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ON TWO MODULAR GEOMETRIC REALIZATIONS OF AN
AFFINE HECKE ALGEBRA

ROMAN BEZRUKAVNIKOV AND SIMON RICHE

ABSTRACT. In this paper we construct equivalences of monoidal categories
relating three geometric or representation-theoretic categorical incarnations of
the affine Hecke algebra of a connected reductive algebraic group G over a
field k of positive characteristic:
e a category of Harish-Chandra bimodules for the Lie algebra of G;
e the derived category of equivariant coherent sheaves on (a completed
version of) the Steinberg variety of the Frobenius twist GO of G;
e a derived category of constructible sheaves on the affine flag variety of
reductive group which is Langlands dual to G(1).
These constructions build on the localization theory developed in [BMRI,
BMR2] and previous work (partly joint with L. Rider) in [BRR, BR4], and
provide an analogue for positive-characteristic coefficients of the main result
of [Bed]. As an application, we prove a conjecture by Finkelberg-Mirkovi¢ giv-
ing a geometric realization of the principal block of algebraic representations
of G.
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1. INTRODUCTION

1.1. Two geometric realizations of an affine Hecke algebra. This pape
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the third (and last) part of a project started in [BRR] (joint with L. Rider) and
pursued in [BR4], whose goal was to build an equivalence of monoidal categories
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2 R. BEZRUKAVNIKOV AND S. RICHE

between two geometric realizations (or “categorifications”) of the affine Hecke al-
gebra! attached to a connected reductive algebraic group, in the case of positive-
characteristic coefficients, thereby providing a “modular” counterpart to the main
result of [Bed].

Namely, consider a connected reductive algebraic group G with simply-connected
derived subgroup over an algebraically closed field k of very good characteristic
¢ > 0. Fix also a Borel subgroup B C G and a maximal torus T C B. Then the
extended affine Weyl group W is the semi-direct product

W := W x X*(T)

where Wt is the (finite) Weyl group of (G, T) and X*(T) is the character lattice of
T (a free abelian group of finite type). The choice of B determines on this group a
quasi-Coxeter group structure (i.e. W is a semi-direct product of a Coxeter group
by an abelian group acting by Coxeter group automorphisms), and in particular
a length function £ : W — Z>( and an associated Hecke algebra Hw. Here Hw
is a Z[v,v~1]-algebra endowed with a basis (H, : w € W), where multiplication
satisfies
H, -H,=H,, ifyweW satisfy {(yw) = {(y) + {(w)

and the elements associated with simple reflections satisfy the usual quadratic re-
lation.

This algebra appears naturally in two different contexts. First, consider a finite
field Fy of characteristic # ¢ and cardinality ¢, the split connected reductive alge-
braic group Go over Fy which is Langlangs dual to the Frobenius twist G, and
the reductive group Gp, () over the local field Fo((z)) obtained by base change.”
An important result of Iwahori-Matsumoto [IM] states that the Hecke algebra as-
sociated with this group and an Iwahori subgroup identifies with the specialization
of Hw to v = q’%. (The importance of this algebra stems from later results of
Borel [Bo], showing that it “controls” the category of smooth complex representa-
tions of G, .y (Fo((2))) generated by their Iwahori-invariant vectors.) In view of
Grothendieck’s “faisceau-fonctions” dictionary, this suggests that, denoting by F
an algebraic closure of Fy and by G the reductive group obtained from Gy by base
change to F, the category of Iwahori-equivariant constructible sheaves on the affine
flag variety of G (over F) should be considered a categorical incarnation of Hwy.

On the other hand, consider the (Grothendieck—)Steinberg variety St of G. More
explicitly we have

St=g xg- 8
where g is the Grothendieck resolution associated with G, parametrizing pairs
(&, B’) where B’ is a Borel subgroup of G and ¢ is a linear form on the Lie algebra
g of G which vanishes on the Lie algebra of the unipotent radical of B’, and the mor-
phism g — g* is the obvious one. This variety admits a canonical action of G, and

1Technica11y, the categories we consider are rather incarnations of the group algebra of the
affine Weyl group.

2Instead of working over a local field of equal characteristic one can work over any local field
with residue field Fg; the same Hecke algebra plays the same role in this version. The geometric
picture we will consider below is modeled on the case of equal characteristic, which explains our
restriction here. A geometric picture closer to the mixed characteristic setting has been developed
more recently by Zhu and Scholze (among others), and some specialists expect that an equivalence
similar to ours can be developed in this setting; see [ ] for work in this direction. We will
not consider this here.
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an action of the multiplicative group Gy, by dilation along the fibers of the projec-
tion to G/B x G /B. Taking Frobenius twists we obtain an action of G(!) x (G,)™®
on StV so that we can consider the equivariant K-theory KG(I)X(Gm)(l)(St(l)).
This abelian group has a natural structure of Z[v,v~!]-algebra, and a result of
Kazhdan—Lusztig [KI.] and Ginzburg [C(G] (see also [L.u2]) states that there exists
a Z[v,v~1]-algebra isomorphism

KG X Em) Y (g4(1) o 7y

The bounded derived category of G x (Gm)(l)—equivariant coherent sheaves on
St can therefore also be considered a categorical incarnation of Hy.

The main result of this paper is an equivalence of monoidal categories relating
(appropriate versions of) these two categorical incarnations, which adapts a similar
equivalence for characteristic-0 coefficients due to the first author [Bed].

1.2. The equivalence. We continue with our algebraically closed field k, the con-
nected reductive algebraic group G over k (which we no longer assume to have
simply-connected derived subgroup), its subgroups B and T, and the Weyl group
W:. Let also t be the Lie algebra of T. Then there exists a canonical morphism
St — t* x4« w, t*, and we denote by St” the fiber product of St with the spectrum
of the completion of &(t* X« /w, t*) with respect to the maximal ideal correspond-
ing to the closed point (0,0). This scheme is noetherian, and admits a canonical
(algebraic) action of G, so that we can consider the bounded derived category

DPCoh®"” (8t

of GM-equivariant coherent sheaves on StV Standard considerations allow to
construct a monoidal product on this category given by convolution, see [DR].

Remark 1.1. We insist that St” is a plain scheme with an algebraic action of G,
and not a formal scheme.

On the other hand, consider an algebraically closed field F of characteristic p # ¢,
and the connected reductive group G whose Langlands dual over k is G, Let
also T' be a maximal torus in G with a fixed identification X, (T) = X*(T™), and
denote by B the Borel subgroup containing 7' whose roots are the coroots of B().
Then we consider the loop group LG of G, the arc group L™G C LG, the Iwahori
subgroup I C LT G determined by B, and its pro-unipotent radical I, C I. We have
the “extended affine flag variety” Flg := LG/1,, a T-torsor over the usual affine
flag variety Flg := LG/I, and we consider the “completed derived category” Df\u 1.
with coefficients in k in the sense of Yun [BY, Appendix A] associated with this
ind-scheme, the action of I,;, and the stratification given by I-orbits. This category
also has a natural structure of monoidal category.

With this notation introduced one can state the main result of the paper. For
this we assume that, for any indecomposable constituent in the root system of
(G, T), ¢ is strictly bigger than the corresponding bound in Figure 1.1. Under this
assumption, we construct an equivalence of monoidal triangulated categories

(1.1) DPCoh®" (8" M) =D | ;

see Theorem 9.1. This equivalence satisfies various favorable properties, and in
particular a compatibility with the geometric Satake equivalence for the group G
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FIGURE 1.1. Bounds on ¢

(see §1.6 below), where perverse sheaves on the affine Grassmannian are “lifted” to
objects of D\ ; via (a variant of) Gaitsgory’s central functor [C:1].

Remark 1.2. (1) As the reader will notice, for all types except E; and Eg the

bound in Figure 1.1 is the Coxeter number h of the root system; in the latter
cases the bound is A 4+ 1. In the body of the paper we work under slightly
different assumptions, that allow e.g. the group GL,(k) in characteristic £.
See §1.5 below for comments on our assumptions, and §9.4 for a discussion
of the difference between the assumptions in the body of the paper and
those considered here.

The equivalence (1.1) involves on the “coherent” side the scheme st
which is not of finite type over k, and on the constructible side the “com-
pleted” category Df 1,- Once this equivalence is established, one can de-
duce a version which involves only a scheme of finite type and a “usual”
category of constructible sheaves. Namely, consider the bounded derived
category DbCoh/(\;/(l) (StM) of coherent sheaves on St(!) which are supported
scheme theoretically on the preimage of (0,0) € t*(!) X (1) /W t*(1). On
the other hand consider the full triangulated subcategory Dr, 1, of the I,-
equivariant bounded derived category of sheaves on I*:IG generated by ob-
jects obtained by pullback from I,-equivariant complexes on Flg. Then
there exist fully faithful functors

DPCoh$"” (8tM) — DPCoh®™ (st M), Dy

whose essential images are ideals for the monoidal products, and the equiv-
alence (1.1) restricts to an equivalence of monoidal categories

AN
— Dr,1,

wilu

DPCoh$"” (8tMW) ~ Dy 1.

See Theorem 9.3 for details.

Let St’ be the preimage of t* X¢« yw; 10} C t* X yw, t* in St, and consider
the I,-equivariant bounded derived category Di, 1 of k-sheaves on the affine
flag variety Flg. We will also establish a variant of (1.1), in the form of an
equivalence of triangulated categories

DPCoh®"” (S8t'M) = Dy,

which intertwines the actions of the categories in (1.1) on both sides, see
Theorem 9.5. This equivalence also has its counterpart in [Bed]. The
latter paper contains a second variant of (1.1), describing the I-equivariant
bounded derived category of sheaves on Flg in terms of equivariant coherent
sheaves on a certain dg-scheme. We will not consider any version of this
equivalence here. (It is likely that the two variants discussed here, and
many more variants associated to choices of parabolic subgroups, can be
deduced formally from (1.1) once an appropriate oo-categorical framework
has been developed, following the work done in [CD] for characteristic-0
coefficients.)
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1.3. Harish-Chandra bimodule. As explained above, the equivalence (1.1) is a
“modular variant” of an equivalence for characteristic-0 coefficients proved in [Bed].
Technical obstacles prevent us from using the same strategy as in [Be4] (based on
the earlier work [AB] with Arkhipov) in the modular world, so our approach will
be different. It is based on the use of a third monoidal category, which serves as a

kind of bridge between DPCohS"” (St"M) and Df 1,
Namely, consider the algebra
U:=Ug @z, U™

where g is the Lie algebra of G, Ug is its universal enveloping algebra, and Zg, is
the Frobenius center of U/g. Consider also the Harish-Chandra center Zyc of Ug;
then U admits a central subalgebra isomorphic to

Zue @ zpnZne ZuC = Ot /(Wi, @) Xty jwy, t7/ (Wi, 0)).
Here the isomorphism is induced by the Harish-Chandra isomorphism
Zuc 2 O(t*/(Wy, e))
(where e is the usual “dot-action” of W¢ on t*) and the morphism t*/(W¢, o) —
t*(1) /W, is induced by the Artin-Schreier morphism t* — t*(). We will denote
by U990 the tensor product of U with the completion of Znc ®z..nzue Zuc with
respect to the ideal corresponding to the closed point

(0,0) € t7/(W¢, 0) X¢oyw, t7/ (Wi, o).

Then U%0 is a noetherian ring endowed with a structure of algebraic G-module
compatible with the multiplication, and we can consider the category

HC0
of Harish-Chandra modules for this algebra, i.e. finitely generated G-equivariant
U%%-modules such that the differential of the action of G coincides with the restric-
tion of the action of U%? along the morphism Ug — U%? induced by the assignment

r—~2®1—-1®a (x € g). Here again, the bounded derived category DPHCO0
admits a natural monoidal structure.

Remark 1.3. We insist that U%0 is not defined as a completion of U, but rather as
a tensor product with a completion of a central subalgebra. In this way, and since
G acts trivially on this subalgebra, U%? inherits from U an algebraic action of G.

On the way to establishing the equivalence (1.1), we will also establish an equiv-
alence of monoidal categories

(1.3) DPCoh®" (8t7(1) = pPHCOD,
This equivalence will be obtained using a variant of the localization theory devel-
oped by the first author with Mirkovié¢ and Rumynin in | , , ], which

can be considered a “modular” counterpart to the Beilinson—Bernstein localization
theory for complex semisimple Lie algebras. Notice, however, that the statement
of (1.3) is simpler than the main result of | ] in that the latter involves mod-
ules over a nonsplit Azumaya algebra, while the former does not due to cancellation
of gerbe classes coming from the two factors in the fiber product st(V.

We believe that the equivalence (1.3) is interesting in its own right, in that it
provides a third incarnation of the “affine Hecke category.” But technically, its role
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in our construction of (1.1) is that it allows us to check properties of a certain family

. . ) . . . 0,0 .
of objects in DPCoh®" (StA(l)) by translating the question in DPHC®?, where it
becomes easy; see §1.4 below for more details.

Remark 1.4. (1) The category HC®? has already appeared in our earlier pa-
per | ], where we established a version of the equivalence (1.3) “over the
Kostant section.” Some of our arguments are based on the results of | 1,
but the construction of the full equivalence requires further work.

(2) During the final stages of preparation of this manuscript a version of equiv-
alence (1.3) was also obtained independently by Losev [Lol]. Our construc-
tion is partly similar although some of the proofs are different

(3) As in Remark 1.2(2), once the equivalence (1.3) is proved one can deduce

a version not involving any completion: if we denote by HCg’i? the cate-
gory of finitely generated Harish-Chandra U-modules such that the ideal of
Z1c ®@zpnzZue Zuc corresponding to the point (0,0) acts nilpotently, then

the equivalence restricts to an equivalence of monoidal categories
(1.4) DPCoh$" (St™M) 2 pPHCOD.
(4) As in Remark 1.2(3), the results we have presented above have a variant
where one imposes the action of the Harish-Chandra center on the right

to factor through the trivial character; this involves a category of Harish-
Chandra bimodules denoted HC™.

1.4. Soergel bimodules. Our construction of the equivalence (1.1) follows a fa-
miliar pattern originating from the work of Soergel [So]: we identify on both sides a
monoidal additive subcategory A such that the whole category can be reconstructed
as the bounded homotopy category of A, and then we identify these additive cat-
egories by comparing both of them to a category of “Soergel bimodules” for the
group W. On the constructible side, this construction is the content of [BRA].
In this case the additive category we consider is the subcategory of tilting per-
verse sheaves in Dﬁ,lu' The category of “Soergel bimodules” we use is in fact a
category of representations of a smooth affine group scheme over an affine scheme
constructed out of the restriction of the universal centralizer to a Steinberg section.
(A variant of this category is considered in | ]; this variant can be related to a
“true” category of Soergel bimodules via the work of Abe [AD1].)

On the side of the category DPCoh€" (St/\(l))7 we do not a priori have a “nice”
t-structure such that we can consider tilting objects in the heart. We use the “lo-
calization” equivalence (1.3) to construct a subcategory “A” which “behaves like a
category of tilting objects,” i.e. such that there exists no nonzero morphisms from
an object of A to a nonzero cohomological shift of an object of A. More specifically,

this subcategory of DPHC"? is generated (under the monoidal product, directs sums
and direct summands) by the “wall crossing bimodules” studied in [ ], i.e. the
objects which realize wall-crossing functors on the principal block of the category
Rep(G) of finite-dimensional algebraic G-modules. The relation with Soergel bi-
modules is obtained via a variant of the methods developed in | ].

1.5. Nilpotent cone versus unipotent cone. There exists a variant of the Stein-
berg variety which is obtained by replacing g by the “multiplicative” Grothendieck
resolution G parametrizing pairs (g, B’) where B’ is a Borel subgroup of G and
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g € B’, and g* by G. This variant is denoted Sty,. This scheme admits a natural
morphism to T Xp,w, T, and we denote by St/ the fiber product of St with
the spectrum of the completion of &(T X w, T) with respect to the ideal corre-
sponding to the point (1,1) € T Xt w, T. As part of our constructions we prove
that under our assumptions there exists a G-equivariant isomorphism of schemes
St/ = St”, which induces an equivalence of monoidal categories

(1.5) DPCohS" (st2(D) = pPCon®™ (5t D).

Combining this equivalence with (1.1) we deduce an equivalence of monoidal cate-
gories

DPCoh®" (StAW) =D |

We expect this version of our equivalence to be more “canonical,” and in fact
to hold under much weaker assumptions on ¢ (e.g. for £ good). In fact, the scheme
that appears naturally from the study of Df\u,lu is St/ . Some aspects of the proofs
in [ , ], which we expect to be artificial, had already forced us to impose
stronger assumptions. As explained above the constructions of the present paper
rely on the localization theory of | , , |, which involves the scheme St
and not St,,, and moreover requires the condition that ¢ is larger than the Coxeter
number £ (so that the weight 0 € t* is regular). This explains the appearance of St”
here, and the further restrictions on ¢ that we impose. A proof in larger generality
would most likely require a direct and better understanding of the structure of the

category DPCoh®"” (St2(1)).

1.6. Application to the Finkelberg—Mirkovié¢ conjecture. Our desire to con-
struct the equivalence (1.1) comes from expected applications to representation
theory of reductive groups in positive characteristic. In fact the characteristic-0
version of this equivalence from [Be4], and its preliminary step obtained in [AB],
have already found important applications to the representation theory of quantum
groups at roots of unity [Be2] and of representations of Lie algebras of reductive
groups in large characteristic [BM, , ]. We expect its modular version
to allow new applications where representations of quantum groups are replaced by
algebraic representations of reductive groups, and to extend the results on repre-
sentations of Lie algebras to general characteristics.

Remark 1.5. The equivalences of [AB, ] have also found important applications
in another direction, namely the Geometric Langlands Program, see e.g. | ,

] for two examples. It is likely that its modular counterpart will lead to refine-
ments of these results for positive-characteristic coefficients, but no concrete result
in this direction will be discussed here.

As an illustration of this idea, here we establish an equivalence of categories
conjectured by Finkelberg—Mirkovié [F'M]. Namely, recall that the geometric Satake
equivalence provides an equivalence of monoidal categories between the category
Rep(G ™M) of finite-dimensional algebraic representations of G™) (endowed with the
tensor product of representations) and the category Pp+g 1+¢ of Lt G-equivariant
k-perverse sheaves on the affine Grassmannian Grg := LG/LTG.

One can “enlarge” the categories on both sides of this equivalence in the fol-
lowing way. Let Rep((G) be the “extended principal block” in Rep(G), i.e. the
Serre subcategory generated by the simple objects whose highest weights belong



8 R. BEZRUKAVNIKOV AND S. RICHE

to the W-orbit of 0 (for the “dot” action of W on X*(T)). Then there exists a
canonical action of the category Rep(G()) on Rep o) (G) given by tensor product
with pullbacks under the Frobenius morphism. On the other hand, consider the
“opposite” affine Grassmannian Gry; = LTG\ LG with the natural action of I, (in-
duced by multiplication on the right on LG), and denote by Pr+¢ 1, the category
of I,-equivariant k-perverse sheaves on Grl;. Then there exists a canonical action
of Pr+g 1+¢ on Pr+g 1, defined by convolution on the left.

The conjecture of Finkelberg—Mirkovié¢ that we establish here (under the assump-
tion considered in §1.2) is that there exists an equivalence of abelian categories

Repoy(G) = Pr+q 1,

intertwining the actions of Rep(G()) and Pr+c L+¢ (identified via the geometric
Satake equivalence); see Theorem 11.2. This equivalence induces the obvious bijec-
tion between the isomorphism classes of simple objects on both sides. One of the
motivations for this equivalence is that it makes Lusztig’s character formula [Lul]
for simple representations in Rep (G) in large characteristics completely trans-
parent, since it transfers to the standard observation that fibers of intersection
cohomology sheaves in Py +¢ 1, have the same dimension in large characteristic and
in characteristic 0.

A crucial step in the proof of this theorem is the identification of the image of
the perverse t-structure under the equivalence

Dy, 1, = DPHCYY

obtained by combining (1.2) and (1.4); the answer is given in terms of the perverse
coherent t-structure constructed and studied in | ]. Here again, a closely related
result appears in [Lol] (with other applications in mind), but our proof is different;
in fact it follows ideas that already played a crucial role in [BM].

In a different direction, notice that by [Lol, Proposition 6.3] there is a derived

equivalence between the category HC%? of Remark 1.4(4) and an appropriately de-
fined modular category &¢'. Thus our main result is related to the modular version of
Gaitsgory’s conjectural extension of the Kazhdan—Lusztig equivalence [(G2] recently
proved in [C'F] (see also [L.o2, Si] for alternative proofs of closely related results). In
fact, a study of this modular category & using constructible sheaves based (among
other things) on the results of the present paper is the subject of a joint project of
the second author with P. Achar and G. Dhillon.

1.7. Contents. In Section 2 we prove preliminary results on Harish-Chandra bi-
modules. In Section 3 we establish a “completed” version of the results of | ,
] adapted to the schemes and rings we want to consider. In Section 4 we con-

struct equivalences relating our categories of Harish-Chandra bimodules to some
categories of Z-modules on (partial) flag varieties. In Section 5 we deduce a con-
struction of the equivalence (1.3). In Section 6 we discuss the compatibility of our
constructions with the natural convolution products on the categories involved.
In Section 7 we study a family of objects in DbCthm(StA(l)) and DPHC??
associated to elements in the braid group of W. (These elements form a categorical
incarnation of the “standard basis” of the Hecke algebra Hw.) In Section 8 we
introduce and study a functor of “restriction to a Steinberg section” that will allow

us to apply the strategy outlined in §1.4 in the category DPCoh®" (St/\(l)). (This
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functor will play the role of “functor V” from Soergel’s point of view.) In Section 9
we prove the equivalence (1.1).

In §eAction 10 we define the “perverse coherent t-structure” on the category
DPHCY?| and show that it is the image of the perverse t-structure on Dy, y,. In
Section 11 we apply this to the proof of the Finkelberg-Mirkovi¢ conjecture.

The paper finishes with two appendices treating some technical constructions

used in the body of the paper.

1.8. Some notations. If k is a perfect field of characteristic £ > 0, given a k-
scheme X, we will denote by X the associated Frobenius twist defined as the
fiber product

X(l) =X X Spec(k) Spec(k),
where the morphism Spec(k) — Spec(k) is associated with the map x +— 2. (The
projection X — X is an isomorphism of abstract schemes, but not of k-schemes.)
The Frobenius morphism then defines a morphism of k-schemes Fry : X — X,

If X = Spec(A) is an affine scheme and ¥ C X is a closed subscheme, defined
by an ideal I C A, we will denote by FNx (Y) the spectrum of the completion of A
with respect to I. (Here, “FN” stands for “formal neighborhood.”) In this setting
we have a canonical morphism of schemes FNx(Y) — X.

If A is aring, resp. a noetherian ring, we will denote by Mod(A), resp. Mods,(A),
the category of left A-modules, resp. of finitely generated left A-modules. If k is
a commutative ring and H is a flat affine group scheme over k, we will denote
by Rep™(H) the category of H-modules, i.e. of O(H)-comodules, and, in case k
is noetherian, by Rep(H) the subcategory of representations whose underlying k-
module is finitely generated. If A is a k-algebra endowed with an action of H we will
denote by Mod? (A) the category of H-equivariant left A-modules and, in case A is
noetherian, by Modg(A) the subcategory of modules which are finitely generated
over A.

1.9. Acknowledgements. This paper is the third step of a project we initially
started as a joint work with L. Rider. We thank her for her early contributions
to this program. The second author also thanks P. Achar and G. Dhillon for
stimulating discussions on subjects related to this project (in particular in relation
with Section 6), and I. Losev for his help to complete some proofs in §3.5 and
Section 6.

R.B. was supported by NSF Grant No. DMS-2101507. This project has re-
ceived funding from the European Research Council (ERC) under the European
Union’s Horizon 2020 research and innovation programme (S.R., grant agreement
No. 101002592).

2. HARISH-CHANDRA BIMODULES

2.1. Notation. We let k be an algebraically closed field of characteristic £ > 0, and
G be a connected reductive algebraic group over k. We also fix a Borel subgroup
B C G and a maximal torus T C B, and denote by U the unipotent radical of B.
We will also denote by g, b, t, u the Lie algebras of G, B, T, U respectively.

We will denote by 8 C X*(T) the root system of (G,T). The choice of B
determines a system of positive roots 84 C R (chosen as the T-weights in g/b),
and we denote by Ry the associated system of simple roots. For any a € R, we will
denote by a¥ € X,(T) the corresponding coroot. We will also denote by Wy the
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Weyl group of (G, T); the reflection associated with a root a will be denoted s,.
The set Sy = {so : a € R} is a subset of Coxeter generators of Wy; the longest
element in this group will (as usual) be denoted w,. Given a weight A € X*(T),
we will denote by A € t* its differential.

We will make the following (standard) assumptions:

(1) the derived subgroup 2G of G is simply connected;
(2) ¢ is odd and good for G;

(3) g admits a nondegenerate G-invariant bilinear form;
(4) X*(T)/ZR has no (-torsion.

In particular, assumption (1) ensures that there exists ¢ € X*(T) which satisfies
(¢,a¥) =1 for any o € Rs. We fix such a weight once and for all. (None of our
constructions below will depend on this choice) In view of (3) we can (and will) fix
a G-equivariant isomorphism g = g*. It is clear that these assumptions are stable
under passage to a Levi subgroup.

Remark 2.1. (1) Assumptions (3) and (4) are automatic in case £ is very good
for G; see [Le, Proposition 2.5.12] for (3).
(2) In | ] we imposed the further assumption that G is semisimple. How-

ever, all the results of that paper hold under the present assumptions.

Chevalley’s theorem implies that the isomorphism classes of simple objects in
Rep(G) are in a canonical bijection (via the theory of highest weights) with the
subset X*(T)" C X*(T) of dominant weights; the simple module of highest weight
A€ X*(T)* will be denoted L(X). For A € X*(T) we will denote by Rep,,(G) the
Serre subcategory of Rep(G) generated by the simple objects whose highest weights
belong to

{fwA+¢)—c+lu:we W, pe X (T)}nX*(T)*.

The linkage principle implies this subcategory is a direct summand in Rep(G). The
category Rep(G) admits a canonical highest weight structure with weight poset
X*(T)*, and with standard, resp. costandard, objects the Weyl, resp. induced,
modules. This structure induces a highest weight structure on each subcategory
Rep(A)(G)'

We will denote by Tilt(G) the full subcategory of Rep(G) consisting of tilting
modules. It is a standard fact that the set of isomorphism classes of indecomposable
objects in Tilt(G) is in a canonical bijection with X*(T)*. For any A € X*(T)*
we fix an object T()) in the class corresponding to \; it is well known that for any
A€ X*(T)" we have T(\)* = T(—wo(N)).

2.2. Center of the universal enveloping algebra. We consider the universal
enveloping algebra Ug of g. This algebra admits a central subalgebra Zg,, called
the “Frobenius center,” and defined as the subalgebra generated by the elements
of the form z* — 2l for z € g. (Here, (—)¥ : g — g is the restricted ¢-th power
operation.) We have a canonical algebra isomorphism

(2.1) T = 0(g")

induced by the map z — zf — 2.
Consider now the adjoint action of G on g, and the induced action on Ug. It is
easily seen that the subalgebra Zyc := (Ug)® C Ug (called the “Harish-Chandra
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center”) is also central. Under our present assumptions, by [J1, §9] we have a
“Harish-Chandra isomorphism”
(2.2) Ug)G =5 S(t) W) = 0(t* /(Wi »)),

where Wi acts on t* via the “dot action” defined by

wef=wl+73)—73.
Defining a k-algebra morphism Zyc — k is therefore equivalent to fixing a k-point
int*/(Wg,e), i.e. a (Wg, e)-orbit in t*. The characters we will mostly be interested
in are those coming from characters of T; for A € X*(T), we will denote by A the
image of A in t*/(W¢, ), and by m* C Zyc the maximal ideal defined by .

Note that, since the isomorphism (2.1) is G-equivariant (for the action on g*(*)
obtained from the adjoint action of G(!) via the Frobenius morphism Frg ), we have

ZHC n ZFr = (ZFr)G = ﬁ(g*(l)/G(l))
Under our assumptions we have the Chevalley isomorphism
gM/GgM = ¢+ /W

(induced by restriction of linear forms), see [BC, §4.1], and under this isomorphism
the embedding
Znc N Zw = Znc

corresponds to the morphism t*/(W¢, ) — t*(1) /Wy induced by the Artin-Schreier
morphism
(2.3) t* — ¢+,

which itself corresponds to the map &(t*(")) — @(t*) given by z + 2’ — 2zl for
x € t. We therefore obtain an isomorphism

Zpy @ 201 zue Zic = 0(8" Y X jw, t7/ (Wi, ),
hence a canonical algebra morphism
(24) ﬁ(g*(l) Xt*(U/Wf t*/(Wf,.)) —>Z/{g

with central image. In fact it is well known that under our assumptions this
morphism identifies the left-hand side with the center Z of Ug; see e.g. [BG,
Theorem 3.5(5)]. Using this morphism, one can view Ug as a coherent sheaf of

ﬁg*mxt t+/(W,,e)-algebras on the scheme g (M X)) yw, £/ (Wi, ). (We will

*(1)/wf
use the same notation for this sheaf of rings.)
Below we will be interested in some “completions”® of Ug defined as follows.

Given A € X*(T), we will denote by (Ug)* the pullback of Ug under the natural
morphism

g*(l) Xg=(1) /Wy FNt*/(Wf7o)({/\}) — g*(l) Xg=(1) /Wy t*/(Wf, .).

Since the left-hand side is an affine scheme, we can (and will) consider (Z/{g)X as a
plain k-algebra. Note that (Z/lg)X is left and right noetherian, since it is finite over
the commutative ring & (g*(!) X1 ;W FNge /(W 0) ({1})), which itself is noetherian
because it is of finite type over the noetherian ring ﬁ(FNt*/(Wf).)({X})).

3Here we use this term since it is suggestive of the basic idea of this construction; but we insist
that these algebras are not completions of Ug in the formal sense (of e.g. [SP°, Tag 00M9]).
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Below we will use the following properties.
Proposition 2.2. The algebra Ug is free over Zg,, and flat over Zyc.

Proof. The freeness claim is classical, and follows from the Poincaré—Birkhoff-Witt
theorem. To prove the flatness statement, we consider the Poincaré-Birkhoff-Witt
filtration of Ug, and the filtration on Zyc = O(t*/(Wt, e)) induced by the degree
filtration on & (t*). Then Ug is a filtered module over the filtered ring Zpc, and
the associated graded is £(g*) seen as a module over O(t*/W;) = 0(g*/G).

Now the quotient morphism g — g/G is flat (see [BC, Proposition 4.2.6]; in our
present setup all torsion primes are bad, so that this result applies), hence the
same claim holds for g*, and then the desired claim follows from [Bj, Chap. 2,
Proposition 3.12]. O

2.3. Harish-Chandra bimodules. We will denote by HC the category of “Harish-
Chandra bimodules,” i.e. Ug-bimodules M endowed with an (algebraic) action of
G such that
(1) the action morphisms Ug @ M — M and M @ Ug — M are G-equivariant
(with respect to the diagonal G-actions on Ug ® M and M @ Ug);
(2) the g-action obtained by differentiating the G-action is given by (x,v) —
T-v—v-T.
The morphisms in this category are morphisms of bimodules which commute with
the G-actions. As explained in | , §3.4], the action of Ug ®x U°P on any
Harish-Chandra bimodule factors through an action of the algebra

U:=Ug Rz, U,

which is finite as an & (Zp;)-module; hence a Harish-Chandra bimodule is finitely
generated as a Ug ®i UgCP-module if and only if it is finitely generated as a left Ug-
module, if and only if it is finitely generated as a right {/g-module, if and only if it
is finitely generated as a Zg,-module (either for the left or for the right action). The
full abelian subcategory of HC whose objects are those satisfying these conditions
will be denoted HC.

We will denote by ModG(U) the category of G-equivariant U-modules, and by
I\/Iodf(;(U) the full subcategory of finitely generated modules. Then we have canon-
ical fully faithful exact functors

HC — Modf (U), ~ HC — Mod®(U).
The tensor product of U/g-bimodules provides a monoidal product
(=) ®ug (=) : Mod®(U) x Mod®(U) — Mod® (U)

which stabilizes the subcategories I:|E7 Modf(j;'(U) and HC.
It is easily seen that forgetting the right action of Ug defines an equivalence of
categories

(2.5) HC = Modg (Ug)
where the right-hand side is the category of G-equivariant finitely generated Ug-
modules; see [ , §3.4] for details. (Of course we also have an equivalence HC =

Modfcé(l/{g‘)p) given by forgetting the left action.)
One can produce objects of HC out of objects of Rep™(G) by “diagonal induc-
tion,” see | , §3.4]. Namely, given V € Rep®™(G) one can consider the object
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V ®@ Ug where G acts diagonally, the left copy of Ug acts diagonally (via the dif-
ferential of the G-action on V and left multiplication on Ug) and the right copy
acts by right multiplication on Ug. In fact, this object is isomorphic to the object
Ug ® V where G acts diagonally, the left copy of Ug acts by left multiplication on
Ug and the right copy acts diagonally, via (the opposite of) the differential of the
G-action on V and right multiplication on Ug.

2.4. Central characters and completions. We set
Z:=t"/(Wg, @) Xy yw, t7/ (W, @) = Spec(Zuc ®zycnze, Zuc)
(see §2.2). For A\, u € X*(T), we also set

Z M = FNz({(\)}), UM = (Ug @z, UE™) @ p(z) O(ZMF).

The (diagonal) G-action on Ug ® 7, Ug°® induces an (algebraic) action on UM,
Moreover UM is left and right noetherian, see [ , §3.5]. We can therefore
consider the abelian category
Mod (UAM)
of G-equivariant modules over this algebra, its full subcategory Modfcg(UX’ﬁ) of
finitely generated modules, and the full abelian subcategories
- - g -

HCM € Mod§ (UM),  HC™ ¢ Mod® (UM)
of “Harish-Chandra bimodules,” i.e. modules on which the differential of the G-
action coincides with the action given by (z,m) — x-m —m - x.

