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Rheology of Granular Rafts

J. Lalieu, A. Seguin, and G. Gauthier
Université Paris-Saclay, CNRS, FAST, 91405, Orsay, France

(Dated: December 8, 2022)

Rheology of macroscopic particle-laden interfaces, called “Granular Rafts” has been experimen-
tally studied, in the simple shear configuration. The shear-stress relation obtained from a classical
rheometer exhibits the same behavior as a Bingham fluid and the viscosity diverges with the surface
fraction according to evolutions similar to 2D suspensions. The velocity field of the particles that
constitute the granular raft has been measured in the stationary state. These measurements reveal
non-local rheology similar to dry granular materials. Close to the walls of the rheometer cell, one
can observe regions of large local shear rate while in the middle of the cell a quasistatic zone exists.
This flowing region, characteristic of granular matter, is described in the framework of an extended
kinetic theory showing the evolution of the velocity profile with the imposed shear stress. Measur-
ing the probability density functions of the elementary strains, we provide evidence of a balance
between positive and negative elementary strains. This behavior is the signature of a quasistatic
region inside the granular raft.

Particle-laden interfaces are ubiquitous in natural en-
vironment (e.g. insect colonies [1, 2]) and industries to
build materials with specific properties (e.g. electric or
magnetic [3]), prevent sloshing [4] or stabilizing foams or
emulsions [5, 6]. Among their intriguing behavior one
can cite their ability to generate armored non spherical
or everlasting bubbles [7] which can support high over or
under pressure [8, 9]. Their countless applications have
generated many studies of their mechanical properties
[10]. When particles are spread on a liquid surface they
deform the interface, interaction forces between them ap-
pear. For spheres, the contact angle ζ sets the position
of attachment of the liquid/air interface on the parti-
cle. For light (small Bond number [11]) and large enough
particles, gravity and colloïdal interactions are negligible
compared to capillaries. The curvature of the interface
results from the balance between the particle weight, the
Archimedean force and the capillary force which pulls
the beads, leading to attractive forces between particles.
Under these conditions particle-laden interfaces are of-
ten called granular rafts [12] and their ability to float,
to sink or to trap material [13, 14] as well as their ro-
bustness has been widely studied [15, 16]. The behavior
of particle-laden interfaces under compression [17–19], or
indentation [20] is fairly well understood. Their viscoelas-
tic behavior has been studied [17, 21, 22], suggesting the
importance of local interactions between particles in the
macroscopic rheology, however their behavior when sub-
mitted to simple shear remains poorly understood.
In 3D, above a yield stress and in the inertial regime,
dense granular materials (respectively suspensions) obey
to the so-called local friction constitutive law µ(I) = τ/P
(resp. µ(J) = τ/P ), where τ is the shear stress and P
the confining pressure, and a dilatancy law φ(I) (resp.
φ(J)) where φ is the packing fraction. µ and φ are scalar
functions of the inertial number I = γ̇`d/

√
P/ρ (resp.

the viscous number J = ηf γ̇`/P ), with γ̇` the local shear
rate, d the particle diameter, ρ their density (and ηf the
fluid viscosity) [23–26]. This inertial (resp. viscous) num-
ber can be seen as the ratio between a characteristic time

of strain 1/γ̇` and a characteristic time of rearrangement
d
√
ρ/P (resp. ηf/P ). However in many cases granular

materials exhibit non-local effects which lead to the de-
velopment of a sheared region next to a quasistatic one.
In these situations, granular material rheology deviates
from the local constitutive law and several models have
been developed to account for this nonlocality [27–33].

To keep the same rheological framework for the de-
scription of rafts, we define a microscopic characteris-
tic time tc related to the rearrangement of the con-
stituting grains. To define tc, the useful stress scale
comes from the surface tension χ between the liquid
and the particles which apply the confining pressure σ/d
with σ = χ cos(ζ). Thus one might define this time
as tc = d

√
ρd/σ and build a capillary inertial number:

Ic = γ̇`d/
√
σ/ρd. Moreover, due to the capillary forces

between the particles, granular rafts may belong to the
attractive granular class of materials [34] with stronger
non-local effects, thus different rheology.

