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Abstract Spacecraft measurements show that the crust of the Moon is heterogeneously magnetized. The
sources of these magnetic anomalies are yet not fully understood, with most not being related to known
geological structures or processes. Here, we use an inversion methodology that relies on the assumption of
unidirectional magnetization, commonly referred to as Parker's method, to elucidate the origin of the magnetic
sources by constraining the location and geometry of the underlying magnetization. This method has been used
previously to infer the direction of the underlying magnetization but it has not been tested as to whether it can
infer the geometry of the source. The performance of the method is here assessed by conducting a variety of
tests, using synthetic magnetized bodies of different geometries mimicking the main geological structures
potentially magnetized within the lunar crust. Results from our tests show that this method successfully localizes
and delineates the two-dimensional surface projection of subsurface three-dimensional magnetized bodies,
provided their magnetization is close to unidirectional and the magnetic field data are of sufficient spatial
resolution and reasonable signal-to-noise ratio. We applied this inversion method to two different lunar
magnetic anomalies, the Mendel-Rydberg impact basin and the Reiner Gamma swirl. For Mendel-Rydberg, our
analysis shows that the strongest magnetic sources are located within the basin's inner ring, whereas for Reiner
Gamma, the strongest magnetic sources form a narrow dike-like body that emanates from the center of the
Marius Hills volcanic complex.

Plain Language Summary Magnetometers onboard spacecraft have detected magnetic field signals
originating from the lunar crust. These signals are known as magnetic anomalies and are generated by rocks that
are permanently magnetized. Lunar magnetic anomalies are distributed heterogeneously over the lunar surface
and the geological processes that gave rise to them is under debate. By inferring the shape of the underlying
magnetized material, we can constrain these processes and shed light on the Moon's geological history. In this
study, we evaluate the ability of a methodology up to now used to infer the direction of the magnetization, to
recover the location and shape of the magnetized material. Through a series of tests, we show that this method
can constrain the shape of the source of a magnetic anomaly, provided that the respective part of the crust is
magnetized along a common direction. We then apply the method to two lunar magnetic anomalies. The inferred
shape and location are in good agreement with the associated geological features and suggest that one originated
by an impact event and the other by volcanic activity. Future applications can focus on constraining the origin of
the many lunar magnetic anomalies that are not associated with visible geological features.

1. Introduction

Orbital spacecraft and ground magnetic field observations, together with paleomagnetic analysis of Apollo
samples, have demonstrated that the crust of the Moon is, at least, partially magnetized (Fuller & Cisowski, 1987;
Hood et al., 1981; Lin, 1979; Mitchell et al., 2008; Purucker, 2008; Purucker & Nicholas, 2010; Richmond &
Hood, 2008; Takahashi et al., 2014; Tsunakawa et al., 2015). Magnetic anomalies, and the corresponding
magnetization in the crust, are found to be heterogeneously distributed over the lunar surface (Carley et al., 2012;
Richmond & Hood, 2008; Tsunakawa et al., 2015; Wieczorek, 2018). However, the origin of lunar crustal
magnetism is still not fully understood (for a review, see Wieczorek et al. (2022)). One of the reasons is that the
Apollo samples are derived from a small number of geologic units that formed over a restricted range in time on
the lunar nearside hemisphere. Another reason is that magnetic anomalies related to prominent geological fea-
tures, like impact basins and albedo anomalies, have received the most attention by the scientific community
(Garrick-Bethell & Kelley, 2019; Hemingway & Garrick-Bethell, 2012; Hood & Schubert, 1980). This precludes
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a deep understanding of most of the geological processes associated to the sources of lunar magnetic anomalies, as
most of them are not found to correlate with topography, surface geology, or gravity.

Nevertheless, lunar magnetic anomalies have a great potential to be used as a tool to understand lunar geologic
history. For a magnetic anomaly to be formed, a combination of several factors must be met, namely (a) the
availability of magnetic carriers, (b) the presence of an ambient magnetic field, and (c) a geological mechanism
that allows the magnetic carriers to acquire magnetization. The main magnetic carriers in lunar rocks are the
metallic iron-nickel minerals kamacite, martensite and schreibersite. While most lunar rocks are poor in single-
domain magnetic carriers (i.e., the most ideal magnetic recorders), they do have magnetic carriers that lie in the
vortex state, and are therefore capable of preserving their magnetization over billions of years (Wieczorek
et al., 2022). Concerning the presence of an ambient magnetic field, the Moon has currently no internally
generated global magnetic field but it is believed to have once had a magnetic field in its past that could have
magnetized the lunar crust. Currently, the most widely accepted hypothesis for the origin of a magnetizing field is
that a dynamo once operated in the Moon's metallic core (Dwyer et al., 2011; Laneuville et al., 2014, 2018; Le
Bars et al., 2011; Scheinberg et al., 2015). Alternatively, transient fields generated by impact events have also
been proposed to be responsible for magnetizing lunar rocks (Hood & Artemieva, 2008; Tarduno et al., 2021).
However, recent magnetohydrodynamic and impact simulations have shown that this mechanism cannot generate
the required field strengths, leaving a core dynamo as the most probable explanation (Oran et al., 2020).

As far as geological mechanisms are concerned that would allow the magnetic carriers to acquire magnetization,
given that the lunar surface is highly cratered, a plausible explanation for a certain number of magnetic anomalies
is that their origin is related to impact events. Impacts heat the crust locally above the Curie temperature, and as
these materials cooled, they could have acquired a thermoremanent magnetization if there was an ambient field
present (Hood, 2011; Wieczorek et al., 2012). Moreover, impacts enrich the metal-poor lunar crust with iron-rich
materials derived from the impactor. Impact events can therefore lead to magnetic anomalies that are related to
shallow geological structures that are either apparent (craters, basins, ejecta) or subsurface (resurfaced craters and
basins). Other geological mechanisms that could generate a magnetic anomaly are volcanic and magmatic activity
(Hemingway & Tikoo, 2018; Purucker et al., 2012). These processes give rise to either shallow or deep geological
features, such as domes, dikes, magmatic chambers, and lava tubes. Magmatic activity can also produce strong
magnetic carriers by thermochemically altering lunar rocks (Hemingway & Tikoo, 2018). Moreover, the pri-
mordial crust of the Moon could have become magnetized as it cooled in the first 100 million years of lunar
history (Wieczorek, 2018). Parts of this primordial magnetization might still be present in the deep lunar crust.
From the above considerations, it is evident that the mechanisms that gave rise to the magnetic anomalies are
closely linked to the geological processes that have shaped both the interior and the surface of the Moon, such as
the thermal evolution of the lunar mantle and core (Arkani-Hamed & Boutin, 2014; Hood, 2011; Maxwell &
Garrick-Bethell, 2020; Nayak et al., 2017; Oliveira & Wieczorek, 2017), the geological history of its surface
(Hood, Torres, et al., 2021), and the deposition of iron-rich material by impactors (Oliveira et al., 2017; Wiec-
zorek et al., 2012).

Previous studies have attempted to constrain the magnetization underlying the magnetic anomalies by relying on
available regional geological context, like associated albedo anomalies, also known as swirls (Garrick-Bethell &
Kelley, 2019; Hemingway & Tikoo, 2018; Hood & Schubert, 1980), topography (Oliveira et al., 2017), and
gravity (Gong & Wieczorek, 2020; Kelley & Garrick-Bethell, 2020). Swirls are always associated with magnetic
anomalies and are thought to be the result of the crust being locally shielded from the solar wind by the crustal
magnetic field. Reiner Gamma is the most prominent swirl (Hood & Schubert, 1980) and it has been used to
constrain the geometry, magnetization and origin of the associated magnetic source (e.g., Garrick-Bethell &
Kelley, 2019; Hemingway & Tikoo, 2018). The topography can give information about the distribution of shallow
magnetic sources such as impact melt sheets and ejecta. Oliveira et al. (2017) used topography to infer the
magnetization of impact melt sheets within large impact basins and consequently to constrain the metal iron
abundance in the melt sheet. Gravity can be used to locate dense, iron-rich bodies that lie deep in the crust. Kelley
and Garrick-Bethell (2020) used gravity information to interpret a magnetic anomaly close to Marius Hills as
linked to an old impact crater that was later filled by volcanic material. However, in order to study the large
number of magnetic anomalies that are neither associated with swirls nor correlated with topography and gravity,
a methodology is needed that does not rely heavily on available geological or geophysical context.
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Here we propose to use the inversion method of Parker (1991) to constrain the spatial distribution of magneti-
zation within the lunar crust. It was originally designed to infer the magnetization direction of seamounts on Earth
and has been shown to accurately retrieve the magnetization direction when the magnetized sources are unidi-
rectional, without making any assumptions about the geometry of the sources (Parker, 1991). It has been applied
previously to various planetary bodies in order to infer the orientation and geometry of ancient core dynamo
magnetic fields (Oliveira & Wieczorek, 2017; Oliveira et al., 2019; Thomas et al., 2018). Moreover, Oliveira
et al. (2017) used Parker's method to infer the iron abundances within lunar basins, by combining the inferred
magnetization distribution within the basins' inner depression with estimates of the thickness and geometry of the
central impact melt sheet. However, the ability of the method to constrain the spatial distribution of subsurface
magnetization without any a priori information about either its location or geometry has not been assessed up
to now.

