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LINEAR ISOMETRIES OF Hol(D)

I. CHALENDAR, L. OGER, AND J. R. PARTINGTON

ABSTRACT. A complete characterisation is given of all the linear isometries of the Fréchet
space of all holomorphic functions on the unit disc, when it is given one of the two standard
metrics: these turn out to be weighted composition operators of a particular form. Operators
similar to an isometry are also classified. Further, the larger class of operators isometric when
restricted to one of the defining seminorms is identified. Finally, the spectra of such operators
are studied.

1. INTRODUCTION

Let X be a topological space of holomorphic functions on the open unit disc . For m
a holomorphic function on D and ¢ a holomorphic self-map of D, then the linear operator

defined by
Wine(f) =m(foy), [feX,
is called the weighted composition operator with symbols m and .

Observe that W, ,(f) = M,,C,(f), where M,,(f) = m[ is the multiplication operator with
symbol m and C,(f) = foy is the composition operator with symbol . If m is identically 1,
then W, , = C,, and if ¢ is the identity, then W,, , = M,,,. Weighted composition operators
are fundamental in the study of Banach and Hilbert spaces that embed continuously in
Hol(DD), the algebra of all holomorphic functions on D. Indeed, the study of the geometry
of a space X is centered on the identification of the linear isometries on X, and there is an
obvious connection between weighted composition operators and isometries.

This connection can be traced back to Banach himself. In [5], Banach proved that the
surjective isometries on C(K), the space of continuous real-valued functions on a compact
metric space K, are of the form T : f — m(f o ), with |[m| = 1 and ¢ a homeomorphism of
K onto itself.

Although the characterisation of isometries is an open problem for most Banach spaces of
holomorphic functions, there are many spaces for which the isometries are known.

« On the Hardy space HP of the open unit disc D, p # 2, Forelli has shown that the
isometries are certain weighted composition operators (|12]).

« On the Hilbertian Hardy space H? on D, there are too many isometries to have a com-
plete characterisation. However, in [7, Prop. 4.2|, Chalendar and Partington showed
that provided that the symbol ¢ is inner, there exist weighted composition operators
W, that are isometries. Recall that on H?, C,, is isometric if and only if ¢ is inner
and ¢(0) = 0 (see [20]), whereas W, , is isometric implies that ¢ is inner but no extra
condition on ¢ is required.
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2 I. CHALENDAR, L. OGER, AND J. R. PARTINGTON

« On the Bergman space AP of D, p # 2, Kolaski (|15]) showed that the surjective
isometries are weighted composition operators. Zorboska ([21]) initiated the study of
isometric weighted composition operators on A? of D. Those classes of operators were
also considered in [7] on weighted Bergman spaces.

+ On the disc algebra A(D), El-Gebeily and Wolfe ([11]) showed that the isometries are
of two types: either they are weighted composition operators (« Type 1 » isometries),
or we have to add an extension operator to these « Type 1 » isometries.

« On the Bloch space, the first study of the isometries was made by Cima and Wogen
in [8]. They analyzed the isometries on the subspace of the Bloch space of the open
unit disc whose elements fix the origin. On this space, they showed that the surjective
isometries are normalized compressions of weighted composition operators induced by
disc automorphisms, whereas Colonna ([9]) gave a characterisation of the isometric
composition operators on the Bloch space.

We will not give an exhaustive list of contributions in this area but we would like to
emphasize the fact that the weighted composition operators play a central role in the study
of the isometries on several spaces of holomorphic functions on D.

The goal of this paper is to characterise the linear isometries on the set Hol(D) of all
holomorphic functions on the open unit disc D. This is a Fréchet space, endowed with the
family of seminorms defined by

[flloio1p = sup [f(z)|,  feHoD), peN.
|2[<1-1/p
Other sequences are possible, and the results we prove will apply to these too.

These seminorms are associated with the topology of uniform convergence on all compact
subsets of D. An isometry of Hol(ID) is simply an isometry for all the seminorms ||-||
thanks to the following lemma.

00,1-1/p>

Lemma 1.1. Let X be a Fréchet space, and (||-||,)k>1 an associated increasing family of
semi-norms. A linear operator T : X — X is isometric, considering the distance dx defined

by
— ZQ"“ min(1, ||z —y/,),
k=1

if and only if for allx € X and k € N, ||Tz|, = ||z,
Proof. Assume that for all z € X and k € N, [|Tz||, = ||z||,. Then, for all z,y € X,

=1
dx(Tx,Ty) =) =

r win(L, [T = Tyl
k=1
=3 gemin(L 1T = pll) = 3 gz minL. o = yll) = di(o.v)
k=1

Hence, the operator T is isometric on X for the distance dy.

Conversely, if there exist z € X and p € N such that ||Tz[|, # [|z||,,, consider the smallest
such p (that is || T'z||, = [|z||, for all ¢ < p). Assume that || Tz[|, < [|z[,, and take y = =/ [[z]|.
Recall that for ¢ < p < r,

1ylly < llyll, =1 <1lyll, -
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Then, since ||y[[, > [Ty,

> 1 1 > q
Z@ n(L, [[yll,) Z—k |y||k+§||y||p+ Z ok

k=1 k=p+1

,_.,_.

