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Abstract

We address the problem of stochastic combinatorial semi-bandits, where a player
selects among P actions from the power set of a set containing d base items. Adap-
tivity to the problem’s structure is essential in order to obtain optimal regret upper
bounds. As estimating the coefficients of a covariance matrix can be manageable
in practice, leveraging them should improve the regret. We design “optimistic”
covariance-adaptive algorithms relying on online estimations of the covariance
structure, called OLS-UCB-C and COS-V (only the variances for the latter). They
both yields improved gap-free regret. Although COS-V can be slightly suboptimal,
it improves on computational complexity by taking inspiration from Thompson
Sampling approaches. It is the first sampling-based algorithm satisfying a /T
gap-free regret (up to poly-logs). We also show that in some cases, our approach
efficiently leverages the semi-bandit feedback and outperforms bandit feedback
approaches, not only in exponential regimes where P > d but also when P < d,
which is not covered by existing analyses.

1 Introduction

In sequential decision-making, the bandit framework has been extensively studied and was in-
strumental to several applications, e.g. A/B testing (Guo et al., 2020), online advertising and rec-
ommendation services (Zeng et al., 2016), network routing (Tabei et al., 2023), demand-side man-
agement (Brégere et al.,, 2019), etc. Its popularity stems from its relative simplicity, allowing
it to model and analyze a wide range of challenging real-world settings. Reference books like
Bubeck and Cesa-Bianchi (2012) or Lattimore and Szepesvari (2020) offer a wide perspective on
the subject.

In this framework, a decision-maker or player must make choices and receives associated rewards,
but it lacks prior knowledge of its environment. This naturally leads to an exploration-exploitation
trade-off: the player must explore different actions to determine the best one, but an inefficient
exploration strategy may harm the cumulative rewards. Efficient algorithms rely on exploiting the
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environment’s structure, such as estimating the parameters of a reward function instead of exploring
every action.

This paper focuses on the stochastic combinatorial semi-bandit framework. at each round, the player
chooses a subset of base items and receives a feedback for each item chosen. The action set is
included in the base items’ power set, and can therefore be exponentially big and difficult to explore.
The main challenge in this framework is to effectively combine the information collected through
different actions (that may share common base items).

Problem formulation. We consider a set of d € N* base items, each item i € [d] = {1,...,d}
yielding stochastic rewards. A player accesses these rewards through a set A C {0,1}? of P € N*
actions, each corresponding to a subset of at most m > 2 items®. We refer to actions a € A using
their components vector a = (a;);e[q) € {0, 1}* where for all j € [d], a; = 1 if and only if action a
contains base item j.

The player interacts with an environment over a sequence of T' € N* rounds. At each round ¢t € [T,
the player chooses an action A; € A, the environment samples a reward vector Y; € R?, the player
observes the realization for every item contained in A;, and receives their sum. The interactions
between the player and the environment are summarized in Framework 1.

Framework 1 Stochastic Combinatorial Semi-Bandit
Foreacht € {1,...,T}:
* The player chooses an action A; € A.
* The environment samples a vector of rewards Y; € R? from a fixed unknown distribu-
tion.
* The player receives the reward (A;,Y;) = >, A ;Yi ;.
* The player observes Y; ; forall i € [d] s.t. A,; = 1.

Assumptions. We make the following assumptions. For all ¢ € [T, Y; is independent of the past
rewards and the player’s decision (A1, Y1, ..., Ar—1, Yi_1, A¢). There exists a mean reward vector
E[Y;] = ¢ € R? and a second order moment matrix S = E[Y;Y,"] € My(R). The positive semi-
definite covariance matrix is denoted ¥ € My(R), with ¥ = S — " . There exists a known vector
B € R% such that forall ¢ € [T] and i € [d], |Y3,;| < B;/2 almost surely (and |Y; ; — pi;| < B).

The objective of the decision-maker is to minimize the expected cumulative pseudo-regret defined
as:

ElRr] = E |1 (0" = A )] = X7 Aa,s (M

where (-, -) denotes the usual inner product in R%, a* € arg max,e 4{a, u1) is an optimal action, and
A, = {a* — a, p) is the sub-optimality gap for action a € A.

1.1 Existing work and limitations

Combinatorial semi-bandit problems have been extensively studied by the bandit community since
their introduction by Chen et al. (2013). Here, we only highlight key earlier works related to this
paper. For a comprehensive introduction to this literature, we refer the interested reader to the
monograph by Lattimore and Szepesvari (2020).

A first line of works considers deterministic algorithms based on the optimistic principle and upper
confidence bounds (UCBs). Chen et al. (2013) first designed CUCB, computing UCBs for the items’
average rewards, converting these into UCBs for the actions’ rewards, and choosing the action with
the highest one. It was later analyzed by Kveton et al. (2015), who proved a regret upper bound uni-
form over all possible covariance matrices 3 (hence, paying the worst-case). Combes et al. (2015)
highlighted the importance of designing X:-adaptive algorithms by showing that the regret could
be improved by a factor of m when the items’ average rewards are independent. Subsequently,
Degenne and Perchet (2016) developed OLS-UCB, an algorithm intended to leverage the covariance
structure. However, 0LS-UCB requires prior knowledge of a positive semi-definite covariance-proxy

@Throughout the paper, the term item (or base item) refers to an element in the set [d], while an action
denotes a subset of base items in A.



matrix T, such that for all ¢ > 1 and for all u € R, E[exp(({u,Y; — p))] < exp(3]lul%). Esti-
mating I' in practice is not only challenging, but it leads to regret bounds depending on it instead of
the “true" covariance matrix X, potentially resulting in significantly looser bounds. This issue was
addressed by Perrault et al. (2020b), who proposed a covariance-adaptive algorithm, ESCB-C, with
asymptotically optimal gap-dependent regret upper bounds. Yet, it suffers from an additive constant
of order A;lizn , which prevents its conversion into an O(\/T )® gap-free bound. Thus, none of
the above works proposes a O(v/T) gap-free and covariance-adaptive regret bound, which is one
of the key contributions of this paper. A common drawback of these works is also their potentially
prohibitive computational complexity, due to the need to solve a maximization step over a large ac-
tion set A C {0, 1} that can be exponentially large. Some works, such as Cuvelier et al. (2021) or
Liu et al. (2022) propose solutions to achieve polynomial time complexity, for example by applying
UCB at the item level only rather than the action level. However, these approaches only work for in-
dependent rewards or under specific assumptions their distribution, making the analysis for generic
and unknown distributions extremely challenging. Another approach to tackle the computational
burden in combinatorial semi-bandits is to resort to sampling algorithms, which we detail below.

A second line of works for stochastic combinatorial semi-bandits considers randomized algorithms
inspired by Thompson Sampling (TS) for multi-armed bandits (Thompson, 1933). These algorithms
involve sampling a random vector ji; € R? at each round ¢ + 1 € [T — 1] from a distribution
representing a “belief” over the parameter u, taking a decision A;+1 € argmaxge4(a, fiz), and
updating the belief distribution using the observations. The main appeal of these approaches lies in
their computational complexity, especially when solving a linear maximization problem in particu-
lar actions spaces (such as matroids). Recent works have designed and analyzed such algorithms.
Notably, Wang and Chen (2018) consider independent item’s rewards. Perrault et al. (2020a) re-
fine it and assume a known variance-proxy I' and therefore suffers from the same drawbacks as
Degenne and Perchet (2016). Their technical analyses also yields a gap-dependent regret bound
with an undesirable A_™ term, preventing a O(\/T)), gap-free rate. A central contribution in our pa-
per is the combination of the computational efficiency for sampling algorithms with the covariance-
adaptivity O(v/T) gap-free from our UCB approach.

Besides, the literature concerning our setting has historically mostly focused on cases where the ac-
tion set is exponentially large, namely P >> d, and the way to get quasi-optimal regret rates in these
instances. However, outside of these regimes, the commonly derived regret bounds are too rough
and fail to show the benefit of the semi-bandit feedback. While the conventional stochastic com-
binatorial semi-bandit regret upper bound grows as O(v'mdT") (Kveton et al., 2015), a O(vVmPT)
could be achieved using bandit feedback only (Auer et al., 2002b). Intriguingly, the latter appears to
outperform the semi-bandit rate as soon as P < d, making the extra information obtained through a
richer feedback seemingly useless. Fine-grained analyses, clearly taking the structure into account,
are therefore needed.

1.2 Contributions

A new deterministic optimism-based algorithm (Section 2). We present OLS-UCB-C (Online
Least Squares Upper Confidence Bound with Covariance estimation), relying on the optimism prin-
ciple. The analysis of OLS-UCB-C sketched in Section 5.2 shows the following properties:

* First optimal gap-free regret upper bound. OLS-UCB-C yields a similar gap-dependent regret
bound as ESCB-C from Perrault et al. (2020b) up to logarithmic factors, and the first optimal
covariance-adaptative gap-free O(/T) regret bound (Theorem 1).

* Improved performance over UCB in all regimes of P/d. Under some conditions on the co-
variance matrix 3, we prove that OLS-UCB has a uniformly better regret than UCB, showing
that properly leveraging semi-bandit feedback indeed consistently offers an advantage on
(simple) bandit algorithms, which is not straightforward from existing analyses.

* Improved complexity over concurrent algorithms. OLS-UCB-C circumvents the convex opti-
mization problem that ESCB-C requires to solve at each round and is therefore more efficient,
despite suffering in the very large P regime as many other deterministic algorithms.

®We denote O for O when T' — o, up to poly-logarithmic terms.



The first stochastic optimism-based algorithm (Section 3). We introduce COS-V (Combinatorial
Optimistic Sampling with Variance estimation), a TS-inspired algorithm exploiting the “frequentist”
confidence regions derived in Section 4. It satisfies the following:

» Improved complexity for P > 1 compared to other deterministic semi-bandit algorithms.
C0S-V can be efficient in the very large P regime, which is the main blind spot of 0OLS-UCB-C.

o First gap-free O(\/T) regret upper bound for a sampling algorithm. The analysis we pro-
vide in Section 5.3 exploits the common structure of the 0LS-UCB-C and COS-V algorithms.
It enables the derivation of a gap-dependent bound for COS-V that does not involve the
A™™ term we typically find in the analysis for other TS algorithms (Wang and Chen, 2018;
Perrault et al., 2020a), consequently leading to a new O(\/%) variance-adaptive gap-free re-
gret upper bound for a sampling algorithm.

A novel gap-free lower bound (Section 2.2). We show a gap-free lower bound on the regret for
stochastic combinatorial semi-bandits, explicitly involving the structure of the problem (the items
forming each action) and the covariance matrix 3. This lower bound highlights the optimality of
the gap-free upper bound we establish for OLS-UCB-C.

Technical details are deferred to Section 4, Section 5, and the Appendix.

Table 1: Asymptotic O(-) regret bounds and per-round time complexities up to poly-logarithmic terms
in d, for the following deterministic algorithms: UCB (Auer et al., 2002a), UCBV (Audibert et al., 2009),
CUCB (Kveton et al., 2015), OLS-UCB-C (Degenne and Perchet, 2016), ESCB-C (Perrault et al., 2020b), and
OLS-UCB-C (ours); as well as the two stochastic algorithms: CTS-Gaussian (Perrault et al., 2020a) and COS-V
(ours).

