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A SPECTRAL DOMINANCE APPROACH TO LARGE RANDOM
MATRICES: PART 11
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ABSTRACT. This paper is the second of a series devoted to the study of the dynamics
of the spectrum of large random matrices. We study general extensions of the partial
differential equation arising to characterize the limit spectral measure of the Dyson
Brownian motion. We provide a regularizing result for those generalizations. We also
show that several results of part I extend to cases in which there is no spectral dom-
inance property. We then provide several modeling extensions of such models as well
as several identities for the Dyson Brownian motion.
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1. INTRODUCTION

In this paper, we precise and extend some results and proofs introduced in part I [3].
Our main interest is the study of the partial differential equation (PDE)

Om + Oz (mH[m]) = 0 in (0,00) x R,

(1) mlio € P(R),

and of some of its extensions. We shall call (1.1) the Dyson equation in the rest of the

paper. In (1.1), H[m| denotes the Hilbert transform of m and P(R) denotes the set

of probability measures on R. This equation naturally arises in the theory of random

matrices as the limit equation for the spectral measure of the Dyson Brownian motion.
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We refer to [1] for a comprehensive and detailed introduction to the theory of random
matrices.

For the moment, most of the literature on random matrices on equations of the form
of (1.1) has been focused on the exact nonlinearity mH [m]. Following part I, we present
results on other nonlinearities of the same form as well as for equations involving general
drift terms. Let us insist upon the fact that, for practical applications, it is fundamental
to develop techniques which are robust to small changes in (1.1).

The rest of the paper is organized as follows. In Section 2, we recall notations and
results of the first part which shall be used here. We then precise and correct some results
and proofs of the first part I in Section 3. In Section 4, we provide a regularizing result
for this class of equations. In Section 5, we extend the results of part I to more general
equations, namely ones without the spectral dominance. We also give several identities
on the pure equation (1.1) in Section 6. We then conclude this paper by indicating some
extensions which are natural from a modeling perspective in Section 7.

2. NOTATION AND RESULTS OF THE FIRST PART

2.1. Notation. The set of Borel probability measures on R is P(R), when not specified
otherwise, it will be endowed with the weak % convergence. For any 1 < p < oo,
u € LP(R), we denote by HJu| its Hilbert transform, that is the linear anti-self adjoint
operator on LP defined on smooth function with the formula

Hiul(o) = [ =14,

R T—U

Recall that for m € P(R), H[m] is the distribution p.v.(1) x m, defined against smooth
test function ¢ through

@w@ﬂm@>=;ﬁﬂmmh

We denote by Ag the half-Laplacian operator, defined by Ag = d%H . On smooth func-

tions, it is thus given by
u(z) — u(y)
Aplu](z) = / ————dy
0[ ]( ) R (.CC _ y)g

Let us also define for § > 0 the operators As and A_s with

u(z) — u(y) u(z) —u(y)

)= [ MOy e - [ M=,
|z—y|>6 (1} - y)2 lz—y|<d (.’IJ - y)2

For a locally bounded function u on a subset Q of R?, we define for all z € Q

ug(x) = liminfu(y), u*(z) = limsupu(y).
Yy—x Y=
2.2. Characterization of solutions of the Dyson equation. As in part I, we are
going to going to say that m is a solution of (1.1) if u(¢, x) := my((—o0, z]) is a viscosity
solution of the primitive PDE
(2.1) Ou + OyuAp[u] = 0 in (0,00) X R,
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which is simply obtained by integrating (1.1) with respect to z. Naturally, the previous
equation is associated with boundary conditions

Vi >0, u(t,—o00)=0, u(t,oo)=1,

and the initial condition ug := mg((—o0,x]), which is thus non-decreasing. We showed
in part I that, in this context, this equation is well suited for the theory of viscosity
solutions since it has a comparison principle. Moreover, this comparison principle does
not rely on the exact form of Ay (hence of H[-]), but rather on the fact that it is an
elliptic operator. Hence, it extends naturally to more general equations, namely PDE of
the form

(2.2) Oru + Oguc(x)Aplu] + b0zu =0 in (0,00) x R,

where ¢ : R — R is a non-negative continuous function and b: R — R is continuous. We
now give a precise definition of viscosity solutions for (2.2).

Definition 2.1. An usc (resp. lsc) function u : Ry X R is a wviscosity sub-solution
of (2.2) (resp. a super-solution) if for any T > 0, for any ¢ € C;J, 0 <d <o
(to,z0) € (0,T] x R point of mazimum (resp. minimum) of u — ¢,

O d(to, zo) + 0xd(to, m0)c(wo) (A-s5[d(t0)](z0) + As[u(to)](z0))
+ b(20)02p(to, z0) < 0 (resp. > 0).

Definition 2.2. A wviscosity solution of (2.2) is a locally bounded function such that u*
is a viscosity super-solution and wu, is viscosity sub-solution of (2.2).

One of the main result of part I was to establish a comparison principle (Proposition
4.4 in [3]) for equations of the form of (2.1), which was called a spectral dominance
property because of the interpretation of the equation in terms of spectral measure.

Below we shall also use the notion of viscosity solutions for slightly more involved PDE
and in those cases, the adequate notion of viscosity solution is the natural extension of
this one. In part I, several results were introduced on equations of the form of (2.2),
namely the propagation of Lipschitz estimates as well as comparison results for viscosity
solutions.

Let us remark that equations of the same form as (2.2) have been considered in-
dependently of random matrices, namely because of their applications in dislocations
problems. We refer the reader to [8, 9, 7] for more detailed and such equations and their
uses.

2.3. Derivation of the Dyson equation. We briefly recall the usual derivation of
(1.1), using the so-called Dyson Brownian motion. Consider a collection (B%);en of
independent Brownian motions and a sequence (AY)yen such that for all N > 1, AN ¢
RY with AN < )\év as soon as i < j. It is well known (see e.g. [5, 13, 1]) that when, in
law,

N
lim N~ " §,n =mg € P(R),

N—oo ‘
=1
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then for all t > 0, N ! Zi\il 4] AN, converges in law toward m; € P(R), where the processes

(()\%)tzo)lgig ~ are the unique strong solutions of

1 1 V2o
2. NE= B!
(2.3) ANy N#@- Aﬁ—kﬁdH\/Nd !

and (m¢)i>0 € C(R4,P(R)) is the unique solution of the Dyson equation (1.1) with
initial condition my.

3. CORRECTIONS ON THE FIRST PART

The first correction we make is on the convergence result presented in Theorem 3 in
[3]. At the beginning of the proof, we considered an element F' given as a limit point
of the sequence (Fy)n>2 through a compactness argument. If this sequence is indeed
relatively-compact almost surely, the problem is that the limit point depends on w € 2.
The exact same argument can be made correct by simply considering instead

F*(t,x) = lim sup Fn(tn,zN).
N—oo,xny—T,tny—t
Note that the previous object is a priori stochastic, because so is the system of SDE.
The exact same computations we presented in [3] then establishes that, almost surely,
F* is a viscosity sub-solution of the equation. The same argument can be made to show
that Fj, the liminf of (Fjy)n>2, is almost surely a viscosity supersolution. We conclude
as usual in viscosity solution theory, using the comparison result (Proposition 4.4 in [3]).
Indeed, it establishes that almost surely F* < F,, which implies of course the equality
and thus the existence of a viscosity solution.

Corollary 2.2 of [3] is proved and detailed in Section 4.4 below.

