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LINEAR ISOMETRIES OF Hol(D)

I. CHALENDAR, L. OGER, AND J. R. PARTINGTON

Abstract. A complete characterisation is given of all the linear isometries of the Fréchet
space of all holomorphic functions on the unit disc, when it is given one of the two standard
metrics: these turn out to be weighted composition operators of a particular form. Operators
similar to an isometry are also classified. Further, the larger class of operators isometric when
restricted to one of the defining seminorms is identified. Finally, the spectra of such operators
are studied.

1. Introduction

Let X be a topological space of holomorphic functions on the open unit disc D. For m
a holomorphic function on D and φ a holomorphic self-map of D, then the linear operator
defined by

Wm,φ(f) = m(f ◦ φ), f ∈ X,

is called the weighted composition operator with symbols m and φ.

Observe thatWm,φ(f) =MmCφ(f), whereMm(f) = mf is the multiplication operator with
symbol m and Cφ(f) = f ◦φ is the composition operator with symbol φ. If m is identically 1,
then Wm,φ = Cφ, and if φ is the identity, then Wm,φ =Mm. Weighted composition operators
are fundamental in the study of Banach and Hilbert spaces that embed continuously in
Hol(D), the algebra of all holomorphic functions on D. Indeed, the study of the geometry
of a space X is centered on the identification of the linear isometries on X, and there is an
obvious connection between weighted composition operators and isometries.

This connection can be traced back to Banach himself. In [5], Banach proved that the
surjective isometries on C(K), the space of continuous real-valued functions on a compact
metric space K, are of the form T : f 7→ m(f ◦φ), with |m| ≡ 1 and φ a homeomorphism of
K onto itself.

Although the characterisation of isometries is an open problem for most Banach spaces of
holomorphic functions, there are many spaces for which the isometries are known.r On the Hardy space Hp of the open unit disc D, p ̸= 2, Forelli has shown that the

isometries are certain weighted composition operators ([12]).r On the Hilbertian Hardy space H2 on D, there are too many isometries to have a com-
plete characterisation. However, in [7, Prop. 4.2], Chalendar and Partington showed
that provided that the symbol φ is inner, there exist weighted composition operators
Wm,φ that are isometries. Recall that on H2, Cφ is isometric if and only if φ is inner
and φ(0) = 0 (see [20]), whereas Wm,φ is isometric implies that φ is inner but no extra
condition on φ is required.
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2 I. CHALENDAR, L. OGER, AND J. R. PARTINGTON

r On the Bergman space Ap of D, p ̸= 2, Kolaski ([15]) showed that the surjective
isometries are weighted composition operators. Zorboska ([21]) initiated the study of
isometric weighted composition operators on A2 of D. Those classes of operators were
also considered in [7] on weighted Bergman spaces.r On the disc algebra A(D), El-Gebeily and Wolfe ([11]) showed that the isometries are
of two types: either they are weighted composition operators (« Type 1 » isometries),
or we have to add an extension operator to these « Type 1 » isometries.r On the Bloch space, the first study of the isometries was made by Cima and Wogen
in [8]. They analyzed the isometries on the subspace of the Bloch space of the open
unit disc whose elements fix the origin. On this space, they showed that the surjective
isometries are normalized compressions of weighted composition operators induced by
disc automorphisms, whereas Colonna ([9]) gave a characterisation of the isometric
composition operators on the Bloch space.

We will not give an exhaustive list of contributions in this area but we would like to
emphasize the fact that the weighted composition operators play a central role in the study
of the isometries on several spaces of holomorphic functions on D.

The goal of this paper is to characterise the linear isometries on the set Hol(D) of all
holomorphic functions on the open unit disc D. This is a Fréchet space, endowed with the
family of seminorms defined by

∥f∥∞,1−1/p := sup
|z|≤1−1/p

|f(z)| , f ∈ Hol(D), p ∈ N.

Other sequences are possible, and the results we prove will apply to these too.
These seminorms are associated with the topology of uniform convergence on all compact

subsets of D. An isometry of Hol(D) is simply an isometry for all the seminorms ∥·∥∞,1−1/p,
thanks to the following lemma.

Lemma 1.1. Let X be a Fréchet space, and (∥·∥k)k≥1 an associated increasing family of
semi-norms. A linear operator T : X → X is isometric, considering the distance dX defined
by

dX(x, y) =
∞∑
k=1

2−kmin(1, ∥x− y∥k),

if and only if for all x ∈ X and k ∈ N, ∥Tx∥k = ∥x∥k.
Proof. Assume that for all x ∈ X and k ∈ N, ∥Tx∥k = ∥x∥k. Then, for all x, y ∈ X,

dX(Tx, Ty) =
∞∑
k=1

1

2k
min(1, ∥Tx− Ty∥k)

=
∞∑
k=1

1

2k
min(1, ∥T (x− y)∥k) =

∞∑
k=1

1

2k
min(1, ∥x− y∥k) = dX(x, y).

Hence, the operator T is isometric on X for the distance dX .
Conversely, if there exist x ∈ X and p ∈ N such that ∥Tx∥p ̸= ∥x∥p, consider the smallest

such p (that is ∥Tx∥q = ∥x∥q for all q < p). Assume that ∥Tx∥p < ∥x∥p, and take y = x/ ∥x∥p.
Recall that for q < p < r,

∥y∥q ≤ ∥y∥p = 1 ≤ ∥y∥r .
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Then, since ∥y∥p > ∥Ty∥p,

dX(y, 0) =
∞∑
k=1

1

2k
min(1, ∥y∥k) =

p−1∑
k=1

1

2k
∥y∥k +

1

2p
∥y∥p +

∞∑
k=p+1

1

2k

>

p−1∑
k=1

1

2k
∥Ty∥k +

1

2p
∥Ty∥p +

∞∑
k=p+1

1

2k
min(1, ∥Ty∥k)

= dX(Ty, 0).

Finally, the operator T is not isometric on X, for the distance dX .
If we have the reverse inequality ∥Tx∥p > ∥x∥p, then by taking z = x/ ∥Tx∥p, since

∥z∥p < ∥Tz∥p = 1, the same calculations give

dX(Tz, 0) =
∞∑
k=1

1

2k
min(1, ∥Tz∥k) =

p−1∑
k=1

1

2k
∥Tz∥k +

1

2p
∥Tz∥p +

∞∑
k=p+1

1

2k

>

p−1∑
k=1

1

2k
∥z∥k +

1

2p
∥z∥p +

∞∑
k=p+1

1

2k
min(1, ∥z∥k)

= dX(z, 0),

so T is also not isometric on X for the classical distance. □

A similar result holds for another commonly-used metric on Hol(D).

Lemma 1.2. Let X be a Fréchet space, and (∥·∥k)k≥1 the associated increasing family of
semi-norms. A linear operator T : X → X is isometric, considering the distance d′X defined
by

d′X(x, y) =
∞∑
k=1

2−k
∥x− y∥k

1 + ∥x− y∥k
,

if and only if for all x ∈ X and k ∈ N, ∥Tx∥k = ∥x∥k.