In this work, we test the performance of Parker's method by applying it to synthetic magnetic field data sets,
generated from a variety of geologically plausible three-dimensional magnetized bodies. The paper is structured
as follows. In the methodology section, Section 2, we present Parker's inversion methodology, and how we
constructed the synthetic data sets. In Section 3, we present and discuss the results we obtained from these
synthetic tests. In Section 4, we apply the method to two prominent lunar magnetic anomalies associated with
surface geological features: the magnetic anomaly over the Mendel-Rydberg impact basin, and the magnetic
anomaly over Reiner gamma, a swirl albedo marking, which is the target of the upcoming Lunar Vertex mission
(Blewett et al., 2022). In Section 5, we summarize our results and present our conclusions.

2. Methods
2.1. Inversion Methodology

The inversion method of Parker (1991), hereafter referred to as Parker's method, is a least squares inversion
technique that allows estimation of the strength and location of a set of magnetic dipoles, all pointing in the same
direction, that best fits a local set of magnetic field data. The underlying magnetization is considered as an
ensemble of dipoles lying within the magnetized volume. By assuming that the magnetization is unidirectional,
Parker (1991) demonstrated that this volumetric distribution of dipoles is equivalent to dipoles placed only on the
surface and pointing in the same direction. The discrete distribution of surface dipole moments can be described
by the following equation:

M(s;) = i m(s;), m(s;) >0, 1

where m is the direction vector, m is the magnitude of the dipole moment, and s; is the position vector.

Parker (1991) analyzed only the component aligned with Earth's global magnetic field. Given the absence of a
core magnetic field on the Moon, we follow previous lunar applications (Oliveira & Wieczorek, 2017; Oliveira
et al., 2017) and analyze only the radial magnetic field component. The radial magnetic field, d;, at observation
point j is given by the following sum

Ny
dj = Z gj(si) m(s;), J=1,...,Nops, @)
i=1

where

_ J
5 3
r; — sy r; — s

3)

gj(Si) _ Z_;)r<3m‘(rj_si) fj'(r] _Si) m-r; >’

with py the permeability of free space, N, the number of observations at a given (varying or constant) altitude, N,
the number of dipoles at the surface, and r; the position vector of a given observation relative to a fixed origin. By
combining Equations 2 and 3 into a typical matrix form, we obtain

d = G(i) m, 4)
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where d is the vector of the radial magnetic field observations, m is the vector containing the magnitude of the
dipole moments (with each element greater or equal to zero), and G, which is a function of the magnetization
direction 1, is the matrix that contains the elements given by Equation 3.

In this study, we are interested in inferring the strength and location of dipoles with non-zero dipole moment. For
this, we follow closely the protocol used in Oliveira and Wieczorek (2017) and Oliveira et al. (2017):

1. We construct an equidistant grid of dipoles within an angular radius of 8° at a given location on the lunar
surface. The dipoles are placed on the surface of the selenocentric reference system, and the dipoles are
distributed in an equidistant manner using the spherical distribution technique of Katanforoush and Shah-
shahani (2003) with an average spacing of 6 km (0.2° at the equator).

2. We consider synthetic magnetic field data distributed over a grid within an angular radius of 9°, which is
slightly larger in extent than the grid of surface dipoles. These data are placed at 30 km altitude above the
selenocentric reference system, and the measurements have an average angular spacing of 0.45° (13.5 km at
the equator). The observation grid is chosen to be 1° larger than the grid of surface dipoles in order to avoid
potential edge effects associated with the surface magnetization.

3. We use the non-negative least squares (nnls) technique developed by Lawson and Hanson (1974) to solve
Equation 4 for the location and strength of the surface dipoles with non-zero dipole moment for a given
magnetization direction. A property of the non-negative least squares inversion is that the number of non-zero
elements in the solution vector m is always less than or equal to the number of measurements N,,,. By
considering all magnetization directions, we then determine the direction that minimizes the root-mean-square
(RMS) misfit between the radial components of the input and the modeled magnetic field. The magnetization
direction is varied over an equidistant spherical grid with an angular spacing of 4°.

2.2. Synthetic Magnetic Field Observations

We tested the performance of Parker's method in locating magnetized material by generating synthetic magne-
tization distributions and using their resulting magnetic field as input to the inversion scheme of Parker's method.
Rather than generating strictly unidirectional magnetization distributions, we consider the more realistic case of a
magnetization acquired by material cooling in the presence of an internal dipolar magnetic field. In this scenario,
the smaller the spatial extent of the magnetization distribution, the closer to unidirectional it is. The inversion
technique was applied to various synthetic data sets derived from assumed distributions of magnetization that
might mimic plausible geological structures on the Moon. Spherical caps were used to mimic melt sheets within
basins, and spherical parallelepipeds, defined as parallelepipeds whose upper and lower surfaces follow the
curvature of the sphere at the respective depths and whose remaining four sides converge to the center of the
sphere, hereafter called parallelepipeds for brevity, were used to mimic lava tubes and dikes.

A schematic representation of these shapes is shown in Figure 1. We generated multiple magnetic field data sets
from each shape by varying the magnetization direction, the depth to the top, the lateral size, and the thickness of
the body. The exact values used for each of these parameters per shape are given in Table 1. It is worth noting that
a given shape can represent different geological structures depending on the selected parameters. For example, a
shallow spherical cap could represent a melt sheet, but if placed at deeper depths it could also mimic a magmatic
laccolith.

Each source is represented as a 3D magnetization distribution, M(r’,0’,¢’) . The magnetic field, B, at point

s = (r,0,¢) is calculated by estimating the integral

1
|s — ']

—_ M_O / / ’
B(s) = -V fﬂ M(s')V aQ’, ®)

where i, is the permeability of free space, Q' is the magnetized volume, and dQ’ is the volume element 7>
sin 0'd6'd¢’'dr’. Both the magnetization, M, and the term IS%SFI were treated as expansions of spherical harmonic
function (for details see Appendix A). For the expansion of the magnetization, we used spherical harmonics up to
amaximum degree and order 800, and for the expansion of the term s——ls’_l’ which determines the spatial resolution
of the induced magnetic field, we used spherical harmonic functions up to maximum degree and order 400. The
smallest wavelength that this data set can resolve is about 0.9°, which corresponds to 27 km on the surface.
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a)

Figure 1. Schematic representation of the magnetized bodies used in our synthetic tests. (a) spherical caps and

(b) parallelepipeds. ¢ denotes the body's thickness, and 56 and 6¢) denote respectively the latitudinal and longitudinal angular
aperture. The top surface of all three shapes corresponds to a sphere with radius R. Rectangular tubes are a special case of the

parallelepiped geometry where ¢ is equal to 0.7 X R56.
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Table 1

Inversion Results for the Ideal Synthetic Cases

Shape Dimensions IB,I™™ (nT) N mon (Am?  m (Am?) Misfit (nT) Threshold (%) ~ SMy,  SMsyq,
Spherical cap t (km) 1 0.74 1,216 1.15 x 10° 1.42 x 10"° 8.14 x 107* 58 0.98 0.95
10 7.00 1,206 5.65 x 10* 1.35 x 10" 1.06 x 1072 56 0.98 0.95

20 13.17 1,200 1.77 x 107 2.54 x 10" 2.67 x 1072 56 0.97 0.93

30 18.58 1,197 3.23 x 107 3.60 x 10" 4.83 x 1072 55 0.98 0.92

40 23.27 1,196 1.17 x 10® 4.53 x 10" 7.53 x 1072 55 0.97 0.91

d (km) 1 14.78 1,221 1.51 x 10° 2.83 x 10" 1.67 x 1072 59 0.98 0.96

10 13.17 1,200 1.77 x 107 2.54 x 10" 2.67 x 1072 56 0.97 0.93

20 11.55 1,195 9.12 x 10° 2.26 x 10" 3.93 x 1072 57 0.97 0.89

30 10.05 1,194 2.03 x 107 2.00 x 10" 5.13 x 1072 58 0.96 0.86

40 8.71 1,189 1.06 x 10® 1.76 x 10" 6.38 x 1072 59 0.96 0.82

5¢ (°) 10.84 1,188 3.83 x 10° 1.55 x 10" 245 % 1073 56 1 0.98

13.17 1,200 1.77 x 107 2.54 x 10" 2.67 x 1072 56 0.97 0.93

10 10.84 1,218 7.00 x 10® 2.67 x 10" 1.11 x 107" 65 0.97 0.70

a(®) 0 13.17 1,200 1.77 x 107 2.54 x 10" 2.67 x 1072 56 0.97 0.93

45 10.44 1,223 221 x 10° 1.98 x 10" 1.74 x 1072 55 0.99 0.93

90 454 1,298 1.55 x 107 1.19 x 10" 1.83 x 1072 57 1 0.93

135 10.44 1,195 276 x 107 1.99 x 10" 1.82 x 1072 54 1 0.93

180 13.17 1,200 1.77 x 107 2.54 x 10" 2.67 x 1072 56 0.97 0.93

Parallelopiped® t (km) 1 0.25 1,093 2.97 x 10* 5.91 x 10° 3.82x107° 70 1 0.98
10 2.06 1,178 6.85 x 10* 4.50 x 10" 493 x 107* 77 0.78 0.97