The equations (4.31) and (4.32) of [3] should read differently, as a negative sign should
be in front of the constant C. In (2.43) and (4.52), it lacks the condition z > y.

4. A REGULARIZING RESULT

In [4], the author established strong regularizing properties of the pure Dyson equation
(1.1). Namely he showed that given an initial condition mg € P(R), the free convolution
of mg with the semi-circular distribution, which turns out to be the unique solution of
(1.1), is bounded and % Hélder continuous. He showed that for any t > 0, [my]lec <
%. This results relied exclusively on explicit computations involving the semi-circular
distribution.

In this section, we provide another proof of the L*° regularizing result, but which
is valid for a wider class of equations, namely ones involving drifts and more general
interactions.

We are here concerned with solutions of the equation

(4.1) oym + O, (mK[m]) + 9,(bm) = 0 in (0,00) X R,
4



with initial condition my € P(R), where b : R — R is a given Lipschitz continuous and
bounded function and K is a singular integral operator given by

] = [ LD ay)

for f : R? — R. This equation is obtained as the natural analogue of (1.1) when the
pairwise interaction in (2.3) is given by f(A;, Aj)/(Ai — A;j). Such interactions can appear
in random matrix theory as was shown in part I. We start by giving the main a priori

estimate behind the regularizing property.

Proposition 4.1. Consider m a smooth Lipschitz solution of (4.1) such that mo € P(R).
Assume that there exists Cy > 0 such that

(4.2) inf f(z,2) > Cg's [[flloe + 101 f o + [012flloe < Co.

Then, for any T > 0, there exists C > 0 depending only Cy, b and T such that

C
4.3 VO<t<T, m(tx)<—.
(4.3) < (t,x) 7
Proof. For any t > 0, consider a point & of maximum of m(t,-). From the regularity of
m, such a point exists. Evaluating (4.1) at this point, we obtain that

Orm(t, ) + m(t,2)0,(K[m(t)])(Z) + d.b(t, z)m(t, ) = 0.

We now compute for a smooth function ¢

0. K[8](x) = 0, [ [ IED )0y 4 o) [ j(_y)ydy]

x—y
(1.4 = [o [T ZIEDN iy 4 o) [ A0y
s [ ER

Defining ¢(z) = f(z,z), and g(z,y) = (f(z,y) — f(z,x))(x — y), we now obtain

0K10)(w) = [ Drale. o)+ [ (elo) = o) =) D=2
Observe that there exists k,dy > 0 depending only on Cj such that

|z =yl < 00 = c(x) — (@) (y —2) = K,
5



as well as ||0:9/|oo < k1. Let us now compute for § < §g, since 7 is a point of maximum
of m,

Ou(K[m(t))(7) >~ + 5 /5 s
<|z—y|<do

s ) - e ) D=,
|lz—y|>do

> 26(0Y — 6 ym(t,3) — kL — & / mb) 4
s<lo—yl<so (T =Y

— c(z) — d(x)(z — M
/MNO( (@) = la)o — )y

> 2k = Sy ym(t,7) — kT — k62— C,

where C' is a constant which bounds % on |x —y| > do. Hence, coming back

to the equation satisfied by m, we deduce that
om(t,7) < —m(t,2)(—0xd|loo — C — K62 + 2k(6 — 65 Hym(t, 7).
Thus, choosing § = (m(t, 7))~ A do, we obtain that as soon as m(t,z) > &,
om(t,z) < —m(t,z)(km(t, z)* — C).

Hence, the claim follows.
O

Remark 4.2. This result is indeed a regularizing result since the constant C does not
depend on my.

In the previous result, C' does not depend on mg. Hence, we would like to generalize
this result to non-smooth mg. We now continue in this direction. Remark that the
previous proof can be immediately extended to the case of the equation

(4.5) Orm — €0gzm + Oz (mK[m]) + 0, (bm) = 0 in (0,00) X R,
for € > 0. Indeed we trivially have the following.

Corollary 4.3. For € > 0, consider m a smooth Lipschitz solution of (4.5) such that
mo € P(R). Then, under the assumptions of Theorem 4.6, for any T > 0, there exists
C > 0 depending only Cy, b and T (but not on €) such that (4.8) holds.

Our strategy for proving a regularizing result for general solutions is the following.
We are going to show that there always exists a solution m. of (4.5), which satisfies the
required estimate thanks to the previous Corollary. Then, by passing to the limit € — 0,
we are going to show that there exists a limit point of (m.) which is a solution of (4.1)
which satisfies (4.8).

We start by proving an existence result of the regularized equation.

Proposition 4.4. Let my € P(R) have a smooth density mgy. Assume that mg, f and
b are C*° functions with all their derivatives bounded, as well as inf, f(z,x) > —oo.
Then, there ezists a unique smooth solution m. of (4.5). Moreover, it satisfies (4.8) for
a constant C' as in Theorem 4.6, in particular, independent of .
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Proof. Fix a time horizon 7' > 0. We start by assuming that such a smooth function
exists and we want to show an a priori estimate (depending on € > 0 obviously). We
denote by C' > 0 a constant which depends only on mg and e. First, since the term in e
does not perturb the proof of the L a priori estimate above, there exists C' > 0 such
that ||m||oc < C. Since m(t,-) is in L' for all time ¢t > 0, we also deduce that it is in all
the LP, for 1 < p < co. Multiplying (4.5) by m and integrating over space and time, we

then obtain
e [ [ @om= [ [ @ummiciom + b

Furthermore, by simply splitting the integral defining K[m| around the singularity, we
also have that for all 6 > 0, there exists C5 > 0 such that for all pu, ||K[u]llecc <
8[|l ce + Csllpll 1, for € (0, 3). Hence, recalling the energy estimate, we obtain

d t
G Lmtae [ [ @mp? < il o (ellml sz + Colimollzn) + €,
R 0 JR

where we have used the fact that b is Lipschitz continuous. From the usual embedding
of H! into C*, we deduce that [[m|| 2.1y < C.

Further regularity can be obtained by looking at the equation satisfied by w = d,m.
Multiplying this equation by w and integrating yields

¢ t t
a w? + 6/ /(amw)2 = / / Oyw(wK [m] +moy K[m)) —/ / Opabmw — §&waQ.
dt Jr o Jr o Jr o Jr 2

Using the expression of d, K [m] derived in (4.4), and arguing as in the previous case, we
deduce that |[wl|peo(r2y + [[w] 21y < C. Further regularity can then be obtained in a
similar fashion by bootstrapping techniques.

Once regularity is obtained, the existence of a solution of (4.5) with this regularity is
classical and we do not detail it here. Furthermore, in this situation, the uniqueness of
such a solution is immediate. Finally, the fact that it satisfies the required L estimate
follows simply from the previous result. U

Now, we would like to pass to the limit ¢ — 0 in the previous equation to consider
general initial conditions and solutions of (4.1). Recall that, in general, we say that m
is a solution of (4.1) if the fonction u defined by u(t,z) = ffoo my(dy) is a viscosity
solution of the associated equation

(4.6) Oyu + OpuLlu] + bdyu =0 in (0,00) x R, u(0,z) = mo((—o0,z]) in R.

where L defined on smooth function ¢ by

Ligla) = | g(z,y) 2D W)

(z —y)?
where g(z,y) = f(z,y) + (zr — y)9yf(z,y). In order to use the stability of viscosity

solutions, we need a comparison principle. Hence, we are going to assume that f is such
7

dy,



that a comparison principle holds, that is
flz.y)
T—Y
which resumes here to assuming that ¢ > 0. We can now state the following.

