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Abstract

We consider the contribution of both honey and pollen to winter survival of a bee colony in order to
assess how valuable both these commodities are from the bees’ perspective. In turn, this leads us to
a method to help beekeepers evaluate the marketprice of honey and pollen.
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Introduction

The interaction between Apis mellifera honey-
bees and beekeepers raises the issue of how they
can mutually beneficially cooperate. While bees

struggle to be resilient through tough weather
conditions, beekeepers need to sell honey at a
reasonable price. Here we investigate from a math-
ematical perspective how a resilient bee colony
would price its own honey depending on its in-
ternal state and on environmental factors. The
underlying structure of price that we develop
throughout this paper is presented in Figure 1.

It is in the best interest of both a bee colony
and the beekeeper tending to it that the honey
harvest happens in a geographic and seasonal set-
ting where the price the colony pays for loosing
its honey is minimal.

1 Long term prosperity of a
population of colonies

A beekeeper may want to understand if a bee
colony population will thrive several years after
having settled in a apiary.

In order to answer such a question, we compare
the number of colonies at the beginning of winter
of a given year to the number of colonies at the
same point in time the next year.

Colonies are not all equal when they enter the
cold winter season, some are strong and others
are weaker. The two main variables that account
for the strenght of a healthy colony are its pop-
ulation size (N) and the weight of honey it has
stockpiled (H) (to which we can add the age of
its queen). When describing the "demographics"
of a population of colonies, it is necessary to take



that information into account. The mathemati-
cal structure that encodes such information is a
distribution over the plane (H, N).

To come back to the original question : how
does the population of colonies tend to evolve
on a yearly basis 7 The answer to this question
can be summarized by an endomorphism Y that
maps a quantitative distribution of colonies on the
plane (H, N) to the average implied distribution
of colonies the following year.

The framework introduced in the present pa-
per consists in a mathematical model that de-
scribes the underlying structure behind the endo-
morphism 5) in a given environment. This model
allows us to compute this endomorphism and
extract relevant environmental indicators from it.

Endomorphism Y contains a major piece of in-
formation : its spectral radius which corresponds
to the asymptotic growth rate of the population
of colonies. Indeed, it follows from the Perron-
Frobenius Theorem that there exists an eigen-
vector D with positive coefficients representing a
quantitative distribution of colonies on the plane

(H, N) which grows at a steady rate p (:)7) year

after year. We choose D to be normalized as a
probability distribution.

Note that the idea that year-long stable cycles
can be used to describe honey bee colonies and
to study them through an economic lense can be
found in [Champetier et al. 2015].

Now that we understand the relevance of
stuying ) let us divide the year into four periods:

® during winter, the bee colony stays inside its
hive and forms a bee cluster. Each bee uses
its body as a radiator to keep the cluster
warm by using the honey stockpiled by the
colony as an energy source,

® during the foraging season, the bee colony ex-
plores the surroundings of its hive by sending
scouts to find resources that foragers then
exploit,

® between both seasons, we also consider two
transition steps :

one at the beginning of winter when "sum-
mer bees" are replaced by "winter bees" that
live longer than their summer counterparts,
all of which have essentially the same work :
heating the hive.

The other transition phase happens at the
beginning of spring when "summer bees"
replace "winter bees". These summer bees
have shorter lives than winter bees and are
highly age-structured as their occupation is
a function of their age.

If we are able to describe how bee colonies
navigate these four periods of a year, in particu-
lar how they reproduce (see Section 6) and how
their reserves and population fluctuate, then we
can reconstruct 5)

2 Value of honey resources

The starting point of our study is the knowledge
that a specific flower field, or bush, or tree in the
vicinity of a hive has a limited potential to feed the
hive. Inasmuch as the flowers only provide nectar
to bees (as opposed to pollen), this potential can
be defined as the net energy intake gained by the
colony per time unit as it sends one forager bee
back and forth between the hive and that resource.
We call it the potential efficiency of a forager bee
on this nectar resource. It depends on parameters
that are identified in [Kohli and Anstett]:

e the greater the distance d separating
the hive and the floral resource, the
more energy is spent to transport nec-
tar [Ausseuil et al. 2018] and the longer
it takes to travel between these two
points. To this, we must add the effect
of wind, which is equivalent to a distor-
tion of distances on the geographic map
[Kohli and Anstett]. Distances can be com-
pared to the maximal distance from the
hive d,,q. at which bees can be found
foraging [Beekman and Ratnieks 2000,
Greenleaf et al. 2007,

Ratnieks and Shackelton 2015].

® The flowers can be highly or scarcely reward-
ing for bees. We measure this quality through
a coefficient g¢ that is defined as the energy
contained in the stomach of a forager that is
full with nectar from flower f, to which we
substract the energy needed to transform this
quantity of nectar into honey through evap-
oration of superfluous water [Mitchell 2019].
Quantum ¢y can be compared to gg that cor-
responds to a reference flower which is the
most rewarding flower possible. The flower
species also influences the average number
of flowers my a forager must visit to fill its
stomach with nectar, as well as the average
time B¢ a bee spends on a flower to forage.

® The higher the density p; of flowers, the
less energy and time is lost collecting nec-
tar within a small range. Density p; should
be compared to a critical density p¢cqi+ be-
low which flowers are too scattered to form a
resource.
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Figure 1: Visualization of the different steps that lead to price computation. Sections 2 and 3 focus on
the optimal harvesting process. Section 4.1 as well as Appendices A and B correspond to an investigation
of the link between winter weather conditions and the probability of survival of a colony at the beginning
of winter. Sections 4.3, 5.1 and Appendix C are devoted to extending the probability of survival to the
whole year, provided that we possess a model describing the growth of the plants surrounding the hive
(see Section 5.2). Section 7 defines the price of honey from the perspective of bees.

