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SPECTRUM OF HYPERBOLIC AND PARABOLIC
WEIGHTED COMPOSITION OPERATORS

FREDERIC BAYART, LUCAS OGER

ABSTRACT. We compute the spectrum of a weighted composition operator induced by
a hyperbolic or a parabolic symbol when it acts on the Fréchet space of holomorphic
functions on the unit disc. We discuss situations where these results extend and do
not extend to the unit ball.
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1. INTRODUCTION

This paper is a contribution to a series of works which intend to compute the spectrum
of weighted composition operators acting on spaces of holomorphic functions. Let €2 be
a domain in C%, and Hol(€2) the set of all complex-valued holomorphic functions on €.

For ¢ : © — Q holomorphic and m € Hol(2), the weighted composition operator
with symbol ¢ and multiplier m is defined as

Wino(f) =m(f o), feHol(Q).

We shall only consider the cases where € = I is the unit disc or 2 = B, is the
(euclidean) unit ball in C¢. There is a huge literature on this subject (see e.g. [12, 17|
for a general study, or the recent articles |7, 8|), in particular when they are considered
as acting on Banach spaces of holomorphic functions like Hardy spaces or Bergman
spaces.
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In this paper, we focus on the Fréchet space Hol(€2) endowed with the compact-open
topology. When 2 = DD, the spectrum of W, ., has already been thoroughly studied in
[3, 2, 1]. Our aim in this paper is to complete the picture by filling the cases left open
in these papers and by studying how the results can be extended to the ball.

The results obtained so far depend on the nature of the Denjoy-Wolff point of the
symbol and on the behaviour of the multiplier near this attractive fixed point. Recall
that for a holomorphic self-map ¢ of D, one of the following two properties hold.

« The map ¢ has a fixed point £ inside D. In that case, ¢ is said to be elliptic. If
¢ is not an automorphism, then the sequence of iterates (o) of ¢ converges to
¢ in Hol(D).

« The map ¢ has no fixed point in . In that case, there exists & € T such that (")
converges to £ in Hol(D). Moreover, ¢ admits an angular derivative ¢'(§) € (0, 1]
at . The symbol ¢ is called parabolic if ¢'(§) = 1 and hyperbolic if ¢'(§) < 1.

Elliptic automorphisms behave very differently and we refer to [1] for results con-
cerning them. Regarding the other cases, assuming some regularity of m and ¢ at the
Denjoy-Wolff point £ if it belongs to T, the following table summarizes the results of
[2] on the point spectrum of W, .

Elliptic, ¢'(€) # 0 | Elliptic, ¢'(§) =0, ¢ # £ | Hyperbolic | Parabolic

m=1 {¢'(&)" :n e N} {1} C* C*

{m(€)¢'(§)" : n € N} {m(&)} c
1] 1]

TABLE 1. Results in the disc

Moreover, if ¢ is not an automorphism, then o(W,, ,) = 0,(W,,,) U{0}. Otherwise,
(Wing) = 0p(Win,p).

The cases in grey are left open in [2], even if some interesting examples are given.
Our first main result will be that, for these three cases, under natural regularity as-
sumptions on ¢ and m (precise statements will be given later on), o,(W,, ,) = C*. This
property keeps true if we assume that & is a pole for m, again assuming some regularity
assumptions. As in [2], the proof will be based on a careful study on how ¢"(z) goes
to ¢ and on a renormalization of m(p"(z)). Nevertheless, we will have to change the
normalization for parabolic maps and we will need much more precise estimates, leading
to replace the results of Valiron [18], Pommerenke [15] and Baker-Pommerenke [4] by
those of Bourdon-Shapiro [9].

Regarding the several variables situation, we will mainly concentrate on the two-
dimensional case. A similar classification occurs and we will be able, when m(§) # 0,
to prove similar statements, using now [5] and [11]. When m(§) = 0, the situation will
become much more involved. Indeed, a new difficulty arises : in dimension two or more,
we cannot easily factorize a holomorphic function vanishing at some point.
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We will obtain some partial results, and also exhibit a very simple example of a
weight m and symbol ¢, regular at the Denjoy-Wolff point, with m(£) = 0, such that
0p(Wio) = @. Hence the results dramatically break down on the ball.

We end up this introduction with the following lemma, that we will use repeatedly.
Lemma 1.1. Let my,my € Hol(Q2) and ¢ : Q@ — Q holomorphic. Then
Ty (Wini0) = 0p(Wins0) € 0p(Winima.p)-

Proof. Let \y € 0,(Wy,, ) and Ag € 0,(W,p,,,). By definition, there exist two nonzero
maps fi, fo of Hol(£2) such that

mi(fiop)=Mfi,  ma(faop)=Afo
Hence, considering f = fifo and m = mymo, we get
m(f op)=mima(fiop)(faop)=mi(fiop)ma(fzop)=Afirafo =N f.
Finally, we obtain A Ay € 0,,(W,,), the desired result. O

Notation. Throughout the paper, if f,g : X — R are two functions defined on the
same set X, the notation f < g will mean that there exists some constant C' > 0 such
that f < Cg on X. The notation f = g will simply mean f < g and g < f.

2. ON THE DISC

We begin this section by recalling some definitions.

Definition 2.1. The Stolz angle with vertex £ € T and radius R > 0 is

_ 2=¢
S(ﬁ,R).-{zEID. | <R}.

The horodisc of vertex ¢ € T and radius a > 0 is

HEa)={zeD:z—¢P<all—|)}=D (HL& 1j_‘a>

where D(w, r) is the (euclidean) disc of center w and radius r > 0. The right half-plane
of Cis H:={z € C: R(z) > 0}.

In what follows, as it is often the case, we will transfer the problem on the right
half-plane H through the Cayley transform

142
T(z) = T
For ¢ : D — D holomorphic with Denjoy-Wolff point at 1, we will set ® = Topor™!,

which is a self-map of H, with oo as attractive fixed point.
Setting w = 7(z), we will repeatedly use

2 2
Tlre ™ #(2) 1+ d(w)
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The analogues of the Stolz angles (with vertex 1) on the right half-plane are the
angular sectors {w € H : arg(w) < a}, for a € (0,7/2). We will still call them Stolz
angles at oo.