Notations: a refers to actions; ¢ and j refer to items; m denotes the maximum number of items per action; B is
a vector of bounds on the items’ rewards; I is a covariance-proxy matrix; -y is the maximum of “correlations-
proxy”; we abbreviate max{x,0} to (z) forany z € R; C’;";T refers to the complexity of the optimisation
step needed in ESCB-C.

Fdbck. Algorithm Info. Time Complexity Gap-Free Asymptotic Regret
Bndt ucB B P (TS, (0" B)?2)'”
UCBV o P (T, a"%a)"?
CUCB B mP (Tmd)"?|| B s
OLS-UCB® r m? + Pd* o
S-Bndt. ESCB-C g m+POY, @
OLS-UCB-C @ m? + Pd? (T'Y>, max,icq Zan(ziaj)+)l/2
_ i an®
S-Bndt. CTS Gaussblan r poly(d) %] "
cos-v® %) poly(d) (Tm 2 ield) i)

2 Covariance-adaptative deterministic algorithm: OLS-UCB-C

In this section, we design a new algorithm that efficiently leverages the semi-bandit feedback. It
approximates the coefficients of the covariance matrix 3 online. The approximation is symmetric
by construction and yields a coefficient-wise upper bound of 32, but it is not necessarily semi-definite
positive, a constraint that can be challenging to impose in practice.

2.1 Algorithm: OLS-UCB-C

We present OLS-UCB-C described in Alg. 2 and detail below the successive steps it performs.

@Note that 0LS-UCB incur a A~2 term in its gap-dependent bound. This was overlooked by the authors but
yield a T2%/3 gap-free bound.

® Assuming A has matroid structure, the computational complexity is improved compared to a O(P) for
large P.



Initial exploration. The algorithm first explores by choosing every base item ¢ € [d] and every
“reachable" couple (i, 7) € [d]? at least once.

Rewards means estimation. At each round ¢t +

1 € [T'—1], the algorithm uses an empirical mean -
[+ for p defined as Algorithm 2 OLS-UCB-C

fir = Nt_l 21;21 du Y, ) }'npzlt_z? 1> 0, BTGdRi.
where d, = diag(a) € Mgy(R) is the diago- Oli.f {_a z Ai mino» eamns < 1} £ 0
nal matrix of the elements in a € A; ny (; ;) is (4,9)€a T, (4,5)

. . X A . then
the number of times items ¢ and j (with possi- .
bly i = 7) have been chosen together; N; = elsghoose any Ay in the above set.

diag((n4,(i,i))icla)) € Ma(R) is the diagonal ma-

trix of item counts. Compute j;— from (2).

Compute ¥;_; from (3) and (4).

Rewards covariances estimation. The covari- Compute Z;_; from (5).
ances are estimated by Choose A; € A from (6).
ST - S 3) Environment samples Y; € R?.
X (i) T D4 (g) T Bt Receive reward (A;, Y;) =Y. Ap Ve
where S (ij) = 7 S AgiA YY) end if
B end for

The algorithm uses 3, a coefficient-wise upper-
confidence bound of 3 whose coefficients are defined for a fixed § > 0 as

R X B;B; [ 5hys h s 1
T i) = Xe(i) T : ( o ,

VIG5 MGG T g)
where h; 5 = (1 + 2log(1/6) 4 2log(d(d + 1)) + log(1 + t))*/2.

“)

Optimistic action choice. Following the ‘optimistic’ principle of UCB-like algorithms, the es-
timated rewards ({fi;, a)),c4 are inflated by bonuses, yielding corresponding upper confidence
bounds. The bonuses involve the history through a regularized empirical design matrix (with empir-
ical covariances):

¢
Zy=> da3da, +dg N, + B[, 5)
s=1
where dg, = diag(3;) € My(R) and 3, is the coefficient-wise upper bound for the covariance
matrix defined in (4). Formally, OLS-UCB-C chooses

Apy1 € arggg}{(%ﬂﬁ + fis HNt_la’HZt} ; (6)

where f; 5 = 6log(1/d) + 6(log(t) + (d+2) log(log(t))) + 3d(2 log(2) + log(1 + e)).

Efficiency improvement. While Perrault et al. (2020b) use an axis-realignment technique to de-
rive their confidence regions, our approach builds ellipsoidal confidence regions. This simplifies the
computation of an upper confidence bound for each action as we have a closed-form expression. In
comparison, Perrault et al. (2020b) need to solve linear programs in convex sets at each iteration.

2.2 Regret upper bounds

Theorem 1. Let T € N* and 6 > 0.
Then, OLS-UCB-C (Alg. 2) satisfies the gap-dependent regret upper bound

E[Rr] = O(log(m)2 zd: 02”) :

max
— acA/i€a,A0>0 A,
i

max{X; ;, 0}, and the gap-free regret upper bound

E[RT]_O<1og(m)\FT\/zf_l max ag,i).

a€A/i€a

2 _
where o ; = Z]Ea

The proof is outlined in Section 5 and the specific details are presented in Appendix E.



Optimal gap-free bound. This result shows that OLS-UCB-C yields the same gap-dependent re-
gret upper bound as ESCB-C (Perrault et al., 2020b) (up to poly-logarithmic factors) and more im-
portantly yields a novel covariance-adaptive and optimal O(+/T) gap-free bound, as shown by the
following lower-bound proven in Appendix A. Unfortunately, only the positive coefficients of 3 are
considered in our bound but the inclusion of negative correlations could be advantageous to reduce
the rate at which the regret increases. However, it could complicate the analysis greatly, and is thus
deferred to future research.

Theorem 2. Let d,m € N* such that d/m > 2 is an integer, T € N*, and ¥ > 0 a covariance
matrix. Then, there exists a stochastic combinatorial semi-bandit with d base items, and a reward
distribution with covariance matrix 3 on which for any policy 7, the pseudo regret satisfies

Improvement over CUCB. Our gap-free and gap-dependent bounds outperform those of CUCB
(Kveton et al., 2015) no matter the covariance structure, as (de)l/ZHBHoo > (Te(Z)T)Y/2.©
Besides, in the particular case of a diagonal 3., our gap-free upper bound gains a factor at least v/m
over the one of CUCB. In this scenario, 02, = 3, ; forall @ € A and i € a. Our gap-dependent and
gap-free upper bounds are then roughly bounded as

Z min A and
=1 gcA/ica
respectively.

Improvement over UCBV. Assuming that 3;; > 0 for all 7,7, our upper-bound
uniformly improves the one of UCBV of order (TZ TZ]a) /2 , since in this case
D i MaXae 4\ic A Ta; < 2., llalls.  Existing semi-bandit analyses could only leverage semi-
bandit feedback in the regime P > d, which is natural in combinatorial bandits but not systematic
in real-world applications.

3 New sampling algorithm for combinatorial semi-bandits: COS-V

In this section, we introduce a randomized algo-
rithm inspired from TS, enabling to get potentially

Algorithm 3 COS-V

computational complexity at the cost of not lever- Inputé >0, B € R‘j_.
aging off-diagonal covariances. fort € [T] do
The difficulty in designing and analysing TS algo- if {a € Ast ming jyeq e, <1} #0
rithms generally stems from controlling the ran- then i
dom exploration. To that end, we parametrize the Choose Ay in the above set.
exploration distribution using the same estimators else .
as OLS-UCB-C. Compute /i1 (2).
Compute (Etfl,(i,i))ie[d] (4)
3.1 Algorithm: COS-V Compute (Z;_1 (i,i))ie[q) from (5).
Sample fi;—; from (7)
We propose a sampling strategy using “frequen- Choose A; € argmaxgea(a, fi—1).
tist" estimators, COS-V, described in Algorithm 3. Environment samples Y; € R%.

The algorithm begins with the same exploration Receive reward (Ap, Vi) = 225 AviYei-
phase as OLS-UCB-C. Thereafter at each round ¢ + end if

1 € [T — 1], we sample parameters (fii,¢);c|q) end for

using 1-dimensional normal distributions biased

toward the positive orthant. Formally, for all ¢ € [d], we sample

1/2 ~
~ ivi 2 Zy(ii
,-~N(um+2gwfwnj§ = mnjflj) )

where g; 5 = /1 + log(2dt log(t)2/6) and reusing the notations from Section 2.

©We denote > for > up to a constant factor.



3.2 Regret upper bound
Theorem 3. Let T € N*, and § > 0.

Then, COS-V (Alg. 3) satisfies the gap-dependent regret upper bound

d
mEm
Ai.,min) ’ (8)

Eiftr] = O log(m)?
i=1
where A; ymin = min{A,, a € A such that i € a}, and the gap-free regret upper bound

E[Rr] = O(log(m)ﬁ my, z:m-) : ©)
The proof is outlined in Section 5 and the specific details can be found in Appendix F.

Novel variance-dependent bound. Theorem 3 presents the first variance-dependent bound for
a sampling-based semi-bandit algorithm. Unfortunately, integrating the covariances 3J; ; in the
leading term is still an open problem. Possible leads include exploring other biasing strategies
for sampling, or using oversampling approaches like Abeille and Lazaric (2017) which inflate the
confidence regions in the linear bandits setting.

Novel gap-free regret bound. An important novelty of our gap-dependent bound Eq. (16) is the
absence of A__" terms present in the previous analyses of CTS (Wang and Chen, 2018; Perrault et al.,

2020a). In particular, this improvement yields the first O(\/T) gap-free regret upper bound for a
sampling strategy.

4 Mean and covariance estimation

In this section, we present concentration results for fi; (rewards means) and ﬁ)t (rewards covari-
ances, estimated with x;) used in OLS-UCB-C and COS-V, which are central to prove Theorem | and
Theorem 3 (sketched in Section 5).

4.1 Covariance-aware confidence region for the average reward

Average reward estimation. Leta € A, ¢t > d(d + 1)/2, as introduced in Section 2.1, the least
square estimator for the mean reward vector p using all the data gathered after round ¢ is

=N S da Yo = p+ NS da,
where the 7, denote the deviations Yy — p.

Confidence region design. We design confidence regions inspired from LinUCB literature
(Rusmevichientong and Tsitsiklis, 2010; Filippi et al., 2010; Abbasi-Yadkori et al., 2011) and the
work of Degenne and Perchet (2016). Major differences with those works include using Bernstein’s
style concentration inequalities involving the covariance matrix 3, assuming a multidimensional
noise term, and combining them with a covering argument to relax dependence in d (peeling trick
from Degenne and Perchet, 2016). We introduce the regularized design matrix defined by

Z; = Vi + Nuds + || BT,

where V; = 22:1 d 4, Xdy4, is the design matrix (of which the OLS-UCB-C and COS-V use an
empirical version). Let S; = N;(fi; — p), the deviations of (a, fi;) are bounded as

a, i — )| <INy allz, [ISellz, -+ - (10)

Designing a confidence region for ||S;|| -1 therefore allows to control the deviations |(a, fi; — )|
t
uniformly on A. Let § > 0, we define the event

Gy = { ||St||z;1 Sft,é}, (11)
with f; 5 = 61log(1/d) + 6[log(t) + (d + 2) log(log(¢))] + 3d[210og(2) + log(1 + €)].
This event can also be written G; = { Il — MHNtz;th < ft,é} and is therefore equivalent to ji;
belonging to an ellipsoid around the true reward mean vector -



Confidence region probability. The following result proven in Appendix B presents an upper
bound for P(Gf).

