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computational overhead in the system on ® and A and improves its numerical
condition, facilitating the iterative solving procedure. Simulations on a periodic
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1 | INTRODUCTION

Studying the heat exhaust of large magnetic fusion devices requires a good understanding of turbulence in the toka-
mak edge region. Experimental studies have demonstrated that plasma filaments are responsible for the transport of hot
plasma particles over large distances beyond the separatrix.!'2! Electromagnetic effects play a key role in driving plasma
turbulence in the pedestal region, especially when approaching the L-H transition. They affect the filamentary structure
of turbulent plasma blobs in the scrape-off layer.[*->] Characteristics of drift Alfvén turbulence and its effect in tokamak
edge plasma were extensively described by Scott in the past years.[%-8]

It is, therefore, no surprise that many code projects with the fluid-drift approach such as BOUT++,1°! GRILLIX,[°] or
GBS approach use an electromagnetic model to some extent. Electromagnetic effects can typically manifest under two
forms: magnetic induction, which provokes shear Alfvén waves, and electromagnetic flutter, which perturbates magnetic
field lines. This work will focus on the implementation of the inductive model in Soledge3X.

This is an open access article under the terms of the Creative Commons Attribution-NonCommercial-NoDerivs License, which permits use and distribution in any medium,
provided the original work is properly cited, the use is non-commercial and no modifications or adaptations are made.
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2 | THE ELECTROMAGNETIC MODEL IN SOLEDGE3X

Soledge3X is a multispecies 3D transport code that allows to study various aspects of edge plasma such as turbulent
transport,!'>13] plasma-neutral interaction,!'*! or impurity transport.['>! The magnetic configuration is assumed to be
toroidally symmetrical and is fixed in time. Under these circumstances, the unit magnetic field vector b = B/B has
always a zero value in its radial component. Spatial operators are commonly applied in either parallel or perpendicu-
lar directions; therefore, introducing the operators Vy =b -V and V, = V — bV contributes to the readability of the
upcoming equations.

2.1 | Conservative equations
The Soledge3X model discretizes Braginskii equations!'®! to a finite volume method in which flux balances are calculated

at each cell face before solving the conservative equation in the corresponding cells. These equations are provided for the
ion density n;, the ion momentum in parallel direction m;v); and both the ion and electron energies g,:

oni+V- [I’li(\)”,ib +VJ_,i):| = S”i (1)
0 [miniv”,i] +V. [mil’lﬂ)”,i (V”!ib + VJ_,i)] = —V”pl’ + ZieniE” -b-V. ﬁi + R” + SrH.i (2)
0iea + V- |(€a + P) (Vb + Vi) + ﬁ, (Vb +Via) + | = (Vb +Via) (B + R+ Q+ S, 3)

In this set of equations, the density and momentum source terms Sy, and Sr, originate from ionization and recom-

bination processes, the stress tensor II; comprises parallel ion viscous effects, perpendicular anomalous viscosity, and
diamagnetic effects and R is a friction force from the Zhdanov closure. The total energy corresponds to the sum of
thermal and parallel kinetic energy €, = %ena T, + %m,, n,,vﬁya and the heat flux q, has collisional and a diamagnetic com-
ponents. The electron density is not explicitly solved but can be retrieved from the charge-weighed sum of ion densities
under the quasi-neutrality assumption. A similar operation is performed for the electron momentum if we assume an
ambipolar plasma.

In the conservative (Equations 1-3), the velocity vector is split into its parallel and perpendicular components. This
is because v ; is obtained by solving the momentum conservation equation, but the perpendicular part v, ; =b X (v; X b)
requires the drift-ordering assumption. With the values of the pressure p; and the electric potential ®@ from the previous
timestep, the first-order drift is the sum of the “E cross B” and diamagnetic drift velocities:

“4)

! B? enZB?

A second-order drift can then be calculated by summing the polarization, the friction force, and the parallel viscous

stress drifts which all require v(f)l..