[e.e]

1
>Z o 1Tyl + ,,HTpr+ > o min(L, 1Ty,

k=p+1
= d X (Ty, 0)
Finally, the operator T is not isometric on X, for the distance dx.

If we have the reverse inequality ||Tz[|, > [[z|,, then by taking z = z/||Tz|,, since
[2][, < [IT=]l, = 1, the same calculations give

o0

—1 0
1 1 1
x(Tz,0) 227 n(1, |7z, ):Z_kHTZHk % HTZH,,+ > o
k=1 k=1 k=p+1
Gk > ]
> —k =0l + 55 ||Z||p + ) o min(L, [|=]];)
k= k=p+1
::dX(270%
so T is also not isometric on X for the classical distance. O

A similar result holds for another commonly-used metric on Hol(D).

Lemma 1.2. Let X be a Fréchet space, and (||-||,)k>1 the associated increasing family of
semi-norms. A linear operator T : X — X is isometric, considering the distance d'y defined

by
22 k Hx y”k
1+ ||$ -yl

if and only if for allx € X and k € N, ||T£L‘||k = ||z]|,.

Proof. The « if » implication is clear, and we now prove the « only if » implication.

Let ar = ||z||x and by = ||T'z||x. These are increasing sequences and we can clearly assume
that not all the a; are 0 and not all the b, are 0, as otherwise x = 0. So let us suppose that
ar > 0 for k > ky and similarly b, > 0 for k > ko (so that ap = 0 if & < k; and b, = 0 if
k< kz»

We have that for each A > 0

=1 ak 1 A\
Z_k Z:2’~21+Ab,€

Divide by A, set A =1+ s and write o, = 1/ay and 5y = 1/b,. We have

koy, +1+5 26 B +1+ s’
k=k1 k=ko

initially for s > 0 but, because these series define H'(C,) N H?(C,) functions on the right
half-plane C,, they define the same function. These are sums of reproducing kernels (see, for
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example, [18, Sec. 1.2]), and we may take an inner product with the function e=** € H>(C,)
for w > 0 to get

o0 oo

1 1

> o exp(—wlay, +1)) = > o exp(—w (B +1)).
k=k1 k=ko

Again, these are equal as H>°(C, ) functions of w, so on w = iy for y € R they are equal

almost everywhere, and they are both almost-periodic functions of y, so that oy = [ for

all k£ (this standard fact can be found in many places: for example, [18, Sec. 5.1]). This

completes the proof. O

The paper is organised as follows. First, in Section 2, we characterise the linear isometries
of Hol(ID), using only two different seminorms. We prove (Theorem 2.1) that they are trivial
weighted composition operators in the following sense: they are defined by

Tos(f)(z) = af(82), feHD), zeD, |of=|8 =1

We will mainly need the two following results. The first one comes from |2, Proposition
2.1] and gives a necessary and sufficient condition to be a composition operator on Hol(ID).
The second one is a new characterisation of finite Blaschke products.

Lemma 1.3. Let T : Hol(D) — Hol(D) be linear and continuous. Then T is a composition
operator if and only if for all n € Ny, Te, = (Tey)", with e,(z) = 2".

Theorem 1.4. Let ¢ > 0 and g € Hol((1 + &)D) such that g(D) C D.
Then X :={& €T : |g(&)| = 1} is either finite, or is equal to T. Moreover, if X =T, then
g 1s a finite Blaschke product.

Proof. Note that g(D) C D. Indeed, by the open mapping theorem, if there exists zy € D
such that |g(z0)| = 1, then there exists some z; € D close to zy such that |g(z1)| > 1, which
is impossible.

Consider now g as a continuous map from T to D. Then X = g~!(T) is a closed subset of
T (since g(D) C D).

Assume that X is not finite. Then, the set T\ X is an open subset of T, that is a union
of an infinite number of open intervals of T. We look at the edges of these intervals, which
lie in X. If none of these edges is a limit of points of X, then the set X only consists of
isolated points (the edges). But since X is infinite, by the Bolzano—Weierstrass theorem, X
must contain a limit point, contradicting the assumption. Hence, one of the edges is indeed
a limit point of X, denoted in the following as z.

This point satisfies |g(z9)| = 1, and there exist two sequences (u,) C X and (v,) C T\X
(it is sufficient to take points from the chosen interval) which tend to zy, such that |g(u,)| =1
and |g(v,)| < 1.

We set ¢1, ¢ two conformal maps from T to R U {oo} defined by

2 X0 _ 2= g(%0)
¢1(2)*22+207 (bZ(Z)iZZ—i—g(ZQ).

They satisfy ¢1(z) = 0 and ¢2(g(29)) = 0. Denote h = ¢ 0 go ¢y .
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Since ¢; ' is holomorphic near 0, as is ¢, near g(zg), the function A is holomorphic around
0, satisfies h(0) = 0 and there exist two sequences (a,), (b,) C R (corresponding to (u,) and
(v,) C T) such that a,, — 0, b, — 0, h(a,) € R and h(b,) € R. However,

B(0) = Tim M) e g
n— oo an
The map hy : z — h(z)/z — h'(0) is also holomorphic around 0, and satisfies h4(a,) € R.
Then, in a same way, we get h(0) = h”(0) € R. Iterating this reasoning, all the derivatives
of h at 0 must be real, so h(b,) € R (since b, € R). Impossible.
Finally, we must have T\X = &, i.e., X = T, that is g(T) C T. Hence, ¢ is a finite
Blaschke product, using [14, 17]. O

Next, in Section 3, we focus on the composition, multiplication, and weighted composition
operators that are similar to a linear isometry of Hol(D). We obtain a complete description
of those operators (Theorem 3.2).