As mentioned in the introduction, we will sometimes need that ¢ has some regularity
properties at its Denjoy-Wolff point. Here are the relevant definitions.

Definition 2.2. Let £ € T, and ¢ : DU {{} — D U {¢} a holomorphic map on D.
Forn € Nand 0 < e < 1, we say that ¢ € C"*(&) if p has a n'!' derivative at &, and if

" o)
o)=Y g ro(z e, zeD.
k=0 '

Definition 2.3. A holomorphic map ¢ : D — D is regular if ¢ is continuous on D, and

if (D) C DU {¢}, where ¢ is the Denjoy-Wolff point of ¢.
We assume now, and for the rest of the paper, that £ = 1 and ¢(1) = 1.
If we translate Definition 2.2 onto the map ®, it means that we may write

n—

2
a; 1
O (w) = Yy
. %w+m+Fﬂw+nﬁ”<m+u%HJ’

with ag, -+ ,a,_o € C.

2.1. Hyperbolic symbol with nonvanishing weight at the Denjoy-Wolff point.
We begin by a well-known result about the iterates of hyperbolic selfmaps of D within
a Stolz angle.

Lemma 2.4 ([12, Lemma 2.66]). Let ¢ : D — D be a hyperbolic holomorphic map, with
Dengjoy- Wolff point & € T. Then, for all compact subsets K of D, there exists R > 0
such that for all n € Ny,

P"(K) C S(ER).

The computation of o,(W,,.) when ¢ is hyperbolic and m does not vanish at the
Denjoy-Wolff point £ of ¢ has already been done in [2|, where the following theorem is
obtained. Recall that ¢ is the angular limit of f € Hol(D) at £ € T if there exists a
Stolz angle S such that f(z) — ¢ when z — ¢ and z € S.

Theorem 2.5 ([2, Theorem 6.3|). Let ¢ : D — D be a hyperbolic holomorphic map,
with Denjoy- Wolff point &, and m € Hol(D) with a non-zero angular limit m(§), and a
finite angular derivative at . Then, o,(W,,,) = C*.

We shall improve it by slightly relaxing the assumptions. This will be important to
handle the case m(§) = 0.

Theorem 2.6. Let ¢ : D — D be a hyperbolic holomorphic map, with Denjoy- Wolff
point &, and m € Hol(D) with non-zero angular limit m(§) at £. Assume that

(1) m(z) = m(&) + A(z),
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and that for all Stolz angles S with vertex &, there exist 5 € (0,1) and a nondecreasing
map g : R — R, such that

Vz € (0,1), Zg(m") <+oo and z€S, |z2|>1-0 = |A(z)] < g(]z —¢&]).

n>0
Then, o,(Wp,,) = C*.

The assumptions of Theorem 2.5 mean that (1) is true with A(z) = m/(£)(z — &) +
o(z — &). Therefore, we may choose g(x) = Mz for a suitable M > 0. It is nevertheless

natural (think at Definition 2.2) to be able to use g(z) = Ma*® for some £ > 0, or even

g() :Wﬂ?>0-

Proof. Since ¢ and m are non-constant maps, if m(f o @) =0, then f = 0, so we have
0¢&o0,(Wp). For n € Nand z € D, we define

Hence,

LT miez)

Wm,cp(fn)(z> = m(z)m(ﬁ)"

=m ; nm Kl(2)) =m z
(f)m(onﬂlg (M (2)) = m(&) fara (2).

We show that (f,,),>0 converges uniformly on all compact subsets of D. Let K be
such a compact. By Lemma 2.4, there exists a Stolz angle S with vertex ¢ such that
for all n € Ny, p"(K) C S. For all z € K,

‘M _ [met) —m©)] _
m(e) m@F " m

Let us now consider a > 0 such that K C H({, ). Using Julia’s lemma, and Julia-
Wolff-Caratheodory theorem ([10], [17]), for all n € N,

P (K) C H(E ag'(6)).
Therefore, for alln € N and z € K,
n 2 n
|Pl"(2) = € < 209/ ()"
Hence, if n is sufficiently large and z € (¢'(£)'/2, 1),
(" (2) = €]) < g(a™).

Finally, (f.)n>0 converges uniformly on K to a nonzero function f, which satisfies
Wino(f) =m(&) f, so that m(&) € o,(Wi,,,). Since 0,(C,) = C* (see |2, Theorem 6.1]),
by Lemma 1.1, we obtain C* C 0,(W,.,). O

15),9 (| (2) — €])
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2.2. Hyperbolic symbol with vanishing weight at the Denjoy-Wolff point. In
this section, we intend to prove the following result.

Theorem 2.7. Let ¢ : D — D be a hyperbolic regular holomorphic map, with Denjoy-
Wolff point £, and m € Hol(D). Assume that there exist e € (0,1), a € C*, a € R* and
A € Hol(D) such that o € C**¢(€),

m(z) = a(z = §)*(1+ A(2)),

and for all Stolz angles S with vertex £, there exist 5 € (0,1) and a nondecreasing map
g: R — R, such that

Vo € (0,1), > g(a") <+oo and z€S, |2 >1-8 = |A(z)] < g(lz - ¢&|).

n>0
Then o,(Whp,,) = C*.

In particular, we may apply this theorem when m is meromorphic at &.

Proof. We shall prove the theorem on H, by assuming that £ = 1. Let ® : H — H be
holomorphic, which extends to a continuous function on HU {oco} and maps ®(H) into
H. We shall also assume that & may be written

O(w) = \w + O(w),

with A > 1 and |©(w)| < |w 4 1]"°. Let also m : H — C be such that

m(w) =

a

m(l + A(w)).

In this context, for all Stolz angles S with vertex oo, there exist C' > 0 and a non-
decreasing map g : R — R, such that

Vo €(0,1), Y g(a") <+oo and we S, |w|>C = [Aw)| < g(1/|uw]).

n>0

By the linear fractional model (see |9, Theorem 4.9]), there exist a holomorphic self-
map H : H — H and ¢ > 1 such that H o ® = cH and H(w) = (w+1)(1+ G(w)) with
|G(w)| < |w+1|7° for |w| large enough.