2.2 | Charge balance equation

In the electrostatic approach, the “E cross B” drift in Equation (4) requires the perpendicular gradient of the electric
potential E; = —V, ®. It can be derived from the quasi-neutral charge balance equation where the divergence of the total
current vanishes V - j = 0. The current density is defined asj** = ¥ g,n,V,, and as for the velocity, it is decomposed in
parallel and perpendicular components. We then have the following equation where friction and viscous stress currents
are omitted:

A [i”b +ji +jJ_,pola] =0 (5
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For the polarization current, we need to introduce the vorticity Q of the first-order drift velocity, dependent on the
cyclotronic frequency w..

ons B[a(3) o)

The divergence of j, ,,, is then the total time derivative of the vorticity,'”! which can be decomposed in V - j Lpola =
—0:Q + V - j,. The current j, corresponds to the vorticity flux. We finally have

. min; .
Vo Jipola = =0tV Z[ 'y, ® + q—lel] +V-jo (7

The diamagnetic current j) is obtained from the diamagnetic drift velocity v} in Equation (4). The equation on the
parallel current is derived from the difference of the parallel momentum balances (Equation 2) for electrons and ions.
It carries the main modification with the introduction of the electromagnetic model which will be detailed in the next
sections.

2.2.1 | Electrostatic vorticity equation

In the current electrostatic model, the parallel current is given by Ohm’s law with neglected electron mass:

Ji=oj (Eu +— VPe - JR ) ©))

The parallel electric field is calculated as E; = —V @, and the parallel conductivity ¢ and the thermal force R, =
—0.71n.V) T, are obtained from Branginskii’s closure. If we plug this into the charge balance (Equation 5), we obtain a
system on the electric potential ®:

9,V - Z mnled) +V. [6||V”(I)]b=V £V||10gn€+ﬂvllTe b + RHS (9)
e e

The generic right-hand side term contains all remaining terms from the vorticity evolution 7 and the charge balance 5
that are not essential in this discussion. The system is solved implicity for the potential ® at each timestep and it becomes
apparent that both a parallel and perpendicular Laplacian need to be solved on the potential ®@. The ratio of the diffusion
coefficients o B%/(m;n;d;) typically reaches very large values above 10° leading to an anisotropic system that challenges
the converge behavior of iterative solvers.

2.2.2 | Electromagnetic vorticity equation

The electrostatic model is extended by electromagnetic induction effects. For this purpose, we need to introduce the
parallel magnetic vector potential A to the system whose curl corresponds to the magnetic field:

VxA=B (10)

Because parallel scales are much larger than perpendicular ones, we only consider the parallel projection Ay = A - b.
In the Coulomb gauge, the electromagnetic potential, Ampere’s law links A to the current density V - V A = —puqjj
and the rate of change of A enters the definition of the parallel electric field Ej = —V® — 9;4;;. The former com-
pletes the vorticity system with a new equation on A while the latter affects the expression of the electric field in
Ohm’s law (8).
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In addition, Dudson et al.l'8! suggested a finite electron mass to stabilize Alfvénic dynamics, that results in an electron
inertia term in Ohm’s law. The new set of equations with electromagnetic induction and electron inertia then reads

min; .
v [ Blzlafvlq)] =V (jyb) + RHS (1)
 oyme (0] , T 1.71
Ji n" e; <a_l‘| -V (VeVJJII)> =0 <—V||¢ — QA + fvn log(n,) + TVnTe) 12)
e
ALA) = —Haj) a3

The perpendicular diffusion on j; with coefficient v, emanates from the anomalous viscous transport in the ion
momentum (Equation 2) and a specific diffusion coefficient can be defined for electrons that may improve the numerical
stability.

3 | IMPLEMENTATION OF THE MODEL

In the original Soledge3X model, the parallel current density j; did not exist as a proper variable because its expression was
hidden in various terms of the vorticity equation. The electromagnetic potential A in turn is entirely new to the model.
Both scalar fields need to be added to the model and their implementation raises some peculiarities about the meshing
and the coupled implicit 3D vorticity system that will be discussed here.

3.1 | Numerical treatment of the electromagnetic vorticity equation

The new fields A; and j; must be nondimensionalized according to the existing model. We choose the electromagnetic
potential to be homogeneous to the current density from Ampere’s law 13. We further introduce the reference ratio f to
conveniently useﬁ” in Ohm’s law. Together with the reference density no, the reference thermal speed ¢y = /eT/m, the
Larmor radius po and the reference magnetic field strength By, we get

. eny T
Ji,o = enpco Ajo = HoeNoCopy fo = —=2 (14)

B(z)/ﬂo

The dimensionless fields ®, 21”, and}'\” are then solved implicitly in time. A coupled system on the two potentials needs
to be solved on the full 3D domain to compute their new values:

