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equations
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Abstract. We consider the nonlinear Schrédinger equation with double power nonlinearity. We
extend the scattering result in [18] for all L?-supercritical powers, specially, our results adapt
to the cases of energy-supercritical nonlinearity.
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1. Introduction and main resuls
This article concerns the nonlinear Schrédinger (NLS) equation
10w 4+ Au = |u|Pou — |ulPru, (1.1)

in space dimension d > 1, where % < p1 < Do.
The equation (1.1) has 3 conserved quantities: the mass,

M(u(t)) = / fult, =) P,

Rd
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the energy

Bu(t)) = /]R Vult, ) d +

and the momentum

2
p1+2

/ lu(t, 2) [P+ 2da — / lu(t, 2)|P+2dz.
Rd Rd

po + 2

Plu(t)) = Tn /R Vult,x)ult, @) d

We recall that a solution of (1.1) with initial data in a Sobolev space H?® where the equation (1.1)
is well-posed is said to scatter in H*® forward in time when it is defined on [0, c0), and there exists
vg € H?® such that

tlggo ||eitAvo - u(t)HHs =0.

Our goal is to give sufficient conditions of scattering for solutions of (1.1).
The equation (1.1) has stationary wave solutions, of the form e*'Q,,, where @Q,, is a solution
of the equation
~Ap = —[plPo + ol — wo, (1.2)
see [20, Theorem 2| and references therein. It has positive solutions for some values of w. More
precisely, there exists an explicit w, (depending only on py and p;) such that for 0 < w < w,, the
equation (1.2) has exactly one positive solution (up to translation) Q. € (H' N L*)(R?), and no
such solution for w > w,.
Some of these solutions are related to the minimization problem:
I(m) = inf E(u). (1.3)
¢ € HY(R?) N LPo+2(RY)
fRd |90|2 dr=m

(see |20, Theorem 6]). There is a critical mass m. such that for m < m,, I(m) = 0 and for m > m,,
I(m) < 0. The minimum is not attained for m < m.. In the case p; > 3 that we consider here,
the minimum is attained for m > m, by a positive, radial solution of (1.2), that we will denote by
Rw- The solution @, corresponding to the mass m. has minimal mass among all solutions of the
family of equations (1.2).

Obviously, the stationary wave solutions do not scatter. Other examples of nonscattering solu-
tions are travelling waves that are exactly the Galilean transforms of stationary waves. According to
the soliton resolution conjecture, these stationary and travelling waves should be the only obstruc-
tion, leading to the conjecture that solutions with mass below m, scatter in both time directions.
A weaker result was proved in [18] in the case py = 4, py = 2, d = 3, namely that scattering holds
for solutions with mass M (u) < %mc, and with an additional bound on the energy in the range

34%7%6 < M(u) < m.. The goal of this article is to show that this picture is not specific
4

to the case studied in [18], but holds for all exponents 5 < p1 < pg. We will rely on the work [20]
on the stationary problem (1.2), and on our previous article [10], where preliminary results were
obtained for a family of nonlinear Schrédinger equations that includes (1.1).

As in [18], we will use the standard compactness/rigidity scheme (as initiated in [14] for the
energy-critical problem). One of the key ingredient of this scheme is the positivity of the functional:

of mass

dp: dpo
) — 2 _ p1+2 po+2
(0= 190 = g Bl gyl

that appears in the virial identity
d

aIm/x -Vuu = 29(u). (1.4)

In Section 3, we prove that there is a critical value m. € (0,m.) such that ®(u) > 0 for every
nonzero u such that M(u) < ., and that for m. < M(u) < m., we have ®(u) > 0 with an
additional condition on the energy. Namely, let:

2(p1d74) 4 %

PO—P1

e = <po> () Me. (1.5)
b1 dp,

Then:
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Theorem 1.1. Assume4/d < p1 < po. There exists a nonincreasing function e(m): [0, m.) — (0, o0],
with e(m) = oo for 0 < m < M., and e(m) € (0,00) for m. < m < me, such that, letting

R = {(p e HYNH, 0< /W < me, E(p) < e(/ W)}, (1.6)

where sg = % — one has

2

pio)
YueR, P(u)>0.

The function e is strictly decreasing on [m.,m.| if d € {1,2,3,4} or pg < ﬁ.

We next state our scattering results. Throughout of this paper, we will make the following
additional assumption on the exponent:

Assumption A. % < p1 < po and for all j € {1,2}, [so] < p; or p; is an even integer.!

This type of assumption is classical to ensure a minimal regularity of the nonlinearity, however
we have not tried to obtain the optimal conditions. It is certainly possible to improve this condition
using techniques as in [33].