20 3.44 1,197 8.81 x 10° 7.16 x 10" 1.26 x 1073 80 0.78 0.97

30 4.40 1,195 3.81 x 10° 8.95 x 10" 230 x 1073 83 0.78 0.96

40 5.11 1,193 1.92 x 10° 1.03 x 10" 3.62 x 1072 84 0.78 0.96

d (km) 1 6.50 1,099 1.51 x 10° 1.57 x 10" 1.57 x 1073 68 1 0.98

10 4.40 1,195 3.81 x 10° 8.95 x 10" 230 x 1073 83 0.78 0.96

20 3.02 1,185 1.04 x 10° 5.69 x 10'° 3.16 x 1072 91 0.56 0.93

30 2.16 1,186 1.58 x 107 3.98 x 10 4.00 % 1073 94 0.33 0.9

40 1.62 1,185 6.78E x 10° 3.00 x 10'° 5.04 x 1073 96 0.33 0.87

56 (°) 0.5 4.40 1,195 3.81 x 10° 8.95 x 10" 230 x 1073 83 0.78 0.96

1 8.39 1,187 9.39 x 10° 1.62 x 10" 462 %107 59 0.86 0.97

2 15.29 1,188 1.33 x 107 2.58 x 10" 1.07 x 1072 72 0.74 0.96

3 17.99 1,187 7.04 x 107 3.03 x 10" 1.67 x 1072 53 0.94 0.96

4 18.64 1,193 6.01 x 10° 3.20 x 10! 221 x 1072 58 0.95 0.95

a(®) 0 4.40 1,195 3.81 x 10° 8.95 x 10" 230 x 1073 83 0.78 0.96

45 3.31 1,208 3.29 x 10° 7.05 x 10" 1.57 x 1073 82 0.78 0.96

90 1.15 1,263 9.51 x 10° 453 % 10" 2.02 % 1073 84 0.78 0.96

135 3.30 1,190 5.95 x 10° 7.06 x 10'° 1.58 x 1073 85 0.78 0.96

180 4.40 1,195 3.81 x 10° 8.95 x 10'° 2.30 x 1073 83 0.78 0.96

Rectangular tube®  d (km) 2 9.52 1,202 1.90 x 10° 2.01 x 10" 236 x 1073 50 0.94 0.98
5 8.42 1,194 3.77 x 10° 1.72 x 10" 2.80 x 1072 50 0.94 0.98

10 6.94 1,191 1.63 x 10° 1.36 x 10! 3.55x 1072 56 0.94 0.97

15 5.80 1,191 1.05 x 107 1.10 x 10" 433 %1073 65 0.94 0.96

20 4.90 1,189 8.22 x 108 9.13 x 10 512 %1073 71 0.76 0.94

50 (°) 0.5 3.16 1,146 3.46 x 10° 9.20 x 10" 425 x 107* 50 1 0.98

1 9.52 1,202 1.90 x 10° 2.01 x 10" 2.36 x 1073 50 0.94 0.98
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Table 1
Continued
Shape Dimensions IB,I™* (nT) N My (A m?) Myax (A m?) Misfit (nT) Threshold (%) SMo, SMq,
2 2431 1,193 5.03 x 10° 4.12 x 10" 1.80 x 1072 72 0.84 0.96
3 34.46 1,189 7.02 x 107 5.96 x 10" 5.85 x 1072 60 0.96 0.95
4 41.06 1,186 470 x 10® 7.40 x 10" 1.29 x 107! 62 0.97 0.91
8¢ (°) 4 9.39 1,201 3.18 x 10° 1.97 x 10" 1.49 x 1073 43 1 0.99
6 9.52 1,202 1.90 x 10° 2.01 x 10" 236 x 1073 50 0.94 0.98
8 9.36 1,218 7.03 x 10* 2.02 x 10" 343 x 1073 45 1 0.97
10 9.26 1,225 7.17 x 10* 2.02 x 10" 472 %1073 37 1 0.97
a(®) 0 9.52 1,202 1.90 x 10° 2.01 x 10" 2.36 x 1072 50 0.94 0.98
45 7.21 1,191 6.86 x 10° 1.59 x 10" 1.51 x 1073 52 0.94 0.98
90 2.79 1,173 6.58 x 10° 1.02 x 10" 3.90 x 1073 49 0.94 0.98
135 7.19 1,195 2.54 % 10° 1.59 x 10" 153 x 1073 51 0.94 0.98
180 9.52 1,202 1.90 x 10° 2.01 x 10" 236 x 1072 50 0.94 0.98

Note. For each test case we vary either the thickness 7, the depth to the top d, the lateral size (by varying the angles 68 and 6¢) or the magnetization direction a, while
maintaining fixed the other parameters to the values shown in bold. For each test case, we show the shape's dimensions and the maximum strength of the input radial
magnetic field at 30 km altitude (I1B,I™**) and the following results from Parker's method: the number of dipoles with non-zero dipole moment N, the minimum and
maximum dipole moments of the obtained magnetization distribution (m,;, and m_,, respectively), and the RMS misfit between the radial components of the input and
the modeled magnetic field (Misfit). Also shown is the percentage of m,,,,. used as a threshold to define the retained dipoles (Threshold) and the respective success metric
(SMy,) (see text for details). The last column shows the success metric when using a threshold fixed to 30% of 11, (SMsgy,). *6¢p = 5°. °t = 50, expressed in km at 45°
latitude.

max>

We considered that the sources were magnetized as they cooled in the presence of an internal dipolar magnetic
field B;. The magnetic moment of the internal dipole was set to 1.6 X 10" A m? which gives surface fields
strengths of 30 and 60 pT at the magnetic equator and poles, respectively. These values are consistent with the
range of paleointensities derived from lunar samples during the high-field epoch. The thermoremanent magne-
tization, M, was obtained through the relationship

1
M= _XtrmBi’ (6)
Ho

where we used a value of 3 X 107 for the thermoremanent susceptibility ,,,,, which is a representative value for
common lunar rock types (see Table S2 of Wieczorek et al. (2012)). B, varies as a function of longitude and
latitude throughout the magnetized body, while we ignore its variations as a function of altitude by estimating it at
the middle of each magnetized body. The magnetizing dynamo field was then assumed to have disappeared after
the thermoremanence was acquired.

3. Results of Synthetic Tests
3.1. Ideal Synthetic Cases

For the first set of synthetic tests, we considered the magnetic field data generated by magnetized bodies in the
shape of spherical caps, and two different parallelepipeds geometries. Schematic representations (not to scale) of
these bodies are given in Figure 1. For each shape, we run several tests by varying the magnetization direction at
the center of the magnetized body and the body's thickness, lateral size and depth to the top, d, withd = Ry, — R,
where R;,,,,, is Moon's radius. Table 1 presents the variables of each test case. The magnetization direction is
given by the angle @, which represents the angular deviation of the magnetization at the center of the magnetized
body with respect to the radial position vector of the body's center. For each test using a given shape, only one
parameter changes, while the rest stay equal to the values presented in bold in Table 1. For each shape, the test
case with all the parameters set to the values presented in bold is hereafter referred to as the nominal case for that
shape.
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Figure 2. Inversion results of the synthetic magnetized spherical cap nominal case. The distribution of dipole moments are shown as a function of (a) longitude,
(b) latitude, and (c) in two-dimensional map form. The shaded gray zones in panels (a and b) represent the surface projection of the magnetized body. (d) Histogram of
the dipole moments, where the orange and blue lines denote the minimum of the dipole moments plotted in color in panels (e and f). (e) Distribution of dipoles from the
inversion, where orange and gray dots lie within and outside of the surface projection of the magnetized body, respectively. (f) Same as panel (e), but only those dipoles
with moments greater than 30% of the maximum dipole moment are plotted in blue. The black circle in panels (c, e, and f) delimits the surface projection of the
magnetized body and the outer gray circle delimits the grid of dipoles used in the inversion.

3.1.1. Magnetized Spherical Cap

Here we present the results we obtained when considering the magnetized body to be a subsurface spherical cap,
centered at 45°N latitude and 90°E longitude. Figure 2 shows the results we obtained for the nominal case (i.e.,
20 km thickness, 10 km depth to the top, 6° angular aperture and « = 0°). Figures 2a—2c show the dipole moments
distribution obtained by our inversion (i.e., the magnetic moments of all dipoles assigned a non-zero dipole
moment, by default positive), as a function of longitude, latitude, and in two-dimensional map form, respectively.
Figure 2d shows the histogram of the dipole moment strengths. The width of each bin is 1% of the maximum

dipole moment strength of the distribution of dipoles provided by the inversion, m, In describing the two-

max*
dimensional extent of the magnetization from our inversion, we considered all dipole moments greater than a
specified minimum value m,y,,;,,;,- The threshold shown by the orange line has been chosen such that all retained
dipoles fall within the surface projection of the magnetized body. The respective dipoles are shown in orange in
Figure 2e. The threshold shown by the blue line has been arbitrarily chosen to be 30% of m,,,,. The dipoles

max

retained using this threshold are shown in blue in Figure 2f.

