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Abstract: In this paper, we prove that if {k — 2,k + 2,4k, d}, where k € Z[i], k # 0,£2,
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1 Introduction

Let n be a non-zero integer. A set of m distinct positive integers such that the product of any
two of its elements increased by n is a perfect square is called D(n)-m-tuple. The most studied
case is n = 1 in which we call D(1)-m-tuple simply Diophantine m-tuple. There is the folklore
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conjecture that there does not exist a Diophantine quintuple. This conjecture is intensively stud-
ied in recent years. To see all references the reader should consult the webpage [5]. The most
important contribution was done by Dujella [7] in 2004 when he proved that there does not exist
a Diophantine sextuple and that there are only finitely many Diophantine quintuples. Moreover,
he also gave an upper bound for the number of Diophantine quintuples, which was recently sig-
nificantly improved by various authors. The best known bound can be found in [4]. But that
upper bound is still too large such that it is impossible to completely solve the problem using
today’s computers. Therefore, the conjecture is still open. Moreover, in the case n = 1, there
is a stronger version of the main conjecture which says that every D(1)-triple can be extended
to a quadruple with a larger element in a unique way. More precisely, the conjecture says that if
{a, b, c, d} is a Diophantine quadruple such that a < b < ¢ < d, thend = a+b+ c+2(abc+rst),
where 7, s, and t are positive integers defined by ab + 1 = 12, ac+ 1 = s? and bc + 1 = t% .
Such Diophantine quadruples are called regular. So the conjecture implies that all Diophantine
quadruples are regular. Similar results and conjectures exist when n = —1 and n = 4. In the case
n = —1, there is a conjecture that there does not exist D(—1)-quadruple, while in the case n = 4,
we have an analogous conjecture (as in the case n = 1) that there does not exist D(4)-quintuple.
Those conjectures are also extensively studied recently, and for details the reader could again
consult [5].

There are various generalizations of the above problems. One of them consists in taking
elements of m-tuples in a commutative ring with unity. Let R be a commutative ring with unity
1. One can consider m different non-zero elements in R such that the product of any two distinct
elements increased by some element of R is a perfect square in /2. Recently, there are also results
on the extendibility of Diophantine m-tuples in other rings such as the ring of Gaussian integers
and rings of integers of quadratic fields. For example, in 2008, FranuSi¢ [8] proved that the
Diophantine triple {k — 1, k+1, 4k} extends uniquely to a Diophantine quadruple in the ring Z][3].
The first, third and the fourth author [2] proved the same result for the triple {k, 4k + 4,9k + 6}.
In this paper, we will consider a D(4)-tuple in the ring of Gaussian integers. Precisely, we study
the D(4)-extensions of the triple {k — 2, k + 2,4k} in Z[i] and our main result is the following
theorem.

Theorem 1.1. Let k € Z[i] and k # 0, £2. If {k — 2,k + 2,4k, d} is a D(4) quadruple in 7Z][i),
then d = 4k3 — 4k.

That result was proven in the ring of integers by Fujita [9]. This is the first time that a D(4)-
tuple is studied in the ring of Gaussian integers. The organization of this paper is as follows. In
Section 2, we determine a system of Pell equations and the sequences v,,, w, and w/, correspond-
ing to our problem of extendibility. Moreover, we prove some useful results that we will need to
prove Theorem 1.1. We find the relation between indices m and n in the equations v,,, = w,, and
v = w), and the lower bound on |z| in terms of |k| in Section 3. To prove the main result for
|k| > 155402, we devote Section 4 to the use of a generalization of Bennett’s result (see [10]), that
consists in simultaneous rational approximations of algebraic numbers that are close to 1. The
study of the remaining cases is done in two steps. First, by the means of the Baker-Davenport
reduction method, we complete the proof of Theorem 1.1 for 5 < |k| < 155402 in Section 5. In
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the section 6, we deal with the second step that consists in looking the problem for 2 < |k| < 5.
In the final section, we study the cases |k| < 2. This is really a laborious work. Our proof follows
mostly the methods from [8].

2 Solving a system of Pell equations

Let k € Z[i], k # 0,£2. The aim of this paper is to determine all D(4)-quadruples of the form
{k — 2,k + 2,4k, d} in Z[i]. Thus, we have to solve the system

(k—2)d+4=2* (k+2)d+4=y> (4k)d+4 =2 (1)
ind,x,y, z € Z[i]. Eliminating d in (1), we obtain the following system of diophantine equations
(k+2)a* — (k —2)y* = 16 )
(4k)2? — (k — 2)2* = 12k + 8. 3)
Lemma 2.1. Let k € Z[i] with |k| > 2. Then there exist xo and yo € Z|i] such that
(i) (zo,y0) is a solution of (2)

(ii) the estimates

, 8|k —2|
< 4
, _Slk+2] 16
< ) 5

(iii) For each solution (x,y) of equation (2) there exists m € Z such that

eVE+ 24 yVk —2 = (xoVk + 2+ yovVk — 2) (“— ”:2_4) : (6)

Proof. If (x,y) is a solution of (2), then (x,,, y,,) is obtained by

toVE+ 2y Vh =2 = (@Vh 4 24 V= 2) (W) @

is also a solution of (2), for all m € Z.
Let (¢, yo) be an element of the sequence (z,, Ym)mez (defined by (7)) such that the absolute
value |z is a minimal. We put

PVE+24+yVk—2 = (zoVk+2+yVEk—2) (H#]M)

-1

k+VEk*—4
VE+24+y'VE—2 = (zoVk+2+yVEk —2) (%)

= (VR T2+ y/E—2) (%) |
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Due to minimality of |x,|, we have

k k—2
ol < o' = |2 +y§( >‘
k—yolk—2
@] < |27 =2 y;( )‘.
At least one of the expressions ‘mk++(k72) and xok+°(k72) must be greater or equal to |%”“ ,
since “”"Hyg(k_m‘ + xok_yg(k_Q)‘ > 2 ‘%k . Let us assume that ’“”“erTO(k_g)‘ > ‘%k‘ Hence,
we get
w3k _ |(@ok)? — (solk = 2))°
2 |~ 4 ’
and
rik| _ |4+ 16(k—2)|
2 |~ 4

Immediately, we obtain the following estimate for |z|

o 8lk=2

ol < =g

This implies that the estimate for || is

8|k — 2|

16.
i — 2 + 16

|(k —2)yg| = |(k +2)af — 16| < |k + 2

It is obvious that there exist only finitely many z, an y, such that above estimates are fulfilled.
Thus, the definition of x( implies there exist my € Z such that

mo

roVk+2+y vk —2=(avVk+2+yvk —2) (H#]M)