In this letter we study the rheology of a granular raft
with a classical rheometer with imposed shear stress and
address the question of the locality of the particle-laden
interfaces behavior. Granular rafts are two-dimensional
attractive granular media that exhibit a yield stress func-
tion of the particle surface fraction and whose mean
behavior can be described as a Bingham fluid. When
the raft is sheared, coupling global stress-strain measure-
ments and displacement field measurements reveals that
the local capillary inertial number Ic is not homogeneous.
While accounting for this behavior using the framework
of a continuous hydrodynamic model based on the ki-
netic theory extended to dense granular systems [33, 35],
we highlight that in the region where Ic is smaller than
a critical inertial number Ic∗, the microscopic velocity
fluctuations gives rise to a balance between positive and
negative elementary strains, thus inhibiting the onset of a
macroscopic shear. This is characteristic of a quasistatic
regime and suggests a transition to elasticity in nature of
the contacts between grains.
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FIG. 1. (a) Sketch of the experimental setup. (b) Imposed
torque M = 1.5 µN.m (•) and measured velocity of the cylin-
der Ω (•) as a function of time t for φ = 0.74. The dotted
line represents the steady regime with Ω∞ = 54 mHz.

Experimental Setup – Granular rafts are obtained by
spreading silanized polystyrene spheres (diameter d =
140 µm, wetting contact angle ζ ≈ 80◦), setting the
mean surface fraction φ, over a mixture of water and
glycerin matching particle density as to avoid sedimenta-
tion. Tetradecyl trimethyl ammonium bromide (TTAB)
is added to the liquid phase (concentration 10 g.L−1) to
reduce the cohesive force between the particles, leading
to σ ≈ 5.9 mN.m−1.

Rafts are sheared in a cylindrical double gap home-
made cell of mean radius R = 30 mm whose two gaps
are e = 4.5 mm wide (Fig 1a). All the walls are made
coarse by gluing at their surfaces the same particles as
the ones forming the raft. We place the cell into a MCR
501 rheometer and lower the measuring cylinder 10 mm
deep into the solution. The raft is sheared at constant
velocity for ten rotations before any measurement. The
cylinder is then driven with a constant torque M and we
allow the system to flow until a steady state is achieved,
with a constant rotational speed Ω∞ measured, which
comes typically in 150 s (Fig. 1b) and is driven by the
fluid flow underneath the raft. Note that the rotational
speed Ω corresponds to the cylinder velocity. This steady
state can be achieved both with decreasing or increasing
torque, showing no hysteresis or long-time variation, and
a benchmark measure is performed at the same depth
without particles to obtain the resisting torque Mf for
the pure fluid at Ω∞. The expression of the shear stress
on the raft, that is the shear stress integrated over its
thickness, is then τ = (M −Mf )/(4πR2).

Using a camera set under the raft, the displacement
field in the outer gap of the cell is recorded while shear-
ing (Fig. 2a), then processed through image correlation
to compute the local time-averaged velocity field. Con-
sidering the flow geometry, the results will be presented
in polar coordinates (r, θ) centered on the axis of the
rheometer in the viewing plane of the camera. Given the
range of variation of r, we define a reduced space vari-
able s = (r − R)/e. Additionally, the axisymmetry of
the system allows to average along the orthoradial di-
rection eθ. Moreover, once in the steady state, we do
not observe any displacement along the radial direction.
Thus, the instantaneous velocity is Vθ(s, t)eθ. Averag-
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FIG. 2. (a) Typical instantaneous velocity field for an im-
posed torque M = 6 µN.m. The color of the velocity vector
represents its norm relatively to the velocity of the inner cylin-
der (RΩ∞ = 17.5 mm.s−1). (b) Normalized velocity profile
v as a function of the distance s inside the gap. Same sym-
bols as in figure 3. The solid lines are given by Eq. 3. Inset:
characteristic length δ/e as a function of τ/σ. The dotted
line is obtained from the hydrodynamical model (Eq. 2) with
(2κ0η0)1/2 = 12.6 × 10−2 Pa.m2 and (ε0η0)1/2 = 3.3 × 10−4

Pa.m.

ing over time, one obtains the time-averaged velocity
vθ(s) =< Vθ(s, t) >. It is then possible to determine
the local shear rate γ̇`(s). The detection of the grains is
feasible in the center of the cell leading to no significant
radial variations of φ in the range 0.3 < s < 0.9, implying
no variation in the whole gap.

Rheometry – In these experiments performed in a Cou-
ette rheometer, it is usual to present the evolution of the
mean (surface) stress τ as a function of the mean shear
rate γ̇m = RΩ∞/e (Fig. 3). The averaged rheological
curves show that the rheology of the granular raft fol-
lows a Bingham fluid constitutive law τ = τ0 + ηsγ̇m
[38], where τ0 is a 2D surface yield stress in Pa.m and ηs
is then a 2D surface viscosity thus expressed in Pa.m.s.
Figure 3a presents the linear evolution of the normalized
stress (τ − τ0)/σ as a function of the normalized shear
rate γ̇mtc for different packing fractions φ. Above a crit-
ical particle surface fraction φ∗ ≈ 0.71 granular rafts ex-
hibit a yield stress τ0 which increases with φ (Fig. 3c).
Flowing rafts do so with a constant viscosity, which is a
growing function of φ (Fig. 3b). These findings are in
a roughly good agreement with previous studies [17, 39]
and follow the usual rheological law of 2D suspensions
ηs ∝ (φc − φ)