In Section 4, we give a characterisation of the linear isometries for a single seminorm
[[loc,1-1/p (Theorem 4.2). There are more than for two seminorms, as expected, and the
results from the disc algebra, by El-Gebeily and Wolfe ([11]), will be in the spotlight in this
section. We also need the following lemma.

Lemma 1.5. Lete > 0, and f € Hol((1+¢)D) such that f(D) = D and f((1+¢)D) C (1+¢)D.
Then, f is a rotation.

Proof. Using Theorem 1.4, we know that f is a finite Blaschke product. Moreover, the zeroes
of f arein (1+¢) 'D. We consider three cases.
(i) If f(z) = €2, for some integer n > 2, then for zy = 1 + ae,

f(z0)| = (1 +ae)" > 1+¢,
for a € (0,1) sufficiently close to 1. Hence, f((1+¢)D) ¢ (1 +¢)D.

(i4) Assume that f(z) = e Z=% for some 0 < |a| < ﬁ Since f is continuous, we have

f((l+eD)Cc(1+e)D = f(14+¢)D) C (1+4¢)D.
Hence, for all x € R,

ae*iz
1 1+

1— (1 +e)aee

<l+4+e <

(1+¢e)e” —a
1— (1+e)aen

In particular, for z such that ae™ = ||, we obtain

1
1—ﬂ§1—(1+5)]a| — —>1+e
I+e I+e

This last inequality is impossible.
(17i) General case: Let f be a finite Blaschke product which is not a rotation. Assume that

f has at least two zeroes (counting the multiplicities), and that 0 is not the only zero
of f. Hence, we may write
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with 0 < |a|, Jos| < 13- Once again, since f is continuous, we must have

f(1+¢)D) C (1+¢)D.
Take 29 = (1 + €)e~ "8 Then, by (i),

z2—«
— | >1+ec.
1 —az
Moreover, |e”z}| > 1. Finally, since |2o| > 1 and for all i € {1,-- ,k}, |a;| < 1, we get
k
11 S P
! ]_ — @iz '
i=1
Thus, |f(20)| > 1+ ¢, a contradiction.
To conclude, the function f must be a rotation. U

Finally, in Section 5, we compute, using the results of [4], the spectra of the operators found
in the previous sections. The common property of these weighted composition operators is
that the symbol is a rotation. Hence, we have to consider separately the operators with
constant weights and those whose weights are finite Blaschke products.

2. ISOMETRIES OF Hol(ID)

We begin by characterising all the isometric operators of Hol(ID). To do this, we first focus
on the operators that are isometric for two different seminorms |||, -

Theorem 2.1 (Main theorem).
Let 0 <1y <1y <1 be fized, and T : Hol(D) — Hol(D) a linear and continuous operator
such that for all f € Hol(D) and i € {1, 2},

1T (Moo, = 1flloo s, = sup [f(2)]

|z|<m;

Then there ezist two constants o, f € T such that for all f € Hol(D),
T(f)(z) = af(Bz) = Tuas(f)(2).

Proof. We are going to use Lemma 1.3. Recall that for all n € Ny, e,(2) = z".
Step 1: We begin by showing that T'ey = aeg, with |a] = 1. Indeed, since T is isometric
for [|-]] and ||| we obtain

00,71 00,127
[Teo|

— |Teoll,, = 1.

o0,T1 o0,T2

Using the maximum modulus principle, the map T'ey is constant and unimodular.

In the following, consider T := @T, so that T is still isometric for the two seminorms
and ||-|| and Tey = eg.

Step 2: Set r = rq or ro. We show that for all n > 1,
T C (Tey,)(rD) =: K.

_Indeed, assume that there exists § = r"e? such that ¢ ¢ K, which is a compact subset of
D. Then 6 = d(&, K) > 0, and K C r"D\D(&,d). We set f = ey + e %e,,. Hence,

Tf =eg+ e_wf’en.

|| ||oo,r1 00,127
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Now, compare the seminorms: we have || f||__, =1+ 7" and

1+ e %(Te,)(2)

5], = e

|z|<r

= sup |1+ ¢ “w| < sup 14z < 147"

weK |z|<rm,|z—r7|>8

This is impossible, since T is isometric for |- . Therefore, 7" T C K.
Moreover, because T is an isometry, we get K C r"D.

In the following, we set f,, = Te,, and for all 0 < r < 1, we consider Gn,r defined by

90 (2) = 2 Fulr2).

