[Z] € L(X,Y) is an isomorphism. Then
there exists a neighborhood O of T in X such that the sequence defined by

xo € O, (53)
F(:L'k) + dF[xk](szrl — xk) =0,

converges superlinearly to T. Furthermore, if dF is locally Lipschitz continuous in L(X,Y), then the
convergence is quadratic.

Let 0 < v < 8 < o, where « is given in (5), and set
X =C*P(T%) x C®(T?) and Z =C%*(T%) x C*/(T*)

so that (H) is satisfied and consider the mapping 7', G, and F defined by (24), (23), and (25), respectively.
From Proposition 4.3 we know that the mapping F is continuously differentiable with dF' given by (27).
Moreover, if we fix a stable solution (u, m) € C%%(T%) x C%%(T4), then we know from Example 3.3
that dF'[u, m] is an isomorphism on X.

A direct application of Theorem 5.7 yields the following theorem.
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Theorem 5.8. Consider f € C}(R) N C?(R), let 0 < v < 8 < a and (u,m) € C**(T%) x C%*(T?)
be a stable solution to (1). Then there exists a neighborhood O of (u,m) in C%P(T4) x C%7(T?) such
that, if (ug, mo) € O, then the sequence (uy, my,) generated by Newton’s method applied to (25), i.e.,

(ugs1, mg+1) + T (G(ug, mi) + dGlug, my|(ug+1 — g, M1 — my)) = 0, (54)

converges super-linearly to (u,m) in C*8(T?) x C*7(T?). Furthermore, if we also assume f € 0120’61 (R),
then the convergence is quadratic.

Remark 5.9. At each iteration, the relation (54) amounts to solving the linear system
—Av + Duy, - Dv+ Mo = f'(my)(p — my) — |Duyl|? in T, (55)
—Ap —div(pDuyg) + Ap = div(mgDv) — div(myDuy) in T,

In the case where f’ > 0, we may use Theorem 3.5 instead of Example 3.3 to obtain a slightly better
result than Theorem 5.8.

Theorem 5.10. Let f € CL(R) N C?(R) with f' > 0. Let (u,m) € C**(T%) x C**(T) be a stable
solution to (1). Then there exists a neighborhood O of of (u,m) in C*%(T%) x C%*(T?) such that if
(ug,mo) € O then the sequence (uy, my) generated by Newton’s method (54) converges super-linearly to
(u,m) in C?*(T?) x C?*(T%). Furthermore, if we also assume f € C’focl (R), then the convergence is
quadratic.

Finally we may also set X = W1P(T?%) x L9(T%) and Z = LP/?(T?) x W~1""(T%), where d <
p,q < ooandr > lissuchthat1/r = 1/p+1/qand large enough so that there is a compact embedding
WL (Td) « L(T). Then, we may replace Proposition 4.3 and Example 3.3 by Proposition 4.5 and
Example 3.4, respectively, in the discussion above to obtain the convergence of Newton’s method in
Sobolev spaces. The point being that in this case the neighborhood for the initial guess is expected to
be less restrictive.

Theorem 5.11. Let f € CL(R)NCL! (R), let X and Z be as above and (u, m) € C>*(T%) x 02 (T?)
be a stable solution to (1). Then there exists a neighborhood O of (u, m) in W1P(T%) x L4(T4) such that,
if (ug, mg) € O, then the sequence (uj, my) generated by Newton’s method (54) converges superlinearly

to (u,m) in WHP(T4) x LY(T?). Furthermore, if f € W?°°(R), then the convergence is quadratic.

Appendix A Proof of Theorem 2.1

We are going to apply Schauder’s fixed point theorem in C#(T%) for some 3 € (0, @] to be determined.

Fix some m € C%#(T9). Since f is assumed to be Lipschitz continuous, we have that f(m) €
CY%B(T). From the standard theory of elliptic equation (see [27, Theorem 15.12], using the gradient
bound in Proposition 2.4, for the result with Dirichlet boundary conditions) we know that there exists
a unique classical solution v € C%#(T%) to

1
—Av+ 3 |Dv|* + v = f(m) inT% (56)

Then from standard Schauder theory (see [27, Corollary 6.3]) and Lemma 2.2, we also have a unique
solution 1 € C%#(T?) to

—Ap —div (pDu) + A\p = Mg in T<, (57)