Therefore, we obtain

ovVk+2+yvVk — 2= (2oVk + 2+ yoVk — 2) <k+#k2_4> 0

O
Analogously, all solutions of (3) are given by the following lemma.
Lemma 2.2. Let k € Z[i]| with |k| > 2. Then, there exist x1 and z, € Z such that
(i) (x1,21) is a solution of (3)
(i1) the estimates
) < |4k| |3k + 2| |12k + 8] ©)

=Tk—1 -1 ' k-2
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(iii) For each solutions (x, z) of equation (3) there exist n € 7 such that
oAk + 2vVE — 2 = (2:V4k + 2k — 2) (k /- 2k>” . (10)

Now, we define the following sequences

1
Yo =T, V1= g (xok +yo(k —2)), Vmgo = kU1 — U, (11)

1
vp = To, Uy = 2 (wok —yo(k = 2)), VUppyo = kUpiq — vy,

for all m € N. If z is a solution of (2), then there exists a nonnegative integer m such that x = v,,

(12)

orx =v.
Similarly, if x is a solution of (3), then there exists a nonnegative integer n such that z = w,,
or x = w,,, where

Wy = T1, W1 = (2$1<k - 1) + Zl(k - 2)) y Wp42 = Q(k - 1)wn+1 — Wn, (13)

— N~

wy =1, Wy = 5 2z1(k—1) —z1(k — 2)), W o=2(k—1)w;, 4 —w,. (14)
The next result will specify the values of xy and yj.

Lemma 2.3. Let k € Z[i], k # £6 and |k| > 5. Then, vy = *£2 and yo = =£2 are the
only fundamental solutions of (2) and all solutions are represented by the sequences (Vp, )y, and
(—Um )m defined by

vo =2, v1 =2k —2, Upio="kKvVpy1 — U, meZ. (15)
Proof. Suppose (zg, yo) is a fundamental solution of (2). Then we have

vi(k+2) —yi(k —2) = 16.

2 2 16—4x3
Thus, we have x5 — y5 = ——

2), with dy € Z[i]. Thus, we have

. Relation (1) implies 22 — y2 = 4dy, 2% = 4 (mod k —

|4—$(2)|<4—|—|x(2)|< 12
k=2 = |k—2| — |k|—-2

|do| = (16)
If |k| > 14, then we have |dy| < 1, so dy = 0. Thus, we have =3 — y2 = 0. So we deduced
Ty = +2 and Yo = +2.

If 5 < |k| < 14 and k # 46, using Maple, the following relations =y € Z[i],yo € Z[i], 23 =
4+ do(k —2),y2 = 4+ do(k + 2) and (16) are simultaneous satisfied if and only if o = +2 and

Let us mention that from this lemma, we have that for £ # +6 and |k| > 5, all possible d’s
are of the form d = 2d’ for some d’ € Z[i]. We can conclude that, because those fundamental
solutions will generate all possible elements that extend D(4)-pair {k — 2, k + 2}, and it is easy
to see that all of them will be of that form 2d’. It furthermore implies, using the above mentioned
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result from [8], that for such & and k& = 2¢ for some ¢t € Z][i], the statement of the main Theorem
is valid.

Before proceeding further, let us recapitulate our results. For |k| > 5 and k& # +6 the problem
of solving (2) and (3) is reduced to looking for the intersections of recursive sequences, i.e. to
solving the equations

VU = Wy, vy = Lw!,,m,n > 0. (17)

3 The congruence method

In this section, we will determine all fundamental solutions of equation (3) under the assumption
that one of the equations in (17).

Lemma 3.1. Let k € Z][i],

k| > 5 and k # 6. If (x1, z1) is a fundamental solution of (3), then
r1 (mod k —1) € {£2,0}
or )
§(k —2)z; (mod k—1) € {£2,0}.
Proof. We have

(v (mod k — 1))mso = (2,0,-2,-2,0,2,2,0,—-2,-2,0,2,...),

1 1 1
(U}n (Il’lOd k — 1))7120 = (J]l, 5(1{3 — 2)21, -y, —5(]6 — 2)2175['1, 5(]{3 — 2)21 . ),

1 1 1
('LU;I (HlOd k— 1))n20 = (.I’l, —5(]6 — 2)2’1, —T, §<k — 2)217331, —§<k’ — 2)21, Ce )
These congruence relations are obtained by induction from (15), (13), (14), respectively. The rest
follows immediately from (17). O

In what follows, we will discuss all the possibilities given in Lemma 3.1.

e r1 =42 (mod k —1):
In this case, if 7 # +2, we have: |k — 1| — 2 < |z1| . From this relation and (8), we have
s _ |13k 42| |k —2|

k| —3)* < <

Therefore, we obtain
k| = 11 |k]> +17|k] — 22 < 0.

If |k| > 10, then
k> — 11 |k|* 4+ 17 |k| — 22 > 0.

So, if |[k| > 10 then z; = +2.
If 5 < |k| < 10, then we put x; = +2 + [o(k — 1). Suppose that |lj] > 2. We have
|z1| > 2|k — 1| — 2. This relation and (8) give

Ak — 27 |k|* 4 44 k| — 36 < 0.
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If |k| > 5, then we get
4|k|> = 27 |k|* + 44 |k| — 36 > 0.

So, if 5 < |k| < 10 then |lo| < v/2. In this case, [y = 1 or [y = i or Iy = (1 £ 7).

lo = £1 implies 21 = £(k + 1) or 21 = £(k — 3). In this case, the following relation =7 =
(mod (k — 2)), (8) are not simultaneously satisfied.

lo = =i implies 2 = 3 £ 4i (mod (k — 2)). This relation and (1) imply 1 + 45 = 0
(mod (k — 2)). We deduce |k| < +/17 + 2. In this case, relation (8) is not satisfied.

lo=1+iand z; = 2 + lo(k — 2) imply |z;| > v/2|k| — v/2. These relations and (8) imply
2|k|* — 11|k|> + 6 |k| — 8 < 0. This inequality is not satisfied if 5 < |k| < 10.

lp=—1+diandz; = 2+ lo(k — 2) imply 2% — (7 +4v/5)2? + (8v/5 + 6)z — 24 < 0. This
inequality is not satisfied if |k| > /41. If 5 < |k| < v/41, using Maple in the various cases the
relation (8) is not satisfied. If x; = —2 + [y(k — 2), we have similar results.

So,if zy = +2 (mod k — 1) and |k| > 5, then x; = +2.

e ;=0 (mod (k—1)):
In this case, if 7 # 0, we have |k — 1| < |x;|. This relation and (8) give

13k + 2| [k — 2|
k1)1

(1K = 1) < fa|* <

Therefore, we obtain
k> = 7|k|* + |k| —6 < 0.

If |k| > 7, then
k|* = 7|k|* + k] — 6 > 0.

So we deduce that z; = 0.

Suppose that 21 = [;(k — 1). If 5 < |k| < 7 then |l;| < 1. If |[;| = 1, thus relations (1) or (8)
are not satisfied. This implies that /; = 0. Consequently, if z; =0 (mod (k — 1)) then z; = 0.