Then g, is holomorphic on r~'D, and satisfies T C g,,(D) C D. Since g, (D) C D, if we
set X ={£ € T: |g.,(§)] = 1}, then if X was finite, we would have g, ,(X) also finite.
Impossible because T C gn,r(ﬁ). Therefore, X = T by Theorem 1.4. This implies that the
maps By = g, and By = g, ,, are finite Blaschke products. Hence,

fu(2) = {T?Bl(z/rl), |z| <y,

N ¥ Ba(z/12), |z| < 1o

Step 3: Let us write all the terms of the Blaschke products, for |z| < 7 < ry. There exist

numbers ay, - -+, ok, and [y, - -, Bk, such that 0 < |ay|,|5;] < 1 and for |z| < 7y,
Ky z _ o Ky =z _ ﬁ
B . ) _ ; J
(1) T;L N1 62091 ZNl H T1 — — Tg NzeZQQZNQ H T2 _
1—o;= 1—38.%
i=1 try j=1 Jro
K ra UCRPMN 15}
(2) : T? Nle’LQlZNl H - 1 — Tgl Nge’LQZZNQ H 2 J
o1 1T jor T2 — Bz

We study the poles and zeroes of the Blaschke products. In (2), the zero 0 has same order
on each side of the equation, so N; = Ny, =: N. Moreover, the zeroes and poles of the two
Blaschke products should coincide, so K1 = Ky =: K, and for each i € {1,--- | K}, there
exists j € {1,---, K} such that

T

a;rp = By and — =
i

e

In particular, we obtain
n_bi @
T2 (67} ﬁj ’
SO |ai|2 = |Bj|27 and r; = ro. Impossible. Ergo, the Blaschke products B; and B, are of the
form

By(z) = 12N By(2) = €222,

Step 4: Putting the formulas in the expression of f,, we get

N N.

fn(2) R R S |z| < <7

n — I 7"N1 — 19 TN2, 1 > 172
1 2
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The order of the zero 0 is unique, so we obtain Ny = Ny =: N, and

T,;L N 191z — 7,121 Nez02 ZN
Identifying the modulus and argument of the coefficients, we have v~ =77 son = N

(since r1 # 1y), and €1 = %2 =: §,, that is

ful2) = 2" = 6,e,(2), |z| < ry.

Using analytic continuation, the last equality is valid for 2 € D, so we have proved that
for all n € N, there exists §,, € T such that Te, = d,¢,.

Step 5: Since T is isometric, for all r € {r1,7r2},

‘SUP T'(er + epg1 + erpa)( ‘ = Slllp |(6ker + Okr1€k+1 + Opr2€ikt2)(2)]
zl=r |z|=r

= sup ‘51«2 + Op 1 2F T+ 5k+22k+2|
|z|=r
— sup ‘z et +Zk+2|_

|2|=r
Dividing by 2*, we obtain

sup‘5k+5k+1z+5k+gz ‘—Sup|1+z+22‘—1+r—l—r
|z|=r |z|=r

Factorising by dg, since |dx| = 1, we have

Ok41 . Ok42 .2

1
LT

ZSup‘1+z+z2{:1+r+T2.

|z|=r

sup
|z[=r

Using the triangle inequality, for all z satisfying |z| = r,

24 22 <14 402

5k+1 5k+2 2
1 AL
‘ LT

with equality if and only if

4 J
0 =arg(l) = arg {ﬂz} = arg [ ?2221 mod 27.
k

Denoting # = arg[z], this gives
= arg[dg11] — argldx] + 0 = arg[0x42] — arg[dx] + 20 mod 2.
Finally,

3
@) 20 + arg|dy 2] — arg[d] =0 mod 27,

{29 +2arg[0p41] — 2arg[dy] =0 mod 4w
so arg|dx| — 2arg[dx41] + arg[dge] =0 mod 2.

Step 6: We show by induction that for all n € Ny, arg[d,] = narg[d;] mod 2.

«n=0or 1: It is immediate (see Step 1 for n = 0).

e n = 2: We only need that arg[dy] — 2arg[o;] + arg[dy] =0 mod 27 and arg[dy] = 0
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 Assume that the formula is valid for n > 2. Using (3),
arg[d,_1] — 2arg[d,] + arg[d,+1] =0 mod 2.

Using induction hypothesis, we have (n—1) arg[d,] —2n arg[d,]+arg[d,+1] =0 mod 2.
After rearranging the terms, we obtain arg[d, 1] = (n + 1) arg[d;] mod 2.

For all n € Ny, T(e,,) = 07e,. Hence, T(e,) = (T(e1))", so T is a composition

operator, with symbol ¢ = T'(e;) = d1e1, by Lemma 1.3. Finally, multiplying by «, for all
f € Hol(D),

(Tf)(z) = af(d12). O
We obtain the following corollary.

Corollary 2.2. The only linear operators T : Hol(D) — Hol(D) that are isometries of Hol(D)
are those of the form T, 5, with |a| = |B] = 1.

Proof. Let T be a linear isometry of Hol(ID). Then, in particular, 7" is a linear isometry for
two different seminorms associated with Hol(D), using Lemma 1.1. Theorem 2.1 concludes.

Conversely, let |a] = |8| = 1. Then, for all p € N and f € Hol(DD),

1Tas(FMloea-1yp = S | f(82) s [F )] =1 llcca-1yp-

= lw|<1-1

Hence, T, 5 is a linear isometry of Hol(D). O

3. OPERATORS SIMILAR TO AN ISOMETRY ON Hol(D)

In this section, we will focus on linear operators of Hol(ID) that are similar to an isometry
of Hol(ID). Let us recall the concept of similarity.

Definition 3.1. Two linear operators 7,V € L(Hol(D)) are similar if there exists some
U € L(Hol(D)) invertible such that U™ 'TU = V.