−2φc [36, 37].
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FIG. 3. (a) Dimensionless shear stress (τ − τ0)/σ as a func-
tion of the dimensionless mean strain γ̇mtc for different solid
fractions: (O) φ = 0.71, (�) φ = 0.74, (×) φ = 0.76, (�)
φ = 0.79 and (4) φ = 0.77. The solid line represents a linear
fit τ − τ0 = ηs(φ)σtcγ̇m corresponding to Bingham fluid be-
havior. (b) Normalized surface viscosity ηs/(σ tc) and (c) di-
mensionless yield stress τ0/σ as a function of φ. The solid line
in (b) is given by ηs/(σ tc) = η0φc (φc − φ)−2φc with φc = 0.82
and η0 = 1.22 corresponding to 2D suspension behavior law
[36, 37].

Velocity field – The images taken from a video camera
are analyzed by a DIC software (DaVis, LaVision)
to get the velocity field of the grains (Fig 2a). From
it, we extract azimutal profile vθ. In the observed
range, the velocity at which the cylinder rotates RΩ
is never met by the grains at the wall. To account
for this slip velocity, we normalize the velocity by its
maximum value vM leading to v = vθ/vM . Figure 2b
shows the local velocity v measurements as a function
of distance s from the cylinder for decreasing imposed
shear stress τ . Overall, we see that the velocity decreases
as the distance to the inner cylinder increases. From
this velocity field, we can deduce the local shear rate
γ̇` = r d(vθ/r)/dr ' dvθ/dr in our experiments. This
decrease of v is rather linear when the applied stress
τ is high, leading to a roughly constant shear rate γ̇`
in the raft. But it becomes nonlinear as τ becomes
smaller. We observe a localization of the velocity close
to the wall like what can be sometimes observed in dry
granular media [28, 35, 40, 41]. Thus, the local shear
rate γ̇` is not homogeneous in the raft and these velocity
field measurements show that the rheology of the rafts
is expected to be non-local, different from a Newtonian
fluid [42], a suspension [43] and dry granular medium [28].

Hydrodynamic Model – To account for non-locality, the
recent rheological models applied to granular flows de-
fine a diffusive quantity. Even though the most universal
one (in its application) is the non-local granular fluidity

(defined as γ̇`/µ), a recent review [44] suggests that ki-
netic theory can be successfully applied while also giving
a microscopic physical origin for the velocity fluctuations.
Thus, the kinetic theory model is both relevant and suf-
ficient in the case of an homogeneous state of stress.

We develop a hydrodynamic model based on the ki-
netic theory for dry granular media [35, 40, 41, 45]. The
classical kinetic theory of molecular systems has been ap-
plied with some success to dilute and even dense ather-
mal granular systems by introducing the concept of a
"temperature" T related to the fluctuations of the time-
averaged velocity T (s) =< Vθ(s, t)

2 > −vθ(s)2. Within
this framework, heat is created by the flow itself. A mov-
ing area increases locally the temperature, thus reducing
the resistance to movement of the surrounding particles
and allowing them to flow. This effect is then propagated
until a steady state is reached. In the present case, the lo-
cal velocity fluctuations are generated and exchanged in
the whole raft through the contacts of the particles in the
flow. Assuming pressure p and τ are homogeneous in the
whole raft, the effective viscosity varies such as η ∝ 1/γ̇`.
In the framework of the kinetic theory of granular sys-
tems [40], we can define an effective surface viscosity η
related to the temperature T such as η = η0T

−(2β−1)/2

where η0 depends on density, diameter, mechanical prop-
erties of the particles and pressure, which are constant in
the experiment, and β is a phenomenological exponent
equal to one in dilute and moderately dense systems, and
bigger than one in highly dense systems to account for
the divergence of the viscosity, e.g. β ' 1.75 for granular
shear flow [35, 40]. The relation between η and T implies
a power-law between the temperature and the local shear-
rate γ̇`. It holds in the inertial regime, that is as long as
the contacts by collisions are dominant in the dynamics
of the raft; it is then useful to plot the local temperature
T as a function of the local capillary inertial number Ic
(Fig. 4a). For high capillary inertial number, we observe
a quasi-linear relationship between the two quantities,
with β ' 1.25. To latter obtain an analytical solution
while introducing no noticeable error, we set β = 1 lead-
ing to Ic = γ̇`tc = τT 1/2tc/η0, which shows this frame-
work is compatible with the measurements in this flow-
ing regime. For low capillary inertial number, there is
another regime where this relationship is no longer valid.
It is then possible to define a crossover between these
two, characterized by a critical inertial capillary number
I∗c = 2 × 10−4. Measures of Ic inside the raft (Fig. 4b)
show that this criterion is met everywhere for the higher
stresses, whereas for lower applied stresses Ic falls under
the criterion at a position s = s∗, which we read from
figure 4b and define as the position at which Ic(s∗) = I∗c .