This defines a mapping ®: C%#(T?) — C%8(T?) by setting ®(m) = 7.
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We now prove that ® is continuous. Let (m,,),>0 be a sequence in C%#(T¢) converging to some m
in C%#(T4). In particular, this sequence is bounded in C%#(T?). Using the fact that f is Lipschitz con-
tinuous it follows that f(m,,) is also bounded in C°#(T?). From the inequality (12) in Proposition 2.4,
we have the existence of a positive constant K such any solution classical solution u,, to (56), with m
replaced by m.,,, satisfies

|Dunll -~ < K

and the constant K depends on the right-hand side of (56) only through || f||; - (and hence is indepen-
dent of n). Then, from [27, Theorem 13.6] we deduce that there exist constants vy € (0,1) and K > 0,
depending on K and independent of n, such that

1Dunll o < K.

Using Schauder estimates [27, Corollary 6.3], one has that the sequence u,, of solutions to (56) associ-
ated to m,, is bounded in C?*#(T?) for f = min{a,vy}. From the Arzela-Ascoli theorem, it admits a
subsequence converging in C?(T?) to a solution u to (56) associated to m. Since this solution is unique
the whole sequence must converge to this limit u. Then, using again Schauder estimates we also have
that ®(m,,) is bounded in C%#(T) by a constant depending on K, and a similar argument shows that
it must converge to ®(m).

We now claim the ®(C%#(T?)) is bounded in C%7(T9) for v € (3, 1). Indeed let us choose 1 <
p < oo, depending only on d and ~, such that W1P(T9) < C%#(T?). From the WP estimates (7) in
Lemma 2.2, we have that ®(C%#(T4)) is bounded in W?(T%) and therefore also in C*7(T4). Using
the Arzela-Ascoli theorem we deduce that ®(C%#(T4)) is compact in C%#(T9).

We can now apply Schauder’s fixed point theorem [27, Corollary 11.2] to obtain a classical solution
to (1).

The argument for uniqueness under the assumption that f’ > 0 is a straightforward adaptation of
the one introduced in [36]. We therefore turn to proof of uniqueness for large values of \.

Let (u1,m1) and (ug, ma) be two (classical) solutions to (1) and set v := u1 —ug and p := my —ma.
Recall from Proposition 2.4 that there are positive constants K and M, independent of A, such that

max {[[Dui| o, [[Dus| g} < K and - max{[[m[ oo , [[mall o} < 2[Jmol| e ,

if A\ > 2M. Then, the pair (v, p) satisfies

—Av + (Duy + Dug) - Dv+ v = f(mq) — f(m2) in T9,
—Ap —div (pDuq) + Am = div (m2Dv) in T9,

Using p as a test-function in the second equation in (58) we get

/er |Dp|2—|—)\|p|2 dr < —/EdpDul-Dp—i—ngv-Dpdac

< Duill g lIpll L2 1Dpll L2 + Imzll L [1D0] 22 [[Dp]l 2
< Kol 1Dpll 2 + 2 lmoll oo 1D0]l 2 [ Dl 2

KQ

2 2 2 2
< 106l + - lolZs + 2 llmoll2 1Dl
Assuming, for instance, that A > 1 + %K 2 we deduce that

2 2 2
ol < 2lmoll Lo [[DIZ- -
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We then use v as a test-function in the first equation in (58) to obtain

/ IDl? + Aol da :/ (F(m1) — f(ms))v — v (Dus + Dus) - Do dz
Td Td

<Af(ma) = f(ma)ll gz [0l 2 + [1Dus + Dus|| o [|0]] 2 [[Do]| 12
S N oo Mol vl o + 2K (o]l 2 ([ Dv]l 2

< (VZlImoll g 1 ll = + 2K ) vl = | Dol

2
(V2 [moll g 1/l o +2K)
4

2 2
< |[Dvllz + [ollZe -

It follows that v = 0 if A >
equation in (58), that p = 0. This concludes the proof.

V2 o || 2K)?
(V2llmoll, H4f [ Lo0 +2K) and then, using Lemma 2.2-(i) for the second

Appendix B Proof of Proposition 2.8

The argument is adapted from [12, Proposition 4.2]. Assume that the conclusion is false, then there
exists a sequence (u,,, my) of classical solutions to (1) converging to (u, m) in H'(T?) x L?(T%). Note
that we may assume that the convergence also holds in the almost everywhere sense. We then set

On = [[(un, mn) = (u, )| 15 12

and
vn:(‘f;l(un—u), pn:(S;l(mn—m),

so that [|(vn, pn)| g1« 2 = 1 for alln € N. Then, for every n, the pair (v,, p,,) is a classical solution to