(4.7) Ve e Ry — is non-incresaing on (—oo, z) and on (x,0),

Proposition 4.5. Consider three sequences (mo.c)e>0, (fe)eso and (be)eso, valued in
respectively P(R), C*(R%,R) and C'(R,R). Denote g.(z,y) = fe(x,y)+ (z—y)0y fe(z,y).
Assume that

o foralle >0, mo., fe and be are C* with all derivatives bounded.

e (mo.)e and (be)e converge locally uniformly toward some mqo and b.

e Foralle >0, g > 0.

® (ge)e>0 and (fe)eso converge uniformly toward g and f.

o the assumptions of Theorem 4.6 are satisfied uniformly in e.

Consider a sequence (ue). of viscosity sub-solution (resp. super-solution) of
Orte — €0yxue + OpteLe[ue] 4 beOyue = 0 in (0,00) X R, uc(0,z) = mo((—o0,z]) in R,

where Le is defined as L when f is replaced by f.. Then, if (u¢)eso is uniformly bounded
from above (resp. from below), the function u defined by

u(t,z) = limsup wue(s,y) ( resp. u=liminf )
e—0,s—=t,y—x

is a viscosity sub-solution (resp. super-solution) of (4.6).

Proof. Consider ¢ a smooth function, 7' > 0 and (o, zo) € (0,7] xR a point of maximum
of u—¢ on [0, T] x R. Without loss of generality, we can assume that it is a point of strict
maximum. Denote by (¢, x.) a point of maximum of u. — ¢. Note that (t.,z.) — (to, o)
as € = 0. Remark that, up to changing ¢ far from (o, zo), we can always assume that
such a point exists. Since u, is a viscosity sub-solution of (4.5), it follows that for all
0>0

d(terxe) — Doadlte, we) + Ouh(ter ) / ge(2e, )

P(te, we) — ¢(te,y) dy

lze—y|<o (ze —y)?
ue(t67 xe) - ue(tev y)
+ 6x¢(tea xE)/ gé(xay) dy < 0.
|oe—y|>8 (ze —y)?

Remark that 0,¢(t.,x.) > 0 and recall that g. > 0. Then, using Fatou’s Lemma, we
can pass to the limit in the last integral and we obtain the required viscosity solution
formulation. Thus @ is indeed a viscosity sub-solution. A similar argument holds in the
case of viscosity super-solution. O

We are now ready to prove the main result of this section.

Theorem 4.6. Assume that (4.2) holds for some Cy > 0 and that (4.7) holds. Then,
for any T > 0, there exists C > 0 depending only Cy, b and T such that the unique
solution m of (4.1) is bounded for any t > 0 and satisfies for all t € (0,T]

(4.8) m(t,z) <

8
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Proof. Assume first that mg is smooth. Consider three sequences (mg.¢)e>0, (fe)e>o and
(be)e>o satisfying the assumptions of Proposition 4.5 and wu. the associated solution of
(4.5). Since my is smooth, we deduce that for all z € R,
limsup wue(s,y) = liminf wuc(s,y).
€—0,5—0,y—x e—0,5—=0,y—=x
Hence, we deduce from Proposition 4.5 and the comparison principle in part I that u,
converges almost everywhere pointwise toward a function w. From Proposition 4.4, we
obtain that, since (u¢)eso is such that (Opuc)eso satisfies uniformly (4.8), then so does
Ozu. Hence, the result is proven for smooth initial condition my.

Consider now a general mg. Arguing as in part I, we now obtain that the fact that
there exists a viscosity solution of (4.6) which can be uniformly approximated from
above or from below by functions satisfying the required Lipschitz estimate. Hence the
result is also valid for general initial conditions. O

Note that we have here used the positivity of the function ¢ in order to prove the
regularizing effect for general solutions whereas it was not a requirement of the proof of
Proposition 4.1. We develop the case of more generals g in the next Section.

5. OTHER EXTENSIONS OF THE DYSON EQUATION

In this section, we discuss various natural extensions of (4.6). The first one is a case
in which the comparison principle does not hold anymore. The second one is the case
in which the diagonal term in the non-local interaction (the term ¢) vanishes. The third
one is the case in which the drift term b is more singular than Lipschitz continuous.

5.1. A stability result for non-parabolic equations. We consider here equations
of the form

(5.1) Oru + Oyuc(x)Aglu] + B(z;u)0zu = 0 in (0,00) X R,

where ¢ : R — (0, 00) is a smooth function such that inf, ¢(x) > 0 and B is given by
Baiw) = [ Byl

for a smooth 8 : R2 — R which is not necessary non-negative. Recall that this type
of equation models large interacting systems, similar to (2.3), in which the pairwise

interaction is given by f/@%ﬁ‘\j) In such a case, we obtain that ¢(z) = f(z,z) and
z,y)+ (x — )0, f(x,y) — fx,x

which is smooth as soon as f is smooth. In [3], we explained in details why the positivity
of  implies that (5.1) has a comparison principle. We now investigate in details the
case in which such a comparison does not hold. We make the following assumptions on
5. The requirements are stated with the convention that z is the first argument of £
and y its second. Furthermore, the operator Ag is always used on the x first argument.
We assume that [ is smooth and that

(5.2) B,0:8, 0,38 € LT (L}).
9



(5.3) Aoﬁ, Aoaa,ﬂ, A()aac;tﬁ € Lglc,y

The first condition (5.2) ensures that B(-;u), 9, B(-;u) and 9, B(+;u) are bounded func-
tions as soon as u € L. The second condition implies that all those functions have
a bounded H? semi-norm depending only on ||u||~. This last fact simply follows from
(5.4).

We prove the following result which yields uniqueness and stability in L* thanks to
a Gronwall like estimate.

Theorem 5.1. Assume that (5.2) holds. Consider T > 0, uy and ug two viscosity
solutions of

Oru + c(x)0puApu] + B(z;u)0pu =0 in (0,T) xR,

such that Oyui, Ozus € L and such that uy and us are both continuous, bounded and
satisfy u1(0, ) = uz(0,x) for all x € R. Then u; = ug.

Proof. Let us first remark that (5.2) is clearly sufficient to show that there exists C' > 0
such that for v,w € L™,

[1B(5v) = B(:;w)]leo < Cllv = w]loo-
We denote by M (t) := ||ua(t) — u1(t)||eo and, for €,7 > 0, we consider

M, (s,t,z,y) == ui(t,x) — ua(s,y) — i((JU — y)2 + (t — 8)2) —rip(x),

2¢
where ¢(z) = (22 +1 )l We want to show that M (¢) = 0 for all ¢t > 0. In order to do
so, we are going to prove that M(t) < C f M (s)ds for some C' > 0, which is sufficient
to establish the claim since M (O) = O Recall that from the time regularity of u; and
ug, M (-) is continuous. Assume that the previous inequality does not hold, hence, up to
exchanging u; and ug, there exists x,7v,7T > 0 > 0 such that for any €,r > 0 sufficiently
small,

t
Sup{ME,T _7(t+8) - CO/ M(S)d5|ll,‘,y € Rat78 € [OaT]} > K,
0

where C is a constant to be chosen later on. Since u; and uy are bounded, there exists
a point of maximum (%, s«, Tx, Yx) of Me,(t,s,2,y) —v(t +s) — Co fg M (s)ds. We are
going to assume that s.,t. > 0. The case in which one of the two is 0 can be treated by
standard arguments quite easily.