If M is a G-equivariant UM*-module, the assignment (z,m) — 2 -m —m -z
defines an action of Ug which factors through an action of the distribution algebra
Dist(G1) of the Frobenius kernel G, i.e. the (scheme-theoretic) kernel of Frg.
(Here we use the canonical identification Dist(G;) = Ug Rz, k where k is the
trivial Zm-module.) The module M acquires in this way a structure of Gi-module
which, combined with the action of G, provides an action of G x Gy. Playing with

the definition one sees that the objects of lZI\EML are the objects of ModG(UA’ﬁ) such

that this action of G x G factors through the multiplication morphism GxG; — G

or, in other words, on which the action of the antidiagonal copy of G is trivial.
The following statement follows from standard arguments based on the fact that

UM is a noetherian ring (see e.g. | , Proof of Corollary 2.11]).
Lemma 2.3. The obvious functor
5 - W
DPHCM — DPHC™"

is fully faithful, and identifies the left-hand side with the full subcategory of the
right-hand side whose objects are the complezes all of whose cohomology objects

belong to HCME
We have a natural exact functor
CME  Mod®(U) — ModS (UM)
given by ﬁ’(ZAvﬁ) ®e(z) (—), which restricts to functors

— N1t

Mod (U) — ModS (UM),  HC — HC ™ and HC — HCM.
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Recall from §2.3 that for V' € Rep™(G) we have an object V @ Ug € HC. Below

we will be particularly interested in the modules of the form i (V ® Ug) where
V' is a finite-dimensional tilting module. We will denote by
3\\7,\
HCdigg
the full idempotent-complete additive subcategory of HCX"A‘A whose objects are the
direct sums of direct summands of objects of the form CM(V ® Ug) with V €
Rep(G), and by

HCYE

diag,tilt
the full idempotent-complete additive subcategory defined in the same way with
the further condition that V is tilting.
For some constructions and proofs below it will be convenient to treat all values
of XA and u at once, in the following way. Consider the extended affine Weyl group

W = W; x X*(T).

For any v € X*(T), the image of v in W will be denoted ¢,. We have a “dot
action” of W on X*(T) given by

(2.6) (tbw)en=w(n-+g¢)—c—+ v

for w € W; and v, € X*(T). Then the differentiation morphism X*(T) — t* is
W-equivariant, where W acts on t* via the dot-action of its quotient Wy considered
in §2.2. As a consequence, the point A, resp. pi, only depends on the image of A,
resp. p1, in X*(T)/(W,e). We can therefore consider the notation C#, HCM,

ZME ete. for A\, u € X*(T)/(W,e). By abuse we will also denote by 0 the image
of 0 € t*() in t*(1) /Wy, and set

Z/\ =7 Xt*(l)/Wf FNt*(l)/Wf({O})~
We will denote by n € @(t*() /W;) the maximal ideal corresponding to 0; then,
since the morphism Z — t*(1) /Wy is finite, 0(Z") identifies with the completion

of O(Z) with respect to the ideal generated by n, see | , Equation (3.8)].
If we set

ur=uU ®ﬁ(Z) ﬁ(ZA),

then U" is a G-equivariant &(Z")-algebra, so that we can as above consider the
category

Mod< (U%)
of G-equivariant U”-modules, the full subcategory Modg(UA) of finitely generated
modules, and the full subcategories
HC" € Mod®(U%),  HC" C Mod(U")
of Harish-Chandra bimodules. In fact, setting
(Ug)" :==Ug ®g(t-0) yw) O(FNg-y jw ({0})),

we have

(27) U/\ >~ (ug)/\ ®ZFr®0(t*(1)/Wf)ﬁ(FNt*(l)/wf({O})) (ug)/\ﬁp’
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so that a U”-module is nothing but a (g)”-bimodule on which the left and right
actions of the central subalgebra
Zwr g+ pwy) O(FNgetr) jw, ({0}))

coincide. From this point of view it is clear that this category has a natural monoidal
structure, defined by a bifunctor

(2.8) (=) Bug (=) : Mod®(U") x Mod®(U") — ModS (UM),
which stabilizes the subcategories of finitely generated modules and Harish-Chandra
bimodules in the obvious sense. We also have a canonical monoidal exact functor
C" : Mod® (U) — Mod® (U")
given by
O0(Z") ®o(z) (—) = O(FNg-y ;w ({0})) @6+ yw) (—),
which sends Harish-Chandra bimodules to Harish-Chandra bimodules.

Remark 2.4. Let V € Rep™(G), and recall the Harish-Chandra bimodule V ® Ug
considered in §2.3. Since Zp, acts trivially on V', we have a canonical identification
ChVeug) =V e Ug)",

for the natural actions on the right-hand side.
By | , Lemma 3.4] the natural morphism
(2.9) 6(Z") = I1 O(Z )
A p€X*(T)/(W o)

is an isomorphism. (Note that the indexing set on the right-hand side is finite, so
that the product is a direct sum.) It follows that there are canonical decompositions

(2.10)
N —~ A —~ \,[L

Mod % (U") = &P Mod® (UM, HC = b HC
A pEX (T)/(We) A pEX(T)/(We)

which restrict to subcategories of finitely generated modules, and for any M €
Mod©(U) we have a canonical isomorphism

(2.11) con= @ .
A LEX*(T)/W

Moreover the ring (Ug)”" is left and right noetherian (by the same arguments as
for (Ug)* or UM) and, as for (2.5), forgetting the right action of (Ug)”" defines
equivalences of categories
(2.12) HC" = Mod® ((Ug)"), HC" = ModS ((Ug)").
Of course, similar comments apply to forgetting the left action instead.

As explained in [ , §3.7], for any A\, pu,v € X*(T) the bifunctor (2.8) restricts
to a bifunctor

(2.13) Mod® (UM) x Mod® (UE7) —5 Mod® (UM)

which stabilizes the subcategories of finitely-generated modules and Harish-Chandra
bimodules in the obvious sense. These bifunctors are associative and unital in the
appropriate sense; in particular, in case A = y = v, we obtain a monoidal structure

on the category ModG(UX’X).
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Let us note the following other consequence of these considerations.

__3a <
Lemma 2.5. Let \,u € X*(T). Then for any M in HC #, resp. in HCME | there

exists V in Rep™(G), resp. in Rep(G), and a surjection CMH(V @Ug) — M, where
the structure on V ® Ug is as in §2.3.

—~Ni
Proof. We treat the case of HC #; the other one is similar. Consider M as an
— A
object of HC via the right-hand decomposition in (2.10). If V. C M is a G-stable
subspace which generates M as a right (Ug)”*-module, then we have a surjection of
G-equivariant right (Ug)”-modules
(2.14) Ve Ug)" - M
where G acts diagonally on the left-hand side and (Ug)” acts via right multiplica-
tion on the second factor. By the analogue for right modules of (2.12), the left-hand
— A
side can be canonically “lifted” to HC so that this morphism becomes a morphism
— A

in HC ; moreover, with this structure we have V @ (Ug)" = CNV ® Ug), see
Remark 2.4. Now by (2.11) we have a canonical decomposition

NV oUg) = T CP(V @ Ug).

v,neX*(T)/(W,e)

Since the action of &(Z") on M factors through an action of & (ZX”A‘), our surjec-
tion (2.14) must factor through a surjection CM(V @ Ug) — M. O
2.5. Ext-vanishing. This subsection is devoted to the proof of the following claim.
Proposition 2.6. For any A\,u € X*(T) and any V,V' € Tilt(G), we have

Ext! s . (M (V @ Ug), (V' @ Ug)) =0
for any n € Z~y.

Before explaining the proof of this proposition we note its most important con-
sequence (in fact, an equivalent formulation).

Corollary 2.7. For any A\, pu € X*(T), the natural functor

KbHCiigg tile DPHCM
is fully faithful.
Proof. The corollary follows from Proposition 2.6 and Beilinson’s lemma. O

The right-hand decomposition in (2.10) and (2.11) reduce Proposition 2.6 to the
following claim.

Proposition 2.8. For any V,V' € Tilt(G) and any n € Z~o we have
Extiicr (CNV @ Ug), CNV' @ Ug)) = 0.

The proof of Proposition 2.8 will use the following property, where we denote
by S(g) the symmetric algebra of G, which we endow with the obvious G-module
structure induced by the adjoint action on g.

Lemma 2.9. The G-module S(g) admits a good filtration.
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Proof. This property follows from the classical claim in [J2, §I1.4.22]. Namely, by
assumption we have an isomorphism of G-modules g — g*, so that our claim is
equivalent to the claim that S(g*) admits a good filtration. If we denote by g’
the Lie algebra of 2(G) then we have an exact sequence of G-modules g’ — g —»
g/g’, and G acts trivially on g/g’. We deduce an exact sequence of G-modules
(g/g')* — g* — (g')*, which implies that for any m > 0 the G-module S™(g*)
admits a (finite) filtration with associated graded

P sie)) =S ((g/g)"),
i+j=m

where the action on S7((g/g’)*) is trivial. In view of our assumptions and [J2,
Equation (1) in §I1.4.22], each S*((g')*) admits a good filtration as a Z(G)-module,
hence as a G-module by [Do, Proposition 3.2.7], which concludes the proof. ]

Proof of Proposition 2.8. As in the proof of | , Lemma 3.6] one easily sees that
the functor

CNV @ Ug) Byg (—) : HC" — HC"
is left adjoint to

CNV* @UgE) Byg (—) : HC" — HC".
Since tensor products of tilting G-modules are tilting (see [J2, §IL.E.7]), this reduces
the proof of the proposition to the case V = k is the trivial module. We will

therefore replace the notation V' by V. Next, by Remark 2.4, for any V' € Rep(QG)
we have

(2.15) CNVeug) =2V e Ug)"

with the obvious actions on the right-hand side. Using the equivalence (2.12), these
considerations show that to prove the proposition it suffices to prove that

Ext&odfgg((ug)A) (U)",V ® (Ug)") =0 for any V € Tilt(G) and n > 0.
Since (Ug)” is left noetherian, as in Lemma 2.3, the canonical functor
D"Modg ((Ug)") — D"Mod® ((Ug)")

is fully faithful, so that what we have to prove is that

Extyode (ug)h) (Ug)",V @ (Ug)") =0 for any V € Tilt(G) and n > 0.
The functor

Ug)" ® () : Rep™(G) — Mod((Ug)")
is left adjoint to the forgetful functor
Mod < ((U4g)") — Rep™(G),
which reduces the desired claim to the fact that
EXtEepx (@) (k, Ve (Z/{g)/\) = 0,
ie.
H”(G, V® (Ug)A) =0,

for any V' € Tilt(G) and any n > 0. Now, using e.g. the fact that the cohomology
can be computed using the Hochschild complex (see [J2, §1.4.14]) and the flatness of
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O(FNg-) yw({0})) over O(t*) /W), one sees that for any V € Rep(G) and n € Z
we have a canonical isomorphism
H™"(G,V ® (Ug)") = H"(G,V @UE) ® g1 yw) O(FNg-) jw ({0})).
To conclude the proof it therefore suffices to prove that
(2.16) H"(G,V®Ug)=0 forany V € Tilt(G) and n > 0,

where G acts diagonally on V' ® Ug.

Consider the PBW filtration ((U<,,g) : m > 0) of Ug. Then since cohomology
commutes with filtrant direct limits (see [J2, Lemma 1.4.17]), to prove (2.16) it
suffices to prove that

H*(G,V @ U<mg) =0 for any V € Tilt(G), m > 0 and n > 0.
Arguing by induction on m, to prove this it suffices to prove that
H"(G,V ®S(g)) =0 for any V € Tilt(G) and n > 0.

This fact follows from Lemma 2.9 since modules admitting a good filtration have

no cohomology in positive degree (see [J2, Proposition 11.4.16]), V admits a good
filtration (by assumption), and tensor products of G-modules admitting a good
filtration admit a good filtration (see [J2, Proposition I1.4.21]). O

2.6. Monoidal structure for derived categories. Recall that in view of (2.7)
a (G-equivariant) U”-module is a (G-equivariant) (/g)”-bimodule on which the
two actions of the central subalgebra Zr ® g4 /w,) O(FNg.y yw, ({0})) coin-
cide. The category Bimod®((Ug)") of G-equivariant (/g)"-bimodules admits a
monoidal structure given by the tensor product (—) ®g)r (—), which stabilizes the
subcategories I\/IodG(UA), I\/Iodng(U/\)7 I:IVCA and HC"; this is the monoidal structure

considered in §2.8. Passing to derived categories, for M, N in D~ Bimod® ((Ug)")
we set

L
(2.17) M+ N =M ®(ug)/\ N;

here again this bifunctor defines a monoidal structure on D~ Bimod< ((Ug)"), with
unit object the “diagonal” bimodule (Ug)".

Lemma 2.10. There exist canonical bifunctors

()% (=): D-HC" x p~HC" = DHC"
and

(=) * (=) : DTHC" x D"HC" — D~ HC"

which define monoidal structures on D‘I—T(/:A and D=HC" and such that the forgetful
functors

D HC" = D~HC" — D~ Bimod®((Ug)")
are monoidal.

Proof. The lemma follows from the fact that any object of HC", resp. I-TEA, admits

a resolution by objects of HC", resp. I-TEA, which are flat both as left and as right
(Ug)"-modules; see Lemma 2.5 and Remark 2.4. O
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Now, recall the isomorphism (2.9). We similarly have a canonical isomorphism
t*/ (Wi, ) X¢) jw, FNg-oy ywr, ({0}) = H FNg-/ow.0) ({A})-
AEX*(T)/(W,0)
We deduce a canonical decomposition
(2.18) we) = I we?,
AEX*(T)/W

where we use the notation of §2.2. For A, u € X*(T) we have an identification

(2.19) UM = (Ug) B Zre® 4 - (1) sy OFN ({o1) (Ug)°P,

e*(1) /W
and we deduce that a UM-module is a ((Ug)i, (Ug)*)-bimodule on which the two
actions of Zr ®g (g1 /w,) O(FNgy w, ({0})) coincide. For A, u € X*(T) we

can consider the category BimodG((Ug)X, (Ug)") of G-equivariant ((Ug)x, Ug)™)-
bimodules, and for A, u,v € X*(T) the derived tensor product functor

(=) @ugyn (=) : D Bimod® ((Ug)*, (Ug)") x D~ Bimod® ((Ug)", (Ug)”)
— D~ BlmodG((Z/lg) ,(Ug)Y).
Then we have
D~ Bimod® ((Ug)") = 11 D~ Bimod® (Ug)*, (Ug)P),
ApeX*(T)/(W,e)
and the bifunctor (2.17) is the product of the bifunctors (—) ®(Lug) 2 (—) (which will
therefore also be denoted *). We also have
HC" = 1T HCM,
A HEX™(T)/(W,0)
and by Lemma 2.10 the bifunctor * considered above restricts, for any A, u,v €
X*(T), to a bifunctor
(2.20) D HC x D~HC™” s DHC'.
In particular, in case A = p = v this bifunctor defines a monoidal structure on
D HC , with unit object (Ug)
Recall the full subcategory HCSIS C HCM‘ defined in §2.4. As explained in | ,
§3.7], for A, u,v € X*(T) and V € Rep(G) we have a canonical isomorphism
MVeVeug= P TVl ougy CHV ©Ug).
vEX*(T)/(W,e)
Combined with the considerations in the proof of Lemma 2.10, this implies that the

subcategories HC?: dla are “stable under convolution” in the sense that for A\, u,v €

X*(T) and any objects M € HCé\{gg and N € HCgI;g we have

M*NeHcdng

Similar comments apply to the subcategories HC In particular, when A =

dlag tilt”

1 we obtain a monoidal structure on the category HC’\ hence an induced

diag,tilt>



20 R. BEZRUKAVNIKOV AND S. RICHE

monoidal structure on its bounded homotopy category, and it is clear that the
composition of the functor of Corollary 2.7 with the obvious morphism DPHCM —
D~HCM is monoidal.

2.7. Nilpotent Harish-Chandra bimodules. For A,y in X*(T) (or in the quo-
tient X*(T)/(W,e)), we will denote by
HC)T
the full subcategory of HC whose objects are the bimodules such that the left,
resp. right, action of Zyc vanishes on a power of m*, resp. m*. It is clear from
classical properties of completions of rings (see [SP, Tag 05GG]) that HCI’}{I” iden-

tifies naturally with the full subcategory of HCMA consisting of modules such that
the left, resp. right, action of Zyc vanishes on a power of m?, resp. m*. In fact, as
a full subcategory of HCM , each of these conditions is sufficient to ensure that an

object belongs to HCii’lﬁ , as explained in the following lemma.

Lemma 2.11. Let A, in X*(T). For an object M € HCMP the following condi-
tions are equivalent:

(1) M belongs to HCI);i’lﬁ;
(2) the left action of Zuc on M vanishes on a power of m*;

(8) the right action of Zuyc on M wvanishes on a power of m*.

Proof. We prove the equivalence between the first two properties; the equivalence
between the first and third properties can be established similarly. By definition an
object which satisfies the first property satisfies the second one, so what we have

to prove is that if M € HCM and if the left action of (m*)" vanishes for some N,
then the right action of a power of m# vanishes. For this it suffices to prove that
the image of m* in

vanishes. Now we have
ZMF FNgw, ({A}) XFNt*u)/wf({O}) FNe-yw, ({12}),
see | , Equation (3.11)], hence to conclude it suffices to prove that the image of
m# in
O(FNe- pw, ({11})) /0™ - O(FNg- jw, ({72}))

is nilpotent. By exactness of completion, this quotient identifies with the completion
of the quotient

Ot /Wy) /0N . O(t* /Wr)

with respect to m*. By the general theory of artinian rings, and as in the proof
of | , Lemma 3.4], the quotient

o6 /Wr)/(n" - 0(t" /W) + (m*)N')

does not depend on N’ for N/ > 0, hence identifies with this completion, which
finishes the proof. O
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Lemma 2.12. Let A\, pu in X*(T). The functor
DPHCM — DPHCM

nil
induced by the embedding HCQ{{A‘ — HC)"ﬁ 1s fully faithful. Its essential image is
the full subcategory whose objects are the complexes M which satisfy one of the
following equivalent conditions:

(1) for any n € Z the object H* (M) belongs to HCA

nil 7
(2) the action morphism O(ZM) — End(M) vanishes on a power of the unique
mazimal ideal;
(3) there exists n > 0 such that the morphism (m*)" — End(M) defined by the
left action of Zyc vanishes;
(4) there exists n > 0 such that the morphism (m*)™ — End(M) defined by the
right action of Zyc vanishes.

In fact, it will be more convenient to prove a version of Lemma 2.12 Which
treats all choices of \,p simultaneously. Namely, recall the category HC" a
the decomposition in the right-hand side of (2.10). If we denote by HC) the
full subcategory of HC whose objects are the bimodules annihilated by a power
of n € O(t*(M /W), then HCY, identifies with a full subcategory in HC", and we
similarly have a canonical decomposition
(2.21) HCY, = ) HCMP.
AREX™(T)/(W,e)
Lemma 2.12 will follow from the following claim.
Lemma 2.13. The functor
DPHC), — DPHC"

induced by the embedding HC Y, — HC" is fully faithful. Its essential image is the
full subcategory whose objects are the complexes M which satisfy one of the following
equivalent conditions:

(1) for any n € Z the object H" (M) belongs to HC)y;;

(2) there exists n > 0 such that the morphism n™ — End(M) vanishes.

~

Proof. By (2.12) we have an equivalence HC" = Modfcg;'((big)/\)7 under which the
full subcategory HC., identifies with the full subcategory of G-equivariant Ug-
modules annihilated by a power of n. The lemma is therefore an application of the
considerations of §A.4 for the noetherian commutative ring @ (t*(1) /W), its ideal
n, the (affine) scheme Spec(Zg,) over t*(1) /W, the sheaf of algebras corresponding
to Ug and the group scheme obtained from G by base change. (|

Proof of Lemma 2.12. Fully faithfulness of our functor directly follows from Lem-
ma 2.13, since it is a direct summand of the functor considered in the latter lemma.
Once this is establish, we know that the essential image of this functor coincides

with the full triangulated subcategory of DbHC)‘ H generated by HCQI’I’L , i.e. that its
objects are the complexes which satisfy (1). Among these conditions, it is clear that
we have the implications (2) = (3) and (2) = (4), and it follows from Lemma 2.11

that both (3) and (4) imply (1). On the other hand, any bounded complex of

objects in HC;‘i’lﬁ satisfies (2), so that this condition is implied by (1), which finishes
the proof. O
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Lemma 2.14. For any A\, pu,v € X*(T), the bifunctor (2.20) restricts to bifunctors

DPHCM x DPHCE? — DPHCYY

nil ~

DPHCNE x DPHCP? — DPHCYY

nil nil »
Proof. We treat the first case; the second one is similar. What we have to prove is
that if M € HCQ{# and N € DPHCP? then M N is bounded, and has all of its
cohomology objects in DbHC;}f . The second property is clear from Lemma 2.11,
computing the tensor product using a flat resolution of V. For the first property,
we observe that we have

M =M ®z,. ﬁ(FNt*/(Wf,.)({/j}))

(where we consider the action of Zyc via the right action of Ug). Hence it M* — M
is a flat resolution of M as a right U/g-module then we obtain a flat resolution
M?® @z, O(FNg ow,e)({B})) = M as a right (Ug)”-module, which can be used
to compute M x N. Since Ug has finite cohomological dimension, the complex M*®
can be chosen bounded, so that M * N is indeed bounded. ([

2.8. Bimodules with a fixed (right) central character. For ;1 € X*(T) we
now set
(Ug)" = Ug/m" - Ug = UG @7, Ky
where k,, is the 1-dimensional module over Zuc = O(t*/(Wy¢, o)) corresponding to
the closed point zi. The algebra
Ug @z, (Ug)"P

receives a morphism with central image from the structure algebra of the finite
affine scheme

Z X y(wye) {1} 27/ (Wi, @) Xei) jw, {0},
where the morphism Z — t*/(Wfk, @) is induced by projection on the second factor.
For A € X*(T) we then set

ZM = FNzo, o (i} OV 1))

(a finite scheme) and

UA’” = (ug ®ZFr (ug)lhop) ®0(Z><t*/(wf,.){ﬁ}) ﬁ(szL)

Note that by the structure theory of artinian rings (see e.g. [SP, Tag 00JB]) the
natural morphism

| ] ZM — Z Xy o) L}
AEX*(T) /(W ,e)
is an isomorphism, so that we have

Ug©z, gy = [ v
AEX*(T)/(W,e)

A UM module is exactly a Ug-bimodule which satisfies the following properties
with respect to the actions of the central subalgebras in each factor:

e the left and right actions of Zg, coincide;
e the right action of the ideal m* C Zyc vanishes;
e the left action of a power of the ideal m* C Zyc vanishes.
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This algebra admits a canonical action of G, and we can consider the category
Mod® (UM#) of G-equivariant UM*-modules, its full subcategory Modg(U)‘*“) of
finitely generated modules, and the full subcategories

— X,

HC™ € Mod®(UM),  HCM ¢ ModS (UM)

of Harish-Chandra bimodules. We have a surjective algebra morphism UXA”A‘ 5 Uhe
which induces a fully faithful exact functor Mod“(UM*) — Mod“(UMF) which
restricts to a fully faithful exact functor

(2.22) HCM = HOMP,
This functor has a left adjoint functor
(2.23) ModS (UM) — Mod® (U*#)
givein by M +— Urn ®ua.s M = M/M -m*, whose composition with the embedding

TN

C Mo A actor through a functor
HC Mod© (UM f hrough a f

S W

HC™" — HC™.
For V' € Rep(G), we will denote by CX’“(V ®Ug) the image of CX"A‘(V ®Ug) under
this functor.

Lemma 2.15. (1) The algebra UNE s flat over O(FNy«/cw, o )({12})) (for the
action induced by multiplication on the right).

(2) For any V € Rep(G), the object Cx’ﬁ(V ® Ug) is flat as a module over
O(FNg¢- /(w,e)({12})) (for the action induced by multiplication on the right).

Proof. (1) Using the identifications (2.18) and (2.19) we see that to prove the lemma
it suffices to prove that

Ug)" Rz ({o)) (Ug)™°P

is flat over O(FNg-/(w,,e)({/2})). Now Ug is free over Zp (see Proposition 2.2),
hence (Ug)" is free over Zm ®g-) jw,) O (FNg=)/w,({0})). The claim then
follows from the fact that (Ug)™°P is flat over &(FNg-/(w,.)({fi})), which itself
follows from the fact that Ug is flat over Zyc, see Proposition 2.2.

(2) We have

O(FN,

o*(D) /wy) *(1) yw

[I Mvoeug=veus?,
AEX*(T)/(W,e)

so once again the claim follows from the fact that Ug is flat over Zyc. O

Lemma 2.15(1) implies that the left derived functor of (2.23), namely the functor

D~Mod® (UM) 5 D~Mod® (UMH)

given by M — UM @6%3 M, can also be expressed as M +— M®é’(FNt*/(wf,.>({ﬁ}))
k,. In particular, since t*/(Wy, @) is isomorphic to an affine space by [D¢], the ring
O (FNg- /(wy,e)({£1})) has finite global dimension, so that this functor restricts to a
functor from D*Mod® (UM) to DPMod® (UM#). Since the ring UM is noetherian,
this functor in turn induces a functor from DbModg(U)"ﬁ) to DbModf(é'(U’\’“).
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We claim that the composition of the latter functor with the natural functor
DPHCM — Dbl\/lodf(;(U/\’ﬁ) factors canonically through a “specialization” functor
Spy., : DPHCM — DPHCM,

In fact, in view of the comments above, to prove this it suffices to prove that any

object in HCM is a quotient of an object which is flat over O(FNg- /(w0 ({12}))-
This follows from Lemma 2.5 and Lemma 2.15(2).
The following statement is an analogue in this setting of Proposition 2.6.

Proposition 2.16. For any A\, u € X*(T) and any V,V' € Tilt(GQ), the functor
Spy,, induces an isomorphism
K ®6(FN g+ ) w0 (11}) HOMY 5.5 (C/\’ﬁ(v ©Ug), MV @ Ug)) —

Hom,, s, (CM(V @ Ug), (V' @ Ug)),

HCA w
and moreover we have

Ext! s, (M (V @ Ug), (V' @ Ug)) =0
for any n € Zy.

Proof. As in (2.10), restricting the action to the right copy of Ug induces a fully
faithful functor -

DPHCM — D"Modg (Ug)™P)
and a fully faithful functor

DPHCM = DPModS (Ug)"°P).

Under this identification the functor Sp, , is induced by the functor

L
M = M Qg (Ug)",

which can also be expressed as M — M ®%(FNt*/(wf,.>({ﬁ})) k,,. In view of Propo-

sition 2.6, the proposition will therefore follow if we prove that for any M, N €
Modg((Ug)ﬁ’OP) which are flat over O(FNg+ ) (w, o) ({£1})) and satisfy

Ext&odg((ug)ﬁ,op)(M, N)=0
for n > 0, the functor above induces an isomorphism
(2:24)  ky @6, w,.0 ({1)) HOMModg (ug)ior) (M, N)
:—> HomModg((Zx{g)“v"P) (M/M N m“, N/N ‘ m“),
and moreover we have
EXtTI\L/Iodng;((ug)mor))(M/M -m* N/N-m*) =0

for n > 0. Now by Lemma B.4 we have an identification

L
k/" ®5(FNt*/(Wf,-)({ﬁ})) RHomModg((Z/{g)ﬁvop)(Ma N)
1> RHOmMOdg((ug)u,op) (M/M . 111“7 N/N . m”).

Our assumptions guarantee that the left-hand side is concentrated in nonpositive
degrees, while the right-hand side is concentrated in nonnegative degrees. Hence
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they are both concentrated in degree 0, which proves the desired vanishing result
and provides an isomorphism as in (2.24). We leave it to the reader to check that
this isomorphism is induced by the functor Sp, ,. (]

The same considerations as in §2.6 lead to the construction, for any A, u,v €
X*(T), of a convolution bifunctor

D HCM x DHC™ — D=HCM
which is compatible with the bifunctors (2.20) in the natural sense. It particular,

when A = p, this bifunctor makes D~HC*" a module category for the monoidal
category D~HCH*,

2.9. Bimodules with trivial left action. There is a canonical exact fully faithful
functor

(2.25) Rep(G) — HC

defined as follows. (This functor will usually be omitted from notation.) Given
V € Rep(G), we have a left action of Ug on V obtained by taking the differential
of the G-action. We associate to V' the object whose underlying vector space is V/,
endowed the given action of G, the trivial left action of Ug, and the right action of
Ug deduced from the left action considered above by composition with the antiau-
tomorphism of Ug sending each = € g to —x. It is easily seen that these structures
define a Harish-Chandra bimodule, which provides the desired functor (2.25). The
essential image of this functor consists exactly of the Harish-Chandra bimodules
on which the left action is trivial, i.e. factors through the augmentation morphism
Ug — k.

Given A € X*(T), one can consider the full subcategory Rep ,,(G) of Rep(G)
defined in §2.1, i.e. the full subcategory whose objects are the representations on
which m* acts nilpotently (for the action of Ug obtained by differentiation). It is
clear that the functor (2.25) restricts to an exact fully faithful functor

nil

(2.26) Rep s (G) — HCO o,

In particular, we can consider this construction in case A\ = 0, and with the
object k = L(0). The resulting Harish-Chandra bimodule will be called the trivial
Harish-Chandra bimodule.

Lemma 2.17. The essential image of the functor (2.26) consists of the objects of
the form H™(k M) with M € DPHC%™?,

Proof. Computing k x M using a flat resolution of M and using Lemma 2.12 one
sees that H™(k* M) belongs to the essential image of (2.26) for any n € Z. On the

other hand, if V' € Rep,,(G) we observe that HO(k x V) =V, so that any object
in the essential image of our functor appears in this way. O

2.10. Translation bimodules. Recall the group W introduced in §2.4, and con-
sider its subgroup

Waff = Wf X Z%,
called the affine Weyl group. We have an action of W on R ®7 X*(T) extending
the dot-action on X*(T) and defined by the same formula as in (2.6), now for
n € R®z X*(T). The closure Ay of the fundamental alcove

Ag={v eR®@z X*(T) |Va € Ry, 0< (v+g,a") <L}
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constitutes a fundamental domain for the restriction of this action to W g, see [J2,
§6.2].

The affine space R ®z X*(T) is divided into facets, see also [J2, §6.2]. The
codimension-1 facets are called walls, and to these walls one can naturally attach
reflections in Wg, see [J2, §6.3]. If we denote by S.g C W,g the subset consist-
ing of reflections attached to walls contained in Ag, then S.g is a set of Coxeter
generators for W,g which contains S¢. If we set

Q:={weW|weAy=Ap},

then Q is an abelian subgroup of W such that wsw™' € S,g for any w € Q and
s € Safr, and the multiplication morphism

waaﬁ—)W

is an isomorphism.
Following the terminology used in | |, we will call lower closure of the funda-
mental alcove the set

Ay ={veR®z; X*(T) |[Va e Ry, 0< (v+5,a") < £}

As explained in [ , §3.5] (see also | , Lemma 3.1]), if v € X*(T) belongs to the
lower closure of the fundamental alcove then the stabilizer of 7 for the e-action of W
is the parabolic subgroup generated by the subset of S¢ consisting of the elements s
such that ser = v, which corresponds to the subset {a € Rs | (v+5,a”) =0} C R;
under the canonical bijection between PRy and Sy. ~
For any A, 1 € X*(T) we have a “translation bimodule” PA# defined as follows.
(For a justification of the terminology, see | , Lemma 6.1].) Let v € X*(T) be
the unique dominant weight in W(A — p), and set
PM= CM(L(v) @ Ug) € HCQIL.

A

diag, tilt for appropriate A

The following lemma shows that this object belongs to HC
and p.

Lemma 2.18. If A\, 11 belong to Ay, with one of them at least in Ay, we have an
isomorphism

PA = V(T (1) @ Ug).

Proof. In | , §3.8-3.9] we have constructed, for any p,v € X*(T) a functor of
“restriction to a Kostant slice” on the category HC’AL’ﬁ7 which by [ , Proposi-
tion 3.7] is fully faithful on the subcategory HCgi’Zg. To prove the lemma it suffices
to prove that our two bimodules become isomorphic after application of this func-
tor. Now in the proof of | , Lemma 5.5] one can replace the simple module L(v)
by T(v) without altering any argument. This lemma therefore holds in the two

cases, which implies the desired isomorphism. (Il

The same proof as in | , Lemma 3.6] shows that for any A, p,n € X*(T) the
functor R -
P} (=) : DPHCH7 — DPHCM
is both left and right adjoint to the functor

PAA (=) : DPHCM —5 DPHCR,
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and similarly for convolution on the right. (These adjunctions are not canonical;
they depend on a choice of isomorphism L(v)* = L(—w,(v)) where v is as above.)

Remark 2.19. It is clear from definitions that for A\, u € X*(T) and y € W we have
PN\ — pyehyen

2.11. Bott—Samelson and Soergel type Harish-Chandra bimodules. In this
subsection we assume that £ > h where h is the Coxeter number of G. In this case
we have 49N X*(T) # @, and each wall contained in Ay has nonempty intersection
with X*(T), see [J2, §6.3]. We can therefore fix a weight A € Ag N X*(T) and, for
each s € S.g, a weight 1, € X*(T) on the wall attached to s contained in Agy. For

s € S.g we set
Ry = PY 4 PoA e HOW oo
For w € Q) we also set
Ry = PXJ.\/\ € Hcii,gg,tilt'
(Note that here the images of A and w e A in t*/ W} coincide.)

Lemma 2.20. (1) For any s € Sag and w € Q there exists an isomorphism
Ry, *Rs*Ry-1 2 Ry g0-1-
(2) For any w,w’ € Q there exists an isomorphism
R, * Ry =2 Ry

Proof. We explain the proof of (1); that of (2) is similar. This proof will rely on
the formalism of | ].

Recall, for any i, v € X*(T), the fully faithful functor on HC*” considered in the
proof of Lemma 2.18. In | , §5.2] we have defined an object Q,, ., in the target
category of this functor. Then by | , Lemma 5.5] the image of R, resp. R,
resp. R,-1, under this functor is

Qs Ousg Quans TSP Qu-1exx, TSP, Qy w-1ler-

(See | , §3.9] for the definition of the bifunctor ®ygg.) Since the functor is
monoidal, the image of R, * R; x R,,-1 is

Qu-terr Ptsg Q. Puisg Quar Ptisg Qro—1en-
Now, by | , Lemma 5.3] we have isomorphisms
Qu-ters Puisg Qupe = Qutonpss Quor Pttse Quw-10x = Q. o-tors
and by [ , Lemma 5.5] we have isomorphisms
Qu-ters = Quwenss  Quow-ten = Queps,A-

Finally, using the fact that we s and ji,,4,-1 both belong to the wall of Ay attached
to the simple reflection wsw™! and [ , Lemma 5.15] one checks that

Qrwep, Ousg Quepan = Qa1 Ousg Q11

wsw

The desired claim follows, using again | , Lemma 5.5]. O
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As explained e.g. in [ , §6.6], the results of that paper imply that for any
s € S, the morphism spaces

Hom,, s, ;((Z/{g) Rs) and Hompxx(Rs, Ug)™)
are free of rank 1 as left (or right) modules over &'(FNg- /(w,, .)({X})) (The left

and right actions on these spaces coincide, since they do on the module (Z/lg) )

We choose generators (Ug)* — R, and Ry — (Ug)?, and define the objects N, and

D, as their cone and cocone respectively, so that we have distinguished triangles
(2.27) U™ R, >Ny 25 and D, =R, — Ug) s .