If z; = 0, then relation (3) implies —(k — 2)z7 = 12k + 8. In this case, using Maple, the
equation —(k — 2)27 = 12k + 8 has no solution in Z[i] for all k € Z[i] with 5 < |k| < 7.

If 1 = £2, then relation (3) implies 2; = 2.

o k=6:

In this case, the fundamental solutions of (2) are (xg,yo) = (£2,+2), (zo,v0) = (0, £20)
and the fundamental solutions of (3) are (x1, 21) = (£2, £2), (21,21) = (F(2 + 2i), £(4 + 67)),
(x1,21) = (£(2 — 2i),4+(4 — 67)). In Section 2, the solutions of (2) are given by recurrence
sequences (11) and (12). In these cases, we have

qo = 07 q1 = 42, qm+2 = 6qm+1 — Qm, M E Na

Q(l) = 07 q1 = _4Z7 qm+2 = 6(]m+1 —Gm, M E N>

vo =2, v1 = 10, Vyy9 = 6Up11 — Uy, m € N.



From (13) and (14), all solutions of (3) are given by
ro=2+42i, xr1 = 184221, v, 0 = 102,41 — x5, n € N|

o . . o / /
Ty=2+2, vy =2—-21, ), , =10z, — T

n’

n €N,

uy =2 — 24, uy = 18 — 224, upio0 = 10Up11 — Up, n € N,

/ . /! . !/ / /
Uy =2— 20, uy =2+ 21, u, o =10u, ; —u

n’

n €N,
wo =2, wy = 14, wyio = 10w, 1 —wy, n € N

I I / o / /
wy =2, wy =6, w,,, = 10w, ., —w,, n €N.

n’

So, we have the following relations:

/
n°

a) ¢, = tx, or ¢, = £, or ¢, = tw, or ¢, = LW, Or ¢, = Uy OF G, = U
b) ¢, = £, or ¢, =+, or ¢, = £w, or q,, = Lw, orq,, = u, or q,, = u,,
¢) v, = +x, or v, = £, orv,, = tw, or v,, = £w), Or vy, = Uy, OF V,, = u.,.
We see that
(¢m  (mod (10) = (0,44, 44,0, —4i, —4i, 0, 44, 4i, ...),
(¢’ (mod 10) = (0, —4i, —4i, 0, 4i, 4i,0, —44, —4i, ...),
(v (mod 10) = (2,0,—2,-2,0,2,2,0,-2, ...),

(2, (mod 10) = (2 + 24, —2+ 20, —2 — 23,2 — 20,2+ 2i, -2 + 2i,...),

(Un  (mod 10) = (2 — 24, =2 — 20, =2+ 20,2+ 20,2 — 20, —2 — 20, —2 + 2i, ...

!/

(¢ (mod 10) = (2 + 20,2 — 20, —2 — 24, —2+ 20,2 + 20,2 — 2, ...),
(u (mod 10) = (2 — 20,2 + 20, —2 + 20, ~2 — 20,2 — 2,2+ 2i,..),
(w, (mod 10) = (2,4,-2,—4,2,4,—2,—4,...),
(w), (mod 10) = (2,—4,—2,4,2, —4,—2.4,...).

By these relations, we deduce that the only following equality are possible:

U = Wy, OF v, = Fw),.

e The case k = —6 is similar to the case k = 6.
The above results can be summarized in the following lemma.

Lemma 3.2. Let k € Z[i] and |k| > 5. If at least one of the equations in (17) is solvable, then
all fundamental solutions of equation (3) are v1 = 12, z; = +2 and related sequences (w,,) and

(w!)) are given by
wo = 2,wy = 3k — 4, w2 = (2k — 2)wpq — wy,

r r / o / /
Wy = 27w1 - k?wn+2 - (2k - 2)wn+1 — Wy,

forn e N.



We now prove the following results:

Lemma 3.3. Let k € Z[i] and |k| > 5.
o The equation v,, = Wa, 1 has no solution.

o The equation vy, = w,, ,, has no solution.

Proof. The result comes from the following facts:
(U (mod k —1))m>0 = (2,0,-2,-2,0,2,2,0,—-2,-2,0,2,...),

(wp (mod k — 1))z = (2,—1,-2,1,2,-1,-2,1,2, -1, -2, ...),
(W), (mod k —1))mso = (2,1,-2,-1,2,1,-2,-1,2,1,-2,—1,...).
O

Lemma 3.4. The sequences (Vy,)m, (wy,), and (w),), defined by (15), (18) and (19) respectively,
satisfy the following congruences

(U (mod k))mso = (2, —2,—2,2,2, -2, —2,2,2, —2,..),

(w, (mod k))p>o = (—1)"(2n+2),
(w!,  (mod k))pso = (—1)""1(2n — 2).
Proof. This can be verified by induction. [

Lemma 3.4 implies the following lemma.

Lemma 3.5. Let k € Zl[i], |k| > 5 and let x € 7Z[i| be a solution of the system of equations (2)
and (3). Then, there exist m,n € N, (2n £ 2) = +2 (mod (k)), such that

/

/
T = Uy, = Wy OF T = Vpyy = —Wy, OF T = Uy = W,, OF T = Uy, = —W,,

where (V) m, (Wy), and (w),),, are defined by (15), (18) and (19), respectively.

Now, observe that vy = wy = w) = 2 and v, = wh = 2k* — 2k — 2. So, v = +2 and
T = :l:(2k2 — 2k — 2) are solutions of the system of equations (2) and (3). The solutions x = 42
are not interesting, because they correspond to d = 0. The solutions z = +(2k? — 2k — 2)
correspond to d = 4k® — 4k. Since we intend to prove that this is the unique nontrivial extension
of the D(4)-triple {k — 2,k + 2,4k} in Z[i]. We have to show that the system of equations (2),
(3) has no other solution. Our next step is to determine an upper bound for all solutions of (2) and
(3) that are different from the previous ones.

Lemma 3.6. Let k € Z[i] and |k| > 5. If v € Z[i]\{£2, +(2k* — 2k — 2)} is a solution of the
system of equations (2) and (3), then 2n > |k| — 4.



Proof. If m > 2, then |w}| < |v,,| . Otherwise,

‘U)l —U1| 7& 0, |U}1 —’U3| 7é 0, |w1 —U4| 7é 0.

We have |vp| < |v1]. Suppose |v,] < [vmy1|. We have
[Omya| = [Kvmia] = [on] = ([K] = 1) [ompr] + [0msa] = [om] > [vmp].-
lwy| < |vs] < |vs| < ...
|vg —wa| # 0, |vg —wsy| # 0, |vg —ws| #0, |vs —ws| #0, |wa| < |vg| < |v7| < ...