Our strategy for the proof is the following. We will first consider the weighted com-
position operator Wy-o ¢ and show that it admits a nonzero eigenvalue by exhibiting
an eigenvector. Next, we will set m; = mH“ and we will apply Theorem 2.6 to W, &.
We will finally conclude by Lemma 1.1.

Step 1 : We show that o,(Wg-« ) NC* # @. Set A = a/2log(c), and

F = exp[Aog?(H)].
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Then,
exp[Alog?(H o ®)]  exp[Alog?(cH)]
W —« F = =
0P g o
_exp[Alog?(c) + 2 log(c) log(H) + Alog®(H)]
= T

_ e/\log;2 (C)H2)\log(c)—aF _ 6)\ log?(c) I

Since 18’ () # 0, we obtain the desired result.

Step 2 : We show that o,(W,,, ¢) = C*. Indeed, using the estimates on m and H,
we know that m; = mH® can be written

my(w) = a(l+ A(w))(1 + G(w))*.

In addition, (1 + G(w))* =1+ aG(w) + n(w), with |n(w)| < |w + 1|7*. Finally, we
may write
mi(w) = a+ A(w),

with A = a(A+aG+aGA+n+nA). By sums and products, for all Stolz angles S with
vertex oo, there exist C' > 0 and a nondecreasing map ¢ such that for all z € (0,1),
> g(a™) < 400, and

we s, [w>2C = |Aw)] < g(1/|w).
We obtain the result by applying Theorem 2.6.

Conclusion : Using Lemma 1.1 together with the results of Step 1 and Step 2, we
get 0,(Wi0) = C*. O]

2.3. General discussion on parabolic symbols. We turn to the case where the sym-
bol ¢ is a parabolic self-map of D, and we will always assume that 1 is its Denjoy-Wolff
point. The strategy to prove that, under some regularity assumptions, o,(W,,,) = C*
is the same as in the hyperbolic case.

We will first prove that this holds true if m does not vanish at 1 by renormalizing the
sequence m(¢™(z)). Then, we will handle the case where m vanishes at 1 by exhibiting
an eigenvector when m has a specific form related to the symbol, and we will conclude
in the general case by factorizing the multiplier.

Nevertheless, every step becomes harder. The key point is that l™(2) converges
much more slowly to 1 when ¢ is parabolic, and the convergence of the sequences
which come into play will be more difficult to prove.

The linear fractional model gives us now the existence of a map H : H — C such that
Ho® = H+a. As in the proof of Theorem 2.7, we will need estimates on the behaviour
of H near infinity, and even more precise estimates due to the parabolic nature of the
symbol.

Our starting point is again [9], now Theorem 4.12. Bourdon and Shapiro give there
a linear fractional model with estimates for ¢ a parabolic self-map of D belonging to
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C3¢(1), with ¢”(1) # 0 and ¢ regular. Indeed, in such case, we get R(¢”(1)) > 0, and

we can write
(Z - 1)2 " (Z - 1)3
1
5 e ()

with v(z) = o(|z — 1]*%). Setting again ® = 7 o0 @ o 7!, then for all w € H,

p(z)=14+(z—1)+¢"(1)

+7(2),

b 1
O(w) =w+a+ ——+ O(w), Ow)=0( — =,
) —wtat v, 6 —o( )
with @ = ¢"(1) and b = ¢”(1)* — 2¢""(1)/3. If R(¢"(1)) = 0, we may and shall assume
that J(¢”(1)) > 0. Bourdon-Shapiro’s theorem reads as follows.

Theorem 2.8 (|9], Theorem 4.12).

Let ¢ : D — D be a parabolic holomorphic map, with Denjoy-Wolff point 1. Assume
that o is reqular, C3*<(1), and that ¢"(1) # 0. Then, there exists a function H : H — C
such that H o ® = H + a, and

(2) H(w):w—glog(1+w)+B(w), w € Q,

with B holomorphic, bounded on Q and continuous on ), where
o if R(a) > 0, then Q = H,
e if R(a) =0 and S(a) > 0, then Q=H" ={z € C: R(z) > 0,3(z) > 0}.

It turns out that we will need the following enhancement of this theorem, giving a
slightly more precise information on the behaviour of H.

Proposition 2.9. Under the assumptions of Theorem 2.8, there exist R > 0, a domain
QCH and a map H : H — C such that Ho ® = H + a and

(3) H(w)-w%—c—glog(l—i-w)—i-ﬁ(w), w € Q,

with ¢ € C, 6 : H — C holomorphic, satisfying |0(w)| < |w|™/? for |w| sufficiently large
and

o if R(a) > 0, then Q = H,

e if R(a) =0 and S(a) > 0, then Q =Hgr ={z € C: R(2) > 0,3(2) > R}.

Proof. We follow the method of [9] but we have to go a step further in the expansion.
We start from the last formula p.74 and [9, Proposition 4. 19] : there exists some R > 0
such that H is the uniform limit on compact subsets of {2 of the maps H,, defined by

n—1 1
H,(w) =w—wy—bw JZ:; w)wol) + bSon(w) + 3.0 (w),

with wy € Q, w(n) = ®"(w) + 1, and
o wo — (H;(w) — Ho(w)) ]
w(j)wo(4)
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To achieve the proof, we need to study all the terms of H,. First, [9, Proposition
4.18| gives us the very useful inequality

jwn)| 2 [w|+n, weQ n=>0.

« Let us start with Ss,,. For j > 1 and w € Q, if we set v = max(Jw|, j), then
wl? w1

< .
w(G)[7FF 7 (lw] + e T tre Ttz = g2

| 0w (j))| <

Moreover, the sum » O(wp(j)) converges, so

Sa(w) = lim Sy, (w) = 3" O(w(i)) — 3 Ow(i)) = ba(w) + ¢,

j=0 J=0

with |65(w)] < |w|™*/? for |w]| large enough.