(These objects are therefore well defined up to isomorphism.)
We will denote by

BSHCM
the strictly full subcategory of Hcﬁégm generated under the monoidal product
* by the unit object and the objects Ry (s € Sar) and Ry, (w € Q). In view of
Lemma 2.20, any object in BSHC*? is isomorphic to an object of the form

Rs, * - xRs, xRy,
where s1,- -+, 8, € S and w € . We will also denote by

SHCM

the karoubian envelope of the additive hull of BSHC

egory of HC/\ whose objects are the direct summands of the direct sums of objects
in BSHC)‘ 3

CM, i.e. the strictly full subcat-

Remark 2.21. In this notation the letters “BS” and “S” refer to Bott—Samelson and
Soergel respectively, since these categories will later be related to some category

of Soergel bimodules, in such a way that BSHC)"X corresponds to Bott—Samelson
bimodules.

2.12. Further properties of the braid bimodules. We continue with the set-
ting and notation of §2.11. In this subsection we prove for later use some properties
of the objects (Rs : s € Sag), (Ds : s € Sa) and (Ng : s € Sag). The proofs of
these properties rely on the constructions of [BR3].

Lgrnma 2.%2. Let wo = s1---5- be a reduced decomposition. Then the object
PM=< « P~ is a direct summand in R, x Ry, * -+ xRy, ; in particular, it belongs
to SHCM.

Proof. Consider the “Hecke category” H. 4 attached to Wyg as in | , §2.1], and
the monoidal functor

(2.28) H; — BSHC

of [BR3, Theorem 6.3]. (In [B1R3], the category H/4 is denoted Dgg.) This functor

extends uniquely to a monoidal functor
(2.29) H.g — SHCM

where H,g is the karoubian closure of the additive envelope of H;H
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The indecomposable objects in H.g are classified (up to isomorphism and shift)
by the elements in W,g. Moreover, the indecomposable object B,,, associated with
w, is described (in terms of Abe’s incarnation of the Hecke category, see | ,
§2.2]) in [Ab2, Proposition 2.10] (whose assumptions are satisfied in our setting
by [Ab2, Remark 2.8]). Using this description, the same arguments as for | ,
Proposition 6.6] show that the functor (2.29) sends B,,, to P»~¢xP~5*. With the
notation in the statement, the object B,,, is a direct summand in B, *--- % B,
where B; € H,g is the indecomposable object associated with s. Applying the
(monoidal) functor (2.29), which sends B; to Ry for any s € S,g, we deduce the
desired claim. g

For w = (s1, - ,s,) a word on S,g we set
Dy := Dy, *--- %Dy, Ny :=Ng x--- %Ny .
Lemma 2.23. (1) For any w € Q and s € S,g we have
Ry, *Dgs*Ry-1 2 Dgg-1, Ru*NgxRy,-1 & N g,-1.
(2) For any s € Sau there exist isomorphisms
N, D, = (Ug)> = D, * N,.
(3) If w is a reduced expression for an element in Wag, then the objects Dy,
and Ny, only depend (up to isomorphism) on the image of w in Wag.

Proof. Statement (1) follows from Lemma 2.20.

To prove (2) and (3), we will again use the monoidal functor H,g — H
considered in the course of the proof of Lemma 2.22, and the induced functor
between bounded homotopy categories. In [ ] it is explained (in a general setting
that admits the category H,g as a special case) how to associate with any element
in W,g a “standard object” and a “costandard object” in KPH,g. Inspecting on
definitions we see that the composition of the functor considered above with the
canonical functor

A

K"SHCM — D~HCM
sends, for any s € S.g, the standard, resp. costandard, object associated with s

to Dg, resp. N;. Since the latter functor is monoidal, the desired properties then
follow from the similar properties of standard and costandard objects, see | ,

Proposition 6.11]. O

In view of Lemma 2.23 we can define complexes (D, : w € W) and (N, : w € W)
as follows. If £(w) = r we write w = s7 - - - s,w for some s1,- -+ , 8, € Sag and w €
and set

Dy :=Dg, x---%xDs. xRy, Ny :=Ng, x---%xNg_ *Ry.

Lemma 2.23 guarantees that these objects do not depend on the choice of s1,--- , s,
and w, up to isomorphism, and that they satisfy the following properties:

(1) for any w € W we have

Dy % Nyt 2 (Ug) = Ny-1 % Dy;
(2) if y,w € W satisfy £(yw) = £(y) + ¢(w) then

D, % D 2 Dyuw, Ny * Ny 2 Ny,
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Recall the braid group Bryw associated with the group W, see [ , §1.1]. This
group admits a presentation with generators (T, : w € W) and relations

TyTw =Ty if L(yw) = L(y) + L(w).

The subgroup Br,g of Bry generated by the elements (T, : w € W,g) (or, equiv-
alently, by the elements (T : s € S,g)) is the usual Artin braid group associated
with the Coxeter system (W,g, Sa). The action of 2 on S,g induces an action on
Brag, such that the assignment (w,b) — T, - b induces a group isomorphism

(2.30) Q) x Brag — Brw.

The group Brw also contains some “Bernstein elements” (6 : A € X*(T)), and it
is also generated by the elements

(2.31) {Ts:s€SetU{0x: A€ X*(T)}.
(See | , 81.1] for a description of a presentation of Bryw in terms of these gener-
ators.)

The properties (1)—(2) above show that the assignment T;, — N,, can be uniquely
extended to a group morphism from Brw to the group of isomorphism classes of

invertible objects in the monoidal category D~ HCM*. The image of b (or, more
specifically, a representative of this image) will be denoted Nj. (It is clear from
construction that this complex is bounded.) Note that for any w € W we have
N(Tw)—l =Dy-1.

Lemma 2.24. Let s,t € S,g and b € Brw, and assume that bT,b~! = T,. Then
there exists an isomorphism

Nb * Rs * Nb—l = Rt.

Proof. Using the isomorphism (2.30) and Lemma 2.20(1) one can assume that b €
Brag. Then the proof is similar to that of Lemma 2.23(2)—(3). Namely, it suffices
to prove a similar isomorphism in KPH.,g, which follows from the characterization
of the simple object in the heart of the perverse t-structure attached to ¢ given
in [ , §8.1]. O

3. COMPLETED LOCALIZATION FOR Ug-MODULES

3.1. (Parabolic) Grothendieck resolutions. Recall that the parabolic subgrou-
ps of G containing B are in a natural bijection with the subsets of ;. Given a
subset I C Rg, we will denote by P; C G the associated parabolic subgroup, by U;
its unipotent radical, by L; C P the Levi factor containing T, and by p;, u; and
1; their respective Lie algebras. The “Grothendieck resolution” associated with I
is the induced variety

gr =G xF (g/up)*.

This variety is a vector bundle over G/P7y; in particular it is smooth. It is equipped
with a G-action induced by left multiplication on G. (When I = & this variety
is the usual Grothendieck resolution associated with G; in this case we will often
omit the subscript &. When I = Ry we have g, = g*.) If I C J C R, we have a
natural G-equivariant projective morphism g; — g; in particular, for any I C fRq,
taking J = R; we obtain a G-equivariant projective morphism g; — g*.
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Consider the action of Ly on G/U; induced by right multiplication on G, and
the induced action on T*(G/Uj). Then we have a canonical identification

T(G/Up) =G x U1 (g/un)”,

under which the action of Ly is given by h-[g: &) =[gh™:h - for he L, g€ G
and £ € (g/uy)*, hence there exists a canonical morphism

T"(G/U;) = g1

which is an Lj-torsor.

To I C R we also associate the subgroup W; of W¢ generated by the simple
reflections s, with o € I, which identifies with the Weyl group of L;. We have a
Chevalley isomorphism

15 /L = t* /Wy,
from which we obtain P j-equivariant morphisms
(8/u1)" = 1; = ¢ /W,

(where the first map is induced by the restriction morphism (g/us)* — (pr/ur)* =
17, and where P acts via the quotient P; — L on 17 and trivially on the right-hand
side). We deduce a morphism

(3.1) gr —t° /Wy

which is G-equivariant for the trivial action on t*/Wj, and such that the following
diagram commutes, where the bottom horizontal map is the coadjoint quotient
morphism and the right vertical map is induced by the quotient morphism t* —
t*/W:

gr —t* /Wy

L

g — = t*/W.

If I C J C R, these morphisms (for I and J) and the canonical morphism g; — g
satisfy various obvious compatibility properties, whose precise formulation is left
to the reader.

Lemma 3.1. For any subset I C R, the morphism gr — t*/W7 is flat.

Proof. Since flatness is local on the source, and by G-equivariance, it suffices to
check that the restriction of the morphism to the preimage of the open subscheme
U}' C G/Pj is flat, where U}r is the unipotent radical of the parabolic subgroup
opposite to P; (which identifies with the open subscheme U} - P;/P; C G/Py).
Over this open subscheme g; identifies with

U} x (g/ur)” = U7 x 1} x (uf)*

(where uI+ is the Lie algebra of UI+), and our morphism identifies with the compo-
sition of projection to 17 with the coadjoint quotient morphism for 1;. As seen in
the proof of Proposition 2.2 the latter morphism is flat by results of [BC], hence so
is our morphism. O

Remark 3.2. Below, the cases we will mainly consider are when #I < 1. In case
I = {s} for some s € S¢, we will sometimes write g for gy,;.
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3.2. Sheaves of algebras and modules. Let X be a k-scheme, and & be a sheaf
of (not necessarily commutative) algebras on X endowed with a ring morphism
Ox — </ (which does not necessarily take values in the center of 27) which makes
o/ a quasi-coherent &y-module. In this setting we will denote by

Modc (<)

the abelian category of sheaves of left .o/-modules which are quasi-coherent as
sheaves of Ox-modules. We will say that o7 is left, resp. right, noetherian if for any
affine open subscheme U C X the ring I'(U, #|/) is left, resp. right, noetherian; if
o is left noetherian we will denote by

Mod. (&)

the abelian category of sheaves of left o/-modules which are coherent, i.e. quasi-
coherent and locally finitely generated.

We will consider these constructions in particular in the following setting. If
X is a smooth k-variety, we will denote by Dy the sheaf of algebras of crystalline
differential operators on X (see [ , §1.2]), i.e. the enveloping algebra of the
tangent bundle. There exists a canonical morphism 0x — Dx which makes Dx a
quasi-coherent 0x-module, and we can consider the abelian category Modq.(Dx)
and its abelian subcategory Mod.(Dx ). (Here Dx is left and right noetherian.)

Since the Frobenius morphism Fry : X — X M s affine, the functor Fry, induces
equivalences of categories

MOqu(Dx) l) MOqu(FI‘X*Dx), MOdC(Dx) l) MOdC(FI‘X*Dx).

Moreover, Frx.Dyx is a sheaf of Ox)-algebras (i.e. the natural morphism &y 1) —
Frx.Dx takes values in the center of Frx.Dx); in fact there exists a canonical
identification between the center of Frx,Dx and the pushforward of the structure
sheaf of T* X under the canonical morphism wx : T*X® — XM see [ ,
Lemma 1.3.2], and Frx.Dx is locally finitely generated over its center. Since wx
is an affine morphism, this implies that there exists a coherent sheaf of . x«)-
algebras Zx such that wx.Zx = Frx.Dx. Then we have equivalences of categories

(32) MOqu(Dx) —N—> MOdqc(gx), MOdC(Dx) :—) Modc(_@X),

and a quasi-coherent sheaf of Zx-modules is coherent iff it is coherent as a sheaf
of Orp. xy-modules.

3.3. Monodromic variant. Let us recall a variant of these constructions taken
from | , §1.2.1], specialized to the setting we will require below. Let I C R
be a subset. We consider the natural morphism

pr - G/UI — G/P[,

a Zariski locally trivial torsor for the action of Ly on G/Uj considered in §3.1, and
the sheaf of algebras N
D; = (p1)+(Dayu,)™,

where the superscript means Lj-invariants (for the action induced by the action of
L[ on G/U])

The action of Ly on G/U; defines an algebra morphism Ul; — F(G/PI,ZSI).
Restricting this morphism to the Harish-Chandra center (U1;)Yr 22 &(t* /(W o))
we obtain a canonical morphism

(3.3) Ot*/(Wy,e)) = I(G/P;,Dy):;
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moreover this morphism takes values in the center of 51. (Note that here the two
possible meanings of the dot-action of Wy, obtained by seeing W either as the
Weyl group of L; or as a subgroup of W¢, coincide.)

On the other hand, the sheaf of algebras (Frg,u,)+DPg/u, has a center iso-
morphic canonically to (wgu,)«Or(a/u,)m, see §3.2. We deduce a canonical

morphism from the pushforward to (G/P;)(") of the structure sheaf of §51) =
T*(G/U[)(l)/Lgl) to the center of (FI'G/PI)*ﬁj. Combining this construction
with (3.3), we obtain a canonical morphism from the pushforward to (G/P;))
of the structure sheaf of

g X w, t°/(Wr,e)

to the center of (FI'G/PI)*ﬁj. (Here the morphism t*/(Wy,e) — t*(1) /W is
induced by the Artin—Schreier morphism (2.3).) Since all the morphisms under

consideration are affine, there exists a coherent sheaf of 0.,

g; Xt*(l)/wlt*/(wfv.)_

algebras %; whose pushforward to (G/P;)® is (FI'G/PI)*ﬁj. Moreover, there
exist canonical equivalences of categories

Modqe(Dr) < Modqe(Z1), Mod.(Dr) = Mod(Z;),

and a quasi-coherent @I—module is coherent iff it is coherent as a quasi-coherent
sheaf on Egl) Xge) w, t°/(Wr,e).

3.4. Completed localization, I. We continue with our subset I C Rs. We will
consider below the quotient morphisms

Kt = t"/(Wg,e), kr:t*—t"/(Wy,e),

and denote by
kDt /(Wr,e) = t*/ (Wi, e)
the morphism such that k = &’ o k7.

To lighten notation, in this subsection we set

XI = ggl) Xt*(l)/WI t*/(W], 0), Y = g*(l) Xt*(l)/Wf t*/(VVf7 0)’
Vi =Y Xgyowie) 67/ (Wi, 0) = g" ) Xy jw, /(Wi e).

For £ € t* we set

(Ug)E =UG Qo+ /(wr,e0)) O(FNg=yowi,e)({£(6)}))
and

D} :=D; ®o(+ /wWi.0) O(FNg- w0 ({K1(§)}))-

We will also denote by .éf the pullback of é; under the natural morphism from

X5 = X1 %o jowy o) FNe o) ({51(6)]) = 85 X s, FNge w0 ({51(6)})

to X7. Then, as in (3.2), there exist canonical equivalences of categories

(3.4) Mode(D%) = Modye(25),  Mod(D5) = Mod.(Z?).
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Remark 3.3. Recall that any A € X*(T) which satisfies (\,a") = 0 for any o € T
defines in a natural way a line bundle &g /p,(A) on G/P;. On the other hand, for

such A, the automorphism of t* given by & +— £ + X commutes with the dot-action
of Wy, hence induces an automorphism 77 5 of t*/(Wy, e), which itself induces an
isomorphism

— N
X5 =g X g+ yw; FNg= w00 ({R1(€)}) —

~a 3 E4n
& xeo w, FNe jowyo) ((r (€4 D)) = X7
By | , Lemma 1.2.1] (see also | , Lemma 2.3.1]), there exists a canon-

ical equivalence of Azumaya algebras between the pushforward of @f under this

isomorphism and @er’\, which induces equivalences of categories

Modqc(75) = Modge (F57),  Mod(95) =5 Mode(75).
Under the identifications (3.4), this equivalence is given by the assignment
F = Ocrp,(N) ®ogp, F-

Below we will also consider an analogue of this construction for right modules.
In fact, as in | , Lemma 3.0.6] we have a canonical isomorphism of sheaves of
rings Dy — D?P which, for any &, induces equivalences of categories

— —

Modqe(Z5°P) = Modge(Z; %),  Mode(25°P) = Mod..(2; ¢ 2°).
Hence we have equivalences of categories

Modge(Z5°7) =5 Modge(Z5TNP),  Mode(Z5°P) =5 Modge(75T7°P)
given by the assignment

F — ﬁg/pl(—)\) ®ﬁG/PI F.

Setting
Urg .= Ug Rt/ (We,e)) ﬁ(t*/(W], 0)),
by [ , Proposition 1.2.3(b)] we have a canonical algebra isomorphism
(35) Z:{}g %F(X],é]).

The O(Y7)-algebra u 1g defines a coherent sheaf of algebras on the affine scheme Y7,
which we will denote similarly; then in view of (3.5) we have a natural morphism
of ringed spaces

(X1, Z1) — (Y1,Urg).
We can also consider the sheaf of rings on the affine scheme Y defined by Ug, which
we also denote by Ug, and the natural morphism of ringed spaces

(Y1, Urg) — (Y, Usg).
If £ € t* we set

(Urg)* == Urg Qo+ /(Wi,e) O(FNgyow, 0)({K1(£)}))
=UE Rp(t+/(Wi,0)) O(FNe w0 ({£1(£)})),
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so that (ﬁlg)g defines a sheaf of rings on the affine scheme

YF = Y7 %oy owroe) ENe- w0 ({81(6)3) = Y Xe sowr o) FNg- owry o) ({R1(6)})-

If Stab(w;,,)({) C Wy, then by the standard criterion | , Exp. V, Proposi-
tion 2.2] the morphism x! is étale at r7(¢), and induces an isomorphism of schemes

(3.6) FNgow,,0)({£1(6)}) = FNg w0 ({5(€)}).

(Here we use the standard identification between &(FN¢-,(w, «)({£1(£)})) and the
completion of the local ring of t*/(W, e) at x;(£), and similarly for the right-hand

side.) We deduce an isomorphism of schemes from YIE to

Y’E =Y Xt*/(Wf,o) FNt*/(Wt,o)({K(g)})

and an isomorphism of rings between (U, Ig)g and (U g)g. In other words, under this
assumption we have an isomorphism of ringed spaces

(3.7) (VE, (Wig)¥) = (Y, Ug)?)

where once again we denote by the same symbol a quasi-coherent sheaf of &z-
algebras over an affine scheme Z and its global sections.

By (3.5) and the flat base change theorem (see [SP, Tag 02KH]), we have a
canonical algebra isomorphism

(3.8) (Urg)* = D(X}. F5);
we therefore have a canonical morphism of ringed spaces
7 (X5, 25) = (V) (Urg)®).
In case Stab(w,,e)({) C Wy, the composition of this morphism with the isomor-

phism (3.7) will be denoted ff. We can then consider the (derived) push/pull
functors ~
R(f{)« : D"Modyc(77) — D Mod((Ug)*)
and ~
L(f$)* : D™Mod((Ug)¢) — D™ Modqc(Z5).
Note that by standard arguments (see e.g. | , Proof of Corollary 2.11]) the
natural functors

DPMod.(25) — D’Mody.(25), DPMod,((Ug)) — DPMod((Ug)®)

are fully faithful, and their essential images consist of complexes with coherent
(resp. finitely generated) cohomology objects.
The following statement is a “completed” version of the main results of | ,

]
Theorem 3.4. Assume that Stabiw, ¢)(§) C Wr.
(1) The functor R(fIE)* restricts to a functor
(3.9) D"Mod.(7%) — D"Modg (Ug)®),
still denoted R(flg)*


https://stacks.math.columbia.edu/tag/02KH
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(2) The functor L(ff)* restricts to a functor

(3.10) DPMody, (Ug)$) — D’Mod.(Z5),

still denoted L(ff)*
(8) The functors (3.9) and (3.10) are quasi-inverse equivalences of categories.

To prove Theorem 3.4 we will repeat the construction of the functors in | ,

], and then reduce the proof that they are equivalences to the results of these

references. In this subsection we prove statements (1) and (2), and the following
weaker variant of (3):

(4) The functor L(f$)* of (3.10) is left adjoint to the functor R(ff)* of (3.9),
and moreover the adjunction morphism id — R( ff)* oL( ff)*
phism; in particular, L( ff)* is fully faithful.

Statement (3) will be deduced in §3.5 below.

is an isomor-

Proof of (1), (2) and (4). We assume that Stab(w, «)({) C Wr.
(1) We have forgetful functors

Modqc(Z5) — QCoh(X$), Mod((Ug)¢) —+ QCoh(Y*)
which send coheregt (resp. finitely generated) modules to coherent sheaves, and

denoting by gf ' X f — Y€ the morphism of schemes underlying ff, the diagram

D Modgo (78) 91 D Mod((tg)®)
(3.11) l l
D*QCoh(xE) — D prqcon(ye)
commutes by the same arguments as in | , §3.1.9]. Note that gf is proper,

since it can be written as the composition

X7 = & Xeeopwy FNe w0 ({51(1) 2 1Y X0, FNe- w0 ({R(€))
= 8" M X jw, FNes jowr o) ({R(€)}) = YE

where the first morphism is a closed immersion and the last one is obtained from
the closed morphism §gl) — g*(1) by base change.

Now, note that Xf is a scheme of finite type over FN¢. /(w, «)({r1(£)}). Here
O (FNg¢- y(w,,e)({£1(£)})) is the completion of a noetherian local ring of finite Krull
dimension (namely, the local ring of t*/(W7,e) at x(£)), hence it is itself noether-
ian (see [SP, Tag 0316]) and of finite Krull dimension (see [SP, Tag 07TNV]). We
deduce that Xf is noetherian of finite Krull dimension, so that the functor (gf)*
has finite homological dimension, see [ITa, p. 88]. Since g§ is proper, we deduce
using [SP, Tag 0205] that R(gf)* restricts to a functor DbCoh(Xf) — DPCoh(Y¢).
Using the diagram (3.11) we deduce that R(ff)* restricts to a functor

D*Mod.(%%) — D"Mods, ((Ug)®),

as desired.


https://stacks.math.columbia.edu/tag/0316
https://stacks.math.columbia.edu/tag/07NV
https://stacks.math.columbia.edu/tag/02O5
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(2) To prove this claim we will use the identifications (3.4). The closed points in
(kT)~1(€) consist of the (W, e)-orbits § C t* contained in W¢ &, and as in | ,
Lemma 3.4] we have a canonical identification

(3.12) FNg /w0 ({(K)7H(€)}) = |_| FNe /(w0 ({0})
OCWiel
where 6 runs over the (W, e)-orbits contained in Wy @ £. The functor
D1 Qug (=) : Mod(Ug) — Modg(D;),

Le. the pullback functor associated with the natural morphism of ringed spaces
(X1,91) — (Y,Ug), induces a functor

(3.13)  Mod((Ug)*) = Modqe(Dr @p (- /(w01 O(FNe- w0 ({ () T (1)),
and the right-hand side identifies with the direct sum
P Modac(Dr ®oe- j(wi.0)) O(FNg jew,.0)(0)))
OCW;e&
where 6 is as above. By definition, ( ff)* coincides with the composition of (3.13)

with projection to the direct summand Modqc(ﬁﬁ). Since any flat (Ug)g—module is
also flat over Ug, this identification also holds at the derived level, and we deduce
that for any M in D~Mod((Ug)*) the image in D~Mod.(D;) of L(ff)*(M) is a
direct summand in .

51 Qug M.
Since Ug has finite homological dimension, it follows that L( ff) sends bounded
complexes to bounded complexes. The desired claim follows, using the fact that any

*

finitely generated (Ug)*-module is a quotient of a finitely generated flat module.

(4) The fact that our functors are adjoint follows from the fact that ( ff)* is left
adjoint to ( ff)* and general properties of derived functors (see [SP, Tag 0DVC]).

Then we consider the adjunction morphism id — R( ff)* o L( ff)* Recall
from [ , Proposition 1.2.3(b)] that we have H*(X;, 2r) = 0 for any ¢ > 0. By
the flat base change theorem (see [SP, Tag 02KH]) this implies that HZ'(Xf7 @f) =0
for any ¢ > 0. Using also (3.8) and the identification (3.7), we deduce that adjunc-
tion induces an isomorphism

Ug) = R(f7). o L(F)" Ug)*.
Since ( ff)* has finite homological dimension (see the proof of (1)), it follows that
this property holds for any bounded above complex of finitely generated free (U g)g -
modules, hence finally for any object in D®Mod, (U g)g ), proving that this adjunc-
tion morphism id — R(f5). o L(f5)* is an isomorphism on Dbl\/lodfg((lxlg)g). Fully
faithfulness of the functor L( ff)* is a standard consequence. O

3.5. Completed localization, II. We will now explain how to complete the proof
of Theorem 3.4. We continue to assume that Stabw, «)(§) C Wr. In view of the
work done so far, to conclude it suffices to prove that the adjunction morphism

(3.14) L(f)" o RUT)e (M) = A

is an isomorphism for any .# in DbModC(éf).


https://stacks.math.columbia.edu/tag/0DVC
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As noted in Remark 3.3, any A € X*(T) = X*(TM) orthogonal to any aV with
a € T defines a line bundle on (G/P;)™"), whose pullback to Xf will be denoted
0 &(A). We can then consider the left éf—module
I

Z5(\) = 7% ®0 ¢ Oye(N).

Lemma 3.5. (1) For any nonzero M in DbModc(éf), there exist A € X*(T)
orthogonal to any o with o € I and n € Z such that

DbMod, (95 (‘@5( ) [ ]) 7é 0.
(2) For any A\ € X*(T) orthogonal to any " with o € I, the morphism (3.14)
is an isomorphism when A = @IE(A)

Hom

The proof of (2) will use the following preliminary result.

Lemma 3.6. The image under the morphism Xg — FNg- ow,e)({K(8)}) of any
closed G-invariant subset is closed.

Proof. In view of the isomorphism (3.6), to prove the lemma it suffices to prove

that the image in FN¢- /(w; o) ({£(£)}) of any G-invariant closed subset of Xf is
closed. Then, considering the factorization

Xi = Y = PN jwyo ({5(9)})
in which the first map is G-equivariant and proper (hence closed), we see it suffices
to prove that the image under the second map of any G-equivariant closed subset
of Y¢ is closed. We will prove below that this morphism is the quotient morphism
with respect to the action of G on Y¢; in view of [Se, Corollary 2 on p. 2.6.2]
(applied to the natural closed immersion V€ s g* Xy FN,;*/(Wi o ({s(£)}) and the
reductive group G X FN¢- /(w, o) ({£(§)}) over FNt*/ wi,e) ({£(£)})) this will imply
that the image of any G-invariant closed subset is closed, as desired.
To conclude we therefore have to prove that the natural morphism

O(FNg- jowr.0) ({K(6)}) = O(Y4)C
is an isomorphism. Since O(t*) is free over €(t*/(Wt,e)) by [De], it suffices to

prove this claim after base change along the quotient morphism t* — t*/(Wg, e).
Now, by finiteness we have

t" Xt/ (wre) FNge oy 0) ({R(€)}) 2 FNg- ({57 (5(€))}),
and by commutation of fixed points with flat base change (see [J2, Equation (3)
in §1.2.10]) the base change of our morphism identifies with the natural morphism

O(FNe- ({7 (5()}) = g™V X0 jw, FNe= ({7 (5(6)}) -
Using again commutation of fixed points with flat base change, the latter morphism
is obtained from the Chevalley isomorphism g*() /G = t*(1) /W by base change
along the composition of flat morphisms
FNg- ({k7H(8(€)}) = t* — t* O — *1) /W,

which finishes the proof. (Here the second morphism is the Artin-Schreier mor-
phism, which is étale hence flat, and the third morphism is flat by [De].) a
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Proof of Lemma 3.5. (1) It is clear that for any A and n we have

Ho Z5(N\), A [n]) = Hom ), .#[n))

DbCoh(X§) (ﬁxf(

= HY (X, M @0 Oye(-N)).

3
I

m .
DbModc(@f)(

Now the line bundle on (G/P;)() defined by —\ is ample if (\,3Y) < 0 for any
B € Ry I (see e.g. [J2, Remark after Proposition 11.4.4]), hence in this case
0 e(=A) is ample by [5P, Tag 0892]. This implies the desired claim by [SP’, Tag

I
01Q3].
(2) In fact, we will prove this claim for any module .# which is G-equivariant as

a coherent sheaf (with respect to the obvious action of G on Xf) Namely, consider
the cone ¥ of our morphism, and assume for a contradiction that ¥ # 0. This
cone is easily seen to be a complex of G-equivariant coherent sheaves, hence so are
its cohomology sheaves. Recall the notion of support of a coherent sheaf, and its
characterization in [SP, Tag 056J]. The support of the nonzero cohomology object

of € of highest degree is a G-invariant closed subset in X}é. By Lemma 3.6 its
image in FN¢- /(w, o)({#1(£)}) is closed. This implies that this image contains the
unique closed point, and then that the (derived) pullback of ¢ under the closed
immersion

~(1 ~(1
e B X jw, (R1(6)} = B X0 jw, FNge jowy0) ({81(6)}) = X5

is nonzero.

Now, using the general version of the base change theorem (see [Li, Theo-
rem 3.10.3]) and Lemma 3.1 one sees that the composition of the functor L(ff)* o
R( f}g),k with the pullback functor L(z;¢)* identifies with the composition of the

latter functor with the composition of the equivalence in | , Equation (5) in
Theorem 1.5.1] and its inverse (see also | , §1.6]); it follows that L(z7¢)*¢ = 0,
which provides a contradiction. [

Proof of Theorem 3.4(3). In view of Lemma 3.5(1), to prove the desired claim it

suffices to prove that for any .# in DbModc(éf), for any A € X*(T) and n € Z
the morphism

Hom (7% (), L(f$)* o R(f$).(.#4)[n]) — Hom(Z5(\), .4[n])

induced by (3.14) is an isomorphism. Now by Lemma 3.5(2), fully faithfulness of
L(ff)*7 and adjunction, we have

Hom(Z5 (A), L(f{)* o R(f{)«(-4)[n]) =
Hom(L()" o R(f§).(Z5(N), L(f$)" o R(f§).(A)[n]) =
ATEN) R($).(A)[n) =
Hom(L(f§)" o R(f$).(Z5(N)), .4 [n)).

We conclude by Lemma 3.5(2) again. O
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4. DERIVED LOCALIZATION FOR HARISH-CHANDRA BIMODULES

4.1. Steinberg schemes. Our goal in this section is to prove an analogue of The-

orem 3.4 for the categories of (completed) Harish-Chandra bimodules introduced

in §2.4. First we introduce the geometry that will be involved in this theorem.
Given two subsets I, J C MR, we will consider the associated “Steinberg scheme”

Str.; =81 Xg 8-
This scheme is equipped with a diagonal G-action, and with a canonical G-equiva-
riant morphism
StLJ — t*/WI X t*/WJ

(for the trivial action on the codomain) given by (3.1) on each factor, which factors
through t*/Wr x¢. jw, t*/W s; we will set

St7 ; :=Str s X¢=/w, Xex bt /Wy FNt*/wat*/wft*/w,,({((),0)})~
In case I = J = @, these subsets will usually be omitted from notation.

Remark 4.1. By finiteness of the map t*/Wr x4 )w, t*/W; — t* /Wy, and since
(0,0) is the only closed point in the preimage of 0 under this map, the scheme St?y 7
also identifies with the fiber product

Str.s ¢+ yw, FNg yw, ({0}).
We set
Zy:=t"/(Wr,e) Xpew) yw, t7/ (W, o).

(In case I = J = R, this scheme is the scheme Z from §2.4.)* Consider the fiber
product

(41) (& e yw, /(W) < (B xe0jw, 6/ (W)

~ q+(1)
= St[,J Xt*(l)/WIXt t*(1) /W ZI,Ja

*(1)/Wf

where the morphisms to g*(!) are induced by the natural morphisms g; — g* and
g7 — g* (see §3.1).

If A € X*(T), we will denote by XI, resp. XJ7 the image of X in t*/(Wy,e),
resp. t* /(W , ®); in the notation of §3.4 we therefore have A\; = r7(X), Ay = r;(X).
For A\, u € X*(T) we also set

Zy% = FNz, ,({(\r in)})-
Lemma 4.2. Let \,p € X*(T) and I,J C Rs, and assume that
W; C Stab(wh.) (X)7 W, C Stab(wh.)(ﬁ).

Then the projection morphism

(1) (1)
StLJ ><t*<1>/w1xt*(l)/wft*m/wj Zrj— StLJ

induces an isomorphism of schemes

(1) Xi o~ g (D)
StI,J Xt*(1>/wlXt*(1)/wft*(l)/WJ ZI,J — StLJ .

4For most notation used in the paper, omission of a subset I C s in the notation means that
I = @. The notation Z is one the only exceptions to this rule.
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Proof. The lemma will follow from the definitions once we prove that the morphism
t*"/(Wp,e) = t*(l)/WI, resp. t*/(Wy,e) — t*(l)/WJ,

is étale at Ay, resp. fiy. The two cases are similar, so we concentrate on the first
one. We consider the composition

t* =t 5 MWy,

where the first morphism is the Artin—Schreier morphism (2.3). This morphism is
the quotient morphism for the natural “dot” action of X*(T)/¢X*(T)x® W7 on t*
(where X*(T)/¢X*(T) acts by translation on t* = k®zX*(T)). Since the point A €
t* is stabilized by the action of W, whereas its orbit under X*(T)/¢X*(T) is free,
its stabilizer is exactly Wy, so the claim follows from the general criterion | ,
Exp. V, Proposition 2.2]. |

We will denote by

(1)

Cohf " (St{"))

the category of G(M-equivariant coherent sheaves on St%} set-theoretically sup-
ported on the preimage of the point (0,0) € t*(1)/W; X g+(1) /W, t*1) /W, or
equivalently set-theoretically supported on the preimage of 0 € t*(1) /W¢. The
following lemma is an application of the considerations in §A.4.
Lemma 4.3. The obvious functor

D*Coh$™ (st1)) — DPCoh® (5t7})

is fully faithful; its essential image is the full subcategory whose objects are the
complexes F such that the morphism

O(FNg-) w x, e w, ({(0,0)})) — End(F)

vanishes on a power of the unique maximal ideal.