® Some parameters do not depend on the flo-
ral resource but must be deduced from ex-
periment. Namely V', the speed at which
foragers travel between the hive and the flow-
ers [Nachtigall et al. 1995], as well as vpop,
the average speed at which bees hop from
one flower to another. The last relevant pa-
rameter that is included in the model we
consider is the average time tp;p a for-
ager spends inside the hive between two
trips to a floral resource [Fewell et al. 1991,
Colin et al. 2022]. The time a pollen forager
spends inside the hive is far greater than
the time a nectar forager spends in the hive.
Indeed, pollen foragers deposit their pollen
load directly in the cells around the brood,
while nectar foragers quickly transmit the
nectar they collected upon arrival at the hive
[Chabert et al. 2024].
Once the parameters that affect the potential ef-
ficiency ns of a forager bee on a nectar resource
have been stated, we can express it through the
following formula [Kohli and Anstett|:

- . (2.1)
thive +2& +my (ﬁf + 721%1{@)

If we assume the bee colony optimizes the use
of its foragers on nectar resources, it should send
as much foragers as possible to the resource where
the foragers have the maximal forager efficiency.
If some foragers remain unemployed, they should
be affected to the second best resource in terms of
efficiency for the bees, and so on until no forager
is left idle.

To implement the previous process, the knowl-
edge of how many foragers ¢; a floral re-
source can constantly feed is required. That
can be derived from the same parameters that
were used to express the efficiency of foragers
[Kohli and Anstett]:

Spf)\f < 2d ( 1 ))

= tht+—+m o0/,
G g "V Pr 20hop\/Pf

(2.2)



where S is the surface of the floral resource and
Ay represents the power offered to foragers by one
individual flower [Baude et al. 2016].

3 Relative price of pollen
compared to honey

Unlike honey, pollen does not provide the energy
the hive needs. It provides the matter (amino
acids, essential fatty acids, vitamins,...) necessary
to form bees [Di Pasquale et al. 2013]. Therefore,
the net gain for the bee colony brought back by
a forager bee is a quantity of matter minus an
energy, which can not be directly reduced to one
unity. To overcome this challenge, we admit that
each day during the foraging season, bees are able
to assign a value to both nectar and pollen based
on their current needs. The ratio between the
value of high quality pollen and the value of honey
is the relative price of pollen in honey.

To implement this in practice, we replace gy
in Formula (2.1) by

price X cjhof (3.1)
4o

where

® (o is the maximal mass of pollen that a
forager can transport on its legs,

® price is the energetic equivalent of the max-
imal mass of pollen gy provided this pollen is
of the highest quality possible pollinic flower,
in the sense that bees that eat this pollen live
the longest (see [Di Pasquale et al. 2013])

° q% is the ratio between the average lifespan of
a bee fed with pollen of flower f and the av-
erage lifespan of a bee fed with the reference
flower [Di Pasquale et al. 2013].

To summarize, a relative price of pollen in
honey corresponds to the distribution of foragers
on the local floral resources, which in turn corre-
sponds to a certain inflow of nectar and pollen in
the hive.

Notice that the allocation of forager bees to ei-
ther nectar collection or pollen collection is done
once and for all when a bee starts foraging. The
relative price of pollen in honey influences the be-
havior of bees that just started foraging and can
also deter pollen foragers from collecting pollen
[Chabert et al. 2024].

To compute the variation of the reserves of
both nectar and pollen, we substract the losses to
the inflows. We write the balance sheet for energy
as stated in [Kohli and Anstett|:

dE _ 6Mfo’rag dNgeath

— = — —aN —-h(T,N).
a M T i (T,N)

(3.2)

Each term in the previous equation has a specific

rneanirl\14g:
. 55% stands for the net quantity of honey
produced with the nectar inflow entering the
hive through foraging. This term can be

computed as

5Mforag
T Z nds, (3.3)

fexploited
nectar
resource

where ¢; is computed through Equation
(2.2) except for the resource where the for-
agers are the least efficient, where ¢ simply
is the number of remaining foragers that are
not working on a better resource.

. % is the death rate in the bee colony.
See |Di Pasquale et al. 2013] for a study of
this death rate related to the pollen the
colony feeds on.

e ©N represents the "basis metabolism" in-
side the hive, where 7 stands for the average
metabolic rate of a bee that is neither fly-
ing nor taking part in the thermoregulation
of the hive [Kovac et al. 2007] and N is the
number of bees.

® | represents the energy used to thermoreg-
ulate the hive [Stabentheiner 2021]. It is a
function of the ouside temperature and the
number of worker bees, but also of the num-
ber of males, the number of nurses and the
size of the brood.

A similar equation holds for pollen and the
number of bees this pollen is transformed into. It
has terms equivalent to those in Equation (3.2)
except for term h in Equation (3.2) that has no
pollinic equivalent.

4 Winter survival rate and
quantitative state of the
colony

At the start of winter, there are two major factors
that depend on the bees’ work during the previous
months and that account for the colony’s ability to
successfully reach the next spring. Those factors
are the quantity of honey enclosed in the hive and
the number of bees surounding the queen.



Through a thermodynamic simulation of
energy consumption as a function of prob-
able winter conditions outside the hive
[Omholt and Lonvik 1986, Myerscough 1993,
Ocko and Mahadevan 2014, Kohli and Anstett]
(see Appendix 4.1) combined with experi-
mental data collection [Free and Racey 1968,
Décke et al. 2019], one can establish the prob-
abilty P (¢ = fall --» winter, N, H) of surviving
through winter if at the time of transition be-
tween fall and winter, there are N bees and H
kilograms of honey inside the hive.

4.1 Probability of survival at the
beginning of winter

We investigate how the winter heating mechanism

shapes the probability of surviving winter at the

transition period between fall and winter. Thanks
to the heat equation we prove in Appendix A that:

End winter

Tcenter - Touta

(4.1)

1
Hconsumption o« N3 /

Start winter

where the left hand side of the previous identity
is the total honey consumption during winter, N
is the number of winter bees, and Tcenter — Tout
stands for the temperature gap between the out-
side of the bee cluster and the core of the cluster
where the queen is hidden.

Notice that the beginning and the end of win-
ter in the previous formula depends on when the
bees choose to stay inside their hive.