6 . I:ﬁJ_%LO] + 6 . [ﬁu%nob] %% . [ﬁ”ob] é\)new
Dyjo %‘;ﬁMO -V [%O] ﬁﬁ‘ew
V- [Bdeb| +-9|D.V.80| + 29 [ByAdin| + RHS as)
- Do + &b Ackd 4+ RHSM
[ o
with : ﬁl — ifl\i’D” = - iHni&A and ﬁt - a"rfeA
B25, n.ot+o) m, n,8t+0) m,

The parameter 5 depends on the time-stepping scheme and equals the timestep size only for a first-order implicit Euler
method. Analogously, the terms labeled with 0% correspond to a combination of the values at the previous timesteps, or
simply the last calculated value for the implicit Euler method. Once the system has been solved for ® and A, the new
value for the parallel currentJA'ﬁ‘eW is retrieved employing Ohm’s law (12); hence, the scheme is equally implicit for]A'”.

The top left block matrix in Equation (15) along with the upper right-hand-side vector corresponds to the electrostatic
vorticity system 9. The major difference appears within the parallel diffusion coefficient D where electron inertial terms
complement the parallel conductivity o). By construction, D) is always smaller than o) and the difference is more pro-
nounced for low timestep sizes. This reduces the anisotropy, improves the condition of the system, and should facilitate
the convergence of iterative solvers.
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FIGURE 1 Schemes of the staggered mesh. Conventional fields (e.g., n, T, and @) are defined at the centres of the depicted cells. The
left scheme shows a general limiter configuration on a poloidal plane with cells in the tokamak wall filled. Staggered points are not defined
on the sheath domain boundary. The right scheme is a three-dimensional view of the meshing. The red cross shows the position of the
staggered point corresponding to the central cell in the depicted 3 x 3 x 3 block.

3.2 | Discretization and boundary conditions

One specificity in Soledge3X is the field-aligned coordinate system in which a structured grid is aligned with magnetic
flux surfaces. Each point in the domain is hence uniquely defined by a set of one radial, one poloidal, and one toroidal
index [iw, ig, iq,]. In Equations (11)-(13), A; and j appear to be one spatial derivative in parallel direction away from the
remaining fields. To take advantage of compact finite differences in the finite volume method they are defined in poloidally
and toroidally staggered cells. Figure 1 illustrates the construction of this staggered grid from the regular centered
meshing.

Staggered mesh points overlap with the domain boundary at the sheath where equilibrium magnetic field lines inter-
sect the wall. These points are however not solved in the implicit system from Subsection 3.1, as their values for A]”BC and
jﬁc are calculated otherwise. The electromagnetic potential drives perturbations that we assume to vanish in direct vicin-

ity to the wall; hence, we enforce Dirichlet boundary conditions Aﬁc = (. For coherence with the finite electron mass in

Ohm’s law, we need to consider inertial effects on the sheath current (1 + nm; 0 ) jﬁc = jsat(1 — €*=%/T¢). This current is

calculated in the vorticity equation by linearizing o.

4 | MODEL VERIFICATION

The new electromagnetic model was first verified with an analytic solution and then validated with a linear test case.

41 | Method of manufactured solutions

The method of manufactured solutions (MMS)!'°] offers a convenient framework to compare a numerical model with its
exact solution. It stipulates adding analytic source terms to the right-hand side of a PDE to compensate for all numerical
operators that appear in the model. In our case, we define a three-dimensional distorted mesh on a toroidal magnetic
configuration with arbitrary initial profiles for all plasma fields. The source terms described in the MMS approach are
added to all time-independent terms of the model (11)-(13) to conserve a steady state. If we now compare the initial
plasma distribution with any subsequent timestep, we can evaluate the error induced by the numerical scheme. Moreover,
if we adjust the resolution of the discretization, the change in the calculated error indicates the order of convergence of
the numerical scheme, which shall be close to the theoretical value of two.

Between each scenario, the number of cells per direction is increased by a factor ~ 1.3, using periodic boundary con-
ditions in poloidal and toroidal direction and Dirichlet boundary conditions radially to prescribe the analytic solution
there. Fields are initialized with a sinusoidal distribution centered around a realistic reference value and we let the sim-
ulation run for one single timestep. The relative truncation error is then calculated for the fields of interest A4, j, and ®
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Vorticity system with parallel A and j / tortured grid
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FIGURE 2 Error and convergence of the MMS model. The points show the estimated error while the dashed line indicates the slope of
the theoretic second-order convergence.

as well as the connected vorticity Q. We observe an excellent agreement in Figure 2 between the calculated error and its
predicted quadratic decrease, showing that the new staggered operators have been properly implemented.