’f(l)/wf

4.2. Equivariant sheaves of algebras and modules. As in §3.2, consider a
k-scheme X, and a sheaf of algebras & on X endowed with a ring morphism
Ox — &/ which makes &/ a quasi-coherent x-module. Assume furthermore that
X is endowed with an action of a smooth affine k-group scheme H, and that the
Ox-module &/ admits a structure of H-equivariant quasi-coherent sheaf such that
the morphism 0x — &/ and the multiplication morphism & ®¢4, & — & are H-
equivariant. In this setting, a weakly H -equivariant </ -module is an object .4 of
Modqc(2f) endowed with a structure of H-equivariant quasi-coherent &'x-module
(with respect to the restriction of the «7-action to Ox) such that the action mor-
phism &/ ®gs, A — A is a morphism of H-equivariant quasi-coherent sheaves.
These are naturally objects of an abelian category, which will be denoted

Modfc(d ),
and we have an obvious faithful exact functor
For, : Mod/L (/) — Modc (7).

(We will omit the subscript “7” in this notation in case it is obvious from the
context.) If &7 is noetherian, we will denote by

Mod ()
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the full subcategory of Modg{:(szf ) whose objects are those .# such that For’ (.#)
belongs to Mod, ().

There is a stronger notion of equivariance in the following setting. Consider
again a smooth affine k-group scheme H acting on a k-scheme X, and let h be the
Lie algebra of H. Recall that if .# is an H-equivariant quasi-coherent &'x-module,
there exists a canonical Lie algebra morphism L 4 : h — Endy (.#); see [Ka, §3.1].°
Assume we are given a sheaf of algebras &7 as above with an H-equivariant structure
satisfying the properties considered at the beginning of the present subsection, and
a morphism of Lie algebras o : h — I'(X, &) which is H-equivariant and satisfies

(4.2) Ly (x) =[o(x),—] forany z €
(where the right-hand side is the commutator in the algebra I'(X, <”)). Then an
object A of Modi(szf/), with structure morphism « 4 : & — Endy (A ), is called
a strongly H -equivariant </ -module if we have
ay(o(x)) = L4 (x) for any x €.
(For this notion, see also [BL, §2.16].) We will denote by
Modyc (<7, H)

the full subcategory of Modi(@f ) whose objects are the strongly equivariant mod-
ules, and by
Mod. (<7, H)
the intersection of the full subcategories Modqc (.7, H) and Mod (<7) in the cate-
gory Modfi(sz%).
The following statement follows from the same arguments as for Lemma 2.3.

Lemma 4.4. If o7 is noetherian, the obvious functor
D"Mod,.(¢/, H) — D"Mod (<7, H)

is fully faithful, and identifies the left-hand side with the full subcategory of the
right-hand side whose objects are the complexes all of whose cohomology objects
belong to Mod. (<7, H).

In particular, if X is a smooth k-variety endowed with an action of a smooth
affine k-group scheme H, the sheaf of algebras Dx admits a canonical structure of
H-equivariant quasi-coherent sheaf which satisfies the conditions above, and there
exists a canonical H-equivariant morphism of Lie algebras h — T'(X,Dx) such
that (4.2) is satisfied. We can therefore consider the abelian categories

Mod/L(Dx), Modf(Dx), Modq(Dx,H), Mod.(Dx,H).

As explained in [I{a, Lemma 3.1.4], the category Mody.(Dx, H) can also be decribed
as the full subcategory of I\/Iodi(DX) whose objects are the weakly H-equivariant
Dx-modules .# such that the isomorphism

a M = p M
giving the structure of H-equivariant quasi-coherent sheaf is an isomorphism of

Dpxx-modules. (Here, ax,px : H x X — X are the action and projection mor-
phisms, respectively.)

5In [Ka] it is assumed that the base field is C; but the considerations used here and below hold
over any base field.



ON TWO MODULAR GEOMETRIC REALIZATIONS OF AN AFFINE HECKE ALGEBRA 43

In terms of the equivalences (3.2), there exists a canonical action of H() on
T*X® | which by composition with Fry provides an action of H. The sheaf of
algebras Zx admits a canonical structure of H-equivariant quasi-coherent sheaf,
and there exist canonical equivalences

Mod!.(Dx) = Mod/L(Zx), Mod! (Dx) = Mod! (2x).

We can also consider the morphism h — I'(X,Dx) = T(T* X1, Zx), hence the as-
sociated categories Modqy.(Zx, H) and Mod.(Zx, H), and we have canonical equiv-
alences

Modg(Dx, H) = Modq.(Zx, H), Mod.(Dx,H) = Mod.(Zx, H).

Let us now consider a variant of these constructions in the setting of §3.3. Given
a subset I C R, the Og/p,-module D; also admits a natural structure of G-
equivariant quasi-coherent sheaf (with respect to the obvious action of G) which sat-
isfies the conditions of §3.2, and the action of G on G/Uj; induces a G-equivariant
morphism of Lie algebras

(4.3) g = I(G/P;,Dy).
We can therefore consider the categories
(4.4) Mod$(D;), Mod$(D;), Mody(Dr,G), Mod(Dr, G).

Similarly, @I has a canonical G-equivariant structure with respect to the pullback
(under Frg) of the action of G() on gﬁ” X+ jw, t°/(Wr,e) induced by the
action on E}l), and the right-hand side in (4.3) identifies with F(§§1) X (1) /W,

t*/(Wy,e), él) We can therefore consider the categories
ModS (Zr). ModS(Zr), Modyo(Z1,G), Mod.(Zr, G),
and each of these categories identifies with the corresponding category in (4.4).

Remark 4.5. Counsider the action of Ly on G/Uj as in §3.3. Then the sheaf of
algebras Dg /vy, has a canonical structure of Lj-equivariant quasi-coherent sheaf,
and we have a canonical equivalence of categories Modg‘cf (Paju,) = Modqc(ﬁl).
4.3. Harish-Chandra D-modules. From now on we fix two subsets I,J C R,
and set ~ _ _ B B B

DLJ = D[&Df}p, @],J = .@[@@f;p.
Then 61"] is a sheaf of algebras on G/P; x G/P, é},] is a sheaf of algebras on

(45) (& X yw, 6/ (Wi, 0)) x (8 %o yw, 6/ (W @)

and their pushforwards under the natural maps to (G/P;)™) x (G/P ;) coincide
canonically. We will consider the diagonal G-actions on G/P;xG/P ; and on (4.5),
and the composition

g —+gxg”® > T (G/P; x G/P;, Dy ;) =T(Z1.5)

(where in the right-hand side we omit the scheme (4.5) to save space) where the
first morphism is the antidiagonal embedding and the second one is induced by the
morphisms (4.3). With respect to these structures we can consider the categories

Mod$ (Dr.s), Modq(Dr,s,G), ModS(Zr,5), Modg(Zr,5,G)
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and their subcategories of coherent modules. We have canonical equivalences
ModS (Dy,s) 2 Mod$(Z;.),  Modge(Dr,7, G) = Modye (21,1, G),

and similarly for coherent modules.
Consider the algebra morphism

0(g*V x g* M) 5 T(Z;.) =T(G/P; x G/P;,Dr.j)

obtained from the natural morphism from (4.5) to g*W xg*(1) Using this morphism
we can define the sheaf of algebras

D,y = D1.1 R (g gy O(Ag" D)

on G/P; x G/P;, where Ag*() ¢ g*(1) x g*(1) is the diagonal copy of g*(1). If
we denote by

Dr,g
the pullback of @17 J to the closed subscheme (4.1), then we have equivalences
MOqu(ﬁLJ) = Modqc(gj_}]), Modc(ﬁjﬁj) = Modc(g[w(]).

We can also consider the categories of weakly or strongly G-equivariant modules
for these sheaves of algebras, and have similar equivalences for the categories of
equivariant modules.

Since a Ug-module obtained by differentiation from a G-module has trivial ac-
tion of the Frobenius center, any strongly G-equivariant 2y j-module is scheme-
theoretically supported on (4.1); in other words we have canonical equivalences of
categories

Modae(Z1.7, G) = Modge(Z1.7,G), Modc(Zr.s,G) = Mod(Z;.;,G).
For A\, n € X*(T) we will denote by

S\
D1,

)

the pullback of 91,1 to

1 oW
(46) St‘(,”)] Xt*(1>/W[>< (1) /W 5 ZI,:I].

() /wy
We can also consider the natural morphism
O(Zr;) > T(Z15) =T(G/P; x G/P;,Dy ),
and then the sheaf of algebras
Dy = D1y @0z, ) O(Z})
on G/P; x G/P;. As above we have canonical equivalences
(A7) Mode(D))) = Mode(707),  Mode(B)5) = Mode(7,7)

and similarly for the categories of equivariant modules.
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4.4. Localization theorem. From now on we fix A\, u € X*(T). Our localization

theorem for completed Harish-Chandra bimodules will be based on (a slight variant

of) Theorem 3.4, applied to the group G x G and the subset I x J C Rs x Rs.
To save space we set

X i= (8 Xy, 6/ (W1,9)) x (B X, £/ (W @)

X /(W,0)xt* /(W y,0) ENgx /oW o) xtr /(w00 ({(Ar, 7)) })

h<
>
®)
I

( e Xy yw, £/ (W, )) X (g*(l) Xge (1) /W t*/(Wfﬁ))
Xt /(Wi 0)xt* /(We,0) FNe /(Wi o)t /(W o) ({ (A 11)})-

We have a sheaf of algebra @ff on XIXJﬁ (obtained by pullback from the algebra
.@1“] of §4.3), and a sheaf of algebras on YA corresponding to the ﬁ(YX*ﬂ)—algebra

(Ug @ UgP) M =
(Ug RUEP) Dot /(Wi 0)xt ) (Wr,0)) OFNg«/(wi 0)xtx /(Wi o) ({ (A 1) }))

(which will be denoted by the same symbol). We have a canonical morphism of
ringed spaces

(XL D) = (VO (Ug © Ug ),
and Theorem 3.4 says that, under the assumption that the stabilizer of A, resp. 7,

for the (W¢, e)-action on t* is contained in Wy, resp. W, the push/pull functors
associated with this morphism restrict to quasi-inverse equivalences of categories

L(fM) - D"Mods,((Ug ® Ug™) ™) — D" Mod,(7,F),
R(f™). : D"Mod.(F7F) — D*Mod, ((Ug ® Ug™)* 7).
Remark 4.6. This statement is not exactly an application of Theorem 3.4 for G x G,

since we work with the algebras _@Igﬁff’ and Ug@Ug°P instead of 7K %, and Ug®
Ug. However, as in remark 3.3, a slight variant of | , Lemma 3.0.6] provides

an isomorphism between Q‘}p and the pullback of Z; under the automorphism of
gf]l) Xy ywr, 67/ (W, @) given by

(gPL(]1)357HI(n)) (gPJ ’ gaHI( - 2ﬁ))
for g € G, ¢ € g*M and n € t*. In particular, there exists an equivalence of
categories, compatible with the global sections functors, between Modc(él):f ) and
the category of coherent modules for the pullback of Z; ® Z; to XIA;J_” ~2P Since
Stab(w,, .)(*) = Stab(w,,e)(—p — 2p), this justifies our claim above regarding the
functors L(f; ’“) and R(f;‘j‘)*
Below we will assume that A and p satisfy
(48) Stab(wam.)(/\) = W]7 Stab(wam.) (,u) = W]

(where we consider the stabilizers for the restriction of the dot-action of W on
X*(T) to Wag). In view of | , Lemma 3.1(ii)], these conditions imply that
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Stab(w;,e)(A) = W and Stabw, ¢)(fi) = W, so that the conditions considered
above are satisfied.

Remark 4.7. (1) Recall the notation of §2.11. If A, p € A§ and if I = {o € R, |
(A+¢,a¥) =0}, J={a e R | (L +¢,a’) =0}, then the conditions (4.8)
are satisfied, see [J2, §IL.6.3].

(2) Recall the extended affine Weyl group W introduced in §2.4. From the
proof of | , Lemma 3.1(ii)] one sees that for any A € X*(T) we have
Stab(w e)(A) € Wag, hence Stabiw,, e)(A) = Stabw ¢)(A). In partic-
ular, if Stabew,_; ¢)(A) = W and w € W commutes with W; then
Stab(wa“’.)(w [ ] )\) = W[.

We have canonical forgetful functors

— .

e — N0 ~
(49)  Modye(Z77.G) = Modee(Z;7),  HC™" — Mod((Ug ® Ug) ™).
The following claims will be proved in §4.5 and §5.4 below, respectively.
Proposition 4.8. Let \,u € X*(T) and I,J C Ry, and assume that the condi-
tions (4.8) are satisfied.

(1) The category Modqc(yiﬁ,G) has enough injective objects. Moreover, the
image in Modqc(é}”f;‘) of any injective object is acyclic for the functor
A,
(). -
(2) For any V € Rep™(G) the image in Mod((Ug @UgP)M) of CME(V @UG)

is acyclic for the functor ( f\f;)*

. . . . Y
The morphism f;‘j‘ induces a morphism of ringed spaces f;; from

1 N AR
(sé} Xt*“)/wfXt*<1>/wft*“)/WJ ZI,f;’ :@1,])
to R R
(g*(l) X e e LV, UA’“) ,
where once again we still denote by UM the sheaf of algebras on g*() Xge(1) /W YA
associated with this &(g*(") Xgx(1) /Wy ZM)-algebra. We have push/pull functors
associated with this morphism, which induce adjoint functors
M. oM I .y Y —~ X7
(Fr5)" : HC™ = Mode(Z775. ), (F15)s - Modge(Z75, G) — HC.
These functors are compatible with the functors ( I)‘}L)* and ( I)‘j‘)* via the func-
tors (4.9).
Since the category Mod,. (9?5, G) has enough injectives (see Proposition 4.8(1))
we can consider the right derived functor
— 0 — X7
R(F})s : D™Modyo(777,G) — DYHC ™.
On the other hand, Lemma 2.5 and Proposition 4.8(2) imply that the category

X,
HC " has enough objects whose images are acyclic for the functor ( f;‘;)* Hence
there is a left derived functor

N0

L(??,”})* : D HC” %D’Modqc(g}\ﬁa(})
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such that the diagram

L)

__5a X
D-HC " D~Modo(7,7,G)
(4.10) i |
- Say  LUROT =5
D~ Mod((Ug © UgP) M) ———— D~ Modq(Z;"})

commutes, where the vertical arrows are induced by the functors in (4.9).
Note that we have fully faithful functors

D*Mod.(Z;"},G) — D"Mody(7,7;, G)
(see Lemma 4.4) and
~ g
DPHCM — pPHC™
(see Lemma 2.3), whose essential images consist of complexes with coherent or

finitely generated cohomology objects, respectively. The following statement is the
promised localization theorem for completed Harish-Chandra bimodules.

Theorem 4.9. Let A\, € X*(T) and I,J C Ry be such that
Stab(waff7.) ()‘) =Wy, Stab(waff7_)(#) =Wj.

-
(1) The functor R(flf;)* restricts to a functor

Fkall . DbM d S\ b N

T ode(Z7);,G) — DPHCH.
(2) The functor L(?;\l;)* restricts to a functor
~ 7’)\\ —~

L} : D"HCM — DPMod (77, G).

(3) The functors F;‘f]‘ and L';‘f; are quasi-inverse equivalences of categories.

Proof. (1) The acyclicity statement in Proposition 4.8(1) shows that the diagram

5a RN, i
D*Mod,(777, G) L DHAC"

| |

N ~S7 R4+ 4 op\ X i
D*Modyo(7;F) D+Mod((Ug ® UgP)ME)

commutes, where the vertical arrows are induced by the functors in (4.9). As
explained above, by Theorem 3.4 the lower functor restricts to a functor from

DbModc(éﬁ’;‘) to D"Modg, ((Ug ® Z/{gc’p)X’ﬁ)A7 which implies that the restriction of
R(??l;)* to the full subcategory DbModc(g}\:g, G) takes values in the full subcat-
egory DPHCME,

(2) The proof is similar to that of (1), using the commutative diagram (4.10).

(3) By general properties of derived functors (see [SP, Tag 0DVC]) the functor
E}\g is left adjoint to F;‘f; . We therefore have canonical morphisms of functors
id — F}\"f o L‘}\f} and 5;‘5 o I‘;‘f} — id which are related to the similar adjunction
morphisms for f;‘J” by the functors induced by (4.9). Using the fact that the
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latter morphisms are isomorphisms (as explained above) one easily deduces that
the former morphisms are also isomorphisms, which completes the proof. ([

4.5. Proof of Proposition 4.8(2). In this subsection we explain the proof of
Proposition 4.8(2). We therefore fix A, and V as in this statement. If we set

=W <~ - "
D7y = O(FNg w0y xt- /(W00 {LA1, 1)}) @66 /(Wi 0) x5 /(W5 ,.0)) P17
then as in (3.4) we have an equivalence of categories
Modqe(Z;) = Mod. (D)),
and under this identification we have
)\, * X,A ~ ~X7A L X)A

L( 17) ChHV oUg) = Dlj ® wgsugor)ta CHH(V @Ug).

As in (3.6), our assumptions on A,y imply that the natural morphism

FNe/(w.o)xt= /(W ,0) ({(A1, 7)) = FNe /(w0 xts /(w00 ({(A 1))

is an isomorphism, and moreover by exactness of completion we have a canonical
isomorphism

OV 0 Ug) =
O(FNg- /w0yt /(We.0) ({0 D 1) @60 (Wi ) et f(wrs)) (V @ UE).
We deduce an isomorphism

oL

7 Qugsuger)sn CMU(V @ Ug) =

B
O(FNee j Wy oyxer /(W,0) ({AL BI) 1)) @0 (6 /(W1 0)xt7 /(W ,0))
~ L
(D1, Qugsauger (V QUS)),
which shows that to conclude it suffices to prove that the complex
~ L
D1, Qugsuger (V @UZ)
is concentrated in degree 0. Now, recall the isomorphism
(Ug @UB) Rug V =V @ UG
from [ , §3.4], where the morphism Ug — Ug @Ug°P is the antidiagonal embed-
ding. For this morphism, Ug ® Ug°P is free over Ug; we deduce an isomorphism
~ L ~ L
Dy, Qugauger (V @UE) = Dy j Qug V.

To conclude, we therefore only have to show that the right-hand side is concentrated
in degree 0.
Consider the Chevalley—Eilenberg resolution

Ug ® /\'g —k
where A*g is in degree —a. Tensoring with V' we obtain a resolution

Ug®k/\'g®V—>V
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where Ug acts diagonally on Ug and V. Writing Vi, for the vector space V
endowed with the trivial action of Ug, we have a natural isomorphism of Ug-
modules Ug @ V = Ug & Vv, which provides a resolution

Ug® \'g® Viriv = V

where now Ug acts only on the first factor (but the differential involves the action
on V). Computing with this resolution, we obtain that Dy ; ®LL,g V' is the image of
the complex

(4.11) Drso N\gaV,

for a certain Chevalley—Eilenberg type differential. The sheaf of algebras D 1,7 is by
definition the enveloping algebra of a Lie algebroid (see | , §1.2.1]); it therefore
admits a canonical filtration (an(YSL J) 1 € Z>g), whose associated graded is the
pushforward of the structure sheaf of g; x g; to G/P; x G/P ;. We consider the
filtration of the complex (4.11) such that

ngn ('5[”] ® /\'g ® V) = FSner(IZAjI’]) ® /\_pg QR V.

Below we will prove that the associated graded of this filtered complex has coho-
mology only in degree 0, which will conclude the proof.
The associated graded of our complex is of the form

ﬁEIXEJ ® /\.g YV,

where we omit the pushforward functor, and where the differential only involves

the first two factors; in fact if ey, - - - , eq is a basis of g, then g, «5, ® A°g with this
differential identifies with the Koszul complex on the images of eq, - - - , e,- under the
morphism

0g") 0" xg")— 0(gr x8y)

(where the first morphism is induced by the map g* x g* — g* given by (£,7) —
¢ —n) in the sense of [SP, Tag 062L]. Since a regular sequence is Koszul-regular
(see [SP, Tag 062F]), to prove that this complex has cohomology only in degree 0
it suffices to show that these images form a regular sequence in sections over an
affine cover of g; x g;. By the standard characterization of regular sequences in
terms of dimension of the quotient (see [SP, Tag 02JN]), this fact follows from the
standard observation that dim(g; xg- g7) = dim(g) = dim(g; x gs) — dim(g).

Remark 4.10. The last step of this proof can be equivalently formulated as saying
that the fiber product in the definition of St; ; is also a derived fiber product, i.e. a
fiber product in the sense of Derived Algebraic Geometry.

4.6. Variant for a fixed central character. Recall the constructions of §2.8.
Given I, J C R, we consider

St/IJ = St[J xt*/WIXt*/wft*/W.l (t*/WI xt*/Wf {O}) = St[7J Xt*/WJ {0},

where the second fiber product is taken with respect to the composition Sty ; —
gs — t*/W ;. The following statement is an analogue of Lemma 4.2, and fol-
lows from the same arguments. (In that statement, the formal neighborhood that
appears is a finite k-scheme.)


https://stacks.math.columbia.edu/tag/062L
https://stacks.math.columbia.edu/tag/062F
https://stacks.math.columbia.edu/tag/02JN
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Lemma 4.11. Let A\, p € X*(T) and I,J C Rs, and assume that we have W C
Stab(w,,e)(A). Then the projection morphism

1 # ~ 1
SEL ) X4 Wty 10} (/W 8) Xeot w, {71r}) = S
induces an isomorphism of schemes
/(1) N~ ~ /(1)
SE1T X /Wi ), 10 FNE /(W) x ) g 1 (LA 7)) = St

Let us consider the pullback

—,u
Dr.g
of @I’] to
/(1 T~
(4.12) Stl(,,]) X)) /W Xg(1) w10} FNt*/(le')Xt*u)/wf{ﬁJ} {(Ar,12r)})

(a scheme of finite type over k). We have a canonical action of G on this scheme,

—A\H . . . .
and Z;; has a canonical G-equivariant structure. We also have a morphism g —

F(@;‘f}) induced by the diagonal action of G on G/U; x G/U}, hence we can
consider the categories

Mod?(@}\”?)CModG(Q;f;) Mod. (7", )clvlodqc(@?f,‘, G).

The scheme (4.12) identifies with a closed subscheme of (4.6), in such a way

© . —Ai . . . —A,
that the restriction of 2 I’l; identifies with & I’l;. We therefore have a natural
pushforward functor

ModS (777) — Mod$ (7,7
which restricts to an exact functor
(4.13) Mod (7", G) — Mod(7,";, G).

The proof of the following theorem is similar to that of Theorem 4.9; details are
left to the reader. (In this case one does not need the considerations of Section 3;
the results of | , ] can be used instead.)

Theorem 4.12. Let A\, pn € X*(T) and I, J C R be such that
Stab(wa“’.) ()\) =Wy, Stab Watr,o ( )=W,.
Global sections induce an equivalence of triangulated categories
DPMod (7", G) = DPHCM*

such that the following diagram commutes:

DPMod (7,7, G) DPHC

(4A13)l i(2»22)

A,

-\ N
DPMod. (7,7}, G) U phRe,
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5. SPLITTING

5.1. Azumaya property of Ug. Recall that an element £ € t* is called unramified
if for any a € R we have (£ +3,a") ¢ F, ~ {0}, where Fy is seen as the prime
subfield of k. We will denote by t7,, C t* the affine open subscheme of unramified
elements (which is the complement of a union of finitely many affine hyperplanes).
It is clear that this open subscheme is stable under the dot-action of Wy¢; in fact
there exists an affine open subscheme of t*/(Wy¢, ) whose preimage in t* is t:

unr?
namely the complement of the closed subscheme defined by the element

[I ) +ga)—i o) We.
aER
i€F,~{0}

This open subscheme therefore identifies with t},,/(W¢,e). We can then consider
the open affine subscheme

g™V X ywy i/ (Wi, 0) € g8° Y X0y pwy, £/ (W, o).
We set
Zune = O(8" M X0 jw, bine/ (Wi, @),
a localization of Z = ¢ (g*(!) Xge) yw, £/ (Wi, @), and

(Ug)unr = Zunr Rz Ug

The following statement is due to Brown—-Gordon [BG]. (We recall some of the
details of its proof below for the reader’s convenience.)

Proposition 5.1. The Zy,-algebra (Ug)unr 15 an Azumaya algebra.

Proof. In view of the second characterization of Azumaya algebras recalled in | ,
§4.1], to prove the proposition it suffices to prove that for any x € g*() and any
n € t%,,./ (Wi, o) whose images in t*(1) /W coincide the algebra

K(xm) @o(g-0x, £ /(Wr,0)) U8

*(1)/wf
is a simple algebra. (Here, k(,,) denotes the 1-dimensional Z-module attached
to the pair (x,A). Note that this simple algebra will automatically be a cen-
tral simple algebra by the Wedderburn—Artin theorem, since k is algebraically
closed.) However, by [BG, Theorems 2.5, 2.6 and 3.10] the maximal ideal of
o(g*™ X1 yw, t°/(Wp, @) defined by (x,7n) belongs to the Azumaya locus of
Ug, which by definition means that k, . ®ﬁ(g*(1)xt t+ /(W;,e)) U8 1s a simple

*(1) /W
algebra. (I
As explained in | , §4.1], Proposition 5.1 implies that (/g)unr is projective
over Zu,r, and that the natural morphism
(5.1) U)unr ®z,,, (Ug)uhy — Endz,,, (UG)unr)

is an isomorphism. .

Recall now the algebra U= from §2.4, and its central subalgebra isomorphic
to 0(g*™) X e (1) /Wy Zf“fg). By construction, this algebra acts naturally (via left
and right multiplication) on the algebra

Ug)™* = ﬁ(FNt*/(Wf7-)({—N<})) Qo tr/(We,0) US

considered in §3.4.
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Lemma 5.2. The 0(g*") X () /W, ch’fg)—module (Z/lg)fg is projective, and the
action morphism

u—=—— Endﬁ(g*(l)x ZQ,Q)((Ug)_g)

(D) ywy
is an isomorphism.
Proof. As seen in the course of the proof of Lemma 4.2 (in the special case I = fRy),

the morphism t*/(Wg, o) — t*(1) /Wy is étale at —¢. It follows that the diagonal
embedding

t*/ (Wi, 0) = t*/(Wg, 0) Xy yw, t7/ (Wi, 0) =Z

induces an isomorphism

FNg- /(w0 ({—<}) = 27575,

hence an isomorphism
U™ = 0(Z7°7°) ®p(z) U = O(FNg- jow,,0)({—<1)) @z U,
where the right-hand side identifies with
O(FNgs jwir.0)({=6})) @6 (= (Wi 0)) UG @2 (UR) ).

Now since —¢ belongs to the open subscheme t* /(W¢, o), we have identifications

FNe: sowrio({—<}) = FNg- /w0 ({—<})
and
(Ug) ™ =5 O(FN e, jowew) {751) @043,/ (W) UG-

Hence the first claim follows from the fact that (Ug)un, is projective over Z,,, and
the second one from the fact that (5.1) is an isomorphism. g

C,C

5.2. Relation with 7, ;
ural morphism

. Let I,J C fRs be two subsets, and consider the nat-

1 1
wr,J - St(I}‘)] Xt*(D/sz t=(1) /W, ZI,J — g*( ) Xt*(1>/Wf Z.

(1) ywg

This morphism induces a morphism

(1) =5, (1) ==
(5‘2) StI,J X+ /W xt*(m/wft*(l)/wj ZI,J — 8 Xg=(1) /W Z s

which will also be denoted wr ;. Since U5 is a finite algebra over the structure
sheaf of the affine scheme g*(!) Xg=1y yw; L~ 7%, it defines a coherent sheaf of

algebras on this scheme, which will also be denoted U=,

Lemma 5.3. For any I, J, there exists a canonical isomorphism of coherent sheaves

of ﬁs — -algebras
%) o)yt

S ~

— ((.U]7J)*U:\g7:\<.
Proof. Consider the natural morphism

wr: fgvgl) Xgx(1) /W t*/(Wp,e) = g*(l) X (1) /W t*/(Wg,e).
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Then by | , Proposition 1.2.3(d)] (see also | , Proposition 5.2.1(b)] for
the case I = @) there exists a canonical isomorphism
Irig e/ (Wi (1) (UB)unr

(1) /Wy

where we still denote by (/g)unr the coherent sheaf of &z  -algebras defined by

(UG)unr, and by wy the restriction of this morphism to g§1) X+ yw; bine/ (Wi, @).
Of course the same isomorphism holds for J, and we deduce an isomorphism

~

@ 1 —
L ise)) 0w e/ (W10) X (1) gy Bine/ (W 0)

LI O /WX 1)

E3
(wr,7) U|g*<1>Xt*(l)/wfqm/(wf,.)xt*(l)/wft;m/(wf,.),

where we use the same notational conventions as above. Now, as in the proof of
Lemma 5.2 we have an identification

Zl_fj—< = FNi- /(W,,-)xt*(l)/wftzrlr/(wJ,o)({(:EI, j&])})

unr

and similarly for Z—5=5. Hence the clgsired isomorphism follows using pullback to

(1) —5,—¢
Stl’J Xt*“)/wlXt*(l)/wft*(l)/WJ ZLJ . O

5.3. 2-modules and coherent sheaves. By Lemma 5.2, (Z/lg):\g defines a vector
bundle on g*(!) X¢=) yw, 77 %, whose pullback under the morphism (5.2) will be

denoted .#; 7~ °. Then Lemma 5.2 and Lemma 5.3 imply that there exists a
canonical isomorphism

(5.3) Dry S éndo ().

s

—S,
UL e (D) pw x () w21

(D) ywy
Now, fix I,J C R, and let A\, u € X*(T) be weights which satisfy
W[ C Stab(waﬂ,.)()\), W.] C Stab(wam.)(u).

By the comments in Remark 3.3, setting
j/I,j'L = ﬁG/PIXG/PJ(/\+§’ —p =) ®0G/PI><G/PJ I_,jy_g

1 NE - .
we define a vector bundle on St(I”)] X =) JW (1) /W, Z}\’} with a canonical

*(1) yw

. =\ . .
action of 2 175, such that the action morphism

SN0 i
St} /% . z7 ’
I,J t*(l)/wlxt*(l)/wft M yw ;1,0
is an isomorphism. In particular, the functor
W
M Ge 50 (7)
StIyJXt*(U/wa t*(l)/wJZI,J

e*(1) /we

defines an equivalence of categories

_3a <
ModS (777) = COhG(St(I%L)I X e () /W x, e yw, 235

(1) w
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Arguing as in | , Corollary 4.8], one checks that this equivalence restricts to an
equivalence

— .0 ~ € N
(54) MOdC(‘9]7L/]7 G) = COhG (St(ﬁ‘)] Xex(1) /W x t+(1) /W Z?:f])

(D)
Combining these considerations with Lemma 4.2 we deduce the following claim.
Proposition 5.4. Let A\, u € X*(T) and I, J C Ry which satisfy
Wi C Stabiw,,e)(A), W C Stabow, e)(1t)-
Then we have canonical equivalences of categories
ModS (7)) 2 Coh®(St)(7),  Mod.(7, ", G) = Coh®"” (st, (1)
under which the embedding
Modo(Z)%, G) - ModS (7))
corresponds to the natural pullback functor
Coh®" (5t7})) — Coh(st})).

Finally, combining Proposition 5.4 with Theorem 4.9, for A,y € X*(T) and
I, J C Rs which satisfy

Stab(waffa.) ()‘) =Wy, Stab(waff;')(:u‘) =Wy,

we obtain equivalences of triangulated categories

A1

S L — N0 ~
(5.5) DPHCM 212y DPMod.(Z,,G) = D"Coh®" (5t7))

~

whose composition will be denoted PN,

Remark 5.5. Let A\, € X*(T) and I,J C R, be such that Stabiw, «)(A) = W,
Stabw,,e)(1t) = W. Let also X,/ € X*(T) which satisfy (\',a") = 0 for any
a € Iand (u',a¥) =0 for any a € J. Then the pair (=), ') defines a line bundle
O/ xa/p,)m (=N, u') on (G/Pr x G/P ;)M whose pullback to St;\)(}) will be
denoted Og na) (=X, pt'). On the other hand, we also have

I,J

Stab(wam.) A+ E/\/) =Wy, Stab(waffﬁ.) (1w + gul) =W;

(see Remark 4.7(2)), and HCM = HCAMHY A+ Ty this setting we have a functo-
rial isomorphism

(5.6) NI (M) = O (<N 1) @6, OV(M)

A1)
st7;

for any M in DbHCX’ﬁ.
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5.4. Proof of Proposition 4.8(1). For simplicity we have stated Proposition 5.4
for coherent modules only, but it is clear that the same considerations provide an
equivalence of categories
— N7 ey
Modq (777, G) = QCoh®" (St7))).

It is a standard fact that the right-hand side has enough injective objects (see
e.g. | , 8A.2]), and we deduce that the left-hand side also does.

Next, we have to prove that the image in Modqc(éﬁ’f) of any injective object

N1

in Modqc(.@I:g,G) is acyclic for the functor (f;‘j‘)* For that, we remark that
the equivalences above also hold in the non-equivariant setting, so that we have a
commutative diagram where all the horizontal arrows are equivalences:

Modge(7,7, G) —> QCoh®" (St; )

Fory \L \L Fora

(5.7) ModS (7)) QCoh(st) 1)
Forg\L i/ForG
Modgc(Z,) QCoh(st))).

We also set Forga) = Forg o Fors.
€
We claim that for any injective object # € QCoh® (St?)(})) there exists an

injective object ¥ € QCth(St?’(})) such that Forgm (%) is a direct summand in
Fora(%). In fact, recall that the functor Forga) has a right adjoint

Avga : QCoh(St) ) — QCoh®" (st )

which can be described as Avga) = a.p* where a,p : G x StA(l) — St/\( ) are the
action and projection maps respectively (see once again | , 8A.2]). Slmllarly,
the functor Forg has a right adjoint

Ave : QCoh(St}})) — QCoh®(st}})

which can be described as Avg = al(p')* where a/,p' : G x St?ﬁ,l — St/\(l) are

the action and projection maps respectively. If Frg : G — GW is the Frobemus
morphism, then we have

a'=ao (Frg xid), p' =po (Frg xid).

&)
Using adjunction it is easy to see that any injective object in QCoh® ' (StA(l)) is a

direct summand of an object of the form Avga)(#’) where F' € QCoh(StA(l))
injective. Hence we can assume that % is of this form. In this case we will prove
that Forga) (%) is a direct summand in Forg(Avg(#')), which will complete the
proof of the claim since Avg(%#’) is injective in QCth(St/\(l))
fact we have

by adjunction. In

Forg(Avg(Z")) = d,(p)*F' = a.(Frg x id).(Frg x id)*p*Z'.
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Using the projection formula (in the form of [Li, Proposition 3.9.4]) and the fact
that Frg is affine and flat, we deduce an isomorphism

Fora(Ave(#)) = ad((07F) ®0 ) oy (Fre X id)u0g, ginm).