In the following, we will only consider some classes of operators: composition, multiplica-
tion, and weighted composition ones. The goal of this section is to obtain a characterisation
of such operators that are similar to a linear isometry of Hol(ID). The main theorem is the
following.

Theorem 3.2. Let T be a continuous operator on Hol(D).
(i) T = C, is a composition operator similar to a linear isometry of Hol(D) if and only if
@ 1s bijective and elliptic, i.e., with a fized point on D.
(1) T = M,, is a multiplication operator similar to a linear isometry of Hol(D) if and only

if m is constant and unimodular.

(it3) T = W, is a weighted composition operator similar to a linear isometry of Hol(D) if
and only if ¢ is bijective and elliptic with o,(Wy, ,) N T # @.

It is now time to prove this result. We recall that the linear isometries of Hol(D) are

defined by
Tos(f)(:) = af(82),  feHoUD), o] = |8 =1,

as we proved in Theorem 2.1.
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3.1. Composition operators - Proof of Theorem 3.2.(%).

First, assume that ¢ is bijective and elliptic. Denote by o € D its fixed point. Consider

the map v defined by
Z—«

¥(z) = 1—-az

Then, ¢ € Hol(D), v is bijective, =1 = ¢, and ¢ (a) = 0. Hence, ¢ = )o@ o1 is a
bijective self-map of D, with a fixed point at 0. By Schwarz’s Lemma ([1, 19]), there exists
p € C such that || = 1 and ¢(z) = fz. Hence,

Cd, o C<P o Cw = C@ = Tl’ﬂ.
The operator C, is therefore similar to a linear isometry of Hol(ID).

Now, consider ¢ not both bijective and elliptic. If C,, was similar to a linear isometry of
Hol(D), then we would write

C,=UVU " < U 'C,U=YV,
with V isometric. Iterating this equality n times, and we get
U_IC;LU = U‘lCSO[n]U =V
Thanks to Lemma 1.1, for all n,p € N and f € Hol(D),
|0 1 = IV Pl = 1l
Since U is invertible, writing g = U(f), for all p € N and g € Hol(D),

IO o1y = 107 00" 11 = 107 9))

By the Denjoy-Wolff theory (|6, 10]), there exists a point w € D such that the iterates ¢
of ¢ converge uniformly on all compact subsets of D to w. Finally, considering g(z) = z — w,
we have g € Hol(D), and using the continuity of U,

10D a1y = 107 = )| —0

00,1-1/p n—r—400

00,1-1/p °

However, g # 0, so U~*(g) #Z 0 (because U is invertible). Thus, there exists p € N such
that HU_I(Q)”oo,pl/p # 0, leading to an absurdity.

C,, is similar to a linear isometry of Hol(D) if and only if ¢ is bijective and
elliptic. The proof of Theorem 3.2.(7) is then complete.

3.2. Multiplication operators - Proof of Theorem 3.2.(i%).
Assume that m is constant and unimodular. Denote by « this constant. Therefore, for all
f € Hol(D), we may write
[Min(F)I(z) = m(2)f(2) = af (2) = [Taa(f)](2).
Hence, M,, = T, is a linear isometry of Hol(D).

Conversely, let M, be similar to a linear isometry of Hol(D). We may write M,, = UVU !,
with U invertible and V' isometric. Iterating this n times, we obtain

M} = My =UV"U,

m

with V™ also isometric (by induction). We will consider two cases.
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« Assume that for all z € D, [m(z)| < 1. Then, forallp € N, ||m|,_,,, = ¢ < 1. Hence,
(4) M ge1-1/p = ¢ —— 0.

Consider 1, the map defined by 1(z) =1 for all z € D. Then, for all n € Ny, since V"
is isometric and V*"U~! = U=t M,,», for all p € N, by Lemma 1.1,
-1 nyr—1 -1
HU (]l)Hoo,l—l/p - ||V u (]]')Hoql—l/p - HU an(]]')“oql—l/p

= v 0

(mn> Hoo,l—l/p m

using the continuity of U and (4). But U~'(1) # 0 (since U is invertible), so there
exists p € N such that ||U*1(]l)||oo71_1/p # 0. Impossible.

« Assume that there exists zg € D such that |m(zp)| > 1. Then, for all p € N, n € Ny
and f € Hol(D), we have

1" fll o1 21jp = 1OV U] 1),

In particular, for p = pg such that |z] <1 — pio and f =1,
|ovru=t(1)| = ||m

= — > +oo.
OO,I—I/}O() n—o0

n||0071_1/p0
However, U is continuous and V' is isometric, so there exist C' > 0 and ¢ € N such that

HUVnUil(]l)Hoo,lfl/Po <C HUﬁl(]l)Hoo,lfl/q < oo

The two cases lead to an absurdity. Ergo, for all z € D, |m(z)| < 1, and there exists
2o € D such that |m(zp)| = 1. Using the maximum modulus principle, we have shown that
m is constant, of modulus one.

M, is similar to a linear isometry of Hol(ID) if and only if m is constant and
unimodular. The proof of Theorem 3.2.(ii) is then complete.

Remark 3.3. We have proved that there is no multiplication operator similar to a linear
isometry of Hol(ID), other than the isometries themselves.