Proposition 1. Lett > d(d + 1)/2 and § > 0. Then, P(GF) < 6/(tlog(t)?).

Proving this result relies on an argument adapted from Faury et al. (2020) and a covering trick from
Degenne and Perchet (2016).

4.2 Confidence interval for covariances estimator

Rewards covariances estimator. Lett > d(d + 1)/2 and a “reachable" couple (i, j) € [d]* . The
coefficients of X can be estimated online by ; as introduced in Section 2.1

Xt,(i,j) = St,(i,j) — He,iflej -

Rewards covariances upper confidence bound. Let 6 > 0. We use the following coefficient-
wise upper estimates of 3 in our algorithms

R X B;B; [ 5hys h s 1
3y () = Xeo(ig) + n / ( i + 0 4 3 )

VIG5 TG T3,
with hy s = (14 2log(1/8) + 2log(d(d + 1)) + log(1 + t))*/2.

Favorable event design. We define C as the event where all the coefficients of 32, are indeed upper
bounding those of X:

C={vt >d(d+1)/2, ¥(i,j) € [d]* “reachable", =, ; jy > ;;}. (12)

Favorable event probability. The following result proven in Appendix C presents an upper bound
for P(C).

Proposition 2. Ler § € (0,1). Then P(C°) < 6.

5 Regret upper bounds

In this section, we provide a sketch of proof for Theorem 1 and Theorem 3. For both OLS-UCB-C
and COS-V, the idea to bound the regret is to find a sequence of favorable events (é})tzd(dﬂ) /2 that
are true with high probability, and under which the regret grows logarithmically with time.

5.1 Template bound

Let (&:)ic[r) be a sequence of events, then for both OLS-UCB-C and COS-V standard derivations
yield

E[Rr] < Amax( (d+1)/2+ Y dd+1)/2P(5 )) "'E{ t= d(d+1)/2]]'{5t}AAt+1i|‘ (13)

Assuming that the sequence of events (&;);>a(a+1)/2 happen with high enough probability, it is
sufficient to control what happens conditionally to it. In particular, Proposition 6 in Appendix D

states that if we can bound Ai‘”l with a linear combination of terms evolving as n, (kl ) for every

couple (,5) € Agy1 and different & > 1, then we can infer a worst-case behaviour, which yield
Theorem 1 and Theorem 3.

In the following, we w111 refer to the term Z

d 1 Er) as the unfavorable event probability
and to the term E[ Zt A(d+1)/2 ]l{Et}AAHj

as the )élgh -probability regret.

5.2 Regret of 0LS-UCB-C

For OLS-UCB-C we consider the sequence of events & = {G;[\C} for all ¢t > d(d + 1)/2, corre-
sponding the confidence regions of (it);>d(d+1)/2 and of (2y,(;,j))¢>d(d+1)/2, (i.j)e[d)> defined in
Section 4. Under these events, we can upper-bound the high-probability regret from Eq. (13) with
the following proposition (proven in Appendix E.1).



Proposition 3. Let § > 0. Then, OLS-UCB-C yields

E[ Z A, 1{G ﬂC}] <1og )2 log(m Zaenj%(ea A, )

t=d(d+1)/2

as T — oo, where 07, ; = Y ica(Zig)+

Conclusion of the proof. Injecting results from Proposition 3 (high-probability regret) as well as
Proposition | and Proposition 2 (unfavorable event probability) into the template bound (13), we get

o2 .

E[Ry] = O<1og(T)210g(m)2 max —) : (14)

“—~ aqcAjica Ag
1€[d]

for OLS-UCB-C as T" — oo. This provides the gap-dependent bound of Theorem 1. The gap-free

bound is detailed in Appendix E.4. It is enabled by the fact that our gap-dependent bound does not

incur any term in A2 unlike Perrault et al. (2020b); Degenne and Perchet (2016).

min’®

5.3 Regret of COS-V

For the analysis of our stochastic algorithm COS-V, we need to consider events related to the sam-
pling distributions in addition to the events G; and C used in the previous subsection. For this
purpose, we introduce the event H defined as follows

H—{WZd(d"‘l)/QvWEH Kth‘FQQtthJ “)/) fot,i <gt5ft&}- (15)

The high-level idea of the event H is to ensure that the sampled rewards fi; ; upper-bound the true
mean p; while not being too far for all the items ¢ € a*. Showing that the event H indeed occurs
with high-probability (Lemma 7 in Appendix F) and setting the events & = {G; (C (| H}, we can
upper-bound the high-probability regret in the following proposition (proof is in Appendix F.2).

Proposition 4. Let 6 > 0. Then COS-V yields

{ Z AAMn{gtﬂcﬂH}} (log )31og(m)2(_zd:zgi_=i)>.

t=d(d+1)

Conclusion of the proof. Injecting results from Proposition 4 (high-probability regret) as well as
Lemma 7, Proposition 1 and Proposition 2 (unfavorable event probability) into the template bound
(13) yields

Xii
E[R¢] = O(log(T)3log(m)2 3 m—) , (16)
icld] 7, min
as T' — oo. This provides the gap-dependent bound of Theorem 3. As it does not incur any term in
A ™ as in Wang and Chen (2018); Perrault et al. (2020a), this result can be used to derive a O(\/_ )
gap-free bound for a sampling-based combinatorial semi-bandit algorithm.

6 Concluding Remarks

We propose and analyze two algorithms for combinatorial semi-bandits. OLS-UCB-C is a deter-
ministic, covariance-adaptive algorithm. Compared to other existing approaches, our algorithm is
typically less computationally demanding and yields the first O(v/T') gap-free regret rate that ex-
plicitly depends on the covariance of the base item rewards and the structure. COS-V is a variance-
adaptive, TS-like algorithm. Its complexity is significantly lower under certain types of constraints,
but its regret is suboptimal as it assumes worst-case correlations. However, leveraging the analysis
of OLS-UCB-C, it also yields the first O(v/T') gap-free regret upper bound among sampling-based
approaches.
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A Proof of the lower bound (Theorem 2)

Theorem 2. Let d,m € N* such that d/m > 2 is an integer, T € N*, and ¥ = 0 a covariance
matrix. Then, there exists a stochastic combinatorial semi-bandit with d base items, and a reward
distribution with covariance matrix 3 on which for any policy T, the pseudo regret satisfies

1/2
(T max Ei,j) .

a€A,ica
i€[d] j€

Proof. We follow the methodology of Auer et al. (2002b), modifying it to account for the different
variances among actions.

Let d,m € N* such that d/m > 2 is an integer, T € N*, and a covariance matrix X > 0. We con-
sider the structure where A = {az, ..., aq/m} C {0, 1}d contains d/m disjoint actions each having
m base elements. We consider that for all p € [d/m], (ap)icfa) = (1{(p — 1)m < i <pm}),._ el
Let 7 be a policy. As all the actions are disjoints, we can reduce ourselves to a multi-armed bandit
with d/m actions, where for all p € [d/m)] the variance of the p-th action is (a,, X,).

Let ' € My, (R) be the diagonal matrix where for all p € [d/m], 3, , = a, Za,. Let ¢ > 0,
and

d/m E/

A= .

_— 17
min T ? ( )

where 37 = min,c(q/m) 2, ,
We denote Gy ~ N(0,%’) a (d/m)-dimensional centered Gaussian distribution with covariance
matrix X', Let p € [d/m)], we consider the mean Vector p?) € R¥™ having coordinate 0 every-

where and A at coordinate p, for all i € [d/m)], ul A]l{z = p}. We introduce the Gaussian

reward distributions G}, ~ N'(u?), ') and denote T}, = thl 1{A; = p}. Then, using policy ,
and considering the reward distributions G}, and Gy, the average number of times action p has been
chosen satisfies

1
[Ty — Brco[Tp)| < T TV((W, Go), (r, Gp)) < T\/QKL((W, Go), (m, Gp)) . (18)
where TV denotes the total variation distance, KL denotes the Kullback-Leibler divergence and
the last inequality uses Pinsker’s inequality. Then, using the divergence decomposition between
multi-armed bandits (Lemma 15.1 in Lattimore and Szepesvari, 2020),

d/m
KL((, Go), (1, Gp)) = Y Er g, [Tk] KL(NV(0,E'), N (™, )
k=1
d/m 2
/ (M(p))
= ZEW Go Tk] 22,
k=1
Reinjecting this expression into Eq. (18), we get
T YR )
Er G,y [Tp] < Brcro [Tol + 54| D ~—Er o [TH]
2 Xk
k=1 ;
T
= ET"-,GO [T;D] + 5 EI A Eﬂ' ,Go [T ]
s d/m
=Er.Go[Tp] + ¢y | TEx o [T}] Emm > S + reinjecting Eq. (17)
PP k=1

d/m
< Ergo[Tp] + ey | TEx 6o [T} Z Ez,k .

12



Now, summing over the actions p,

d/m d/m

ZETI'G ZETK’GO

+ Cauchy-Schwarz

19)

We denote Rgpp ) the average cumulative regret incurred with the reward distribution G, then

d/m d/m
S RY = AZT Er.c,[T5))
p=1
d/mE d/m
=2c\/ X, T T ( T— ZE”G ) <+ reinjecting Eq. (17)

+ from Eq. (19)

Taking ¢ = 3

Now, decomposing

d/m d/m
/
Y Ea= 2 (XY =) = > max S,
h h aEAzea
k=1 k=1 i€ay j€ax 1€ [d]

we get

p ") > = \/ max 3.
aEA i€a
j a

13



B Concentration of the average rewards estimations (Proposition 1)
Proposition 1. Lett > d(d + 1)/2 and § > 0. Then, P(GF) < 6/(tlog(t)?).

Proof. Lett > d(d+1)/2and § > 0.

We have

fr.s = 6log(1/0) + 6(1og(t) +(d+2) 1og(log(t))) + 3d(2 log(2) + log(1 + e))

og(t)? o ¢
=6log (tl g(s(t) (log(ll—i—gé?— 1))> + (6d10g(2) + 3dlog(2 + (e — 1)))) .

Covering argument (Peeling trick). The peeling trick consists in separating the space of trajecto-
ries up to round ¢ into an exponentially large number of parts, each having an exponentially small
probability.

Formally, let 0 < e < 1. For each p € N¢ we associate the set
D, ={zeRst.Vie[d, (1+eP <z < (L+eP T}, (20)
As an abuse of notation, we denote by (¢ € D)) the event ((nt7(i,i) + 1)ie[d] € Dp).

log(t)
log(1+e€)

Setting P . = L J, we define for each p € [Ptyé]d

N, = diag(((l n e)m)ie[d}) € My(R),
Z:i, =V, +N,ds + || B|’I. (1)

In particular, under the event (¢ € D,,), Ny < (1 + ¢)N),.

t

ZdAsns > ft,é)

s=1 Z;I

Z P<(|St|zt1 > ft,é) m(t € Dp)>

PE[P:,]¢

< ¥ P<(|st|zt,; >ft,5)ﬂ(t€Dp)>-

PE[Py,]?

Using this covering, we decompose

P(Gy) = ]P’<

We now apply the following Lemmas.