Since uy is a viscosity solution of (5.1), it is in particular a viscosity sub-solution of
this equation. Hence, we obtain that for any § > 0

* — Yx *) T * t*, *) T t*7 *
() (w s —l—m//(x*)) / £1(e) = r(w +Z)dz+/ tnller 7o) =l 20 ¥ 2)
€ {l=1<6} z {l=>6} z

t*_ * — Yx
by + CoM () + Blae uy () =Y

+ <0,

10



where p1(z) = Q%(x — ys)? + rp(x). Similarly, since ug is a viscosity super-solution of
(5.1), we also deduce that

c(y*)x* — Yx / ©2(Ys) _@Q(y*—i_z)dz—l—/ u2(8*’y*)_122(8*’y*+z)dz
{lz]<6} {lz]>6}

€ 22 z

+t*_3* x*_y*

€

— ¥ + B(ys; u2(s4)) >0,

where po(y) = —%(x* — y)2. Combining the two relations yields

Ti — Ys P1(2:) = p2(ye) = 1(ze + 2) + 2y +2)
) </{lzlﬁé} !

2 §
v+ cly - 2

/ uy (ts, ) — U2 (S, Yu) — Ut (b, o + 2) + (54, s + z)d >
+ 5 Z
{lz|>6} z

€ 22

+ / u1(t*,$*) - l;l(t*7x* + Z)dz>
{l=I>6} z

(e 4 LAY (i) a2,

Ty — Yx
. y

(B(@x; ur(te)) = B(ys; uz(s«))) + CoM (t) <0
Using the definition of ¢ and (3, we obtain that

/ P1(2x) = p2(ys) — p1(Ts + 2) + p2(y« + 2)
{|2]<8}

2 dz < C8(r+€1).

From the definition of (¢, s., Z«, y«) we deduce that

/ m(t*,x*)—UQ(S*,y*)—m(Qt*,w*Jrz)+U2(S*,y*+z)dzST/ ¢(x*)—1/;(x*+z)dz
{l2[>6} z {lz[>6} z

<r(14671).

From the same argument, it also holds true that

/ p1(24) = p1(zs + Z)dZJr/ ute, @) i (te 2+ 2) ) Co(r4+e H)+Co67"
{|2|<8} {Iz|>6%}

22 22

Finally, thanks to the regularity of B,

|B(@s; u1(ts)) — B(yss ua(s4))] < Cr|zs — ya| + fJur(te) — ua(s4)]loo)-
Using the four previous estimate, we deduce that

2y + CoM (ty) <C <|x*zy*| +r+ w(e)) Gr+eH+rd+61t)

Ty — Yx

+ O1llze =yl + fJua () = ua(s:)llo0) | =

As usual in this kind of arguments, we always have (t, — 84)% + (2+ — y4)? < w(€)e, where
w(€) — 0 as € — 0. Let us take K > 0 such that w; is, uniformly in ¢, K Lipschitz in
11



xz. For such a K, |z, — y«| < Ke. Moreover, using the time regularity of u;, we can
compute

Jur(te) = uz(si)lloo < M(te) + [luz(ts) — ua(ss)lloo < M(t) +O([te = s4),

for a modulus of continuity w, which depends only on us. Hence, using those relations,
we arrive at

2y + CoM(t,) < C(K +w(e) +r)(r(1+ 071 + e ) + C1(Ke + M(t.) + Co(V/e))
Hence, taking Cy > C; and simplifying by C1M (t.), we arrive at a contradiction by
taking first the limit r — 0, and then setting § = € and taking the limit ¢ — 0.

The previous contradiction implies that M(t) < Cy f(f M (s)ds, from which the result
follows. g

The previous proof makes apparent a need for the continuity in time of the solution
which we are not able to overcome. In the next section, we explain how can such
regularity can be obtained.

5.2. Time regularity of solutions. In this situation, to overcome the lack of parabol-
icity of the equation, we have to use some regularity. Regularity with respect to the
x variable holds thanks to Proposition 4.1. We explain why we can also provide an
estimate on the time derivative, namely by bounding all the other terms in (5.1).

Let us recall the usual 2 (R) Sobolev semi norm defined by

(5.4) HuHZ% ::/Ru(a:)Ao[u](:c)dx.

The Fourier representation of this semi-norm is
2 _ ~ 2
July = [ Iellace) P
We have for any u,v € Hz

(5.5) A@mwmwg,émmswﬁwﬁ

We shall use the following (standard) Lemma several times.
Lemma 5.2. Let u and v be a bounded functions such that ||u||H% + ||U||H% < 00. Then
2 2 11,112 2 2
lwvll% 3 < 2(lfulls vl 5+ llull  1v115):

where C' depends on v.
12



Proof. It suffices to verify it with the Fourier transform.

J: ] [ ite = 2(:)as e - | \ JEGENEEEE
<[ \ [ite ==+ VEDi):
< [(| [ ate - avE=Toerae| +| [ ate - 2100 Fla:

< 2(lullllull, 5 + Tl vl y)-

2
dg

2

dg

2
)

We can prove our estimate on the time regularity of the solution.

Proposition 5.3. Assume that (5.2) and (5.3) hold. Let u : [0,00) x R be a smooth
function solution of (5.1) such that for all t > 0,u(t,-) is non-decreasing, bounded, and
u(—o00) = 0,u(oc0) = 1. Then, for any T > 0, there exists C' > 0 depending only T, c, B
and ||u(0,-)||c1.e such that |Opu| < C on [0,T] x R.

Proof. Step 1: An estimate on the singular term. We start by multiplying (5.1)
by Ap[u] and by integrating over space, we then obtain

d1
—— [ u(t,z) Ao[u(®)](x)dx + | c(x)dpu(t, z)(Ao[u(t)](x))*dx
(5.6) dtz/R i /R ’
- /R AoB(su(t)deult, )] (@)ult, x)da
Let us now remark that
[ AalBC u(®)dsutt, N(e)utt )iz = [ 0, (Aolu®) B3 u(®))(@) ult,2)da
R R
- /R w(t, 2) Ao 0. B u(®))u(®)](x)dz,
from which we obtain
Q/AO[B(-;u(t))(?xu(t, -)](m)u(t,x)d:v:/AO[B(~;u(t))81u(t,-)](m)u(t,m)d:z:
R R
+ /R 9, (Ao[u(t) B(+ u(t)))()) ult,x)de
_ /R w(t, 2) Ao 0u B u(t))u(t)](x)dz,
:/Raxu(t,x) (Ao[u(t)B(';u(t))Kﬂf)—B(%u(t))Ao[U(t)](x)>d$

_ /R u(t, ) Ao[0, B( ult))u(t)](x)da.

13



From Lemma 5.2,

/RU(tw)AO[axB(';U(t))U(t)](w)dl‘ < |10z Bull ;3 [lull ;3

<O+ [ull, ).