We observe that the strongest dipoles of the inversion are located inside the surface projection of the magnetized
body. Both thresholds yield dipole distributions that reconstruct accurately the surface projection. Both the orange
and blue points cover fully the surface projection, and the blue points that are located outside the surface pro-
jection are few and are all located close to the boundary.

Figure 3 presents the results we obtained when varying the parameters of the nominal test case. In particular, it
shows histograms of the total dipole moment of all dipoles belonging in a given longitude (Figures 3a, 3c, 3e, and
3g) and latitude (Figures 3b, 3d, 3f, and 3h) range. For this, we considered bins of 1° width. Figures 3a and 3b
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show the results for the various thicknesses considered (1, 10, 20, 30 and 40 km), when keeping the remaining
parameters of the spherical cap the same as in Figure 2 (i.e., 10 km depth to the top, 6° angular aperture, and
a = 0°). The remaining panels of Figure 3 show the respective results when varying the depth to the top
(Figures 3c and 3d), the angular aperture (Figures 3e and 3f) and the magnetization direction (Figures 3g and 3h),
while keeping the remaining parameters equal to the values in bold of Table 1. When varying the depth to the top,
we note that we slightly adjusted the spherical cap's angular aperture (increasing by up to 0.69°) to keep the
surface projection the same for all cases and allow for a more straightforward comparison.

We observe that the central part of all the dipole moments histograms overlaps with the shaded gray zone, which
marks the surface projection of the magnetized body. Moreover, as expected, the larger or thicker or shallower a
magnetized body is, the larger is the sum of dipole moment strengths. The cases where the magnetization was
directed upwards and downwards (@ = 0° and a = 180°) were found to give the same inversion results, as ex-
pected. The cases with vertical magnetization (@ = 0° and a = 180°) yield the strongest sum of dipole moments,
while the case of horizontal magnetization (o = 90°) is weaker by a factor of about two, as expected for a dipolar
magnetizing field.

For each test case shown in Figure 3, we calculated the required threshold value such that all dipoles with equal or
higher strength are located within the surface projection of the magnetized body (orange line in Figure 2d for the
nominal case). The threshold values we obtained, given as a percentage of m, vary for each case from 54% to
65% (see Table 1). We next tested a threshold of 30% of m
lower threshold of 30% is beneficial in that more dipoles are retained within the region of interest, but at the

max>®
max (blue line in Figure 2d for the nominal case). A
expense of retaining more that are exterior to the magnetized body. In order to evaluate the results and compare
the two different threshold approaches, we defined the following success metric, SM:

SM =" 7
i Nn ()

Z

where N,; and N,,, are respectively the number of retained dipoles that lie inside and outside of the true surface
projection of the magnetized body, and where N; and N, are the total number of dipoles with non-zero magnetic
moments in the two respective regions. In order to successfully delimit the distribution of magnetization, the
number of retained dipoles within the projection of the magnetized body should be similar to the total number of
dipoles there, giving rise to a ratio N,,/N; close to 1. At the same time, the number of retained dipoles exterior to
the projection of the magnetized body N,, should be close to zero. The success metric should thus be as close to 1
as possible.

The success metric values are given in Table 1 for all test cases and for both threshold approaches: SMo, cor-
responds to the threshold, as a percentage of m,,,,, that is chosen case-by-case such that the retained dipoles all fall
within the surface projection of the magnetized body, and SM;,, corresponds to the fixed threshold of 30% of
Mppax- We see that SMo, ranges from 0.96 to 1, while SM;, varies from 0.7 to 0.98. We obtain the lowest value of
SM3yq, equal to 0.7 for the case of a 10° angular aperture, which corresponds to the largest spherical cap
considered here. The second lowest value, SM5,¢, = 0.82, corresponds to the case of a 40 km burial depth. Overall,
for the parameters assumed here, we find that by using the fixed threshold of 30% of m,,,,, we are able to

reconstruct the surface projection of the magnetized body with SM > 0.7.

3.1.2. Magnetized Parallelepiped

Here we present the results we obtained when considering the magnetized body to be a subsurface parallelepiped,
centered at 45° latitude and 90° longitude. Figure 4 shows the results we obtained for the nominal case, which has
a 30 km thickness, a 10 km depth to the top of the magnetized body, a 0.5° width (corresponding to about 15 km),
and a vertical magnetization (@ = 0°). Similar to Figure 2, panels a—c show the dipole moments distribution
obtained by our inversion, as a function of longitude, latitude, and in two-dimensional map form, respectively.
Panel d shows the histogram of the dipole moment strengths. The orange line corresponds to the threshold such
that all dipoles with equal or higher dipole moments are located within the surface projection of the magnetized

body, as shown in panel e. The blue line corresponds to the threshold of 30% of m,,,,, where the respective dipoles

max?

are shown in panel f.
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We observe that the strongest dipoles are located within the surface projection of the magnetized body and cover it
fully. At the same time, just as in the test case of a spherical cap, there are strong dipoles located outside of the
surface projection of the magnetized body, of which most are adjacent to the boundary. By applying the first
threshold (orange line in panel d), we exclude 2 out of the 9 dipoles that are located inside of the surface pro-
jection, which leads to a success metric SM,, of 0.78. The fixed threshold of 30% (blue line in panel d) retains all
dipoles within the surface projection, but also places some dipoles outside of it. The distribution of these dipoles is
such that the true size of the surface projection is somewhat overestimated, even though its rectangular shape is
preserved. It should be noted that the selected width (6 = 0.5°) is smaller than the smallest wavelength that can be
resolved by the magnetic field synthetic data (i.e., 0.9°).

Figure 5 shows the results we obtained when varying the parameters of the nominal parallelepiped test case.
Figures 5a and 5b show the results when varying the thickness. As in Figure 3, they show the histograms of all
non-zero dipole moments obtained by the inversion, as a function of longitude (panel a) and latitude (panel b). The
remaining panels of Figure 5 show the results when varying the depth to the top (panels ¢ and d), the width 66
(panels e and f) and the magnetization direction (panels g and h). We note that when varying the depth to the top,
the parallelepiped's width is slightly adjusted to keep the surface projection the same for all cases, for easier
comparison (increasing by up to 0.09°). We observe that the peak of the longitudinal curves is contained within
the surface projection of the magnetized bodies. This is in agreement with the fact that the magnetic field data
have sufficient spatial resolution to resolve wavelengths equal to the dimension of the parallelepiped along
longitude (angular aperture ¢ = 6°). The peaks of the latitudinal curves are contained within the surface projection
of the magnetized bodies with width equal to or greater than 66 = 1° (green, red, and orange curves and shaded
areas, respectively). This again is in agreement with what we would expect given the spatial resolution of the
magnetic field data. Besides these observations, we notice again that the larger, thicker, or shallower the
magnetized body is, the larger the sum of the dipole moments is. As with the case of spherical caps, the cases with
vertical magnetization yield the strongest dipole moments, and the horizontal magnetization yields weaker values
by a factor of about two, as expected. Moreover, the results are identical for magnetization directions that are
directed upwards and downwards.

We then calculated the threshold value that would lead to all retained dipoles falling inside the surface projection
of the magnetized body. For the different test cases, we obtained threshold values that vary from 53% to 96% of
M. (see Table 1). The respective success metric, SMo, as defined in Equation 7, varies from 0.33 to 1. Setting
the threshold to 30% of m
lowest value of 0.87 is obtained for the largest depth to the top of the magnetized body, which is 40 km. Overall,

max improves the results and yields SM5q, values that vary between 0.87 and 0.98. The
we find that for the parameters selected here, the surface projection of parallelepipeds can be reconstructed using
the fixed threshold of 30% of m,,,, with SM > 0.87.

max

3.1.3. Magnetized Rectangular Tube

The third shape we considered is that of a tube, where its vertical thickness is locked to 70% of the volume's width,
and with the body centered at 45° latitude and 90° longitude. Figure 6, shows the inversion results for the nominal
case where the width is 1°, the depth to the top of the magnetized body is 2 km, the length is 6°, and the
magnetization direction is vertical (@ = 0°). We observe that the strongest dipoles describe well the surface
projection of the magnetized body and that the dipoles lying outside of the surface projection have at least half the
strength (Figure 6¢). When we use a threshold such that we retain only dipoles that lie inside the surface projection
(orange line in Figure 6d and threshold equal to 50% of m,,,,), the retained dipoles cover fully the surface
projection of the magnetized body. When we use the fixed threshold of 30% of m,,,, (blue line in Figure 6d), the
surface projection is fully covered by dipoles, but some dipoles are also retained exterior to the projection and
adjacent to its boundary.