« We now focus on Sy ,,. For j > 1 and w € (Q,
i o1 1

|wl*
<l < <

|w

[w(Hwo()| ~ (fwl +7)(lwol +5) = vj = 7755 ~ 7>
Since |H;j(w) — Ho(w)| < log(j + 1) (cf. [9, p. 76]), we also get
o) =) ol ogli 1) a4 log 1)
Dwo() |~ (lwl+)(lwol +5) = =5 = >
Therefore, we have shown that

So(w) = nh_}rrolo Son(w) = O2(w) + ca,

jw|*

S

with [fa(w)| < Jw] ¢ for |w]| large enough.
For the moment, setting d; = ¢ + ¢c3 — wy and A; = 0y + 03, we get

= w — bw ; w w wig/z
H(w) =w—1b j%;w(j)wo(j)+d1+A1( ) |Aw)] S w7

Now, note that using Lemma 4.20 of [9], for each w € Q and each j > 0,

lw+ ja| Z (Jw| + j), (w(j) —w — ja| $log(j+1).
Hence, let us write
1 w
bw ———— = L (w) + L(w) + Iz(w) + b : —,
Y G = h)+ B+ B0 b Y

with [;(w) = bw/(w + 1)(wy + 1), and

B =b3 o [w 1(j) W ija] - Bl =b) wf(jﬁ [ng> T w ija} |

j=21 Jj=21
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Then,
b b
with |0,(w)| < |w|™" for |w| large. In addition,

1 ja [ 1 1
Z {wo Wy +ja] jgw—l—ja wo(j)  wo+ ja

]>1

L(w) = — 04(w),

(. J

:05 =95(’U})

with ' . '
jlogi+1) _loglG+1)
™ (fwl 4 3)(wol +5)* = Juw'? 372

ja [ 1 1
w4 ja [we(j) wo+ ja

s0 |05(w)| < |w|™?. Finally, to study I3(w), we only have to see that
|w|log(j + 1) < log(j +1)
~ (Jwol + ) (Jwl +5)* ™ |w|'/? 532

’w:ﬁj) _wij) S w ija]

Thus, |I3(w)| < ]w]_1/2. Setting dy = dy — ¢4 — ¢5 and Ay = Ay + 04 + 05 — I3, we get

w
Hw)=w-—>5 +dy + A Ao (w)] < Jw| 2.
(w) ; (w + ja)(wo + ja) 2(w), [Ba(w)] S o]

Next, note that
w 1 1 1
. — = — — — | +wo . —
; (w+ ja)(wo + ja) ; {wo +ja  w —|—ja1 ; (w + ja)(wo + ja)
:J‘lr(w) :J‘zr(w)
For the second term, we have
1

o) < ol 3 |

7>1

|UJO| 1 1
<
> 7 S

(w+ja)(wo +ja) |~ |w|'?

and for the first one,

Jl(w)—/ |: L — ! :| dt
1 wo +ta  w+ta

- i+l aft — ) _j
= Z/] (wo —i—ja)(wo—i—ta Z/ w_'_j& ’LU—l—ta) dt,

>1
o 66 (w)
with, for j <t <75+ 1,
’ < 11
(wo +ja wo—i-ta) (|lwo| +7)% =
a(t — 1 1
and 7) < — <
(w+ ja)(w+ta) |~ (jw]+ )~ |w|"/? 32
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Finally,

1

_ _ — <
Ji(w) /1 lwg—i-ta w—l—ta] dt = cg + o(w), LUCURS ]w|1/2.

Therefore, setting d3 = dy — ¢g and Ag = Ay + 0 — J5, we obtain

H(w) = w— - A Ag(w)| < Jw| ™.
(w) =w b/1 {woﬂa wHa} dt +ds + As(w),  [As(w)] S |w|

But it is well-known that
& 1 1 1
/ — dt = —log wta ,
1 wo+ta w+ta a wo + a

b e
H(w):w——log(wio;)—I—dg—i-Ag(w), |Az(w)| < |wl 2.

a Wy

SO

We conclude, using the identity

w—+a a—1
1 — 1 1) =1 1+ — ] =1
og (w0+a> og(w + 1) og< +w+1> og(wy + a),
~ =c7
=07(w)

with |67 (w)| < Jw|™" for |w]| large. Finally, if ¢ = ds + bez/a and 0 = Ay — bf;/a, then

H(w) = w—Lloglw+ 1) 4o+ 00u), 100w)] 5 ul 2. =

Regarding the behaviour of the sequences (l"(2)), we will need the following lemma.

Lemma 2.10 ([6, Lemma 5.8|). Under the assumptions of Theorem 2.8, for all w € H,
b
®" (w) = an + —log(n) + By (w),
a
with B, bounded (independently of n) on all compact subsets of H.

2.4. Parabolic symbols with nonvanishing weight at the Denjoy-Wolff point.
The preliminary results of the previous section allow us to get the following theorem.
Here again, we set a = ¢"(1), b = ¢"(1)* — 2¢"'(1)/3.

Theorem 2.11. Let ¢ : D — D be a parabolic holomorphic map, with Denjoy- Wolff
point 1. Assume that ¢ is regular, C**¢(1), and that ©"(1) # 0. Let m € Hol(D).
Assume also that there exist a neighborhood U of 1, 7 >0, >0 and A : D — C such
that setting D, = 7~ '(H,) and

{U ND  if R("(1)) >0,

Y= wnD, iR ) = 0 and 36 (1) > 0

the map m satisfies
VzeD, m(z)=m(l)+ A(z2),
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with m(1) # 0, and

Vel €V(r), M) = A S lr = 1T = T e 22

Then, o,(Whp,,) = C*.

In particular, our assumptions imply that m admits a nonzero limit at 1 along D,..
They are satisfied if m € C'*°(1) and m(1) # 0.

Proof. We may assume that » > R, where R is given by Proposition 2.9. We move on H
and consider m € Hol(H) which can be written m(w) = m(oco) + A(w), with m(oco) # 0
and for all w € 2,

w—w 146

(w+ D(w + 1)

< 1 N 1
~ |w+1|1+6 |w/+1|1+6

(4) [A(w) = A(w')

Y

‘

where Q = H N {|w| > M} if R(¢"(1)) > 0, and Q = H, N {|w| > M} otherwise, with
M > 0 sufficiently large.