Above I∗c , the temperature obeys the heat equation in
our configuration: equilibrium between diffusion (with a
transport coefficient reducing to κ = κ0T

−1/2), collision
dissipation (with a coefficient reducing to ε = ε0T

−1/2)
and source term corresponding to τ γ̇`. κ0 and ε0 depend
on density, diameter and mechanical properties of the
grains and pressure p which are constant in our case. In
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our geometry, the hydrodynamic equation for T (s) comes
down to:

d

ds

(
κ(T )

dT

ds

)
− ε(T )T +

τ2

η0
T 1/2 = 0. (1)

which can be integrated to obtain:

d3v

ds3
− e2

δ2
dv

ds
= 0. (2)

where δ = ((2κ0η0)/(ε0η0 − τ2))1/2 is a characteristic
length. Solving equation 2 using v(0) = 1 and v(1) = 0
gives:

v(s) = A

(
cosh

(
(2s− 1)e

2δ

)
− cosh

( e
2δ

))
+ exp

(
− se

2δ

) sinh

(
(1− s)e

2δ

)
sinh

( e
2δ

) (3)

with A a fitting parameter. This analytical function has
been fitted on the velocity profiles showing a excellent
agreement with the experimental data (Fig. 1d). Note
that the velocity profile so obtained presumes that the
whole raft is in an inertial regime. These fits are robust
and can be derived in order to extend them to the Ic
profiles (Fig. 4b). The diffusion length δ, found in the
analytical solution for v, is a growing function of τ , as
observed in figure 4c. Its evolution differs however from
the analytical model possibly through the finite size of
the experimental system (δ/e ∼ 1). Consequently, the
stress exceeds the maximal value for an infinite system
and estimated at (ε0η0)1/2/σ = 0.056.

Quasistatic Regime – Despite the good agreement
between velocity profiles deduced from equation 3
and the experimental data, below the critical inertial
capillary number I∗c the system is no longer described
with the hydrodynamical model. According to a recent
numerical study [33], for Ic(s) < I∗c , the system is in a
quasistatic regime (similar to a plug flow) in which the
strain and thus the velocity fluctuations are sustained
by the boundary conditions. In this regime, elementary

(local and instantaneous) strains occur over time in and
against the forcing. The Probability Density Function
of the elementary strains γ̇i normalized with the local
shear rate γ̇l for two radial locations s = 0.1 and s = 0.5
are displayed in figures 4c and 4d. For s = 0.1, Ic > I∗c
for any τ > τ0, PDF are narrow and the elementary
strains are positive, i.e. in the direction of γ̇` (Fig. 2b).
This is in agreement with a predominance of a viscous
component of the stress over an elastic one, as developed
in an other numerical study [46]. At s = 0.5, for the
higher imposed torques (τ/σ ≥ 5.7× 10−2), Ic > I∗c and
the PDF are similar. It is no more the case at lower
imposed torques, for which Ic ≤ I∗c : the PDF are large
and present negative values (fig 4d); showing important
elementary strains opposed to the shear flow, character-
istic of the quasistatic regime [33]. Furthermore, while
the velocity profiles cannot show it, the PDF show that
in the quasistatic regime, the particles interact through
elastic contacts. Indeed, once normalized by γ̇

3/4
l , the

PDF collapse on a single curve (fig 4e), as proposed
in [46]. This behavior is a signature of the quasistatic
regime.
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Concluding remarks – The mechanical behavior of
granular rafts is close to the one of attractive granular
materials. The flow exhibits a non uniform shear, thus
revealing two regimes separated by a critical value of the
local capillary inertial number Ic. A hydrodynamical
model developed from kinetic theory describes well
the flow and as predicted by a recent numerical model
[33], below the critical value I∗c the system is in a
quasistatic regime. The signature of this quasistatic
regime is reflected in the scalings of the probability
density function of the elementary strain γ̇i, as proposed
by an other numerical model [46]. This suggests that the
macroscopic transition in the flow regime is in agreement
with a microscopic transition in the nature of contacts
between the particles. The critical value I∗c ≈ 2 × 10−4

is found to be one order of magnitude lower than the

one predicted for 2D cohesion-free granular materials
(I∗ ≈ 5 × 10−3), in agreement with numerical study
which reported that characteristic relaxation time tc can
be two orders of magnitude lower for attractive granular
materials [47].
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