Let ¢ stand for the cumulative distribution
function (see Appendix B) of the random variable:

{winters} — R
int End winter T (42)
winter Start winter — center — ~out-

In order to survive winter, the honey stock
must exceed its consumption, which, by definition
of the cumulative distribution function happens

with probability:
H
v— |, 4.3
o (v) (43

where v is a constant that should be
derived from measures such as those de-
scribed in  [Free and Racey 1968] combined
with the corresponding winter weather data
[https://digital.nmla.metoffice.gov.uk /]

The previous Expression (4.3) may be
considered as a first attempt to express
P(t = fall --» winter, N, H). However, it falls

short of that expectation because it predicts that
very small clusters with N — 0 can easily survive
winter. This fails because in small colonies, indi-
vidual bees would have to deliver a heat power
far greater than they are able to. To capture this
missing barrier to survival, we notice that ac-
cording to Appendix A, a rescaling of the heat
equation implies that the heat power emited by
each bee inside the bee cluster is proportional to:

Tcenter ; Tout ) (44)

N3
The previous quantity has a fixed upper bound
0o since bees have a maximal individual heating
power. Moreover, since the bee cluster needs to
"extract" the oxygen to breathe from its surface,
the heating power used by the entire colony is
limited by its surface, which implies that for some
constant 64,

Tcenter ; out <« N < GlN% (45)
N3
In the rest of this section, we assume that the
breathing constraint prevails over the constraint
resulting from the heating limit for individual
bees.
We set ¢y the cumulative distribution function
of the random variable:

{winters} — R

winter +—— Teenter (4.6)

- Tout,mina

where  Toutmin i the coldest tempera-
ture reached during a specific winter. The
Fisher—Tippett—Gnedenko theorem suggests that
Teenter — Lout,min follows a Gumbel distribution
(see Figure 2).

The probability that the bees will be able
to breathe during winter is therefore given as

P (91]\[%). To estimate 67, data on the size of sur-

viving winter clusters is necessary (such data is
collected in [Docke et al. 2019] for instance).

Let us now suggest an expression for the
probability to survive winter.

) H 1
P(fall --» winter, N, H) = ¢ <VN§> ) (91N3) .
(4.7)

Although the previous formula does not take
into account the non-independence of the two
random variables that are involved, it is a first
step towards understanding the probability we are
focusing on.



From (4.7), we deduce a remarkable subset of
the state space. Indeed, honey is slowly accumu-
lated all year long by bee colonies and on a short
period of time, it is easier for a colony to regu-
late its population rather than its honey reserves.
In particular, just before winter, the bee colony
should optimize its winter survival by adjusting its
population with fixed honey reserves. This means
that at the beginning of winter, a bee colony
should be on ¢, the subset of the (H, N)—states
space such that:

P

o =0 (4.8)

The set ¢ is a 1-dimensional curve along which:

at (o (N ) =0 (09

Still along ¢,

o ., 9\ P
(8H+N<(H)8N)8NO'

The differential equation satisfied by N¢ reads

(4.10)

0 oP
Nl (H) = —2898
ON?

(4.11)

4.2 Restricting the Yy
endomorphism to ¢

Now that we noticed that bee colonies should start
overwintering close to the ¢ curve, we choose to
restrict ) to ¢. More precisely, if IT matches any
point (H, N) to the intersection point of ¢ with
the level set of P (fall --+ winter) that contains
(H,N), we define

Y=1IloYy :¢—¢. (4.12)

From a computational perspective, ) com-
presses information from ).

From now on, we assume that the growth rate
of a population of colonies is p () (the spectral
radius of )) and we consider D a probability dis-
tribution along ¢ that is an eigenvector linked to
the eigenvalue p ()) of V.

Let us notice that in order to implement )
in a computer, the curve ( is divided into several
intervals. ) is then encoded so as to act on discrete
distributions over the subintervals of {. The set of

discrete distributions over the subintervals of ¢ is
a finite dimensional vector space.

If we assume that ) can be diagonalized as
an endomorphism over a finite dimensional vector
space, its matrix in an adapted basis is

] €1
|)\1| et01.2

Az e’z
[Ao| €22

(4.1'3)

If the distribution of colonies is initially set to
Dy the first year, then after n years the distribu-
tion of colonies is D,, = Y™ Dy. Let us assume that
the eigenvectors linked to eigenvalues whose mod-
ulus is {)\k(n){ prevail in the decomposition of D,,.
The prevailing |)\k(n)| increases as years pass by
and ultimately reaches p (). When || prevails,

ein,l
D,
[Ak"

Dy _1 et0k.2

|)\k‘n+1 -

P

(4.14)

4.3 Probability of surviving the
next winter during the foraging
season

At times during the foraging season, in order to
describe the quantitative state of the bee colony,
it is relevant to decompose the number of bees N
into several components that list the number of
bees of different age groups: IV; denotes the bees
that are ¢ days old.

We now endeavour to compute, at any time
t between the begining of spring and the end
of fall, P (¢, N, H, Envir). The previous quantity
P(t, N, H, Envir) is defined as the probability to
survive the following winter if on day ¢, there are
H kilograms of honey and N bees in the hive,
if the bees know the environmental parameters
FEnuvir from spring to fall in advance.

The function

Envir :

[ spring ; fall | — { weather } x { floral maps }
(4.15)

contains all environmental information during the
foraging season including future times after t.
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Figure 2: Graph of T+ In (ln (m)) in Dijon (France) between 1945 and 2022, where temper-

atures are stated in °C, [https://meteo.data.gouv.fr/datasets/| It is a straight line when Tiepter — Tout,min

behaves according to a Gumbel distribution.

The complete knowledge of the environment
between time ¢ and the beginning of winter implies
determinism in the optimal choices of the colony
between time ¢ and the beginning of winter, so
that all the randomness comes from winter. And
at any time before winter, we can write

d
&P (t, N(t), H(t), Envir) = 0. (4.16)
This translates into
OP oP oP
/ or / o 9
N'(¥) N H'(t) By TR (4.17)
In the previous equation, term % corresponds

to the loss in probability of winter survival that
would arise if the hive was somehow "put onto
pause mode" between time ¢ and time ¢ + dt. Op-
timizing the survival rate in winter requires to
maximize —% through an optimal choice of for-
aged resource, which is equivalent to an optimal
choice of price of pollen in honey (see Section 3):

9 F_, (4.18)
Jprice Ot

Equation (4.18), however, is implicit and
therefore computationnaly expensive and imprac-
tical to solve. To approximate the optimal ex-
change rate, we suggest a demand-driven explicit
expression that takes into account the relative
contribution of honey and pollen to the survival
of a colony, but that does not depend on the

available resources around the hive :

price = 220 (4.19)

The problem of computing P for any time ¢
during the foraging season can now be solved.
Since we assumed that P is known at the begining
of winter, we only need to deduce P(¢t — dt) from
P(t). We start by finding out which price satisfies
Equation (4.19), which allows us to discover H'(t)
and N'(t). Then we use Equation (4.17) that leads
us to an expression for P(t — dt).