Arguing as in the proof of Theorem 2.6, it is sufficient to show that m(co) is an
eigenvalue of W, . Let K be a compact subset of H containing 1. We claim that
d"(K) c Q provided n is large enough. This is a consequence of the Denjoy-Wolff
theorem if (" (1)) > 0. If R(¢"(1)) =0, we set wg = 1 +i(r + 1) and consider p > 0
so that K C A(wy, p), where A((,r) is the pseudo-hyperbolic disc with center ¢ and
radius r. Using Schwarz-Pick’s lemma, for all n € N,

UK < A(@" (o), p) = R(™ (wo))A(L, p) + (@) (w)).

However, the sequence (R(®(wg)))nso is bounded (see |9, Proposition 4.25]), and
(P (wp)) —— +o00. Thus, for n large, d"(K) C Q.
n—oo

In particular, there exists ng € N such that for n > ng, m(®" (1)) # 0. Hence, for
all w € H and n > ng, we may set

EOEE
) , 145 ) 146 B, (w) — B,(1) 349
<[emarer] e e T
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Since |®(w) + 1|, |®M (1) + 1| > C(K)n, an application of Lemma 2.10 yields the
desired convergence. We conclude since

) B L m(@ )
Woa(F)ae) = m(uw) £ (@) = m(w) T[] %

k=ng

]
= lim m<q)[n+1](1>> H m((i[k}( )

n—-+o0o
k=ng

When ¢ is a parabolic automorphism (hence, excluding the identity), the problem is
much simpler to solve. Indeed, in such case, there exists a € R* such that for all w € H,
®(w) = w+ia. Hence, for all compact subsets K of H containing 1, and for all w € K,

lw| <C = ‘Cb[”](w)‘ = |w+ina| > n|a| — |w| > nla| - C.

For ng > (M 4+ C)/|a] (M > 0 being in the definition of Q) and n > ng, we obtain
m(®" (w)) # 0, and

(@ (1
‘% - 1\ < [m(@" (w)) — m(@)(1))]

Under the same hypotheses as in Theorem 2.11, (F},) converges uniformly on K, and
we get the result.

2.5. Parabolic symbols with vanishing weight at the Denjoy-Wolff point. If
the weight m does vanish, or admits a pole at the Denjoy-Wolff point of the symbol,
we get a similar result.

Theorem 2.12. Let ¢ : D — D be a parabolic holomorphic map, with Denjoy- Wolff
point 1. Assume that ¢ is regular, C**¢(1), and that ©"(1) # 0. Let m € Hol(D).
Assume also that there exist a neighborhood U of 1, 7 >0, >0 and A : D — C such
that setting D, = 7—1(H,) and

{U ND  if R("(1)) >0,

YO wa, i R (1) =0 and (1)) > 0,

the map m satisfies
V2D, m(z) = (z - (B +A(2)),
with a € R*, § € C*, and
VZ,Z/ e V(T’), ‘A(Z) . A(Z/)| SJ ‘Z o 1‘1—&-5 + |Z/ . 1|1+5 + |Z _ Z/|%+5 ‘
Then, o,(Wp,,) = C*.

Proof. Again, we shall prove the theorem on H and we follow a strategy similar to that
of Theorem 2.7. Therefore, we fix m : H — C, which may be written

m(w) = (w+1)"%(8 + A(w)),
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where A satisfies (4). By Theorem 2.8 and Proposition 2.9, we shall find a map H :
H — C such that H o ® = H + a, and

(5) H(w):w—g1og(1+w)+c+e(w), wed,

with Q = H or H", and [#(w)| < |w + 1|™°. First, we show that we may always assume
that H(H) N {ya:y <0} = 0.
o If R(a) =0, then H(H) C H (cf. |9, p.64]), which gives the result.
« Otherwise, let > 0 be such that if B(w) = ¢+ 6(w), then |B(w)| < x/2 on H.
We first show that for |w| large enough, say |w| > p and y < —z/R(a), then one
cannot have H(w) = ya. Otherwise

z::w—élog(l—kw):ya—B(w)
a

would belong to D(w, [w[/2) and to B(ya, |y[R(a)/2), but these two discs have
empty intersection. Moreover, H is bounded on the compact set H N {|w| < p},
so we get the existence of s > 0 such that

HH)N{ya:y <0} C{ya: —s <y <0}

We conclude by considering H + sa instead of H.

Step 1 : We show that o,(Wg-« ) N C* # @. Indeed, set F(w) = I'*(H(w)/a),
where I' is the gamma function. Then, F is well-defined since H(w)/a ¢ R™, and
H He
(w) | 1) = 1o (w) 2 by = o ),
a

aOé

H(w)(F o ®)(w) = H*(w)l® (

Therefore, a™* € 0,(Wy-o9).

Step 2 : We show that 0,(W,,, o) = C*, where my = mH". This will be a conse-
quence of Theorem 2.11. Indeed, we may write, for w € €2,

mi(w) = (w+1)"*(8 + A(w)) (w +1-— glog(l +w)+(c—1)+ Q(w))

bl 1 -1 0 “
_bloglw+1) =1 0w
a w+1 w+1 w+l
ablogw+1) a(c—1) ab(w)
- — - -
a w+1 w—+1 w1

= (B+A(w)) (1

= (B + A(w)) (1 + Ag(w)) :
with |0(w)] < Jw|™/? and |As(w)] < |w| ™2, for |w]| large.

We expand the product and verify that we can write my(w) = my(c0) + A(w), with
my(00) = # 0 and A(w) satisfying (4). The last point follows from the easy fact that
the product of two functions which are bounded on Q and satisfy (4) still verifies (4).
Thus we just have to check that each term satisfies this condition.
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o The map p; : w — % satisfies, for w,w’ € Q,
3/4
w—w
_ n| <
) = ) S | o e
e The map py : w — (w + 1)~ satisfies, for w,w’ € Q,
w—w
w) — pa(w)] < .
‘pQ( ) p2( )‘ = ‘(w+ 1)(w/+ 1)’
e The map p3 : w — Z}(—ﬂ satisfies, for w,w’ € Q,
| (w) - (w,)| - ; 14 N 1 14
bs ps ~lw+1 w +1
o The map A, satisfies, for w, w’ € €,
132 EE:
A — M) < |——
) = da) S| |+
We conclude by applying Lemma 1.1. O

3. MULTIVARIABLE CASE

We now study the spectrum of weighted composition operators defined on the eu-
clidean unit ball B, of C¢. We also denote by S¢~! the unit sphere.

