N
N

N

HAL

open science

Unrestricted virtual braids and crystallographic braid
groups

Paolo Bellingeri, John Guaschi, Stavroula Makri

» To cite this version:

Paolo Bellingeri, John Guaschi, Stavroula Makri. Unrestricted virtual braids and crystallographic
braid groups. Boletin de la Sociedad Matematica Mexicana, 2022, 28 (3), pp.63. 10.1007/s40590-

022-00454-3 . hal-04468739

HAL Id: hal-04468739
https://hal.science/hal-04468739

Submitted on 15 May 2024

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-04468739
https://hal.archives-ouvertes.fr

arXiv:2202.13792v1 [math.GR] 28 Feb 2022

UNRESTRICTED VIRTUAL BRAIDS AND CRYSTALLOGRAPHIC BRAID
GROUPS

PAOLO BELLINGERI, JOHN GUASCHI, AND STAVROULA MAKRI

ABSTRACT. We show that the crystallographic braid group By /[P,, P,] embeds naturally in the group
of unrestricted virtual braids UV B,,, we give new proofs of known results about the torsion elements
of By /[Pn, Pr], and we characterise the torsion elements of UV B,,.

1. INTRODUCTION

Let n > 1. The group of unrestricted virtual braids, denoted throughout this paper by UV B,
was introduced by Kauffman and Lambropoulou in [22] as the analogue of fused links in the setting
of braids. The classification of fused links is now well known. Such links are distinguished by their
virtual linking number, see for instance [25], where they are considered as the closure of unrestricted
virtual braids, as well as [1] for their classification in terms of Gauss diagrams. Unrestricted virtual
braid groups occur as natural quotients of virtual and welded braid groups. They appear for instance
in [20] in the study of local representations of welded braid groups, where they are called symmetric
loop braid groups, and they may be decomposed as a semi-direct product of a right-angled Artin group,
which is in fact the pure subgroup UV P, of UV B,,, by the symmetric group S, [3]. The main aim of
this paper is to characterise the torsion elements of UV B,, using this decomposition, namely to show
that any element of finite order is a conjugate of an element of S,, by an element of UV P,.

The structure of this paper is as follows. In Section 2, we give presentations of the virtual braid
groups V By, of the welded braid groups W B,,, and of UV B,. In this way, UV B,, may be viewed
as a quotient of both VB, and WB,,. We also recall two important results of [3] that describe the
structure of the pure unrestricted virtual braid group UV P, as a direct sum of copies of the free
group F» on two generators, which as mentioned above, allows us to decompose UV B,, as a semi-direct
product of UV P, and S,, in a natural way. A similar decomposition holds for V' B,, and W B, but
the canonical homomorphism n: B, — UV B,,, where B,, is the Artin braid group, is not injective,
which is in contrast with the nature of the corresponding homomorphisms for VB, and WB,. In
Section 3, we study the image of 7, and in Proposition 3.1, we prove that it is isomorphic to the
quotient B, /[Py, P,], where P, is the pure Artin braid group, and [P, P,] is its commutator subgroup.
This quotient has been the subject of recent study, one of the reasons being that it is a crystallographic
group [16-18]. The results of [16] have been generalised to quasi-Abelianised quotients of complex
reflection groups [4,24], and to surface braid groups [19]. This enables us to give an alternative proof
in Proposition 3.5 and Remark 3.6 of the fact that B,/[P,, P,] embeds in the semi-direct product
P, /[P, P,] ¥ S,. In the final section of the paper, Section 4, we study the torsion elements of UV B,,.
We apply the embedding of Proposition 3.1 to give a new combinatorial proof in Theorem 4.1 of the
fact that there are no elements of even order in B, /[P,, P,], and in Theorem 4.3, we characterise the
torsion elements of UV B,, by showing that every such element is conjugate to an element of .S, by an
element of UV P,,. To our knowledge, it is not known whether a analogous result holds for V' B,, and
WB,.
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2. UNRESTRICTED VIRTUAL BRAIDS

In order to define unrestricted virtual braid groups, in this section we recall first the notions of
virtual and welded braid groups by exhibiting their usual group presentations.

Definition 2.1. The wirtual braid group V B,, is the group defined by the group presentation:

Generators: {0q,...,0,_ 1,015+ Pn_1}
Relations:
0;0;110; = 0;,10;0;,1 fori=1,...,n—2 (BR1)
0,0, =0,0; for |t —j| > 2 (BR2)
PiPit1Pi = Pit1Pi Piy1 fori=1,...,n—2 (SR1)
PiPj = PjP; for |i — j| = 2 (SR2)
pr=1 fori=1,...,n—1 (SR3)
0iPj = PjT; for [i —j| = 2 (MR1)
PiPit19; = Oip1Pi Pit1 fori=1,...,n—2. (MR2)
J

A diagrammatic description of generators and relations of V' B,, may be found for instance in [2,5,21
For a topological interpretation, we refer the reader to [10], and for an algebraic one (in terms of actions
on root systems) to [6]. Note that the relations (BR1)—(BR2) (resp. (SR1)—(SR3)) correspond to the
usual relations of the Artin braid group B, (resp. the symmetric group S,) for the set {oy,...,0,_1}
(resp. for the set {p;,...,p,_1}), and the remaining relations (MR1)-(MR2) are ‘mixed’ in the sense
that they involve generators of both of these sets.