4.2 | Linear analysis
A more comprehensive test would be to show that the model can reproduce basic linear plasma behavior. To this effect,

we consider a standard four-field model that couples the electron density n, with the parallel current density j; and both
potentials @ and A. The governing equations now are

v [%‘qu’] =V - (jib) ALA) = —pojy a6
Ji+ 2204y = o <—V||q’ — 0 A + %Vn log(ne)> dne = <V - jy

It is essentially an isothermal variant of the original system in Equations (11)-(13) without curvature effects. Its
complex dispersion relation has a real and an imaginary part indicating the appearance of a decaying wave. The wave
frequency depends on the parallel and perpendicular wave numbers kj and k, linked to the respective Laplacian terms.

] K
i L 17)
“o= n + Le g2 I m 2
eHo T 5K 40'ﬁ<#0 + ez—eki>

n;

In cases with high parallel conductivity, the first term dominates the dispersion relation. We then observe that the
relation describes a wave in parallel direction whose velocity is bound by the Alfvén wave speed vy = 5__ for small k;

iMiHo
and by the thermal electron wave speed vy, = \/emZ for large k. This is in line with the findings by Dudson et al.['*] and
reflects the need for electron inertia to avoid unph};sically large speeds in the upper k; limit.

To best observe the dispersion relation in an actual simulation, we set up a 3D slab domain with periodic boundary
conditions in all three spatial directions. A uniform magnetic field acts in a diagonal direction in the & — ¢ plane, hence
no curvature effects act on the plasma. The electron density is initialized with the 3D wave profile for the mode (1). The
same profile appears quickly after on the three remaining fields from the model 16 and a decaying standing wave evolves
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FIGURE 3 Behavior of the 3D SLAB model with 63 cells per direction and periodic boundary conditions everywhere. We apply an
initial wave profile for the density and let the system 16 evolve accordingly. (a) Evolution of the normalized perturbation amplitude for every
field. (b) Fitted wave frequencies for different perpendicular wave numbers at a fixed parallel wave number. The solid lines indicates the
expected frequency from the dispersion relation (17).

asitappears in Figure 3a. With the electron density as a reference, the electric potential ® evolves with the opposite phase,
while the electromagnetic vector potential A and the parallel current density j; have the same 7 /2 phase shift.

By construction, the slab dimensions define the cartesian wavenumbers k,,, ky, and k,. Together with the uniform
magnetic field, we can express the squares of the directional wavenumbers in the dispersion relation 17:

ky = boks + bk, K2 = (ky + ko + k) = 2 (18)

To reproduce the transition from Alfvén to thermal electron waves as in Stegmeir et al.,['! we fix k; and modify the
radial slab dimension to compare the wave behavior at different perpendicular wavenumbers k, . After a sufficient number
of iterations, the wave frequency is fitted with a least squares method to the profile. The transition between Alfvén and
thermal electron waves is visible in Figure 3b, and the fitted frequencies for all four fields match well with the predicted
value along the solid line.

5 | FIRSTSIMULATIONS ON A LIMITER SCENARIO

Now that the correct implementation has been verified, we will have a glimpse at how the electromagnetic model behaves
in a more realistic geometry. We consider a torus with an outer radius of 0.6 m, where we simulate edge plasma comprised
between the inner radii 0.12 and 0.24 m. There is an outer limiter that extends into the plasma up to an inner radius of
0.2 m and the toroidal magnetic field has a strength of 1 T. The plasma is composed of electrons and deuterium ions with
a constant density and energy source inside the separatrix to excite turbulence. Radial transport is carried by “ExB” and
“gradB” drifts. The mesh has 128 cells in radial, 512 in poloidal, and 32 in toroidal direction, where we only consider a
1/4 of a torus.

5.1 | Electromagnetic snapshots

To achieve an electromagnetic simulation, an electrostatic turbulent scenario is restarted after a few 100 timesteps.
Steady-state Ohm’s 12 and Ampere’s 13 laws give a reasonable guess for the initial distributions of respectively j; and 4
at the restart. The plasma g depends on the local plasma conditions and reaches values of about 0.1%, and electron inertia
effects rely on a physically accurate mass ratio m,/m, ~ 5.5 - 10~*. Typical simulation snapshots for the described circular
scenario are shown in Figure 4. Turbulent structures appear and take a filamentary structure that expands radially.
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(f)
FIGURE 4 Snapshots of poloidal planes with established electromagnetic turbulent profiles on a toroidal geometry with an outer

limiter. Results are shown after 0.8 ms simulated time. (a) electron density n,. (b) electron temperature T,. (c) Radial ExB drift uﬁB .(d)
Electric potential @. (e) Parallel current density j;. (f) Parallel electromagnetic potential A.
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FIGURE 5 Evolution of the following numerical parameters over time iterations on the turbulent limiter scenario: (a) Time step size.
(b) Number of iterations of the implicit solver on the 3D limiter scenario. (c) Solve time of the implicit solver.