We first consider the case where the higher order nonlinearity is energy-subcritical or energy-

critical, that is d = 1,2 or d > 3 and py < ﬁ. Equivalently, the critical Sobolev exponent

S0 = % — p%] for the usual (NLS) equation with a single power nonlinearity

10yu 4+ Au = |u|Pu (1.7)

satisfies so < 1. We recall that this equation (1.7) is well-posed in H'! (see [12], [5]),

One can prove in this case that the equation is well-posed in H'. It follows from conservation
laws and the standard Gagliardo-Nirenberg inequality that all solutions of (1.1) are bounded in
H'. Using the well-posedness theory when sy < 1, and a more refined argument ultimately relying
on the fact that all solutions of (1.7) scatter (see [7], [29] and [33]) for so = 1, one can deduce from
this bound that all solutions of (1.1) are global (see [34], [32]).

Theorem 1.2. Assume d = 1,2, or d > 3 and py < d4f2' Suppose that Assumption A holds. Let
ug € R. Then u is global and scatters in both time directions.

Theorem 1.2 was proved in the case d = 3, pp = 4 (thus sg = 1), p1 = 2 in [18]. See
also [32, Theorem 1.3] where a scattering result for small mass was obtained for general double
power-nonlinearities with sg < 1.

We note that the ground state solution e“<@Q,, provides a non-scattering solution of (1.1)
which is bounded in the space H*° N H!, with mass m.. However, as in [18], the first critical mass
M, is not given by this minimal ground state mass, but by a multiple of it (corresponding to the
mass of a rescaled solution of (1.2)). It is not clear whether this restriction is due the method,
based on the positivity of ®(u), or if there exists nonscattering, bounded solutions of (1.1) with
me < [ |uol? < me.

In the case sg > 1, the equations (1.1) and (1.7) are no longer well-posed in H!, but rather
in the Sobolev space H® (see [10, Section 2]), at least under Assumption A. The homogeneous
equation (1.7) is also well-posed in the homogeneous Sobolev space H*® (see [5] and [10, Remark
2.20)).

Furthermore the global well-posedness is not guaranteed. Indeed Merle, Raphaél, Rodnianski
and Szeftel [23] have constructed solutions of the homogeneous equation (1.7) for some values of
po, d (with sg > 1), that blow up in finite time. It is very likely that such a phenomenon persists
in the case of a double power nonlinearity.

It is known however that for many values of py a solution of (1.7) that remains bounded in
the critical Sobolev space are global and scatter. We thus consider the following property:

Property 1.3. Let Ag € (0, 00]. For any solution u of (1.7) with initial data in H®, if
lim sup [Ju(t)|| 750 < Ao- (1.8)

t*)Tﬁ,(’U,)
Then T, (u) = +oo and u scatters for positive times in H*, i.e. there exists vy € H* such that

itA

Jin (6 = ¢ uu] ., = 0.

17s] denotes the smallest integer number larger or equal s.



4 Thomas Duyckaerts and Phan Van Tin

Property 1.3 holds for small Ay by standard small data theory. It is conjectured that it
holds for Ay = co. It was proved [7], [29] and [33] in the case so = 1 (where the bound (1.8) is
automatically given by conservation of the energy). The study of Property 1.3 for other critical
exponents was initiated in [15] where it was proved when d = 3, pg = 2 (thus so = 1/2), for radial
solutions. It was later proved in many other cases: see e.g. [19], [25], [22], [8] for s¢o > 1 in dimension
d > 4 (with technical restriction if d > 7).

Theorem 1.4. Assume d > 3, pg > d% and Assumption A holds. Let Ay > 0 such that Property
1.3 holds. Let u be a solution of (1.1) such that ug € R and u satisfies (1.8). Then u is global and
scatters forward in time.

The proofs of Theorem 1.2 and 1.4 is by contradiction. One of the tool needed for this method
is a profile decomposition adapted to equation (1.1), which was constructed in [10] in a more general
context. Using this profile decomposition, one can show that if the scattering does not hold, there
exists a nonzero global solution w.., of (1.1) such that there exists x(¢) such that

K ={uc(t,- +x(t)), t e R}

has compact closure in H%° N H!, and V¢, wu.(t) € R. The second step of the argument is to prove
that 0 is the only solution u. (with mass and energy in the considered domain) such that K defined
above has compact closure in H' N H*°. For this we use a general rigidity results, proved in [10],
and that extends the standard rigidity result (see [14] for radial (NLS) equation, [9] for extension
to nonradial cases, and [18] for the cubic/quintic double power nonlinearity):

Proposition 1.5. With the assumptions above, let u be a solution of (1.1) defined on [0,00) such
that there exists x(t) defined for t € [0, 00) with

K ={u(t,x + x(t));t > 0} (1.9)
has compact closure in H*° N H'. Then
: |P(u)?] _
min D (u(t)) — M) =0. (1.10)
To conclude the proof of Theorems 1.2 and 1.4, it remains to prove that
[P (u)|?
D(u) — 0
(u) M)

for u € R. This follows easily from Theorem 1.1 considering all the e***%0y and optimizing in &.