Recall that the pure braid group P, is the kernel of the homomorphism n: B, — S,, defined on
the generators oy,...,0,_; of B, by m(0;) = s; for all i = 1,...n — 1, where s; is the transposition
(4,74 1). Analogously, we define the virtual pure braid group, denoted by V P,, to be the kernel of the
homomorphism myp: VB, — S, that for all « = 1,2,...,n — 1, maps the generators o; and p, to
s;. A group presentation for V P, is given in [2]. Let ¢: S, — V B,, be the homomorphism defined
by u(s;) = p; for i =1,...,n — 1. Since ¢ is a section for myp, it follows that ¢ is injective and that
V B, is a semi-direct product of V P, by S,. The canonical homomorphism n: B, — V' B,, defined
by n(o;) = o; for i =1,...,n — 1 is injective [5,15,21].

The welded braid group W B,, may be defined as a quotient of V B,, by adding the following family
of relations to the presentation given in Definition 2.1:

PiOiy10; = 04410 Pig1, fori=1,....n =2, (0C)

where OC stands for ‘Over Commuting’ Welded braid groups have several different equivalent defini-
tions [11]. In particular, they may be defined as basis conjugating automorphisms of free groups [14],
from which it follows that the homomorphism n: B,, — W B,, defined by n(0;) = o; fori=1,... ,n—1
is injective [21]. As in the case of virtual braid groups, the welded pure braid group, denoted by W P,,
is defined to be the kernel of the homomorphism myp: W B, — S, given by sending the generators
o, and p; of WB,, to s; for all ¢ = 1,2,...,n — 1. A group presentation for W F, may be found
n [8,11,26]. Abusing notation, we define ¢: S,, — W B, to be also the homomorphism defined by
(si) =p; fori=1,...,n—1. Asin the virtual case, ¢ is a section for my p, and therefore ¢ is injective
and W B, is a semi-direct product of W P,, by S,,. Note that the symmetrical relations:

Pit10i0ip1 = 0; 0 p;; fori=1,...,n =2, (UC)

where UC stands for ‘Under Commuting’, do not hold in W B,, (see for instance [7,21]). Consequently,
the following group, which was first defined by Kauffman and Lambropoulou in [22], is a proper quotient
of WB,.

Definition 2.2. The unrestricted virtual braid group UV B, is the group defined by the following
group presentation:
Generators: {0q,...,0,_ 1,015 -+sPn_1}
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Relations: the seven relations (BR1)-(BR2), (SR1)—(SR3) and (MR1)-(MR2) of Definition 2.1, plus
the relations of types (OC) and (UC).

As in the case of VB, let myyp: UVB, — S, be the homomorphism defined by myp(o;) =
muvp(pi) = s; for i = 1,...,n — 1. The kernel of myyp is the unrestricted virtual pure braid group,
denoted by UV P,. For 1 <i,j < n, ¢ # j, we define the elements \; ; of UV P, as follows:

)\i,i-i—l:[)io'i_l forz':l,...,n—l
)\i+1,i:J;1pi fori=1,...,n—1
Aijj = Pj—1Pj—2 " Pir1Niit1Pit1 - Pj—2pj—1 for 1 <i<j—1<n-—1
Aji = Pj—1Pj—2" " Pit1Nit1,iPig1 - Pj—2pj—1 for 1 <i<j—1<n-—1

(1)

Theorem 2.3 (Bardakov—Bellingeri-Damiani [3]). The group UV P,, admits the following presentation:
Generators: N, j, where 1 <1i,j <mn, i # j.
Relations: The generators commute pairwise except for the pairs \; ; and X\j; for all1 <i,5 <n,i # j.

It follows from Theorem 2.3 that the group UV P, is a right-angled Artin group that is isomorphic
to the direct product of the n(n — 1)/2 free groups F; ; of rank 2, where 1 < ¢ < j < n, and where
{Nij, Aji} is a basis of Fj ;. By convention, if 1 < 4,5 < n then we set F;; = F; ;. As for VB, let
t: S, — UV B,, be the homomorphism defined by ¢(s;) = p; for i =1,...,n — 1. Then ¢ is injective,
and is a section for 7y p. This leads to the following natural decomposition of UV B,,.

Theorem 2.4 (Bardakov—Bellingeri-Damiani [3]). The group UV B,, is isomorphic to the semi-direct
product UV P, X S,,, where S, acts on UV Py, by permuting the indices of the elements of the generating
set of UV P, given in Theorem 2.3. More precisely, for all \; j € UV P,, where 1 <i,j <mn, i# j, and
for all s € S,, we have:

() iy t(8)™E = Asgiy,st)- 2)
3. CRYSTALLOGRAPHIC GROUPS

As we mentioned in Section 2, the Artin braid group B,, embeds naturally in V B,, and W B,, via the
injective homomorphism 7 defined in each of these two cases. However this is no longer the case for the
canonical homomorphism n: B, — UV B, defined by n(c;) = o; for i = 1,...,n — 1. In this section,
we show that the image of B,, under the homomorphism 7 is isomorphic to the quotient of B, by the
commutator subgroup [P,, P,]. This quotient was introduced by Tits in [27] as groupes de Cozxeter
étendus, and has been studied more recently by various authors (see for example [4,13,16-18,24]).