So, by Lemma 3.5 if z is a solution of the system of equations (2) and (3), then we have 2n —2 >
24 |klor2n —2> =2+ |klor2n+2 > 2+ |klor2n+2 > —2 + |k|. O

Lemma 3.7. Let k € Z[i| and |k| > 5. If v € Z[i|\{£2, +(2k* — 2k — 2)} is a solution of the
system of equations (2) and (3) then

o] > |k (2]K] = 3)"17°.

Proof. If x € Z[i|\{+2, +(2k* — 2k — 2)}, then n > 2. We have |w,| < |ws| . Now, assume that
|wy| < |wp41| . From (18), we have that

[wn 2| = (2[k] = 3) lwnsa| + [wnga| = |wa| = (2[k] = 3) [wnga ]

So, we get |w, 12| > |wp11] -
One can see that [wsy| > |k| (2 |k| — 3). Assume that |w,| > |k| (2 |k| — 3)"~!. From (18), we
have that
|wnia| 2 |K[ (2 |k] = 3) [wn| + [wn] = [wn-a| = |K] (2[k] = 3) [wn].

So, we conclude that
[wWnta| > k| (2 |k] = 3)".

Analogously, if n > 2, we obtain |w/,| > |k| (2 |k| — 3)" . From Lemma 3.6, If = € Z[i]\{+2,
+(2k? — 2k — 2)} is a solution of the system of equations (2) and (3) then

] > |k (2]K] = 3)"17°.

4 An application of the theorem

on simultaneous approximations

In this section, we prove that if the parameter |k| is large enough, then z = +2 and x = +(2k? —
2k — 2) give all solutions of the system of equations (2), (3). For that reason, we apply the
following generalization of Bennett’s theorem [3] on simultaneous rational approximations of
square roots which are close to one.
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Theorem 4.1. ([10]) Let 0; = /1 + 2,1 = 1,2, with a, and ay pairwise distinct quadratic
integers in the imaginary quadratic field K and let T be an algebraic integer of K. Further, let
M = max{|a1], |az|},|T| > M and

. 27 |T|
C64|T| - M’

27

16w ] |aof a1 — asf?

2|1+ 3M
P=\ 21— 2mr

|CL1|2 |CL2|2 lay — a2|2

(171 = M) > 1,

P = - 2T+ 3M).
(] o] Jar — e 21+ 3M)
Then
1’[1&)((91—]2 , 02—]2> >C|q’_>\,
q

for all algebraic integers py,p2,q € K, where

log P

A=1
+logL’

¢! = 4pP(max{1,21}) 1.
First, let us show the following technical lemma.

Lemma 4.1. Let k € Z[i] and |k| > 5 and let (z,y, z) € Z[i]> be a solution of the system of (2)
and (3). Furthermore, let

1 4 2 1
0 = £y [14 . 67 = 61",
o = 414+ —— o = g
2 k—Q’ 2 2
where the signs are chosen such that
an_g‘gegm_y’ 951)_i’§9£2)_i"
T T 2x 2x
Then, we obtain
(L P
17 IR = 4o
1L z < |3k‘—f—2|
2 5o S .
200 | /(=) Jaf?



Proof. We have

91 Z/‘_‘ 1>)_y_2_9<1>+y—1:1_6 (2) g—l
2 17 el T k2P
Because of the assumptions on 9§1) and 952), we get
1 1 /k + 2
9(2) _ Q - ( 9(2 _‘ 9( D - 9(1) 9(2
! zl = 2 x o k-2
Hence, we see that 6
o) - 4| <
T |k? — 4] |z|
Similarly, we get
-1
9(1) _* _ 9(1) ‘ (1 i‘
00— —| = |68 - )
|3k —+ 2’ (2) z |~
‘92 _‘ ;
2P 1?2
and
z [k
> PR 9
!l ' k—2
the other estimate is obtained. [l

Now, we apply Theorem 4.1 on 9%1) and 951). In our case, we have
a1 =4, a0=2,T=k—-2 M=4

and

l:

27 |k — 2| 27 (k-2 —4),p— 20k —2]+12  [|[k—2[+6
64k —2[— 4"~ 4096 oV 2k-2-8 V[ |k—2| -4

P =1024(|k — 2| +6).

If |k| > 155402, then we have L > 1. Thus, the condition L > 1 of Theorem 4.1 is satisfied. So,
we conclude that

max{‘@%l) Y , 0&1) - i‘} > c|2z] 7, (20)
x 2z
where log P
0
A=1+ 10§L’ ¢! = dpP(max{1,20})!

If we assume that |k| > 155402, then max{1,2({} = 1 and ¢~! = 4pP. Furthermore, according to

Lemma 4.1, we have -
o) _ i‘} < 2
max{ 2 T 2l =

9(1) Y
! X

Y

12



and inequality (20) implies

1 [jk—2|—4 1 20 < 3
— . x —.
4\ e =2/ +6 1024(]k — 2| + 6) 22

k—2|+6
k—2[—4

Hence,

122> < 12697.6 (Jk — 2|+ 6). (21)
If |[k| > 155402, then 2 — A > 0.000014. Thus, using the estimate for x, |z| > |k| (2 |k| — 3)*—°
(from Lemma 3.7), and after taking the logarithm of (21), we obtain

k—2|+6

(2= ) (log 2 + log |k| + (|k| — 5)log(2 |k| — 3)) < log (126976 i—2—14

(|k—2| + 6))

(22)
If |k| > 155402, then we have a contradiction. Therefore, we just prove the following statement.

Theorem 4.2. Let k € Z[i] and |k| > 155402. Then, all solution of the system of equations (2)
and (3) are given by
rT=22,y==+22=22

and
r=4(2k* -2k — 2),y = +£(2k* + 2k — 2), 2 = £(4k* — 2).

S Linear forms in three logarithms

In this section, we will use the already well-known method in solving the equations of the form
Uy = w, Or v, = w,, that consists in searching for the intersection of binary recurrence se-
quences. This will be done using Baker’s theory on linear forms in logarithms. It gives the upper
bound of m (and n) which will later be reduced using the reduction method. For more details,
one can refer to [6] (for the integer case) and [8] (for the case of Gaussian integers). We assume
5 < |k| < 155402 and we will use it at several places.

Let v,, = w, or v, = w,,, forn > 2 and |k| > 5. Then we have

__Vk+2+¢k—2(k+¢ﬁ—4)m+Vk+2—¢k—2(k—wﬁtZ)m
T k2 2 Jkt2 > ’

wn:m;%;{jk_Z(k—H—\/MY%—mj/r\;fk_z@—l—\/my,

w;:m;zl_vlf‘z(mwm)%m;ﬁ’“”(;ﬁ_um)”.