Now since G is a smooth affine variety, Ogq) is a direct summand in (Frg).0g

by [BK, Proposition 1.1.6], hence O, g, is a direct summand in (Frg x
1,7
id)*ﬁGXstAu), which proves our claim since Forga) (Avga) (%)) = a.p*.Z'.
I,J
Using the diagram (5.7), the claim we have just proven says that for any injective

— N1 —\, [
object # in Modqc(_@I:g,G) there exists an injective object ¢ in MOch;c(@I,SL)
such that Forg o Fori (%) is a direct summand in Forg(#). Hence, to conclude

the proof it suffices to prove that the image in Modqc(éﬁf) of any injective object
. Ay .
in Modi(.@lyf,) is acyclic for the functor ( I’\J”)* The latter fact can be checked

=X — .
as in | , Lemma A.9|, since 2 175 is a G-equivariant quasi-coherent sheaf of
algebras.

5.5. Variant for a fixed Harish-Chandra character. The same considerations
as above apply in the setting considered in §4.6, using in particular Lemma 4.11.
We obtain the following result.

Proposition 5.6. Let A\, u € X*(T) and I,J C Rs which satisfy
Wi C Stabiw, . (A), W C Stabw . e) (1)
Then we have canonical equivalences of categories
ModS (7)) = Coh®(5tY), Mode(7)"%, G) = Coh®" (st,))
under which the embedding
Modc@fjf;‘, G)— Modf@fﬁ)
corresponds to the natural pullback functor
Coh®™ (st}Y)) — Coh®(st]")).
Combining Proposition 5.6 with Theorem 4.12, for A, € X*(T) and I,J C Rs
which satisfy

Stab(w (/\) = W]7 Stab(waff7.) (,u) = W]
we obtain equivalences of triangulated categories

aff,®)

(5.8) DPHCM =5 DPMod. (7,7, G) =5 D"Coh®" (st/Y).

It is easily seen that the following diagram commutes, where the right vertical
arrows are the push/pull functors associated with the closed embedding Stll(vlJ) —
St?(}):

iz

DPHCME DPCoh®" (st })

A

DPHCM — 0 phon® (st/Y).
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6. CONVOLUTION

From now on, in addition to the conditions of §2.1, we assume that £ > h. We
also fix a weight A € Ay N X*(T). Below we will mainly consider the constructions
of the preceding sections in case I = J = &, and for the pair of weights (A, A).

6.1. Convolution bifunctors for coherent sheaves. We have a natural action
of the group G x Gy, on g where G acts as in §3.1 and 2z € Gy, acts by dilation by
22 on the fibers of the projection g — G/B. (Our conventions here follow those
of [BRR1].) From this action we deduce a diagonal action of (G x G,,)*) on any
product of copies of g(1). Consider the natural morphisms

Dij: g x g x g - g »x gt
of projection to the i-th and j-th factors, where 7,5 € {1,2,3}. Then it is a classical
fact that we have a monoidal structure on the derived category

(1

G XGpm ) ~
DbCoh(St(f) ) (g(l) xg(l))

of equivariant coherent sheaves set-theoretically supported on St(l)7 with monoidal
product given by

L
F 28 = Ripna). (L0120 F B o Lna)'9 )

and unit object the structure sheaf &5z of the diagonal copy AgH) c g x g,
Considering the Springer resolution

N =& % {03,

(GXGpy)®
St(1)

(&M x ND), defined by a similar formula as above.

we also have a canonical action of the category DPCoh

eh)
the category DP Coh(s(t;,ii}m)

Similar comments apply to categories of G(!-equivariant coherent sheaves, or G-
equivariant coherent sheaves (where G acts via the Frobenius morphism G — G(1)),
or nonequivariant coherent sheaves.

Now we consider the schemes St = g x g+ g and St”. The latter scheme can also
be described as a fiber product of the same form. Namely, set

g/\ = g Xt* /Wi FNt*/Wf({O}) = E Xgx FNt*({O})’
g =g" ¢ yw, FNg w, ({0}).
Then Remark 4.1 implies that we have a canonical identification

(6.1) St" =g" xgn g".

@) < &") on

A similar construction as above provides monoidal products on the categories
DPCoh(GxE=)"(8tM) and  DPCohS" (St"(DV)

(and appropriate variants with different equivariance conditions, such that the ob-
vious forgetful functors are monoidal) such that the natural pushforward functor

DPCoh(GxEm) ™ (56 5 pPCohS) (81 x V)
and the natural pullback functor

(6.2) DPCohS"” (M) — DPCoh®™ (57 (V)
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admit canonical monoidal structures. The monoidal products on these categories
will also be denoted *. For this product, the image of the fully faithful functor
of Lemma 4.3 is an ideal; in particular, this endows its domain with a canoni-
cal monoidal structure. We also have a canonical action of DbCthm(St(l)) on
DPCohG" (St'M), which factors through an action of DPCohG" (St )y,

This construction requires the use of concepts from Derived Algebraic Geometry;
here we only sketch how it proceeds (more details will appear in [DR]). In fact,
the fiber products defining St and St” are isomorphic to the corresponding derived
fiber products (see e.g. Remark 4.10), which are therefore “honnest” schemes. But
this is not the case for the triple products

R R R R
Steony := & Xg+ & Xg+ & and Stl . :=8" Xgn 8" Xgen g
which are involved in the definition of the product, which should be defined using
the formula

L
F*9 = R(q1,3)« (L(fh,z)*«g ®e L((J2,3)*g>

where ¢; ; is the projection on the i-th and j-th factors from St((:i)zw or StCAO(&\), This
formula is initially defined on the oo-category of (nonequivariant) quasi-coherent
sheaves on these derived schemes; it defines a monoidal structure (in the sense of
oo-categories) because it can be interpreted as composition of “convolution ker-
nels;” see | , Corollary 4.10 and §5.2]. Then one obtains monoidal structures
on oco-categories of equivariant quasi-coherent sheaves (equivalently, quasi-coherent
sheaves on the associated quotient derived stacks) by taking categorical invariants
under the appropriate weak actions (see [Ber, §§2.2.7-2.2.8]).% Passing to homotopy
categories we deduce a monoidal structure on the (unbounded) derived categories
of equivariant quasi-coherent sheaves.

It remains finally to explain why these convolution products restrict to bounded
derived categories of coherent sheaves; here equivariance plays no role, hence it can

be forgotten for simplicity. For the case of St(l), this can be justified using the
compatibility with the monoidal product on DbCohg't((ll)) (g™ x gM). For the case
of St"™) one can proceed similarly using compatibility with the bifunctor on the
derived category DbCohgt(Alzl) (g x g)"V), where

(8 x 8)" = (& x 8) X¢-xt~ FNe- e+ ({(0,0)}),
defined using formulas similar to those above for the morphisms from
(8 x & x 8)" = (B x & X 8) Xtrxt-xt- FNe=xe-xe-({(0,0,0)})

to (gxg)” induced by the obvious projections. (We do not claim, and do not expect,
that this bifunctor defines a monoidal structure.) This bifunctor respect bounded
complexes of coherent sheaves because these maps are flat, proper on the support
of the complexes under consideration, and because their domain is smooth over a
regular scheme, hence regular, of finite dimension. (Flatness can be justified by fac-
toring this map via (g X g) X¢» xt* FNg= xt+ ({(0,0)}) x g, where the first morphism is
induced by the natural map FNgxygxxt+ ({(0,0,0)}) = FNg»x¢+ ({(0,0)}) xt*, which
is flat since O (FNg»w¢=xt+ ({(0,0,0)})) is a completion of & (FNg« ¢+ ({(0,0)}) xt*).)

6The results of [ | apply to derived stacks, but only when they are perfect. Quotient stacks
over fields of positive characteristic are not perfect in general, so that these results cannot be
applied directly, which justifies our need for a second step.
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6.2. Monoidality. The following is the main result of this section

Theorem 6.1. (1) The composition
1 XX -1 ~~ ~
(6.3) DPCoh®" (st M) L pbycAA Ly prpchA

(where the second functor is the obvious one) admits a canonical monoidal
structure, where the monoidal product on the domain is as discussed in §6.1,
and the one on the codomain is the structure considered in §2.0.

(2) The composition

DPCoh®” (5¢/M) L2, prHCAA 5 pmHA

is compatible in the obvious sense with the action of DbCthm(St/\(l)) on

its domain (see §6.1) and of D™HCM on its codomain (see §2.8).
Let us remark that these results imply that the subcategory DPHCM ¢ D~HCM
is stable under the monoidal product (hence a monoidal category), and that its ac-
tion on D~HCM stabilizes DPHC**,

Below we give a sketch of proof of (1), which can easily be adapted for the proof

of (2). A detailed treatment of these questions requires the use of Derived Algebraic
Geometry, and will appear in [DR].

Sketch of proof of Theorem 6.1(1). The functor (<I>X’X)_1 is a composition
(6.4) DPCohS" (8t M) = DPMod. (7", G) = DPHC .
We first note that the bounded above derived category D’Modc(§)\7/\7 G) admits

a monoidal structure, constructed as follows. Recall the sheaf of algebras 2™,
which we regard here as living on (g x g)"("). One can consider the category of
strongly G-equivariant coherent modules for this sheaf of algebras, which identifies

with Modc(§/\’/\, G). (This is similar to the situation for Z/g-modules considered
in §2.3.) Denoting by

rij (€ xgxg)" — (g xg"W
the morphism induced by projection on the i-th and j-th components, we have a
canonical bifunctor

D™Mod.(2**, G) x D"Mod.(7*, G) = D™ Mod,(r} ;9**, G)
sending a pair (.#,¥) to the derived tensor product of Lrj .7 and Lrj ;% over the
pullback of Z* under the morphism (g x g x g)") — g induced by projection
on the second component. Composing with pushforward along r 3 we deduce the
desired bifunctor defining the monoidal product.

Next, we claim that the second equivalence in (6.4) “extends” to an equivalence
of triangulated categories

-2 ~
(6.5) D Mod. (27" ,G) — D HCY".
In fact the functors in both directions naturally extend to bounded above derived
categories, and these extentions are still adjoint to each other. Let us write L for

the left adjoint (given by a pullback functor from DHCM to D*I\/Iodc(y/\’)\, QG))
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and R for the right adjoint (given by global sections). By the same argument as for
bounded derived categories the adjunction morphism id — RL is an isomorphism;
to conclude the proof it therefore sufﬁcAesA to prove that R does not kill any nonzero

—3 . .
object. However if # € D Mod.(2 " ,G) is a nonzero complex, consider the
highest degree N in which .% is nonzero. For M > 0 we can consider the truncation
triangle

T<N,M§—>y—>TZN,N[y ﬂ),

where the third term is a bounded complex. If M > 0, the complex R(7«n—p-F)
vanishes in degrees > N, so that to conclude it suffices to show that R(7>ny_p %)
has nonzero cohomology in some degree > N. But R and L are inverse equivalences
on bounded complexes, so that .# = LR(t>y_pm.%). Since L is right t-exact (for
the tautological t-structures) and # is nonzero in degree N, this implies the desired
claim and finishes the proof.

Next, we claim that (6.5) has a natural monoidal structure. In fact, to construct
such a structure, using the notation above it suffices to construct an isomorphism
of functors

R(L(M)* L(N)) = M« N

for all M, N € D HC**, where we denote both monoidal products by . This
isomorphism can be deduced from the projection formula, realizing the monoidal
structures in terms of tensor product with the pullback of 2* K 2* K 2* under the
natural morphism

@xEx )" =W x gV x g\,

resp. with

(Ug @k Ug Rk UB) Re((t+/(W,0))3) O (FN(+ /(w03 ({(0,0,0)})),

and using (3.8).
Finally, to conclude it remains to construct a monoidal structure on the functor

DPCoh€™ (86" V) = D~ Mod (7, G).

Now we have a canonical equivalence of categories

—3 ~ "

Modo(Z"",G) =5 Modo (7 °°, G).
The same considerations as above provide a monoidal structure on the bounded
above derived category of the right-hand side, such that the induced equivalence
between bounded above derived categories is monoidal. This reduces the proof to
the construction of a monoidal structure on the similarly defined functor

DPCoh®™ (St"M) 5 D~Modo(Z 5, G),

which is easy because the sheaf of algebras 9~ is the pullback of an Azumaya
algebra on g*"(1). O
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6.3. Bott—Samelson and Soergel type complexes of coherent sheaves. Re-
call the notation introduced in §2.11. For any s € S,g, resp. w € 2, we set

KHs = <I>X’X(RS)7 resp. R, = @X’X(RM).

(It can be deduced from Proposition 7.2 below that these objects do not depend
on the choice of A up to isomorphism, so that it is legitimate not to indicate this
weight in the notation.) It follows from Lemma 2.20 and the monoidality of the
functor (6.3) that for s € S,g and w,w’ € Q we have

(66) '@w *%s *‘%w_l g'@wsw_lv f%w *%w’ g%ww/'

We then define the category

(1)

BSCoh® (St (1)

as the strictly full subcategory of DPCoh®" (StA(l)) generated under the monoidal
product * by the unit object and the objects Zs (s € S.g) and Z,, (w € Q).
By (6.6), any object in this category is isomorphic to an object

Ry, * -+ * Rs, * R
where s1, -, 8, € Sug and w € Q. We will also denote by
SCohG" (St M)

ey
the karoubian envelope of the additive hull of BSCoh®" (st
By construction, the functor ®** restricts to equivalences of monoidal categories

(6.7) BSHCM 5 BSCoh®™ (8¢"(D),  SHC** = SCohS” (st M),

Proposition 6.2. For any .%,9 in SCoh®"” (St"M) and n € Z ~ {0} we have
H F,9[n]) = 0.

OmeCth(l) (St/\(l))(

Proof. Using the equivalence d M one sees that the claim follows from Proposi-
tion 2.6. |

6.4. Some kernels. For s € S; we consider the (G x G,,))-stable closed sub-
scheme g(®) X g® < stM and set

)(1)

X, = € DPCoh(G*Cu)" (g,

gD x gD
&t

As explained in | , §1.10] the scheme g X g is reduced, with two irre-

ductible components. One is the diagonal copy Ag(!) of g1, and the pushforward
of the structure sheaf of the other one will be denoted %,. Then, there exist exact
sequences of equivariant coherent sheaves

(6.8) Opg)(—2) = s — 25, Zi(—6,s — ) = Xy — Oag, -

Here Z;(—s,s — ay) is the twist of 2 by the pullback of the line bundle on

(G /BM)? attached to the pair of weights (—¢,s — o), and for n € Z we denote

by (n) the functor of tensoring with the 1-dimensional GY-module of weight n.
Recall the braid group Brw introduced in §2.12. For A € X*(T), we will denote

by Oag) (M) the pushforward to St of the pullback to Ag™®) of the line bundle on

G /B naturally associated with A. It follows from | , Theorem 1.3.1] that
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there exists a unique group morphism from (Brw )P to the group of isomorphism
classes of invertible elements in the monoidal category

(6.9) (DPCoh(Gx*E=)"" (8¢ (1) %)

which sends T to Z;(1) for any s € S¢, and 0y to Opza)(A) for any A € X*(T).
The image of an element b € Brw will be denoted .%,. For any s € Sy we have

Ip-1r = Z5(—6,¢ — as)(1).

)(1)

Remark 6.3. We insist that for b, ¢ € Brw we have %, x .Z. = .. Our normal-

ization is therefore different from that in | ], and rather follows that considered
in [ ]; see | , §3.3] for comments.

Consider now some element s € S,g ~\ S¢. As explained in [R1, Lemma 6.2]
or [BM, Lemma 2.1.1], there exist b € Brw and t € S¢ such that Ty = bT;b~1. We

fix such elements once and for all (for every s as above) and set
3{:9 = jb—l * % *fb.

(Note the change of orders of the factors, which is intentional.) In view of (6.8),
for any s € S, we have distinguished triangles

1 1
(6.10) Oz (—1) = 2:(1) = 70 B 70 5 2,01) - Opge (1)
in DPCoh(GxG=)" (g¢(1)),
Recall that we have identified X*(T™) with X*(T). In particular, for any
A € X*(T)" we have an indecomposable tilting G)-module T () of highest
weight A.

Lemma 6.4. For any A € X*(T)™, there exist n € Z, w € Q and s1,- -+ , Sy € Sagt
such that the object

T(l)(/\) (39 ﬁSt(U
is a direct summand of the object
Ogyy x I, * gy %% Xs (n)
in DPCoh(G*Em)™ (g,
Proof. Consider the projections

p1,p2 - St — g

)(1)

on the first and second factor respectively. To any .% € DPCoh(G*Cm (St(l)) we

can associate a Fourier—Mukai transform
(=) *.Z : D" Coh®*®=(g(1)) — DPCoh®*C=(gh))
defined by
L
Gx 7 = R(p2)«(L(1)'Y ®o_, ) F)-

(This functor can also be expressed in terms of a similar formula involving the
smooth scheme g x g(!), which justifies that it indeed takes values in bounded
complexes.) By standard considerations involving the flat base change theorem
and the projection formula, this assignment defines a right action of the monoidal
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W, S .
category (6.9) on DPCoh(G*Cm) ' (g™), which justifies our notation. For any .%,%
as above we have a canonical isomorphism

(6.11) L(p2)* (% + F) = (L(p2)'9) * 7.

By | , Lemma 6.7], there exist n, w, and s1,--- , s, as in the statement such
that T (\) ® Og) is a direct summand of

Ogy x Ir, * Xy % x X, (n)
in DPCoh(GxCm)™ (g™). Applying the functor L(ps)* and using (6.11), we deduce
the desired claim. O
7. STUDY OF BRAID OBJECTS
We continue with the setting of Section 6 (hence, in particular, with our fixed
weight A € X*(T) N Ayp).

7.1. Translation functors and Z-modules. Recall the “translation bimodules”
of §2.11. The following statement is an analogue of | , Lemma 6.1.2] (see
also | , Lemma 2.2.3]). (In (2) we consider the standard order on X*(T)
determined by our choice of 2. .)

Lemma 7.1. Let py, po, uz € X*(T) and J C Rs which satisfy
Stabw e (1) = D and Stabw, «)(13) = W .
(1) Assume that po belongs to the closure of the alcove of p1. For any F in

DbModc(ggﬁ]ﬂs, G) there exists a canonical isomorphism

.00 ~ o FH2H

PRSI AT (F) = R(fo s )«(Oa/Bxap, (B2 = 1,0) @6 pycm, F)-

(2) Assume that ps lies on a wall of the alcove of uy, and denote by ) the image
of p1 under the reflection in Wag whose fized-point hyperplane contains

that wall. If py < pi, then for any F in Dbl\/lodc(ggffs,(}) there exists
a distinguished triangle

T (Oa/Bxap, (H = 12,0) @06 mrae, F) = PP« R(F 1) ()

, [1]
= 57 (Oa/Bxa/p, (= 12,0) ®6g 5. c/p, F) —

in DPHCF75.
Proof. (1) Let v be the unique dominant weight in W¢(us — 7). By definition of

convolution, for any M in DbHCm’ﬁE, the complex PF2:#1 & M is the component
corresponding to (g, 3) of the complex

CMNL(v) @Ug) * M
in the decomposition induced by (2.10). Now by Remark 2.4 we have C*(L(v) ®
Ug) = L(v) @ (Ug)", so that
CML(v)®@Ug)x M = L(v) ® M.
The rest of the proof is similar to that of | , Lemma 6.1.2(a)] (see also | )

Lemma 5.5] for similar considerations).
(2) The proof is similar, and parallel to that of | , Lemma 6.1.2(b)]. O
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7.2. Geometric description of translation functors. Let us consider three
weights p1, o, ug € X*(T) and two subsets J, K C Rs which satisfy the following
conditions:

(1) Stab(waff’.)(/jdl) = J;

(2) Stabiw,,e)(12) = W;

(3) Stab(waffﬂ)(u?)) = Wg;

(4) pe belongs to the closure of the alcove of p;.

Then we have a natural morphism g — g, which induces a morphism
47K : Stg(}g — Stgv(ll().
We also have equivalences of categories
AL ; DPHCAR 2, DPCohS™ (St)(1)),
M ; DPHC™ S, DPCoh®™ (St))),
see (5.5), and “translation bimodules” PF1LH2 ¢ HCHLR2 | phziin ¢ HCF2H,
Proposition 7.2. The following diagrams commute up to isomorphism:

DPHCPE 2 phcon (st

P@dﬁ;(_)l lR(QJ,K)*

DPHC™ 2 phcon® (st ),

P13

DPHCTE 2 phcoh€ (5650

P”Al@i(—)T TL(QJ,K)*

DPHCPE 22 phconG (st ).

~

Proof. The proof of commutativity of the left diagram is similar to that in | ,
§2.2.5], based on Lemma 7.1(1). The commutativity of the right triangle follows,
by adjunction (see the comments after Lemma 2.18.) O

Let us note the following consequence. Here, for s € S,¢ we denote by 2 the
image of 2, under the pullback functor (6.2) (for H = (G x Gy,)™M).

Corollary 7.3. For any s € S¢, we have #s = 2.

Proof. We apply Proposition 7.2 in the special case 1 = us = A, po = ps (in the
notation of §2.11), J = {s}, K = @, and for the object Orgz). Using the classical
fact that the cartesian diagram

EXg, 8—>8
gE—>&s
is tor-independent in the sense of [Li, Definition 3.10.2] (which follows from the
same considerations as in Remark 4.10) we see that

s = L(//Tf{s},z)* o R(ﬂ—f{s},g)*ﬁAg(l)a
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where wf{s}, o St — St} & is the morphism from which gy} & is obtained by base
change. The desired claim follows, in view of the definition of Z;. O

7.3. Localization of braid bimodules. Recall the objects (D, : w € W) in

DPHCM introduced in §2.12.

Since the stabilizer of X in W is trivial (see Remark 4.7), the orbit W e\ identifies
naturally with W. Via this identification the right action of W on itself given by
multiplication on the right defines an action on W e A\, which we will denote by
(pyw) = pxw. Given p € We X and w € W, we will say that w decreases
if there exists a reduced expression w = wsy - - - s, for some s1,---, 8, € S and
w € ) such that

pkw > ok (wsy) > >k (wsy - Sp1) > pk (WS- - Sy)
(for the standard order on X*(T) determined by our choice of 9).
Lemma 7.4. For any w € W and pu € W e X such that w™"! decreases p we have
PP (D) 2 Oppn.
Proof. We proceed by induction on ¢(w). If £(w) = 0 we have
Dy, = R,y = PA*} = prsw=" i

(where we use Remark 2.19). By Lemma 7.1(1) and our choice of splitting bundles
we have . o

P#*w*lﬁ * ((I)ﬁﬁ)_l(ﬁAfg'/\(l)) o~ ((I),u*wflﬁ)—l(ﬁAng) )
By monoidality, the object (@ﬁ’ﬁ)_l(ﬁ’AgAu)) is the unit object for convolution,
from which we deduce the desired isomorphism.

Now let w € W be an element of positive length, and assume the isomorphism is
known for elements of length strictly smaller that £(w). Since w~! decreases y, there
exists s € Sag such that £(sw) = £(w)—1, w!s decreases p and pxw = < px(w=1s).
Then D,, = D; % Dy, and by induction we have

JE——

(I)'u*(wils)’ﬁ(Dsw) = ﬁAg/\(l) .

By Lemma 7.1 and our choice of splitting bundles there exists a distinguished
triangle

(@) (Oagrcn) > Rox (@0 97) 4 (0xg00)
e D B (ZNNEt)) 1,

in DPHC**, which can be rewritten as

/\7 ~ 1
((I)N*w 17”) 1(ﬁA§A(1)) — Rs* Dy — Dsw u) :

Consider the image of this triangle by right multiplication with N,-1, (i.e. the
inverse of Dy, ):

(@07 Y (G pgnty) % Np-15 — Ry — (Ug)* s .

We claim that the second morphism in this triangle is a generator of the space of

morphisms from R, to (Ug)”; this will imply that its cocone identifies with Dy,
hence that

o

(@ TG pgny) = Dy x Dy 2 Dy,
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which will conclude the proof.
The proof of this claim will use the constructions of [ |. Namely, in | ,
§3.9] we have constructed an exact functor of “restriction to a Kostant section”

on HCM* and in | , Proposition 3.7] we have proved that this functor is fully
faithful on HCS‘{;\g. To conclude, it suffices to prove that the image under this

functor of our morphism R, — (Ug)X is surjective, or in other words that the
—

image of the complex (P ’“)’1(ﬁAgA(1>)* N,,—1, is concentrated in nonpositive
degrees. Here N,,-1, is itself concentrated in nonpositive degrees by construction;
since our functor intertwines convolution in DPHC** with a derived version of the
convolution considered in | , 83.9], it therefore suffices to prove that the image

of the complex (@“*wflvﬂ)_l(ﬁAgAm) is concentrated in nonpositive degrees. In
fact this complex is concentrated in degree 0, as follows from the general form of
the base change theorem (see [Li, Theorem 3.10.3]) using the fact that if S* is as
in | , §3.8] the fiber product g xg+« S* is tor-independent in the sense of [Li,
Definition 3.10.2] and an affine scheme. Here the second property follows from the
fact that the natural morphism g — t* restricts to an isomorphism g xg- S* =t
see e.g. [R2, Proposition 3.5.5], and the first one follows from a standard dimension
argument (as e.g. in Remark 4.10). O

7.4. Study of the realization functors. Consider the composition of natural
functors

(7.1) KPSHCM — KPHCM — DPHCM.

This functor is easily seen to be monoidal, and Corollary 2.7 shows that it is fully
faithful. Consider also the functor

(7.2) KPSCoh®" (St"1)) — DPCohS" (st" V)

defined so that the following diagram commutes, where the upper horizontal arrow
is induced by the restriction of ®**, see (6.7):

KPSHCM —~ kbSCohS" (st/()
(7.3) (7<l)l l(m)

DPHCM 277 pbcon®™ (s¢h (),

This functor is also monoidal and fully faithful.
Our next goal is to prove the following result.

Proposition 7.5. The functors (7.1) and (7.2) are equivalences of categories.
The proof of Proposition 7.5 will use two preliminary lemmas.

Lemma 7.6. Let D be a triangulated category. Assume we are given:

o triangulated categories Dg,D1,--- ,D, with Dg =0 and D, = D;

e triangulated functors F; : Dy — Djyq1 (1€ {0,--- ,r —1});

o for eachi € {1,---,1}, a set A; and a collection (X! : a € A;) of objects
of D; whose images generate the Verdier quotient D;/{F;_1) as a triangu-
lated category, where (F;_1) is the triangulated subcategory generated by the
essential image of F;_1.
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Then the collection
(FroqooFy(Xh)rie{l,-+,r}, a € 4)
generates D as a triangulated category.

Proof. Arguing by induction, we can assume that » = 2. So we are given a tri-
angulated functor Fy : Dy — D, a collection (X, : a € A) of objects of D; which
generates Dy as a triangulated category, and a collection (Y : b € A’) of objects
of D whose images generate D/(F}). Let D’ be the triangulated subcategory of D
generated by the objects (F1(X,) : a € A) and (Y : b € A’). This subcategory
contains (F}), so that we can consider D’ /(F}) and the natural triangulated functor
D'/(F1) — D/(Fy). Using the fact that D’ is triangulated we see that this func-
tor is fully faithful. Its essential image is therefore a triangulated subcategory of
D/(F}1); since it contains a generating family of objects it coincides with the whole
of D/{Fy).

If now X is an object of D, its image in D/(F}) is isomorphic to the image of an
object Y of D’. This means that we have a diagram

xdzsy
where the cones of both f and g belong to (F;). Then Z belongs to D', and X
therefore also does. O

Given w € W¢, we will write “B, resp. “u, for the conjugate of B, resp. u, by
any lift of w in Ng(T). The following lemma is similar to | , Lemma 4.1]; we
leave it to the reader to adapt the proof.

Lemma 7.7. For any w € Wy, the triangulated category
DPCoh®"B ((g/(u + “u))* x4 FNg-({0}))
is generated by the objects (g /(utwn))* x,- FN,- ({0}) Ok kBrwB (V) for v € X*(T).
We can finally give the proof of Proposition 7.5.

Proof of Proposition 7.5. We have already explained that our functors are fully
faithful; it follows that their essential images are triangulated subcategories, so that

to conclude it suffices to show that the category DbHCX’X, resp. DbCth(l) (StA(l)),
is generated as a triangulated by the subcategory SHCX’X, resp. SCohG"” CIASN
In view of the equivalence PAA (see §5.3) the two cases are equivalent, so we
concentrate on (7.2).

Let us denote by C the triangulated subcategory of DPCohCG"” (St/\(l)) generated
by SCohG" (St"M). Note that C is a monoidal subcategory in DPCoh®" (St Wy,
Recall that GV has finitely many orbits for the diagonal action on (G/BxG/B)(!).
Choose a numbering of these orbits which refines the order given by closure inclu-
sions, and consider the associated filtration

g=XoCcX;CcXyC---CX,_, CX,=(G/BxG/B)Y

where each X is closed and reduced and each X;\ X;_; is a single G-orbit. Consider
also the pullback

@:YOCY1CY2C"‘CYT_1CYr:St/\(l)
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of this filtration to St""). Then each Y; \ Y;_; is of the form

(G x BB ((g/(u 4 "))* xg- FNt*({O})))(l)

for some w; € Wr.
If n € X*(T)*, the element t_, decreases the weight A + fn = t, e \. By
Lemma 7.4, we deduce that

(I)X,A+M<Dt") > Opgrin.

On the other hand, by (5.6) we have

@A’A—MH(DM) & Ogern (0,7m) ®ﬁStA(1) o (Dtn)7
which implies that
(7.4) M (Dy,) 22 Opgrn (7).

By construction of Dy, , ®**(Dy,) belongs to C, hence so does Opgray(—n). By
monoidality, C then contains all objects Oagr) (v) with v € X*(T).

Now let i € {1,---,r}, consider the element w; € Wy, and fix a reduced ex-
pression w; = S1---8.. Then using Lemma 7.3 one sees that the object < :=
Hs, * -+ * Hs, is the pushforward of a complex on Y;, and that its restriction to
Y; N\ Y;_; is the structure sheaf. Using Lemma 7.7 we deduce that the images in

DbCth(l) (Y; N Y;_1) of the objects
ﬁAgAu) (U) * M

for v € X*(T) generate this category.
Consider now, for any 4, the pushforward functor

DPCoh®" (v;_1) — DPCoh®™ (v7).

By | , Remark after Lemma 2.12], the quotient of the target category by
the subcategory generated by the essential image of this functor identifies with
DbCth(1> (Y; N Y;_1). We are therefore in the setting of Lemma 7.6, and this
result shows that the objects Oagn) (v)x 7 for v € X*(T) and i € {1,--- ,r} gen-

erate DbCth(l) (StA(l)) as a triangulated category. Since these objects all belong

to C, this shows that C is the whole of DbCth'(l)(StA(l))7 and therefore finishes
the proof. O

7.5. Image of braid objects. For b € Brw we will denote by .#" the image of
7, under the monoidal functor (6.2). Then we have

A N ~ A
jb*jc: cb

for any b, ¢ € Bryw. Recall also the objects (2 : s € Sug) introduced in §7.2, and
the objects (N, : b € Brw) introduced in §2.12.

Consider the group anti-automorphism ¢ of Brw which satisfies +(T,) = Tp,—1
for any w € W. (This map is clearly an involution.)

Lemma 7.8. For any b € Brw we have @X’X(Nb) & Jl/(\b).
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Proof. 1t suffices to prove the isomorphism for b in a generating subset of Bryy; in
practice we will use the subset {Ts : s € S;}U{T}_, :v e X*(T)"}.
_First, consider the case b = T for some s € S¢. By Corollary 7.3 we have
M (R,) = 2/, hence a distinguished triangle
Opriy = 21— AN, L

in which the first morphism is a generator of the space of morphisms from 0znq) to
2. Comparing this triangle with the image of the left triangle in (6.8) we deduce
an isomorphism

OMAN,) = 77,

as desired. If v € X*(T)", by (7.4) we have ® ’X(Dty) 2= Opgry(—v), hence
(passing to inverses)

PAN,_,) = Opgron (v) = I
which concludes the proof. O
In particular, for w € Q, applying Lemma 7.8 with b = T,, we obtain that
PMA(N,,) = ,ﬂ{iil, hence that
(7.5) R, = JTAWI.
Similarly,Af(lr s € S, using Lemma 7.8 in case b € {Ty, T, '} and applying the
functor ®** to the triangles in (2.27) we obtain distinguished triangles
(7.6) Ogrr = s = Ih ) TP Ay Oy s
In fact one can also deduce a generalization 6f Corollary 7.3.
Corollary 7.9. For any s € Saf, we have #s = X .

Proof. The case s € Sy has been treated in Corollary 7.3, hence we can assume that
s € Sag . S¢. In this case, to define 2 we have fixed b € Brw and t € S¢ such
that T, = bT;b~ !, and set 2, = F-1 x 2} x %, (see §6.4); we then have

(7.7) )= IPLx 2 x )

Using Lemma 7.8 and the case of ¢ which we have already treated we deduce that
(@ M) T 2L) 2 Ny * Ry + Ny,

Here Ty = 2(b) "' T}2(b), hence by Lemma 2.24 the right-hand side is isomorphic to

Rs, which finishes the proof. (I

Let us note the following consequence for later use.

Lemma 7.10. For any V € Tilt(GM), the object V @ Ogincry belongs to the sub-
category SCohG" (St"M)y,
Proof. First we consider the case when V' = k is the trivial module. By Proposi-
tion 7.2 (applied with g1 = puz = A, pe = —¢, J = Ry and K = &) and Remark 4.10
we have o -

Ogpniy = PVAPHM X PN,
By Lemma 2.22 the object N belongs to SHC**. Hence Ogn1y indeed
belongs to SCohG"” (st
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To conclude the proof it then suffices to observe that for any indecomposable
Ve TiIt(G(l)) there exist s1,---,s, € Sap and w € 2 such that V ® Ogina) is a
direct summand in the complex

ﬁStA(l) * Ry *%51 Koo *%Sr'

In fact, this claim follows from Lemma 6.4, using (7.5) and Corollary 7.9. O

8. RESTRICTION TO A STEINBERG SECTION

We continue with the setting of Sections 6-7. In this section we introduce a
functor of “restriction to a Steinberg section” and show that it allows to identify the

category SHCM with a suitable category of “Soergel bimodules.” This construction
is similar to one considered in [BR3], but slightly different: in [BR 3] we worked with
a Kostant section (section to the adjoint quotient for g) while here we work with
a Steinberg section (section to the adjoint quotient for G). All the results in this
section have analogues involving sheaves on varieties attached to the Lie algebra
rather than the group and a Kostant section rather than a Steinberg section, which
are in a sense more natural. But here we need to work on the group versions in
order to make a connection with the constructions of | ]

8.1. Pseudo-logarithm. We first explain how one can compare the geometry of
some schemes attached to G with that of schemes similarly attached to g or g*.
For that we will assume that there exists a “pseudo-logarithm,” i.e. a G-equivariant
morphism

0 :G—=g
which sends 1 € G to 0 € g and is étale at 1, and we fix such data.