As proved by MacCluer in [13], the Denjoy-Wolff theorem keeps true for holomorphic
self-maps of B,. Precisely, let ¢ : B; — B, be such a map without any fixed point in B,.
Then there exists ¢ € S ! such that ¢ converges uniformly on all compact subsets
of By to & Moreover, the boundary dilation coefficient A\(¢) of ¢ at £, defined by

L=l
A(@) = lim inf — 2=
() = lim inf —— e

belongs to (0,1]. We will say that ¢ is parabolic if A(¢) = 1 and hyperbolic otherwise.

When m(€£) # 0 and ¢ is hyperbolic, the one-dimensional proof can be easily modified
to cover B;. The parabolic case will be substantially more difficult and we will use the
results of [5]. We shall restrict ourselves to the case d = 2. Since the point spectrum
is stable under conjugation by automorphisms, we are allowed to reduce the matrix of
dp(&) and we will distinguish two cases.

« the parabolic diagonalizable case, with dp (&) = ((1) 2)7

« the parabolic nondiagonalizable case, with dp(§) = (; O) and a > 0,

1

(see [5] for details). The orbits (¢["(0)) behave very differently for these two kinds of
maps and we will need to handle them separately.
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3.1. Hyperbolic symbols with nonvanishing weight at the Denjoy- Wolff point.
We begin this paragraph by recalling some definitions.
Definition 3.1. The horodisc with vertex ¢ € S* ! and radius r > 0 is defined by
1—(z, 2
H(E,r) = zeIB%d:—| < §Z| <rop.
1—2]
We obtain the following theorem, very close to the one-variable one.

Theorem 3.2. Let ¢ : By — By be a hyperbolic holomorphic map, with Denjoy- Wolff
point £ € S¥1, and m € Hol(By) having a non-zero K -limit at £. Assume that

m(z) =m(§) + A(z),

and that for all horodisc H with vertex &, there exist 6 € (0,1) and a nondecreasing
map g : R — R, such that

Vo € (0,1), > g(a") <+oo and z€H, |zl =1—6 = |A(2)| < g(lz—<]).

n>0
Then, o,(Wp,,) = C*.

Proof. By |16, Theorem 8.5.3] (see also [5, Theorem 2.3]), setting A € (0,1) the bound-
ary dilation coefficient of ¢, for all r > 0, p(H (&, 7)) C H(E, Ar). By induction, we
obtain @ (H(&,7)) C H(E, A\™r), n € N.

Consider once again the sequence (f,,) defined by

e LTy - T e )

Then, as in the proof of Theorem 2.6,

o (5
%‘ ‘ < fgy? e @ =<l

Let K be a compact subset of B,;. Consider R > 0 such that K C H({, R). Hence,
for all z € K,

o) —ll” = ™) + 1 - 2R p2). )
< 21— R (P (2), )] + [ (2)|F 1
<2R(1 - (pl"(2),€))
< 2[1 = (¢M(2), )] < 2VRA\ /1 — [l (2)||* < 2VRA™.

Finally, for n large enough, if z € (A4, 1), we get Hcp[”}(z) — SH < z™ for n large
enough. Thus,

m(el"(2)) 1
— =1 < g (2),
m(§) [m(¢)]
so that (f,,) converges uniformly on K. We conclude as in Theorem 2.6, using the fact
that 0,(C,) = 0,(W1,,) = C* (see [14, Proposition 3.3]). O
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3.2. Parabolic non-diagonalizable symbol. In the following subsections, we will
focus on two-variables symbols, and we will always assume that ¢ is a holomorphic
self-map of By with Denjoy-Wolff point at e; = (1,0).

An element of C? will be denoted (w, z). To apply the results of [5], we need a notion
of regularity at e; which emphasizes the dissymmetry between w — 1 and z as (w, 2)
goes to e;. Indeed, one always has |22 < 1 — |w|*> < 2(1 — |w]|). This leads up to the
following definition.

Definition 3.3. A holomorphic map ¢ : By — By is in D™ (e;), m > 2, if we can write
it as

olw,z) =14+ NMw—1)+ Z a; 2 (w— 1) + 1 (w, 2),
J+k>2, j/24k<m/2

a(w—1)+ puz + Z bz (w—1)" +e5(w, 2) |,
JHk>2, j/24k<m/2
with &;(w, z) = o(|w — 1|™?). Similarly, we say that ¢ is in D™(e;), m > 2, ¢ € (0,1),
if e;(w, 2) = O(jw — 1| T9/%),

As in the one-variable case, we will move from B; to another domain where the
computations will be easier. The relevant domain here is the Siegel half-space, defined
by

H, := {(w, z) € C: R(w) > |2|*}.

Let 7 be the Cayley map from B, onto H, defined by

w+1 =z 1 w—1 2z
T(w7Z>: ) ) T (w,z) - 5 .
l—w'1l—w w+1 w+1

We will set ® = 70 ¢ o 77!, Regarding distances between points, it is easy to check
that if (wo, 29) = 7(w, 2) and (wy, z) = 7(w’, 2’) then

a2 / 2
w0, 2) — (uf, )2 = —2o = ol G
lwo + 12wy + 112 |wo+1  wj+1

In this paragraph, we will assume that ¢ is parabolic and that

aeten = (1 ).

with a > 0. We call it a parabolic non-diagonalizable map.

As for the one variable case, the construction of eigenvectors will follow from a careful
analysis of the behaviour of ¢™(w, z). Moving to Hy, for (w, z) € Hy, we will denote
(w(n), z(n)) = ®M(w,z). To study how (w(n),z(n)) goes to oo, it is convenient to
introduce the following sets. For A, M > 0, let

Kya:={(w,z) e Hy: R(2) > A, R(w) > M,43(2) < R(2),2|S(w)] < R(w)}.