Now, let us define

P

VE+2+VE=2 <k+\/k;2—4>m
B VE+2 2 ’

13



 VAk £ VE=2 5 2n
Q=" (k=1+VE—2k)",

k—2 4 1
+ 1—— 4/1—
\/k—|—2 \/4k’\/ k2’ (k—1)2
are chosen such that
k—2 k—2 4 1
> — | > 1—— 1| >0 — 1 > 0.
8 s O P e Y e

The equation v,,, = ws, or v, = w), implies that

where

4 3k + 2

P+ —pl= -1 23
L) @+ = ¢ 23)
We have .
k—2| k™ 4 k|?
P — = |1 1—— - 2.5% > 6.
| P| T2 ‘2 + 12 >‘2 >2.5°>6
k 2n
) 1
Q| = 1i,/T k— 1" |1+ 1—m > |k — 117" > 4* > 256.
Furthermore, from (23) we have
3k+2], . _
I1P1- 1l < 1P - ol < |22 o + | 1P <028

Hence, |P| < |Q| 4 0.23 < 1.001 |Q| , which yields |Q|" < 1.001 |P| "

p— Sk+2| ) .
‘ Q‘ ‘ il ‘|Q| ' ’\P\2<219|P|2<0061

Finally, we get

P Pl -
log :@: - ’10g<1_| ||P||Q|)’

< 219|P| 2+ (2.19|P| %)
< 0.061-2.19-|P|

‘kﬁ —2m

< <67™.
2

The above expression can be written as a linear form in three logarithms:

k+\/k2—4‘ Vak(VE +2 +Vk —2) _
mlog | ————| — 2nlo ‘k—1+\/k:2—2k:‘+lo <67
‘ & 2 & & VE+2(V4k + VEk —2)

(24)

Lemma 5.1. If v, = wa,, then |P| # |Q| for k € Z][i], k # 0, £2.

14



Proof. The proof is analogous as [8, Lemma 5.2]. Assume that |P| = |@Q|. If P = @, then (23)
implies 3k% — 8k + 4 = 0. The only solution in Z[:] of this equation is k& = 2, so we conclude
that P # (). Let us denote

Then, we have
P=a+baQ =c+dp,

where a, b, ¢, d € Q[i]. Furthermore, the assumption v,, = w,, implies that a = ¢ because
Um = a + ba + a — ba = 2a,

w, =c+df+c—dp=2c.

Moreover, we have
|P|? = p + ua +ua + qlal?,

Q> =71+ vB+vB+ 5|8

where p,q,7,s € Q and u,v € Q[i]. In the exactly same way as in [8] we can prove several
important facts:

e The complex numbers « and 3 are algebraic numbers of degree 2, for k € Z[i], k # 0, +-2.

e The basis for Q[i](c, @), considered as a vector space over Q[i] is B, = {1, o, @, |a|*},

and the basis for Q[i)(8, B) is Bs = {1, 3, 3, |3|*}.
e The set B = {1,a, @, |a|? B, 5,|3|*} is linearly independent.

Now we have | P|?> € Q[i](a, @) and |Q|*> € Q[i](8, 3) and they are uniquely represented. Thus,
the assumption |P|> = |Q|? implies p = ¢ = r = s = 0 because B is linearly independent set.
So we have P = a and () = c which is not possible because we showed that a = c. O]

Put

k+Vk?—4 Vak(VEk + 2 k—2
A =mlog %‘—inog‘k—l—l—ka—Qk‘—i-log Vk+2+v )

VEF2(Vak £ VE—=2)|

From (24) and 5.1, if |k| > 5, we have 0 < |A| < 67™.
Lemma 5.2. Let k € Z[i| such that |k| > 5. If v,, = £w, or v,, = tw], thenn < m < 1.33n.

Proof. The statement is trivially satisfied if m = n = 0, which is the only possibility if one of
the index is equal to 0. Moreover, it can be proved by induction that

(21K = 2)([k] = D)™ < om| < (2]K] + 2)(Jk] + 1),

(31Kl = 4)(2[k| = 3)" " < Jwa| < (BIk[+4)(2[k] +3)"",
Bl 21k = 3)""" < Jwa| < [k] (21K +3)",
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for n,m > 1. So v,, = w,, or v,, = w,, implies
k| 21k = 3)"" < (2]k] +2)(|k| + )™,
which yields n < m. On the other hand, v,,, = w,, or v,, = w/, also implies
2(1kl = )™ < (3[k| +4)(2[k| +3)"7" < 2(2[k| +3)",

if |k| > 5. Now, if we take the logarithm of both sides of the inequality and use the condition
|k| > b, we easily get m < 1.33n. O

We use the following theorem of Baker and Wiistholz (see [1], p.20) to obtain a upper bound

for m.
Theorem 5.1. Let A be a nonzero linear form in logarithms of | algebraic numbers oy, . . ., q
with rational integer coefficients by, ..., b, . Then
log A > —18(1 + DN (32d) 2R () - - - B () log(21d) log B,
where B = max(|by],...,|b|) and d is the degree of the number field generated by a1, . ..,

over the rationals.
Here 1 1
P (a) = max(h(a), - flogal, )

where h(«) denotes the standard logarithmic Weil height of c.

In our case, we have

log |m log o — 2nlog ay + log as| > —18-413*(32d)°h/ (vy) - - - ' () log(2ld) log B,

where
24 4 2 -2
o — "H_ Aoy = k=14 VT3], 0= VIRVET2+VE=2)|
2 VEk+2(V4k £ VE —2)
The minimal polynomials of a4, oy are respectively
pi(x) = (22 — ]k!2x2+2)2— |k2—4‘2x4, (25)
pa(w) = (a = 2|k — 1) + 1)% — 4 [k — 2k|" 2", (26)
The roots of p; are
k—VEk?—4

k+\/k2—4'
2

:j:ah T3, ZU4::|:‘

Y

ZL'l,ZIZQ::l:‘ B

X5, Tg =

I = 2 = (kP = 2 a4
+ 5 ,

16



IR 12 = 4 = kP = 42— a3
=+ .

2
If i = 1,2 then |x;| > 1 and if i = 3,4,5,6,7,8 then |z;| < 1. Thus, if 5 < |k| < 155402 then
we have

X7, Tg =

1
h(ar) = 7 log(2 ’k VR 4() < 3.34.

The roots of ps are

1, xgzi‘k—l—l—\/kQ—Qk‘:j:ag, s, x4:i‘k—1—\/k2—2k,

75, 76 = i\/w— 12 = [k = 2k] + /(I — 17 — [ — 2k])? — 1,

7, T = i\/|k — 1 — k2 — 2k| — \/(|k 1 — k2= 2k))2 — 1.