Let us now compute

[(z) : = B(x)Ao[u(t)(z) — Ao[Bu](z)
/ B(z)(u(x) — u(x + 2)) — (B(z)u(z) — B(x + z)u(x + Z))dz
22
(x4 z) — B(z))u(x + 2)
= /R o dz

= 0, B(x) /R wa +2) = ulw) dz + /R O(z, 2)u(z + 2)dz,

z

where © is a smooth function, given by the Taylor expansion of B(-;u). In the previous,
we lost the dependence of B in u to lighten the notation. The second term of the right
side is smooth and has a finite [/ seminorm. The first one is the product of a smooth
integrable function and H[u]. Since H is a bounded operator in H %, we can deduce from
the Lemma 5.2 that ||F||i% <C(1+ HUHZ%) Hence, returning to (5.6), we deduce that

dwll (@), +/RC(:v)axU(t,:v)(Ao[U(t)](x))de <O+ )l ,)-

Thus, from Gronwall’s Lemma, we obtain that there exists C' > 0 such that

sup [[u()| / / 2)0u(t, 2) (Ao[u()](x))2dadt < C.

t<T

Step 2: Estimate on the time derivative of the solution. Let us remark
that since for all ¢ > 0, u(t) is non-decreasing and bounded, we deduce that dyu in
bounded in L°(LL). Hence, since B is uniformly bounded, we also deduce that (t,z) —
B(z;u(t))0u(t,z) is bounded in L{(Ll). On the other hand, we have that for all
t>0,zeR

le(x)0zu(t, x) Apu \—\/autm\/c VO u(t, )| Aglu(t)](x)].

Remark now that Holder’s mequahty yields that (¢,x) — c(z)0yu(t, z)Ao[u(t)](x) is
bounded in L?(LL). Recalling the bound on Bd,u, we deduce from the equation (5.1)
that dyu is also bounded in L?(L}). Applying 9; to (5.1) and introducing v = dyu, we
find

Opv+c(x)0zulo[v(t)](x)+(c(z) Ao [u(t)]+B(x; u(t)))dzv(t, x) = —B(z,v(t))0zu(t, z) in (0, 00)xR.

Hence, from the maximum principle (recall that Ay preserves comparison results and
that both ¢ and O,u are non-negative), we obtain that

/R B(z, 2)o(t, 2)dz

d
— <
dt”“(t)”oo < |0zult, @) lloo
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Then, since v is bounded in L?(L}), it follows that (t,z) — B(x,v(t)) is bounded in
LZ(L°). Hence we obtain from Gréwall’s Lemma that

[o@)]leo < C + M(#)]|0zu(t, 2)]|oo,

where M is a bounded function of L?((0,00),R). Note that C here depends on ||v(0)]|oo
which depends on ||c0zupAo[uo]]|so, Which can be bounded by ||ug|/c1.a. The result then

follows thanks to Proposition 4.1.
O

We then obtain easily the

Proposition 5.4. Under the assumptions of the previous result, there exists C > 0
which depends only on T, c, B, ||u(0,-)||c1.e and n € (0,1) such that the norm of u in
C"([0,T],C™"(R)) is bounded by C.

Proof. Recalling Propositions 4.1 and 5.3 there exists C' > 0 such that
10| co + || 02t 00 < C.

Hence, since ||ul|co < ||tu|i=0]|co, We deduce from the so-called Aubin-Lions Lemma the

required result. O

Putting together Propositions 5.3 and 5.4 and Theorem 5.1, we then arrive at the
following.

Theorem 5.5. Assume that (5.2) and (5.3) hold and that uy is a non-decreasing func-
tion such that ||ug||c1.e < co. Then, there exists a unique viscosity solution u of (5.1)
which is continuous and such that Oyu is a bounded function, locally in time.

The proof of this result is done by following the lines of Theorem 4.6, namely by an
approximation of the equation with smooth data and the addition of the term in —e0,,
to obtain the existence. We do not provide it as it follows the same argument as before.

5.3. Comments on the cases in which ¢(-) vanishes. Let us note that the case in
which ¢(+) vanishes can lead to more complex situations. To justify our claim, we recall
the so-called Wishart case. In this situation, the PDE at interest is given by

(5.7) Ju+ m@mu/R Wdy + (n —1)0zu + b(t,x)0,u = 0 in (0, 00) x (0, 00).

In the previous, n > 1 is a parameter of the model, b is a standard drift term and the
previous equation is associated to the Dirichlet boundary condition

u(t,0) =0 for all ¢ > 0.

When b is simply given by b(t,z) = —x, there are explicit stationary solutions of the
previous equation. There are given by means of the so-called Marcenko-Pastur distribu-
tions, which we recall here. Consider the density m : (0,00) — R4 given by

_0/Or 0@ )

2nx
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where A+ = (1£+/n~1)% Then, define F(z) = [; m(y)dy. This function F satisfies for
all z >0

F(x) - F
0. F(x) (77133+x/ Wdy> =0.
Ry (z—y)
Hence, F is a stationary solution of (5.7) when b(t,z) = —x.

Note that for any n > 1, this stationary solution is Lipschitz continuous, but that this
property fails for n = 1, because F is only C A singularity is then present at x = 0,
precisely the point where both ¢(-) and b(-) vanish. In our opinion, this singularity is a
strong argument in favor of the non-propagation of Lipschitz regularity. Even though, we
insist upon the fact that even if: i) F' is the unique stationary solution of this equation,
ii) it is the limit in long time of any solution of (5.7), it is still not sufficient to establish
the fact that we cannot propagate Lipschitz regularity as it could simply deteriorate in
time.

In this case, because the singularity happens at the boundary of the domain of interest,
it is fairly immediate to overcome this possible singularity at the boundary by using the
Dirichlet boundary conditions. However, in general, if ¢(-) vanishes inside of the domain,
the situation seems to require new arguments.

5.4. The case of a singular drift. We explain in this Section how the previous study
naturally extends to the case of

(5.8) Oyu + c(x)0zuAplu] + b(z)0zu = 0 in (0,00) X R,
where ¢ is still a smooth function satisfying infc¢ > 0 but now b : R — R is only a
measurable function on which we impose that there exists (', > 0 such that

|b(x)] < Cy, a. e. for z € R,

(5.9) b+ Cpld is a non-decreasing function.

The last assumption on b implies in particular that for any = € R, one has b(z™) :=
limy - ey b(y) < limy v 2, b(y) =: b(zt). With a slight abuse of notation, we

shall denote the interval [b(z™),b(z")] = b(x). We can then reformulate the second
assumption on b with

(5.10) Va,y € Rip €b(z),q €bly) (p—a)(z—y) > -Clz—y)*

(5.11) 9ub > —C.

Remark 5.6. More general interaction kernel could have been considered following ex-
actly Section 4.

We refer the interested reader to [10] for a systematic study of transport equation
with drifts presenting this kind of regularity. In our framework, we adapt slightly the
notion of viscosity solution we already gave for this case. Namely, we are concerned with
the following Definition.

Definition 5.7. An usc function u : Ry X R is a viscosity sub-solution of (2.2) if for
any T > 0, for any ¢ € Cl}’l, 0 << oo (tg,zg) € (0,T] x R point of mazimum (resp.
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minimum) of uw — ¢, there exists py € b(xo) such that

99(to, xo) + ud(to, xo)c(xo) (A-s[¢(to)](z0) + Aslu(to)](wo))
+ podz¢(to, v0) <0 (resp. > 0).

We can provide the following result.

Theorem 5.8. Given a non-decreasing bounded initial condition ug, there exists a
unique bounded, non-decreasing in x, viscosity solution of (5.8).

The uniqueness part relies essentially on the stability of viscosity solutions as well as
on the following Lemma.