Proposition 3.1. Let n: B,, — UV B, be the canonical homomorphism defined by n(c;) = o; for
1<i<n-—1. Then n(By,) is isomorphic to the group By /[Py, Py].

Proof. Consider the homomorphism n: B, — UV B,,. Since P,, = Ker(r) (resp. UV P,, = Ker(myyp)),
where 7: B, — S, (resp. myyp: UVB, — S,,) is defined by w(0;) = s; (resp. myyp(o;) =
muvp(pi) = s;) forall 1 <i < n-—1, it follows from the definition of : B,, — UV B,, that 7 = wyy pon,
and thus m = myyp ‘n(Bn) omn. Since 7 is surjective, the homomorphism 7y p ’n(Bn) : n(By) — Sp
is too. From the equality m = nyyp o, we obtain the following commutative diagram of short exact
sequences:

1 P, B, —— S, 1
l"ﬂPn lﬁ ‘ (3)
l1—— UVP, — UVB, Y& 3, 1.

We claim that n(P,) = Ker(myyp }Tl(Bn))' To prove the claim, the exactness of (3) implies that

n(P,) C Ker(myyp ‘U(Bn) ). Conversely, let x € Ker(myyp ‘W(Bn))' Then z € n(B,,), and there exists
y € By, such that n(y) = x. The commutativity of (3) implies that y € P,, and so z € n(P,), so
Ker(myyp ‘T](Bn)) C n(P,), and the claim follows.
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Considering 1 and its restriction to F,,, we obtain the following commutative diagram of short exact
sequences:

1 1
1 — s Ker(n|p,) P, M, (P —— 1
U (4)
1 — Ker(n) B, n(B,) — L.
T WUVP’n(Bn)
Sh Sn
1 1

Note that the exactness of the rightmost column of (4) follows from the claim of the previous paragraph.
By a standard diagram-chasing argument, we conclude from (4) that Ker(n) = Ker(n|p, ). Applying the
isomorphism UV B,, 2 UV P,, x S, of Theorem 2.4 and using equation (1), we see that n(o;) = )\;ilJrlpi.
Recall that the pure braid group P, is generated by the set {a;; | 1 <i < j < n}, where:

2
Qi i+1 = 0y,
_ 2 -1 -1 -1 . .
az‘J’ — 0'.]710']720'24»10'20'2_’_1 "'Uj_QUj_l, fOI‘ 2+ 1 < j S n.

In [3, Corollary 2.8] it was shown that n(a;;) = )\;jl)\jj for 1 <i+4+1 < j < n. From the
construction, we deduce that [P,, P,| is contained in Ker(n|p, ). Further, n(P,) is isomorphic to
P[Py, P,] = Z""=1D/2 (sce [3, Corollary 2.8]). It follows that [P,, P,] coincides with Ker(n |p, ). The
statement follows by combining this with the fact that Ker(n) = Ker(n|p, ) and using the exactness

of (4). O

Remark 3.2. We can rephrase Proposition 3.1 by saying that the canonical homomorphism n: B,, —

UV B,, factors through an embedding of B, /[P,, P,] into UV B,,. On the other hand, by [9, The-

orem 2.5|, the canonical homomorphism from B, to VB, induces an embedding of B,/[P,, P,| in
VB,/|VP,,VP,]. Since VB,/[VP,,VP,] is isomorphic to UV B, /[UV P,, UV P,] [9, Theorem 4.1],

the canonical homomorphism B,, to UV B,, gives rise to an embedding of the quotient B, /[P,, P,] in
UVB,/[UVP,,UV P,]. We therefore conclude that the composition of the embedding of B,,/[P,,, P,,] in

UV B,, defined in the proof of Proposition 3.1 and the canonical projection ¢,,: UV B, — UV B, /[UV P,,UV P,
is also injective.

We recall that an abstract group I is said to be crystallographic if it can be realised as an extension of
a free Abelian subgroup of I" of maximal rank by a finite group [12, Theorem 2.1.4]. Using the following
result, in [16], Gongalves—Guaschi-Ocampo proved that the group B, /[Py, P,] is a crystallographic
group.

Proposition 3.3 (Gongalves—Guaschi-Ocampo [16]). Let n > 2. Then the following sequence:

, (5)

~

1 2002 B[P, P~ Sy —— 1

is short exact, where T is the homomorphism induced by m: B, — S),.