Proof. The « if » implication is clear, and we now prove the « only if » implication.
Let ak = ∥x∥k and bk = ∥Tx∥k. These are increasing sequences and we can clearly assume

that not all the ak are 0 and not all the bk are 0, as otherwise x = 0. So let us suppose that
ak > 0 for k ≥ k1 and similarly bk > 0 for k ≥ k2 (so that ak = 0 if k < k1 and bk = 0 if
k < k2).

We have that for each λ > 0
∞∑

k=k1

1

2k
λak

1 + λak
=

∞∑
k=k2

1

2k
λbk

1 + λbk
.

Divide by λ, set λ = 1 + s and write αk = 1/ak and βk = 1/bk. We have
∞∑

k=k1

1

2k
1

αk + 1 + s
=

∞∑
k=k2

1

2k
1

βk + 1 + s
,

initially for s > 0 but, because these series define H1(C+) ∩H2(C+) functions on the right
half-plane C+, they define the same function. These are sums of reproducing kernels (see, for
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example, [18, Sec. 1.2]), and we may take an inner product with the function e−ws ∈ H∞(C+)
for w > 0 to get

∞∑
k=k1

1

2k
exp(−w(αk + 1)) =

∞∑
k=k2

1

2k
exp(−w(βk + 1)).

Again, these are equal as H∞(C+) functions of w, so on w = iy for y ∈ R they are equal
almost everywhere, and they are both almost-periodic functions of y, so that αk = βk for
all k (this standard fact can be found in many places: for example, [18, Sec. 5.1]). This
completes the proof. □

The paper is organised as follows. First, in Section 2, we characterise the linear isometries
of Hol(D), using only two different seminorms. We prove (Theorem 2.1) that they are trivial
weighted composition operators in the following sense: they are defined by

Tα,β(f)(z) = αf(βz), f ∈ Hol(D), z ∈ D, |α| = |β| = 1.

We will mainly need the two following results. The first one comes from [2, Proposition
2.1] and gives a necessary and sufficient condition to be a composition operator on Hol(D).
The second one is a new characterisation of finite Blaschke products.

Lemma 1.3. Let T : Hol(D) → Hol(D) be linear and continuous. Then T is a composition
operator if and only if for all n ∈ N0, Ten = (Te1)

n, with en(z) = zn.

Theorem 1.4. Let ε > 0 and g ∈ Hol((1 + ε)D) such that g(D) ⊂ D.
Then X := {ξ ∈ T : |g(ξ)| = 1} is either finite, or is equal to T. Moreover, if X = T, then

g is a finite Blaschke product.

Proof. Note that g(D) ⊂ D. Indeed, by the open mapping theorem, if there exists z0 ∈ D
such that |g(z0)| = 1, then there exists some z1 ∈ D close to z0 such that |g(z1)| > 1, which
is impossible.

Consider now g as a continuous map from T to D. Then X = g−1(T) is a closed subset of
T (since g(D) ⊂ D).

Assume that X is not finite. Then, the set T\X is an open subset of T, that is a union
of an infinite number of open intervals of T. We look at the edges of these intervals, which
lie in X. If none of these edges is a limit of points of X, then the set X only consists of
isolated points (the edges). But since X is infinite, by the Bolzano–Weierstrass theorem, X
must contain a limit point, contradicting the assumption. Hence, one of the edges is indeed
a limit point of X, denoted in the following as z0.

This point satisfies |g(z0)| = 1, and there exist two sequences (un) ⊂ X and (vn) ⊂ T\X
(it is sufficient to take points from the chosen interval) which tend to z0, such that |g(un)| = 1
and |g(vn)| < 1.

We set ϕ1, ϕ2 two conformal maps from T to R ∪ {∞} defined by

ϕ1(z) = i
z − z0
z + z0

, ϕ2(z) = i
z − g(z0)

z + g(z0)
.

They satisfy ϕ1(z0) = 0 and ϕ2(g(z0)) = 0. Denote h = ϕ2 ◦ g ◦ ϕ−1
1 .
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Since ϕ−1
1 is holomorphic near 0, as is ϕ2 near g(z0), the function h is holomorphic around

0, satisfies h(0) = 0 and there exist two sequences (an), (bn) ⊂ R (corresponding to (un) and
(vn) ⊂ T) such that an → 0, bn → 0, h(an) ∈ R and h(bn) ̸∈ R. However,

h′(0) = lim
n→∞

h(an)

an
∈ R.

The map h1 : z 7→ h(z)/z − h′(0) is also holomorphic around 0, and satisfies h1(an) ∈ R.
Then, in a same way, we get h′1(0) = h′′(0) ∈ R. Iterating this reasoning, all the derivatives
of h at 0 must be real, so h(bn) ∈ R (since bn ∈ R). Impossible.

Finally, we must have T\X = ∅, i.e., X = T, that is g(T) ⊂ T. Hence, g is a finite
Blaschke product, using [14, 17]. □

Next, in Section 3, we focus on the composition, multiplication, and weighted composition
operators that are similar to a linear isometry of Hol(D). We obtain a complete description
of those operators (Theorem 3.2).

In Section 4, we give a characterisation of the linear isometries for a single seminorm
∥·∥∞,1−1/p (Theorem 4.2). There are more than for two seminorms, as expected, and the
results from the disc algebra, by El-Gebeily and Wolfe ([11]), will be in the spotlight in this
section. We also need the following lemma.

Lemma 1.5. Let ε > 0, and f ∈ Hol((1+ε)D) such that f(D) = D and f((1+ε)D) ⊂ (1+ε)D.
Then, f is a rotation.

Proof. Using Theorem 1.4, we know that f is a finite Blaschke product. Moreover, the zeroes
of f are in (1 + ε)−1D. We consider three cases.
(i) If f(z) = eiθzn, for some integer n ≥ 2, then for z0 = 1 + aε,

|f(z0)| = (1 + aε)n > 1 + ε,

for a ∈ (0, 1) sufficiently close to 1. Hence, f((1 + ε)D) ̸⊂ (1 + ε)D.

(ii) Assume that f(z) = eiθ z−α
1−αz , for some 0 < |α| < 1

1+ε
. Since f is continuous, we have

f((1 + ε)D) ⊂ (1 + ε)D =⇒ f((1 + ε)D) ⊂ (1 + ε)D.
Hence, for all x ∈ R,∣∣∣∣ (1 + ε)eix − α

1− (1 + ε)αeix

∣∣∣∣ ≤ 1 + ε ⇐⇒

∣∣∣∣∣ 1− αe−ix

1+ε

1− (1 + ε)αeix

∣∣∣∣∣ ≤ 1.

In particular, for x such that αe−ix = |α|, we obtain

1− |α|
1 + ε

≤ 1− (1 + ε) |α| ⇐⇒ 1

1 + ε
≥ 1 + ε.

This last inequality is impossible.