As regards the transition phases -when bees
from one season are replaced by bees adapted to
the following season- the foraging process is simi-
lar to the one that takes place during the foraging
season except that the allocation of foragers to-
wards floral resources isn’t regulated freely by the
exchange rate between pollen and nectar (For-
mula (4.19)). Instead, since all the bees must be
replaced, we assume a minimal number of for-
agers are assigned to nectar collection to maintain
honey reserves and the rest collects as much pollen
as possible.

5 Randomness in the
environment

Of course, the future is not fixed and there are
different scenarios Enwvir that can play out with
different probabilities. We denote by S the prob-
ability on the set of environmental conditions.



5.1 Combining several
environmental pathways towards
winter, bubble algorithm

5.1.1 Building the foam structure

If there are several environments FEnwvir;,
we write P; (N,H) as a short notation for
P(t,N(t), H(t), Envir;).

The union of graphs

N
U H (5.1)
% envir. ]Pz (N, H)
forms a foam-like structure where each graph
linked to an environmental path is one of its
bubbles.

Each bubble in the foam structure can be con-
structed all the way from winter to spring by
applying the time-reversed algorithm decribed in
Section 4.3.

To simplify memory usage, one may choose to
only consider some typical scenarios to which a
bee colony must be prepared.

Notice that since the foam structure was built
going backwards through time, it is more complex
at the beginning of spring, and reduced to one
bubble at the beginning of winter. The environ-
mental scenarios linked to these bubbles therefore
form a tree rooted at the beginning of winter and
whose leafs represent, at the beginning of spring,
all the potential environmental paths leading to
winter.

After the foam structure has been computed
in a time-reversed manner, we switch back to the
natural orientation of time.

5.1.2 Starting from one colony

To describe the path of a specific colony in the
natural orientation of time, instead of knowing the
future, the colony has to bet on the future. When
it has bet on one environmental scenario, it stays
on the bubble linked to this scenario and follows
the trajectory imposed by the movement of this
bubble (described by Equation 4.16). This goes on
until
® either the environmental scenario has been
proven wrong by the actual environment that
unfolds in reality. When a scenario collapses,
colonies that had bet on it fall on a remain-
ing scenario that is one of the closest to the
collapsed one ( "close to" with respect to the
tree represeting the potential environmental
scenarios for the remaining time until winter)

¢ or the colony chooses to form a swarm (see
Section 6)

® or the colony reaches the intersection of two
bubbles and it has a choice. According to
Appendix C, the ratio of the probability of
staying on bubble 1 to the probabilty of
switching to bubble 2 is equal to

M' (5.2)
(1}1 — ’Ug) Pl
To take into account the probability of
both choices, one may represent a single
colony as a Dirac distribution. As a colony
hits the intersection between two bubbles, it
splits into two Diracs that follow their own
separate paths on both bubbles. The mass
of the initial Dirac is shared between the
two Dirac distributions that emanate from it
proportionally to the probability of following
each path.

We have almost entirely described how a
colony goes from the beginning of spring to win-
ter in a real environment that it discovers as time
passes. The remaining question is : on which bub-
ble does the colony start when it is in a state
(N, H) at the beginning of spring ? One solution
is to start by preparing for the worst case scenario
and to choose to put the colony on the lowest
bubble for this state (N, H).

5.1.3 Starting from a distribution of
colonies

More generally, we start not from one colony at
the beginning of winter, but from a weighted dis-
tribution of colonies on a finite number of points
along (. In order to push forward a distribution
through winter, we assume that each colony that
survives has a constant population N all winter
long and then splits into several states that rep-
resent different possible winter honey depletions
computed thanks to Relation (4.1) (depending on
the random harshness of winter encoded in ¢).

During an actual year with real time envi-
ronmental mesures, the weighted distribution of
colonies on the probability foam is pushed forward
in time through the foraging season by push-
ing forward each of its colonies according to the
previously described method.

5.1.4 Combining all potential
environmental realities

The last step is to run the previous algorithm that
pushes forward in time a distribution of colonies



along (¢ not just once, but as many times as there
are environmental scenarios. Each time we run the
algoritm, we assume a new environment Fnvir;
is actually taking place during the year and we
multiply the weight of each colony linked to "this
reality" by the corresponding factor S (Envir;).

5.2 Environmental scenarios data
for generative models

In order to take into account the different possi-
ble environmental scenarios that might play out
during the months between the current day and
the beginning of winter, we resort to simula-
tion. The parameters that play a key role in the
thriving of a bee colony are weather, local veg-
etation (species, abundance and phenology), and
soil that influences the vegetal growth. We may
want to find equations that describe the evolu-
tion of those environmental parameters and solve
them. In practice, this would involve tremendous
amounts of computational power. Moreover, solv-
ing weather equations requires more than just
local weather data, and since we are adopting the
perspective of the bee colony that only has access
to local information, this approach is irrelevant.

Instead, it is more appropriate to use genera-
tive models. This requires data :

® As regards weather in France,
data can be obtained at
[https://meteo.data.gouv.fr/datasets/].

e A map that presents the nature of the soil
on which vegetation grows in France is made
available by INRIA [INRIA 2018].

® To assess vegetal growth, one can rely on
satellite data from the Copernicus program
that is available at [https://www.wekeo.eu/].
For some crops species such as sun-
flower crops, phenology has been studied

[Desfonds and Garcia De Cortazar Atauri 2020].

® To know which plants grow on a geo-
graphic spot, or at least which plants
are cultivated for agricultural purposes,
data from France can be found at
[https://geoservices.ign.fr/rpg]. In Europe,
euro crop maps (2018 and 2022) are available
[d’Andrimont et al. 2021, ECJRC 2022].
More precisely, the information flow for the
current model is described in Figure 3. Both the
hive and environment models are currently being
written in Python language in order to carry out
simulations [Kohli 2025].