Note that the sequence (5) does not split [13,16]. It follows from Propositions 3.1 and 3.3 that
the group n(B,,) is a crystallographic subgroup of UV B,,. We remark also that Im(n) is not normal
in UV By, and that the normal closure of Im(7n) is of index 2 in UV B,,. This follows from the fact
that in the quotient of UV B,, by Im(n), the generators p; are identified to a single element due to
relations (OC) and (UC) of Definition 2.2. The group UV B,, contains other crystallographic groups
of rank n(n — 1)/2 that are not isomorphic to n(B,). One such example is given in the following
proposition that is a straightforward consequence of Theorems 2.3 and 2.4
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Proposition 3.4. Let C,, be the subgroup of UV B,, generated by {)\m)\;’il} for 1 <i<j<nand by
pi fori=1,... n, and let H, be the subgroup of C,, generated by {)\,j)\;}} for1 <i<j<mn. The
restriction of myyp to Cy defines the following split exact sequence:

TUvP ‘

1 H, C, S, 1,

In particular C,, is crystallographic.

Proposition 3.5. Let H, be the subgroup of UV B,, defined in the statement of Proposition 3.4, let
(H,)) its normal closure in UV By, and let {x; ;}1<i<j<n be a set of generators of Z""=1/2,

a e quotient n n)) 18 tsomorphic to the semi-direct product - X Sn, where for any
Th UVB,/{H, h h d duct Z"=D/2 % S, where f
s€8Sp, s x5 = Ts(4),5(5) where we take x; j = ;.
etf: B, — n n)) be the composition of n : B, — n and the projection n —
b) Letf: B UV B,/{Hy,) beth fn:B UVB d th UVB
UV B, /{(Hy)). The group 0(By,) is isomorphic to By, /[Py, Pp].

Proof. Part (a) follows from Theorems 2.3 and 2.4 that imply that UV B,,/(Hy)) = UV P, /{(Hpy)) % Sp.
The identification A; ; = \;; for ¢ # j implies that UV P,/H, = Z""=1/2 and it also defines the
induced action of S,, on this quotient. The proof of Proposition 3.1 can be adapted to prove part (b) (the
image of P, by 0 is a free Abelian group of rank n(n—1)/2, and is thus isomorphic to P, /[Py, P,]). O

Remark 3.6. The quotient UV B,,/((H,)) coincides with the semi-direct product considered in [27,
Section 2.7] and in the Remark following [23, Proposition 5.12]. Thus Proposition 3.5 yields a new
proof of the fact that the crystallographic braid group B, /[P, P,] embeds in the semi-direct product
202 3, 5,

4. TORSION ELEMENTS OF UV B,,

Let n > 3. In [16], it was shown that B,,/[P,, P,] has torsion, but that it possesses no elements of
even order. Viewing B,,/[P,, P,] as the subgroup Im(n) of UV B,, via Proposition 3.1, we may give an
alternative proof of this latter fact. We do this by first characterising the elements of UV B,, of order
2, and then showing that these elements do not belong to Im(n).

Theorem 4.1. Let n > 3.

(a) An element v € UV B,, is of order 2 if and only if there exist p € Im(t) of order 2 and g € UV P,
such that v = gpg~'.
(b) The elements of order 2 of UV B,, do not belong to Im(n). In particular, By,/|Py, P,] has no

elements of even order.

Proof. Let n > 3.

(a) First observe that the given condition is clearly sufficient. Conversely, suppose that v € UV B,, is
of order 2. Identifying UV B,, with the internal semi-direct product UV P,, x Im(¢) using Theorem 2.4,
there exist unique elements w € UV P, and p € Im(¢) such that v = wp, and the pair (w, p) is non
trivial. Further, the fact that UV P, is torsion free implies that p # 1. Since v is of order 2, we have
1 =22 = (wp)? = w. pwp~!. p?, where w. pwp~t € UV P, and p? € Im(v), from which we deduce using
Theorem 2.4 that p is also of order 2. Hence myyp(p) € Sy, is also of order 2, and thus may be written as
a non-trivial product of disjoint transpositions. So there exists 7 € Im(¢) such that 7y p(rpr~!) = 0,
where o0 = (1,2)(3,4)--- (m,m + 1), and 1 < m < n—1is odd. Setting v = 77!, @ = Twr!
and p = 7p7 !, it follows that ¥ = wp, where v € UV B, is of order 2, @ € UVP,, p € Im(:) is
of order 2, myyp(p) = o, and w.pwp ' = 1. For 1 < i < j < n, let mij: UVP, — F;; denote
the projection of UV P,, onto Fj; (see Theorem 2.3 and the comments that follow it). Applying (2),
we observe that conjugation by an element of UV B,, permutes the {F; ;}i<i<j<n. Let T denote the
subset of n(n — 1)/2 transpositions of Sy, and let T, = {(i,i +1) € T | i € {1,3,...,m}}. Then
the subgroup (o) of S,, of order 2 acts on T by conjugation, and if 1 < i < j < n, the orbit O(i, j)
of (i,7) is equal to {(7,7),(o(i),0(j))}, which is equal to {(i,7)} if and only if either (i,j) € T, or if
m+2 < i< j <mn, and contains two elements otherwise. Further, for all 1 <1i < j <mn, o(i) < o(j)
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if and only if (i,7) ¢ T,. Let T be a transversal for this action of (o) on T. Using Theorem 2.3, we

obtain:
w=]] I weaOes M), (6)
(4,0)eT (k,1)€O(4,5)
where wy; = w1 (Mg, \ig) € Fi, and this decomposition is unique up to permutation of the factors.
So:

1=w.pwp ' = ( 11 11 wk,l()‘k,ly)\l,k)) ﬁ( II 11 wk,l()‘k,h)\l,k)) p!
) (

(4,5)€T (k,1)eO(4,j 4,J)€T (k,1)eO(i,5)

:( 11 11 wk,l()\k,h)\l,k)) ( 11 11 wk,l()‘o(k),o(l)a)‘o(l),o(k)))
(4,9)

(4,9)€T (k,1)eO (4,7)€T (k,1)eO(i,5)
= ]I T weans M) Wo i) .o) (Mits M) (7)
(4,7)€T (k,1)eO(i,4)
where we have used the fact that o? = 1. Note also that if (4,7) € T, then j = o(i) > o(j) = 1,
and in this case, any term of the form w, ;) »(j)(Aij, Aji) in (7) should be interpreted as w; ;(Aji, Aij)-
The expression (7) is written with respect to the direct product structure of UV P,. It follows from
Theorem 2.3 that w; (i j, Aji) Wo(i)o(j) (Nijs Aji) = 1 for all 1 <7 < j <n, and hence:

Wo(i),0() Aa(i)o(i) Ao(i)o@) = Wig Aol)o()s Aoli)ol))- (8)

Suppose that (i,5) € T,. Then w;;(Nij, Aji)-wi (N Aij) = 1. Writing a = X;;, b = Aj; and
w; j(a,b) = akrpf . gkfmpln where m > 0, k1,01, ... kmylm € Z and 1y, ..., ky # 0, it follows from
the relation w; j(a,b).w;;(b,a) = 1 that j, = —kmy1—q for all ¢ = 1,...,m. Taking y; (a,b) =

aFrp=hm .. gFmi2p=Rme2/2 (vesp. y; j(a,b) = aFbFm ... gRon-n/2p7Rent9) /2Rt /2) if m is even (resp.
Odd), we see that wm(a, b) = ym(a, b)y;jl (b, a). Thus wi7j()\,~7j,)\j7i) = yi7j()\i7j,)\j7i).ygjl()\j7i,)\i7j).
Setting z; j = w; ; if (i,4) ¢ T, and z; j; = y; ; if (i,7) € Ty, it follows from (6) and (8) that:

v =wp = ( 11 Zi,j(Ai,j,Aj,i)zi_,jl(Aj,i,Ai,j)) p- (9)
(i,9)ET

Now the terms z; ;(\;;,Aji) (resp. Zi_?jl()‘j,iu)‘i,j)) appearing in (9) commute pairwise, and setting

g= H(i,j)ET Zi,j()\i,j7 )\j,i) € UV F,,, we obtain:

5:( II Zz;j(/\z;jﬂm)) ( I1 Zz'_,jl(/\j,i,&,j)) p=39pg "
(4,9)eT (4,9)eT

1 1

Hence v = 77197 = gpg~ !, where p € Im(¢) is of order 2 and g = 7-'gr € UV P,, which proves that
the condition of part (a) is also necessary.

(b) We start by characterising the elements of Im(n). Let v € UV B,,. Then nyyp(v) € Sy, and so
muve(v) = si -+ i, where r > 0, and for all j = 1,...,7, s;; € {(k,k+1) | k=1,...,n—1}. Hence
v = wp, where w € UVP, and p = «(ryyp(v)) = piy - pi,.. Let B = 04, -+ 04, € By. Then by (1),
we have n(8) = 0y, -+ 0y, = A;}i1+1pil . )\;}irﬂpir =ypi, -+ pi, = yp € Im(n), where y € UVP,. Tt
follows that:

v € Im(n) <= (n(8))"'v € Im(n) <= p~ 'y~ 'wp € Im(n).

Now y~'w € UVP,, so p~ly twp € UV P,, and it follows that v € Im(n) if and only if p~ty~lwp €
n(P,). From Section 3, P, is generated by the set {a;; | 1 <1i < j < n}, and since n(a;j) = )\;jl)\jfil
for all 1 < i < j < n, we see that v € Im(n) if and only if p~'y~twp belongs to the free Abelian
subgroup I' of UV P, of rank n(n —1)/2 generated by the set {)\;]1)\;3 | 1 <i<j<n}. Inparticular,
if1<i<j<nande;;: UVP, — Z denotes the evaluation homomorphism defined by &; ;(Az;) =1
if {k,i} = {i,7} and €; j(Ag;) = 0 otherwise, where 1 < k,l < n, k # [, then ¢; ;(I') = 27Z for all
1<i<j<n.