(iii) General case: Let f be a finite Blaschke product which is not a rotation. Assume that
f has at least two zeroes (counting the multiplicities), and that 0 is not the only zero
of f . Hence, we may write

f(z) = eiθzn
z − α

1− αz
×

k∏
i=1

z − αi
1− αiz

,
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with 0 < |α| , |αi| < 1
1+ε

. Once again, since f is continuous, we must have

f((1 + ε)D) ⊂ (1 + ε)D.

Take z0 = (1 + ε)e−i arg(α). Then, by (ii),∣∣∣∣ z − α

1− αz

∣∣∣∣ > 1 + ε.

Moreover,
∣∣eiθzn0 ∣∣ > 1. Finally, since |z0| > 1 and for all i ∈ {1, · · · , k}, |αi| < 1, we get∣∣∣∣∣

k∏
i=1

z − αi
1− αiz

∣∣∣∣∣ > 1.

Thus, |f(z0)| > 1 + ε, a contradiction.
To conclude, the function f must be a rotation. □

Finally, in Section 5, we compute, using the results of [4], the spectra of the operators found
in the previous sections. The common property of these weighted composition operators is
that the symbol is a rotation. Hence, we have to consider separately the operators with
constant weights and those whose weights are finite Blaschke products.

2. Isometries of Hol(D)

We begin by characterising all the isometric operators of Hol(D). To do this, we first focus
on the operators that are isometric for two different seminorms ∥·∥∞,p.

Theorem 2.1 (Main theorem).
Let 0 < r1 < r2 < 1 be fixed, and T : Hol(D) → Hol(D) a linear and continuous operator

such that for all f ∈ Hol(D) and i ∈ {1, 2},
∥T (f)∥∞,ri

= ∥f∥∞,ri
= sup

|z|≤ri
|f(z)| .

Then there exist two constants α, β ∈ T such that for all f ∈ Hol(D),
T (f)(z) = αf(βz) =: Tα,β(f)(z).

Proof. We are going to use Lemma 1.3. Recall that for all n ∈ N0, en(z) = zn.
Step 1: We begin by showing that Te0 = αe0, with |α| = 1. Indeed, since T is isometric

for ∥·∥∞,r1
and ∥·∥∞,r2

, we obtain

∥Te0∥∞,r1
= ∥Te0∥∞,r2

= 1.

Using the maximum modulus principle, the map Te0 is constant and unimodular.

In the following, consider T̃ := αT , so that T̃ is still isometric for the two seminorms
∥·∥∞,r1

and ∥·∥∞,r2
, and T̃ e0 = e0.

Step 2: Set r = r1 or r2. We show that for all n ≥ 1,

rnT ⊂ (T̃ en)(rD) =: K.

Indeed, assume that there exists ξ = rneiθ such that ξ ̸∈ K, which is a compact subset of
D. Then δ = d(ξ,K) > 0, and K ⊂ rnD\D(ξ, δ). We set f = e0 + e−iθen. Hence,

T̃ f = e0 + e−iθT̃ en.
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Now, compare the seminorms: we have ∥f∥∞,r = 1 + rn and∥∥∥T̃ f∥∥∥
∞,r

= sup
|z|≤r

∣∣∣1 + e−iθ(T̃ en)(z)
∣∣∣

= sup
w∈K

∣∣1 + e−iθw
∣∣ ≤ sup

|z|≤rn,|z−rn|≥δ
|1 + z| < 1 + rn.

This is impossible, since T̃ is isometric for ∥·∥∞,r. Therefore, rnT ⊂ K.
Moreover, because T̃ is an isometry, we get K ⊂ rnD.

In the following, we set fn = T̃ en, and for all 0 < r < 1, we consider gn,r defined by

gn,r(z) =
1

rn
fn(rz).

Then gn,r is holomorphic on r−1D, and satisfies T ⊂ gn,r(D) ⊂ D. Since gn,r(D) ⊂ D, if we
set X = {ξ ∈ T : |gn,r(ξ)| = 1}, then if X was finite, we would have gn,r(X) also finite.
Impossible because T ⊂ gn,r(D). Therefore, X = T by Theorem 1.4. This implies that the
maps B1 = gn,r1 and B2 = gn,r2 are finite Blaschke products. Hence,

fn(z) =

{
rn1B1(z/r1), |z| < r1,

rn2B2(z/r2), |z| < r2.

Step 3: Let us write all the terms of the Blaschke products, for |z| < r1 < r2. There exist
numbers α1, · · · , αK1 and β1, · · · , βK2 such that 0 < |αi| , |βj| < 1 and for |z| < r1,

rn−N1
1 eiθ1zN1

K1∏
i=1

z
r1
− αi

1− αi
z
r1

= rn−N2
2 eiθ2zN2

K2∏
j=1

z
r2
− βj

1− βj
z
r2

(1)

⇐⇒ rn−N1
1 eiθ1zN1

K1∏
i=1

z − r1αi
r1 − αiz

= rn−N2
2 eiθ2zN2

K2∏
j=1

z − r2βj

r2 − βjz
(2)

We study the poles and zeroes of the Blaschke products. In (2), the zero 0 has same order
on each side of the equation, so N1 = N2 =: N . Moreover, the zeroes and poles of the two
Blaschke products should coincide, so K1 = K2 =: K, and for each i ∈ {1, · · · , K}, there
exists j ∈ {1, · · · , K} such that

αir1 = βjr2 and
r1
αi

=
r2

βj
.

In particular, we obtain
r1
r2

=
βj
αi

=
αi

βj
,

so |αi|2 = |βj|2, and r1 = r2. Impossible. Ergo, the Blaschke products B1 and B2 are of the
form

B1(z) = eiθ1zN1 , B2(z) = eiθ2zN2 .

Step 4: Putting the formulas in the expression of fn, we get

fn(z) = rn1 e
iθ1
zN1

rN1
1

= rn2 e
iθ2
zN2

rN2
2

, |z| < r1 ≤ r2.
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The order of the zero 0 is unique, so we obtain N1 = N2 =: N , and

rn−N1 eiθ1zN = rn−N2 eiθ2zN .

Identifying the modulus and argument of the coefficients, we have rn−N1 = rn−N2 , so n = N
(since r1 ̸= r2), and eiθ1 = eiθ2 =: δn, that is

fn(z) = eiθzn = δnen(z), |z| < r1.

Using analytic continuation, the last equality is valid for z ∈ D, so we have proved that
for all n ∈ N, there exists δn ∈ T such that T̃ en = δnen.

Step 5: Since T̃ is isometric, for all r ∈ {r1, r2},

sup
|z|=r

∣∣∣T̃ (ek + ek+1 + ek+2)(z)
∣∣∣ = sup

|z|=r
|(δkek + δk+1ek+1 + δk+2ek+2)(z)|

= sup
|z|=r

∣∣δkzk + δk+1z
k+1 + δk+2z

k+2
∣∣

= sup
|z|=r

∣∣zk + zk+1 + zk+2
∣∣ .

Dividing by zk, we obtain

sup
|z|=r

∣∣δk + δk+1z + δk+2z
2
∣∣ = sup

|z|=r

∣∣1 + z + z2
∣∣ = 1 + r + r2.