5.2.1 Temperatures

State space

Let us start by explaining how one can encode
temperature measures. The first obvious solution
is to write the temperature on day d expressed in
Celsius degrees or Kelvins or in Fahrenheit as a
real number. If we write 7; the space of temper-
atures on day d, it is merely a copy of R and a
sequence of temperatures measures for N consec-
utive days would be an element of 75 X Tgy1 X
... X Tg+n—1 which can be seen as RY

A drawback to this easy approach is that this
representation depends on a chosen unit of mea-
surement, and projects the additive structure of
R on temperatures while we are primarily in-
terested in the order structure on temperatures
(colder/hotter). To extract the order structure
from temperature, we focus on quantiles.

By means of the cumulative distribution func-
tion of temperatures in a geographic spot, and
depending on the level of precision that we as-
sign to our measures, we cut 73 into n quantiles.
We now consider Ty as the complex vector space
generated by the orthonormal basis made of the
quantiles of 7; (the quantiles are now seen as vec-
tors). If a measurement falls in a certain quantile
inside 7y its associated state inside T} is this same
quantile.

The natural generalization of this process to
describe a N-days long sequence of temperature in
TaxXTgr1 X ... X Tgrn—1 is to match to a sequence
of temperatures the basis vector of ®d+N71T
whose component on T; represents the temper-
ature quantile in which the temperature in 7;
falls. This idea is valid and will indeed be used
to mix non homegeneous measurements (temper-
ature, sun irradiance, rain levels, wind speeds)
in Section 5.2.2. However, it is possible to con-
siderably reduce the dimension of the space that
represents a N-days long temperature sequence
due to the fact that the temperatures on different

days share the same quantiles by definition. So we
| d+N-1

can replace ®?iév71 T; with @,_, T; without
having to compare the norm of different quantiles
on different days : the norm of all the quantiles
are equal to one by definition.

Notice that the representation in T, of a
temperature on day d and of a sequence of temper-

atures in ®?:+évfl T; both actually fall in the unit

spheres S (T;) and S (@fiév_l TZ) We would

like the same to happen for the representation in
| d+N-1

Di=a

i=d i

T;. In order to ensure this, we require the
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| d+N-1
orthogonal projection of the state in €,_, T;
on T; to be the representation of 7; in T; divided
by V'N.

In the following, we denote by II; the orthog-
| d+N-1

onal projection @,_, T; — Tg.

To build the state space T; we have only con-
sidered pure states that are reached from points
in 7;. Any mized state ¥ in S (7T;) represents a
state in which there is a probability |(¥, ©)|? to be
measured on the pure state ©. Parceval’s identity
guarantees that the total probability is indeed 1.

We have now built the temperature state
| d+N-1

space S| D,_,
to define the space of temperature variations
| d+N-1

(o

tion on day d is the difference between the tem-
perature on day d+ 1 and the temperature on day
d.

T; We proceed similarily

Vi |, where the temperature varia-

Time

Since the temperature states are now encoded as
elements of a sphere, it is natural to see time as
the action of a rotation on the state space. This
rotation has complex eigenvalues whose modulus
are all equal to one and whose arguments are
i% where A is a characteristic time period of
the temperature and where k € N.

For computational purposes, one may choose
to restrict k to 1,2,3 and A to an adapted fi-
nite set. As a consequence, there only remains
6 x # {A} eigenvalues representing the action of
time. This leads us to also restrict the state space
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to its core component €2 that evolves by following
the reduced time action. We therefore introduce
an orthogonal projection

| d+N-1
p: @i:d T, — Q (5.3)

as well as
A:Q—0Q (5.4)

where A is the time-action endomorphism whose
6 x # {A} eigenvalues have just been described,
and where Q is a 6 x # {A}-dimensional space

included in {(11--- 1) }L (we exclude the state
that gives equal weights to all quantiles because
that is the time-independent weight of quantiles
and we are focusing on the time factor).

Here A will describe how temperatures evolve
going backwards in time but the same method can
be implemented to simulate future weather.

Before we go any further and ask how to build
p and A, we should explain how it is possible to
find A values that correspond to relevant temper-
ature cycles. To do this, as described in Appendix
B.2, we plot the correlation between the temper-
ature on a given day and the temperature n days
later. We notice that there are correlation peaks
that are shared by several cities in France (see
Figure 4). We choose these peaks to constitute to
set {A}.

In order to evaluate if a couple (p,A) is rele-
vant to explain temperature dynamics we define
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Figure 4: Left : Correlation between the temperature on day d and day d + n as a function of n in
different towns in France. Right : Average value of all these correlation functions as a function of n.

Predict (p, A) as the following quantity |(¥, ©)]? is now replaced by

D—-N+1 2 ___ 2Predict __ 2Predicty
Z <H (L (A o P(’Ud) v )) I (U )> |<\I;’ @> Predict+Predicty 4 |<\I]V7 @> PredictfPredicty

1 - Vd—1 | |, 11 (va—1
2 P\ Towal | (5.7)
(5.5) This method yields valuable results as can be
seen in Figure 5.
where

(w.5) = [p ()] ) 5.6) 5.2.2 Other weather measures
L,(w,v)=|lp)|*xw+v—p(v 5.6
g Apart from temperature, weather is also charac-

lifts w through p to bring it as close as possible to terized by solar .irra(%iance, r‘ain levels and wind.
. Sun and rain directly influence both plant
By design, Predict (p, A) is maximal when the growth and foraging behavior (by encouraging or
empirical frequencies of quantiles are best aligned prohibiting foragers from. leavmg the‘ hive ar_ld
with the theoretical probability to obtain these th.erefore acting on .the dz‘nly foraging tlm?) while
quantiles. We should therefore maximize Predict wind affects foraging flight aerodynamics (see

to find p and A, which can be done by gradient Appendix D). . ) o
descent. From a technical perspective, everything is

. i done as in Section 5.2.1, except:
Once p and A have been optimized, it is pos- N1 p

sible from knowing an N-day long sequence of . D,

temperatures to randomely generate a plausible i=d
temperature the day before, and incrementaly
generate a sequence of temperatures backwards
in time. However, this falls short because the
process fails to take into account the continuity
of temperatures : indeed, no structure has been
added that explains which quantiles are close or
far from each other. This is the reason why we
introduced the temperature variation state space

| d+N-1
S (@i_d Vi | in the first place, along with the I ( Z ao,s,r,weo,s,T,w> _ Z Zag,s,r,wés,r,w
o

0,8,T,W

T; is replaced by Q41 ® Sq ® Rq ®
W4 where Q4_1 is the reduced temperature
state space described in Section 5.2.1 and S,
R4 and Wy represent the sun, rain and wind
states on day d,

e [I; is replaced by the marginal projec-
tion IT : S (Qd—l RSy R Ry ® Wd) —
S (Sq4® Rq ® Wy) whose expression on the
quantile basis is :

ER X7

temperature state space. Similarily to what we did
with the temperatures, we build py, Ay as well (5.8)
as Predicty, .