Lemma 1. Lett > d(d+1)/2,0 < e <1, p € [P.]¢ and § > 0. Then,

ormy,

N
P<”St||zt,; > Glog (Norm

)+ 610g(1/5)> <3, (22)

t,p

where
1/2 1
Nowm, = [ 1{IZ;N < 5 fexpl =[5, 2.
AERE 2

1/2 1
Normy,, :/A . 1{1Z32A0 < 5} expt -1, A
S
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Lemma 2. Lett > d(d+1)/2,0 < e < 1 andp € [P, (]% Then,

Norm 1 det(Z; )
1 ( P ) < dlog(2) + = log [ S82%6e) ) 23
8 Normy, ;/ — 0g(2) + 2 i) det(Zo,p) (23)
Moreover, under event (t € Dy),
Norm 1
1 ( P ) < dlog(2) + ~dlog(2 + €) . 24
°¢ \ Norm, , ) = 0g(2) + 5dlog(2 +¢) (24)

In our case, setting € = e — 1, they yield

PG < Y P({|St|zt’; > 6log (w log(t)d> + (6d10g(2) + 3dlog(1 + e))}

PE[Py,eld

(e Dp)>

tlog(t)? d Norm,,
< P - 1 log(t 1
< 2 <{|St|zt’; > 6log ( 5 los(®)" |+ 6log | oo
pE[Pt,e]d ’
ﬂ(t € Dp)> < Lemma?2
< 3 P[[Siy > 610 Ho8(1)” 10117 + 6log [ SO0
- tz, & ) & & Normy
pE[Pt,e]d ’
Z 671 1 < Lemma 1
= 2 d
pelPr 4 tlog(t)? log(t)
1 1
=0———log(t)*
tlog(t)? log(t)? og(t)
6
~ tlog(t)?”
o
B.1 Proof of Lemma 1
Lemma 1. Lett > d(d+1)/2,0 < e <1, p € [P]¢ and § > 0. Then,
Norm,,
- <
]P’<||5t||zmﬁ > 6log (Normt,p) + 61og(1/5)> <9, (22)

where

1/2 1
Nowm, = [ 1{IZ/;N < 5 }expl -, i,
AeRd
1
Normy, :/ 1{1Z32A0 < 5 fexpl -1, .
AER?

Proof. We adapt the proofs from Faury et al. (2020), which adapts Abbasi-Yadkori et al. (2011)
itself. Lett > d(d+1)/2,0 <e < 1,p € [P;]% and § > 0.

Let A € R such that [|A[| < gy and s € [t]. We denote F{_; = (A1, Yi,..., Aro1, Yo, Ay).
Then, [[ATd 4,7 < 1/2and

E[exp ()\TdASnS - )\TdASEdAS/\) ‘}';_1} <1

15



which yields that (Mk()\)) —— (exp (ATS, — ||/\||%,k))k€N* is a F-supermartingale.

Letp € [Ptyé]d, we consider the density g, of a d-dimensional Gaussian with covariance matrix

%(diz + ||BH21)71 = 120]10, truncated in the ellipsoid {z € R%, ||Z, 1/2 z|| < 11,

1{z e RY, | Zy/ 0| < 1}
9p(2) = 2 exp (= 2l )

Norm,,
where Norm,, is the normalisation constant.

We integrate (Mk ()\)) for A ~ g,, and define (Mp_k)keN* as
keN* ’

1{)|Z/2A]| < 33
M, ;. = M (N)d\ = — 0 A SL — [IM]]2 d\
h AER4 k) /Ang Normy, exp( e HZ’“’P) ’

which is still a supermartingale.

Let \f, € arg max (ATS: = [IAl1Z, ,)- Then

1/2
{Zo/2IMI<Ey

e S = ) /
Pk Norm,, I1Z5/ 2 <3

_ exp(A}) Sk — ||A;p|‘%t,p) /
NOYmp 1z 1/2)\+Z1/2>\* H

exp(A\f Sk — 1N, 11Z,,) /
16/ 2 A<

exp <(A = Aip) 'St =M, , + IIAZ‘,pI%,C,,)> dA

exp <ATSk — Mz, , — 2ATzk_,pA;p> d\

m\»—A

exp ()\TSk — Mz, , — 2ATzk_,pA;p> d\

- Norm,, <1
exp(N ]Sk — N, 12, )
= > ’ P AT(S — 97 A* )_ A 2 d\
Norm,, /I 1/2A|‘§iexp k k:pAt,p 1Az,
B exp(A Sk — I\ szkp)N -
N Norm,, k.p
{1 ZN < 1}
)\T(S 97 A )_ NERREY
/>\€Rd NOI‘mkyp exp k kpAtp || ”Zk,p

where we can recognize gy, , the density of a d-dimensional Gaussian with covariance matrix 5 Z
d 1 / 2
truncated in the ellipsoid {z € R?, || Z,/)z|| < ; },

kp’

1 1/233
o) = B0 S8} (g

Normk
with Normy, ,, the normalisation constant.

Besides, Jensen’s inequality yields

L] Zg) Al < §) .
Jrosa ™ N e (A (s = 22) - B,
= / gr,p(A) exp ()\T (Sk - QZkﬂp)\:_’p)>d)\
Rd
26Xp< / 90 WAT (Sk = 22\ )dA)
Rd
.
= oxp | (S = 22k, / 9t (M)A
Rd

=1.
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Therefore, for all kK € N*

/] Normkﬁﬂ * T * 2
1 > Mp,k > m eXp()\t_’pSk — H)‘t,p”Zk,p)'

Markov’s inequality yields

rr{i )

Norm,,

Normy, . . 1
> P<7p exp()\t:zl;sk — H)‘t,p||2zk,p) > 5)

Norm
_ *T * 2 '4
= P</\t,p5k — ”/\t,pHZk,p 2 log (m) + 10g(1/5)> .

Taking k = t in particular gives

Norm
5>P max ATS, — M2 >lo (717)4—10 1/6) ).
> (zé{pq t— [z, = log Norm, , g(1/9)

The constraint on A in the inner expression prevent to use the usual optimal value for subgaussian
r.v. which could give a bound for || S; ||2Z,1. Instead, we introduce
t,p

v L 2,8
e 4 HStHzgpl ’
for which
1 10 1Stz
Z1/2)\ < Z|zl/2g-1/2 o
H 0,p t-,PH—4|| 0,p “t,p HHSt”thl
1
< —.
— 4
Then

1 1 Norm
d>P| = 1Si||l,-2 — —=|S¢]],-1 > 1 ( P
- (4H tHZt,; 16H t”Zt,rl' = 108 Norm

)+ 10g(1/6)>

t,p

Norm,,

16 16
P(H&HZt,; > log ( )+ gloga/zs))

Normy

Norm
2 P(IIStllzm; > 6log (Normp ) + 610g(1/6)> .

t,p
O
B.2 Proof of Lemma 2
Lemma 2. Lett > d(d+1)/2,0<e < 1landp € [P;|% Then,
Norm 1 det(Z; )
1 ( p)<d1 2) + = log | S 2tp) ) 23
8 Normy, ;/ — 0g(2) + 2 i) det(Zo,p) (23)
Moreover, under event (t € Dp),
Norm 1
1 ( ”)<d1 9) + ~dlog(2 + €) . 24
i) Normy, ;/ — 08(2) + 2 0g(2 +€) (24
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Proof. Lett > d(d+1)/2,0 < € < 1 and p € [P, .]? Then, following steps from Faury et al.
(2020) yields

s~ [ M ot 1
€

{IN < 5 }exp =A%),

\/det ZOp )\eRd

and

Norm, = [ . 1{|1Z32A] < &} exp(~ 3, Jax
€

= [ {1z N < el NP
det(Zt_,p) ,/)\G]Rd 0.p
Noting that ||Z1/2 1/2|| < 1, we deduce
1
Normy, )\ <—}ex — A2}
w2 s [N < eI

Therefore,

Norm, _ [det(Zy,) Jes 1A < 3 exp{—IIA]?}ax
Normy , — \/ det(Zo,p) fRdﬂ{H)\H < %}GXP{—H)\HQ}dz\

We treat the integrals as

Fut {0 < S e{- AN fw< =i} +1{s <= %}>exp{—|x|2}dA
S LA < 3 b exp{—N2}ar Joa 1{AI < 3} exp{=[IAl2}ax
. Joa 1{% <A < 3} exp{=A]}dA
Joa WA < 4 b exp{= N2
| exp(=1/16) Joa 1{% <17 < 3 }ar
exp(=1/16) - o a{jA) < L }ax

Thus

1 T (i.i)zii
< dlog(2) + =1 1 S
< dlog(2) + 508 H ( + (l—l—ﬁ)pizi,i‘FHB”)

In particular under event (¢ € D,,),

N d
log ( ormy, ) < dlog(2) + 3 log(2+¢).

Normy
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C Concentration of the covariances estimations (Proposition 2)

Proposition 2. Ler § € (0,1). Then P(C°) < 6.

It is a direct application of the following proposition:

Proposition 5. Let § € (0,1). Then with probability 1 — 6, for all t > d(d + 1)/2 and (i, j) €

“reachable”,

She.s

[d]?

. B;B;
Xt (i) — 2] < 1 J (

T, (4,5)

h? 1
NRALE 2 ) :
() " (4.9)

where hy s = (1 + 2log(1/6) + 2log(d(d + 1)) + log(1 +t))'/2.

Proof. Letd > 0. We remind
C={vt>d(d+1)/2, V(i
Lett > d(d+1)/2, (i,7) €

St (i) — ﬂt iflt,j
1

Xt,(i,j) =

ZAS ZAS]YS z}/sg

(ZJ) s=1

1

;(7]) s=1

- ZAHASJ[ BAE

ZJ)Sl

s=1

A triangle inequality yields

|>2t,(i,j) - Ei,j| =

t,(i,5)

B
2

s=1

We make repeated use of the following Lemma

[d]? “reachable". Then

ZAszA,]{sz s,] — 17:|
s=1
n:izZA51|: S’L_,LLZ:|

( 1
T,

ZASZASJYSZ}/SJ Sz] [(

13_

(ntzZASl s, — Hi

i 1
- ; As,iYs,z') (nt

t,i

(&
1)+

+

j) € [d)? “reachable", 2, ; ;) > i} .

t
] ZAs,j}/s,j)a
" g=1

il 5,1 Ys )( ;ASJYSJ)—MM
Sl
(5 i I8

s=1

)|

t

niz Z Ag |:§/;z - Ni:|

" os=1

nm;A“{ 8. ’uj}

Lemma 3. Let (H;)ien+ be a filtration, (Uy)ien+ be an Hy adapted martingales bounded by C' €
R with E[U,] = 0, and (1{V,})ien+ be a predictable process and 6 > 0.