Figure 3. Histograms of total dipole moment for the test cases using magnetized spherical caps of varying dimensions. (a) The total dipole moment of all dipoles
belonging in a given longitude range, discretized in bins of 1°. (b) The total dipole moment of all dipoles belonging in a given latitude range, discretized in bins of 1°. (¢
and d) Same as (a and b), but for varying depth to the top of the magnetized body. (e and f) Same as (a and b), but for varying angular aperture ¢, where the shaded zones
in blue, gray and green represent the surface projection of the spherical caps with angular apertures of 2°, 6°, and 10°, respectively. (g and h) Same as (a and b), but for
varying magnetization direction a. Black solid lines in these plots correspond to the nominal case (please note that the y axes vary).
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Figure 4. Inversion results of the synthetic magnetized parallelepiped nominal case. All panels are in the same format as Figure 2.

Figure 7 shows histograms of total dipole moment strength when varying the parameters of the nominal case.
Figures 7a and 7b show the results when varying the width §8(and corresponding thickness), Figures 7c and 7d
show the results when varying the depth to the top, Figures 7e and 7f show the results when varying the length,
and Figures 7g and 7h show the results when varying the magnetization direction. We note that when varying the
depth to the top, the rectangular tube's width and length are slightly adjusted to keep the surface projection the
same for all cases, for easier comparison (increasing by up to 0.01° and 0.2 km, respectively). As for the
parallelepiped test cases, we observe that the central part of the longitudinal curve lies within the true surface
projection of the magnetized body and this is the case for the longitudinal curves corresponding to magnetized
bodies with at least 1° width.

We then calculated the threshold value that would lead to all retained dipoles lying inside the surface projection of
the magnetized body. The threshold values we obtained for the various test cases vary from 37% to 72% of m,,,,
(see Table 1). The respective success metric, SM,, as defined in Equation 7, varies from 0.76 to 1, where the
lowest value of 0.76 corresponds to the largest depth to the top of the magnetized body we considered, which is
20 km. Setting the threshold to 30% of m,,,,, yields SM5,,, values that vary between 0.92 and 0.99, where the
lowest value corresponds to the largest width considered here, which is 4°. The second lowest value of 0.94
corresponds to a depth of 20 km to the top of the magnetized body. Overall, for the parameters considered here, we
find that the surface projection of rectangular tubes can be reconstructed using the fixed threshold of 30% of m,

with SM > 0.9.

max

3.2. Realistic Synthetic Cases

To evaluate the performance of Parker's method in retrieving the surface projection of a subsurface three-
dimensional magnetized body under realistic conditions, we also performed a series of more realistic synthetic
tests that deviate from the idealized cases in the preceding section. In the following subsections, we consider the
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Figure 5. Histograms of total dipole moment for the test cases using magnetized parallelepipeds of varying dimensions. All panels are in the same format as Figure 2.
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Figure 6. Inversion results of the synthetic rectangular tube nominal case. All panels are in the same format as Figure 2.

effect of measurement noise, lateral variations in the thickness of the magnetized body, and the consequences of
non-unidirectional magnetization.

3.2.1. Noisy Magnetic Field Measurements

Noise is intrinsic to any data set. In order to evaluate how noise affects the performance of Parker's method, we
repeated the tests of the nominal cases described in Section 3.1 after adding Gaussian noise to the magnetic field
observations. When considering the radial component of the synthetic magnetic field at 30 km altitude, we added
a zero-mean Gaussian noise, whose standard deviation was 5%, 10% and 20% of the average of the radial
magnetic field over the magnetized body. These noise levels are comparable to those found in Tsunakawa
et al. (2010). In particular, this corresponds to a standard deviation of 0.5, 1 and 2 nT, respectively, for the
spherical cap nominal case, to 0.2, 0.4 and 0.8 nT for the parallelepiped nominal case, and to 0.4, 0.8 and 1.6 nT
for the rectangular tube nominal case. Hereafter we refer to these cases as the 5%, 10% and 20% test cases.

Figure 8 shows the distribution of dipole moments we obtained for the spherical cap test cases. Figure 8a shows
the histogram of all the non-zero dipole moments obtained from Parker's method for the 5% noise case. As in
Section 3.1, the orange line corresponds to the minimum dipole moment of the retained dipoles such that all of
them fall within the surface projection of the subsurface body. We find this threshold to be 56% of m,,,, (see
Table 2), and the respective SMo, value is 0.21. Although this threshold only retains about one out of five of the
dipoles within the true surface projection, the dipoles are distributed in a way that the circular shape of the
projection is recovered. The blue line in Figure 8a corresponds to the threshold of 30% of m,,,,. The retained
dipoles when using this threshold are shown in Figure 8c, and the respective SM;q, value is 0.5. Using this
threshold, we retain approximately half of the dipoles within the true surface projection. The small number of
retained dipoles that are located outside of the projection are found to be adjacent to the projection's boundary, and
the circular shape of the surface projection is better recovered. The middle row of this figure plots the same
results, but for the 10% noise case. For these tests, the orange line corresponds to 53% of m,,, ., and the respective
SM,, value is 0.34. By retaining a few more dipoles than in the 5% test case, the surface projection is recovered
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Figure 7. Histograms of total dipole moment for the test cases using magnetized rectangular tubes of varying dimensions. All panels are in the same format as Figure 3.
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Figure 8. Distribution of dipole moments obtained when adding Gaussian noise to the nominal spherical cap inversion case. (a) The histogram of all non-zero dipole
moments obtained using Parker's method when adding 5% measurement noise. The orange line corresponds to the minimum dipole moment such that all dipoles with
higher values fall within the surface projection of the subsurface body. The blue line corresponds to 30% of the maximum dipole moment. (b) The location of the retained
dipoles when using the value of the orange line for the minimum dipole moment threshold. (c) The location of the retained dipoles when using the value of the blue line
for the minimum dipole moment threshold. (d-f) and (g-i) Same as panels (a—c) but for the 10% and 20% noise cases, respectively.

equally well. For the 30% of m,,,, threshold, marked by the blue line in Figure 8d, we obtain an SM5,, of 0.47,
which is only slightly smaller than that of the 5% test case. Finally, the lower row of the figure plots the results for
the 20% noise case. For this case, the orange line corresponds to 71% of m,,,,, and the respective SMy, value is
0.21. Contrary to the 5% and 10% cases, the surface projection is not successfully recovered. However, the shape

of the projection is successfully retrieved when the threshold is 30% of m,,,,, marked by the blue line in Figure 8g,

max?*

with an SM3q, of 0.5, which is roughly the same value as for the 5% and 10% test cases. Overall, adding Gaussian
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Table 2
Inversion Results When Considering Gaussian Noise Measurement Errors and Lateral Variations in the Bottom Boundary of the Magnetized Bodies
Shape Bottom (nT) B (nT) N Myin (A m?) Moy (A m?) Misfit (nT) Threshold (%) SM., SM4,
Spherical cap Even 0.5 14.06 434 8.5 x 10° 1.0 x 10" 0.44 56 0.21 0.5
Even 15.26 358 5.1 x 108 1.1 x 10" 0.86 53 0.34 0.47
Even 18.7 297 3.8 x 108 1.58 x 10'? 1.88 71 0.21 0.5
Uneven 8.58 1,032 8.8 x 107 3.6 x 10" 0.01 49 0.5 0.6
Parallelepiped Even 0.2 4.60 279 5.5 % 107 2.9 x 10" 0.16 71 0.2 0.53
Even 0.4 5.11 245 1.7 x 108 33 x 10" 0.34 79 0 0.33
Even 0.8 5.4 234 2.7 x 108 3.8 x 10" 0.67 93 0 0.38
Uneven 3.16 1,034 32x10° 1.3 x 10" 0.001 73 0.22 0.65
Rectangular tube ~ Even 0.4 10.01 290 5.2 x 107 42 % 10" 0.39 71 0.21 0.72
Even 0.8 11.08 249 1.2 x 108 4.5 % 10" 0.75 80 0.29 0.67
Even 1.6 12.2 258 3.6 x 108 7.1 x 10" 1.56 62 0.26 0.66
Uneven 7.80 1,220 5.6 x 10° 1.7 x 10" 0.002 51 0.94 0.99

Note. Each test case uses the nominal geometry from Table 1, and we provide the standard deviation of the measurement noise (o,

oise) and the maximum strength of the

input radial magnetic field (B‘r“‘r‘"). The following results from Parker's method are provided in the columns that follow: the number of dipoles with non-zero dipole

moment (N), the minimum and maximum dipole moments of the obtained magnetization distribution (m,
radial components of the input and the modeled magnetic field (Misfit). Also shown is the percentage of m

and m,,,, respectively), and the RMS misfit between the
used as a threshold to define the retained dipoles (Threshold)

min

max

and the respective success metric (SMy,). The last column shows the success metric when using a threshold fixed to 30% of m_,, (SM3,,).

noise of this intensity to the spherical cap nominal test case does not prohibit the recovery of the surface projection
of the magnetized body.