If i = 1,2, then |z;| > land if i = 3,4,5,6,7,8, thus |z;| < 1. So, if 5 < |k| < 155402 then we
have

1
h(az) = ; log (‘k VR = QkD <317,

For the estimate of h(«3), we compute the minimal polynomial using Maple. However, be-
cause we do not need this estimate to be so accurate (we will significantly improve the bound on
m using the reduction method), we only estimate the leading coefficient of the minimal polyno-
mial and the conjugates of «. For that we use |k| > 5. We have

1
has) < o5 log(laol o) < 14.74,

as

laol < (VK| +2(v/4 k| + VK] + 2))** < 4.51- 10",
4\k|(2+/| k| + 2
VI = 2(/ATk - /i + 2)
Applying Baker-Wiistholz theorem with [ = 3 and d < 8-32-8 = 2048, we get —mlog6 >
—34992-1.3-10%*- 3.34- 3.17- 14.74- log 12288- log 2m, which yields

< 3.74-10%
log 2m

and m < 2.91- 1033, Therefore, we have just proved that for 5 < |k| < 155402, equation v,,, = w,,
or v, = w!, implies m < 2.91- 1033, As this bound for m is very large, we have to reduce it.

Lemma 5.3. Let M be a positive integer, let p/q be a convergent of the continued fraction of the
irrational v such that ¢ > 6M, and let A, B, i1 be some real numbers with A > 0 and B > 1.
Let € := ||pq|| — M||vql|, where || - || denotes the distance from the nearest integer. If € > 0, then
there is no solution to the inequality

O<ny—m+pu<AB™",

in positive integers m,n with
log(Ag/¢)

<n<M.
log B =n=

17



As
0 <mloga; —2nlogas + logas < 67,

we apply Lemma 5.3 with

1 1 1
0g e . B=6, M=291-10%.

7:210ga2’ M_Qlogag’ - 2loga’
The program was developed in Mathematica running with 500 digits. For the computations, if
the first convergent such that ¢ > 6 does not satisfy the condition £ > 0, then we use the next
convergent until we find the one that satisfies the conditions. In a few days all the computations
were done. After the first run, we obtained M < 67. For the second run, we set M/ = 67 to obtain
another bound M = 16. The third run of the reduction method yields n < m < 14. In this range,
we check the equations v, = w,, and v,, = w,, and see that they confirm the result in the main
theorem.

6 Thecase2 < |k| <5

There are some extra fundamental solutions of (2) and (3) for certain values of parameter k.
Precisely, these fundamental solutions of (2) also appear (besides x = £2):
o 1p==+(1—14),y0==H(1+4)and xg = (1 — 3i) , yo = £(1 + 3i) for k = 44,
o 1p==+(14+1),y0==+(1—14)and xg = (1 + 3i) , yo = (1 — 3i) for k = —44,
+1¢) fork =1+ 23,
1) fork =1 — 21,

= +4(1 +9)

o xo =i,y =+4(1—1)
=+4(1+474) fork = —1 + 24,

+£4(1 — )

6

° +47,y0 = —1) fork = —1— 2,

o 1y==+(2+42i),y0 = £(6+2i) fork =2 +1,

o 1o=+(2—2),yo=+(6—2)fork=2—1i

o mp=£(6—2i),yp=£(2—2i) fork =—2+1i,

o 2o=2(6+2i),y0=£(2+2i)fork =—2—1i,

o 1o==1(2—-2i),yo=x4iand xo =0, yop = £(2 + 2i) for k = 2 + 24,
o 1y=H(2+42i),yy=F4iand xy =0, yo = £(2 — 2¢) for k = 2 — 24,
o 1y=1(2—-2i),yo=0and xg = £4i, yo = £(2 + 2i) for k = —2 + 24,
o 1yp==+(2+42i),yo=0and xg = 44, yo = £(2 — 2i) for k = —2 — 24,

67, yo = £2¢ and xy = £41, yo = 0 for k = —3,

o 1o==H(1—1),yo=*(1—3i0)fork =4,

o 1o==+(1+3i),yo=2x(1+14)and 2o = £(1 — 3i), yo = (1 —7) for k = —4, and for
(3), we have:

o 1y =H4i, 2 = =£(2+ 8i)for k = 4i,

o 1y =+4i,z = (2—82)f0rk——

o 11 =+(142i),2 ==+4(1+7) fork =1+ 24,

o v1=4(1-2i),x —14(1—z)fork:1—2i,

o 21 =4(1—2i),2 =+difork=—1+2i,

18



(1—2i),2 = +difork = —1 — 2i,

o 11 =+(2+43i),2 =+(10+6i) and 2y = £(2+ 1), 21 = £(6+ 2i) for k = 2+ i,
o 11 =+(2—3i), 2 = +(10 — 6i) and 7, = £(2 —4), 2 = £(6 — 2) for k = 2 + i,
(2—1i),2 =*(2—2i)fork = -2+,

o ;=1
® :C1::|:

(
(
e =+(2—-2i),2 =£(6—4i)and zy =0, z; = £(2 — 4i) for k = 2 — 24,
(2—2i), 2 = £(—2+4) for k = —2 4 24,

e =+(2+420), 2 =+(—2—4i) fork = —2 — 2i,

e, =13,z = tdfork =-3,

e, =+3i,2 = x107and z; = xi, 2y = £6¢ for k = 4,

er; ==+1,2z =x2ifork =—4.

Each of the above cases will be treated separately.

ok =4y

In Section 2, the solutions of (2) are given by recurrence sequences (11) and (12). In this
cases we have
G =1—1 q=-143i ¢ni2 = 4iGnt1 — gm, m €N,

/

QOzl_i7 91:5"‘@7 Qm+2:4iQm+l_qm7 TTLEN,

up=1—31, ug = =1+ 1, Upso = diUpy1 — Uy, M € N,
/ - / . / -/ /

uy =1 =3¢, uy = 13+ 31, uy, o = 4i,, | — U, m €N,
vo =2, v1 = =2+ 81, Vi = 4Umi1 — Um, m € N.

The relations (13) and (14) giving all solutions of (3) become
xg =41, xt1 = =34 — 8i, Tpyo = 2(4i — )xpyy — xp, n €N,

zo=4i, 27 =2, x5 =24 — 1)xpi1 — x,, n €N,
wo =2, wy = =4+ 120, Wy = 2(4i — Dwyyq — wy, n €N,
wy =2, wy =41, W), =2(4 — Dw),,, —w,, neN.

So, we have the following relations:
a): ¢, = *x,orgq, = ) orgq, = tw, or ¢, = *w),
b): ¢, =tz,o0rq, =+x orq, = +w,orq, =Lw,
¢): u, = tx,oru, =tz oru, =+tw, oru, = tw,
d: u, ==z, o0ru, ==+, oru,, = +w, oru,, = Fw,,

e): v, = +tx,oruv, ==tz orv, = tw, orv, = tw),.
Thus, we get:
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(Gmn (mod2) = (1—d,—1+4,—1+41—i1—i,—1+1,..),

(¢, (mod2) = (1—i14d,—1+i—1—i1—i1+i,..),

(U (mod2) = (1—i,—1+i,—1+d,1—4,1—i—1+i—1+4i,..),
(u,, (mod?2) = (1—414i—-14+4-1—di1—414+i—-1+74,..),
(U, (mod 2) (0,0,0,0,0,0,0,0,...),

(z, (mod2) = (0,0,0,0,0,0,0,0,0,...),

(!, (mod2) = (0,0,0,0,0,0,0,0,0,...,),

(w, (mod?2) = (0,0,0,0,0,0,0,0,0,...),

(w, (mod2) = (0,0,0,0,0,0,0,0,0,...).

