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Maxwell’s fisheye is a paradigm for an absolute optical instrument with a refractive index deduced from the
stereographic projection of a sphere on a plane. We investigate experimentally the dynamics of flexural waves
in a thin plate with a thickness varying according to the Maxwell fisheye index profile and a clamped boundary.
We demonstrate subwavelength focusing and temporal pulse compression at the image point. This is achieved
by introducing a sink emitting a cancelling signal optimally shaped using a time-reversal procedure. Perfect
absorption and outward going wave cancellation at the focus point are demonstrated. The time evolution
of the kinetic energy stored inside the cavity reveals that the sink absorbs energy out of the plate ten times

faster than the natural decay rate.

All rays originating from any object point meet again
at a single image point. This definition of an absolute op-
tical instrument has been first embodied by the Maxwell
fisheye!. By means of a proper spatial variation of the
refractive index, all rays emanating from a source at any
position will refocus at another image point. This spe-
cial class of instruments has attracted strong interest for
the purpose of perfect imaging. Since the discovery of
Maxwell, the family of absolute instruments has vastly
expanded. The development of transformation optics,
based on geometric transformation of space, has provided
a new way to design such devices?’. Among them are
Luneburg or Eaton lenses, which have been revisited by
this strategy. Beyond the paradigm of absolute instru-
ments, transformation optics has proven to be a very effi-
cient way of manipulating light for a variety of purposes,
including invisibility cloaks®®. Recently, a different and
more general approach on absolute instruments has been
proposed, based on the Hamilton-Jacobi equation®, giv-
ing access to a broader variety of absolute instruments.

The transformation strategy implies manufacturing
the distribution of physical properties of the propagating
medium itself, e.g. permittivity and permeability (hence
refractive index) in the case of optics. A group man-
aged to fabricate a fisheye lens integrated on a silicon-
on-insulator substrate, using electron-beam lithography”.
Some of the possibilities of imaging of gradient-index
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lenses have recently been explored for microwaves and in
the infrared spectrum, numerically and experimentally
(8719) . Still, such realizations are not easy to achieve in
practice. In the field of elastic waves where the principles
of transformation optics can also be applied, the propa-
gation relies on mechanical properties of the medium,
which can be designed appropriately more easily than
in optics'' 13, The focusing properties of the Maxwell’s
fisheye have been demonstrated experimentally for flex-
ural waves propagating in a thin plate, where spatially-
dependent phase velocity is obtained by varying the plate
thickness'2. However, as the fisheye cannot extend to in-
finity in practice, perfect imaging could not be achieved:
part of the wavefield is lost and cannot converge to the
image point. This limitation can be circumvented by
closing the fisheye with mirror boundaries as proposed
in'*, and a real absolute instrument can be achieved in
the cavity.

In the closed Maxwell fisheye, perfect imaging is guar-
anteed from the viewpoint of geometrical optics. How-
ever, when considering a wavefield, the actual resolution
is limited by diffraction. Unless an absorbing mechanism
is introduced, resolution is limited to half a wavelength
due to the interference between the converging and di-
verging waves at the focal point!®. This subtle point has
been at the heart of a now settled controversy!#16-21,
An active absorber has been proposed in a theoretical
and numerical study providing the optimal drain signal,??
that can achieve broadband sub-wavelength focusing at
the image point of the Maxwell fisheye.

A very different approach to obtain point-to-point fo-
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FIG. 1. Ray trajectories on the half-sphere, between two sym-
metrical points, considering a mirror reflection at the equator
(a). 3D model of the Maxwell fisheye elastic lens, sectional
view (b); Photo of the experimental device, top view (¢). The
circular cavity is closed by screwed aluminium rings with in-
ner diameter of 20 cm.

cusing is to consider a time-reversal (TR) operation in
a chaotic cavity. Twenty five years ago, it was demon-
strated experimentally that ergodicity in a chaotic cavity
provides refocusing of a time-reversed elastic pulse both
in time and space, with a single detector in the cavity
in place of a time reversal mirror on the boundary?>24.
Because spatial refocusing with TR remains diffraction-
limited, a time-reversed source was introduced at fo-
cus point as a sink to cancel the after-focusing outgoing
wave, resulting in the sharp refocusing of the in-going
wave?®. More recently, a passive absorber demonstrated
sub-wavelength focusing with a similar time-reversal pro-
cedure in a homogeneous space?%, but only with a limited

bandwidth. In any case, the temporal refocusing is not
perfect: residual temporal echoes persist, even for very
long time-reversed records.