Remark 8.1. The condition above is satisfied at least if one of the following condi-
tions are satisfied:

o G =GL,(k);

e G is semisimple and simply connected and ¢ is very good for G.
In fact, in the former case one can take for ¢’ the morphism given by X +— X —1,,.
For the latter case the claim clearly reduces to the case G is quasi-simple. In this
case, if G = SL,, one can take X — X — tr(nX)In, and if G is not of type A this
is a standard consequence of results of Springer—Steinberg (see e.g. | , §5.3] for
references).

Composing ¢ with our fixed G-equivariant isomorphism g — g* we obtain a
G-equivariant morphism ¢ : G — g*. For I C Ry we consider the smooth scheme
G defined by

G;={(9,hP1) € G x G/P;|gehPrh™"}.

(Here the natural morphism G, — G /Py is Zariski locally trivial, with fibers
isomorphic to Py, which justifies smoothness.) This scheme is equipped with a
natural morphism to G, and we have an identification

(81) é]:GXPI P[
where P acts on itself by conjugation. In particular, from the composition

P] — L] — L[/L] = T/W],
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which is P-equivariant for the trivial action on T/W7, we deduce a morphism
(8.2) G; - T/W,.

As usual, when I = @ the subscript will often be omitted from notation.
We claim that the morphism ¢ X idg,p, restricts to a morphism

or:Gr —gr.
In fact, since we work with reduced schemes it suffices to check this at the level
of k-points. Now, for any parabolic subgroup P C G there exists a 1-parameter
subgroup x : Gy, — G such that P, resp. Lie(P), is the attractor for the action of
Gm on G, resp. g, by conjugation via x, see e.g. | , Proposition 2.2.9]. Since ¢
is G-equivariant it commutes with these actions of G,,, hence sends G ; into g;.
Note also that the morphism G/G — g*/G (where in both cases we consider the

(co)adjoint quotients) is étale at the image of 1 by | , Theorem 4.1]; it therefore
induces an isomorphism of schemes

(8.3) FNg/a({1}) = FNg./c({0}).
Here, as in §2.2, the Chevalley isomorphism identifies g*/G with t* /Wy, and the

adjoint quotient G/G identifies naturally with T /Wy, see | , §2.2]. Hence we
can interpret the isomorphism above as an isomorphism of schemes

Lemma 8.2. For any I C fRs, the morphism @; induces an isomorphism of
schemes

FNa/c({1}) xa/a Gr = FNg. /g ({0}) Xg-/c &1

Proof. The claim follows from (the positive-characteristic version of) Luna’s étale
slice theorem. More specifically one can proceed as follows. By | , Theorem 6.2],
there exists f € 0(g*/G) = O(g*)¢ with value 1 at 0 and such that ¢ induces
a (surjective) étale morphism (G/G)fo, — (8*/G)s and an isomorphism of affine
varieties
Grop = (G/G)fop X (g=/G); (87

where the subscripts mean the open subschemes defined by the given function.
Consider the induced isomorphism

Gfogp X G/P] = (G/G)ﬁ)gp X(g*/G)f ((g*)f X G/P[).

We claim that the preimage of the closed subscheme

(G/G)fop Xg+/c 81 = (G/G) fop X(g=/a); ((8"/G)f Xg+/c &1)
C(G/G)op X(g+/c); ((8")f X G/Py)
is the closed subscheme
(G/G)fop Xa/a Gr C Gjop x G/Py.

In fact, all the schemes under consideration are smooth (note that the scheme

(G/G)fop X(g*/c); &1 admits an étale morphism to the smooth scheme g7, hence

is smooth), in particular reduced, so that this claim can be checked at the level of k-

points. Then it follows from the same considerations as above involving attractors.
From this claim we deduce that ¢; induces an isomorphism

(8.4) (G/G)rop Xa/a G > (G/G)fop Xg*/G BI-
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Now we observe that the natural projection

FNg/c({1}) xa/a (G/G)fop — FNg/a({1})

is an isomorphism; in fact the ring of functions on FNg,g({1}) xg/c (G/G)foy
identifies with the localization of 0(FNg,g({1})) with respect to the multiplicative
subset generated by the image of f o, but this element is already invertible. Using
this claim, from the isomorphism (8.4) we deduce an isomorphism

FNg/c({1}) xa/e G1 = FNg/c({1}) xg-/c &1
Composing with the isomorphism induced by the isomorphism in (8.3) we deduce

the desired isomorphism. |
Remark 8.3. In case I = Ry, the isomorphism of Lemma 8.2 reads
FNg,c({1}) xa/c G = FNg ;g ({0}) Xg/c &8"
8.2. The multiplicative Steinberg variety. We set
Stwm =G xg G, St} :=St,, xg/c FNa/a({1}).
As in remark 4.1 we have a canonical isomorphism

Stin = St X0k, o O FNTO K () v (LD

We consider these schemes as “multiplicative versions” of the schemes St and St”;
they are endowed with natural (diagonal) actions of G. We will more specifically
consider the bounded derived categories

DPCoh®™ (st()),  DPCohS™ (StAM)

of G(M-equivariant coherent sheaves on Str(é) and Stﬁl(l) respectively. We will
denote by U ¢ G the unipotent cone, i.e. the preimage of the image of 1 under the

quotient morphism G — G /GM) | and by Cohg(l)(Stg)) the full subcategory
of Cth(l) (Stfﬁ)) whose objects are the coherent sheaves supported set-theoretically
onlU.

The following statement is an analogue of Lemma 4.3, and admits the same
proof.

Lemma 8.4. The obvious functor
DPCohS" (8t1) — DPConG™ (stA(D)

is fully faithful; its essential image is the full subcategory whose objects are the
complexes F such that the morphism

O(FNrory ) oo ({1 D) = End(F)
vanishes on a power of the unique maximal ideal.
As in (6.1) we have a natural identification
Sth = (G xa/e FNe/c({1}) Xaxa afNe e (1)) (G Xa/e FNg/a({1})).
Lemma 8.2 therefore implies that we have a G-equivariant isomorphism

(8.5) St/ = St”,
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which induces an equivalence of triangulated categories
(8.6) DPCoh®™ (8t2M)) =5 DPCohS ™ (stA (D),
The same constructions as in Section 6 allow to define a natural convolution product

on the category DPCohG" (St2M) (which will once again be denoted *), and this
equivalence has a canonical monoidal structure. We will denote by

WA DPHO 25 DPCoh®™ (st
the composition of PIA (see §5.3) with the inverse of this equivalence. We will
denote by AG” C St/ the diagonal copy of G xg,g FNg/c({1}) in St,, so that
the monoidal unit in DPCoh®"” (St is

m AGA()
For any s € S,g, resp. w € ), we will denote by .75, resp. .7, the inverse image

of Xs, resp. #,,, under (8.6). Then for s € S,g and w,w’ € Q we have
Fox Lsk Lym1 2L -1y, Tk L 2 S
We define the category
BSCoh®" (St/ ™M)

as the strictly full subcategory of DPCoh®" (Str/r\l(l)) generated under the monoidal
product x by the unit object and the objects s (s € S.g) and .7, (w € Q).
Any object in this category is isomorphic to an object ., * - - - x F5, * .7, where
S1,-+ , Sy € Sag and w € 2. We will also denote by

SCoh®"™ (st (M)

the karoubian envelope of the additive hull of BSCoh®"” (StA™M). Then (8.6) in-
duces equivalences of categories

(8.7) BSCoh®"” (St = BSCohG" (st

(8.8) SCoh®"” (8t2(1) = 5CohG™ (st1 ().

Proposition 7.5 also implies that we have an equivalence of monoidal categories
(8.9) KPSCohS" (st =5 DPConC ™ (8tA(M).

8.3. Restriction to a Steinberg section. Let ¥ C G be a Steinberg section
as in [ , §2.2]. Then we have the universal centralizer Jx, a smooth affine
group scheme over ¥ equipped with a canonical closed immersion of group schemes
Jx = G x 3, see | , §2.8]. The composition

Y G- G/G=T/W;

is an isomorphism, where the second morphism is the adjoint quotient. In particular
there exists a canonical morphism

PNy 0 (1L D} = =0,

and we will denote by I the pullback of J(El) to FNT“)XT(U/W T~ ({(1,1)}). Then
,

we can consider the category Rep(I{) of coherent representations of this group
scheme.
By [BR4, Lemma 3.3] we have a canonical identification

FNT) 1) g, 70 (L 1)) = FNero ({11) Xpn (t1p FNpo ({1}),

™) /Wy
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so that a representation of I} is a bimodule over the regular ring ¢(FNyq) ({1}))
with some extra structure. As a consequence, the derived tensor product of bimod-
ules induces a monoidal structure on the derived category

DPRep(I§)).
In | , 83.3] we have considered a full subcategory
SRep(I%)

of Rep(I§), which is stable under the convolution product on DPRep(I§). (This
category is denoted SRep(Jf) in | ].) This category contains some distinguished
objects (A2 : s € Sag) and (A : w € W), which satisfy in particular
(8.10) M) * MY = M, for any y,w e W,

It follows from | , Proposition 2.13] that the natural morphism G- T

restricts to an isomorphism G xg ¥ — T. In particular we deduce a natural
closed immersion

T xp/w; T < Stp,

and then a closed immersion

(8.11) PNy 0 (1 1) = SEAD.

It follows also from | , Proposition 2.13] that the restriction to the closed sub-
scheme FNrq) %) g, TO ({(1,1)}) of the universal stabilizer for the action of G
f

on Stgl(l) identifies canonically with I. Using the general construction spelled out
e.g. in | , §2.2], we deduce that there exists a natural functor

(8.12) CohS" (St =5 Rep(I4)

which is exact. (In fact, in the noncompleted setting, this functor identifies, via the
third equivalence in [ , Proposition 2.20], with restriction to an open subscheme.
The completed case can be treated similarly.) It therefore induces a functor

(8.13) DPCoh®" (8t2(M)) 5 DPRep(I),

which is easily seen to be monoidal.
Our goal in the rest of this section is to prove the following claim.

Proposition 8.5. The functor (8.13) restricts to an equivalence of monoidal cat-
egories

SCoh®"” (St2(M) =, SRep(Td).

8.4. Restriction of Harish-Chandra bimodules to the Steinberg section.
For any u,v € X*(T) we have the algebra U*¥  which can be considered as a
coherent sheaf of algebras on the scheme

)

g X e FNe (o)1) o 0/ (W) ({7 D) )-

Now this scheme identifies with

(g*(l) Xt*(U/Wf FNt*(l)/Wf({O})) XFNt*U)/wf({O})

FNt*/(WﬁO)Xt t/(we,e) ({(B:7)}),

) ywy
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which by Remark 8.3 identifies with

(G xpay yw, FNoy jw, ({13)) XN, (1) w, ({0])

FNe-/(wee)x, e/ (wr.o) ({ (1, V) })-

’f(l)/wf

We will denote by Ug,a the restriction of U%” to the (affine) closed subscheme

(=M xpw jw, FNoa w, ({1}) XEN, (1) g, (1O)

FNt*/(Wf,O)Xt*(1)/wft*/(wf,0)({(u7 V)})

(which identifies with FNt*/(Wf,-)Xt*(l)/wft*/(Wf,-)({(l" v)}). If we set

Ms = I8 x g sm (G x V)

(where the morphism G x X)) — G x £ is Frg x id), then this algebra is
endowed with a natural action of the group scheme

M:;ﬂ/ = (ME XT(I)/Wf FNT(I)/Wf({]'}))XFNt*(l)/Wf({O})

ENg/(We,0)x, e/ (weo) (L (7, 7)})-

() ywy

We will denote byAI\A/Iodlfﬁ(U’;’g) tAhf abelian category of equivariant finitely gener-
ated modules over Ufy”, and by HC" its subcategory of Harish-Chandra bimodules,
i.e. objects such that the restriction of the action of M&" to the subgroup

G X FNee /(Wi o)1), 8/ (Weoo) (L 2)})

coincides with the restriction of the action of Ug’ﬁ via the natural morphism Ug —
UL”. Then we have a natural (exact) restriction functor

Mod§ (U™7) — Modi (UL),
which restricts to an exact functor
(8.14) HCH7 — HCEY.
The following statement is an analogue of | , Proposition 3.7].

Proposition 8.6. For any p,v € X*(T), the functor (8.14) is fully faithful on the
subcategory HCE;Y .

Proof. The proof is similar to that of | , Proposition 3.7]. Namely, we can
consider U” as a sheaf of algebras on the scheme

(8" X yw, FNt*(l)/Wf({O}))XFNt*(l)/wf({O})
t7/ (W, 0) X0y, t7/ (Wi, @),
which by Remark 8.3 identifies with
(G Xy /w, FNzo /w ({1LH))XEN,. 1) 4, (10D)
t7/ (Wi, ) e yw, t7/ (Wi, o).

One can then follow exactly the same arguments as in | |, replacing everywhere
the algebra Ug by its pullback to the scheme G X+ yw, £/ (Wi, ). |
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8.5. Localization over the Steinberg section. Recall from §4.3 the sheaf of

—XA
algebras 7 o over the scheme

St(l) Xgx(1) Xt*m/wft*(l) FNt*/(Wf,o) t*/(wf,.)({()\7 )‘)})?

Xt*<1)/wf
which by Lemma 8.2 identifies with

St XN, e (1000 FNe /(Wi 01y g 67/ (Weo) (£ 2))-

*(1) ywy

We will denote by @QA the restriction of @2’; along the closed immersion of
FNt*/(Wf,-)Xt*(1>/wft*/(Wf7-)({()‘7/\)}) into this scheme inthched by (8.11). This
algebra admits a canonical action of the group scheme Mg”\; we can therefore
consider the category Modlfﬁ(@;’)\) of (weakly) equivariant modules for this sheaf

of algebras, and its subcategory Modc(§;’/\7M) of modules on which the action

of the subgroup scheme G X FN¢- /(w, e)x /(W0 ({(X, X)}) coincides with

o e*(1) /w
the action coming from that of @%’A. We then have restriction functors
(815)  ModS(Zy ) — Mod(75™), Mod(Zy y, G) — Mod (T, M).

—XA . I
In §5.3 we have constructed a splitting bundle for 74 , which by restriction pro-

=AN e . .
vides a splitting bundle for 5, . Using this splitting bundle we obtain equivalences
of categories

W)
Dy,

Mod!“ (") =5 Rep(MY),  Mod, (73", M) = Rep(I%™),

where ]IZ%’X is the pullback of J (21 ) along the natural morphism
FN /(Wi 051y o, £/ (Wreo) (A A)}) = B,

i.e. the quotient of Mg’)‘ by the normal subgroup scheme

G1 X FNg /(w0 x e/ (we.e) ({ (A A)}).

(1) ywy

Now we have an identification

FN1) 1) g, 70 ({1 1)3) = FNejwi o x, e+ /(Wi e) ({ (A A)}),

*(1)/wf

and the pullback of ]Ig’)‘ along this isomorphism is I§. We therefore finally obtain
an equivalence of categories

Mod, (7%, M) = Rep(I{)
such that the diagram

Mod.(Zy s, G) — > Coh®"” (st\1)
(8415)i (8.12)
53 -
Mod.(Z5 ", M) Rep(Ig)
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commutes, where the upper horizontal arrow is the composition of the equivalence
of Proposition 5.4 with (the restriction of) (8.6).

Now the scheme FNg-/w, o) t*/(wi.,.)({(X,X)}) is affine, and using the
f

Xex(1) yw
computation of the derived global sections of Py (see [ , Proposition 3.4.1])
and the general form of the base change theorem (see [Li, Theorem 3.10.3]) one

checks that the global sections of @Q’A identify canonically with Ug’)‘. We deduce
equivalences of categories

Modi (™) = Modi(UYY),  Mod.(Zy™, M) = HCY
such that the following diagram commutes:

3 Rt ~
DPMod.(Ziy , G) —=% DPHCM

~

(8,15)\L (8.14)

DPMod (75, M) —= DPHCA
Combining the above informations, we therefore obtain an equivalence of cate-
gories o
HC™ = Rep(I8)
such that the following diagram commutes:

DPHC 7 phconG® (seAh)

~

(8'14)i l(s.lz)

DPHCYY — = DPRep(I4).
From this commutative diagram and Proposition 8.6 we deduce the following.

Corollary 8.7. The functor (8.13) is fully faithful on SCth(l)(StIAn(l)),
8.6. Image of Soergel-type coherent sheaves. In view of Corollary 8.7, to
conclude the proof of Proposition 8.5 it remains to describe the essential image of

SCohG"” (Stﬁl(l)). In fact, by construction of this subcategory, it will be enough to
prove that for any s € S,g, resp. w € €, this functor sends the object ., resp. .7,
to B, resp. B).

Recall the objects (2 : s € Sag) in DbCth(l)(St/\(l)) considered in §7.2.
By Corollary 7.9, for any s € Sag, % is isomorphic to the image of 2 in
DPCohG™ (st

In case s € S¢, this image is the structure sheaf of the closed subscheme

(é(l) Xé(vl) é(l)) XG(1>/G<1) FNG(l)/G(l) ({1}) C StrAn(l),

where we write G for é{s}. Now the preimage of ¥ in G, identifies (via (8.2))
with T/{1,s}. Hence the image of ., under (8.13) is the structure sheaf of the
closed subscheme

FNta)« T ({(1L,1D}) € FNrare gy 70 ({1 1))

Looking at the definition of %" in this case, we deduce the following.

T /{1,5}
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Lemma 8.8. For any s € S, the functor (8.13) sends .5 to B .

Recall now the objects (£ : b € Brw) considered in §7.5. For any b € Brw we

will denote by _#/* the image of .7 in DPCoh®" (St2M), and by 77 the image
of 7" in DPRep(I4). We will also denote by 7 : Brw — W the canonical group
morphism, such that j(T,,) = w for any w € W.

Lemma 8.9. For any b € Brw, we have #* = ///j/;z(b),

Proof. In view of (8.10), it suffices to prove the isomorphism for b in a generating
subset of Bryw. Here we will use the subset (2.31).

If s € S¢, using the identification of the image of 2 discussed above, from the
exact sequences (6.8) we obtain exact sequences

SIS B> I Ipa > B> JE
Comparing with the exact sequences appearing in | , §3.2], we deduce isomor-
phisms
PR A= /ﬁ_l,
On the other hand, for 1 € X*(T), the object /BA“ is the pushforward under the
diagonal embedding N
G xg/c FNg/c({1}) — St

of the pullback of the line bundle on G/B associated with u. By [ , Lemma 2.21],
the image of this object in Rep(I§) is ///tﬁ , which concludes the proof. a

We can now conclude the proof of Proposition 8.5. In fact, for w € Q we have
Sw = JI by (7.5), so that its image in SRep(I§) in #7 _, which is isomorphic
to A/ bwaemma 8.9. For s € S¢, we have already provedwthat the image of % is
P in Lemma 8.8. Finally, in case s € Sa \ Sy, recall the elements b € Brw and
t € S¢ such that T = bT;b~ 1, see §6.4. In view of (7.7), Lemma 8.8 and Lemma 8.9,
the image of . is then

'%j/c\n(b)*l * B * L%j/gz(b)'

Here we have s = j01(b)~! -t 701(b), hence by [ , Lemma 3.5] the right-hand
side is isomorphic to £, which concludes the proof.

9. EQUIVALENCES

We continue with the setting of Section 8, hence in particular with the assump-
tion introduced in §8.1. In order to apply the results of | ], we also assume from
now on that £ # 19, resp. ¢ # 31, if SR contains a component of type Er7, resp. Eg.
We also consider our fixed element A € 4o N X*(T).

9.1. Relation with constructible sheaves. Consider now a reductive group G
over an algebraically closed field F of positive characteristic p # ¢ such that G) =
GO (where G,/ is the Langlands dual reductive group provided by the geometric
Satake equivalence of [\MV]). We consider the category Df\ | ~and its subcategory
TIA‘th from | | for the reductive group G; the latter category contains some
distinguished objects (27, : s € Sag) labelled by S.q, and two families (V7 : w €
W) and (A, : w € W) of objects labelled by W. Here, =7, belongs to Ty, | for

any s € Sug, and for w € Q we have A/, = V/) and this object also belongs to

A
TIu,Iu‘
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The category Df\ ; admits a monoidal product %, and Ty, ; “is a monoidal sub-
category. We also have a monoidal equivalence of categories

(9.1) K°T{ 5, = Df 1,
see [BR4, Equation (6.11)].

Using the notation of §8.3, in [ , Theorem 11.2] we have constructed an
equivalence of monoidal categories

(9.2) Tf 1, — SRep(I$)

which sends = to & for any s € S,g and A} to .#/ for any w € Q.
Combining the equivalences (9.2), (8.8) and (6.7) with that of Proposition 8.5
we deduce equivalences of monoidal categories

(9.3) T 1 =5 SCohG (8tAM) = 5CohS™ (87 (1)) &5 SHCMA

which, for s € S, and w € 2, match our distinguished objects in the following
way:
Bl & S o A o Ry, AL & S, o Ry < R
We finally obtain the following theorem, which is the main result of this paper.

Theorem 9.1. There exist equivalences of monoidal triangulated categories
A3 ~ 1 3,5 P
D} 1. 25 DPCohG" (8t4(V) =5 DPCohG (81 (V) L2 DPHCM,

Proof. The first equivalence is obtained from the first equivalence in (9.3) by passing
to homotopy categories and conjugating by the equivalences (9.1) and (8.9). The
second equivalence is (8.6). Finally, the equivalence in the right-hand side was
constructed in §5.3. (]

Remark 9.2. For s € S,g, comparing the triangles (2.27) with similar triangles in

Df. 1, one sees that under the equivalence D7 ; — DPHC* of Theorem 9.1 the
object A%, resp. V2, corresponds to Dy, resp. Ns. By monoidality it then follows

s s

that, for any w € W, the object A%, resp. V2, corresponds to D, resp. N,,. By

w w?
Lemma 7.8, the object in DbCth(l) (St/\(l)) corresponding to A% and D,,, resp. to

V2 and Ny, is J%\,l, resp. JT/fw71.

Once the equivalences in Theorem 9.1 are established we can “forget about com-

pletions” in the following sense. Recall the category Dy, 1, and its monoidal product
*1, considered in | , 85.1].

u

Theorem 9.3. The equivalences of Theorem 9.1 restrict to equivalences of monoidal
categories
O b GO (1Y ~ HbrahG® rqp(l) N bR
D11, —— D"Coh;; (St;,”) — D"Cohy (St'") «=— D HCZ;/".
Proof. The equivalences in Theorem 9.1 are linear for the actions of the local ring
O(Z*) 2 O(FNe-) e ({(0,0}) = OFNra), om0 ({1 1)});

they therefore restrict to equivalences between the full subcategories of objects
on which the action of the maximal ideal of this ring is nilpotent. In the case
of Df, p, this subcategory has been identified with Dy, 1, in [ , Lemma 6.2].

For DbHCX’X, this subcategory has been identified with D‘DHCE{IX in Lemma 2.12.

*(1)/wf
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Finally, for DPCohG" (St/\(l)), resp. DPCohG" (St this subcategory has been
identified with D]E)Coh/c\;/m(St(l))7 resp. DbCth(l)(Stg)), in Lemma 4.3, resp. in
Lemma 8.4. O

9.2. Some objects associated with tilting G(!-modules. Recall from [ ,
Proposition 7.9] that for any V € Tilt(G()) we have a tilting perverse sheaf

ZNV)*E eTi L.

(Here = is the “big tilting pro-object” on the basic affine space of G, and 2" is
the pro-monodromic version of Gaitsgory’s central functor; see [ | for details.)
On the other hand, we can consider the equivariant coherent sheaf

V®Ognm € DPCohS™ (sthW),

which by Lemma 7.10 belongs to SCthm(Sth(l)). Recall also that we have a
canonical isomorphism

O(F N2, o ro0 ({1, 1]) = Endry | (E")

Tu,Iu

induced by left and right monodromy operations (this is the main result of [BR2];
see also | , Equation (8.7)]). On the other hand, the projection morphism

Str/;l(l) — FNrto) ><T(1)/wa(1) ({(1, 1)})
induces a canonical algebra morphism

ﬁ(FNT(l) XT(I)/WfT(l) ({(17 1)})) — EndCOhG(l) (Str/,\](l))(ﬁstr/‘\‘u) )

Proposition 9.4. For any V € Tilt(GW) there exists a functorial (in V) isomor-
phism

PNZNV)FE) 2V ® O,
which moreover has the property that for any r € ﬁ(FNT“)XTm/wa(”({(1’ nh)
with images f € End(Z") and g € End(ﬁStgm) the following diagram commutes:

PNZMNV)FED) —>V @ Ogrim
(—)X’X(idif)l id®g

ONZNV)FED) "=V ® O

m

Proof. By construction of @X’X, to construct an isomorphism as in the proposition
it suffices to construct a canonical isomorphism between the images of 2 (V)*ZE
and V @ Og n) in Rep(I8). In | , Theorem 11.2] we have identified the image
of ZNV)* E] with

V® OpNq), 20 ({1}

T /Wy
with the action coming from the embedding
18 € G x FNpar o (L D)D)

It is clear that this object is also the image of V® ﬁs WNCIR which provides the desired
isomorphism. The commutativity of the lemma is clear from construction. [
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9.3. Variant for a fixed central character. Recall the categories considered
in §2.8 and §5.5, and the category Dr, 1 of | , 84.2]. Set also

St;n = Stm XT(I)XT(l)/WfT(l) T(l) XT(l)/Wf {1}
Then the isomorphism (8.5) restricts to an isomorphism
(9.4) St;, = St’.

The following statement is the analogue of Theorems 9.1 and 9.3 in the present
context.

Theorem 9.5. There exist equivalences of triangulated categories
D, 1 =5 DPCohS" (St/) = DPCoh®" (8t/(1) = DPHCM,

These equivalences are compatible with those of Theorem 9.1 in the sense that they
are equivalence of module categories over the monoidal categories appearing in the
latter statement, and also that the diagrams involving the various push/pull functors
relating these categories are commutative.

Proof. The second equivalence is induced by the (G-equivariant) isomorphism (9.4),
while the third one is proved in §5.5. The compatibilities of these equivalences with
the operations considered in the statement are either obvious or discussed in §5.5
and Section 6. It remains to explain the construction of the equivalence

(9.5) D11 = DPHCM

with appropriate compatibility properties.
We have the additive subcategory T, 1 C Dy, 1 of tilting perverse sheaves, and
an equivalence of categories

(9.6) K Ty, 1 = Dy, 1.
‘We have a natural functor
Tt Tﬁulu — TIU,I-

Let us denote by BSTf\u}Iu, resp. BSTy, 1 the full subcategory of TIAu,Iu’ resp. Tp, 1,

us

whose objects are the tilting perverse sheaves isomorphic to an object of the form

ND>S=A ~=A ANT=N ... 0=A
AGKEL yFo-*EQ y, resp. m(AL*EQ * *HST’!),
with w € Q and s1,---,s, € Sag. Then 7} restricts to an essentially surjective

functor BSTf\mIu — BSTr,, 1, which has the property that for any M, N € BSTf\WIu
it induces an isomorphism

k ®ﬁ(FNT(1) (1) HomTfu,Iu (]W7 N) = HomTI“,I (7TTM, WTN),

see [ , Lemma 5.9]. Moreover the category Tﬁ’lu, resp. Ty, 1, identifies with the
karoubian closure of the additive hull of BST{ 1, Tesp. BSTy, 1.

On the other hand, recall the functor Sp, , introduced in §2.8. Consider the full
subcategory BSHCM* ¢ HCM* whose objects are the images under this functor of
the bimodules

Ro*Rg, -+ xRy,
A

with w €  and s1, -+, s, € Sa#, and denote by SH the karoubian envelope

of the additive hull of BSHCM*. Then Sp A Testricts to an essentially surjective
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functor BSHCX’X — BSHCX’A, which has the property that for any M, N € BSHCX’A
it induces an isomorphism

k. ®ﬁ(FNt*/(wf1.)({X})) Homy, s (M, N) = Homy, 5,5 (Spaa (M), Spy A (N)),
see Proposition 2.16. Arguing as in §7.1 (and using the second part in Proposi-
tion 2.16), one also checks that the natural functor
(9.7) KPSHCM 5 DPHCMA
is an equivalence of monoidal categories.

It is clear that the equivalence Dy y = DPHC
categories

A restricts to an equivalence of
BST] ;. 5 BSHCM,
The comments above show that this equivalence in turn induces an equivalence of
categories R
BSTy, 1 = BSHCM.
Passing to bounded homotopy categories of the karoubian closure of the additive
hull, and finally conjugating by the equivalences (9.6) and (9.7), we deduce the
wished-for equivalence (9.5).
It is easily seen from the construction that this equivalence is compatible in the
required sense with the convolution actions of Df ; and DPHCM*, and that it

matches the functor m; with Sp, . The other comf)légibility follows by adjunction.
O

9.4. Discussion of our assumptions. Let us summarize the assumptions we have
made for the proof of the main results of the paper (Theorems 9.1, 9.3 and 9.5). In
this process we start with the connected reductive group G over an algebraically
closed field I of characteristic p > 0, its Borel subgroup B, and its maximal torus 7.
Then we choose a field k which is an algebraic closure of a finite field of characteristic
¢ # p, and the geometric Satake equivalence provides us with the dual group Gy,
its Borel subgroup By’ and maximal torus 7}’. Since this dual group is canonically
the base-change to k of a reductive group scheme over Zy, there is a canonical group
G with GO = G)/. We have to assume that this group satisfies the assumptions
of §2.1, Section 6, §8.1 and §9.1; in concrete terms this means that:

(1) the quotient of X*(T') by the root lattice of (G, T) is free;”
(2) the quotient of X, (T) by the coroot lattice of (G, T) has no ¢-torsion;
(3) there exists a G-equivariant morphism G — g sending 1 to 0 and étale at
L;
(4) g admits a nondegenerate G-invariant bilinear form;
(5) £ is odd, ¢ > h, and if R contains a component of type E7, resp. Eg, then
€ # 19, resp. £ # 31 (see §9.1).

The assumptions on the group G can be relaxed a posteriori by using the follow-
ing observation. Assume we are given a connected reductive group G’ over F and
a central isogeny G’ — G such that the dual central isogeny G,/ — (G'))/ is étale.
Then equivalences as in Theorems 9.1, 9.3 and 9.5 for the group G’ can be deduced
from similar equivalences for G, as we explain below. Note that, given a connected

"This assumption means that the derived subgroup of G]}¥ is simply connected, or equivalently
that the center of G is a torus.
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reductive group G’ and a field k as above, if £ is strictly larger than the bound of
Figure 1.1 for any component of the root of system of G’, then a central isogeny
G’ — G with G satisfying the conditions (1)—(5) above automatically exists. (This
follows from the considerations in [J2, §11.1.18], using Remarks 2.1 and 8.1 and the
fact that ¢ is automatically very good for G; one can e.g. take for G a product of
the adjoint quotient of G’ with a torus.) This remark justifies the presentation of
our results in Section 1.

Let us now sketch a justification of the assertion above about Theorem 9.1; the
other cases can be treated similarly. So, we consider groups G, G’ as above, and the
associated étale isogeny G — G’ obtained from the dual groups. What happens is
that each of the categories considered in Theorem 9.1 for the group G’ identifies with
a direct summand of the corresponding category for GG, and the equivalences for G
restrict to equivalences between these direct summands. On the constructible side,
it is a classical fact that (possibly up to a universal homeomorphism) the affine flag
variety of G’ identifies with a union of connected components of that of G, which
implies the desired claim. For the categories associated with G and G’, we consider
the kernel K of the isogeny G — G’, a smooth finite diagonalizable group scheme.
The isogeny identifies the Lie algebras g and g’ of G and G’, together with most
the associated structures (in particular, the finite Weyl groups and Grothendieck
resolutions). Any complex in DbCth(l)(StA(l)) or DPHC** admits a canonical
decomposition according to the action of K(!), parametrized by the action of this
group scheme, and the corresponding categories attached to G’ identify with the
subcategories of objects whose summands associated with nontrivial characters van-
ish. Finally, the morphism relating the multiplicative Grothendieck resolutions G
and G’ is not an isomorphism, but arguing as in Lemma 8.2 one sees that it induces
an isomorphism of schemes FNg,c({1}) xg/c G = FNg//a/({1}) xa//a'G'. One
therefore obtains an identification between the associated “completed versions” of
the multiplicative Steinberg varieties, and can conclude as before.

10. T-STRUCTURES

In this section we continue with our running assumptions that conditions (1)—
(5) in §9.4 are satisfied. (Here again, all the statements in this statements in this
sections can a posteriori be generalized to more general reductive groups using the
procedure in §9.4.)

10.1. Unicity of t-structures. Consider the nilpotent cone N' C g*(!)| i.e. the
preimage of the image of 0 under the quotient morphism g*() — g*(l)/G(l) =
t*(1) /W;. We then consider the derived category

DPCoh$"” (g* M)

of GM-equivariant coherent sheaves on the scheme g*(*) supported set-theoretically
on N, see §A.1. If we denote by q : st — g*(M) the natural (proper) morphism,
then we can consider the natural functor

(10.1) Rq, : DPCohS (5tM) 5 DPCohS™ (g*M).
Recall from Lemma 4.3 the fully faithful functor

DPCoh$™ (8t) — DPCohS" (st7 M),
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As explained in §6.1, the essential image of this functor is a two-sided ideal in the
monoidal category DPCohG" (St ),

Consider the braid group Brw from §2.12. We will denote by Br{,”v the sub-
semigroup of Bryw generated by the elements T,, with w € W. Any element
be Br{,"v can be written as b =T, --- T, - T, for some s1,---, 5, € Sag and w € L.
We will denote by ¢(b) the minimal r such that such an expression exists.

Lemma 10.1. For any nonzero % in DbCohf/(l)(St(l)), there exist b,c € Briy
such that Rq,(F) » F = I*) # 0.