Lemma 5.9. Let u; and us be two bounded functions, non-decreasing in x for allt > 0,
which are respectively viscosity sub and super solutions of (5.8). Assume that one of them
is, uniformly in time, Lipschitz continuous in x. If for all x € R, u1(0,2) < u2(0,x),
then for allt > 0,z € R, ui(t,x) < ug(t, ).

Proof. The proof of this Lemma is a straightforward extension of Lemma 4.1 in [3].
Indeed, the localization argument can be done exactly as in the proof of Theorem
5.1, namely by the addition of the term in 7. The terms involving b will simply be
e 1 (b(zx) — b(ys)) (x4« — ys), where b(z,) and b(y.) could be replaced by any element in
those sets. By the assumptions on b, this term is greater that —Cye ! (2, — y.)? which
converges toward 0 as e — 0. Hence the proof can be carried on in the same manner. [J

In this case, the stability of viscosity solutions is expressed in the next result.

Lemma 5.10. Let (up)n>0 be a bounded sequence of bounded viscosity sub solutions
of (5.8) (resp. wiscosity super solutions). The function u* := limsup,,_,. u, (resp.
u* = liminf, o uy s a viscosity sub solution (resp. a viscosity super solution) of (5.8).

Proof. Let ¢ € C;’l such that u* — ¢ has a point of maximum at (¢, x,). Without loss of
generality, we can assume that this is a point of strict maximum. Once again, without
loss of generality, we can assume that u, — ¢ has a point of maximum at some (t,, x,).
Remark that (t,,z,) — (t«, z+) as n — 00. Since u, is a viscosity sub solution of (5.8),
it holds that for all n > 0, there exists p,, € b(x,) such that

Ot (tn, Tn) + c(20) 0P (tn, xn) Ao[d(tn, )] (zn) + b(2n)0xd(tn, xn) < 0.

Thanks to the regularity of b, we deduce that, extracting a subsequence if necessary,
Pn — D« € b(x,) as n — oo. Passing to the limit in the equation, we deduce that u*
is viscosity sub solution of (5.8). The case of viscosity super solutions follows the same
argument. ]

With the help of those two results, the uniqueness part of Theorem 5.8 is proven
exactly by following the lines of Theorem 6 in [3]. Concerning the existence part, namely
for general initial conditions, the proof now follows.

Proof. Consider up,. and wu§ two Lipschitz non-decreasing functions such that for all

e > ¢ >0, Upe < Upe < up < ugl < wug together with ug — uge < €. For any

€ > 0, denote by uc (resp. u€) the solution of (5.8) with initial condition ug. (resp.

u¢). From Lemma 5.9, we know that (u¢)eso (resp. (u€)eso) is a non-decreasing (resp.
17



non increasing) sequence. Hence it converges toward some function wu, (resp. u*). We
clearly have u, < u*. On the other hand, thanks to Lemma 5.10, we know that the lsc
regularization of u, is a viscosity super solution of (5.8) and that the usc regularization
of u* is a viscosity sub solution of (5.8), hence we deduce from the comparison principle
that u. > u® — € since the inequality holds at the initial time. Passing to the limit ¢ — 0,
we deduce that u, = u* is a viscosity solution of (5.8) with initial condition wy. O

6. SOME IDENTITIES FOR THE DYSON FLOW

In this Section, we prove various results around the so-called Dyson flow, i.e. the
equation

(6.1) oym + Oy (mH[m]) = 0 in (0,00) X R,

when the initial condition mg is in P(R). In each of the following cases, the strategy of
proof is the same: we show a certain property for smooth solutions of (6.1) ; we then
proceed by a regularizing argument to show that the associated property is also valid for
solutions m characterized by the fact that u(t,z) = m(t, (—oo,z]) is a viscosity solution
of (2.1). Since we detailed such an approximation in Section 4, we do not detail it here.

6.1. Decay of L? norms. We prove here the following statement.

Proposition 6.1. For any mg € Pa(R), the unique solution of (6.1) with initial condi-
tion mg s such that for any 0 <t <s, 1 <p< o

[m(@®)lp = llm(s)lp-

Proof. We only prove the statement for smooth solutions, the general results can be
obtained by approximation like the previous one, provided some sort of continuity in
time for the narrow convergence of probability measures. Such a continuity holds since
mo € P2(R). The relation is clearly true for p = 1 and, observing the proof of Proposition
4.1 in the case of (6.1), it is also true for p = co. Hence, it only remains to prove it for
1 < p < co. Multiplying (6.1) by mP~! and integrating we obtain

GO = [ @ )

o
——/mpAo[ ]

— _/mp m() mQ(y) dydx
(—y)
p
S L[ [ ) ) - )
(z —y)
The last term being clearly non-positive since m > 0, the result follows. O
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6.2. Around the free entropy. We introduce the function E : P2(R) - RU {—o0}
which is often called the free entropy of the physical system associated to the Dyson

flow. It is defined by
1
—5 || [ 1ostle = shutdantay).
R JR

For sufficiently smooth p, we have the following

V,E(u,x) = /R log(z — yl)u(dy),

D, E(u,z) = Hipl(x).
Hence, this quantity is deeply linked with (6.1). We shall prove later on that it is
increasing and continuous along the Dyson flow. We begin by remarking that E can be
easily expressed in terms of the Fourier transform. Indeed, denote by f the normalized
Fourier transform of a distribution f and by g(z) = log(|z|). Recall the classical relation

i) =5 (;) —100(),

where f.p. (W) denotes the finite part of ¢ — |£|~! and 7 is the Euler constant. Hence,
since E(m) = 3(m* g,m) 2, it holds that

sn=-4 (s (1) ), -

This remark leads us to the following result.

Proposition 6.2. e Take m € Py, then E(m) > —oo if and only if m € H .
o For any m € Py such that E(m) > —oo, there exists a sequence (m™),>0, valued
in Pa, with smooth bounded densities, such that m™ — m and E(m™) — E(m)
as n — oo.
e The function E(-) is upper semi-continuous for the narrow topology.

Proof. Since m € Ps, it follows that 71 belongs to CZ(R). Hence

This proves the first part of the claim. For the second part, it suffices to remark that
the result is true if we can choose (m™),>¢ such that

i () ), =il (g) o),

which is true since m € Py and E(m) > —oo. The third part of the claim is obtained
by remarking that (z,y) — log(|z — y|) is upper semi continuous. O

The first part of this result states that E(-) can indeed be used to measure some
regularity while the second one shall be helpful later on. We now pass to the main result
of this Section.
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Proposition 6.3. Let (my)i>0 be a smooth solution of (6.1) valued in Py such that
E(mg) > —oco. Then for any 0 <t' <t

E(my) = E(my) / /HmS [“msds.
t/

Proof. We start by proving the claim in the case of smooth solutions. We can compute

%E (my) / VE(myg, x)0ym(t, x)dx
(6.2)

:/RDME(mt,x)H[mt](az)m(t,x)dz.