In this letter, we propose an absolute instrument in
the sense of waves, which means not diffraction-limited.
Our aim is to to shape the optimal cancelling signal that
can eliminate any after-focusing echoes. We show that
the sink of a TR experiment can play this role. Taking
advantage of the closed fisheye cavity, we demonstrate
how the combination of a short time-reversal signal and a
sink makes it possible to cancel dynamically the outward-
going wave and achieve both perfect spatial and time fo-
cusing. When associated with the Maxwell fisheye, the
sink appears to act as a spectacular absorbing device,
eliminating very quickly most of the field within the cav-
ity, opening an original route toward perfect absorption.

The properties of the Maxwell fisheye lens have been
long known'. It is obtained by the stereographic projec-
tion of a sphere on a plane, which provides in turn the fol-
lowing refractive index distribution to ensure focusing?®”:

2

nr) =17 (r/Rumax)2

(1)

where Rpy.x is the radius of the sphere and r the Eu-
clidean distance from its center.

To obtain the corresponding velocity profile for flex-
ural waves, we manufacture a plate with the adequate
thickness distribution, according to the following law:

h(r) = 4ho/n?(r) , (2)

with hg the minimum plate thickness at the center and n
the index profile given by Eq. 1, in agreement with the
theory of transformation elasticity (see Supplementary
Material for more details). The symmetry of revolution
of the profile ensures that any point is the image of its
symmetric with respect to the center of the lens. How-
ever, to achieve full angular aperture and perfect imaging
in a finite-size lens, a circular reflecting boundary must
be added at r = Rp,ax as suggested by Leonhardt'* and
depicted in fig 1 (a). The elastic Maxwell fisheye is ob-
tained by carving 15 disks of increasing depth in a du-
raluminium plate (see fig. 1 (b-c)). The resulting plate
thickness ranges from 0.5 mm at the center to 2 mm at
the border. A circular clamp is added to the plate around
the lens. These heavy aluminium rings play the role of
mirror boundaries at the edge, ensuring that all flexural
waves are reflected back.

The source is a 1 cm-diameter piezoelectric ceramic
disk (PKS1-4A1 MuRata Shock Sensor) bound to the
plate using Phenyl salicylate (Salol-melting point of
43.8°C) to ensure rigid coupling. A laser vibrometer
(Polytec sensor head OFV534 with controller OFV2500)
is scanned over the flat side of the plate with a 2.4 mm
step grid to map the spatio-temporal velocity field.

We first investigate the focusing properties of the
closed Maxwell fisheye lens. A 5 kHz wave-packet with
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FIG. 2. Focusing of a 5kHz short pulse emitted by a single
source. Upper panel displays the wavefield at emission time
(a) and at focusing time (b) of the pulse. The resolution of fo-
cal spot is limited by diffraction, as visible on the lower panel
showing the amplitude in arbitrary unit versus the transverse
distance from the source (c) and focusing point (d).

a 10 kHz bandwidth is emitted at point A, located at
a radial distance of 5.3 cm from the center of the plate.
Propagation of the wavefield is monitored until focusing
and beyond. The wavefield amplitude distribution mea-
sured at the maximum of the emitted pulse and of the
focused pulse are shown in Fig. 2 a-b together with their
transverse profiles taken at the source and image points
Fig. 2 c-d. The full width at half maximum (FWHM)
of the emission central spot is 8.5 mm, close to the size
of the piezoelectric disk. In contrast, it is 15.4 mm at
focal point, almost twice the size observed at emission.
At 5 kHz, the wavelength is 37 mm for the plate thick-
ness at measurement positions. The resolution achieved
is 0.42X close to the theoretical limit of diffraction, A/2.
Although the image results from all-angle focusing, the
lens is not an absolute instrument for waves and cannot
image the piezoeletric disk, the size of which is smaller
than the wavelength. This confirms that the Maxwell
fisheye cannot provide sub-wavelength focusing by it-
self, see!®16-18:20 for a now settled controversy. Super-
resolution can be achieved only with an absorbing mech-
anism to cancel the diverging component of the wavefield
at focal point!6:20:28,