The probabilty to obtain a certain tempera- 5.2.3 Plant phenology

ture quantile © one day before an N-day long In this section, we assume we are focusing on a
sequence, that used to be expressed as (¥, ©)[° certain plant species.

can now integrate variation information (whose By using the same technique that enabled us
value relative to the temperature information can to add other weather parameters to the tempera-

be quantified through the Predict function) and ture, we can add satellite phenology data to the

11
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Figure 5: Orange : actual temperatures measured in Nice, France. Blue : temperatures generated with

the method explained in Section 5.2.1

weather data. Here if we want a reduced weather
state space that represents the last past days
rather than the next future days we must re-run
the entire process described in sections 5.2.1 and
5.2.2 to switch back to the natural orientation of
time.

The operation of combining weather data and
plant growth data is not intended to increase in-
formation (indeed, if the soil doesn’t vary, plant
growth is a function of weather so it does not
bring more information) on the contrary the goal
is to compress the plant phenology information to
turn it into an annual biological clock. It would
be superfluous for a biological clock to focus on
all the timescales relevant to explain weather phe-
nomenons. We choose to merely focus on the
3% 2 = 6 eigenvalues that represent the timescales
365, 365/2 and 365/3 days.

Now that we have built a 6-dimensional bi-
ological clock for a plant species, it is possible
to measure each day if the flower is blooming or
not and attach this measure to the 6-dimensional
clock-space to "color" this space and therefore de-
limit and describe when the flowers bloom. Once
this has been done, the more precise blooming
dynamic is studied in the following Section 5.2.4.

5.2.4 Blooming flowers’ wave

Here we investigate how flowers can regulate their
nectar production to adapt to pollinators’ pres-
ence or absence and what this entails at a flower
field scale. By default, a flower should minimize
its nectar output as long as this does not deter
pollinators from transporting its pollen to another
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flower. Since a blooming flower field cannot mea-
sure its distance from the closest bee colony, it
can gradually, day after day, increase the nectar
it provides as an incentive for pollinators to visit
until :

® cither enough pollinators have visited it,

® or it cannot extract enough energy from the

soil to keep on rising nectar production.

The remaining question is : how fast must a flower
field increase its nectar output? If we choose a
perspective not focused on a flower field but in-
stead centered around the closest bee colony from
this flower field, the "goal" of a flower field is to
"convince" this colony that it is a better option to
visit it than any other field closer to the colony. As
has been noticed, scout bees judge which flower
field is the best for their colony to forage on by
selecting flower fields where the net power output
is maximized :

qar _ _r _ 4f Pcrit, f
q0 Tmax q0 Pf
ny =

thive + 24 +my (5} + 72vhoim>

(5.9)

A scout bee that is currently exploring its
hive’s vicinity has two choices at every point in
time.

e Follow the direction Ta% and therefore stay

at the same distance from the hive .

e Follow % and go further away from the hive.
If the bee were to follow ra% all the way around
the hive, it would encounter flower fields with



nearly the same n by circular symmetry. How-
ever, there remain small variations and along the
r-radius circle around the hive, 7(6) is similar to a
symmetric random walk. This means that a scout
bee can estimate the maximum of 7 on the r-
radius circle where it currently is (at point z) to
be n(z) + &y/r. In order for the bee scout to go
towards the % direction, the following condition
must be satisfied :

n

3 > o/
"

(5.10)

If we assume that flowers minimize their nectar
expenditure,

(5.11)

for r large enough (while for r small enough, the
randomness prevails and 7 (1) o< /7).

By combining 2.1 and 5.11, we see that /r
satisfies a quintic equation. When the plant max-
imizes g, the highest solution to this equation
indicates the furthest distance the plants are
able to attract the bees to, and again through
5.11, one can deduce the highest efficiency nmax,
a plant species can offer to honeybees. We re-
fer to [Baude et al. 2016, Baude et al. 2025] for
quantitative data regarding the maximal value of
a-

Now that we described the spatial aspect of
flower patches’ reaction to the presence of a bee
colony, let us explain how this reaction can arise
even though flowers can not directly measure their
distance from this bee colony. Let us assume that
the first day a flower species starts to bloom, all
the flower fields of this same species produce nec-
tar as if they were as close as possible to a bee
colony. Only the flowers that are just next to the
hive get pollinated and as time flows, the other
flower fields start improving n until they hit the
threshold described in 5.11 that ensures pollina-
tion. There remains the question of how fast a
flower field should increase n. If we consider flower
fields of the same species, they should cooperate
in order to all recieve the same pollination service
from the bees regardless of their spatial position.
Since individual honey bee foragers consistantly
visit the same flower species, one can think of it as
the flower fields transmitting the foragers to one
another. So that all flower fields benefit from the
same pollination time, if at time ¢, 7forqq, 7 (t) is
the current distance between a bee colony and its
foraging spot on a flower species f and if the flow-
ers are fully cooperating with each other they can
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enforce

d 1

—r oK ——,
dg foras.t T forag.f

(5.12)

which entails
Tforag,f (1) o V.

In turn, from the bees’ perspective, by reformulat-
ing 5.11 we obtain

0o () = sy () " e

tma:};

From the standpoint of the plant, before it has
been reached by pollinators, it should, as long as
it can, adjust ¢y (and my, By and py) so that

g (L — Wt a4 [perits
0 q0 Tmax q0 Pf 3

thive + 27?\/2 + my (ﬂf + m)
(5.14)
This leads to writing
5 3 1
qf(t):a%t4+a%t4+a%t2. (5.15)

As we have already noticed, at some point
in time, it becomes impossible for flowers to
maintain these high ¢y levels and the bloom-
ing ends. Simultaneously, the foragers which have
been attached to one flower species are gradually
replaced with younger foragers who visit other
flower species.