Factorising by δk, since |δk| = 1, we have

sup
|z|=r

∣∣∣∣1 + δk+1

δk
z +

δk+2

δk
z2
∣∣∣∣ = sup

|z|=r

∣∣1 + z + z2
∣∣ = 1 + r + r2.

Using the triangle inequality, for all z satisfying |z| = r,∣∣∣∣1 + δk+1

δk
z +

δk+2

δk
z2
∣∣∣∣ ≤ 1 + r + r2,

with equality if and only if

0 = arg(1) ≡ arg

[
δk+1

δk
z

]
≡ arg

[
δk+2

δk
z2
]

mod 2π.

Denoting θ = arg[z], this gives

0 ≡ arg[δk+1]− arg[δk] + θ ≡ arg[δk+2]− arg[δk] + 2θ mod 2π.

Finally,

(3)

{
2θ + 2arg[δk+1]− 2 arg[δk] ≡ 0 mod 4π

2θ + arg[δk+2]− arg[δk] ≡ 0 mod 2π,

so arg[δk]− 2 arg[δk+1] + arg[δk+2] ≡ 0 mod 2π.

Step 6: We show by induction that for all n ∈ N0, arg[δn] ≡ n arg[δ1] mod 2π.r n = 0 or 1: It is immediate (see Step 1 for n = 0).r n = 2: We only need that arg[δ0]− 2 arg[δ1] + arg[δ2] ≡ 0 mod 2π and arg[δ0] = 0.
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r Assume that the formula is valid for n ≥ 2. Using (3),

arg[δn−1]− 2 arg[δn] + arg[δn+1] ≡ 0 mod 2π.

Using induction hypothesis, we have (n−1) arg[δ1]−2n arg[δ1]+arg[δn+1] ≡ 0 mod 2π.
After rearranging the terms, we obtain arg[δn+1] ≡ (n+ 1) arg[δ1] mod 2π.

Conclusion: For all n ∈ N0, T̃ (en) = δn1 en. Hence, T̃ (en) = (T̃ (e1))
n, so T̃ is a composition

operator, with symbol φ = T̃ (e1) = δ1e1, by Lemma 1.3. Finally, multiplying by α, for all
f ∈ Hol(D),

(Tf)(z) = αf(δ1z). □

We obtain the following corollary.

Corollary 2.2. The only linear operators T : Hol(D) → Hol(D) that are isometries of Hol(D)
are those of the form Tα,β, with |α| = |β| = 1.

Proof. Let T be a linear isometry of Hol(D). Then, in particular, T is a linear isometry for
two different seminorms associated with Hol(D), using Lemma 1.1. Theorem 2.1 concludes.

Conversely, let |α| = |β| = 1. Then, for all p ∈ N and f ∈ Hol(D),

∥Tα,β(f)∥∞,1−1/p = sup
|z|≤1−1/p

|αf(βz)| = sup
|w|≤1−1/p

|f(w)| = ∥f∥∞,1−1/p .

Hence, Tα,β is a linear isometry of Hol(D). □

3. Operators similar to an isometry on Hol(D)

In this section, we will focus on linear operators of Hol(D) that are similar to an isometry
of Hol(D). Let us recall the concept of similarity.

Definition 3.1. Two linear operators T, V ∈ L(Hol(D)) are similar if there exists some
U ∈ L(Hol(D)) invertible such that U−1TU = V .

In the following, we will only consider some classes of operators: composition, multiplica-
tion, and weighted composition ones. The goal of this section is to obtain a characterisation
of such operators that are similar to a linear isometry of Hol(D). The main theorem is the
following.

Theorem 3.2. Let T be a continuous operator on Hol(D).
(i) T = Cφ is a composition operator similar to a linear isometry of Hol(D) if and only if

φ is bijective and elliptic, i.e., with a fixed point on D.

(ii) T =Mm is a multiplication operator similar to a linear isometry of Hol(D) if and only
if m is constant and unimodular.

(iii) T = Wm,φ is a weighted composition operator similar to a linear isometry of Hol(D) if
and only if φ is bijective and elliptic with σp(Wm,φ) ∩ T ̸= ∅.

It is now time to prove this result. We recall that the linear isometries of Hol(D) are
defined by

Tα,β(f)(z) = αf(βz), f ∈ Hol(D), |α| = |β| = 1.

as we proved in Theorem 2.1.
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3.1. Composition operators - Proof of Theorem 3.2.(i).

First, assume that φ is bijective and elliptic. Denote by α ∈ D its fixed point. Consider
the map ψ defined by

ψ(z) =
z − α

1− αz
.

Then, ψ ∈ Hol(D), ψ is bijective, ψ−1 = ψ, and ψ(α) = 0. Hence, φ̃ = ψ ◦ φ ◦ ψ is a
bijective self-map of D, with a fixed point at 0. By Schwarz’s Lemma ([1, 19]), there exists
β ∈ C such that |β| = 1 and φ̃(z) = βz. Hence,

Cψ ◦ Cφ ◦ Cψ = Cφ̃ = T1,β.

The operator Cφ is therefore similar to a linear isometry of Hol(D).
Now, consider φ not both bijective and elliptic. If Cφ was similar to a linear isometry of

Hol(D), then we would write

Cφ = UV U−1 ⇐⇒ U−1CφU = V,

with V isometric. Iterating this equality n times, and we get

U−1Cn
φU = U−1Cφ[n]U = V n.

Thanks to Lemma 1.1, for all n, p ∈ N and f ∈ Hol(D),∥∥(U−1Cn
φU)(f)

∥∥
∞,1−1/p

= ∥V n(f)∥∞,p = ∥f∥∞,1−1/p .

Since U is invertible, writing g = U(f), for all p ∈ N and g ∈ Hol(D),∥∥(U−1Cn
φ)(g)

∥∥
∞,1−1/p

=
∥∥U−1(g ◦ φ[n])

∥∥
∞,1−1/p

=
∥∥U−1(g)

∥∥
∞,1−1/p

.

By the Denjoy–Wolff theory ([6, 10]), there exists a point ω ∈ D such that the iterates φ[n]

of φ converge uniformly on all compact subsets of D to ω. Finally, considering g(z) = z− ω,
we have g ∈ Hol(D), and using the continuity of U ,∥∥U−1(g)

∥∥
∞,1−1/p

=
∥∥U−1(φ[n] − ω)

∥∥
∞,1−1/p

−−−−→
n→+∞

0.

However, g ̸≡ 0, so U−1(g) ̸≡ 0 (because U is invertible). Thus, there exists p ∈ N such
that ∥U−1(g)∥∞,1−1/p ̸= 0, leading to an absurdity.

Conclusion: Cφ is similar to a linear isometry of Hol(D) if and only if φ is bijective and
elliptic. The proof of Theorem 3.2.(i) is then complete.

3.2. Multiplication operators - Proof of Theorem 3.2.(ii).

Assume that m is constant and unimodular. Denote by α this constant. Therefore, for all
f ∈ Hol(D), we may write

[Mm(f)](z) = m(z)f(z) = αf(z) = [Tα,1(f)](z).