5.2 | Numerical observations

Electron inertia and electromagnetic induction can be switched on and off independently in the model 11-13. This
section aims to compare the numerical behavior of the code in each scenario. One key aspect of the implicit treatment
in Soledge3X is the coupled system 15 between ® and Aj. Compared with the electrostatic case, the 3D operator dou-
bles the number of unknowns to accommodate both potentials which will inevitably impact the code performance. The
simulation is run on The biconjugate gradient stabilized method!?°! (KSP-BCGS) with the geometric algebraic multi-
grid (PC-GAMG) preconditioner from the PETScl?!! iteratively solving the extended vorticity problem. The simulation is
executed on 384 computing cores on 8 nodes of the MARCONTI computing centre./??!
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We run a pure electrostatic simulation (PHI), an electrostatic with electron inertia (PHI-J) and an electromagnetic
with electron inertia (PHI-J-A). The simple electromagnetic scenario with zero electron mass is missing because of crit-
ical numerical instabilities, which is the first hint at the benefits of electron inertia. Figure 5 shows the evolution of the
timestep size, the number of KSP iterations until convergence and the PETSc solve time for the vorticity system. The
timestep size, driven by the CFL condition derived from particle, momentum, and energy fluxes, takes similar values
for all three cases, indicating that the fluxes are not severely impacted by magnetic induction or electron inertia. On the
other hand, the number of iterations the iterative solver needs to converge depends on the chosen scenario. The PHI and
PHI-J cases roughly follow the same pattern with occasional peaks. On average, the case with electron inertia requires
slightly fewer iterations thanks to the reduction in anisotropy of the vorticity equation (explanations in Subsection 3.1).
The electromagnetic case however needs twice as many iterations to converge on average, which can be explained by
the more complex matrix structure that covers two coupled systems in the inherent challenges it poses for the iterative
solver. These observations are reflected in the solve time of the vorticity system which is significantly higher in the elec-
tromagnetic scenario. Not only does the solver need more iterations, but the system has doubled in size which negatively
impacts the solve time. Despite of the performance degradations, this implicit procedure for electromagnetic simulations
is appropriate as the additional costs remain reasonable.

6 | CONCLUSION

A new electromagnetic model was implemented in the Soledge3X code, introducing magnetic induction and electron
inertia. For this purpose, two new fields are now solved implicitly with the electric potential ® in the vorticity equation:
the parallel electromagnetic vector potential A; and the parallel current density j;. They are defined on a poloidally and
staggered grid and require a new set of adapted numerical operators whose correct second-order implementation could be
verified with the MMS approach. The new model introduces basic electromagnetic plasma behavior in the form of shear
Alfvén waves that could be accurately measured in a linear model on a three-dimensional cartesian slab domain. Success-
ful simulations on a circular limiter scenario show that the electromagnetic model can be used along with “ExB”-drifts
for turbulence analysis.

The implicit approach avoids new limitations on the CFL condition and allows us to keep the flux-driven timestep size.
Considering a finite electron mass has proven to be essential for numerical stability. By design of the coupled implicit sys-
tem, it reduces the anisotropy of the vorticity problem, and we could already observe an improved convergence behavior
of the iterative solver in the electrostatic scenario with electron inertia. In the full electromagnetic setting, however, the
coupling between the vorticity equation and Ampeére’s law adds complexity to the solving procedure and consequently
increases the effective solve time. The performance degradation remains acceptable and is worth the additional physics.

In future work, the staggered operators need to be extended to the X-point geometry to achieve electromagnetic simu-
lations on realistic domains for diverted tokamaks. An in-depth analysis of the impact of magnetic induction on turbulent
growth rates may replicate observations on faster-growing perturbations of the electric potential.l?*! The now-available
electromagnetic potential A allows us to calculate perturbations of the equilibrium magnetic field, introducing flutter
phenomena to the model. This could help to stabilize turbulent profiles even in low-$ plasmas!>*! and opens the path to
study resonant magnetic perturbations (RMP)!?*! or radial heat transport at the targets.[>°]
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