At the landscape scale, if at time ¢ we divide
the plants into two categories : those that have
already been pollinatd and those that await polli-
nation, the average value for ¢y is proportional to
the remaining surface to be pollinated

t 5 3
(agt‘l +Oé%t4

tmax

qf,average = <]- -

1
2

(5.16)

At aregional scale, if we only take into account
honey bees as pollinators, we can start answer-
ing the question : are there enough honey bee
colonies in a given region to support a particular
flower species on the long run ? Indeed, so that
a species can maintain its wunity, its individuals
must be connected. In the case of flower species,
this means that the disk around a bee colony that
covers the area that these bees can pollinize must



not be isolated and must overlap with other such
disks linked to other bee colonies.

Random geometric graph theory accounts for
the connectedness (or absence thereof) of such a
network [Appel and Russo 2002]. Let us define A
as the total expansion area of a flower species
and p as the bee colony density. The threshold
value for how far the blooming flower wave around
bee colonies must reach in order to guarantee
connectedness and unity of the flower species is

In (Ap)

e (5.17)

Rthres =

6 Swarming conditions

For a hive to form a swarm, the probability that
both halves of the initial colony die before the
beginning of the next spring should be inferior to
the probability that the initial colony dies before
that same moment. This translates into

(LR

Here, we did not take into account the dissym-
metry between the old queen that leaves with the
danger of wandering and the new queen that stays
inside the hive with all the wax structure already
built.

Notice that Inequality (6.1) contains P with no
Envir argument. Indeed, in this setting, P stands
for the weighted average of survival probabilities
at every point of the foam above the specified
(H,N)—state (on any bubble), each point be-
ing weighted by the total sum of the weights of
colonies on this particular bubble.

Let us notice that the beekeeper has one ma-
jor advantage over the bee colony when it comes
to estimating P: he has access to meteorological
predictions for the next few days. At a pivotal mo-
ment of the year such as swarming period, that
means that he can anticipate swarming behavior
and manage it accordingly.

7 Absolute prices

Harvesting honey on a colony decreases its proba-
bility of surviving. If « is the market price of one
bee colony, harvesting a certain quantity of honey
directly costs a beekeeper a%. We elaborate on
what we mean by the previous partial differential:
at any given date, ag—g stands for the weighted
average of the partial differentials of the proba-

bility of survival in the direction of H at each
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point representing a colony computed in Section
5.1 on their respective bubbles. The weight of
each colony in the average is the one computed in
Section 5.1.

Discussion

Our inquiry into the value of honey has lead us
to notice that honey represents a survival po-
tential that can be quantified as such. While
analyzing the underlying structure of the price of
honey, several practical results spawn as a conse-
quence: When should a beekeeper harvest honey
or pollen? When those resources are cheap. When
should a beekeeper feed the bees sugar or pollen?
When those resources are most valuable. When
should a beekeeper divide a bee colony? When it
is about to swarm.

While our model can help answer those tim-
ing issues, it can also address the question of
the geographic distribution of hives. Where is the
most favorable location for an apiary situated? It
depends on the goal. On the one hand, if the bee-
keeper intends to sell honey, the present model
allows to sort out spots where the price of harvest-
ing honey is low. On the other hand, a beekeeper
that considers selling bee colonies can rely on
the growth rate of bee colonies introduced in the
present model as a more relevant metric. Another
reason to choose to set up hives in a specific place
is to aim at one specific flower, either for polli-
nation purposes or to produce monofloral honey.
Our study allows us to glimpse into the distribu-
tion of bees on floral resources and to confirm that
the foragers do reach the target.

At larger space and time scales, the state in
which a colony begins winter not only indicates
if it is likely to survive winter but also suggests
if it is strong enough to be used for breeding
queens. Breeding new queens is a challenging mat-
ter, especially if a new queen is transported to a
different region. The present model does separate
the environment a colony is adapted to (that is
represented by the probability foam) from the ac-
tual environment it faces so it could be applied to
understanding how transporting a bee colony to a
different region might affect it.

The algorithms we introduce here are cur-
rently being implemented in Python language.

A Rescaling the heat equation

When bees are heating their winter cluster, the
heat equation applies. If we assume that this



cluster is spherical and that it has reached ther-
mic stability, we can write this equation in a
dimensionless manner as:

10 or
oo (75 ) e =

Now if we change variables and replace r €]0, R]
where R is the radius of the cluster by = €]0,1],

we find:
1 0 50T
—— "= ].
R2 Oz oz

And the heat power emited by a single bee is:

Vbee 0 28£
Yo )

Gbee = R2 %
where Viee is the volume of a bee. If the bee
density is constant within the cluster, R is pro-
portional to N3 and:

stationarity
——
or

=0 (A

Q(Rz) = (A.2)

(A.3)

Tcenter - Tout

N7 (A.4)

Gbee X

As a consequence, the heat power emited by the
whole cluster is proportional to:

N¥ (Teenter — Tout) - (A.5)

B ¢ accounts for daily
temperature variability as
well as randomness on the
boundary of winter

The

End winter

that influence

Start winter Leenter — Tout during a specific winter
are the beginning of winter, the end of winter and
the daily temperature variation during winter.

parameters

B.1 Variability on the boundary of
winter
As regards the time when winter ends, let us first

notice that the average temperature T follows a
pattern

27 (d—do)
1 —cos (TSO)

- Twzn) + Twin7

(B.1)

where d is the day of the year (see Figure 6),
to which a random variable is added that also
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depends on the day and whose distribution is
Gaussian with standard deviation o.

During a given year, if 7 is a temperature
reached on day d, we know that d is near 71 (7)
with a random Gaussian error with standard devi-
ation o ‘ (T‘l)l (7)|. We can compare the maximal

temperature during a day to 12°C to decide
whether this day is a winter day or not.

The beginning of winter is triggered similarly.
In Dijon, the maximal daily temperature revolves
around

27 (d—dop)
1 — cos (TSO
2

Tpas (d) = 22.5 ) +45, (B.2)

In particular, in Dijon ‘(Tg;z)/ (12)‘ =
6.9 days K—' at the begining and the end of
winter and in that town the average winter is 98
days long.

To the length of actual winter, it is neccessary
to add the time it takes for the queen bee to rear
the winter bees that will replace the summer bees.

B.2 Daily temperature variation

On a fixed day the randomness in temperature
around the average for this day of the year can be
described by a normal distribution. The question
is : for how many days does a variation around
the average temperature persist ?