Proof. Fix % as in the statement. As explained already in the course of the proof
of Lemma 3.5, for any strictly dominant weights v,/ € X*(T) the line bundle
Oc/Bym (V) X O (g mym (V') is ample (see [J2, Proposition I1.4.4]). Since the mor-
phism St — (G/B)M) x (G/B)W) is affine, its pullback Og,) (v,1/) to StV is
also ample, see [SP, Tag 0892]. Hence, by standard considerations (based on [SP,
Tag 0B5U] and [SP, Tag 01PR]) there exist v, € X*(T)* such that
RF(St(1)7 Z ®ﬁsc(1) ﬁst(l) (1/7 y/)) 7é 0.
Now we have
T Ro,,) Ose (v,V) = fTAtV * T % JTAtV/,

so that this implies the desired claim. ([l

We will say that a t-structure on the category DbCohJc\;/(l) (St(l)) is braid positive
if for any b,c € Br‘JgV the functor

I % (=) % I DPCohS"” (8tM)) — DPCoh S (st1)
is right t-exact.
Lemma 10.2. Assume we are given a braid positive t-structure on the triangulated
category DbCohJc\;/(l) (st),
(1) For any b,c € Bryy the functor

I (=) TN, DPCohS (8t1)) — DPCoh S

is left t-exact.
(2) For any s € Sag the functors

R % (=), (=) Ry : D°CohS"” (St™M) — DPCohS"” (St M)

are t-exact.

(st)

Proof. Statement (1) follows from the fact that a right adjoint of a right t-exact
functor is left t-exact. Then (2) follows using the triangles (7.6). O

The following statement closely resembles a “unicity of t-structure” result en-
countered in [BM].
‘s ) ¢S
Proposition 10.3. Given any t-structure (Déo, Dg*o) on DPCoh ' (g*M), there

exists at most one bounded t-structure (Dg.,Dg.) on DbCoh/C\;/(l)(St(l)) which is
braid positive and such that the functor (10.1) is t-exact for the t-structures

(D§/,Dgy) and (D', DgY).


https://stacks.math.columbia.edu/tag/0892
https://stacks.math.columbia.edu/tag/0B5U
https://stacks.math.columbia.edu/tag/01PR
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If this t-structure exists, then its nonpositive part is given by
(10.2) D5 = {F € D"Coh§" (St™M) | Vb, ¢ € Briy, Rg.(4) .7 x #/) € D5},

Proof. Tt is enough to show that any t-structure (DgtO , Dgto ) as in the lemma satis-

fies (10.2), since a t-structure is determined by its nonpositive part. Let us there-
. €

fore assume we are given a bounded t-structure (Dgto, Dgto) on DPCohf ' (st

which is braid positive and such that the functor Rg, is t-exact for the t-structures

(D5, Dgy) and (Dgg*o, Dg,?). It is clear that any object .Z in DS, will then satisfy

Rq. (I x F « 5)) € D)

for any b,c € Brév.

Reciprocally, let us fix an object .# such that Rg.(. x F x F]) € Dg*o for
any b,c € Br{,"v. Since the t-structure is bounded, there exists ¢ € Z such that
F e Dgtl but Z ¢ Détiflg to conclude we need to show that 7 < 0. Assume for a
contradiction that ¢ > 0, and set %’ := 750(.%) where 7¢ is the truncation functor
(in positive degrees) associated with our t-structure. From the truncation triangle

1
reoF = F = 7 L

and the inclusion proven above we see that %’ also satisfies
Rq. (I x F'« I)) € D3
for any b, ¢ € Bry,. By Lemma 10.1, there exist b, c € Bry, such that
Rq. () x F'x 1) # 0.

Let us choose b and ¢ which satisfy this property and such that ¢(b)+£(c) is minimal
among elements satisfying it. Write b =T, -- 'Ts[(b)Tw and ¢ = Te’l - oTsé( )Tw/ for
some 51, -+, Sy(p), 1, - ,52(0) € Sax and w,w’ € Q. Using the triangles (6.10) and

minimality we obtain that
R (I x F'x I) =2 Ra (X x5 X+ I] *9’*0%8?*-~-*%52(l) *x 5.

Se(b) w
Now the right-hand side belongs to Dgz,f1 by Lemma 10.2(2). (Note that the functors

S, x (=) and (=) *F7 | are left t-exact by by Lemma 10.2(1).) We have therefore
<

produced a nonzero object in Dgf) N Dg*l, a contradiction. ([
10.2. The perverse coherent t-structure on coherent sheaves. We now con-
sider the action of G on g*(!) obtained by pullback of the coadjoint action of G(1)
by the Frobenius morphism Frg, and the derived category

DbCohf/(g*(l))

of G-equivariant coherent sheaves on g*(!) supported set-theoretically on A. For
any n > 1 we consider the n-th infinitesimal neighborhood N of A/ in g*(); then
the action of G on g*(1) induces an action on N, and by Lemma A.4 we have an
equivalence of triangulated categories

(10.3) colim,,>; D" Coh® (N") =5 DPCohG(g* ™).
For any n > 1 we can consider the perverse coherent t-structure on the category
DPCoh® (N as in | ] (see also [Bel]). More precisely, as in | , Exam-

ple 4.15], points of the stack N[”]/G correspond to G(M-orbits on /. The “middle
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perversity” is defined by p(x) = —% where O, is the orbit corresponding to z,
and the procedure in | , Definition 3.7] using this function produces a bounded
t-structure whose heart is noetherian and artinian, see | , Corollary 4.13]. For
our purposes we will apply a global shift to this t-structure, and say that a complex
Z belongs to the heart of the perverse coherent t-structure iff F [d‘mT(N)] belongs to
the heart of the t-structure of | ] associated with the middle perversity. (Note
that dim(N) € 2Z, so that this definition makes sense.) With this convention, the
restriction to the regular orbit of any object in the heart of the perverse coherent
t-structure is concentrated in degree 0 (for the tautological t-structure).
For any n > 1 the pushforward functor

DPCoh®(N1M) — DPCoh G (NTF1)y

is t-exact for the perverse coherent t-structures, see [ , Lemma 3.3(c)]. In fact
since this functor does not kill any nonzero object, it “detects the t-structure” in the
sense that an object .# in DbCth(N ["}) belongs to the non-negative, resp. non-
positive, part of the perverse coherent t-structure on DbCth(N (]} iff its image
belongs to the non-negative, resp. non-positive, part of the perverse coherent t-
structure on DPCoh® (N1 1), We therefore obtain a t-structure on the categories
in (10.3) such that each pushforward functor

DPCoh®(NTM) = DPCoh$(g* ™)

is t-exact (and, in fact, “detects the t-structure” in the same sense as above).
The cohomology functors for the perverse coherent t-structure on the triangu-
lated category DPCohG(g*™) will be denoted (PS#™ : n € 7).

Remark 10.4. Consider the full subcategory
(10.4) DPCoh§ (g*™) c DPCohG(g* V)

whose objects are the complexes which are set-theoretically supported on the zero-
orbit {0}. By definition of the perverse coherent t-structure the embedding (10.4) is
t-exact if the left-hand side is endowed with the shift by dimT(N) of the tautological
t-structure and the right-hand side with the perverse coherent t-structure; in other

words, for any .# in DPCoh§ (g*(")) we have

dim(N)
2

PA(F) = ()

for any n € Z. In particular, if § denotes the skyscraper sheaf at 0, then 5[—%0\[)]
belongs to the heart of the perverse coherent t-structure; in fact it is easily seen to

be a simple object therein.

€y
The same procedure also produces a t-structure on the category DbCoh/(\}f ' (g*M))
considered in §10.1, such that the obvious pullback functor

DbCohf}(l) (g*(l)) — DbCoh/C\;/(g*(l))

is t-exact. This t-structure will also be called the perverse coherent t-structure.

10.3. The perverse coherent t-structure on Harish-Chandra bimodules.
For any p,v € X*(T), restriction of the action to Zg, defines a natural functor

(10.5) DPHCAY —5 DPCoh$(g*™M).

nil
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Lemma 10.5. There exists a unique t-structure on DbHCgi’lﬁ such that the func-
tor (10.5) is t-exact with respect to the perverse coherent t-structure on the category
DPCoh$(g*™); moreover this t-structure is bounded.

Proof. Unicity is clear from the fact that the functor (10.5) does not kill any nonzero
object: if the t-structure exists, its nonpositive, resp. nonnegative, part must consist
of complexes whose image is in the nonpositive, resp. nonnegative, part of the
perverse coherent t-structure on D®Coh$(g*(1).

To show existence, we will in fact construct a bounded t-structure on the category
DPHC, (see §2.7) such that the forgetful functor

DPHC), — DPCoh§(g*™)
is t-exact with respect to the perverse coherent t-structure. By (2.21) we have a
decomposition as a sum of triangulated categories
DPHC), = . DPHCH?,
w,veX*(T)/(W,e)

hence the t-structure will restrict to a t-structure with the appropriate property on
each factor DPHCP”. As in the proof of Lemma 2.13, restriction to the left action
defines an equivalence of categories between HC/\, and the category of G-equivariant
finitely generated Ug-modules such that the maximal ideal n C &(t*() /W) =
Zuc N Zgy acts nilpotently. The Zp,-algebra Ug defines a G-equivariant coherent
sheaf of Oy.q)-algebras on g*() | and restricting this algebra to N produces a
sheaf of algebras (Z/Ig)["]. Then by Lemma A.4 we therefore have a canonical
equivalence of triangulated categories

DbHc/\ ~ COlimnlebCOhG(/\/’[n], (Ug)[n])

nil —

The construction in [ , ] applies more generally to categories of coherent
sheaves of modules for a coherent sheaf of algebras; in particular, for any n > 1 it
provides a bounded t-structure on D°Coh® (N1, (Ug)l") such that the forgetful
functor

DPCohG (WM (g)™) — DPCohS (N
is t-exact. Then each embedding

DPCohS (WM (Ug)™) — DPCohG (W1 (1g)n+1)

is t-exact, and we obtain a t-structure on the colimit which solves our problem. [

The t-structure of Lemma 10.5 on the triangulated category DbHCgi’ID will also
be called the perverse coherent t-structure, and its cohomology functors will also
be denoted (P : n € Z).

Lemma 10.6. For any p,v,n € X*(T), the functors
PE7 % (=) : DPHCZ] — DPHCET and (=) PP7 . DPHCH — DPHCTY

nil nil nil
are t-exact for the perverse coherent t-structures.

Proof. Using (2.15) one sees that the functors under consideration are obtained
from a functor of the form

V ® (=) : DPHCY, — DPHC),

nil nil
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with V' € Rep(G) by restriction to a direct summand and projection to a(nother)
direct summand. Since the functor of tensoring by V is clearly t-exact for the
perverse coherent t-structure on DbCohJ(\;/(g*(l)), we deduce the desired claim. [

10.4. Compatibility. The main result of this section is following.

Theorem 10.7. The equivalence Dy, 1, — DbHC2i’f\ of Theorem 9.3 is t-exact with
respect to the perverse t-structure on Dy, 1, and the perverse coherent t-structure
on DPHCN.

Our strategy will be the following. By Proposition 10.3, there exists at most

€) o . .
one bounded t-structure on DbCoh/(\}/ (St(l)) which is braid positive and such
that the functor (10.1) is t-exact, where the target category is equipped with
the perverse coherent t-structure. We will prove in §10.5 that the image un-
. ~ (€]

der the equivalence Dy, 1, — DbCohjC\"'/1 (St(l)) of the perverse t-structure on
Dy, 1, satisfies these properties, and in §10.6 that the image under the equivalence

~

DPHC = DbCoh/C\;/(l)(St(l)) of the perverse coherent t-structure on DPHC
also satisfies these properties. This will imply Theorem 10.7.

10.5. Image of the perverse t-structure.

Proposition 10.8. The image of the perverse t-structure on Dy 1, under the equiv-
alence Dy, 1, — DbCohf}(l)(St(l)) of Theorem 9.3 is braid positive and such that
the functor (10.1) is t-exact with respect to the perverse coherent t-structure on
DPCoh$” (g V).

Proof. In this proof we will use the categories Dy, 1 and Dry, the functors at
Di,1 — D1, 1, and For%u : Dr1 — D1, 1, and the objects (AL : w € W) and
(VL :w € W) from | ]. Then the nonpositive, resp. nonnegative, part of the
perverse t-structure on Dy, 7, is generated under extensions by the objects

us

(' For%“(ALj)[n] cw e W, n €Zsg), resp. (WTFor%" (VI)[n]:w e W,n € Zep).

It is a standard fact that the functors of left and right convolution with ob-
jects V7, on Dy, 1, are right t-exact for the perverse t-structure; in fact, for left
convolution this follows from the observation that if y,w € W the complex

~ I (AT ~ I ol T Al
Vi *wiFory (Al) = wiFory (VL +' Al)
is perverse (see e.g. | , Lemma 4.1.7]). By Remark 9.2, this implies that the
t-structure under consideration is braid positive.
Now, consider the composition

(10.6) D11

slu

=, DPCoh$ (8t™M) £ooy phcon$™ (g* ™).

To conclude we have to prove that this functor is t-exact, which will follow if we
prove that it sends any object 7' For%u (ALY or #f For%u (AL) (w € W) to an object
in the heart of the perverse coherent t-structure.

Recall the simple objects (#€, : w € W) in the heart of the perverse t-
structure on Dyj. We claim that the image under (10.6) of any object of the

from 7 For%"(ﬂ%ﬁw) where w in not minimal in WywW} vanishes. In fact, let us
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denote this image by .%,. Since g*(!) is an affine scheme, to prove that .%,, = 0 it
suffices to prove that RT'(g*(M),.%,,) = 0, which will follow if we prove that

Extgo (V. RE (g™, 2,)) = 0
for any V € Tilt(GM) and n € Z, i.e. that

H (V ® ﬁst/\(l),gw[n]) =0

O i copa ™ (s4/(1)
for any V € Tilt(G™) and n € Z. Transferring this condition in Df . and using
Proposition 9.4, this amounts to proving that

(ZNV)*E, T Forl (F€,)n]) =0

Hompa

Tu,Tu

for any V € Tilt(G™M) and n € Z. Recall that if w is not minimal in W¢wWy, then
it is not minimal either in Wew or in wW¢. If w is not minimal in wW¢, then %,
is obtained by pullback from a partial affine flag variety associated with a subset
of Rs, and the claim follows from adjunction using the fact that the pushforward
of 4 (Z]") to this partial flag variety vanishes. The case when w is not minimal in
W w is similar, using the centrality of 2 (V).

By standard arguments (see e.g. [Be3, Lemma 3(a)]), the claim we have proved
above implies that the image under (10.6) of the object

ot For{u (AL), resp. nf For{u (AL),

only depends on the coset WiwW;. Now, any such coset contains the translation
associated with a dominant weight, and the translation associated with an antidom-
inant weight. If u € X*(T)", then by Remark 9.2 the image of V;' ~under the
equivalence

D{ ;. = DPCoh®" (st")

of Theorem 9.1 is @pgra) (), which by linearity for the right action of the ring
O (FNg.1)({0})) implies that the image of 7' For%u (V{_H) under the equivalence we
consider here is 0, ) (p). (Here N = g x¢- {0} is the Springer resolution.) It is
a standard fact that the object Rq.& . o) () belongs to the heart of the perverse
coherent t-structure (see [Be3, §2.2] or [Ac, §2.3]), which implies the desired claim
for costandard objects. Similarly, for any p € X*(T)* the image of «f For%u (V%M)
is O o) (—p). Since Rq.O, oy (—p) also belongs to the heart of the perverse
coherent t-structure also in this case (see again [Be3, §2.2] or [Ac, §2.3]), this proves
the desired property for standard objects and finishes the proof. O

10.6. Image of the perverse coherent t-structure on Harish-Chandra bi-
modules.

Proposition 10.9. The image of the perverse coherent t-structure on DbHC;‘i’l)‘
under the equivalence

WY AN~ W

O DPHCY = DPCoh§ (5t1)

is braid positive and such that the functor (10.1) is t-exact with respect to the
eS

perverse coherent t-structure on DPCohf ' (g*M).



90 R. BEZRUKAVNIKOV AND S. RICHE

Proof. To prove braid positivity, we have to prove that for b € {T,, : w € Q}U{T5 :
s € S} the functors

I % (=) : DPCohS” (8tM)) — DPCohS ™ (87 1),
(=) %7 : DPCoh$” (St1)) — DPCohS (S¢7 ()

are right t-exact with respect to our given t-structure. By (7.5) and monoidality,
for any w € Q) we have a commutative diagram

R,—1%(—)

bAoA by AN

DPHC DPHC

PYPN X

P \LZ 2l‘bnil
I, x(=)

DPCoh$™ (st1) DPCoh$™ (st).

By Lemma 10.6 the upper arrow is t-exact for the perverse coherent t-structure,
which implies that the lower horizontal arrow is t-exact for the t-structure we
consider. Similar arguments apply to the functor (—) x fﬁ .

By similar arguments one sees that, for any s € S,g, the functors

Too 5 (=), (=) x % : DPCoh S (8t™M) — DPCohE” (StM)

are t-exact for our t-structure. Using the left triangle in (7.6) we deduce that the
functors ] x(—) and (—)*.#7 are right t-exact for our t-structure, which finishes
the proof of braid positivity.

Now we will prove that the functor Rg, is t-exact. Recall the weight ¢ fixed
in §2.1. Then we have an equivalence

~

$~> 7% : DPHC™~% = D"CohS" (st ),

see §5.3, which as in Theorem 9.3 restricts to an equivalence

iy oo o~ (1)

@57 DPHC 7 = DPCohfy (St o),

and moreover Sty m, = g*. Since ®_7""° is given by tensoring with a vector
bundle, it is t-exact for the perverse coherent t-structures on both sides. By Propo-
sition 7.2 (and an analogue for convolution on the right) we have a commutative
diagram

P:’X*(—)*PX‘:

DPHCN DPHC
@i;fiz zlcpiv:
DPCoh$” sty — T pbconS™ (g ).

By Lemma 10.6 the upper line is t-exact for the perverse coherent t-structures; we
deduce the desired exactness property for the lower line. O

11. APPLICATION TO THE FINKELBERG—MIRKOVIC CONJECTURE

We continue with the assumptions of Section 10, replacing the condition that
¢ > h by the condition ¢ > h.
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11.1. Image of the trivial bimodule. Recall the “trivial Harish-Chandra bi-
module” considered in §2.9. The following statement is analogous to | ,
Lemma 6.7].

Proposition 11.1. The shifted trivial Harish-Chandra bimodule
K [_ dim(N)
2

is the image of the simple perverse sheaf
7T-Il(‘j(g'wo) € DIu;Iu

under the equivalence of Theorem 9.5.

} € DPHCOD

Proof. As explained in Remark 10.4, the object ]k[—dimT(N)] is a simple object in the
heart of the perverse coherent t-structure. By Theorem 10.7 its image is therefore
a simple perverse sheaf in Dy, 1,, hence is of the form 7f(%) for some simple
I-equivariant perverse sheaf .# on Fl = LG/I. For any s € S¢, by using the

comparison with translation functors for G-modules (see | , Lemma 6.1]) we
see that

Rs xk =0,
hence that

= xal(F) =0,
which implies that % is L*G-equivariant. By symmetry we also have kxR, = 0
for s € S¢, which implies that % is the pullback of a simple perverse sheaf ¢ in the
Satake category Pr+q 1+ (see | , §4.3] or §11.3 below).

Now, we claim that each cohomology object of the complex k xk (for the tauto-
logical t-structure) is a direct sum of copies of the trivial module k. In fact, clearly
the left and right actions of Ug on these cohomology objects are trivial, so it only
remains to show that the action of G is trivial too. The convolution k x k can be
computed using the Chevalley—Eilenberg resolution of the trivial g-module (which
is a resolution as a G-equivariant U{/g-module, hence can be seen as a resolution as
Harish-Chandra bimodule, see (2.5)); we see that it coincides with the cohomology
of the complex A°®g, endowed with the differential given by

Ay A Aap) = (1) g @] Ao AT A AEj A Ay
1<j

As explained above the action of G; on this cohomology is trivial; in particular the
action of T is trivial. Hence the cohomology under consideration is also the coho-
mology of the complex (A°®g)T'. By [J2, Lemma I1.12.10], under our assumptions
on ¢ the action of T on (A°® g)T" is trivial; hence the action of T on our cohomology
is trivial too. This implies that the action of G is trivial.

From this claim and Remark 10.4, we see that each cohomology object of the

complex
K _dim(N) Pk _dim(N)
2 2
for the perverse coherent t-structure is a direct sum of copies of k [fdimT(N)} . Hence

each perverse cohomology object of 71(.#)%nf(.#) is isomorphic to a sum of copies
of 7f(.#). This is only possible if ¢ is the sky-scraper perverse sheaf, i.e. if 7 =
ICw, - O
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11.2. Statement of the Finkelberg—Mirkovié conjecture. Recall the extended
principal block Rep,(G) C Rep(G) considered in §2.1. Recall also the extended
affine Weyl group W introduced in §2.4, and denote by 'W < W the subset con-
sisting of elements w which are of minimal length in W¢w. Then it is a standard
fact that the map w +— w e 0 induces a bijection

W = (We0)n X*(T)*.

The simple objects in the category Rep<0>(G) are therefore in a canonical bijec-
tion with fW. It is well known also that this category admits a highest weight
structure with weight poset "W endowed with the restriction of the Bruhat order,®
and standard, resp. costandard, objects given by the Weyl, resp. induced, modules.
Steinberg’s tensor product formula implies that the action of Rep(G()) on Rep(G)
given by
V.V = F*(V)oV’
for V. € Rep(G(Y)) and V' € Rep(G) (where Fr : G — G is the Frobenius
morphism) stabilizes the subcategory Rep ) (G).
Consider now the affine Grassmannian

Gr=LG/LTG

for the group G, and the action of LTG by multiplication on the left. We will
denote by Di+g +c the LTG-equivariant derived category of constructible k-
sheaves on Gr, and by Pr+¢gr+¢ its full subcategory of perverse sheaves. The

category Dr+¢ 1,+¢ admits a canonical monoidal product *L"C which is t-exact on
each side for the perverse t-structure. We therefore obtain a monoidal category
(PL+G)L+G,*L+G). The geometric Satake equivalence provides an equivalence of
monoidal categories

Sat: (PLrgrra*" ©) =5 (Rep(GW), @),

see [MV].
On the other hand, consider the “twisted” version

Gr’' = LTG\LG,

and the action of I, by multiplication on the right. Let us denote by Dy+¢ 1, the
I -equivariant derived category of constructible k-sheaves on Gr’, and by Pr+ar,
its full subcategory of perverse sheaves. Since the I -orbits on Gr’ are isomorphic to
affine spaces, the category Pr+¢ 1, admits a canonical structure of highest weight
category, see [ , §63.2-3.3]. Namely, the I -orbits on Gr’ are naturally labelled
by fW, and the order given by inclusions of closures of strata is the restriction
of the Bruhat order on W. The weight poset for this highest weight structure
is therefore 'W endowed with the Bruhat order. The standard, resp. costandard,
object associated with an element w € W is the !-extension, resp. x-extension, of
the perversely shifted constant sheaf on the orbit corresponding to w. The simple
object in Py+¢ 1, associated to w € fW will be denoted .%,,; it is the intersection
cohomology complex of the orbit associated with w.

8Here the Bruhat order on W is the order such that for v,y € Wog and w,w’ €  we have
yw < y'w iff w = w and y < 3y’ for the Bruhat order on W_g constructed from the Coxeter
system (W, Sag).
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We also have a convolution bifunctor
(11.1) *L+G : DL+G,L+G X DL*G,IU — DL*G,IU
which is also t-exact on both sides for the perverse t-structures, hence induces an
action of the monoidal category (PL+G7L+G,*L+G) on Prigr,-

The main result of this section is the following theorem, which was conjectured
by Finkelberg—Mirkovi¢, see [F'M].
Theorem 11.2. There exists an equivalence of highest weight categories

(O3 PL*G,L, = Rep<0> (G)
which satisfies
(L) = L(w e 0)

for any w € *W, and which is an equivalence of module categories for Prigr+c and

Rep(G(l)), where the latter two categories are identified via the geometric Satake
equivalence Sat.

11.3. Proof of the Finkelberg—Mirkovié conjecture. Before giving the proof
of Theorem 11.2, we need to study some objects associated with representations of
G, Namely, for any V' € Rep(GM), the action of Ug on Fr*(V) is trivial. We
therefore have an exact functor
HCM — HCM

which sends an object M to V ® M, where the action of G is diagonal and the left
and right actions of g are induced by the actions on M. This functor identifies
with left and right convolution with the object CY(V ® Ug). Similarly we have
functors

D Coh®" (st)M) — DPCoh®" (stA1),

DPCoh®"™ (8t"M)) 5 DPCohS " (St7 M)

of tensoring with V', which identify with convolution with the objects V& & gaq)
and V' ® Opgn) respectively. It is clear that these functors and objects correspond
under the relevant equivalences of Theorem 9.1.

The identification of the corresponding functors on Dﬁ’I“ (in case V is tilting)
is the subject of the following lemma.

Lemma 11.3. There exists an isomorphism
Mo 2(-) = () ® Opgnn
of monoidal functors from Tilt(G™M) to DbCth(l)(Stg(l)).
Proof. Tt is known that the &(FNrpa)({1}))-modules
Homp, (E,0") and Hompns

(0", Z1)

are free of rank one, that any generator of the first, resp. second, module is surjec-
tive, resp. injective, and that these morphisms remain so after application of the
functor 7y : D7\ 1 — Df. ;. Let us fix generators fi : E' — 0" and fa : 6" — E" of
these spaces, and set f = f, o f;. Consider also g; = OM(f1), go = O (f2) and
g = O™(f) = g20g1. Then by Proposition 9.4 there exist canonical identifications

M) = Ogray, OMEN = O

Ill ,Iu
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(so that g; can be considered as a morphism from ﬁStg(l) to Ognq), and similarly
for g, and g) and, for any V € Tilt(G()), an identification
OMMZNV)FEN) 2V ® Ogra
such that the following diagram commutes:

O™ (id7 f)

AN ZNV)FED)

zi

V® ﬁst,/;(l)

AN ZNV)FED)

iz

id®g
Ve ﬁSthl) .

We claim that there exists a unique morphism
(11.2) Mo ZNV) 5V & Orgni

such that the following diagram commutes:

S5 Mdrf) 54 Sdrf) 55 N
AN 2N V) FE) DL @3 (zn(v)) LD o3 A (1) 3 Ep)

zl (11.2) J{z
_— >

id®g1 id®g2
V®Ogn0 V@O gray —————=V @ 0gn0),

and that this morphism is an isomorphism. In fact, the functor of convolution with
FN(V) is t-exact for the perverse t-structure by | , Theorem 7.8(5)], so that

@X’X(f'f/\(V)) is the image of the morphism @m(idi f), for the t-structure on
DbCth(l) (Str/r\l(l)) obtained by transporting the perverse t-structure along ©»*.
On the other hand, by Theorem 9.5 the functor 7TT7TT corresponds, under the equiv-

alence @X’X, to the composition Li* o i, where 7 : St'M s St"M ig the natural
embedding. Using the analogous properties for f; and fs, we deduce that the
latter functor sends the cocone of g; and the cone of go to objects in the heart
of the t-structure. By Theorem 10.7 this t-structure restricts to a t-structure
on DbCohg(l)(StS&)), which moreover is the transport of the perverse coherent
t-structure along the equivalence

DPCohG" (St(D) = DPHC

of Theorem 9.3. The latter equivalence commutes with the functors of tensor-
ing with V' on both sides, and this functor is t-exact for the perverse coherent
t-structure. From these remarks we deduce that the image under Li* o i, of the
cocone of id ® g1 and of the cone of id ® g, are in the heart of our t-structure. Using
standard properties of the perverse t-structure in completed categories (see | ,
Lemma 5.3]) it follows that these objects themselves belong to the heart of the
t-structure. Hence V' ® 0, g~ identifies with the image in this t-structure of the
morphism id ® g, which implies our claim.

Note that the isomorphism (11.2) does not depend on the choice of f; and
f2, by compatibility of our constructions with right multiplication by elements in
O(FNrta) ({1})). The functoriality and monoidality of these isomorphisms can be
checked using the characterization in terms of the commutative diagram above. [
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Proof of Theorem 11.2. Recall the category DbCohg;(g*(l)) of Remark 10.4. If we
denote by

D"HCO
the preimage of DPCohS (g*M) under the functor (10.5), we deduce from that
remark that for any M in DbHC0 % and n € Z we have
HnJrid]mZ(N) (M) — PC%TL(M)’
where in the left-hand side we consider cohomology with respect to the tautological
t-structure. Any object of the form k x M with M € DPHCOO clearly belongs to
DbHC8 0, these comments and Lemma 2.17 therefore imply that Repq, (G) identifies

with the full subcategory of DbHCE’il6 whose objects are the complexes of the form

P (k « M) with M € DPHC™ and n € Z.
On the other hand, it is clear that P+ 1, identifies with the full subcategory
of Dy, 1, whose objects are the perverse sheaves of the form

P (1 (IC ) % T)

forn € Z and .Z € D{* | . In view of Theorem 10.7, Proposition 11.1 and monoidal-
ity, the equivalence <I> can therefore be obtained by restriction of the equivalence

D1, 1. = DbHCgil of Theorem 9.3.

The description of images of simple objects follows from a standard support ar-
gument using the fact that convolution with the object =, on Py +¢ 1, corresponds
to the wall-crossing functor attached to s on Repp (G), for any s € Sag.

Finally, we consider compatibility with the actions of Rep(G(l)). Using central-
ity of the functor Z" (see | , Theorem 7.8(4)]), standard properties of convo-
lution, the compatibility of 2° with Gaitsgory’s central functor (see | , Theo-
rem 7.8(1)]), and the fact that the composition of the latter functor with pushfor-
ward to Gr coincides with the equivalence Sat, we see that, for any V € Rep(G(1)),
the functor of right convolution with 2" (V') stabilizes the image of Pp+¢ 1,, and
identifies with convolution on the left with Sat(V) in the sense of the bifunc-
tor (11.1). In view of Lemma 11.3, this shows that the diagram

Tirg e X Prrg1, — Pr+a,

| |

Tilt(GM) x Rep () (G) — Rep(g) (G)

commutes, where the horizontal arrows are the action bifunctors, and the vertical
arrows are induced by Sat and ®. (Here, Tp+¢ 1+ is the category of tilting objects
in the highest weight category Pr+g +g.) To “extend” this isomorphism to the
whole of Rep(G™)) one can proceed as follows. For a fixed # € Py, 1+, the
commutativity above provides an isomorphism between the functors

K"Trigrre — DRepg(G)

obtained on the one hand by applying Sat and tensoring with ®(%#), and on the
other hand by convolving with .# and then applying DP(®). (In this discussion
we omit the natural functors from the homotopy category to the derived category.)
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Now by general properties of highest weight categories there exists a canonical
equivalence of monoidal categories

K'Trrgr+a — DPPrigr+as

composing the functors above with the inverse equivalence, and then restricting to
Pr+g 1+ we obtain the desired extension. O

APPENDIX A. COHERENT SHEAVES SUPPORTED ON A SUBSCHEME

In this appendix we prove a general statement on coherent sheaves that gener-
alizes [ , Lemma in §3.1.7] and is used in various settings in several places of
the paper.

A.1. Statement. Let k be a commutative ring. Let X be a noetherian k-scheme,
let H be a flat affine group scheme over k acting on X, and let &/ be an H-
equivariant coherent sheaf of &x-algebras. In other words, 7 is a (not necessarily
commutative) sheaf of rings on X endowed with a morphism of sheaves of rings
Ox — &/ which takes values in the center of &/ and makes &/ a coherent O'x-
module, and with a structure of H-equivariant quasi-coherent sheaf (see | ,
Appendix] for the definition and references) such that the multiplication morphism
A Rpy o — o is a morphism of H-equivariant quasi-coherent sheaves. We can
then consider the abelian category QCoh (X, o) of H-equivariant quasi-coherent
sheaves on X endowed with a compatible left action of &/, and its full abelian
subcategory Coh® (X, /) whose objects are coherent as &x-modules.

Let now Y C X be an H-stable closed subscheme, corresponding to a quasi-
coherent ideal . C Ox. Recall that a quasi-coherent sheaf % on X is said to be
set-theoretically supported on 'Y if its restriction to X \ Y vanishes, or equivalently
if each local section of .% is annihilated by a power of .. In particular, a coherent
sheaf .# on X is set-theoretically supported on Y iff the multiplication morphism
I Rpy F — F vanishes for n > 0. We will denote by

QCoh#¥ (X, o) c QCoh (X, o7), Coh¥ (X, o) c Coh™ (X, o)

the Serre subcategories of sheaves set-theoretically supported on Y.
Our goal in this section is to prove the following.

Proposition A.1. The obvious functors
DPCoh¥ (X, o7) — D"Coh™ (X, o) and DPQCohi(X,.e/) - DPQCoh™ (X, o)

are fully faithful; their essential images consist of complexes all of whose cohomology
objects are set-theoretically supported on Y. For the first functor, the essential
image can also be described as the full subcategory whose objects are the complexes
F such that there exists n > 0 such that for any open subscheme U C X the natural
morphism

LU, #™) — Endpoconw) (F|v)

vanishes.
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A.2. Preliminaries. First we consider the categories QCohy (X, /), QCoh(X, .«7)
as above for the trivial group scheme (which we omit from notation).

Lemma A.2. For any % in QCohy (X, o), there exists 4 in QCohy (X, &) which
is injective in QCoh(X, o) and an embedding F — 4 in QCohy (X, o).

Proof. This lemma is the main ingredient of the proof in | , Lemma in §3.1.7].
We repeat its proof for the reader’s convenience.

First, assume that X = Spec(R) is affine (with R a noetherian k-algebra), and
set [ :=T(X,.#) C R. Then A :=T(X, ) is an R-algebra, QCoh(X, <) identifies
with the category Mod(A) of A-modules, and an object is set-theoretically sup-
ported on Y iff it is I-power torsion as an R-module in the sense of [SP, Tag 05E6].
We will use the notation of [SP, Tag 0ALX] and, for an R-module M, denote by
MI®°] its maximal [-power torsion submodule, i.e. the submodule consisting of
elements annihilated by a power of I.

Consider the natural forgetful functor

Mod(A) — Mod(R).

This functor is exact, and admits as right adjoint the “coinduction” functor Coind 4
defined by

Coind 4 (M) = Homp (A4, M),

where A acts on Hompg (A, M) via right multiplication on A. This coinduction func-
tor therefore sends injective R-modules to injective A-modules. By construction,
it sends R-modules which are I-power torsion to objects of Mod(A) which are I-
power torsion as R-modules. (This claim uses our assumption that &7 is coherent,
i.e. that A is a finite R-module.) Moreover, if M € Mod(A) and M’ € Mod(R), the
adjunction isomorphism

Homp (M, M') = Hom (M, Coind 4 (M"))

sends injective morphisms to injective morphisms.