By these relations, we deduce that the only possible equations are:

/

U = Fw,, or v, = tw, orv, = +x,, orv, = +z.

The equations v,,, = f+w, and v,, = F+w/, can be solved similarly as in the previous sections.
Moreover, z,, = w;,,,; and 2, .| = w,.

ok=1+2

In Section 2, the solutions of (2) are given by recurrence sequences (11) and (12). In these
cases, we have

qo = 4-7‘7 q1 = —10+ 427 dm+2 = (1 + 2Z)qm+1 —Gm, M E N7

q6 - 427 q/1 - 27 qm+2 = (1 + 22)Qm+1 — Qm, M S N7
vo =2, v1 =41, Vyro = (1 4+ 20)Upsq — U, m € N,

The relations (13) and (14) that give all solutions of (3) become
o = 1+ 22, T = —10 + 42, LTpt2 = 2(22)l’n+1 — Tp, N E N,

xo=1+2i, 2} =2, 2}, ., =2(20)xp41 — T, n €N,
wo =2, wy = —14 60, Wy = 2(20)wp1 — wy, n €N,
wy =2, wy =14 24, w5 = 2(20)wy41 —wy,, n €N
Thus, the following cases should be analyzed:
a: ¢, = *x,orgq, =tz orq, = tw, or g, = *w,
b): ¢, = £z, orq, = £z or ¢, = *w, or ¢, = *w,,
¢): o, = +tx,oruv, ==tz orv, = tw, or v, = tw),.
Moreover, ¢ = Um1s Qpio = Ums Tn = Wy, 1, Ty = Wy. S0, the cases a), b), ¢) can be
reduced to

U = Fw, or v, = Tw,,.

This case can be solved similarly as in the previous sections.
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ok=—-241

In Section 2, the solutions of (2) are given by recurrence sequences (11) and (12). In these
cases, we have
qo =6 —2i, 1 = =8+ 10i, gmi2 = (=2 +1)@ms1 — Gm, M €N,
Q6 =6— 217 q/1 - _27 m+2 = (_2 + i)qm-i-l — Qm, ™M S N7
vo =2, v1 = =6+ 20, Uypyo = (=24 1) Va1 — U, m € N,
The relations (13) and (14) that all solutions of (3) are
o = 2— i, Ty = —8+ ]_OZ7 Tpio = 2(—3 + i)$n+1 — Tp, N E N,
ro=2—1, 2y = =2, 275 =2(=3+1)Tpy1 — Ty, n €N,
wo =2, wy = =10+ 3i, w2 = 2(=3 4+ )w,11 — wy,, n €N,
wy =2, wy = —=2+1, w, 5 =2(—3)Wy41 — Wy, n € N,
So, the following cases should be analyzed:
a: ¢, = *x,orgq, = ) orgq, = tw, or ¢, = *w,
b): ¢, =xz,o0rq, =+x/ orq, = tw,orq, =tw,
¢): v, = tx,orv, =tz orv, = tw,orv, = tuw,.
Moreover, ¢, = —Upmi1, Qg = Ums Tn = —W), 41, Ty = —Wy,. S0, the cases a), b), ¢) are

reduced to

VU = Fw, or v, = w,.

These equations can be solved similarly as in the previous sections.
ok=-2+4+2

In the Section 2, the solutions of (2) are given by recurrence sequences (11) and (12). In this

cases we have
qo =2 —2i, q1 = 4, Gmi2 = (=2 + 28)¢mi1 — G, m €N,
qo = 41, ¢y = —10 — 61, gy, 5 = (=2 + 2i)qp 11 — G, M EN,
o =4, ¢ =2 —=2i, Guyp = (=2 +20)qp 41 — ¢y M EN,
vo =2, v1 = —6+ 44, Uy = (=24 20)Vpe1 — U, m € N.
The relations (13) and (14) that give all solutions of (3) are
rog=2—2i, v1 = =2, Tpio =2(—3+20)Tps1 — Tp, n €N,
Ty =2—2i, ¥y = =24 200, 2,5 = 2(=3 + 20)Ty11 — Ty, n €N,
wo =2, wy = —10 + 31, Wpyo = 2(—3 + ) wpr1 — Wy, n €N,
wy =2, wy = =2+, W, 5 = 2(—30)wWny1 — wy,, n € N.

Hence, the following cases should be analyzed:
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a): ¢, = *x, or ¢, = xx, or ¢, = tw, or q,, = tw,

/
no

b): ¢, =xz,o0rq, =+x orq, =tw,orq, =+w

¢): ¢ =Zx,o0rq) ==xa orq = +w,orq, =+tw,

d): v, =%z, orv, ==+z orv, = tw,orv, = tw,.

Moreover, we have ¢, 1 = Gy Gm = Q1> W = —Tny1, Wy, = —T,. So, the cases a), b),
¢), d) are reduced to

U = Fw, Or vy, = W), or ¢, = tw, or ¢, = Tw),.
These equations v, = £w,, or v,, = w), can be solved similarly as in previous sections. More-
over, by the congruence method, the equations w,, = =4¢,, have no solution. Now, we study the
equations ¢,,, = +w/,. One can check that for the small values of m, n, i.e. m,n < 2 and one gets
the only solutions: ¢y = —w} = 2 — 2i, which gives d = 2i. Thus, we have to solve ¢, = fw,
, for n > 2. The same way as in Lemma 5.2, we get n < m. Moreover, using Baker’s theory on
linear forms in logarithms we get

0 < |mloga; —nlogay + logas| < 1.427™,

where

a1 =|—14+i+vV=2i—1

. . (1 —i)v/—8+8i
, Qg = —3+22—|—\/4—122’,a = .
? ) V8 +8i—v—dt2

Now, we have to combine this bound with that obtained by Baker-Wiistholz theorem. Similarly
as for general case, we get

h(Oél) < 027, h(OéQ) < 05, h(Oég) < 3.61.