To answer this, we compute Cor(n) the cor-
relation between vectors V;, and V,, where Vj is
the vector whose d-th coordinate (on a period
lasting at least several years) records the tem-
perature on day d from which we substract the
average temperature on that calendar day of the
year, and where V,, is the vector whose d-th co-
ordinate contains the temperature on day d + n
from which we substract the average temperature
on that calendar day of the year.

The average persistence (in days) of a tem-
perature variation around the average is then
computed as

/1 Cor~!(x)dz (B.3)
0

In other words, every fol Cor~!(z)dx days, one
might consider that the temperature is a new in-
dependant random variable. As a consequence, if
winter lasts W days, and the standard deviation of
temperatures on a fixed day is o then the standard
deviation of the integral of temperatures during



Figure 6: For each day D of the year (except the

29'h

T(D)—1.5
of february), we plot arccos <2 * e —

)

where T'(D) is the average temperature on day D in Dijon (between 1950 and 2022). Minimal temper-
atures occur around the 17" of January and maximal temperatures are to be found around the 26" of
July. If there were an exact symmetry between the increasing temperature period and the decreasing
temperature period, the maximum would happen on the 19** of July, which is only one week apart from

the actual peak of summer.

winter is:

square root, of the
number of blocks

standard deviation of
one block of days

! W
o or Y(z)dz , | +———— :
/0 ¢ (z)d fol Cor—1(z)dx (B4
= U\/W/o Cor—!(z)dz.  (B.5)

In the specific case study of Dijon between
1950 and 2022 that we develop throughout this
paper, fol Cor~1(x)dz = 3.2 days.

B.3 Total standard deviation

Since the randomness

‘ the quantity

S]iz;itvxin;:err Teenter — Tout 1S the sum of three in-
dependant normal random variables (the first of
which is the integral we consider with fized win-
ter boundaries, the second being the contribution
to this integral of the uncertainty on the starting
point of winter and the last one corresponding
to the variabilty of the end of winter), the total
is a Gaussian random variable whose standard
deviation comes from adding up that of the three
random variables as follows:

on

atw fol Cor~Y(z)dx

7\ 42 (o (T () Taanter — 1)

2, (B.6)
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where o is the standard deviation of the average
daily temperature, oj; is the standard deviation
of the mazimum daily temperature and 7 is the
temperature above which winter ends. If we use
data from Dijon, France between 1950 and 2022,
in this town, 0 = 3,4K and if we consider that
oy = o, it follows that S = 315K day.

C Betting on two opposite
teams simultaneously

Let us assume a player is given the choice to bet
between two outcomes.

Gain if
Team 1 wins

Gain if
Team 2 wins

Player bets on
Team 1 a ¢
Team 2 b d

To be consistent, we impose b < a, ¢ < d.
If instead of betting all on one team, the
player decides to bet % on Team 1 and
m on Team 2 then the player knows he

%. This strategy is the

most resilient one, as it brings at its maximum the
amount that is won with certainty.

If it so happens that the amount that should
be bet on one team is negative, which is the case
if and only if a < c or d < b, this leads to betting

will always win



entirely on the opposite team. This corresponds to
the "preparing for the worst, hoping for the best"
strategy.

In the case we are studying, we translate this
using the dictionary

a P(t, N, H, Envirl)
d P(t, N, H, Envir2)
(UEnvirl - UEnUirQ) ]P)(t7 N7 H, E?’lUZ’I“l)

e ('UE'nviTQ - UEnvirl) ]P(t, N7 H7 EnUZTQ)

Here, dt denotes the time it takes for the
hive to realize which of the two environmental
scenarios actually is taking place.

The ratio of hives that choose to bet on
Envirl relatively to those who bet on Envir2 is

the translation of =

P17P2+dt(1}277}1)}?2
Pg—Pl—l—dt(Ul —’Ug)Pl.

(C.1)

The previous allocation formula only makes
sense (otherwise it is negative) on the codimension
1 set of points in (N, H) such that Py (N, H) =

Py (N, H), where the ratio 9= becomes :
(v2 —v1) Py
= C.2
(v1 —v2) Py ( )

D Wind

In Formula 2.1 it is implied that the time and
the energy spent by a bee to go to a resource is
proportional to the physical distance between the
hive and the resource. However, wind changes the
referantial in which the bees actually fly. If 7 rep-
resents the speed at which bees travel relatively
to air and if o is the wind speed then we can de-
compose the movement between the hive and the
floral resource into a sum

A7 =ty (7 + 7).

(D.1)

where H is the hive and F is the floral resource
(see Figure 7). In order to find the intermediate
point I; such that

];I—Il> = tH%FV and 117 = tH%Fﬁ (D2)
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we may find the intersection between the straight
line that goes through F' and is parallel to ﬁ, and
the circle defined as

]

C={MEcR*)HM = MF
el

We proceed to introduce I similarly to I; on the
way back from the flowers to the hive. We then
define

trright = tip +1 Ll 2
flight — VH—F F—H — || H H || 1
(D.3)
where P is the middle of [I1, I5].
So that:
2 2 2
Lflight = i tho - OP
_204 | (OP)
Izdl 0A
o T ()
]| T 0A) "’
(D.4)

, 0 FL 18 a unitary
vector that is orthogonal to ﬁ{ and A is the in-
tersection between [H F] and C. If B is the point of
C diametrically opposed to A as shown in Figure
7, we then have

_ 13l
e

where O is the center of C

FA [zl

d = W (D.5)

SO

HV’H

20A=AB=BH — AH = (FB—FA

(D.6)

And

[l
17l

2(OF + FH)

20A=AB=AF+FB= (AH + BH)

[kl

7]

—aop 1Bl _
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which implies that
i
20 = ——————. (D.8)
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Finally,
2
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trlight = (D.9)

(- ()

We obtained a formula giving the flight time to
go back and forth between the hive and a floral

resource. If | o || and H?H are constant, we deduce

that the set of points that are at a fixed temporal
distance of the hive satisfy the polar equation of
an ellipse.

foragers prefer traveling and if
field bounded by H7 ’, the temporal back-and-

forth metric depends on @ which means that the
distance between two points is Riemannian.

Notice that an other factor than wind that
might contribute to the dilation of percieved
distances from the foragers’ perspective is the
presence of pesticides in the environment that can
disorient the bees.

More generally, if is the speed at which

W is a vector
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