Then with probability at least 1 — 9, for all t

t
P( T UV c
ST AR

1{Vi}

19

2log(1/0) +log(1 + Y 1{Vi}

)) <46
s=1

=] (s S

1 t
g 2l
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Therefore, with probability at least 1 — §/2, for all (z j) and ¢,

t
1 B;B;
A51A5|:3/51Y9_Sz:| ~ ASZA [sz - } +#
Nt (i) ; e i) 1 Z " i = Sid A(ne, i) + 1)
< BiB;i V/21log(1/8) + 2log(d(d + 1)) + log(1 + t)
= ,77%,(1',]') 7 g g g
B;B;
Any (i)
B;B
< T\/2 log(1/6) + 2log(d(d + 1)) + log(1 +t)
t,(1,5)
B;B;
Ang i)

With probability at least 1 — ¢/2, for all 7 and ¢,

1 t
ntl ZA51|: S, H1:| nm- + 1 ;As,i |:}/sz _,uz:| +

s=1
B; B;
< ———/2log(1/8) + 21og(2d) + log(1 +t) + ‘.
2\/7%\/ 1 (2) +os(t 0 2, i)

%

27%,(1'.,1')

Therefore, reinjecting those expressions yields that with probability at least 1 — §, for all (¢, j) and
t3

B;B B;B;
il < 21og(1/6) + 2log(d(d + 1)) + log(1 + t) + ———
Bigl < _t = Y/ /9) (d(d+1)) (1+1) gy,

N B;Bj(2log(1/6) + 2log(2d) + log(1 + t)) N B; B,
ATt i) 0, og) ANt (i,0) 0, (.5)

B;B; 1 1
. ( + )\/2 log(1/8) + 2log(2d) + log(1 + t)
4 AN GaT G G0V ()

BiBj ( 1 1
- + ) V21og(1/3) + 2log(2d) + log(1 + 1)
4 \mGa VTG
BB, B;B;
< —— _\/2log(1/6) + 2log(d(d + 1)) + log(1 + t) + ——
A/ ig) A, i,j)
N B;Bj(2log(1/6) + 2log(2d) + log(1 + t)) N B;B;
4/ (@) T, (7,d) A, i), (5.g)
B;B; 1 1
+ = ( + )\/210g(1/5)+210g(2d)+10g(1+t).
2 NG VG
To simplify this expression, using n¢ (; jy < min{ny ;q), e} and ne 5y < /M, 60 ()
yields

Xt (i) —

B;B;

Xty — Zij| <5 I V/21og(1/6) + 2log(d(d + 1)) + log(1 + t)

ALACH)
BB; 1
e et N (1 + 21og(1/8) + 2log(d(d + 1)) + log(1 + t))

4 g
B;B; 1

S
4niGg)

Denoting hy,s = /1 + 21log(1/5) + 2log(d(d + 1)) + log(1 + t), we have
. BiBj ( Shis his 1
Xt (i) — Zij] < 1 L ( — + —+ — ) .
nta(“]) nta(“]) nt,(i,j)
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C.1 Proof for Lemma 3

Lemma 3. Let (H:)ien~ be a filtration, (Ut)ien+ be an H: adapted martingales bounded by C €
R with E[U1] = 0, and (1{V;})ten+ be a predictable process and 6 > 0.

Then with probability at least 1 — 0, for all t

P( > 1{Vi}U, C

21og(1/8) + log(1 1{V, <4
1+ZZ:111{VS}> SSIRTIA! g(1/9) + log( +; { })><

Proof. Lett > 2. Then U, is C sub-Gaussian and for all \ €

202

E ¢ ﬂ{vt})

exp (z\]l{V}}Ut - Hia

Then (Wi (A))ten = (exp()\ S VU, — ’\202 S 1V, })) is a supermatringale.
We use the Method of Mixtures by integrating for a A ~ N (0,1/C?). ThlS y1e1d

A . \/_exp( /\2202)Wt(/\)d)\

[ (3
=l <202 ff;{svl}f{& D

_1 _ ZZ:l ]l{‘/s}Us 2 o i
0~ G ) )

:exp( (m M) ) :
2001+ Zosy WD/ 1 5 1v)

<1.
Therefore,
Yo HVA}U, c :
P = 21og(1/8) + log(1 1{V, <4
<1+Z‘;_111{V5} > —1+ZZ:1]1{VS} g(1/6) + log( +SZ:; { })>

Using the stopping time construction from Abbasi-Yadkori et al. (2011) yields the property for all ¢.

D Behaviour in the high-probability events (Section 5)

The following proposition states that under some assumptions on the sequence of events (&;), the
regret can be bounded by problem-dependent quantities (including 3, T, or d). They are not all ex-
plicitly stated in Proposition 6 to make it adaptive to both algorithms but are hidden in the constants.

Proposition 6. Let € N, e € (1,400)". Let (E:)y>q(a+1)/2 be a sequence of events such that for
allt > d(d+1)/2, under &,
A2

Seox Guiy| o

[ OS
i€As 0D i) L) e ™, (i.)

(25)

where C and (Cs)se[y) are problem-dependent positive constants. Ca,_, ; is a positive constant
depending on Ayy1 and i so that, forall a € A, Cy; < 2mX; ;. Let ¢ € RY and (cs)s¢p) € (RY)”
be positive constants such that 1/c + Zse[r] 1/es = 1.
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Then,

T—1
Z AAt+1 1 {gt}
t=d(d+1)/2
Ca i

< 4200¢;,C log(m)® ) (aéﬁ“}ia A, )

€|

+ Z_; 11{65 = 2}1890 (csccs 1og(m)) Y <1 +log (i‘:‘:))

+1{1 < es < 2}5670(e,CC, log(m))1/esd2mz/esA172/es

min

€s

+ ]1{2 < 65}1890 (csccs log(m))l/es 2d2m2/esA;;i/es] . (26)

€g —

where (a)ren+, (Bk)ken+ and kg € N* are defined in Appendix D. 1.

Proof. The proof is classical involves a decomposition of the events &; (see Kveton et al. (2015);
Degenne and Perchet (2016); Perrault et al. (2020b)). By considering each of the r sub-sum in
Eq. (25) and designing sets of event that can happen only a finite number of times.

We introduce two sequences (g )gen+ and (Bg)gen+, both begin at 1 and strictly decrease to 0
(see Appendix D.1 for their definitions). These sequences are introduced to be able to consider the
different terms of Eq. (25) separately.

Let (¢s)sepr) € (R)" suchthat 3 ., 1/cs = 1.
Lett > d(d+1)/2, k € N*. We define the set

S —{z‘eA n ~<cmaL%} 27)
tk = t+1, t,(i,i) =~ C1 k Ai 2,;1 )
t+1 E
and the event
. 3. }
A = B> Bem; VI<k, Y < Bimy, 28
tk { Z Crn = Bk Z T B (28)

€Stk iESgl

A notable difference from previous approaches is the use of 37 ; /Cy ; in A ;; instead of set cardinals.

This enables the explicit appearance of the C, ; coefficients, which will involve the ag)i for the
application of this proposition to our algorithms.

For s € [r], we define

s o e C
St)k = {(’L,]) € A, ntf(i7j) < eomay, ? CS} . (29)
t+1
and the events
L= {1S54] > Bem® VL< k1S3 < B} (30)

The following Lemma, proven in Appendix D.2, decomposes (£t)¢>d(d+1)/2 using these events.

Lemma 4. Let’s consider the assumptions of Proposition 6. Let Ay . and (Aj ) sc(r) be the events
defined in Eq. (28) and Eq. (30). Let ko € N* such that 0 < mfy, < ﬁ andt > d(d+1)/2

T

ko ko
1{&} < Z T{A¢x} + Z Z L{A] )}
k=1

s=1 k=1
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Using it, we decompose

T-1 T-1 T
Z AAt+1]1{gt} < Z Z AAr+1]1{At k} + Z Z AAt+1 ]I{At k}}
t=d(d+1)/2 t=d(d+1)/2 L k= s=1 k=1
T-1 T ko
- ¥ [AAM Z]I{At k}} +3 Z {AAM 3o 1{Ag, ] .
t=d(d+1)/2 s=1t=d(d+1)/ k=1

€2

We begin with the first term of Eq. (31). Let ¢ > d(d +1)/2,and k € [ko]. Then,

P
Ak = { B> Bem: VI < E, < ﬂl} C { }
ze%k CAHl’i ; A'+17 Brm Z CAt+1;

1€S]

Therefore,

1 b .
1{Aus} < Bkmiez[j: o 1Ak (Vi € Sur}} 32)

t+1,2

Summing over ¢ and k, and including the gaps yields

Z Ag, ., Z 1{A}, (33)

t=d(d+1)/2
< Z AAM Z Z D {At{kﬂ{z’ € Sm}} « byEq. (32)
t=d(d+1)/ ﬂ m CAH”
At+1
PP Z Zﬁkm%“ 1{i € Spi}
i€[d] t=d(d+1)/2 k=1 "t
T
Ay, C
= Z 21 0 Z Z Ciﬂ]l nt7(i)i) S Clmakﬁ L by Eq (27)
ield k= 1Bk t=d(dt1)/2 ~ At ()"
Agyqi )

(34)

Let i € [d], we consider all the actions associated to it. Let ¢; € N* be the number of actions
associated to item 3. Let l € [g;], we denote eﬁ € A the [-th action associated to item 4, sorted by

A .
decreasing c - w1th = 0 by convention. Then

z

T—1
Ain 1I<n < cgma ¢
A1 i < amag——MMFM—
CAr+1 i (69) ( AAt+l )22 .
=d(d+1)/2 b Capyq.i ik
=& A C .
< C =19 ng 5 < My —x———5 Appr = €
L L
t=0 =1 €i'? (C jl ) i
el,i
T-1 q
— - A i 1 12X 1 A e
= t.(i.q t+1 —
=0 1= Cets ) ermarC ( At )27 * ’
Ce,li,i
T—-1 qi
! Aei 1 Ei,i 1
= o E 1 i, < nt’(i’i)c p—r < Q%55 A1 = e <— decomposing the event
t=0 1=1 €t p=1 °i 1 i
(C2P71 (CCP h
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T-1 qi l
< Z E Aeip 1 ! bt L A e » < as Aeé < Ae?
= Cor B SN e S T Ba T C.,  Cu,
t=0 |=1p=1 ©:i* ( i ) (C2 i ) el el i
Cepil,i ,pr'i
i T—1 q:
! Ae? ! 1 i 1
= L 1 < ny : < Ap1=c¢
Cep i At (&9) cimaC ( A
=1 i°" t=0 |l= i
p i D (CCP” ) f_p -
p=1, P
i T—1 g
! Ae’.’ 1 1 211 1
< L 1 ———— ’ < A = e < we extend the sum over [
Coo . A p-1 N, (4, z)c maxC ( Ap ) +
p=1 € t=0 |=1 i 5t
(Cef71 ; Cef i
q T-1
~ Ao 1 i 1 , L .
= o, 1 By < M, (4,4) e < x5 5 0 € Aiqq p < we simplify the inner sum
_ el T € 1 k €i
p=1 €'t t=0 (Czpl 1 (CCP )
1, v,

—

€

2 q;—1
el § C Ae‘.“ CEP i C JANR, A€p+1
(o) el S () 5] (G - o))« sommasonsy o

C Ceqi 4 ] Ce?.i 2 Ae? Ae?Jrl
% ( A;q; + Z (A: ) (Cepli - 08;1.) + everything is positive

Cer ; 2clma;€C Cop-1 2clmakc . .
( A , ) S J — {( Ae’?*l ) SN J + the event can only happen a given nbr. of times

N——

p=1 € i
A
< cimaoyC Ce;.“,i (Celll,i) 1d
> +/(A_) oLl
‘ Codi ;

i

2 2
_ camaogC Ce;”,i n Ce;“ Ce2§
21'_’1' Ae‘_li AE{H A

2cimay,C Ce;“ Ji

- Ei,i Ae‘_h’
2cimay,C Ca,i
—_— : 35
- Ei,i (aerﬁa/zx&z Aa ) ( )
Reinjecting Eq. (35) into Eq. (34) yields
ko 1 2¢;mCoy Cai
Z Bdei Z]l{A B Z i Z Brm E” (aenxll%{ea A, )
t=d(d+1)/2 i€ld] k=1
ko
(677 Ca )
=2¢1C Z — Z max
(k_l ﬁk) i) (aE.A/’LG(l A )
C. .
— 2 a,i
= 4200¢;C'log(m) Z (aera%(ea A, ) . (36)

i€[d]

We treat the 7 other terms in a similar way. Let s € [r], ¢ > d(d + 1)/2, and k € [ko],

1
= {15 2 s < kgsyl <ot} € {21

Therefore,

L{A,} < 3 Z 1{Af,k ﬂ{(laj) € Stsk}} (37)
(i,j)e[d]2
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Summing over ¢ and k yields

Z Aa, ., ZH{A

t=d(d+1)/2

< Z AAt+1 Z ﬂ Z ]I{Af,k ﬂ{(lvj) € Sts,k}} — by Eq 37)

t=d(d+1)/ (i,5)€[d]?