3.3. Weighted composition operators - Proof of Theorem 3.2.(%i3).

To obtain the third and last result of Theorem 3.2, we begin with a simple observation.

Lemma 3.4. Let ¢ : D — D holomorphic, and m € Hol(D).
If Wy, ts similar to a linear isometry of Hol(D), then W, ., is invertible.

Proof. If the operator W, , is similar to a linear isometry of Hol(DD), then we have

Wi =UVU ™!,
with U invertible and V isometric. Since all linear isometries of Hol(D) are invertible (The-
orem 2.1 and [3, Proposition 2.1]), W, , is also invertible, with inverse UV U1 O

Therefore, in the following, using [3, Proposition 2.1], we may consider only weighted
composition operators with symbol ¢ bijective, and weight m such that Vz € D, m(z) # 0.

15' case: Assume that ¢ is not elliptic. Then, by [3, Proposition 2.3, Theorems 6.1 & 7.1],
there are only two possiblities: either o,(W,, ) = C*, or 0,(W,,,,) = @.
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If 0,(Wy,,,) = C*, consider f € Hol(D)\{0} such that W,,, ,(f) = 2f. Suppose that W,,,
is similar to a linear isometry of Hol(D). We may write W,, , = UVU ™!, with U invertible
and V isometric. An easy induction gives Wy, = UV"U ~Lforn €N, so

n _ongyg nrr—1
Wi (f)=2"f=U0V"U""f.
Since U, U~! and V are continuous, there exists a constant ¢ > 0 such that
nyr—1
[oveutfl, . <
But f #0, s0 [[fll1/ >0, and

Voo o = 12" Fllocaje = 2" 1fll /o ——> +o0.
We have obtained an absurdity.
If 0,(Wy, ) = @ and W), , is similar to a linear isometry V' of Hol(ID), then
@ = 0p(Wip) = 0p(UVU™) = 0,(V),
since U is invertible. But 0,(V) # @, using Theorem 2.1 and [4, Theorems 3.4 & 3.7].

15 conclusion: ‘ In order to make W,, ., similar to a linear isometry of Hol(ID), the symbol
© must be bijective and elliptic.

Now, we consider symbols ¢ that are elliptic and bijective. Without loss of generality
(using the map ¢ p.10), we will assume that the fixed point of ¢ is 0. Using Schwarz’s
Lemma (|1, 19]), we can write

p(z) =Bz [Bl=1.
Definition 3.5. Let ¢ : z — [z, with |3] = 1.
« The map ¢ is periodic if there exists N € N such that 8V = 1.
« The map ¢ is aperiodic if for all n € N, g™ #£ 1.

First, we will assume that |m(0)| = 1. Indeed, we have the following lemma.

Lemma 3.6. Let ¢ : D — D be elliptic and bijective such that ¢(0) = 0, and m € Hol(D).
If Wy, ts similar to a linear isometry of Hol(D), then |m(0)| = 1.

Proof. If |m(0)| < 1, then considering the map g = U~'1, with 1(z) = 1, we obtain
U7V U] o0 = Wi ()], = ImON" 19O =0
Using the continuity of U, we get 1 = ||1]| , = [[V"Ugl||,, o — 0, which is impossible.
If |m(0)| > 1, then
[UVTUL| o = [[Win o (D] o = [m(0)]" —— +oo.

n—oo

However, there exists p € N and ¢ > 0 such that

HUV”U_l]lHoo,O S ¢ HVnU_l]lHoql—l/p =c HU_l]lHoo,l—l/p < +oo.

This leads to an absurdity. ([l
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Now, we consider separately periodic and aperiodic symbols.
2" cagse: Assume that ¢ : z — Bz is elliptic periodic. Then, there exists N € N such that

N-1 N-1
Wﬁso = My, with my(z) = H(m o plM)(2) = H m(B*2).
k=0 k=0

If W, is similar to a linear isometry of Hol(D), then so is WZX » = M. Using Theorem
3.2.(17) (proved in Section 3.2), the map my must be constant, and unimodular.

Conversely, if my is constant and unimodular, thanks to [4, Lemma 3.5], since |m(0)| = 1,

we may write
N-1

m = exp(m), with m:iQJrszfk(zN), 0 R,

k=1
Moreover, we show that there exists U invertible such that UW,, ,U ! = V, with V a
linear isometry of Hol(DD). Indeed, we look at particular U and V:
U — Mw, V - Tewﬁ,
with w € Hol(ID) not vanishing on D, € in the definition of 7, and 3 in the definition of (.
Note that since w does not vanish on D, we may write w = exp(w).
Then, for all h € Hol(D) and z € D,

fla"' 7fN—1 c HOI(D)

U U0 = V)(G) = e mluls) = h(52)

w(2) — k N
ex 2% fe(z )] =1
w(Bz) " LZ

= exp [w(@ —(32)+ Y zkfk<zN>] =1

k=1

¢=zﬂ@—@@@+§i%ﬁ@%:ﬂ.