Figure 9 shows analogous results for the nominal parallelepiped test case with Gaussian noise. The dipole
moment threshold so that all retained dipoles fall within or on the boundary of the true surface projection is 71% of
Myax. Which corresponds to an SMo, of 0.2. In particular, this threshold retains two out of the five dipoles within
the surface projection, which is not sufficient to reconstruct the shape of the body. By using the fixed threshold of
30% of my,,y,
outside the projection, within less than 1° distance from its boundary. The respective SM5,, value is 0.53. In this

we retain three out of the five dipoles inside the surface projection, but also 17 dipoles that lie

case, while the exact shape of the projection is not well recovered, the location of its center and its elongated shape
are well represented. For the 10% noise case, when choosing a threshold such that all retained dipoles lie within
the surface projection (79% of m,,,,), no dipole is retained. Using the 30% of m,,,, threshold, we obtain two
dipoles inside the surface projection but most of the retained dipoles lie outside. The outside dipoles lie close to
the surface projection but at variable distances, within up to 2° distance from its boundary. This solution allows
the approximate localization of the projection's center but provides a distorted view of its shape. Finally, the lower
row of the figure plots the results for the 20% noise case. These are similar to the 10% noise case in that no dipole
is retained when choosing a threshold such that all retained dipoles lie within the surface projection (93% of
My,.y)- But unlike the 10% noise case, the fixed threshold of 30% of m,,,,, does not even allow to localize the center
of the surface projection. Most of the selected dipoles lie outside the surface projection and are highly dispersed in

max

a way that does not allow to infer neither the shape of the projection nor its center.

Figure 10 shows the results we obtained for the nominal rectangular tube case with Gaussian noise. For the 5%
noise case, the orange line corresponds to 71% of m,,,,, the SMy, value is 0.21, and the SM5, value is 0.72. Both
solutions recover relatively well the shape of the surface projection, with the fixed threshold of 30% performing
better. The 10% and 20% noise cases perform similarly to the 5% noise case. Even if the number of the retained
dipoles decreases as the noise level increases, the shape and location of the surface projection is recovered. For the
10% noise case, the orange line corresponds to 80% of m,,,,, the value of SM,, is 0.29, and SM5 ., is 0.67, while for
the 20% noise case, the orange line corresponds to 62% of m,,,,, SMy, is 0.26, and SM5q, is 0.66.

3.2.2. Magnetized Sources With Uneven Bottom

In contrast to the magnetized bodies of the ideal cases considered in Section 3.1, we might expect the bottom of
the magnetized sources to be uneven and vary in depth. In order to investigate how this would affect the
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Figure 9. Distribution of dipole moments obtained when adding Gaussian noise to the nominal parallelepiped inversion case. The format of this figure is the same as

Figure 8.

estimation of the surface projection of the magnetized body, we add a twist to the nominal cases considered in
Section 3.1. Namely, we assign a different thickness to each grid point while keeping the same depth of the
uppermost surface of the magnetized body. Each value is a random draw from a uniform distribution, whose
values vary between 50% and 100% of the thickness of the nominal case (see values in bold in Table 1). By doing
so, we keep intact the surface projection of the magnetized body, while making its bottom surface uneven.

The results are presented in Figure 11. Figures 11a—11c correspond to the spherical cap case, and Figure 11a
shows the histogram of all non-zero dipole moments obtained from Parker's method. As with all previous test
cases, the orange line corresponds to the minimum dipole moment such that all of the retained dipoles fall within

the surface projection of the subsurface body, which is here 49% of m,,,,. The location of the respective dipoles is

max*
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Figure 10. Distribution of dipole moments obtained when adding Gaussian noise to the nominal rectangular tube case. The format of this figure is the same as Figure 8.

shown in Figure 11b and this case corresponds to a success metric SMy, = 0.5 (see Table 2). The blue line in
Figure 11a corresponds to a dipole moment threshold of 30% of m,,,,. The location of the respective dipoles is
shown in Figure 11c and corresponds to SM5y, = 0.6. As a comparison, for the case where the thickness is
constant, SM = 0.97 and SM5,, = 0.93. Figures 11d—11f show the results of the parallelepiped test case, for which
the orange line corresponds to 73% of the maximum dipole moment. For this test case, we find SM,, = 0.22 and
SM3pq, = 0.65, in contrast to SMy, = 0.78 and SM3yq, = 0.96, for the case where the thickness is constant.
Figures 11g and 11h show the results of the rectangular tube case, for which the orange line corresponds to 51% of
My, For this test case, SMq, = 0.94 and SM;yq, = 0.99, which is almost identical to the respective case with
constant thickness, for which SM,, = 0.94 and SM;,,, = 0.98.
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Figure 11. Distribution of dipole moments obtained when considering a variable depth of the bottom surface of the magnetized bodies. (a) Histogram of the dipole
moment strength when considering a spherical cap. (b) The location of the dipoles whose dipole moment strength is stronger than the value depicted by the orange line in
panel (a). (c) The location of the dipoles whose dipole moment strength is stronger than the value depicted by the blue line in panel (a). (d-f) Same as panels (a—c), when
considering a parallelepiped. (g-i) Same as panels (a—c), when considering a rectangular tube.

The rectangular tubes cases give the best results. Both thresholds perfectly recover the surface projection of the
magnetized body, which is evident from the SM,, and SM;,, metrics being close to 1. The surface projection of
the magnetized spherical cap is also very well recovered. While not all dipoles inside the true surface projection
are retained, the distribution of the retained dipoles is such that the shape of the body can be accurately recon-
structed, especially when using the fixed 30% threshold. The cases that give the least satisfactory results is that of
the magnetized parallelepipeds. But even in this case, the rough outline of the surface projection of the body is

recovered, although its width is overestimated.
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Table 3
Inversion Results for the Case of Two Spherical Caps With Different Magnetization Directions

Scenario Sa(®) B™ mT) N  my, (Am® m,, (Am? Misfit @T) Threshold (%) SM,, SMs,
Attached 0 12.77 1,198 496 x 107  2.55x 10" 0.04 71 059 09
45 12.89 1,160 268 %107  2.55x 10" 0.04 67 062 09
90 13.20 933  205x 107 283 x 10" 0.12 78 044 078
135 13.56 642  2.08x 107  4.48 x 10" 0.5 84 0.07  0.63
180 13.7 528  436x10° 534 x 10" 0.69 93 0.04 0.5
Superposed 0 18.01 1,189 253 x10° 3.56 x 10" 0.04 46 0.88  0.99
45 16.21 1,205 143 x10% 324 x 10" 0.04 51 078  0.94
90 13.54 1,043 569 %107  2.88x 10" 0.06 54 075  0.85
135 13.66 723 1.00x 108 4.59 x 10" 0.33 55 047 077
180 13.76 616 6.15x10"  6.72 x 10" 0.5 53 025 0.64

Note. For each test case, we show the angular separation between the magnetization directions of the two spherical caps (6a),
the maximum strength of the input radial magnetic field (B',““") , and the following results from Parker's method: the number
of dipoles with non-zero dipole moment (N), the minimum and maximum dipole moments of the obtained magnetization
distribution (m,;, and m respectively), and the RMS misfit between the radial components of the input and the modeled
magnetic field (Misfit). Also shown is the percentage of m,, ., used as a threshold to define the retained dipoles (Threshold) and
the respective success metric (SMo,). The last column shows the success metric when using a threshold fixed to 30% of m,,
(SM304,).

‘max?

3.2.3. Non-Unidirectional Magnetized Sources

Next we evaluate the performance of Parker's method when the assumption of unidirectional magnetization, the
key assumption of this method, is clearly violated. As already mentioned in Section 2.2, no magnetization dis-
tribution generated by an internal dipole of a planetary body is strictly unidirectional. However, the smaller the
size of the source, the closer to unidirectional will be the magnetizing field. In this section, we go a step further
than simply assuming large bodies and consider two magnetized spherical caps, each with different lateral sizes,
thicknesses and magnetization directions. We center the first spherical cap at longitude 90° and latitude 45°, and
assign to it an angular aperture of 6°, a thickness of 20 km, and radial magnetization (i.e., a; = 0°). We assign to
the second spherical cap an angular aperture of 4°, a thickness of 13 km, and we let its magnetization direction
vary from parallel to anti-parallel with respect to the magnetization of the first spherical cap, in increments of 45°.
As for the location of the second spherical cap, we consider two different scenarios: (a) the two spherical caps are
attached to each other on the side and (b) the two spherical caps are partially superposed, such that over the region
that their surfaces overlap, the magnetization is the vector sum of the magnetization of the two spherical caps. The
results using both a tailored and a fixed threshold are presented in Table 3. Figures 12 and 13 show the results
when using the fixed threshold of 30%.

Figures 12a and 12b show histograms of total dipole moment as a function of longitude and latitude for the cases
of attached spherical caps. We observe that when the angular separation between the two magnetization di-
rections, da, is zero, the longitudinal curve is asymmetric, with its peak located at the center of the largest
spherical cap and the tale on the side of the secondary cap covering that cap's surface projection. As da increases,
the longitudinal curve becomes more and more symmetric and its peak is shifted away from the center of the first
cap, toward the center of the second one, while it also gains in amplitude. The latitudinal curves are symmetric
about the center of both spherical caps at 45°. Figures 12c and 12d show the respective curves obtained for the test
cases of the superposed spherical caps. Here, the longitudinal curve starts out as a symmetric curve and becomes
more asymmetric as da increases.