Z Z Z Bem AAHl]l{(Z Jj) €S} k)

(z;)e[d]2t d(d+1)/2 k=1

1

(i,5)€[d]? k=1 t d(d+1)/2

At

(38)

Let (i,7) € [d]?, we consider all the actions which are associated to it. Let q(Z j) € N* be the number
of actions associated to the tuple (i, j). Let € [q; ;). this time, we denote e( ;) € Athel-thaction
associated to tuple (%, j), sorted by decreasing Aez( . , with &

= 0 by convention. Then,
(1 7)

1
Z Ay, 1 {"tvu,j) < m*® (oo CCy)V A }

t=d(d+1)/2 i
T—149(,35)
1
2/es 1/es o
= Z Z Ael ,j)]l{nt’(i’j) < m? (exanCC) Y0 A2/es Aty = e(i,j)}
t=0 I=1 A
T—14(.5)
1
—2/es —1/e, o
- Aeéi j)]l{nt’(ivj)m /¢ (csxCCs) e < 2/es Aty = e(i,j)}
t=0 I=1 ' Ael(_ )
7
T—14(, 1
_ ( J)A Z]l 1 < o —2/83( ccC )*1/83 < 1 A )
- i) A% AT Csht s = A2/es t+1 = €(; 5
t=0 [=1 p=1 o1 e
(i) (6,9
T—149G,j q(i,
- (nA (])11 1 —2/e, o -Ves < 1 A .
B <) /e, < ()M (esaxCCs) = \2/es t+1 = €3 j)
t=0 p=1 I=p A e Aef. .
i,J 1.3

q(z,]) T—-1 1 1
—2/eg —1/eg .
S Aep_ . 1 F < nt7(i)j)m / (Csakocs) / S A2/es s S AtJrl

p=1 =0 (i, ]1) (i)
q(i,j
_ A A {m”es (csakCCs)l/esJ {m”es (csakCCs)l/esJ
= el . -
= (i,5) A2£es A2£831
€9 (i)
—1
2/es cC 1/es 4(i.9) 2/es cC 1/es
m Csx m Csx
= \‘ ( 82/]2» S) JAeq.(iTj) + Z \‘ ( S2f€» S) J Aefi n Aef.*_l)
Ae?,(i’,;‘) (i,9) p=1 Aeﬁ. N )
i,J ’
) ) 1-2/e, 0071 —2/es
< M2/ (cy0,0C,) Ve (A q(”)) n (Ag(i j)) Ap = A
(.9) =1 ’ .9 €(i,5)
1-2/eq A
< m?/es (csakCCS)l/es <(A qm)) +/ D x_2/esdac> )
€(i.5) A ., 5)
)
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If e, = 2, then

1
Z AA(+1 {nt (,7) =m 2/es (C apCCy )1/6 2/es }
t=d(d+1)/2 AAt+1

Aﬁlv .
< m(cSOqCC'C’s)l/2 (1 —i—/ 9 xldzzr>
A .

9(i,5)
€(i,5)

Amax
< m(cSOqCCC'S)l/2 (1—i—10g(A )) .

min

Reinjecting this expression into yields Eq. (38), for e = 2

Z Al Z]I{A K} < Z Z ﬂk m(csapCCy)Y? <1 + log (imax)>

t=d(d+1)/2 (i,5) €[d)? ke[ko]

1/2
= (¢;CCs )1/2d <1+10g(22?:)> Z aﬂLk

ke[ko]

< 1890 (csccs 1og(m)) V2 2 <1 +log (i‘“’“‘)) .39

min

Else, for 1 < ey < 2, then

Z AV {nt (i) < M/ (es, OCy) e Azl/e\ }

t=d(d+1)/2 Att1

1-2/es Ac%, 5
< m2/® (c,0, CCy )Y (A qm)) +/ B g2l dy
€(i.5) A

AG.9)
(4,5)

1-2/eq _ _
— e (s CON (B ) (AL AL
€(i,9) es — 2 €(i,5) e, (7

(4,5)

1-2/es 1—-2/e. 1-2
< /s (ey0xCCy) Ve <(A w) e <Ae% AL
(1 3) 7 (4,5)

< 3m2/65(c aCCy )1/65A1 2fes

min

This yield

S3m?/ e (coan CCy) Vo AL

min

Z AA,HZMA REEDY

t=d(d+1)/2 (i,9)€[d]? k€[ko]

= 3(c,CC, )1/esd2 2/6572A:nlf/es Z
k€[ko]

ﬁk

1/65

1/es
< 5670 (csccs 1og(m)) d2m2/es AL2/es (40)

min
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Finally, for es > 2,

1

t=d(d+1)/2 Att1

1-2/es Aeb )
< m?/es (csakCC'S)l/es (A q(”)) +/ I g2l dy
€(i,5) A

a(i,5)
€i,5)

1=2/es €s —2/e —2/es
= m2/es (csakCCS)l/ES (A (s, ])) + — All 2/es _ Alq(?]/.) °
€(i.4) es — 2 €9 €65

1-2/eq
< m2/es (Csakcos)l/es % (Amax) y

€s —

and

2/es C OékCC )l/es—s(Amax)172/es

)y AAMZH{MK Z 2

t=d(d+1)/2 (i,7)€[d]? kE[ko] ﬁk es — 2
1/8S
— (CSCC’S)l/eS %d 2/e572A3ndi/eS Z
o ke [ko)
< 1890(c.CO- Tog(m)) < —C5_ g2 m2/es A1-2/e.
>~ S s g(m) o _ 2d m Amax . (41)

All in all, we reinject Eq. (36), Eq. (39), Eq. (40) and Eq. (41) into Eq. (31), yielding

T-1
Z AAt+1 1 {gt}

t=d(d+1)/2
T—1 r ko
< Y [Aa Zn{At SIEDY Z [AAM > 1{ail]
t=d(d+1)/2 s=1t=d(d+1)/ k=1
S 420001010g(m)2 Z (aenj?i'(ea il;)

i€(d]

+ ;Zl ]l{es = 2}1890 (CSCCS log(m)) 1/2md2 (1 + log (i:::))

+1{1 < e, < 2}5670(c,CC, 10g(m))1/ - 3es 12/

min

€s

+ ]1{2 < 65}1890 (csccs log(m))l/es 2m2/esA,§1;§/€s] L 42

€s —

o
D.1 Definition of the sequences (o) and (3;)
Let 5 =1/5,z > 0. We define 8y = a9 = 1. For k > 1, we define
Br. = B, ap = zf" . 3)
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Let’s first look for an adequate ko for Lemma 4, taking 1 < ko = [M +1] < (2log(m)+3)

log(1/5)
is sufficient to have 0 < mfj, < ﬁ This choice particularly yields

ko—1 ko—1
Br—1 — Bro—1\ 1-5  1\1
()= (857 09)8

Oéko
1-5 1\1
=|(kg—-1)——+= |-
((0 ) 3 +B>x
1
=<4/€0+1>—
T
<1,
for x = 4kg + 2.
Besides,
ST 2E = (4ko + 2)ko
= B

< 161log(m)? + 52log(m) + 42
< 175log(m)?.

asm > 2. Letc € R, c > 1. Then

ko 1/
>

C

ko
4k0 + 2)1/0 Z(Bl/c—l)k
k=1

ko
1

< (8log(m) +14)"/° Y (57 )

k=1

< 30/ log(m 1/C Z 5k

k}()_l
5—1

= 30'/¢log(m)/° 2(5’% —-1)

= 30"¢log(m)'/¢ 5

= 30%¢log(m)'/¢ Z <exp (10g(5) (M + 2)) - 1)

log(5)

5
= 30%¢log(m)'/¢ . <50m2 — 1)

< 63m? (30 log(m)"/*)
< 1890m?2 log(m)*/°.

D.2 Proof of Lemma 4

Lemma 4. Let’s consider the assumptions of Proposition 6. Let A, j, and (Af &
defined in Eq. (28) and Eq. (30). Let ko € N* such that 0 < mfy, < ﬁ andt > d(d+1)/2

1{&} < Z T{Ayr} + XT: > (A7,

s=1 k=1

28

(44)

(45)

(46)

(47)

(48)

(49)

se[r] be the events



Proof. Let’s consider the assumptions of 6, A j, and (A ) se[r) be the events defined in Eq. (28)
and Eq. (30). Let kg € N* such that 0 < mfy, < 5~ andt > d(d +1)/2.

We first prove that the events for k£ > ko cannot happen. Let k > ko,

Atk_{ >

> Bm; W<kZO <ﬁlm}

€S, OA”I ‘ iesy, A
. ., . .
As Brm < Brem < ﬁ < min;, C“_ and (Stll)l is a decreasing sequence of sets,
i P
Ziest,ko Tais < Brom imply Sy, = 0 and ZzeS,k Tar = 0 < pBrm. Therefore, Ay

cannot happen and we denote

=Jaw= U an= U {Z _Dii > Bem; VI <k, Z <51m}

k1 ke ko] kelko] " i€S .1 OAt+1 % zESl At+1 i
Likewise, for k > kg and s € [r],
= {|5;k| > Bem?; VI <k,|S5,| < ﬁlm2}.

As Br,m? < 1/2 < 1and (S},); is a decreasing sequence of sets, then |S7, | < Bx,m? imply
S5y, =0 and [S7, | =0 < Bxm?>. Therefore, A7, cannot happen and we denote

Ag;UA;k: U AL = U {|Sf7k|2ﬁkm2; v1<k,|s;,€|<51m2}.