1
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Now suppose on the contrary that Im(n) possesses an element v of order 2. From part (a), there exist
g € UV P, and p € Im(¢) of order 2 such that v = gpg~—!. Then 7y p(p) is also of order 2, and so may
be written as a non-trivial product of transpositions whose supports are pairwise disjoint. So there
exist 1 <r <n/2 and distinct elements i1, ji, ..., 4, j. of {1,...,n} such that ix, < jp forall 1 <k <r
and p = ¢((i1,51) - (ir, jr)). Let 7 € Im(:) be such that myyp(rpr=t) = (1,2)---(2r — 1,2r), let
p=rT1pr! €Im(), let 7 € B, be such that 77(?) = mgyp(7), let B = 0105+ 09,1, and let § = 77157
Then p = p1p3---p2r—1 and n(B) = 0103 CO9p—1 = )\i%)\ii---)\grl_mrp by (1) and Theorem 2.3.
Since v € Im(n), it follows that (p(3))~!.v € Im(n). Hence:

m(B) " v =G n(F)nE o120 - Az adi 20 (7). gpg (10)
Now using (3), we have gy p(n(7)) = 7(7) = myve(T), so:
DT Aor—120 - A3 ad20(T) = iy, -+ iz g N o (11)
It follows from (10) and (11) that:
0(B)) o =nE ) 0@)p 0 i Ao N a0 909

(7~
=0 )P )N AjnisAj i 909 (12)
Since myvp(n(7)) = 7(T) = myve(7), there exists z € UV P, such that 1(7) = 7z, and hence:

mB) o= e e N Ajnia NP g0 g

=2 L e N A Ajri 0 P9 (13)
The expression on the right-hand side of (13) is written as a product of elements of UV P,,, which we
will now project onto Fj, j,. Let a( Ay j1s Ajpir) = Ty i (2) et B(Niyjys Ajiyin) = iy 51 (9). Using (2) and
the fact that myyvp(p) = (i1,41) - - - (ir, Jr), by (13), we have:

Tir i (0(B) 7 0) = (@(iy s Agrin)) ™ @nins M) Ajria- B A )+ (B s Ajrin)) ™
from which it follows that e, j,(7(8))"'.v) = 1. We conclude from the previous paragraph that

n(B))~!.v ¢ I, and thus v ¢ Im(n), which yields a contradiction. Therefore Im(n) contains no elements
of order 2, and we deduce from Proposition 3.1 that B,,/[P,, P,] has no elements of even order. ]

Proposition 4.2. If n > 3 then any torsion element of UV B,, belongs to the normal closure of Im(¢)
in UV B,.

Proof. From Definition 2.2, one may check that the quotient of UV B,, by the normal closure of Im(z)
in UV B,, is isomorphic to Z. If g is a torsion element of UV B,,, its image in this quotient is thus
trivial, in other words g belongs to the normal closure of Im(:) in UV B,,. U

One may show in the same manner that the statement of Proposition 4.2 also holds for V B,, and
W B,,. In the case of UV B,,, we may strengthen the results of Theorem 4.1(a) and Proposition 4.2.

Theorem 4.3. Let n > 2, and let w be a torsion element of UV B,, of order r. Then there exists
Sw € Sy of order r such that w is conjugate to 1(s,) by an element of UV P,.

Before proving Theorem 4.3, we define some notation, and we make study the action of the symmetric
group S, on the group UV P, that will used in the proof. If 7 € S,,, let Supp(7) denote its support.
Let s € S, let o(s) denote the order of s and let G5 denote the cyclic subgroup of S,, of order o(s)
generated by the element s. By Theorem 2.4, the permutation s acts on UV P, = (\;; | 1 <i# j <n)
by permuting the indices of the elements \; ;. To simplify the notation, if g € UV P, and s € S, we
set s(g) = 1(s)ge(s)™", and we shall identify s with its image ¢(s) in UV B,. Let s = s1- -+ 8505 be

the cycle decomposition of s, where 1 < m(s) < n, and the subsets Supp(si), ..., Supp(s,,(s)) form
a partition of the set {1,...,n} (in particular, some of the Supp(s;), where 1 < j < m(s), may be
singletons).

Let I ={(i,j) | 1 <i# j <n}. The action of G5 on I gives rise to a partition of I in n(s) disjoint
orbits, where n(s) € N, and the cardinality of each such orbit is either the order of one cycle or is the
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least common multiple of the orders of two cycles of s. If (i,7) € I, let O(i,j) denote its orbit, and
let |O(i,7)| denote the cardinality of O(i,j). Clearly, |O(j,7)| = |O(i, )| for all (i,5) € I. Further, if
O(j,1) = O(i,j) then there exist 1 < ¢ < m(s) and p € N such that 4, j € Supp(s,), sh(i) = j and

sb(j) = 14, from which it follows that |O(i, j)| = o(s,) is even, and if (k,l) € I then (k,l) € O(i, j) if and

only if (I, k) € O(i,j). This gives rise to a partition I_IZ(:S%Ok of I, where n(s) € N, that dominates the
partition given by the action of Gg on I, and for k = 1,...,n(s), O is defined by the property that if
(1,7) € I, then (i,7) € O if and only if O = O(4,5) U O(j,7). Note that n(s) is the number of orbits
of the action of G on the set {{i,j} | 1 < i # j < n} of unordered pairs of elements of {1,...,n}.
Since |0(4,7)] = |O(4,J)|, and O(i,j) is even if O(j,i) = O(i,7), it follows that for all 1 < k < n(s),
the cardinality |Ok| of Oy is even, so [Ok| = 2ny, for some ny, € N. Let Fo, = @; j)co, Fij, Where as
in Section 2, we identify F; ; with F};. Then:

UVP,= @ Fo,. (14)
1<k<n(s)
The following lemma is folklore.
Lemma 4.4. Let Fy = Fy(x,y) be the free group of rank 2 freely generated by {x,y}, and let a: Fy —

Fy be the involutive automorphism defined by a(x) = y and a(y) = x. Let w € Fy be such that
wa(w) = 1. Then there exists u € Fy such that w = ua(u™1).