Hence, Mm = Tα,1 is a linear isometry of Hol(D).
Conversely, let Mm be similar to a linear isometry of Hol(D). We may write Mm = UV U−1,

with U invertible and V isometric. Iterating this n times, we obtain

Mn
m =Mmn = UV nU−1,

with V n also isometric (by induction). We will consider two cases.
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r Assume that for all z ∈ D, |m(z)| < 1. Then, for all p ∈ N, ∥m∥∞,1−1/p = c < 1. Hence,

(4) ∥mn∥∞,1−1/p = cn −−−→
n→∞

0.

Consider 1, the map defined by 1(z) = 1 for all z ∈ D. Then, for all n ∈ N0, since V n

is isometric and V nU−1 = U−1Mmn , for all p ∈ N, by Lemma 1.1,∥∥U−1(1)
∥∥
∞,1−1/p

=
∥∥V nU−1(1)

∥∥
∞,1−1/p

=
∥∥U−1Mmn(1)

∥∥
∞,1−1/p

=
∥∥U−1(mn)

∥∥
∞,1−1/p

−−−−→
n→+∞

0,

using the continuity of U and (4). But U−1(1) ̸≡ 0 (since U is invertible), so there
exists p ∈ N such that ∥U−1(1)∥∞,1−1/p ̸= 0. Impossible.r Assume that there exists z0 ∈ D such that |m(z0)| > 1. Then, for all p ∈ N, n ∈ N0

and f ∈ Hol(D), we have

∥mnf∥∞,1−1/p =
∥∥UV nU−1(f)

∥∥
∞,1−1/p

.

In particular, for p = p0 such that |z0| ≤ 1− 1
p0

and f = 1,∥∥UV nU−1(1)
∥∥
∞,1−1/p0

= ∥mn∥∞,1−1/p0
−−−→
n→∞

+∞.

However, U is continuous and V is isometric, so there exist C > 0 and q ∈ N such that∥∥UV nU−1(1)
∥∥
∞,1−1/p0

≤ C
∥∥U−1(1)

∥∥
∞,1−1/q

< +∞.

The two cases lead to an absurdity. Ergo, for all z ∈ D, |m(z)| ≤ 1, and there exists
z0 ∈ D such that |m(z0)| = 1. Using the maximum modulus principle, we have shown that
m is constant, of modulus one.

Conclusion: Mm is similar to a linear isometry of Hol(D) if and only if m is constant and
unimodular. The proof of Theorem 3.2.(ii) is then complete.

Remark 3.3. We have proved that there is no multiplication operator similar to a linear
isometry of Hol(D), other than the isometries themselves.

3.3. Weighted composition operators - Proof of Theorem 3.2.(iii).

To obtain the third and last result of Theorem 3.2, we begin with a simple observation.

Lemma 3.4. Let φ : D → D holomorphic, and m ∈ Hol(D).
If Wm,φ is similar to a linear isometry of Hol(D), then Wm,φ is invertible.

Proof. If the operator Wm,φ is similar to a linear isometry of Hol(D), then we have

Wm,φ = UV U−1,

with U invertible and V isometric. Since all linear isometries of Hol(D) are invertible (The-
orem 2.1 and [3, Proposition 2.1]), Wm,φ is also invertible, with inverse UV −1U−1. □

Therefore, in the following, using [3, Proposition 2.1], we may consider only weighted
composition operators with symbol φ bijective, and weight m such that ∀z ∈ D,m(z) ̸= 0.

1st case: Assume that φ is not elliptic. Then, by [3, Proposition 2.3, Theorems 6.1 & 7.1],
there are only two possiblities: either σp(Wm,φ) = C∗, or σp(Wm,φ) = ∅.
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If σp(Wm,φ) = C∗, consider f ∈ Hol(D)\{0} such that Wm,φ(f) = 2f . Suppose that Wm,φ

is similar to a linear isometry of Hol(D). We may write Wm,φ = UV U−1, with U invertible
and V isometric. An easy induction gives W n

m,φ = UV nU−1 for n ∈ N, so

W n
m,φ(f) = 2nf = UV nU−1f.

Since U , U−1 and V are continuous, there exists a constant c > 0 such that∥∥UV nU−1f
∥∥
∞,1/2

≤ c.

But f ̸≡ 0, so ∥f∥∞,1/2 > 0, and∥∥W n
m,φ(f)

∥∥
∞,1/2

= ∥2nf∥∞,1/2 = 2n ∥f∥∞,1/2 −−−→n→∞
+∞.

We have obtained an absurdity.

If σp(Wm,φ) = ∅ and Wm,φ is similar to a linear isometry V of Hol(D), then

∅ = σp(Wm,φ) = σp(UV U
−1) = σp(V ),

since U is invertible. But σp(V ) ̸= ∅, using Theorem 2.1 and [4, Theorems 3.4 & 3.7].

1st conclusion: In order to make Wm,φ similar to a linear isometry of Hol(D), the symbol
φ must be bijective and elliptic.

Now, we consider symbols φ that are elliptic and bijective. Without loss of generality
(using the map ψ p.10), we will assume that the fixed point of φ is 0. Using Schwarz’s
Lemma ([1, 19]), we can write

φ(z) = βz, |β| = 1.

Definition 3.5. Let φ : z 7→ βz, with |β| = 1.r The map φ is periodic if there exists N ∈ N such that βN = 1.r The map φ is aperiodic if for all n ∈ N, βn ̸= 1.

First, we will assume that |m(0)| = 1. Indeed, we have the following lemma.

Lemma 3.6. Let φ : D → D be elliptic and bijective such that φ(0) = 0, and m ∈ Hol(D).
If Wm,φ is similar to a linear isometry of Hol(D), then |m(0)| = 1.

Proof. If |m(0)| < 1, then considering the map g = U−11, with 1(z) = 1, we obtain∥∥U−1V nUg
∥∥
∞,0

=
∥∥W n

m,φ(g)
∥∥
∞,0

= |m(0)|n |g(0)| −−−→
n→∞

0.

Using the continuity of U , we get 1 = ∥1∥∞,0 = ∥V nUg∥∞,0 −→ 0, which is impossible.

If |m(0)| > 1, then∥∥UV nU−11
∥∥
∞,0

=
∥∥W n

m,φ(1)
∥∥
∞,0

= |m(0)|n −−−→
n→∞

+∞.

However, there exists p ∈ N and c > 0 such that∥∥UV nU−11
∥∥
∞,0

≤ c
∥∥V nU−11

∥∥
∞,1−1/p

= c
∥∥U−11

∥∥
∞,1−1/p

< +∞.

This leads to an absurdity. □
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Now, we consider separately periodic and aperiodic symbols.

2nd case: Assume that φ : z 7→ βz is elliptic periodic. Then, there exists N ∈ N such that

WN
m,φ =MmN

, with mN(z) =
N−1∏
k=0

(m ◦ φ[k])(z) =
N−1∏
k=0

m(βkz).

If Wm,φ is similar to a linear isometry of Hol(D), then so is WN
m,φ =MmN

. Using Theorem
3.2.(ii) (proved in Section 3.2), the map mN must be constant, and unimodular.