Let M be an A-module which is I-power torsion as an R-module. Consider
an injective R-module @ and an embedding M — Q. Then if Q' := Q[I°], the
morphism M < Q factors through an embedding M — @’, and @’ is an injective
R-module which is I-power torsion by [SP, Tag 08XW]. By adjunction, from the
morphism M — @' we deduce a morphism of A-modules M — Coind 4(Q’) which
is injective, and the right-hand side is injective in Mod(A) and I-power torsion as
an R-module; this proves the lemma in this case.

For the general case, we consider a finite affine covering X = J, U,. For any a
we denote by j, : U, — X the embedding; then the (exact) restriction functor

QCoh(X, #) — QCoh(U,, #|7,)

admits as right adjoint the pushforward functor (j,).; the latter functor therefore
sends injective objects to injective objects. (Here U, is a noetherian scheme, see [SP,
Tag 02IK], hence j, is quasi-compact, see [SP, Tag 01P0]. This morphism is also
separated since U, is affine, see [SP, Tag 01KN]. Hence the functor (j, ). sends quasi-
coherent sheaves to quasi-coherent sheaves by [SP, Tag 01LC].) By the case treated
above, there exists ¢, € QCoh(U,, </|y,) which is set-theoretically supported on
Y NU, and an embedding # |y, — %,, which by adjunction provides a morphism


https://stacks.math.columbia.edu/tag/05E6
https://stacks.math.columbia.edu/tag/0ALX
https://stacks.math.columbia.edu/tag/08XW
https://stacks.math.columbia.edu/tag/02IK
https://stacks.math.columbia.edu/tag/01P0
https://stacks.math.columbia.edu/tag/01KN
https://stacks.math.columbia.edu/tag/01LC
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F = (Ja)+%,. Here both sheaves are supported set-theoretically on Y, the direct
sum

F = Do) La
is injective, and the right-hand side is an injective object in QCoh(X, &). O
Next we generalize Lemma A.2 to the equivariant setting.
Lemma A.3. For any .Z in QCoh¥ (X, o), there exists 4 in QCohl (X, o7) which
is injective in QCoh™ (X, .27) and an embedding F — 4 in QCoh{! (X, 7).
Proof. Consider the action and projection morphisms
a,p: Hxp X — X.

Then the pullback functor p* sends quasi-coherent sheaves to quasi-coherent sheaves
by [SP, Tag 01BG], and so does the functor a, by [SP, Tag 01LC]. (Here a is affine,
being the composition of an isomorphism with the affine morphism p; hence it is
quasi-compact and separated by [SP, Tag 01S7].)

The structure we have on .« provides an isomorphism of O «, x-algebras a*.&/ =
p*</. The functor p* provides an equivalence of categories

QCoh(X, o7) = QCoh™ (H x;, X, p* o),
and we have a natural pushforward functor
a : QCoh™ (H x4, X, a* /) — QCoh™ (X, 7).
Standard arguments show that the composition
Avy = a, o p* : QCoh(X, &) — QCoh™ (X, &)
is right adjoint to the (exact) forgetful functor
Forz : QCoh™ (X, .o7) — QCoh(X, <7);

this functor therefore sends injective objects in QCoh(X,.«/) to injective objects
in QCoh’ (X, 7). It is also easily seen that Avy sends sheaves set-theoretically
supported on Y to sheaves set-theoretically supported on Y, and that for % in
QCoh™(X) and ¢ in QCoh(X) the adjunction isomorphism
Homqcon(x)(Forg (F),9) = HomQCohH(X)(ﬁ,AvH(%))

sends injective morphisms to injective morphisms. Now by Lemma A.2 there
exists ¢’ in QCohy (X, /) which is injective in QCoh(X,.«) and an embedding
Forg(Z) — ¢’ in QCohy (X, o). By adjunction we deduce an injective morphism

F — Avg(9'), where Avy(9') is set-theoretically supported on Y and injective in
QCoh (X, ). O

A.3. Proof of Proposition A.1. Lemma A.3 and standard arguments (see [[1a,
Chap. I, Proposition 4.8]) imply that the canonical functor
DTQCoh¥ (X, o7) - DYQCoh™ (X, o)

is fully faithful. Restricting this functor to complexes with bounded cohomology,
we deduce that the natural functor

DPQCoh¥ (X, &) — DPQCoh? (X, o)


https://stacks.math.columbia.edu/tag/01BG
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is fully faithful. Using the fact that <7 is a coherent sheaf on the noetherian scheme
X, standard arguments (see e.g. | , §2.2]) show that the natural functors

DPCoh™ (X, o7) — DPQCoh™ (X, e/) and DPCohf (X, o) — DPQCohi (X, o)
are fully faithful. We therefore have a diagram
DPCohi} (X, o/) — DPQCoh¥ (X, o)

| |

DPCoh® (X, .o/) —— DQCoh” (X, .&7)

in which the horizontal and right vertical arrows are fully faithful, which implies
that the left vertical arrow is fully faithful hence finishes the proof of the first claim.

Now that we know that our functors are fully faithful, we deduce that their essen-
tial images are triangulated subcategories. As a consequence, the essential image
of the first, resp. second, functor is the full triangulated subcategory generated by
Cohi! (X, .o7), resp. QCoh¥ (X, .o7), which clearly coincides with the full subcate-
gory whose objects are the complexes all of whose cohomology objects belong to
Coh (X, .o7), resp. QCoh¥ (X, o).

Finally we consider the case of coherent sheaves. Any complex in the essential
image of the functor DPCoh¥ (X, /) — DPCoh™ (X, o) can be represented by a
bounded complex of coherent sheaves set-theoretically supported on Y, so that for
n large enough the morphism I'(U, #™) — End pbcon(uy (F|) vanishes for any open
subscheme U. On the other hand, if a complex satisfies this condition, then all of
its cohomology sheaves are set-theoretically supported on Y, so that the complex
belongs to the essential image of DPCohil (X, «7) by the first description of this
essential image.

A.4. A special case. The setting we encounter in the body of the paper is the
following. Let k be a noetherian commutative ring and H a flat affine group scheme
over Spec(k). Let X be a k-scheme of finite type endowed with an action of H;
then X is noetherian by [SP, Tag 01T6]. Let also &7 be an H-equivariant coherent
sheaf of Ox-algebras.

We fix an ideal J C k, and denote by k" the completion of k with respect to J
(a noetherian ring, see [SP, Tag 05GH]). We set

X=X X Spec(k) Spec(k"), H":=H X Spec(k) Spec(k™);

then H” is a flat group scheme over Spec(k”), it acts naturally on X, and f
induces a morphism of finite type X" — Spec(k") (see [SP, Tag 01T4]), so that
again X" is a noetherian scheme. We also denote by 7" the pullback of &/ to X”
(an H"-equivariant coherent sheaf of Oxn-algebras). Let J” be the completion of
the R-module J with respect to J; then J” identifies with the ideal in k" generated
by J, see [SP, Tag 031C]. Let also Y C X, resp. Y C X"\, be the pullback of the
closed subscheme in Spec(k), resp. Spec(k”), defined by J, resp. J". We can then
consider the categories

Coh#(X,e7) and Coh. (X", ™).

Here Cohf (X, ), resp. Coh{fﬁ (XN, &™), identifies with the full subcategory of

Coh™ (X, 47), resp. Coh™" (X", &™), whose objects are the sheaves which are an-
nihilated by a power of J, resp. J*. Since, for any n > 0, the natural morphism
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k/J" — k/(JM)™ is an isomorphism (see [SP, Tag 031C]), we deduce that the
projection morphism X” — X induces an equivalence of categories
Cohf (X7, o) = Cohll (X, 7).
In this setting, Proposition A.1 therefore provides a fully faithful functor
DPCoh¥ (X, a7) — D"Coh™" (X", &™)
whose essential image is the full subcategory whose objects are the complexes .#
all of whose cohomology objects belong to Cohf, (X, .&7"), or equivalently such
that there exists n > 0 such that the morphism
I" = Endpycopnn (xn, o) (F)
vanishes.

A.5. Description in terms of a colimit of categories. We come back to the
general setting of §A.1. In the body of the paper we will also require a different de-
scription of the category DbCoh{f (X, ), as follows. For any n > 1 we can consider
the closed subscheme Y™ C X determined by the ideal .#"; in other words, Y
is the n-th infinitesimal neighborhood of Y in X. The action of H on X restricts
to an action on Y[, so that we can consider the category CohH(Y["},@ﬁy[n]) of

H-equivariant modules over the restriction ,Qf‘y[n] of o to Y™ which are coherent

as Oy n-modules. For any n > 1 we have a closed immersion ylhl — Y[”‘“]7 and
the associated pushforward functor

D Coh™ (Y™ 7y 1) — DPCoh™ (VI s yy),
and we will consider the colimit category
colim,,>1 D*Coh™ (Y], Ay in)-

(Note that the transition functors in this colimit are not fully faithful.) Recall that
an object in this category is a pair (n,.#) where n > 1 and .% is an object in
DPCohf (v, |yn), and that the space of morphisms from (n, #) to (n', 7') is

€Ol > ma(n,n') HOMpocont (vl a7 ) (F 5 F')
where the omit of the pushforward functors under the closed immersions Y —
ylml and 'l — ylml,
Lemma A.4. There exists a canonical equivalence of categories
colimy, >, D Coh™ (Y™ .) &5 DPCohy! (X, o).
Proof. For any n > 1 the pushforward functor under the closed immersion Y™ —

X induces a functor DbCohH(Y["],gﬁy[n]) — DPCoh (X, «7), and taking all of
these functors together provides a functor

F : colim,,»1 D" Coh™ (V") a7y ) — DPCoh{! (X, 7).
It is clear that this functor is essentially surjective. To prove that it is fully faithful
we consider some objects (n,.#) and (n/,.%’) in the colimit category. Replacing

Z or #' by a pushforward we can (and will) assume that n = n’. A morphism in
DPCohf (X, o7) from F(F) to F(F') is a diagram

F(Z) L9 % P
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where ¢ is a bounded complex of objects in Cohi! (X, .«/) and f, g are morphisms
of complexes in this category, with f a quasi-isomorphism. For m > 0, 4 is a
complex of objects in CohH(Y[m],,;zf‘y[m])7 proving that F' is full. On the other
hand, a morphism from (n, %) to (n, %’) is a diagram
7Lyt g

where ¢ is a bounded complex of objects in CohH(Y[m],%Y[m]) for some m >
n, f,g are morphisms of complexes in this category with f a quasi-isomorphism,
and we omit the pushforward functor under the immersion Y — Y™ If the
image of this morphism under F vanishes, by standard considerations (see e.g. [SP,
Tag 04VJ]) there exists a bounded complex . of objects in Cohi} (X,./) and
a quasi-isomorphism h : S — ¥ such that goh = 0. For m > 0, ¢ is a
complex of objects in CohH(Y[m]7 Ay1m), and then the image of our morphism in
DPCoh™ (y'lm], |y im)) vanishes, which proves faithfulness. O

APPENDIX B. EQUIVARIANT MODULES

In this appendix we prove some generalities on categories of equivariant modules
over equivariant algebras. These results (and their proofs) are very similar to those
discussed in [ , Appendix A].

B.1. Morphisms and invariants. Let k be a noetherian commutative ring, let A
be a left noetherian k-algebra, and let H be a flat affine group scheme over k acting
on A by algebra automorphisms. Consider the categories ModH(A), Modg(A) of
H-equivariant A-modules and finitely generated H-equivariant A-modules. Since
A is noetherian, standard arguments (as e.g. in | , §2.2]) show that the natural
functor
DPMod{!(A) — D"Mod" (4)
is fully faithful.
It is a standard fact that the forgetful functor

Forfl : Mod” (4) — Mod(A)
admits a right adjoint

Avy : Mod(A4) — Mod" (A);
explicitly this functor sends an A-module M to the H-module Indﬁ (M) = M @y
O(H), seen as the H-module of algebraic functions H — M (with the action
induced by multiplication on the right on H), with the action of A given by (a -
©)(h) = (h-a)-@(h). In other words, as an A-module, Indﬁ}(M) is obtained
from the A ® O(H)-module M ®; O(H) (with the obvious action) by restriction
of scalars along the algebra morphism A — A ®; O(H) sending a to the function
h — h-a (i.e. the coaction morphism). In particular, this fact implies that the
category Mod® (A) has enough injectives; in fact any injective object is a direct
summand in an object of the form Avgy (M) with M an injective A-module. This
fact implies that we can consider the derived bifunctor

(B.1) RHompogr 4y : D~ Mod™ (4) x D™Mod" (4) — D Mod(k).
Lemma B.1. If M € Modg(A) and if N € Mod™ (A) is injective, then we have
EXt&od(A) (M, N) =0
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for any n > 0.

Proof. By the comments above we can assume that N = Avg (N') for some injective
A-module N’. Since A®), 0(H) is flat over A (for the action induced by the coaction
morphism as above) we have
Ext’y (M, N) = Ext"y (M, Avg (N"))
= Fixt'y g, ) (A @3 O(H)) @4 M, N @3, O(H)).
Now we have an isomorphism of A ®; O (H )-modules
(A®y O(H)) @4 M =5 M @ O(H)
(where on the right-hand side we consider the obvious module structure), given in
Sweedler’s notation by
(a®@p)@me (a- m(l)) ® pm(g).

We deduce isomorphisms

Ext'ho, o(m (A ®p O(H)) @4 M, N' @ O(H))
~ Extlye, o) (M 4 O(H), N’ @, 6(H))
=~ Ext’ (M, N’ @y, 6(H))

where now A acts on N’ ®; O(H) via the restriction of the action of A ® O(H)
along the obvious algebra morphism A — A ®j, ¢(H); in other words the action is
induced by the action on N’.

For this action, N’ ®; O(H) is injective as an A-module. In fact, by Baer’s
criterion, to prove this it suffices to prove that for any left ideal I C A the map

Homu (A, N’ ®;, 0(H)) — Homa(I, N’ @ O(H))

is surjective. However A and I are finitely generated A-modules and ¢'(H) is flat
over k, so that by | , Lemma 3.8(i)] these spaces identify with Hom 4 (A, N') ®j
O(H) and Homu (I, N') ®; O(H) respectively, in such a way that the map above
is induced by the similar map Homy (A, N') — Homu (I, N’). We conclude by
injectivity of N’ as an A-module and flatness of &'(H). O

As explained e.g. in | , Lemma 3.8(ii)], for M in ModngI(A) and N in Mod™ (4)
the k-module Hom4 (M, N) admits a canonical H-module structure. If M is a
bounded complex of objects in Modg(A)7 we can therefore consider the functor

Hom® (M, —) : CTMod™ (4) — CTRep™ (H).

Since Mod* (4) has enough injectives this functor admits a derived functor, which
will be denoted

RHomy (M, —) : D™Mod” (A) — D*Rep™ (H);

this notation is justified by the fact that, by Lemma B.1, the underlying com-
plex of k-modules of R Hom (M, N) is the complex R Hom 4(For™ (M), For (N)).
Note that for any M’ in C’bModg(A) and any quasi-isomorphism M — M’ the
induced morphism RHom4(M’, N) — RHom (M, N) is an isomorphism, so that
this construction provides a bifunctor

D"Modf! (A) x D*Mod" (A) — D™ Rep™ (H).
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Now we consider the functor of H-invariants (—)#, and denote its derived functor
by
Inv : D*Rep™ (H) — D*Mod(k).
(This functor exists because Rep®™(H) has enough injectives.)

Lemma B.2. For any M € DbModg(A) and N € D*Mod® (A), there exists a

canonical (in particular, bifunctorial), isomorphism
R Homyoqs 4y (M, N) = Inv' o RHom (M, N).
Proof. As explained in | , Lemma 3.8(ii)], for M in Modg(A) and N in Mod* (A)

there exists a canonical isomorphism
Homyyogr 4y (M, N) = (Homa (M, N))".
By standard properties of derived functors, we deduce a bifunctorial morphism
R Homyygr 4y (M, N) — Inv"” o RHom (M, N)
for M, N as in the lemma. To prove that this morphism is an isomorphism, it
suffices to prove that if M € Modg(A) and N is an injective object of Mod® (A)
we have
H™ (Inv (Hom 4 (M, N)) = 0
for all n > 0. Here we can assume that N = Avy(N’) for some injective A-module
N’. Then as in the proof of Lemma B.1 we have

Hom (M, N) = Homa (M, N' @) O(H)) =2 Homa (M, N') @ O(H),

where the second isomorphism uses | , Lemma 3.8(i)]. The desired claim there-
fore follows from [J2, Lemma 1.4.7]. O

B.2. Extension of scalars. Let now k' be another noetherian commutative ring,
and consider the data A’ := k' @y A, H' := Spec(k') Xgpec(r) H obtained by base
change. We will make the following assumptions:

(1) A is flat over k;

(2) A’ is noetherian;

(3) k has finite global dimension;

(4) for any M € Rep(H), there exists an object M’ € Rep(H) which is flat over

k and a surjection M’ — M.
The assumption (4) is subtle, as discussed (in a more general setting) in [Th]. Note
that by [Th, Corollary 2.9], it is satisfied at least if H is a split reductive group
scheme over k.
Let us note the following consequence of (4).

Lemma B.3. For any M € Modg(A), resp. M € ModH(A), there exists an object
M e Modg(A), resp. M’ € Mod™ (A), which is flat over A and a surjection
M — M.

Proof. Tt suffices to prove the claim for finitely generated modules; the general case
then follows by the same considerations as in [Th, §2.2]. Let M € I\/Iodg(A), and
let M’ C M be an H-stable finitely generated k-submodule which generates M as
an A-module. (Such a submodule exists by [J2, 1.2.13(3)].) By assumption there
exists N’ € Rep(H) which is flat over k and a surjection N — M’. Then A ®; N
is naturally an object of Modfg(A) which is flat as an A-module, and the natural
morphism A ®, N — M is surjective. [
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Consider the categories Mod™ (A), Modg(A) and Mod”’ (A, l\/lodfg[/ (4", and
the natural functor

(B.2) Mod® (4) — Mod™' (4"

given by M — A’ ®4 M = k' @, M. By Lemma B.3, any M € Mod”(A) is a
quotient of an object of Mod® (A) which is flat as an A-module. (Moreover, in case
M is finitely generated, this module can be taken to be finitely generated too.) It
follows that the functor (B.2) has a derived functor

D~Mod" (4) = D~ Mod™' (4')
such that the diagram
D~Mod" (4) D~Mod' (A"

ForHl \LForH
A’ L/ _
D~Mod(A) — 247 p-Mod(4")

commutes. This functor will therefore also be denoted A’ ®% (—). Tt restricts to a
functor

D~ Mod{}(A) — D~ Modj; (A)
Since A is flat over k (see Assumption (1)), the underlying complex of k’-modules
of A’ ®% M is k' ®@F M; by our assumption (3) this implies that the functor above
restricts to a functor

D"Mod™ (A) — DPMod™ (A",
hence also to a functor

D"Modf!(A) — DPMod!I' (A").

Consider now the bifunctor (B.1), and its analogue for A’.

Lemma B.4. For any M € DbModg(A) and N € DtMod* (A), we have a canon-
ical isomorphism

L ~ L L
k'l ®k RHOmMOdH(A)(M,N) — RHomMOdH,(A')(A/ ®A M,A/ ®A N)

Proof. By Lemma B.2, for M, N as in the lemma there exists a canonical isomor-
phism

/ L l L H
k' @ RHompegrr (a)(M, N) = k' @ (Inv"" o RHom (M, N)) .
Using | , Proposition A.8] we deduce a canonical isomorphism
L / L
kl Ok .RHOInModH(A)(.1\4'7 N) = IHVH <k, R RHOII’IA(.Z\4’7 N)) y

where in the right-hand side we consider the derived extension-of-scalars functor for
H-modules (which is well defined thanks to our assumption (4)). Now, as in [SP,
Tag 0AGA] we have a canonical isomorphism

L L L
K Rk RHOmA(M,N) = RHOIDA/(A/ XA M,A/ XA N)

in DTRep®™(H'). The claim then follows from another application of Lemma B.2.
O


https://stacks.math.columbia.edu/tag/0A6A

ON TWO MODULAR GEOMETRIC REALIZATIONS OF AN AFFINE HECKE ALGEBRA105

[Ab1]

[Ab2]
[Ac]

[AHR]

[AR1]

[AR2]

[ARV]

REFERENCES

N. Abe, A bimodule description of the Hecke category, Compos. Math. 157 (2021), no.
10, 2133-2159.

N. Abe, On one-sided singular Soergel bimodules, J. Algebra 633 (2023), 722-753.

P. Achar, On exotic and perverse-coherent sheaves, in Representations of reductive
groups, 11-49, Progr. Math. 312, Birkh&user/Springer, Cham, 2015.

P. Achar, W. Hardesty, and S. Riche, Integral exotic sheaves and the modular Lusztig-
Vogan bijection, J. Lond. Math. Soc. (2) 106 (2022), no. 3, 2403-2458.

P. Achar and S. Riche, Modular perverse sheaves on flag varieties I: tilting and parity
sheaves (with a joint appendix with G. Williamson), Ann. Sci. Ec. Norm. Supér. 49
(2016), 325-370.

P. Achar and S. Riche, Central sheaves on affine flag varieties, book in preparation,
available at https://lmbp.uca.fr/~riche/central.pdf.

P. Achar, S. Riche, and C. Vay, Mized perverse sheaves on flag varieties for Cozeter
groups, Canad. J. Math. 72 (2020), no. 1, 1-55.

[ALWY] J. Anschiitz, J. Lourengo, Z. Wu, and J. Yu, Gaitsgory’s central functor and the

[AriB]

[AB]

[BaR|]
[BGS]

[BCHN]

[BFN]
[Ber]
(BL]
[Bel]
[Be2]
[Be3]
[Bed]

[BeLol]

[BeLo2]

(BM]

[BMR1]

[BMR2]

Arkhipov—Bezrukavnikov equivalence in mized characteristic, preprint arXiv:2311.04043.
D. Arinkin and R. Bezrukavnikov, Perverse coherent sheaves, Mosc. Math. J. 10 (2010),
no. 1, 3-29, 271.

S. Arkhipov and R. Bezrukavnikov, Perverse sheaves on affine flags and Langlands dual
group (with an appendix by R. Bezrukavnikov and I. Mirkovié), Israel J. Math. 170
(2009), 135-183.

P. Bardsley and R. Richardson, Etale slices for algebraic transformation groups in char-
acteristic p, Proc. London Math. Soc. 51 (1985), no. 2, 295-317.

A. Beilinson, V. Ginzburg, and W. Soergel, Koszul duality patterns in representation
theory, J. Amer. Math. Soc. 9 (1996), 473-527.

D. Ben-Zvi, H. Chen, D. Helm, and D. Nadler, Coherent Springer theory and the categor-
ical Deligne—Langlands correspondence, preprint arXiv:2010.02321, to appear in Invent.
Math.

D. Ben-Zvi, J. Francis, and D. Nadler, Integral transforms and Drinfeld centers in derived
algebraic geometry, J. Amer. Math. Soc. 23 (2010), no. 4, 909-966.

D. Beraldo, Loop group actions on categories and Whittaker invariants, Adv. Math. 322
(2017), 565-636.

J. Bernstein and V. Lunts, Localization for derived categories of (g, K)-modules, J. Amer.
Math. Soc. 8 (1995), no. 4, 819-856.

R.  Bezrukavnikov, Perverse  coherent  sheaves  (after  Deligne), preprint
arXiv:math/0005152.

R. Bezrukavnikov, Cohomology of tilting modules over quantum groups and t-structures
on derived categories of coherent sheaves, Invent. Math. 166 (2006), no. 2, 327-357.

R. Bezrukavnikov, Perverse sheaves on affine flags and nilpotent cone of the Langlands
dual group, Israel J. Math. 170 (2009), 185-206.

R. Bezrukavnikov, On two geometric realizations of an affine Hecke algebra, Publ. Math.
IHES 123 (2016), 1-67.

R. Bezrukavnikov and I. Losev, On dimension growth of modular irreducible represen-
tations of semisimple Lie algebras, in Lie groups, geometry, and representation theory,
59-89, Progr. Math. 326, Birkhduser/Springer, Cham, 2018.

R. Bezrukavnikov and I. Losev, Dimensions of modular irreducible representations of
semisimple Lie algebras, J. Amer. Math. Soc. 36 (2023), no. 4, 1235-1304.

R. Bezrukavnikov and 1. Mirkovié, Representations of semisimple Lie algebras in prime
characteristic and the noncommutative Springer resolution, with an appendix by E. Som-
mers, Ann. of Math. (2) 178 (2013), no. 3, 835-919.

R. Bezrukavnikov, I. Mirkovié, and D. Rumynin, Localization of modules for a semisimple
Lie algebra in prime characteristic, with an appendix by R. Bezrukavnikov and S. Riche,
Ann. of Math. 167 (2008), 945-991.

R. Bezrukavnikov, I. Mirkovié, and D. Rumynin, Singular localization and intertwining
functors for reductive Lie algebras in prime characteristic, Nagoya Math. J. 184 (2006),
1-55.


https://lmbp.uca.fr/~riche/central.pdf
https://arxiv.org/abs/2311.04043
https://arxiv.org/abs/2010.02321
https://arxiv.org/abs/math/0005152

[BR1]

[BR2

[BR3]
[BRA]
[BRR]
[BY]
(Bi]
[Bo]
[BC]
[BK]
[BG]
[CD]
[CF]
[CG]
[CGP]
[De]
[DR]
[Do]

[FM]

(G1]
(G2]

[Ha]

(HZ]

(IM]

(1]

[J2]

R. BEZRUKAVNIKOV AND S. RICHE

R. Bezrukavnikov and S. Riche, Affine braid group actions on derived categories of
Springer resolutions, Ann. Sci. Ec. Norm. Supér. (4) 45 (2012), no. 4, 535-599 (2013).
R. Bezrukavnikov and S. Riche, A topological approach to Soergel theory, in Represen-
tation theory and algebraic geometry—a conference celebrating the birthdays of Sasha
Beilinson and Victor Ginzburg, 267-343, Trends Math., Birkh&user/Springer, Cham,
2022.

R. Bezrukavnikov and S. Riche, Hecke action on the principal block, Compos. Math. 158
(2022), 953-1019.

R. Bezrukavnikov and S. Riche, Modular affine Hecke category and regular unipotent
centralizer, 11, preprint arXiv:2206.03738.

R. Bezrukavnikov, S. Riche, and L. Rider, Modular affine Hecke category and regular
unipotent centralizer, I, preprint arXiv:2005.05583.

R. Bezrukavnikov and Z. Yun, On Koszul duality for Kac—Moody groups, Represent. The-
ory 17 (2013), 1-98.

J.-E. Bjork, Rings of differential operators, North-Holland Mathematical Library 21,
North-Holland Publishing Co., Amsterdam-New York, 1979.

A. Borel, Admissible representations of a semi-simple group over a local field with vectors
fized under an Iwahori subgroup, Invent. Math. 85 (1976), 233-259.

A. Bouthier and K. Cesnavicius, Torsors on loop groups and the Hitchin fibration, Ann.
Sci. Ec. Norm. Supér. (4) 55 (2022), no. 3, 791-864.

M. Brion and S. Kumar, Frobenius splitting methods in geometry and representation
theory, Progr. Math. 231, Birkh&user, 2004.

K. A. Brown and I. Gordon, The ramification of centres: Lie algebras in positive char-
acteristic and quantised enveloping algebras, Math. Z. 238 (2001), no. 4, 733-779.

H. Chen and G. Dhillon, A Langlands dual realization of coherent sheaves on the nilpotent
cone, preprint arXiv:2310.10539.

L. Chen and Y. Fu, An extension of the Kazhdan—Lusztig equivalence,
preprint arXiv:2111.14606.

N. Chriss and V. Ginzburg, Representation theory and complex geometry, Birkhduser
Boston, Inc., Boston, MA, 1997.

B. Conrad, O. Gabber, and G. Prasad, Pseudo-reductive groups, Second edition, New
Mathematical Monographs 26, Cambridge University Press, Cambridge, 2015.

M. Demazure, Invariants symétriques entiers des groupes de Weyl et torsion, Invent.
Math. 21 (1973), 287-301.

G. Dhillon and S. Riche, Categorical fixed points and convolution for localization theo-
rems, in preparation.

S. Donkin, Rational representations of algebraic groups. Tensor products and filtration,
Lecture Notes in Mathematics 1140, Springer-Verlag, Berlin, 1985.

M. Finkelberg and 1. Mirkovié, Semi-infinite flags I. Case of global curve P!, in Differen-
tial topology, infinite-dimensional Lie algebras, and applications, 81-112, Amer. Math.
Soc. Transl. Ser. 2, vol. 194, Amer. Math. Soc., 1999.

D. Gaitsgory, Construction of central elements in the affine Hecke algebra via mearby
cycles, Invent. Math. 144 (2001), no. 2, 253—280.

D. Gaitsgory, A conjectural extension of the Kazhdan—Lusztig equivalence, Publ. Res.
Inst. Math. Sci. 57 (2021), no. 3-4, 1227-1376.

R. Hartshorne, Residues and duality, Lecture notes of a seminar on the work of
A. Grothendieck, given at Harvard 1963/64, with an appendix by P. Deligne, Lecture
Notes in Mathematics 20, Springer-Verlag, Berlin-New York, 1966.

T. Hemo and X. Zhu, Unipotent categorical local Langlands correspondence, in prepara-
tion.

N. Iwahori and H. Matsumoto, On some Bruhat decomposition and the structure of the
Hecke rings of p-adic Chevalley groups, Inst. Hautes Etudes Sci. Publ. Math. 25 (1965),
5-48.

J. C. Jantzen, Representations of Lie algebras in prime characteristic, notes by I. Gordon,
in Representation theories and algebraic geometry (Montreal, PQ, 1997), 185-235, NATO
Adv. Sci. Inst. Ser. C Math. Phys. Sci. 514, Kluwer Acad. Publ., Dordrecht, 1998.

J. C. Jantzen, Representations of Algebraic Groups, second edition, Mathematical Sur-
veys and Monographs 107, Amer. Math. Soc., 2003.


https://arxiv.org/abs/2206.03738
https://arxiv.org/abs/2005.05583
https://arxiv.org/abs/2310.10539
https://arxiv.org/abs/2111.14606

ON TWO MODULAR GEOMETRIC REALIZATIONS OF AN AFFINE HECKE ALGEBRA107

[Ka]

[KL]
[Le]

(L]

[Lol]
[Lo2]
[Lul]
[Lu2]

[MR1]

[MR2]

[MV]
[R1]
(R2]
[Se]
[Si]

[SGA1]

[So]

[SP]
[Th]

M. Kashiwara, Equivariant derived category and representation of real semisimple Lie
groups, in Representation theory and complex analysis, 137-234, Lecture Notes in Math.
1931, Springer, Berlin, 2008.

D. Kazhdan and G. Lusztig, Proof of the Deligne-Langlands conjecture for Hecke algebras,
Invent. Math. 87 (1987), no. 1, 153-215.

E. Letellier, Fourier transforms of invariant functions on finite reductive Lie algebras,
Lecture Notes in Math., vol. 1859, Springer-Verlag, Berlin, 2005.

J. Lipman, Notes on derived functors and Grothendieck duality, in Foundations of
Grothendieck duality for diagrams of schemes, Lecture Notes in Math. 1960, Springer,
2009, 1-259.

I. Losev, On modular Soergel bimodules, Harish-Chandra bimodules, and category O,
preprint arXiv:2302.05782.

1. Losev, Quantum category O vs affine Hecke category, preprint arXiv:2310.03153.

G. Lusztig, Some problems in the representation theory of finite Chevalley groups, in The
Santa Cruz Conference on Finite Groups (Univ. California, Santa Cruz, Calif., 1979),
pp- 313-317, Proc. Sympos. Pure Math. 37, Amer. Math. Soc., Providence, RI, 1980.
G. Lusztig, Bases in equivariant K-theory, Represent. Theory 2 (1998), 298-369.

C. Mautner and S. Riche, On the exotic t-structure in positive characteristic, Int. Math.
Res. Not. IMRN 2016, no. 18, 5727-5774.

C. Mautner and S. Riche, Ezotic tilting sheaves, parity sheaves on affine Grassmannians,
and the Mirkovié—Vilonen conjecture, J. Eur. Math. Soc. (JEMS) 20 (2018), no. 9, 2259—
2332.

I. Mirkovi¢ and K. Vilonen, Geometric Langlands duality and representations of algebraic
groups over commutative rings, Ann. of Math. 166 (2007), 95-143.

S. Riche, Koszul duality and modular representations of semi-simple Lie algebras, Duke
Math. J. 154 (2010), 31-134.

S. Riche, Kostant section, universal centralizer, and a modular derived Satake equiva-
lence, Math. Z. 286 (2017), 223-261.

C. S. Seshadri, Geometric reductivity over arbitrary base, Advances in Math. 26 (1977),
no. 3, 225-274.

Q. Situ, Category O for hybrid quantum groups and non-commutative Springer resolu-
tions, preprint arXiv:2308.07028.

Revétements étales et groupe fondamental (SGA 1). Séminaire de géométrie algébrique
du Bois Marie 1960-61. Directed by A. Grothendieck. With two papers by M. Raynaud.
Updated and annotated reprint of the 1971 original. Documents Mathématiques 3, Société
Mathématique de France, Paris, 2003.

W. Soergel, Kategorie O, perverse Garben und Moduln tuber den Koinvarianten zur Weyl-
gruppe, J. Amer. Math. Soc. 3 (1990), no. 2, 421-445.

Stacks project, available at http://stacks.math.columbia.edu.

R. W. Thomason, Equivariant resolution, linearization, and Hilbert’s fourteenth problem
over arbitrary base schemes, Adv. in Math. 65 (1987), no. 1, 16-34.

DEPARTMENT OF MATHEMATICS, MASSACHUSETTS INSTITUTE OF TECHNOLOGY, CAMBRIDGE,
MA, 02139, USA.
Email address: bezrukav@math.mit.edu

UNIVERSITE CLERMONT AUVERGNE, CNRS, LMBP, F-63000 CLERMONT-FERRAND, FRANCE.
Email address: simon.riche@uca.fr


https://arxiv.org/abs/2302.05782
https://arxiv.org/abs/2310.03153
https://arxiv.org/abs/2308.07028
http://stacks.math.columbia.edu

	1. Introduction
	2. Harish-Chandra bimodules
	3. Completed localization for Ug-modules
	4. Derived localization for Harish-Chandra bimodules
	5. Splitting
	6. Convolution
	7. Study of braid objects
	8. Restriction to a Steinberg section
	9. Equivalences
	10. t-structures
	11. Application to the Finkelberg–Mirkovic conjecture
	Appendix A. Coherent sheaves supported on a subscheme
	Appendix B. Equivariant modules
	References