Proof. Let w € F5 be such that wa(w) = 1. If w = 1 then we may take u = 1. So suppose that
w # 1. Since wa(w) = 1, w cannot be written in reduced form as a word starting and ending with a
non-zero power of the same generator. By replacing w by a(w) if necessary, we may thus suppose that
w = a1y .. yfu-1yf2 £ 1 where €1, ¢9,...,e9 € Z \ {0}, and thus:

1= wa(w) — (x61y€2 . x62t71y62t) . ( €182 .., y62t71x82t) e Fg.
#1 #1

It follows that e9;—j = —gj41 for j = 0,...,2t — 1, from which we conclude that w = ua(u~'), where
u =2ty .. y°t. O

In what follows, we shall identify S,, with its image in UV B,, by ¢. In particular, if s € S,,, then ¢(s)
shall be denoted simply by s.

Lemma 4.5. Letn > 2, let s € Sy, let 1 € Fo,, where 1 <1 < n(s), and let w; = ys € UVB,,. If
wy is of finite order then it is conjugate to s by an element of Fp,.

Proof. Let s € S,, 11 € Fo,, where 1 < | < n(s), and w; € UVB, be as in the statement. By
reordering the orbits Oy, ..., Oy, if necessary, we may suppose that [ =1, so 71 € Fo,. The result is
clear if o(w1) = 1. If o(wy) = 2, then by Theorem 4.1(a), there exists g € UV P, such that w; = gsg~*.
With respect to the decomposition (14), let g = d1 - - - d,,(5), where for k = 1,...,n(s), 0y € Fo,. Since

gsg~! = 15, we have:

Y1 = 51 tee 571(5) S (51 e 5n(s))_15_1 = 51 tee 571(5) 561;(13)5_1 te Séfls_l € F(')l. (15)
Now for all k =1,...,n(s), Fp, is invariant under conjugation by s, and identifying the components

of (15) with respect to (14), we see that dx. s8, 's~' = 1 for all 2 < k < n(s), or in other words, d; and
s commute. It follows from (15) that v, = d;. 351_13*1, and thus w; = 118 = 51351_1, where 6, € Fp,,
as required.

So suppose that o(w;) > 3. For all m € N, we have:

wit = (y18)™ = yisyis s s s TS = () -8 ()™ (16)
Since UV P, is torsion free, it follows from (16) that o(w1) = o(s). As we mentioned above, Fo, is
invariant under conjugation by s, so for all j = 0,1,...,m—1, the term s7(y;) = s/v1577 of (16) belongs

to FO1' Let (io,jo) € 01, where 1 < iy < jo < n. IfO(io,jQ) =+ O(jo,io) (resp. O(io,jo) = O(jo,io)), let
e=1 (resp. g = 2) Then |O(ZQ,]0)| = &ny, and |01| = 2711, F(')l = ®(i,j)601 Fl’,j = 692;61 qu(io),sq(jo)’
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and for j = 0,...,n1 — 1, there exists u; € st(i0)78j(j0) such that v; = ug - - - up,—1. Hence ug, ..., up,—1
belong to distinct free factors of UV P,,, so commute pairwise. Further:

sF(uj) € Fitn(io),sith(jo) for all k € Z and j =0,...,m — 1, (17)

where the superscript j + k& is taken modulo ny. In particular, if v € Fiq(iy) sa(j,) for some g =
0,...,m1 — 1, then s"(v) = v (resp. s"(v) = a(v), where a: Fia(ig)sa(jo) — Fea(ip),sa(jo) 1S the
automorphism that exchanges Aga(;y),sa(jo) a0d Aga(jy),sa(ig)> @5 in Lemma 4.4), and thus s (v) = v. It
follows from this, the fact that o(w;) = o(s) and (16) that:

)

= wi = i’“)“(s) = () =57 )™ = () 57 ()15
= (ms(m) -7 ()W
Since UV P, is torsion free, we conclude that v15(7y1) - -- 817 1(y;) = 1. Hence:
’3"1_1(u0 U, 1) = L (18)
Applying (17), and projecting (18) into Fj 2, we see that:

(w

uo .. .unlils(uo .. 'un171) e 8

e—1

e—1
1= T 5™ (o)™ ) -+ 69 ) = [T 7 (g5 () 5™ L ur)). (1)
= i=0
We deduce from (19) (resp. from (19) and Lemma 4.4) that ug = H?;Il sM—J (uj_l) (resp. that there
exists u € Fjo such that uy = ﬂs"l(ﬂ_l)(]_[?lllsm I (u u; 1))) Using the fact that wy,...,un, 1
commute pairwise, it follows that:

Y= tgur o1 = BT (g ) s (up) ) 1o, (20)

where 8 =1 (resp. 8 = us™ (@ ')). In what follows, if a,b € UV B,,, we shall write a ~ b if @ and b
are conjugate by an element of UV P,,. Let us show by induction that:

s~ A5 ugh) - StH(U (t+1)) 8" (Upy—) * Uny—t - ur - (21)
forall t =1,...,ny. If £t =1 then the result follows directly from (20). So suppose that (21) holds for
some 1 <t <n;—1. Let My = H";llsc( ), and for 1 <t < nj — 1, let M; = Hi Lgt= “(tny—t).