From which we deduce

//log |x—y|)m¢(dx)my(dy) = //log |x—y|)my (dz)my (dy) / /Hms |“msds.
t/

It remains to justify the relation in the case of non smooth solutions. Let mg € Po
and assume first that mg € L. Take a sequence (pc)e>o of smooth functions which
converges in L} = toward log, for any p € [1,00), which is of the form p. = log*p,. It
then follows that

//,06 | — y|)ymy(dz)my(dy) = //,06 |z — y|)my (dx)my (dy) / /Hpe*ms H[ms]msds.
t/

Hence, the claim is proved for my € L NPy if we can pass to the limit € — 0 in the
previous inequality. The passage to the limit is indeed valid in the first two terms from
my, my € L and the fact that my, my € Po(R). For the third terms, it suffices to recall
that H is continuous in any I”, 1 < p < co and that p. *x mg — mg as € — 0, uniformly
in s, in LP for any 1 < p < oo.

Consider now a general mg € P2(R) with E(mg) > —oo and a sequence (mg) as in
Proposition 6.2. For all n > 0, ¢ > 0, we have

B = Bn) + [ [ s

Passing to the limit n — oo, we deduce that for all ¢ > 0

Bm) - B(mo)> [ [ Him.mads.

Hence, (E(m¢))s>0 is indeed increasing in time. Since it is upper semi continuous for
the weak topology, we deduce that it is continuous at ¢ = 0. On the other hand, thanks
again to the L™ regularizing effect, we have for any 0 < ¢ < t.

E(my) = E(my) / /Hms [“msds.
t/

Thus we finally obtain the result by passing to the limit ¢ — 0. O

Remark 6.4. In this case, the approximation is made on the log and not on the solution
of the equation itself.
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Corollary 6.5. Let mg € Py be such that E(mg) > —oo. Then (E(my))e>o0 is a contin-
uous increasing function.

Remark 6.6. Let us insist upon the fact that the continuity was not obtained for the
LP norm in the previous subsection.

6.3. Contraction in the Wasserstein space. We also recall the following result, of
which we provide a new proof in the case p = 2.

Proposition 6.7. Let 1 < p < 0o, and (ut)t>0, (Vt)t>0 be two solutions of (1.1) valued
in Pp, then for any t <s, Wp(us,vs) < Wplpe, ).

We start by recalling Cotlar’s identity for smooth functions v : R — R,
H[u)* = n°u? + 2H [uH[u]].
Multiplying by u and integrating, we obtain

/RH[u]QuZWQ/Ru?’—I—Q/RH[u]Qu
_ 7;/Ru3

In particular, for a probability measure m € P, H[m] € L?(m) if and only if m € L3.

Proof. We start with the case in which (11¢);>0 and (1);>0 are valued in L3. Consider an
optimal coupling v between 1y and vy for 2-Wasserstein distance and (X, Yy) a couple
of real random variables on a standard probability space such that £((Xo, Yp)) = 7. Be-
cause the processes are valued in L3, we deduce from Cotlar’s identity that H[£(Xo)](Xo)
is a squared integrable random variable. Consider now the ODEs

d d
%Xt = H[L(X)|(Xy) %Yé HIL(Y,)|(Y?).

By construction, for any ¢ > 0, £(X;) = pu: and L£(Y;) = 4. It then follows that for all
t>0
d

d
%Wg(/u’tvl/t)‘tzo < @E[’Xt — Yi[*lfi=o-

We now compute

L X, — Wil = EI(Xo — Yo)HIL(X0)| (Xo) — HIL(Y0) (Vo))

2 dt
/ / / / (w oy _1 y,> Y(da, dy)y(da', dy')
[ [P syt )

Recall that since « is an optimal coupling, (z — 2’)(y — ¥') > 0 holds v x 7 almost
everywhere. Using 2(x — 2/)(y — /) < (v —y)? + (x’ — /)%, we obtain that

1d ' =1y (x — y)2 P
-%E )
5 7 [1X: — Yi|*]fs=0 < / / / / o=y — ) v(dx, dy)y(dz', dy’)




The term on the right side vanishes by symmetry, hence SE[|X; — ¥;|?]|t=o < 0 from
which the result follows since the same argument can be made for any time.

In the general case, thanks to the L regularizing property, we deduce that for any
e > 0 such that ¢t + ¢ < s, we have Wa(us, vs) < Wa(piyte, Vire). Hence, by continuity of
the Dyson flow in (P2, W2), we obtain the required result. O

Remark 6.8. A similar approach could have been used in the case p # 2 but we do not
present it here.

7. COMPLEMENTS ON MODELING

We now present various independent extensions of the Dyson model.

7.1. A bulk of eigenvalues interacting with spikes. If the N x N matrix from
which derives the spectral measure m is perturbed by a matrix of rank one, it has been
observed in [2], that we can identify an outlier of the spectrum. That is an eigenvalue
which corresponds to the perturbation. We explain the effect of a similar perturbation
in this dynamical setting. Consider that the usual N x N Dyson model is perturbed by
the addition of the matrix ae; ® ey, for (at)i>0 is a given smooth process. Since the
rank of this perturbation is only one, it does not alter the limit spectral measure, which
is then given by the usual Dyson equation. However, if we can identify the ”outlier”
associated to this perturbation, its evolution shall naturally depend on the rest of the
spectral measure. This leads us to the system

dAt = H[mt](/\t)dt + dCLt,
(7.1) oym + O,(mH[m]) =0in (0,T) x R,
Ao = ag + H[mol(Xo), mlt=0 = mo.

Note that the main mathematical difficulty in this system lies in the fact that we do
not know in general if H[my| is sufficiently smooth to characterize (A);>0 as the unique
solution of the first equation. Indeed, even using the regularity proved in [4], we would
only have a Holder estimate on H[m,] which would give existence but not necessary
uniqueness of such a solution.

A case which is of particular importance in our opinion is the one in which the special
eigenvalue ) is greater than all the other one, more specifically when m; is supported on
a set of the form (—oo, R;| for some R; € R and when \; > R;. Indeed, in such a context,
H{[my] is locally Lipschitz and decreasing around \; as the next elementary result states.

Lemma 7.1. Let m € P(R) be supported on (—oo, Rg]. Then, H[m] is decreasing on
[Ro,00) and it is C' Lipschitz continuous on [Ry + «, 00) and C' depends only o > 0.

Proof. Let m be such a measure. Take A > X\ > Ry and compute

1
H AN —H N)y=\N-=2X ————m/(dx).
) = Hml() = O =) | msm—sm(da)
Hence the result follows since for all z in the support of m, z < Ry < X < \. O
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This implies that if we can guarantee that A\ stays strictly outside the support of
m, then the ODE satisfied by A is well-posed under standard assumptions on (at)¢>o.
Note that in several situations, this can be checked by an explicit computation. Indeed,
consider for instance the case in which mg is supported on (—oo, Rg]. Then, thanks
to Proposition 4.4 in [3], we can compare the cumulative distribution functions of the
solutions of (6.1) associated to mg and dg,. The latter is given by the semi-circular law.
Hence we know that for all ¢ > 0, m; is supported on (—oo, Ry + v/t]. Hence, if \g > Ry
and da; > 2%/{, we know that for all t > 0, Ay > R;.

An interesting feature is that in general, the fact that (A:):>0 stays outside of the
support of m; does not simply follow from the fact that this holds at the initial time as
the next result shows.