Figure 13 shows the location of the retained dipoles (gray points), as well as those with moments that are greater
than 30% of m,,,, (orange points). We observe that when da is up to 45°, the surface projection of both bodies is
recovered with high accuracy (SM5 ., at least 90%). As da increases, the projection of the smaller body starts to be
less accurate until it is not discernible (5a > 135°). The surface projection of the larger body remains fairly well
recovered even for da = 180°.
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Figure 12. Histograms of total dipole moment for the test cases with two spherical caps. The histograms are shown as a function of longitude (a and c) and latitude (b and
d). The upper row (a and b) shows the results when the two spherical caps are attached and the lower row (c and d) show the results when the two caps are partially
superposed. Orange and blue shaded zones represent the surface projection of the two spherical caps, while the gray shaded zone represents the area where they overlap.
The difference in the direction of magnetization of the two spherical caps, da is provided in the legend for each plot.

4. Application to Two Lunar Magnetic Anomalies

As a final evaluation of the ability of Parker's method to reconstruct the surface projection of a real-world
subsurface magnetized body, we apply it to two lunar magnetic anomalies that correspond to prominent and
previously studied geological features: the magnetic anomaly within the Mendel-Rydberg impact basin and the
magnetic anomaly associated with the Reiner Gamma swirl albedo marking. The results are presented in
Figure 14.

As input to these two inversions, we use the lunar magnetic field maps of Tsunakawa et al. (2015), which are
based on Lunar Prospector and Kaguya vector magnetic field measurements. In particular, we use their maps of
the radial magnetic field component at 30 km altitude, with a 0.5° spacing. An equidistant grid with a 0.4° spacing
at the equator (Katanforoush & Shahshahani, 2003) for the surface dipoles was then centered over and encom-
passing the magnetic anomaly.

4.1. Mendel-Rydberg Impact Basin

The Mendel-Rydberg magnetic anomaly is correlated with the Mendel-Rydberg multi-ring impact basin that is
characterized by a main basin rim, a probable peak ring and an inner depression, whose diameters are 650 km, 325
and 203 km, respectively (Neumann et al., 2015). All three rings are highlighted as black circles in the left panels
of Figure 14. Topography and the related magnetic anomaly, are shown in Figures 14a and 14c. The strongest
signals are observed within the southwest portion of the inner depression. The main magnetic anomaly consists of
two peaks with different magnetic intensities and the maximum magnetic field strength at 30 km altitude is about
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Figure 13. Locations of the non-zero dipoles for the test cases with two spherical caps with different magnetization directions.
The left column shows the case where the two spherical caps are attached, whereas the right column shows the case where the
two caps are partially superposed. The angular deviation between their magnetizations is (a and b) 0°, (c and d) 45°, (e and f)
90°, (g and h) 135°, and (i and j) 180°. The black line delimits the boundary of the two spherical caps and the silver line
delimits the boundary of the grid of dipoles. The orange points correspond to those dipoles whose magnetic moment is more

than 30% of m,
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5 nT. Considerably weaker magnetic field signals are found between the main rim and the inner depression
(eastern and southeastern region), with the strongest being about 2 nT.

Oliveira et al. (2017) previously used Parker's method to infer the distribution of magnetization within this basin
and proposed that the origin of the magnetic anomaly could be the result of iron-rich projectile materials delivered
to the lunar surface and incorporated into the impact melt sheet during the impact. For their inversion, they
selected the magnetic field data within a grid of 10° angular radius, which encompasses most of the basin. The
inversion solution with the lowest RMS misfit (0.21 nT) provided the dipoles, whose positions and strengths are
shown in Figure 14e. The solution comprises 588 dipole with non-zero dipole moments, with strengths ranging
from 8.5 x 107 to 3.6 X 10'" A m? (see Figure S1 in Supporting Information S1).

Here, rather than considering all dipoles as part of the solution, we use the 30% of m,,,,, threshold established from
our synthetic tests in order to constrain the surface projection of the 3D magnetization distribution. The position
and strength of the retained dipoles are shown in Figure 14g. We see that the vast majority of the retained dipoles
fall within the basin's inner depression, which is nearly entirely covered. Only in its most northmost part,
northward of 48° South, is there an absence of retained dipoles. This lack of retained dipoles is perhaps correlated
with the young superposed Rydberg and Guthnick craters, which have diameters of 49 and 36 km, respectively.
When using the 30% of m.,,, criteria, only 32 out of 112 of the retained dipoles are located outside of the inner
depression. If it were known a priori that all magnetization was located within the inner depression, this would
correspond to a success metric SM of 36%. When using these retained dipoles, we find that 72% of the total dipole
moment is located within the inner depression. The dipoles exterior to inner depression are mostly found in the
southeast half of the basin, where they have a somewhat random distribution. In contrast, there are almost no
retained dipoles in the northwest half of the basin exterior to the inner depression.

This retained dipoles distribution using the 30% of m,,,,, criteria is similar to the distributions we obtained from

max
the spherical cap synthetic test cases described in Section 3. This suggests that the Mendel-Rydberg magnetic
anomaly is the result of a magnetized disk whose magnetization is approximately unidirectional, and whose
thickness is not too variable. This result offers evidence in favor of the scenario where the magnetization is a result
of the impact basin's central impact melt pool, which is expected to correspond to the central depression (e.g.,
Vaughan et al., 2013). The enhanced magnetization with respect to the surroundings is plausibly a result of the
incorporation of small amounts of iron-rich impactor materials into the impact melt sheet (Oliveira et al., 2017,
Wieczorek et al., 2012), which acquired a thermoremanent magnetization as the impact melt sheet cooled. The
lack of magnetization in the northernmost portion of the central depression could be a result of two young su-
perposed impact craters in this region (Rydberg and Guthnick) that could have demagnetized the crust by the
passage of their shock wave, or by having excavated pre-existing magnetized materials. The few strongly
magnetized dipoles retained outside the inner depression could correspond to small pockets of impact melt that
were entrained in the excavation flow field (e.g., Galluzzi et al., 2021). The maximum magnetization within the
basin is located in the south-west portion of the inner depression, perhaps suggesting a bolide trajectory from the
northeast to southwest (e.g., Hood, Oliveira, et al., 2021). However, the slight enhancement of magnetization
exterior to the inner depression in the south-eastern half of the basin could alternatively suggest a trajectory from
the northwest to the southeast.

4.2. Reiner Gamma

The Reiner Gamma magnetic anomaly is located in a region of flat terrain of basaltic origin, southwest of the
Marius Hills volcanic complex (Garrick-Bethell & Kelley, 2019; Hemingway & Garrick-Bethell, 2012; Hemi-
ngway & Tikoo, 2018; Hood & Schubert, 1980). Notably, it is correlated with a strong albedo anomaly that is
either the result variable rates of space weathering caused by interactions of the solar wind with the magnetic

Figure 14. Distribution and strength of surface dipoles using Parker's method over two lunar magnetic anomalies: the Mendel-Rydberg impact basin (left) and the Reiner
Gamma albedo marking (right). Topographic maps are shown in the upper row (a and b), the observed magnetic field strength at 30 km altitude is shown in the second
row (c and d), and the location and strength of all dipoles with non-zero magnetic moments are shown in the third row superposed on a shaded relief map derived from
the surface topography (e and f). The last row (g and h) shows only those dipoles whose strength is more than 30% of m,,,,. White circles delimit the regions where a
priori dipoles were distributed on the surface, black circles delimit the basin main rim (solid line), peak ring (dash-dotted line), and inner depression (dashed line), using
the diameters of Neumann et al. (2015). White dots in the right panel delimit the Reiner Gamma albedo anomalies (Denevi et al., 2016). All maps are shown in a Lambert
azimuthal equal area projection.
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anomaly (e.g., Bamford et al., 2016; Hood & Williams, 1989), or the result of electrostatic sorting of fine surface
materials (Garrick-Bethell et al., 2011). This magnetic anomaly, which is one of the strongest on the Moon, is
currently the target for the planned Lunar Vertex mission (Blewett et al., 2022).

The Reiner Gamma swirl can be divided into three parts: (a) the main body, distributed over longitudes ranging
between 58 and 60°W and latitudes ranging between 6 and 8°N; (b) the tail, northeast of the main body, which
coincides with an elongated albedo anomaly; and (c) a cluster of mini swirls located southwest of the main body.
The swirl's main body corresponds to a magnetic anomaly of about 20 nT at 30 km altitude, whereas the swirl's tail
corresponds to a weaker magnetic field anomaly of 7 nT (Tsunakawa et al., 2015). The cluster of mini swirls is
only associated with weak magnetic field signals. The origin of this magnetic anomaly is still under debate.
Suggested scenarios include a thin near-surface layer of impact ejecta (Hood et al., 2001; Hood, Torres,
et al., 2021; Nicholas et al., 2007), an intrusive magmatic dike (Hemingway & Tikoo, 2018), and a buried crater
that was later filled by volcanic material (Kelley & Garrick-Bethell, 2020).