C

Note that M; = 1, and that My = 1 if O(ip,jo) # O(jo,%0). By (17), for ¢ = 1,...,¢t — 1,
87 up, 1) € Fni—c(io),sm—e(jo), 50 for 1 < ¢t < ny — 1, the factors of M; commute pairwise, and

M; € @?igllftﬂ Fie(iy),sc(jo)- Thus:

t

-1
Mtltnlt—<]:[5tcumt> Sunlt_<]:[5 n1t> nlt ]___[ nlt (22)

c=1

and since s'(u,,, ;) € Fy, jo and un, ¢ - u1 € D" Fyi(iy).si(jo)> We see that M, s (u,, ;) commutes
with w,,—¢---ui. So by (21) and (22), we have:

18 B () s ()M () g s

t
=B ug ) s (1) Mt tny - <H Sc(ur_nlt)> "8

= Bs™ T ug ) s (un (HS (tny t)“m (t+1) " UL S HS Uni—),  (23)

where we have used the fact that My - up,—+ = [[hey 877 ¢(un,—t). Now by (17), T\, " (un,—¢) €
Dl ¢ Fucio) (o), and since S5~ (uy!) - st“(u € Fijos
commute, and it follows from (23) that:

t
TS (H stc(unl—t)> ﬂsnlil(ul_l) Sest (unl (t—l—l)) —(t+1) UL S H s¢ nl t (24)
c=1

n—(t +1)) we see that these two terms
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One may check that [T._; s'~(un,—¢) is the inverse of [T'Zf s¢(u,,'_;), and using (24), we conclude
that (21) holds for ¢ + 1. Taking ¢t = ny in (21), we obtain 1 - s ~ - s. If O(ig,jo) # O(jo, ) then
B =1, and the statement of the lemma holds in this case. So suppose that O(ig, jo) = O(jo,i0). Then
u € Fyj,, and for ¢ = 1,...,n1 — 1, s9(U) € Fye(jy),sc(jo)- LThus the factors of uMy = H?;Bl s¢(u)
commute pairwise, and hence My 's™ (1) = [I", s(@ ). Tt follows that:

ni—1 ni
Vs~ fBs= ﬁsnl(ﬁ_l) P ﬁMoMo_lsnl(ﬂ_l) - ( H Sc(ﬁ)> (H sc(ﬁ—1)> -8
c=0 c=1
ni—1 ni—1
= ( H sc(ﬂ)> -5 ( H Sc(ﬂ1)> .
c=0 c=0

ni—1 c(~71

Now H?;Bl s°(u) may be seen to be the inverse of ]2, s°(u~"), and therefore v - s ~ s also in this
case, which completes the proof of the lemma. O

This enables us to prove Theorem 4.3.

Proof of Theorem 4.3. Let w € UV By, be a torsion element of order . By Theorems 2.3 and 2.4 there
exist (unique) u € UV P, and s € S, such that w = us. As in (16), we see that u - s(u)---s"}(u) =1
in UVP, and s" = 1. Further, from (14), u = 1Y), where for [ = 1,...,n(s), v € Fo,.
Let I € {1,...,n(s)}. Since Fp, is invariant under conjugation by s, it follows from (14) that
Yis(y1) -+ 8" Hy) = 1 in Fp,. Since ys(vy;) -+ s"~1(;) may also be written as (vs)" using (16), we
conclude from Lemma 4.5 that «;s is conjugate to s by an element of Fp,, or in other words, there exists
A; € Fo, such that v;s = A;-s- Al_l. Let us prove by reverse induction that for all m =1,...,n(s)+ 1:

w = An(s)An(s)—l T Am% o Ym—1°S " ijql T A,:(ls),lA;L(ls) (25)
If m = n(s)+1 then (25) follows directly from the fact that w = us = 71 - - - 7,,(5)*s. So suppose that (25)

holds for some m € {2,...,n(s) +1}. Then using (14) and the facts that v; - - - o € @72 Fo, and
Ym—1 € Fo,,—1, we obtain:

w = Ap(s)An(s) -1 Ayt m—2(me1 - 8) - At AL AT
1 4 —1 —1 -
= M) Mno—1 - Ao y1 - Y2 Aot -5 AL AT AT AT

= An(s)An(s)fl A Am—171 0 Ym—2 - 8 Ar_nlflA;LI T A;(ls)—lAr_L(ls)’
which proves (25) for m — 1. Taking m = 1, we see that w = A-s-A~!, where A = Ay M €UVE,,
and this completes the proof of the theorem. O

Remark 4.6. It is an open question whether a result similar to that of Theorem 4.3 holds for V B,, and
for WB,,.
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