An active drain is implemented at the image point B
by introducing a source So, a piezoelectric disk identi-
cal to the first one, which emits the opposite of the ini-
tial pulse at refocusing time. The results show that this
is actually enough to obtain sub-wavelength refocusing
(Fig. 3). The spatial width (FWHM) of the refocused
pulse spatial profile is 9 mm, close to the dimension of
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FIG. 3. (a) Spatial profiles of the plate vibration at focusing
time, as a function of the distance from the focusing point in
the vertical direction (perpendicular to the A-B axis). The
amplitudes are normalized by the maximal value at » = 0.
(b-c) Wavefield at emission and focusing time when using the
time-reversal method and sink.
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FIG. 4. Schematics of the experimental procedure for the TR
experiment. In the initial focusing experiment, f(t) (blue) is
emitted at point A and a diffraction limited focusing is ob-
served at point B. The signal recorded at B (black) is short-
ened to a single pulse (blue) and time-reversed (red). In the
second experiment, this signal is emitted from B, while the
time-reversed initial source signal is emitted at A to provide
an active sink. Sub-lambda focusing is observed at A.

the initial source, Sy (Fig. 2c¢). However, this drain is
not able to fully cancel the outgoing wavefield at focus-
ing point. The velocity field at this position exhibits a
long tail associated with successive echoes (as shown in
Fig. 5b, comparable to the reverberating signal observed
without drain (fig. 5a).

In order to achieve perfect temporal focusing in addi-
tion to spatial refocusing and eliminate the reverberation
tail, we propose to use a time-reversed source. To do so,
the object and image are now exchanged (see fig. 4). In a
standard TR experiment with sink??, the signal recorded
in the initial experiment at point B (fig. 5a) would be
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FIG. 5. Temporal signal in arbitrary units measured at the
focusing point without use of a sink (a), in the presence of a
drain (b), and using time-reversal and sink (c). The greyed
area corresponds to the leading pulse.
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FIG. 6. (a) Velocity signals v2 and v1, generated by the source
S2 and the sink Sp, measured at the focusing point A. The
leading pulses (greyed area) and beginning of very similar long
codas are shown. (b) Velocity signal resulting from the two
sources acting together (subtracted), measured at the focus-
ing point A, showing that the coda has mostly disappeared.

time-reversed and re-emitted from B by So, while the TR
initial pulse would be emitted by S7, the sink, at A at fo-
cusing time to cancel the diverging wave. A long sequence
of the coda needs to be recorded and time-reversed in or-
der to cancel effectively the long reverberation tail. Here,
we show that inside the closed Maxwell fisheye, TR of a
short time-record corresponding to the first arrival of the
pulse (greyed region in Fig. 5a) is enough to fully can-
cel multiple echoes. By fine tuning the amplitude of S
and So, and the time delay between their emission, we
are able to perfectly cancel the diverging wave following
the focusing, and eliminate multiple echoes, achieving al-
most perfect temporal focusing as shown in fig. 5c¢, and
reproduce precisely the initial spatial pattern (fig. 3b-c).

To analyse in more details the action of the sink, we
perform two independent measurements of the propaga-
tion in the lens. By activating the source and the sink
separately, we investigate the response to each one. The
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FIG. 7. Time evolution of the instantaneous kinetic energy
in the fisheye cavity during the experiment, normalized by
the maximal value in the absence of sink. Inset shows the
same data averaged over one period in log-scale. Curve fitting
allows to evaluate an exponential decay rate for each curve.