For our inversion, we placed the dipoles on the surface within a circle with an angular radius of 13° and we
considered magnetic field data within a larger circle with an angular radius of 14°. These circle sizes encompass
the entirety of the magnetic anomaly and the adjacent Marius Hills volcanic complex. This anomaly was pre-
viously studied by Oliveira and Wieczorek (2017) for paleopole location purposes, but they investigated a much
smaller study area than here that did not include all of Marius Hills. Our best fitting solution gives an RMS misfit
of 0.4 nT, and the position and strength of all non-zero dipoles are shown in Figure 14f. The dipole moments range
from about 10° to 10'* A m?, spanning six orders of magnitude (see Figure S1 in Supporting Information S1), with
the strongest dipoles being coincident with the main Reiner Gamma body and tail. In Figure 14h, we plot only
those dipoles whose magnetic moments are at least 30% of m,,,,. We observe that almost all the retained dipoles
coincide with the swirl's main body and tail, and that a few extend northward from the end of the tail to the center
of the Marius Hills volcanic complex. No dipoles from Parker's inversion are located in the cluster of mini-swirls
to the southwest of the main body.

This distribution of dipoles in our inversion is similar to the results we obtained from the parallelepiped synthetic
test cases. This suggests that the magnetism responsible for the Reiner Gamma anomaly is thin and elongated.
Given that much of the anomaly is represented by a string of dipoles, the width of the magnetized region should be
comparable to our dipole grid spacing, which is about 12 km. Portions of the main body are represented by several
dipoles tangential to the main strike of the body, suggesting that the width of the magnetized region could extend
up to 45 km in places. The shape of the magnetized region that we infer is consistent with a thin magmatic dike, or
a swarm of even thinner dikes, as previously inferred by Hemingway and Tikoo (2018). Given that the
magnetization in the tail extends into the heart of Marius Hills, the most plausible interpretation is that the dike
emanated from this region, propagated downhill to the southwest, and that the magma then accumulated near the
main albedo body. The magma near the main body could have either accumulated in the form of an intrusive body,
or could perhaps have erupted at the surface (being resurfaced at a later date). The reason that only one such dike
emanating from Marius Hills is magnetized remains enigmatic. This could perhaps be a reflection of its age and
the temporal variability of the lunar dynamo, or it could perhaps be related to the magma having an atypical iron-
metal rich composition. Further progress on deciphering the origin of this anomaly will become possible thanks to
the magnetic field measurements collected by the Lunar Vertex mission. In particular, the rover of this mission
will obtain magnetic field measurements at the lunar surface, while the lander will obtain measurements along the
descent trajectory (Blewett et al., 2022). Parker's method can be applied on data sets obtained at different alti-
tudes. Therefore, these data can be included in the inversion scheme of Parker's method, along with the spacecraft
data, to better constrain the inversion, or they can be used in tandem with results from Parker's method to
disentangle the sources' depth and magnetization strength.

5. Conclusions

In this study, we evaluated the performance of the inversion technique known as Parker's method (Parker, 1991)
in constraining the location and geometry of subsurface magnetic sources. This technique relies on the assumption
that the underlying magnetic source of a given anomaly is unidirectionally magnetized, but otherwise makes no
other assumptions about the geometry of the source. Given a set of magnetic field measurements, the solution
consists of a set of dipoles distributed over the surface that best fits the magnetic field data. This inversion
technique was developed initially to determine the best fitting direction of crustal magnetization for a given
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magnetic anomaly, and here we tested how faithfully the surface dipoles matched the two-dimension projection of
the underlying three-dimensional magnetization.

We performed a series of synthetic tests using known bodies magnetized by an internal dipolar magnetic field and
compared the solution of the inversion with the known surface projection of the underlying magnetized body.
Aiming to study various geological structures that could be the source of lunar magnetic anomalies, we
considered magnetized bodies with spherical cap or parallelepiped shapes, and for each magnetized body, we ran
a series of synthetic tests by varying the thickness, depth to the top layer, lateral size and magnetization direction.
We also investigated the effect of Gaussian noise in the magnetic field measurements, the effect of magnetized
bodies with variable thicknesses, and the effect of non-unidirectionally magnetization. Our results show that by
considering as part of the solution only those dipoles whose dipole moment is at least 30% of the maximum dipole
moment, the method can delineate the two-dimensional surface projection of a subsurface three-dimensional
magnetization distribution as long as the available data have sufficient spatial resolution with respect to the di-
mensions of the surface projection. We found that if it's not the case, the method still recovers the overall shape
and simply overestimates its dimensions. The addition of noise in certain cases did not allow for the accurate
reconstruction of the shape of the surface projection but allowed for the localization of its center. The only test
case that failed was when the dimensions of the body were smaller than the spatial resolution of the data and in
addition the data were quite noisy (20% noise case on the nominal parallelepiped test case). The recovery of the
distribution of magnetization was found to be acceptable even when the direction of magnetization varied by up
to 45°.

As an application of this technique, we applied Parker's method on two lunar magnetic anomalies. The origin of
most lunar magnetic anomalies remains largely unknown. Here, we focused on two anomalies that are associated
with prominent geological features. In particular, we focused on, the anomaly that is associated with the Mendel-
Rydberg impact basin, and on the anomaly that is associated with the Reiner Gamma albedo marking. Our results
show that for the Mendel-Rydberg impact basin, the strongest dipoles obtained by the inversion correlate well
with the inner depression of the basin. The inner depression likely corresponds to the thick impact melt sheet of
the basin, and the strong magnetizations are plausibly a result of the incorporation of iron-rich impactor materials
into the melt sheet. For the Reiner Gamma anomaly, we find that magnetization likely corresponds to a dike that
emanates from the center of the Marius Hills volcanic complex. The width of this dike (or dike swarm) is in most
places comparable to the resolution of our grid (about 10 km), but it could be up to 45 km wide in the main body of
the anomaly.

Future applications of this method will help in delineating the subsurface magnetic anomalies, not only on the
Moon, but also on any other terrestrial planetary body for which magnetic field measurements at various altitudes
(e.g., through spacecrafts, helicopters, landers or rovers) are or will become available, such as planets Mercury,
Earth, Mars and asteroid Psyche. This in turn can help constrain the geological history and surface processes of
these bodies, particularly when combined with prior geological information.

Appendix A: The Relationship Between a 3D Magnetization Distribution and the
Generated Magnetic Field

The magnetic potential V at point r = (r,6,¢) due to a magnetization distribution M that lies in the volume Q'
writes (e.g., Blakely, 1996, Equation 5.2)

Ho ’ ’ ’
=— | M dQ Al
v =0 | M()v , (A1)

r—r'|

where dQ' = r'* sin 'd0'd¢p’ dr’.

Expanding the term — in Spherical Harmonics (e.g., Gubbins et al., 2011, Equation B7), gives
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where Y7"(6,¢) are the Schmidt semi-normalized real Spherical Harmonics of degree / and order m, whose
expression is
P}'(cos 0) cos(m¢p), Vm>0
vre.p=1" , (A3)
P} (cos 0) sin(mg), Ym<0
and whose norm is given by f Y}' Y;',’/dS = 214%511/6,,,,,,/.
Introducing Equation A2 into Equation A1, we obtain
I+1
Ho " =n r(0'.4")
— m / ’ m / ’ s / / ’ ’
v(r) = EZ;Y, ., ) l//ml e',,/,'Mr(e’(ﬁ ) — | Y (0, ¢") sing’d0’d¢p’ dr
( ) I+1
r(0'.¢' oY (e, ¢
+ f My (o7, ¢) " : )sinH’dH’dqﬁ’dr/ (A4)
o r 20
I+1
r’(ﬂ/,gb’) ay;n(el’¢/) 1
M, (0, ¢’ in@’ do’d¢’ dr’
* f/ﬁ/@, (09| — o sing im0 A0 dddr
Integrating over the radial direction, we obtain
( ) 1+2 ( ) I+
Vz el’¢l ”1 6’,¢’
Ho m r
V(r) = — Y/ (0,¢) — _— ——-
(r) 47[211211 1( ¢)l+2/;/’¢ll r r
(AS)
oYy (0'.9") oYy (¢'.9")
M, Y0 ,¢")+M M in0'do’d¢’.
APO) + Mo+ My g | S '
The magnetic field B is the gradient of the magnetic potential V
B=-VV. (A6)
Introducing Equation A5 into Equation A6, we obtain
Ho m A ay;n ) aY;n 1.
B(r) = — YWiA+ )= —0————0|
® 4;:213;( e VA Yy
1+2 142 (A7)
1 n + rl) + 0Y;" GY;" 1 .
— = —(—= M, Y]+ M +M - 0'do'd¢’.
1+2)y [(r) <r FT 05 T N0 sine | " ¢
Data Availability Statement
Both the synthetic magnetic field observations (input) and inversion solution files (output) can be found in
Zenodo repository (Oliveira & Vervelidou, 2024), as well as the inversion software (Oliveira, 2024). Inversion
results for Reiner Gamma and Mendel-Rydberg are also available in the same repository. The lunar magnetic field
map used for our inversions is from Tsunakawa et al. (2015). Maps from Figure 14 are built with GMT software
(Wessel et al., 2019).
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