Conversely, if mN is constant and unimodular, thanks to [4, Lemma 3.5], since |m(0)| = 1,
we may write

m = exp(m̃), with m̃ = iθ +
N−1∑
k=1

zkfk(z
N), θ ∈ R, f1, · · · , fN−1 ∈ Hol(D).

Moreover, we show that there exists U invertible such that UWm,φU
−1 = V , with V a

linear isometry of Hol(D). Indeed, we look at particular U and V :

U =Mw, V = Teiθ,β,

with w ∈ Hol(D) not vanishing on D, eiθ in the definition of m̃, and β in the definition of φ.
Note that since w does not vanish on D, we may write w = exp(w̃).

Then, for all h ∈ Hol(D) and z ∈ D,

(UWm,φU
−1)(h)(z) = V (h)(z) ⇐⇒ h(βz)

w(βz)
m(z)w(z) = eiθh(βz)

⇐⇒ w(z)

w(βz)
exp

[
N−1∑
k=1

zkfk(z
N)

]
= 1

⇐⇒ exp

[
w̃(z)− w̃(βz) +

N−1∑
k=1

zkfk(z
N)

]
= 1

⇐= w̃(z)− w̃(βz) +
N−1∑
k=1

zkfk(z
N) = 0.

Consider fk(z) =
∑
ℓ≥0

a
(k)
ℓ zℓ and w̃(z) =

∑
ℓ≥0

bℓz
ℓ. We are searching for maps w̃ such that

(5)

w̃(z)− w̃(βz) +
N−1∑
k=1

zkfk(z
N) =

∑
ℓ≥0

[
bℓ(1− βℓ)zℓ +

N−1∑
k=1

a
(k)
ℓ zNℓ+k

]

=
N−1∑
k=1

[∑
ℓ≥0

(
bNℓ+k(1− βk) + a

(k)
ℓ

)
zNℓ+k

]
= 0.

Finally, for all ℓ ≥ 0, considering bNℓ = 0 and

bNℓ+k =
a
(k)
ℓ

βk − 1
, 1 ≤ k ≤ N − 1,

we obtain the equation (5). Hence, for this particular w, we get MwWm,φM
−1
w = Teiθ,β.
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2nd conclusion: If φ is periodic, then the operator Wm,φ is similar to a linear isometry
of Hol(D) if and only if the map mN is constant and unimodular, that is if and only if
σp(Wm,φ) ∩ T ̸= ∅, by [4, Theorem 3.4].

3rd case: Assume that φ is elliptic aperiodic.
If Wm,φ is similar to a linear isometry of Hol(D), then we may write

U−1Wm,φU = Tα,β,

for some |α| = 1, |β| = 1. We apply this equality for f = 1. Hence,

(U−1Wm,φU)(1) = Tα,β(1) = α1 ⇐⇒ m(U1 ◦ φ) = α(U1).

Therefore, α ∈ T is an eigenvalue of Wm,φ.

Conversely, assume that σp(Wm,φ) ∩ T ̸= ∅. Let λ ∈ σp(Wm,φ) ∩ T, and f ∈ Hol(D) such
that

Wm,φ(f) = m(f ◦ φ) = λf.

Then, for all z ∈ D, f(z) ̸= 0. Indeed, assume that there exists z0 ∈ D such that f(z0) = 0.
Since λ ̸= 0, by induction, for all n ∈ N0, we get (f ◦ φ[n])(z0) = f(βnz0) = 0. Because φ
is aperiodic, it implies that f = 0 on {z ∈ C : |z| = |z0|}, so f = 0 on D using analytic
continuation. Let U =Mf . Then, U is invertible, and for all g ∈ Hol(D),

(U−1Wm,φU)(g) = (U−1Wm,φ)(fg) = U−1(m(f ◦ φ)(g ◦ φ))
= λU−1(f(g ◦ φ))
= λ(g ◦ φ) = Tλ,β(g).

Hence, Wm,φ is similar to a linear isometry of Hol(D).

Final conclusion: A weighted composition operator Wm,φ is similar to a linear isometry of
Hol(D) if and only if φ is bijective and elliptic with σp(Wm,φ)∩T ̸= ∅. By [4, Proposition 3.3
and 3.6] a necessary condition to get a nonempty point spectrum is that m does not vanish
on D.

4. Isometries of Hol(D) with a single seminorm

We now consider the isometries for a single seminorm. In this case, we expect to get more
operators. This is indeed the case. In order to show it, we will use an analogy with the disc
algebra A(D), a case already discussed by El-Gebeily and Wolfe in [11].

We begin this section with a useful proposition.

Proposition 4.1 ([11]).
Let S : A(D) → A(D) an isometry. Then there exists a closed subset K ⊂ T, and two

maps ρ : K → T continuous, ϕ : K → T continuous and onto, such that for all f ∈ A(D)
and ξ ∈ K,

ρ(ξ)× (Sf)(ξ) = f(ϕ(ξ)).

It will allow us to prove the main theorem of this section.

Theorem 4.2. Let 0 < r < 1 fixed, and T : Hol(D) → Hol(D) a linear continuous operator
such that for all f ∈ Hol(D),

∥T (f)∥∞,r = ∥f∥∞,r .
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Then there exist a map B1, which is constant or a finite Blaschke product, and β ∈ T such
that for all f ∈ Hol(D),

T (f)(z) = B1(z/r)f(βz).

Proof. To begin, let us consider U : Hol(D) → Hol(r−1D) the operator defined by

U(f)(z) = f(rz), |z| ≤ 1/r.

Then, by setting S = UTU−1 : Hol(r−1D) → Hol(r−1D), the operator S is isometric for
∥·∥∞,1, that is, for the disc algebra norm.

Note that the set of all polynomials is dense in Hol(r−1D) and in A(D) for the norm ∥·∥∞,1.
Hence, we can extend S to an operator S̃ : A(D) → A(D) so that S̃ is still isometric for ∥·∥∞,1.
In the following, we will continue to write S even if we consider S̃.

Step 1: Recall that for all n ∈ N0, we denote en(z) = zn, and fn = Sen. Let K be the set
defined in Proposition 4.1. Then for all ξ ∈ K,

ρ(ξ)× f0(ξ) = 1, ρ(ξ)× f1(ξ) = ϕ(ξ).

Using the first equation, we obtain that for all ξ ∈ K, ρ(ξ) ̸= 0. We can say more: since ρ
is continuous on the compact set K, there exists δ > 0 such that |ρ(ξ)| ≤ δ for ξ ∈ K. We
have the same result for f0. Furthermore,

ϕ(ξ) =
f1(ξ)

f0(ξ)
, ξ ∈ K.