Consider fi(z) = Z aék)zf and w(z) = Z bez’. We are searching for maps @ such that

£>0 >0
N-1 N-1
W(z) —w(B2) + Y Ff(N) =D [bgu — B8+ ag’%mk]
k=1 >0 k=1
(5) N-1
= [Z (bNHk(l - 8"+ aﬁ”) ZNM] -
k=1 Le>0
Finally, for all £ > 0, considering by, = 0 and
)
£ 1<k<N-1,

bNZ—l—k = ma

we obtain the equation (5). Hence, for this particular w, we get My,W,, .My = T, 5.
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’2“‘1 conclusion:‘ If ¢ is periodic, then the operator W, , is similar to a linear isometry
of Hol(D) if and only if the map my is constant and unimodular, that is if and only if
0p(Wino) NT # @, by [4, Theorem 3.4].

3'4 case: Assume that ¢ is elliptic aperiodic.
If W, is similar to a linear isometry of Hol(ID), then we may write

U ' Wi oU = Ty g,
for some |a| =1, |5| = 1. We apply this equality for f = 1. Hence,
(U W U)1) = Tap(l) = al <= m(Uloy)=a(Ul).
Therefore, o € T is an eigenvalue of W, .

Conversely, assume that o,(W,,,) N T # @. Let A € 0,(W,,,) NT, and f € Hol(D) such
that

Wino(f) =m(fop)=Af.

Then, for all z € D, f(2) # 0. Indeed, assume that there exists zp € D such that f(z9) = 0.
Since A # 0, by induction, for all n € Ny, we get (f o o) (2) = f(8"20) = 0. Because ¢
is aperiodic, it implies that f = 0 on {z € C : |z| = |20|}, so f = 0 on D using analytic
continuation. Let U = M;. Then, U is invertible, and for all g € Hol(DD),

(U W U)g) = (U W) (fg) = U~ (m(f o @) (g 0 ¢))
=AU (f(go¢))
= Algow) =Tis(9)-

Hence, W, ,, is similar to a linear isometry of Hol(ID).

’ Final conclusion: ‘ A weighted composition operator Wy, ., is similar to a linear isometry of
Hol(D) if and only if ¢ is bijective and elliptic with o,(W,, ,) T # @. By [4, Proposition 3.3
and 3.6] a necessary condition to get a nonempty point spectrum is that m does not vanish
on D.

4. ISOMETRIES OF Hol(D) WITH A SINGLE SEMINORM

We now consider the isometries for a single seminorm. In this case, we expect to get more
operators. This is indeed the case. In order to show it, we will use an analogy with the disc
algebra A(DD), a case already discussed by El-Gebeily and Wolfe in [11].

We begin this section with a useful proposition.

Proposition 4.1 ([11]).

Let S : A(D) — A(D) an isometry. Then there exists a closed subset K C T, and two
maps p : K — T continuous, ¢ : K — T continuous and onto, such that for all f € A(D)
and £ € K,

p(&) X (S)(E) = F(o(E))-

It will allow us to prove the main theorem of this section.

Theorem 4.2. Let 0 < r < 1 fized, and T : Hol(D) — Hol(D) a linear continuous operator
such that for all f € Hol(D),

1T oo = N f Ml -
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Then there exist a map By, which is constant or a finite Blaschke product, and 5 € T such
that for all f € Hol(D),

T(f)(z) = Bi(z/r)f(B2).
Proof. To begin, let us consider U : Hol(D) — Hol(r~'D) the operator defined by

UN)z) = [flrz), |z <1/
Then, by setting S = UTU™! : Hol(r~'D) — Hol(r~'D), the operator S is isometric for
[/|o6,1> that is, for the disc algebra norm.
Note that the set of all polynomials is dense in Hol(r~'D) and in A(DD) for the norm ||-|| ;.
Hence, we can extend S to an operator S : A(D) — A(ID) so that S is still isometric for [l o1
In the following, we will continue to write S even if we consider S.

Step 1: Recall that for all n € Ny, we denote ¢,(z) = 2", and f,, = Se,. Let K be the set
defined in Proposition 4.1. Then for all £ € K,

p(&) x fo(§) =1, p(&) x f1(§) = &(&).

Using the first equation, we obtain that for all £ € K, p(£) # 0. We can say more: since p
is continuous on the compact set K, there exists § > 0 such that |p(§)| < 6 for £ € K. We
have the same result for fy. Furthermore,

CA©
%0 = T

We focus on the Lebesgue measure m(K) of the set K relatively to T. We will show that
m(K) > 0. Indeed, first, we can say that K is not finite (otherwise, we would have ¢(K) = T
also finite, impossible).

£ eK.

o If the map fy is constant, then ¢ is of the form cf;, with ¢ € C. Hence, we can extend
¢ to a holomorphic function on r~'ID, which is in particular C!' on T. Assume that
m(K) =0, we would get m(¢(K)) = m(T) = 0, impossible.

« If the map f; is not constant, since it is analytic on r ~!ID, because the zeroes are isolated,
there is only a finite number of zeroes of f, that are unimodular. Denote them by
&, -+, &, Therefore, the map ¢ can be extended to a C!' map on T\{&, -+ ,&,}, such
that ¢(K\{&, -+ ,&,}) contains T, except at most n points. Assume that m(K) = 0,
we would get m(T\{n points}) = 0, impossible.

Finally, we have proved that m(K) > 0.