velocity fields generated respectively by source S7 from
point A (initial pulse) and Sy from point B (TR pulse)
are measured at the focusing point A, and superimposed
in Fig. 6a. We observe that both signals start with a
short pulse (greyed area) followed by multiple echoes.
The striking feature is that they share an almost perfectly
identical coda after the initial pulse. This explains why
the combination of both sources (Sz as emitting source,
Sy as sink) allows to cancel with remarkable efficiency
the subsequent echoes. This is demonstrated in Fig. 6b,
where the result described in Fig. 5c is reproduced here,
simply by superposition of the two signals. Notice that
the initial pulses (greyed section) are similar but not iden-
tical. They are actually in phase quadrature whereas the
codas are perfectly aligned (Fig. 6a). Therefore, when
both sources are emitting together, the tails cancel but
the initial pulse remains. The TR source behaves as an
optimal drain, emptying all the wavefield from the cavity
as a sink. See Supplemental Material at [URL will be
inserted by publisher] for a video of showing this result.

The absorption efficiency of the sink is also visible on a
global scale, considering the energy stored in the cavity.
Figure 7 displays the time evolution of the total kinetic
energy within the plate. It is obtained by integrating over
the plate the square of the local velocity field, weighted
by the plate thickness. This quantity displays large oscil-
lations as energy conversion between strain and kinetic
components occurs. This is especially the case in the ab-
sence of sink (blue curve), as an outward wave interferes
with the inward wave, creating an important stationary
component in the wavefield. Nonetheless, we are here
interested in the evolution of the mean value, represen-
tative of the total instantaneous energy time evolution.
The energy growth seen in fig. 7 during the first 0.5ms
corresponds to the Sy source emission. After that point,



the sink demonstrates its astonishing ability to absorb
energy from the plate (red curve). A drop of 80% of the
energy level is observed during the following 0.5ms, i.e.
for the same duration as the initial pulse. In contrast,
the energy drop without the sink is only 12%. We eval-
uate the decay rate to be 0.41 ms~' without sink, and
4.3 ms~! with sink (see inset of Fig. 7). Afterward, the
energy follows the same trend in both cases. We inter-
pret this full-field cancellation as the result of a complete
TR experiment. The TR of both the wavefield and the
source allows to reach the same state as before the initial
emission, when there was no vibration in the cavity.

Theoretically, a full-360° TR mirror or a chaotic cavity
would be needed to record all the information encoded in
the propagating wavefield, to achieve perfect refocusing
of the time-reversed signal at the source position. Work-
ing in the Maxwell fisheye lens simplifies the approach,
as all the wavefield converges to a single point. Instead
of a TR mirror on the boundary of the cavity, a single
TR source is enough to time reverse the full wavefield
propagating in the cavity. Moreover, it is not necessary
to record and emit a long coda signal, in contrast to a
standard TR experiment where an infinite time window
is theoretically necessary??. In the transformed medium
of the fisheye cavity, this requires a time record as short
as the initial pulse.

In the field of active noise control, noise cancellation in
a wide room is usually sought through multiple-channel
systems??. Thanks to the fisheye cavity imaging prop-
erty, here we obtain a quantitative noise cancellation
with only one source. In their analysis of the fisheye
resolution, Tyc and Danner showed theoretically how to
build an optimal absorbing source, taking advantage of
the spherical modal decomposition??. We propose here a
practical realisation of this possibility, but without using
an a priori calculation of the desired signal. We show that
the experimental time-reversal procedure itself indicates
how to design a sink to achieve perfect energy draining.

This approach can be an alternative to other methods,
such as elastic "black holes”3% 3% or absorbing systems
using electrical shunts®®. The interest of a lens to con-
centrate energy and improve local harvesting has already
been investigated®”. The efficiency displayed by a fish-
eye lens combined with time-reversal and sink suggests
this is a method with high potential for energy harvest-
ing of plate vibrations. Thus, our work paves the way to
absolute instruments for waves in both space and time
domains making use of transformed media and time re-
versal.

SUPPLEMENTARY MATERIAL

Two supplementary files are available with the paper.
First, a short derivation is proposed to justify the as-
sumtion we made in this work, that the flexural vibra-
tions on an elastic isotropic homogeneous spherical shell
of small thickness can be mapped on those of a thin elas-

tic isotropic homogeneous plate with a varying thickness.
Second, a video displaying the focusing with the use of
TR and sink.
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