We focus on the Lebesgue measure m(K) of the set K relatively to T. We will show that
m(K) > 0. Indeed, first, we can say that K is not finite (otherwise, we would have ϕ(K) = T
also finite, impossible).r If the map f0 is constant, then ϕ is of the form cf1, with c ∈ C. Hence, we can extend

ϕ to a holomorphic function on r−1D, which is in particular C1 on T. Assume that
m(K) = 0, we would get m(ϕ(K)) = m(T) = 0, impossible.r If the map f0 is not constant, since it is analytic on r−1D, because the zeroes are isolated,
there is only a finite number of zeroes of f0 that are unimodular. Denote them by
ξ1, · · · , ξn. Therefore, the map ϕ can be extended to a C1 map on T\{ξ1, · · · , ξn}, such
that ϕ(K\{ξ1, · · · , ξn}) contains T, except at most n points. Assume that m(K) = 0,
we would get m(T\{n points}) = 0, impossible.

Finally, we have proved that m(K) > 0.

Step 2: By [16, Theorem 1.1] and [11, Proposition 1], there exist a function φ ∈ H∞ of
the form φ = h1/h2, with h1, h2 ∈ A(D), and h2 = 0 on a certain subset L ⊂ T; also, another
map ψ ∈ A(D) such that ∥φ∥∞,1 = ∥ψ∥∞,1 = 1, φ(K) = T, ψ = 0 on L and |ψ| = 1 on K
satisfying

S(f) = ψ(f ◦ φ), f ∈ A(D).

Recall that at the beginning, S is defined for f ∈ Hol(r−1D). Thus, we obtain φ ∈
Hol(r−1D), that is L = ∅. Hence, the map ψ does not vanish on T. In addition, by setting
X = {ξ ∈ T : |φ(ξ)| = 1}, if X was finite, we would get φ(X) finite. This is impossible since
φ(K) = T, so T ⊂ φ(D). By Theorem 1.4, φ is a finite Blaschke product.
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Now, assume that ψ is not constant. If ψ is not a finite Blaschke product, note that since
∥ψ∥∞,1 = 1, we have ψ(D) ⊂ D. By Theorem 1.4, the set X = {ξ ∈ T : |ψ(ξ)| = 1} is finite.
Choose z0 ∈ T\X such that φ−1(φ(z0)) ⊂ T\X; this is possible since X is finite. Set

g(z) =
φ(z0)z + 1

2
.

Then ∥g∥∞,1 = 1, and |g(φ(z))| = 1 ⇐⇒ φ(z) = φ(z0) ⇐⇒ z ∈ φ−1(φ(z0)) ⊂ T\X. Thus,

|g(φ(z))| = 1 =⇒ |ψ(z)| < 1 =⇒ |S(g)(z)| = |ψ(z)| |g(φ(z))| < 1.

Therefore, ∥S(g)∥∞,1 < 1, which is impossible because S is isometric for ∥·∥∞,1. To conclude,
X = T (by Theorem 1.4), and ψ is a finite Blaschke product.

Finally, S(f)(z) = B1(z)f(B2(z)), with B1 and B2 of the wanted form. We have only left
to go back to T via the invertible operator U , and that gives

T (f)(z) = (U−1S)(Uf)(z)

= U−1(B1(z)× (Uf)(B2(z)))

= U−1(B1(z)× f(rB2(z))

= B1(z/r)f(rB2(z/r)).

We finish the proof by noting that since the equality must hold for all f ∈ Hol(D), if
we denote ϕ(z) = rB2(z/r), we must have ϕ(D) ⊂ D. Moreover, ϕ(rD) = rD, so by a
renormalisation and Lemma 1.5, ϕ is a rotation. Hence, there exists |β| = 1 such that

T (f)(z) = B1(z/r)f(βz). □

5. Spectral study of the isometries

In this section, we make a spectral study of the isometries of Hol(D), endowed with two
or a single seminorm. We will consider separately the two cases.

5.1. Spectra of the isometries for two seminorms.
First, we focus on the isometries of Hol(D), that is the operators

Tα,β : f 7−→ αf(β·).

Following the results of [4], the results depend on the nature of the number β (cf. Definition
3.5).r If β is periodic, then σ(Tα,β) = σp(Tα,β) = {αβk : k ∈ N0}.r If β is aperiodic, then

σp(Tα,β) = {αβk : k ∈ N0} ⊂ σ(Tα,β) ⊂ T,

and if we consider for τ > 2 the set of all Diophantine numbers of order τ , defined by

D(τ) = {ξ ∈ R : ∃γ > 0,∀p ∈ Z,∀q ∈ N, |p/q − ξ| ≥ γq−τ},

we obtain a little improvement: for β = e2iπξ, ξ ∈ D(τ),

σ(Tα,β) ⊂ {e2iπx : x ̸∈ Q} ∪ {1}.
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5.2. Spectra of the isometries for one seminorm.
Now, let 0 < r < 1. Using the results of Section 4, we want to find the spectra of the

operators defined by
T (f)(z) = B(z/r)f(βz),

with B constant or a finite Blaschke product, and β ∈ T.
1st case: If B is a constant map of modulus one, denote by ξ ∈ T the constant. Then we

obtain T = Tξ,β, so the spectral study has already been done previously.

2nd case: If B is a finite Blaschke product, then since B is vanishing on D, we obtain
σp(T ) = ∅ (see [4, Proposition 3.3 and 3.6]). Now, to compute the spectrum of T , consider
once again the two subcases depending on the nature of β.r If β is periodic, then there exists N ∈ N, N ≥ 2 such that βN = 1 and βk ̸= 1 for

k < N . It follows that for all f ∈ Hol(D),

TN(f)(z) = mN(z)f(z), mN(z) =
N−1∏
j=0

B

(
βjz

r

)
.

Hence, by [4, Proposition 3.2], we have σ(T ) = {λ ∈ C : λN ∈ mN(D)}.r If β is aperiodic, then by [4, Corollary 2.2], {βnB(0) : n ∈ N0} ⊂ σ(T ). Moreover,
using [4, Proposition 7.2], we have σ(T ) ⊂ D(0,M), with M defined by

M = lim
R→1

MR, MR = exp

(
1

2π

∫ 2π

0

log
∣∣B(Reit/r)

∣∣ dt) .
Note that if m(z) = B(z/r), we can write

m(z) = zNm̃(z), with m̃(z) =
eiθ

rN

K∏
j=1

z − rαj
r − αjz

,

with α1, · · · , αK ̸= 0. Since m is well defined in D, the equation (7.2) of [4] is also valid
for MR with R → 1, that is for M1 =M . Hence,

M = |m̃(0)|
K∏
j=1

1

|rαj|
=

∣∣∣∣∣eiθrN
K∏
j=1

−rαj
r

∣∣∣∣∣
K∏
j=1

1

|rαj|
=

1

rN

K∏
j=1

|αj|
r |αj|

=
1

rN+K
.

Therefore, if B has d zeroes (counting the multiplicities), then

{βnB(0) : n ∈ N0} ⊂ σ(T ) ⊂ D(0, r−d).

Thus, the spectrum of T contains a set which is dense in the circle centered at 0 and
of radius |B(0)|.

Acknowledgments: This research is partly supported by the Bézout Labex, funded by
ANR, reference ANR-10-LABX-58. The first two authors wish to thank E. Abakoumov for
stimulating questions and suggestions.