From the results of 5], we will extract the following lemma.
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Lemma 3.4. Lete € (0,1) and assume that o € D*(e,) is parabolic non-diagonalizable.
Let A,M > 0. Then, for all compact sets K C Hs, there exists ng € N such that

®M(K) € Kya for n > ng. Morever there exists a > 0 such that, for alln € (0,1),

for all (w,z2) € K,

z(n) 1

() = n(n = e Sn ) —nal St | TS

n2-n’

Proof. The first assertion is [5, Lemma 3.3]. The estimates are direct consequences of

[5, Proposition 3.8 and Lemma 3.10]. O]
We deduce the following result.

Theorem 3.5. Let e > 0. Assume that p € D(ey) is parabolic nondiagonalizable.
Let m € Hol(D). Assume also that there exist M, A > 0 and 6 € (0,1) such that, setting
Vira =7 YKy .a), the map m satisfies

m(z) = m(er) + A(2),
with m(ey) # 0 and for all (w, z), (W', 2') € Va4,
1
Adw, 2) — A, 2)| S [[(w, 2) — eal|"" + [[(w', 2) — ex |7+ [[(w, 2) — (', )27
Then, o,(Wy,,) = C*.
Proof. We move on Hy and consider m € Hol(Hy), which can be written
m(w, z) = m(oco) + Aw, 2),
with m(o0) # 0 and for all (w, 2), (v, ’) € KM,A7
1+ |22 1+ |22\
A —A(w' _—
| (w,z) (w7 )| ~ (|w_|_1|2 + |w/_|_1|2
. lw — | 1425 . . o
lw+ 1] - |w' + 1] w+1l w+1
As in the one-dimensional case we consider
m(®M(w, 2 )
H <I>Vf] 1,0))

1420

and it is sufficient to prove that (F},) converges uniformly on all compact subsets of Hy
to conclude that m(oco) € 0,(W,, ). Setting (wo, 20) = (1,0), we get

m (@ (w, >> m(@r(1,0))["
< [Aw(n), z(n)) — A< o(n), zo(n))|”

1+ ]2 1+ |z(n)2\ '
S( +1\2) (\wo +1\2>

W —w) O\ | am) ) [P
+<|w<>+1r |wo<>+1\) +‘w<n>+1 wm) 1|
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Now Lemma 3.4 allows us to conclude that

1
for some 3 > 1. Indeed,

1+ ]z(n))? 1+6< n? 1+§< 1
lw(n) + 1|2 ~ \ nt = p2t27

|w(n) . 'U,)O('I’L)| 1+26 - n1+n 1+26 - 1
jw(n) + 1] - wo(n) + 1] ~A nt ~ ot

provided n > 0 is small enough. Finally,

whereas

) ) | NECH
1+w(n) 14+we(n)| ™| wn)wy(n) w(n)  wo(n)
1 1
<
~ nd-n + n2-n
By choosing 1 > 0 sufficiently small,
z(n) 2p(n) 3+ < 1
I1+w(n) 14 wy(n) ~ plty

for some v > 0.

19

Thus, m(co) € 0,(Wine). To conclude, we need to observe that ¢,(Cs) = C*. This
follows from [5, Theorem 3.1|, which gives the existence of G € Hol(H,) and a € C*
such that Go® = G+a. Forall A € C, the function H = exp(AG) is then an eigenvector

of Cg corresponding to the eigenvalue exp(Aa).

O

3.3. Parabolic diagonalizable symbol. We firstly come back to general considera-
tions for ¢ a holomorphic self-map of By with e; as Denjoy-Wolff point. Assume that

¢ € D?*(e1) and (by reduction)

do(er) = (21 /?1) |

Then, ¢ may be written

o(w,2) = 1+ \(w—1)+712* +o(lw— 1)), (w — 1) + 2 + k12> + o(|w — 1]))

To ensure that ¢ maps B, into itself, it is mandatory that
(6) A > |pal® + 20y

(see [5, Equation (2.1)]) and the ;2% term is the source of many troubles.
If we translate this on ®, we find that

2 2
Oy (w, 2) = Hoo? — — Qoo — + Fio (Z—) —i—o( & ),
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with Ao = 1/A1, floo = H1/ M1y Yoo = 271/ A1, Qoo = @1/A1 and F, holomorphic in D.
In particular, (6) becomes

Aoo > [Hool” + Aoo ool -

As for the one-dimensional case, the study of the orbits of ¢ done in [5] require some
regularity assumptions on . Recall that Wolff’s lemma says that, for any (w, z) € Ho,

R(D1(w, 2)) — [@a(w, 2)[* > R(w) — |2
Definition 3.6. We say that ¢ satisfies the strong Wolff’s condition if
Moo > [Hool® + Ass| oo
and there exists 0 > 0 such that for any (w, z) € Hy,
R(P1(w, 2)) — [@a(w, 2)|* > R(w) — |2|* + 6.
To study the spectrum of W, ¢, we will need the following estimates on (w(n), z(n)).

Lemma 3.7. Let ¢ € (0,1), and assume that ¢ € D(ey) is parabolic diagonalizable
and that o satisfies the strong Wolff condition. There exist a € C* and a sequence of
complex numbers (a,) such that for any compact K C Hy, there exist C(K) satisfying,
for all (w,z2) € K, for alln > 1,

|lw(n) —nal < C(K)log(n+1)

()| < CE)

C’(nK) log(n + 1).

n2

Q

2(n) — an| <

Proof. The two first inequalities already appear in [5] (see Lemma 5.4 and the discussion
after Lemma 5.3). For the third one, we shall need that our assumptions on ¢ ensure
that on H,, we can write

b 2P
q)2(w7 Z) HocZ + ? +p+Zq:2 mFZMI(wa Z) + 5(11), 2)7

q>0
with b,0,, € C, |F, ,(w,2)| S 1, [6(w, 2)| < ‘w‘++5 and |pe| < 1 (see [5, p. 811]).
If we iterate this, then we find

) = | 2+ X | T 2 T e a8 20 + (). (0
k=0 "¢ p+q= 2

Now the known estimate on w(k) implies that

1 I S C(K)log(k+1)
Wl +1 kat1|= 2 ‘




PARABOLIC AND HYPERBOLIC WEIGHTED COMPOSITION OPERATORS 21

Taking into account the estimate on |z(k)| we get for p + q¢ = 2,
2 (k) C(K)
(w(k)+1)7| — k2~

Setting
=b
Hoc kzo pl( ka +1

we infer the result from the estimate

n—1

> e S s =
oo "R+ 1) ™ o]0

We are now ready to state the theorem regarding the spectrum of W, ¢.