Step 2: By [16, Theorem 1.1] and [11, Proposition 1|, there exist a function ¢ € H* of
the form ¢ = hy/hs, with hy, hy € A(D), and hy = 0 on a certain subset L C T; also, another
map € A(D) such that [[p]lo., = |y = 1, ¢(K) =T, ¢ = 0 on L and || = 1 on K
satisfying ’ 7

S(f)=v(fey),  [eAD).

Recall that at the beginning, S is defined for f € Hol(r~!D). Thus, we obtain ¢ €
Hol(r~'D), that is L = @. Hence, the map 1) does not vanish on T. In addition, by setting
X ={€eT:|p&)| =1}, if X was finite, we would get ¢(X) finite. This is impossible since

o(K) =T, so T C ¢(D). By Theorem 1.4, ¢ is a finite Blaschke product.
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Now, assume that ¢ is not constant. If ¢ is not a finite Blaschke product, note that since
[¥]lo1 = 1, we have (D) C D. By Theorem 1.4, the set X = {§ € T : [¢)({)| = 1} is finite.
Choose zy € T\ X such that p~!(p(2)) C T\X; this is possible since X is finite. Set

B mz—i— 1
g(Z)—T-

Then |||, = 1, and [g(p(2))| = 1 <= ¢(2) = p(20) <= 2 € ¢~ (p(2)) C T\X. Thus,

9(0(2))| =1 = ()] < 1= [5(g)(2)] = [¢(2)]|9(e(2))] < 1.

Therefore, |S(g)||,, <1, which is impossible because S is isometric for [|-[|, ;. To conclude,
X =T (by Theorem 1.4), and v is a finite Blaschke product.

Finally, S(f)(z) = Bi(z)f(B2(z)), with B; and Bs of the wanted form. We have only left
to go back to T' via the invertible operator U, and that gives
T(f)(z) = (U S)HUf)(=)
“H(Bi(2) x (Uf)(Ba(2)))
“H(Bi(2) x f(rBs(2))
= Bi(2/r) f(rBa(z/r)).
We finish the proof by noting that since the equality must hold for all f € Hol(D), if

we denote ¢(2) = rBy(z/r), we must have ¢(D) C D. Moreover, ¢(rD) = rD, so by a
renormalisation and Lemma 1.5, ¢ is a rotation. Hence, there exists || = 1 such that

T(f)(z) = Bu(z/r)f(B2). 0

U
U

5. SPECTRAL STUDY OF THE ISOMETRIES
In this section, we make a spectral study of the isometries of Hol(DD), endowed with two

or a single seminorm. We will consider separately the two cases.

5.1. Spectra of the isometries for two seminorms.
First, we focus on the isometries of Hol(DD), that is the operators

Top: [ — af(B).

Following the results of [4], the results depend on the nature of the number g (cf. Definition
3.5).

o If 3 is periodic, then o(T, 5) = 0,(Tas) = {aB" : k € No}.
« If 3 is aperiodic, then
0p(Tnp) ={apf k€ Ng} C o(Thp) C T,
and if we consider for 7 > 2 the set of all Diophantine numbers of order T, defined by
D(r)={¢e€R:Iy>0,VpeZVgeN,|p/qg—& > ¢},

we obtain a little improvement: for 8 = %™ ¢ € D(7),

o(Thp) C {e*™ . 2 ¢ Q}U{1}.
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5.2. Spectra of the isometries for one seminorm.
Now, let 0 < r < 1. Using the results of Section 4, we want to find the spectra of the
operators defined by

T(f)(z) = B(z/r)f(52),
with B constant or a finite Blaschke product, and g € T.
1% case: If B is a constant map of modulus one, denote by ¢ € T the constant. Then we

obtain T = T¢ g, so the spectral study has already been done previously.

2" case: If B is a finite Blaschke product, then since B is vanishing on D, we obtain
0,(T) = @ (see [4, Proposition 3.3 and 3.6]). Now, to compute the spectrum of 7', consider
once again the two subcases depending on the nature of .

o If 3 is periodic, then there exists N € N, N > 2 such that ¥ = 1 and g* # 1 for
k < N. It follows that for all f € Hol(D),

TN = (). ma() = [ B (25).

: T
Jj=0

Hence, by [4, Proposition 3.2], we have o(T) = {\ € C: \N € my(D)}.

o If B is aperiodic, then by [4, Corollary 2.2|, {5"B(0) : n € Ny} C o(T). Moreover,
using [4, Proposition 7.2], we have o(7") C D(0, M), with M defined by

‘ 1 2 "
M =lim Mg, Mg = exp (5/0 log | B(Re" /r)| dt) :

Note that if m(z) = B(z/r), we can write

o K
N o~ , 3 e Z—ra;
- th S
m(z) =z"m(z), wi m(z) N L= =%
with ay,- -+, ax # 0. Since m is well defined in I, the equation (7.2) of [4] is also valid
for My with R — 1, that is for M; = M. Hence,
K 0 K K K
1 e 1 —ra; 1 1 o 1
M =m0 [ — = |5 [T —2IT] = < [ = .
’m( )’ ] |7”ij‘ 'rN . T . ’T’O[j| TN N T‘Oé]l TN+K
J=1 Jj=1 J=1 J=1

Therefore, if B has d zeroes (counting the multiplicities), then
{B"B(0) : n € No} C o(T) € D(0,7~%).

Thus, the spectrum of T' contains a set which is dense in the circle centered at 0 and
of radius |B(0)].
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