Proposition 7.2. Consider mo = 6o and Ao > 0 and assume that (at)e>0 is constant
with ag > 0. The system (7.1) is locally well posed in time and there exists ty > 0 such

that )‘to = \/%

Proof. Since A\g > 0 the system is well posed at least locally in time. Introduce Z; :=
A? —t. We want to show that there exists ¢y such that Z;, = 0. Since mg is Dirac mass,
the solution of the Dyson equation is given by my(dz) = 2/t — 3:21[_ Vv (@)dz and
thus for any = > /%

x—Vax?—t

Hpm)(z) = ==
Hence we deduce that
d At )\f —t
— 7=\ 1
at t

= f
LI+ T,
N t

Hence (Z;) is decreasing, while it is positive. Remark that it cannot have a positive
limit. Moreover, as it gets closer to 0, the previous ODE as a similar behaviour as

X <vVX \/ffl, which reaches 0 in finite time, hence the result. O

Note that a quite similar question, which is addressed in more details, in the case of
large but finite matrix, was studied in [6]. However, the authors considered that the
”bulk” is constant in time in their model.

7.2. An extension to other non-linearities. Consider the equation
(7.2) Oym + O (mo(m)H[m]) = 0 in (0,00) X R,

where o : Ry — R4 is a continuous function. Then we claim than an analysis of this
equation by means of the viscosity solutions of the PDE

(7.3) Opu + 0(0pu)dpuH [Oyu] = 0 in (0,00) x R

can be done following the lines of [3]. Indeed, the function o does not perturb the proof

of the comparison of a viscosity super-solution and a viscosity sub-solution. Note that

this is due in large part to the fact that, since we are considering here the exact Hilbert
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transform, and not some other singular operators, we do not need to show that the
Lipschitz regularity propagates in (7.3). We can provide the following result.

Proposition 7.3. Let uy be a viscosity super-solution of (7.3) and uz a viscosity sub-
solution of the same equation. Assume moreover that both are non-decreasing in x.
Then if for all x € R, u1(0,2) > u2(0,z), it holds that for all t > 0,z € R, uy(t,x) >
ug(t,x). In particular, there exists at most one viscosity solution of (7.3) given an initial
condition.

Proof. We only sketch the main lines of the proof. For € > 0, consider a point (¢, S«, Z«, Y«)
of maximum of

(t,5,,) = wa(t,) ~uals,9) — 5 (¢ 5 + (2 — ),

and assume that t,,s, > 0. Using that u; is a viscosity sub-solution and uy a viscosity
super-solution, we obtain that for all § > 0

ety — 52) + o€ (@ — y))e (@ — 92) (Asloe (@) + Aslun(t)])(22)) < 0,

€t — 5:) + o (€7@ — y))e (@e — ys) (As[e (ys) + Aslua(s)](ys)) 2 0,

where ¢e(z) = 5 (2 —y:)? and Ye(y) = —o (y — z.)% Since ui (L, -) is non-decreasing we

deduce as usual that x, > y,.. Recall that from the definition of the point of maximum,
Aslur (te)] () — As[ua(ss)](y«) < 0. Hence, taking the difference of the two relations
leads to

Co(e (@ — ya))e (4 — 5:)0 <0,

where we used the regularity of ¢. and 1. to estimate the terms in A_s. The previous is
the main argument to prove a comparison principle and the rest of the argument follows
what we did in the proof of Theorem 5.1, namely to localize the point of maximum or
to arrive at a contradiction if it not reached for t.s, = 0. O

7.3. Two systems in interaction. Another natural extension concerns the interaction
of two systems governed by two equations of the type of (1.1). Namely, consider the
system

for i € {1;2}. This system models two systems who are each driven by the Dyson
Brownian motion but who also feels an additional force (b; for the equation i) which
depends on the state of the two systems. The following holds.

Proposition 7.4. Assume that by, by : P(R)? — C%L(R) are smooth and bounded oper-
ators, and consider two probability measures mq1 and mo o in Po(R). Then, there exists
a unique solution (my,mz) of (7.4) which is characterized as being the derivative of the
couple (F1, Fy), unique viscosity solutions of

with initial condition F;(0,x) = mgi((—o0,z]).
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Proof. The existence follows easily from a compactness argument. Fix 7' > 0 and denote
by B := b1 (P(R)) Uby(P(R)). Take b: R. — B and consider the solution m® of
oym® + 0, (mPH[m"]) + 9,(bm®) = 0 in (0,T) x R.

Take a time t € [0,7] and an optimal coupling (X;,Y;) for the squared Wasserstein
distance between m” (t) and m®(t). Consider now the SDE

dXs = H[L(X)](Xs)ds + b (s, Xs)ds

dYy = H[L(Y;)](Ys)ds + b(s, Ys)ds.

Then it follows from the computation of Proposition 6.7 that

DX, Vi) < EI(X, — Y/ (s.X,) (s, Y2)
= E[(Xs = Y5)(b(s, Xs) — b(s, Y5))] + E[(Xs = Vo) (' (s, X) — b(s, Xs))]
< CE[IX, ~ Yif?] + 3 Ib — ¥

From Gronwall’s Lemma, we obtain that there exists C' such that

W3 (m"(),m" () < (e = 1)l|b = /|5

Since there exists C' > 0 such that for all b € B,

W3 (m"(t),m’(s)) < C\/]t ],

we deduce the existence of a solution of the system from standard fixed point theorems.

The uniqueness part follows the line of the Gronwall estimate used in the proof of
Theorem 5.1. Denote by (mj1,m2) and (m1,m2) two solutions of the system (7.4).
We define ui(t,z) = [*__m(t,y)dy and similarly for up, @ and ag. Define M(t) :=
|(u1(t),u2(t)) — (U1(t), u2(t))|lcc- From the regularity we assumed on b; and be, we
deduce (from the proof of Theorem 5.1) that there exists C' > 0 such that for i = 1,2,
t>0

t
Jui(t) = @i(0)]l oo < C / M(s)ds.
0
Hence, we obtain the uniqueness of a solution of (7.4) ]

7.4. Reflexion at the boundary. We explain how we can model the reflexion of eigen-
values at a certain boundary. This classical question in stochastic analysis is now well
understood, especially since the seminal works [11, 12]. Namely, we want to explain why
the reflexion of the eigenvalues of the matrix on a certain maximum level Ry does not
perturb the mathematical analysis. We do not provide the full study of such a phenom-
enon but rather explain why this kind of reflexion does not create a singularity near Ry.
We follow the approach of [12].

To make the matter more precise, consider an element my € P(R) with bounded
density, still denoted mg and consider for € > 0 the following equation

(7.5) om + 0 (mH|[m)]) + 0, <1(x — Ro)+m(t, 1:)> =01in (0,00) X R.
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This kind of penalization is well known to approximate the reflexion at Ry, or equiv-
alently the Neumann Boundary condition at Rg. We can prove the following result.

Lemma 7.5. For all € > 0, the solution m of (7.5) satisfies for all t > 0,z > 0
m(t, x) < |lmol|oo-

Proof. The result follows form a standard a priori estimate once again. It is immediate
to check that, if m is smooth, for any ¢ > 0, at any point of local maximum z of m(t, -),

dum(t, %) + m(t, 7) Ao[m(t, )](@) + %1{5230}m(t, %) = 0.

Which implies the result since the same kind of argument as in Lemma 77 can be carried
on to justify this computation. O

With the help of this Lemma, it is now entirely classical to establish the following.

Theorem 7.6. Let ug € WH(R). The sequence (uc)eso of solution of (7.5) converges
locally uniformly toward the unique viscosity solution of

Oyu + OyuAplu) = 0 in (0,00) X (—o0, Rp),
Oru(t,Ry) =0 for all t > 0.
Moreover, this solution satisfies

u(t,z) =1 for allt > 0,2 > Ry.
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