E>1 k€[ko] ke(ko]
The idea is now to prove that
<Atu UAf) =850 (Ag) cer.
s=1 =

We begin by considering (A} )¢,

ko
(At)° = [ ](Aer)°
k=1
ko k—1
i b
=ﬂ<{z : <5km} {ZC : Zﬁlm}>

k=1 \ Lics,, ~Av1i =1 %est, Avyyi
ko

i
k=1 %iest, e

Then, under (A;)¢, denoting Sy o = A;11, as Sy, = 0 and the sets Sy ;, are decreasing with respect
to k,

3 Chi§n oy G

n
i€ 0D holiest, \sp, 00D

<ZO: > Cari I W + by Eq. (27)
= _ Adrig i, C Cc3 YR
kzlzeslk \SL, 158

A%, i
o clm+Cl' Z ag Z

Ca,. ..
ZeSt,k—l\St,k t+1,0
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_ Az24t+1 i ( Z Z Ei,i )
cymC ] a iest OA,:+1 i st OAt+1-,i
tk—1 tk
A124 ko—1
_ t+1
cymC o Ck+1 <z€§ CAt+1 i ES’Z OAt+1 1)
t,k tk+1
A% 1 ko—1 ( > 3.
t+1 i,
= — + it
clmC <041 ie;tl’o CAtJrhz =1 A1 ak ZESZtl’k CAt+17i
A? Rl 1 1
e — — ) ] « S0 = A¢y1 and Eq. (50)
comC \ ag = Q41 Ok 7
ko—1
_ A%, UZ: Br—1 —ﬂk ﬂko 1
caC Qg
1A%,
<= .« by Eq. (44) G
c C

Likewise for s € [r],

ﬂ {ISf,kI < Bkm2} . (52)

k
=(Z),

Denoting 57y = A1 X At+1, as ;).

sty o

(iyj)GAt+1 (Z ) k=1 (i,5)€St,k—1\St,k

ko 1 A?‘\wrl 1
<> > Come =5 o< by Eq. (29)

2
o Com =g,
k=1 (4,j)€St,k—1\St,k

A% ko oy
= “;1 —(|St7k71| — |St,k|)
csm2C Qg
k=1
?4 kofl 1
T e mt;é' o (lst’k| [ k+1|)
k=0 k1
2 ko—1
Agpa |St 0| 1 1
= S -
csm20< a1 * kzj:| ol Q1 Qk
2 1 ko—1 1 1
< Apgr _m2 + Z ﬁka _ — by Eq (52)
csm2C \ aq — Qg1 Qg
ko—1
_ % — Br—1— Bk ﬁko—l
cC — ay Ay
1 4%
< ——* + byEq.(44) (53)
C2 C

Therefore, under A§ N (._, (Af ) , summing Eq. (51) and Eq. (53)

Ctl,i Cs 1 1 A2t1
> ey | ] (lep L)

n n .
€Ay B0 ) L) e 6(9) selr]

AQ

A

O )
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which contradict Eq. (25) and thus imply £F. By contraposition, we have proved that & imply
Ay nUL_; (Af). Therefore,

1{&) < Z T{Ayx} + Z Z 1{A],

s=1k=1

E Details for 0LS-UCB-C (Section 5.2)

E.1 Proof of Proposition 3

Proposition 3. Let § > 0. Then, OLS-UCB-C yields

E[ Z A, 1{G ﬂC}] <log )2 log(m Zaenj%(ea A, )

t=d(d+1)/2

as T — oo, where 07 ; = > ica(Zij)+

Proof. The objective is to use Proposition 6.

Proposition 6. Ler € N, e € (1,400)". Let (E;)y>q(a+1)/2 be a sequence of events such that for
allt > d(d+1)/2, under &,

2
Ag+1§ Z OAt+11+Z =

icAps 60D Sem e )

(25)

where C' and (Cs)s¢[y) are problem-dependent positive constants. Ca,_, ; is a positive constant
depending on Ayy1 and i so that, forall a € A, Cy; < 2mX; ;. Let ¢ € RY and (cs)s¢p) € (RY)"
be positive constants such that 1/c + Zse[r] 1/cs = 1.

Then,

T—1
Z AAt+1ﬂ{gt}

t=d(d+1)/2
Ca,i
< 4200c1010g(m>2§ (aéﬁ%{ea A, )
r - 1/2 Amnax
4 ; 11{6S = 2}1890 (CSOCS log(m)) md” <1 +log ( Anmin ))

+1{1 < es < 2}5670(e,CC, log(m))1/esd2m2/esA1f2/€s

min

€s

+ 11{2 < 85}1890 (csccs log(m))l/es 2m?/e A}n—ai/es] .26

es —
where (a)ren+, (Bk)ken+ and ko € N* are defined in Appendix D. 1.

We need to check that its hypotheses are satisfied. Let t > d(d + 1)/2 and 6 > 0, then we have the
Lemma.

Lemma 5. Let § > 0andt > d(d + 1)/2. Then under {G, () C}, OLS-UCB-C satisfies

A% 405, (4d + hi 5| B3 18|12
D et ) D D IR Dl
A T A )Ty £.(3.4) G)eAers (i) (id)€Arr ()

=2 _ . 2
where OApri = ZZjeAt+l/zj,j§2i,i (21=3)+ < 2O.At+177:'
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Therefore, we can choose r = 3, e = (2, 3/2, 3) and (&;) = (G, NC). Taking ¢ = (4,4,4,4) and
identifying the rest of the coefficients yields that OLS-UCB-C satisfies

T—1
Y A, 1{GiNC)
t=d(d+1)/2
)
0' .
< 2 2 a,t
< 672003 5 log(m)* Y (aenlf}”f@ x )

i€ [d]
+ 3780|| B|| oo f1.5 (4d + hig)l/2 log(m)'/?
+A177T|| B2 £33 02 log(m)* B dPm? P AL
+ 9001 BJ[2L2 £2/2 tog(m) /2 d2m2/3 AL/,

As
— [t =6log(1/6) + 6(10g(t) +(d+2) log(log(t))) + 3d(2 log(2) + log(1 + e)),
— hes = (14 2log(1/8) + 2log(d(d + 1)) 4 log(1 + 1))/,

we deduce

T-1 5'2,L-
> Aa,1{GNC)= o<1og(T)21og(m)2 > (aéﬁ“}f‘é A )) (54)

t=d(d+1)/2 i€ld]

E.2 Proof of Lemma 5

Lemma 5. Let § > 0 andt > d(d + 1)/2. Then under {G, () C}, OLS-UCB-C satisfies

A% 403,10 (4d + i 5)|1B]13 Shes| Bl [E]E
t+1 t4+1,0 t,0 00 t,0 i~

o 5 s, 5 WO 5 slBE 5 B

icA 0D GeA, £,(i.4) G)€Aers (i) (ij)€Ar ()

w

=2 _ . 2
where 635, i =23 ica s, <z (Big)+ <2004,

Proof. Lett > d(d+ 1)/2 and § > 0. OLS-UCB-C statisfies the following Lemma.
Lemma 6. Lett > d(d+ 1)/2 and § > 0. Then for OLS-UCB-C, under the event {G; (C},

Aapyy < frs(INS Az, + IN Al ) -
Therefore, under {G; (C}, and
0<An, < frs(IN Az, + IN; A,
A%< f(INT A |z, + NG P Agll,)
<2125 (INF ' A [1Z, + INF A 3)

Al < IN7l4 N4 55
5 NG A Iz, + NG A3, - (55)
135

From, here, we develop the right-hand side,

IN; ' Arallz, = AL N 2N A

Zt)i,;
-y Bu

n n
(i,7)EAs 41 t,(4,)"%,(5,5)
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AsZ; ="' da,2*da, +ds-N; + | B|]L, we get

—1 2 nt7(1x])21=3 nt(z,z)zl,z HB”
Ny Arsallz, = e — -
(i) €A PEOTGD)éay M) dary, )

<y (2 ) Ny (i) B j )+ > | B>

2 )
€A jEA /B <, BEDTEED T e A ()

by rearranging terms.

Now as for all (¢,7) € [d]?, ny,(;,;) < min{ny (; ), ne,(j )} then
N;1A4)2 < 1 2 s |B*
H t t+1||zt = Z e 1 Z ij)t+ Z n2 ’
€Ay DD Gea, s < i€Apyy  b(150)

. 72 _ .
Denoting 03, ; =23 ica,,, /5, <=, (Zi;j)+ yields

=2
B o) p B 2
||Nt lAtJrlH%t < Z t4+1,2 + H ||

5 .
1€AL 1 t,(4,1) 1€AL 41 t,(1,%)

(56)

The second term from the right-hand side of Eq. (55) is developed in the same manner but involves
more terms.

”Nt_lAt-‘rlHQZt = A;r.:,_th_thN;lAt_,_l

- v (Zt)is
(e, EEDT()

We remind that Z; = >'_, da,3¢da, + dg, N; + || B||*T where for all (i, j) € [d]?,

5 . BB [ 5hys h s 1

B i) = Xetig) + ( )

VIG5 TG T 3L)
. . . o B, B, 5h h? 1
Being under the event C, Proposition 2 yields 3, (; ;) < 3; j + =5~ \/% + :’_5_) + = .
’ t,(i,j N, (i,5 " (4.9)

Then,

INF A I3, < >
(,5) €At 41

N (i,5) .
T, (i,4) T0¢,(4,4)

ney  BiB; [ 5h h? 1
+ Z t,(4,5) j < t,0 T t,8 + >
(e, OGS A \VILGD) M) M)

2
Mt (i) i i B? 5h s hi s 1
Ly ey P

€A 11 t,(4,1) i€ A 11 nt,(i,i) V nt,(’i,i) nt,(i,i) t,(4,1)
1B|*
2

_|_
n ..
i€Aryq  t(050)

3 T 5 B

< 2
1€AL+1 nt"(i’i) 1€AL 1 ntx(ivi)
Shus| Bl 1 hisIBl% 1 B2,
+ Z 3/2 + Z 1 2 + —_—
(4,J)€EAt+1 ) (6,9) €A 69 (4,5) €A
Shes||Bl%, 1 hisllBlZ% 1 B2, 1
+ Z 4 52 T Z 1 w2 Z 1 3
1€AL 1 nt,(i,i) 1€AL 1 t,(4,3) 1€AL 11 t,(4,1)

(57)
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Reinjecting Eq. (56) and Eq. (57) into Eq. (55) yields

A%, . .
o < INT A Iz, + INT A |17
2f%s ’
2635, (2d+ i s/2)|BI3 bhe,s|| B|5/2 18113, /2
t41,0 t,6 ) t,0 o) )
2 ot 2 ot D oD D=t
i€Ar B8 (i.§) €At t,(4.9) (i)€A (i) (i) €A1 b(id)
The desired inequality just comes from fr s > fi 5 O

E.3 Proof of Lemma 6

Lemma 6. Lett > d(d+ 1)/2 and § > 0. Then for OLS-UCB-C, under the event {G; (C},
Aprer < fes(INT Arpallz, + ING Agall,) -

Proof. Lett > d(d +1)/2 and 6 > 0. The error in estimating the mean reward for action a with
(a, i) is bounded as

a7 (e~ 10)] <IN Yallz, ||y danall o
The definition of G; = { H 22:1 da.ns Hzfl < ftyg} yields that in this event,

(Apir, fu) < (Apsr, 1) + frolINg Az,

and
(a*, 1) — frslIN; a*|lz, < (a*, i)

By the definition of A;,; for OLS-UCB-C in (6),
(@, fu) + fr5IN; a*lly, < (Avens i) + frsl NG Al -
Combining the expressions gives

(@*, 1) + frs(INT a" |z, = INa*llz,) < (Avsr, ) + Fro(ING Argallz, + 1IN Argalg,) -

Now, we use the fact that under C, Zt uses coefficient-wise upper bounds of 32, which yields that

NG a*||z, < IINGa*||3, -
Rearranging terms the desired result. o

E.4 Proof of the gap-free bound
Theorem 1. Let T € N* and 6 > 0.
Then, OLS-UCB-C (Alg. 2) satisfies the gap-dependent regret upper bound

d 2
~ Oai
E[RT] = O<1Og(m)2 Z aeA/IiIgZXA -0 A > )

=1

where o5 ; = 3 ., max{X; j,0}, and the gap-free regret upper bound

Jj€a

E[Ry] = O(log<m>ﬁ¢zf_l e o).
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Proof. Let A > 0, then

Z AAt+111{gt ﬂc} = Z AAt+1 {gt ﬂcﬂ(AAt+1 < A)}

t=d(d+1) t=d(d+1)
+ Z Aan{GNCNBa > D))
t=d(d+1)
T—1
<TA+ Y AAM]I{gtﬂCﬂ(AAm > A)}.
t=d(d+1)

Adapting Proposition 6 to account for A 4, , > A yields

T—1
Z AAt+1ﬂ{gt mc ﬂ(AAt+1 > A)}
t=0
S %log(T)Qlog(M)2 > max o2,).