—Avy, + Av, = gp in T?, (59)
—Apy, + App, = div(hy,) in T¢,
where . .
=03 (Flma) = Sm) + 5 Dl = 5 1D )
and
hy,, = 5;1 (mypDu,, — mDu).
We then notice that, for every p > 1,
Ignlle < 00" (1Nl oo llmn = mll Ly + K [[Duy — Dull ) (60)
=" zos llonll o + K[| DVl 1
and
||hnHLP < 6;1 (K |lmn, — mHLP + HmHLOc | Dy, — DUHLP) (61)

= Kllpall oo + C [ Dvnll s »

where K is given in Proposition 2.4 and C' is a constant independent of n, given by using Lemma 2.2-
(iv). Since ||(vn, pn)|| g1y 2 = 1 for every n > 1, we first obtain that there exists a constant C; > 0
such that

hnllpz + lgnll e < Ci1 foralln > 1.
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Using (59) and elliptic regularity we deduce that there exists C; > 0 such that
[onllgz + lonll g < C1 foralln > 1.
Using (60), (61) and Sobolev’s inequality, there exists C'y > 0 such that
|hnll 24/ -2 + |gnll f2a/@-2 < C1 forallm >1

if d > 2 and
lhnll e + lgnlly < C1 foralln > 1

otherwise. Using a bootstrap argument and Morrey’s inequality we conclude that there exists C' > 0

and 3 € (0, 1) such that B
lvnllcre + llPnllcos < C foralln > 1.

We may therefore extract a subsequence, still denoted by (v, pn), such that there exists (v,p) €
CH(T?) x C(T?) so that

Up —> U in C1(T9),
e (62)
P — P in C(T%).
Notice that Lebesgue’s convergence theorem then implies that
1)z = [ pu) 1z = L (63)
We now claim that the following facts hold
Ot (f(mn) — f(m)) = f'(m)p in L*(T?),
(26,)7" (|Du|2 - |Dun|2) — Du-Dv  in L3(T%), (64)
8, Y (mpDu,, — mDu) — pDu + mDv in L2(T%; R?).
Let us prove the first line of (64). Since f € C(R) we have that
1
8, (f(my) = f(m)) = Pn/ f'(Xmy 4 (L= A)m) dA  in T (65)
0
We then decompose
1
| [ #0m 0= o~ o an
0 L2
1
< pn/o f'm + (L= Xm) = f'(m) dA|  +[|f"(m)(pn = p)ll 2 - (66)
L2

Since we assume that f’ is bounded, the convergence to zero of the terms in the right-hand side of the
last inequality follows from Lebesgue’s convergence theorem for the first one, and from the convergence
of py, to p in L%(T?) for the second one. This proves the first line in (64).
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For the second line of (64), we write

1
H(25n)*1 (|Du|2 - |Dun|2) ~ Du-Du|| =5 [(Du+ Duy) - Dv, = 2Du- Du) 1

L2

IN

1 1

3 |Du - (Dv,, — Dv)|| > + 3 | Duy, - Dvy, — Du - Do -

1 1 1

L IDul e IDv ~ Dl + 5 1Dy - (D~ D)l s + L (D — D) - Dol
1

< K|[\Dvy = Dvlla + 5 |

IN

|(Duy, — Du) - Dvl| ;2
C
< K ||Dvy, — DUHL2 + 9 | Dy, — D“HL2 )

The conclusion then follows from (62) and the convergence of u,, to u in H*(T%),
For the third line of (64), we first notice that

hy,, = 5;1(mnDun —mDu) = my, Dv,, + ppDu.
It follows that

[hn = pDu+mDo| 2 < [[ma(Dvn = Do) 2 + [[(mn —m) Dol 2 + [[(pn = p) D] 12
< llmnllpoo [Dvn = Dol g2 + [ Dll oo [[mn = ml[ g2 + K |pn = pll 12

and the conclusion follows from (62) and the fact that the sequence (m,),en converges to m in L?(T?)
and is bounded in L>°(T%) according to Lemma 2.2-(iv).

We can now pass to the limit in the weak formulation of (59) to obtain that (v, p) € H'(T¢)x L?(T%)
is a weak solution to (15). According to Lemma 2.7, (v, p) is a classical solution and, since (u,m) is
assumed to be stable, we must have (v, p) = (0,0). This contradicts the fact that ||(v, p)|| g1, 2 = 1
and concludes the proof.
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