This yields
< 5.54-10%

logm
and then m < 4.1- 103!, The previous reduction method confirms the result.
ok—=-3
In Section 2, the solutions of (2) are given by recurrence sequences (11) and (12). In this
cases we have

Qo = 6i, 1 = —14i, g2 = (=3)qmt1 — gm, m €N,
qy = 61, ¢y = —4i, @y = (=3)dps1 — Gy M EN,
g = 4i, qi = =66, Gis = (=3)Gmy1 — G> M EN,
vo =2, v1 = =8, Uymio = (—=3)Ums1 — U, m € N.
The relations (13) and (14) of all solutions of (3) are given by

ro =3, 11 = —22, Tpyo = —8Tpy1 — Ty, n €N,

/ / /
Ty=3, 17 =2, T 9= —8Tpi1 — Ty, n EN,
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wo =2, wy = —13, Wy = —8wyq1 — Wy, n €N,
/ / /
Wy =2, wy = =3, Wy, = —8Wpy1 — Wy, n €N,

Therefore, the following cases will be analyzed:

a: ¢, = *x,orgq, =tz orgq, = tw, or g, = *w,

b): ¢, =xz,o0rq, =+x orq, = tw,orq, =tw,

¢): ¢ ==xx,o0rq), ==+z orqg!l =+w,orq, =+tw,

d): v, =+x,orv, =tz orv, = tw, or v, = Fw,.
We have ¢, € iZ, q,, € iZ,q), € iZ,x, € Z,x, € L, w, € Z,w, € Z.So in the cases a), b),
¢) have no solution. Moreover, x,, = —w,; and z/, +1 = —w,. Consequently, the case d) can be
summed to v, = +w,, or v,, = w,,. This case can be solved similarly as in previous sections.

ok=4

In Section 2, the solutions of (2) are given by recurrence sequences (11) and (12). In these
cases, we have

q():l_iaQI:3_57:7qm+2:4qm+1_qm7m€N7
Q(I):l_l7q1:]—+27 Qm+2:4Qm+1_qmam€Na
vg =2, v1 =6, Upmao = 4Vp11 — U, m € N

The relations (13) and (14) of all solutions of (3) become

xo =31, xr1 =191, xp190 = =621 — Ty, N €N,
Ty = 3i, ¥] = —1, T,y = —6Tp11 — Ty, n €N,
Uy =1, Uy = 9%, Upig = —06Up11 — Ty, N €N,
uy =1, uy = =31, U, o = —6u,, ; —u,, n€N,
wo =2, wy =8, Wyyo = —6wyy1 —wy,, n €N,
wy =2, wy =4, W), 9 = —6Wni1 — Wy, n €N,

So, we have the following relations:

a): ¢, = *x,orq, = ) or ¢, = tw, or ¢, = *w, or ¢, = u, or ¢, = u,,
b): ¢, =xz,o0rq, =+*x orq, = +w,orq, ==+w, orgq, =u,orq, =u,,
¢): v, = tx,orv, =tz orv, = tw, or v, = Fw, or v, = U, Or Uy, = Uy,.
We have:

(¢m (mod4)) = (1—i,—1—d,—1+di,14+41—1,..),
(¢, (mod4)) = (1—2 14+4,—-144,—-1— 2,1—2,...),
(v, (mod 4)) = (2,2, —2,2,2,-2,-2,...),

(x, (mod4)) = (—i,—i,—1, —i, =1, =1, —, ..., ),

(!, (mod 4)) = (—i iy =1, —1, =0, — 1, ..., ),

(4, (mod4)) = (i, zzzzzzzz ),

(W, (mod 4)) = (zzzzz iyiyiyd, ),

(w, (mod4)) = (2,0,-2,0,2,0,—2,0,2,...).

23



By these relations, we deduce that the only possible equations are:
U = Fw,, or v, = tw.

The equations v, = +w, and v,, = Lw/, can be solved similarly as in previous sections.
ok=—-4i,k=1-21,k=-2—14,-2—2.
By conjugating, this cases becomes the same as the previous one.
okh=—-4k=2-21,k=24+21,k=-2+1,k=24+0,k=-1-2{,k=—-1+2i.

Lemma 6.1. Let k € Z[i|. The set {—k — 2, —k + 2, —4k, d} is a D(4)-quadruple in Z[i] if only
if {k — 2,k + 2,4k, —d} is a D(4)-quadruple in Z][i].

Proof. {—k —2,—k + 2, —4k,d} is a D(4)-quadruple in Z[:] if only if there exist x, y, z in Z]i]
such that
d(—k —2)+4=2% d(—k+2)+4=1y% d(—4k) +4 = 2*.

This relation is equivalent to
—d(k+2)+4=2% —dlk—2)+4=19% —d4k)+4=2"

Consequently, if k € Z[i] the set {—k — 2, —k + 2, —4k,d} is a D(4)-quadruple in Z[i] if only if
{k =2,k + 2,4k, —d} is a D(4)-quadruple in Z]i].

[
Using Lemma 6.1, the above cases become the same as the previous cases.
7 Thecasel < |k| <2
ok =1.
In this case, system (1) is equivalent to the following system of Pell equations
32% +y* = 16 (27)
42 + 2* = 20. (28)

We have 2% = 0 (mod 4), so there exists 2’ € Z[i] such that z = 22’. Equations (27) and (28) are
equivalent to
322 +4* =16 (29)
z? + 2% =5. (30)
Equation (30) implies |z — i2/|” |z +i2/|> = 25. So the solution of the system of Pellian equa-
tions (27) and (28) is (z,y, z) = (2,2,2). We deduce that d = 0.
ok =1.
In this case, the fundamental solution of (2) is (2o, ¥o) = (2, 2) and the fundamental solution

of (3) is (x1, 2z1) = (2,2). By repeating the procedure described in Section 5, we conclude that
the above equations have two solutions vy = wy = w'0 = 2 and vy = w) = —4 — 2i. So, the
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nontrivial extension of the D(4)-triple {7 — 2,7 + 2,44} is obtained for d = —8i, i.e. 4k* — 4k,
for k = 1.

o k= 2i.

In this case, the fundamental solution of (2) is (2o, ¥o) = (2, 2) and the fundamental solution
of (3) is (z1,21) = (2,2). By repeating the procedure described in Section 5, we conclude that
the above equations have two solutions vy = wg = w'0 = 2 and vo = wh = —10 — 4i. So, the
nontrivial extension of the D(4)-triple {2i —2,2i+ 2, 8i} is obtained for d = —404, i.e. 4k* — 4k,
for k = 2i.

ok=1+1.

In this case, the fundamental solution of (2) is (o, ¥o) = (2, 2) and the fundamental solution
of (3)is (x1, 21) = (2,2). Thus, we get two solutionsvy = wy = w'0 = 2 and vy = wh = —4+2i.
Therefore, the nontrivial extension of the D(4)-triple {—1 + 4,3 + i,4 + 4i} is obtained for
d=—12+4i,ie. 4k — 4k, fork =1+ 4.

ok=1—ik=-21k=1.

By conjugating, these cases become the same as the previous cases.

ok=—-1—-t,k=—-1+14k=—-1.

Using Lemma 6.1, we make similar conclusion for these cases.
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