=y acAlica
where < is an inequality up to constant factors (when 7T varies).

Balancing T'A and % log(T")? log(m)? Dicld) (maxaeA/lEa o2 Z) yields

E[RT]=0<1og( ) log(T)VT /%;}aexﬁ%aa )

F Details for COS-V (Section 5.3)

F.1 Proof for Lemma 7

Lemma 7. Let § > 0. Then C0S-V satisfies
T

1
P(#°) gagm.

Proof. Letd > 0. We remind

. ~ At i /2 ~ Ar i t/
M= {Vt > d(d +1)/2, Vi € [d], Kum + 21,5 fr,5 P2 ) — firi| < geo fitZu

} (58)

where g; 5 = (1 + log(2dt log(t)?) + log(1/8))/2.
Lett > d(d 4+ 1)/2, conditionally to F; = 0(A1,Y1,..., A, V), forall i € [d]

51/2
. 5 Z
,‘NN<Mtz+2gt5ft5 L) tg,f“”)

N, (i,i) ] t,(i,i)

Let¢ € a*. Then Gaussian concentration yields

A1/2
P <

/A _
(Mtz—f'?gt sfis ) — Mt
and
P(

712 5
2log(2dt log(t)2/0 £00) )
> \/2log(2dt log(t)?/ )ft,ént7(i)i) < Tiogli?

Nt (4,1)

51/2

26y -
(th +29t,5ft,5 " )) — Ui
Uz 1,7

71 5
2log(2dt log(t)2/0 £0D ) <
> \/ Og( Og( ) / ),ft,é N (id) = dt 10g(t)2
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by integration.

A union bound on ¢ € [d] and ¢t > d(d + 1)/2 yields the result

4]
CUSED ppL
(e tlog(®)
O
F.2 Proof for Proposition 4
Proposition 4. Let 6 > 0. Then COS-V yields
T—1 d s
IE{ Z Aa,, 1{G ﬂCﬂ’H}} = O(log(T)3 1og(m)2(z A, mm)) .
t=d(d+1) i=1 "
Proof. Letd > 0. We first make use of the following Lemma.
Lemma 8. Lett > d(d 4+ 1)/2, § > 0. Then for COS-V, under {G,NC NH},
Au,, 16m%,; ; 11mdh 5|| B2, 15mhy 5| B| 3m|| B|?
< _ —_— — —_—=.
f%gg%g_.z T, (i4) +.Z n? .. +.Z n3/2.. +.Z n3
’ ’ ’LGAt+1 " ’LGAt+1 t,(Z,’L) ’LGAt+1 t7(1_’z) ’LGAt+1 t,(’L,Z)
(59)

This enables to use a "modified" version of Proposition 6, which do not consider covariances.

Proposition 7. Letr € N, e € (1,400)". Let (E:)1>q(a+1)/2 be a sequence of events such that for
allt > d(d+1)/2, under &,

AQ

Ty Loyl y L
€A1

€s
Mt (4 5 n,: . .
i€ A1 t,(1,9) s€[r] t,(i,5)

(60)

where C and (Cs) s¢[y) are problem-dependent positive constants. C; is a positive constant depend-
ing on i so that, C; < 2m3; ;. Let ¢ € R} and (cs)sefy) € (RY)" be positive constants such that

1/C+ ZSG[T‘] 1/05 = 1
Then,

T-1
Z AAt+1]l{5t}

t=d(d+1)/2
< 4200¢,C log(m)? ) ( C )
icld) i, min
r _ 1/2 / Amax
4 ; 11{65 2}1890 (CSOCS log(m)) m? 2d<1 +log (Amin ))

Ves 141 1-2/e
+1{1 < e, < 2}5670(c,CCylog(m))  dmt Ve AL/

min

8—52dm1+1/€sA3n—ai/es‘| ) 61)

€s —

1/es
+ 11{2 < 65}1890 (csccs 1og(m))
where () ken+, (Bk)ren and ko € N* are defined in Appendix D. 1.
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Applied to COS-V, this yields

Z AA,H]l{gtﬂcﬂH}

t=d(d+1)/

< 672007 5975 log(m)* >
1€ [d]

m;
7, min
min

Amax
+ 12537 fr 5975 h,5(log(m))'/?|| Bl scm®d (1 +log (A ))

+86900(f1.697,5)" *hy! 3 log(m)?/ 3| B 43m™ *da/?
+ 12983(fr.597.5)% 2 log(m) Y/ 3| B||>/2m*/2dAL/3

where
— fi6 =6log(1/0) + 6(10g(t) + (d+2) log(log(t))) + 3d(2 log(2) + log(1 + e)),
— hes = (1+2log(1/8) + 2log(d(d + 1)) + log(1 + t))*/2,
— gt.5 = (1 + log(2dtlog(t)?) + log(1/4))'/2.

We deduce

{ Z AA,H]l{gtﬂCﬂH}} <10g )log(m)Q(iTAn_zi’i)>.

t=d(d+1)

F.3 Proof for Lemma 8

Lemma 8. Lett > d(d 4+ 1)/2, § > 0. Then for COS-V, under {G, NC NH},
Ay, 16m3; ; 1mdh || B||%, 15mhy 5| B3 3m||B]|%,
2;1§27“+Z_2 +Z 372 +Z 3

fT!égT!é 1€AL 11 t,(l,l) 1€AL 11 t,(Z,’L) 1€AL 11 t (1 7,) 1€AL 11 t,(’L,Z)
(59)

Proof. Lett > d(d+1)/2and § > 0. Then
Angyy =(a" = A1, )
=(a", p— fig) + (@ — Apy1, fie) + (Apyr, e — )
<(a*, = fir) + (Agyr, fir — 1)
by definition of A; ;.
Besides,

(@ = i) = ps = e,

i€a*
= Z (,uz' — [+ e — ﬂt,i) .
ica*
Under G; NC, forall i € a*,
1/2 21/2
i — e < frs < gis5fs
Nt (4,1) Nt (4,7)
Under H, forall 7 € a*,
; 1/2 51/2
Qi + 29t fes — firi < Grsfr.o—>
Nt (4,1) Nt (4,7)
Zl/_z

P — feg < —Gge,5ft,s .
Nt (4,1)
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Therefore, under {G; N H NC},

0<Au, < (A1, fie—p).
We now developp the expression
2
Aitﬂ < ((At+17/1t - M>>

< 2(<At+17ﬂt - ﬂt>)2 + 2(<At+17ﬂt - M>)

2

2
<2( Y i i) +20FINT A,
1€AL+1
2
<2m Z (ﬂt,i—ﬂt,i) +2f75IN; P Ay |1z,
1€AL+1

Zt 1,7 _
< Omgisfls D0 Tt 25N Al
€A1 t.(9)

As
Zo (ii) 3 d||BJ1Z,
doE =2 ) = Y =
’LGAt+1 t,(Z,’L) ieAt+1 t,(l,l) iGAt+1 t (’L'Z)
i dIIBH2 She, S h? 51 Bl /2 B2, /2
<oy By oy AP, g Sl 5 PR, 5 IR
€A, BN ea, t(z D icAr (i) €A1 t,(4,1) i€A 1 t(19)
25 (d+h7 5/2)||BH2 2 2 B2, /2
=) =+ ) LD R oD Dl et
ieAt+1 t,(’L,Z) ’iGAt+l t (’L Z) iGAt+1 t (’L z) iGAt+1 t,(Z,’L)
and
- nt,(i,j) Ei:j nt(’L %) Ez i
INC Al = >, Jms=s s 3 Py
(i,7)EA4 41 (2, 5(JhJ i€A1 t('Lz) i€AL 1 t(
< Z ”t,(i,j)\/zi-,i\/zju Z Z d”BHgo
B (i,)€EA¢+1 T,(00) ™, (3,9) 1€AL 11 LG 1€A 1 nt,(i,i)
< Z N, (i) (Bai +255)/2 n Z i n Z d||Bl1z,
- Ny, (i,5) M, (5,) . Ng(ig) n? ..
(4,J)€EAt+1 Y \JJ €A1 N7 i€A,1  b(60)
< Z (m+1)2i,i+ Z d||BIZ,
< — —
ieAt+1 nt,(l,l) ieAt+1 nt)(ivi)
Therefore,
A 2mgt2,5ftz,62i7i " Z 3mgt2,5ft2,5(2d+h§,6)HB”go
Ar+1—z Nt (i nZ .
i€AL41 ,(4,2) €A1 t,(i,1)
15m9?,5f35ht5||3|\§o+ > 3mg; s1751Bll%
) 7 e
1€ A1 t (Z 7,) 1€AL 41 t,(?,,z)

2f2 (m+1)%;; 2f2ngo
s Uit VB 2AlB]

2
N, (i,3)

n ..
1€AL 11 €A1 t,(4,1)

-y 2f75(6mg} s +m+1)Ei; s f25(6mg? sd + 3mg? b3 5+ 2d)|| B2,

T, (i)

2
iGAt+1 ’LGAt+1 t,(’L,Z)
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15mg; 5 [ 5he.sl| Bll3 3mg; 511511 BlI%
> 7 + Y =
1€AL 41 ny ,(4,3) 1€AL 41 t,(4,9)

16mf2:92 3 11mdf? ;9% sh? 5|| B||?
< Z t,6.i%,5 iy Z t,8 t5 +slBll%

n ..
1€AL 1 t,(4.1) €A1 tv(le)

3

15mf2 592 she.sl| Bll% 3mf2s92 || B2
s BmfisghaalBlE | g~ mfEaat B

32

i€ A4 Ty (i) i€ A1 ", (i)
This finally yields
Aa,, 16mX; ; 11mdh? || B||% 15mhy || B|1%,
s ¥, p Dl y
2 2 = - 2 3/2
fT"égT"é 1€AL 11 1, (1:4) 1€AL+1 t, (i) 1€AL41 t/(zz)
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