Theorem 3.8. Let e € (0,1), and assume that p € D(ey) is parabolic diagonalizable,
and that o satisfies the strong Wolff condition. Let m € Hol(By) be such that

m(w, z) = m(er) + A(w, z),
with m(ey) # 0 and, for any (w, z), (w',2") € U N By,
[A(w, 2) = Aw', 2)] S [l(w, 2) = ex| 2 + [, 2) = ex|F0 + [[(w, 2) = (', 2) |27,
with 6 > 0 and U a neighbourhood of e;. Then o,(W, o) = C*.

Proof. We follow eactly the proof of Theorem 3.5, using now the estimates coming from
Lemma 3.4 which yield
1+ |z(n)? <1
lw(n) + 112 ~ n*’
w(n) = wo(n)] __ log(n)
lw(n) + 1| - |wo(n) + 1| ~ n2 ~
z(n)  z(n) < log(n)
wn)+1  we(n)+1|~ n2 =
We conclude the proof thanks to Lemma 1.1 and [5, Theorem 5.1] which asserts that
O'p(Cq>) = C*. ]

3.4. Hyperbolic symbols and vanishing weights. We now consider the case where
the weight vanishes at the Denjoy-Wolff point. It turns out that the situation becomes
much more complicated than in the disc and that, even for very simple symbols and
multipliers, the point spectrum can be empty. We provide an example on Hs.

Example 3.9. Let ®(w, z) = (2w, z) and m(w, z) = (Whe) =2.

Proof. Suppose that f is a nonzero eigenvector of W,, ¢ corresponding to A # 0. For a
fixed w with R(w) > 0, z — f(w, 2) is analytic in |z|*> < R(w). Therefore we can write

it flw,z) =350 an(w)2".
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Evaluating mf o ® = A\f at (w,0), we find f(w,0) = 0 thus ap(w) = 0. Now the
relation mf o ® = A f also implies that for all n > 0,

an(2w)
\ay, = :
(1 (w) w1l
which in turn yields a,(w) = 0 for all n € N and all w € C with R(w) > 0. Therefore
f =0, a contradiction. 0

Observe that the previous weight has a very simple expression on By: m(w, z) = z.
This is one of the easiest example of a weight vanishing at e; !

Nevertheless, we will be able to get positive results. We did not look for the most
general statement, and we will only handle the case where m is a polynomial vanishing
at e; with no linear term in z, and with a nonzero linear term in w — 1.

Theorem 3.10. Let ¢ € D3(e1) be a hyperbolic map with a Denjoy- Wolff point at e .
Let m : By — C be a polynomial writing

m(w,z) =w—1+ Z apq(w — 1)P21.

pt+q=>2

Then, o,(Wp,,) = C*.
Proof. We move on the Siegel half-space Hy and show that, for

(w, 2) 1 i 21
m(w, z) = —— R Evl
w1 p+q=>2 (w + 1)17 !
then o,(W,,s) = C*. First, we focus on the case Aoy > |tioo|?. We will use some results
of [5], in particular Lemma 4.2, Lemma 4.4 and Proposition 4.5. Let us review this

material. For M > 0, we set

] 1
Ly = e H, : > M and < .
M {(w,z) 23wl an lw 4+ 1]1/2 7~ log |w + 1]

There exist x € (0,1) and M > 0 such that

o Ly is ®-stable,
« For each compact set K C Hy, for each (w,2) € K,

P
(7) lw(n) + 1| S

» For each compact set K C Hy, there exists ng € N such that (ID["O](K ) C Ly,

« For each compact set K C Hp, for all (w,z) € K, |w(n)| 2 A%, as proved in |5,
Proposition 4.5] or [11, Lemma 2.4]),

o There exists £ : Hy — H holomorphic such that on L/,

Eo®=\,F and |E(w,z)—w| <|2>+ |w+ 1Y%

That E maps Hy into H is not written explicitly in [5], but this follows from the
definition of E as the limit of w(n)/A\%.
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We set m; = mE, and first show that o,(W,,, ¢) = C*. Arguing as in the proof of
Theorem 3.2, it is enough to prove that > |mq(w(n), z2(n)) — 1| converges uniformly on
each compact set K C H,. We may even assume that K C Lj,;. We write

patoto), oo 1] < [ELEOD | 57 g, | E e

On the one hand, using (7),
’ E(w(n), z(n))z(n)? K"
(w(n) + 1)p+q ~ |w(n) + 1|p+%—1’

For p +¢ > 2, we deduce p+ 4 —1 > 0 and this gives rise to a convergent series. On
the other hand,

’Ew(n),z(n» ) 1‘ 3 ‘Ew(n),z(n)) —w(m)| 1
w(n) + 1 ~ w(n)+1 A
()] + w) + 112 1

s ( w(n) + 1 Azo)

1
< K24 —)
( W

and we also obtain uniform convergence of the induced series.
Finally, we show that o,(Wg-14) NC* # @. But as in the one-dimensional case, it is

easy to check that f = exp(plog? F) is an eigenvector of Wg-1¢ for p = —1/2log(A).

We turn to the case |jios|” = Moo, which is simpler (since it implies that 7., = 0).
From [11], in particular Proposition 2.1 and Lemma 2.4, we know that

e There exists F : Hy — H such that
Eo®=)E, |Ewz2) —w <|w forall we H,.
o For all compact sets K C Hy, for all (w,z) € K,
()] S leel™ = N2 and fw(n)| 2 AL

This comes from the fact that w(n)/A% and z(n)/uZ converge uniformly on com-
pact subsets of Hy to a holomorphic function and that E, which is the limit of
w(n) /A%, does not vanish.

Hence, if m; = mFE, we obtain
E(w(n), 2(n))z(n)?
(w(n) + 1)p+a

o). 2(0)) = 1 < [EE) 4 5 g

w(n) t p+q>2

1 1
~ )\%2 + )\g(gprq/?)’

and we conclude as above. O
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Open question. What happens if the symbol ¢ is parabolic and the weight m does
vanish at the Denjoy-Wolff point 7
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