18 I. CHALENDAR, L. OGER, AND J. R. PARTINGTON

References

[1] M. Abate. Iteration theory of holomorphic maps on taut manifolds. English. Res. Lect.
Notes Math. Commenda di Rende (Italy): Mediterranean Press, 1989.

[2] W. Arendt, B. Célariès and I. Chalendar. "In Koenigs’ footsteps: diagonalization of
composition operators". English. In: J. Funct. Anal., 278.2 (2020). Id/No 108313. p.24.
ISSN: 0022-1236. doi:10.1016/j.jfa.2019.108313.

[3] W. Arendt, E. Bernard, B. Célariès and I. Chalendar. "Denjoy-Wolff theory and spectral
properties of weighted composition operators on Hol(D)". English. In: Ill. J. Math. 66.4
(2022), pp. 463–489. ISSN: 0019-2082. doi:10.1215/00192082-10235589.

[4] W. Arendt, E. Bernard, B. Célariès and I. Chalendar. "Spectral properties of weighted
composition operators on Hol(D) induced by rotations". In: Indiana Univ. Math. J.
72.5 (2021), pp. 1789–1820. doi:10.48550/ARXIV.2108.08270. https://arxiv.org/abs/
2108.08270.

[5] S. Banach. Théorie des opérations linéaires. French. New York: Chelsea. VII, 254 p.
(1955). 1955.

[6] F. Bracci, M. D. Contreras, and S. Díaz-Madrigal. Continuous semigroups of holomorphic
self-maps of the unit disc. English. Springer Monogr. Math. Cham: Springer, 2020. ISBN:
978-3-030-36781-7. doi:10.1007/978-3-030-36782-4.

[7] I. Chalendar and J. R. Partington. "Weighted composition operators: isometries and
asymptotic behaviour". English. In: J. Oper. Theory, 86.1 (2021), pp.189–201. ISSN:
0379-4024. doi:10.7900/jot.2020feb28.2292.

[8] J.A. Cima and W.R. Wogen. "On isometries of the Bloch space". English. In: Ill. J.
Math., 24 (1980), pp.313–316. ISSN: 0019-2082.

[9] F. Colonna. "Characterisation of the isometric composition operators on the Bloch
space". English. In: Bull. Aust. Math. Soc., 72.2 (2005), pp.283–290. ISSN: 0004-9727.
doi:10.1017/S0004972700035073.

[10] C. C. Cowen and B. D. MacCluer. Composition operators on spaces of analytic functions.
English. Boca Raton, FL: CRC Press, 1995. ISBN: 0-8493-8492-3.

[11] M. El-Gebeily and J. Wolfe. "Isometries of the disc algebra". English. In: Proc. Am.
Math. Soc., 93 (1985), pp.697–702. ISSN: 0002-9939. doi:10.2307/2045547.

[12] F. Forelli. "The isometries of Hp". English. In: Can. J. Math., 16 (1964), pp.721–728.
ISSN: 0008-414X. doi:10.4153/CJM-1964-068-3.

[13] S. R. Garcia, J. Mashreghi and W. T. Ross. "Finite Blaschke products: a survey".
English. In: Harmonic analysis, function theory, operator theory, and their applications.
Proceedings of the international conference in honour of Jean Esterle, Bordeaux, France,
June 1–4, 2015. Bucharest: The Theta Foundation, 2017, pp. 133–158. ISBN: 978-606-
8443-08-9.

[14] S. R. Garcia, J. Mashreghi and W. T. Ross. Introduction to model spaces and their
operators. English. Vol. 148. Camb. Stud. Adv. Math. Cambridge: Cambridge University
Press, 2016. ISBN: 978-1-107-10874-5.

[15] C. J. Kolaski. "Isometries of weighted Bergman spaces". English. In: Can. J. Math., 34
(1982), pp.910–915. ISSN: 0008-414X. doi:10.4153/CJM-1982-063-5.

https://doi.org/10.1016/j.jfa.2019.108313
https://doi.org/10.1215/00192082-10235589
https://doi.org/10.48550/ARXIV.2108.08270
https://arxiv.org/abs/2108.08270
https://arxiv.org/abs/2108.08270
https://doi.org/10.1007/978-3-030-36782-4
https://doi.org/10.7900/jot.2020feb28.2292
https://doi.org/10.1017/S0004972700035073
https://doi.org/10.2307/2045547
https://doi.org/10.4153/CJM-1964-068-3
https://doi.org/10.4153/CJM-1982-063-5


LINEAR ISOMETRIES OF Hol(D) 19

[16] J. N. McDonald. "Isometries of the disk algebra". English. In: Pac. J. Math., 58 (1975),
pp.143–154. ISSN: 1945-5844. doi:10.2140/pjm.1975.58.143.

[17] N. K. Nikolski. Operators, functions, and systems: an easy reading. Volume I: Hardy,
Hankel, and Toeplitz. Transl. from the French by Andreas Hartmann. English. Vol. 92.
Math. Surv. Monogr. Providence, RI: American Mathematical Society (AMS), 2002.
ISBN: 0-8218-1083-9.

[18] J. R. Partington. Linear operators and linear systems. An analytical approach to control
theory. London Math. Soc. Stud. Texts, 60. Cambridge University Press, Cambridge,
2004. ISBN: 0-521-83734-0.

[19] W. Rudin. Function theory in the unit ball of Cn. English. Vol. 241. Grundlehren Math.
Wiss. Springer, Cham, 1980.

[20] H. Schwartz. "Composition Operators on Hp". PhD thesis. University of Toledo, 1969.
[21] N. Zorboska. "Isometric weighted composition operators on weighted Bergman spaces".

English. In: J. Math. Anal. Appl., 461.1 (2018), pp.657–675. ISSN: 0022-247X.
doi:10.1016/j.jmaa.2018.01.036.

Isabelle CHALENDAR, Université Gustave Eiffel, LAMA, (UMR 8050), UPEM, UPEC,
CNRS, F-77454, Marne-la-Vallée (France)

Email address: isabelle.chalendar@univ-eiffel.fr

Lucas OGER, Université Gustave Eiffel, LAMA, (UMR 8050), UPEM, UPEC, CNRS, F-
77454, Marne-la-Vallée (France)

Email address: lucas.oger@univ-eiffel.fr

Jonathan R. PARTINGTON, School of Mathematics, University of Leeds, Leeds LS2 9JT,
Yorkshire, U.K.

Email address: j.r.partington@leeds.ac.uk

https://doi.org/10.2140/pjm.1975.58.143
https://doi.org/10.1016/j.jmaa.2018.01.036

	1. Introduction
	2. Isometries of Hol(D)
	3. Operators similar to an isometry on Hol
	3.1. Composition operators - Proof of Theorem ??.(i)
	3.2. Multiplication operators - Proof of Theorem ??.(ii)
	3.3. Weighted composition operators - Proof of Theorem ??.(iii)

	4. Isometries of Hol(D) with a single seminorm
	5. Spectral study of the isometries
	5.1. Spectra of the isometries for two seminorms
	5.2. Spectra of the isometries for one seminorm

	References