The mathematical study of (NLS) equation with a double-power nonlinearity was initiated
in [34], in dimension 3, where the author investigated the global well-posedness, scattering and
blow-up phenomena in the case py = 4. This includes in particular a scattering result for small
mass, in the spirit of Theorem 1.4, but without explicit mass. Similar results were obtained in [32],
in general dimension d in the energy-critical and supercritical setting so < 1. As already mentioned,
Theorem 1.4 was proved in [18] in the particular case d = 3, pg = 4, p1 = 2. The scattering was
extended to a slightly larger region in [17]. In [26], the authors showed that solutions of a specific
(NLS) scatter in both time directions by giving a new radial profile decomposition.

The problem with p; = 4, py < 75 was considered in [6], [27], where the author investigated
scattering below or at the mass of the ground-state for the mass-critical homogeneous equation.
See also [3] which considers the case (po,p1) = (4,2) in space dimensions 1, 2 and 3.

We conclude this introduction with an outline of the paper. In Section 2 we recall results
from [10] in the particular case of equation (1.1). This includes a well-posedness theory, as well as a
profile decomposition adapted to (1.1) and a quantitative version of Property 1.3. In Section 3, we
prove Theorem 1.1 on the positivity of the virial functional. In Section 4 we prove our scattering
results Theorems 1.2 and 1.4.
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2. Preliminaries

2.1. Cauchy theory

This section is concerned with the Cauchy and stability theory for the equation (1.1). We refer to
[10] for the proofs. We start with a few notations.
For each ¢ > 1, we let ¢’ be the conjugate exponent given by % + % =1.

If m is a complex valued function on R¢, we define by m(V) the Fourier multiplier with

symbol m(§), i.e. Wu = m(§)a(§), where @ is the Fourier transform of w. For a multi-index
a= (a1, az,...,aq), denote DY = 9g} - -- 9g¢ and |a| = Z?:l |ai]-
If X is a vector space, (u,v) € X2, we will make a small abuse of notation, denoting
1w, 0)l[x = [lullx +[lv]|x-
We will consider the following function spaces:
L (I, L*(R%)) N L2 (I, L%(Rd)) if d >3
SUI) = QL= (I, LA(R?)) N L% (I, L™2(R?))  ifd =2
L (I, I2(R)) N L* (I, L (R)) if d=1,
where when d = 2, (g2,72) is an admissible pair with g2 > 2 close to 2, and
LY (I, L2(RY)) 4 L (1, L%(Rd)) ifd>3
NO(D) = QLY (1, L2(R2) + L (1, L7 (R2))  if d =2
L' (I,L*(R)) + L*/3 (I, L*(R)) if d =1,
By Strichartz estimates ([31], [11] [13]),
[ullsocry S lluollz> + [1fllwvocry

for any solution C°(I,R) of id;u + Au = f on I > 0 with initial data ug at ¢t = 0.
We also define the following Strichartz spaces, and dual Strichartz spaces:
WO(I) = L™ (I x RY)  2°(I) = (WO(I))' = L& (I x RY),
so that we have S°(I) C W9(I) and Z°(I) ¢ N9(I) (with continous embedding). We denote

X(I) = L2 xR 0 LP22(1 < RY). (2.1)

x

For s > 0, we denote

flul Ss(1) = ||<V>Su||S°(I)7 [[u] Ss(1) — H|V|SUHSU(1)

and define similarly W*(I), W*(I), N*(I), N*(I), Z*(I) and Z*(I).
By Sobolev inequalities, S*°(TI) is continuously embedded in X (7).

Definition 2.1. Let 0 € I be an interval. By definition, a solution « to (1.1) on I, with initial data
in H®° is a function u € C(I, H*0) such that for all K C I compact, u € S*(K) and u satisfies
the following Duhamel formula

t
u(t) = e*Pug — i / B g(w) (1) dr, (2.2)
0
for all t € I, where g(u) = |[u[Pou — |u[P*u.

Noting that the assumption py > 4 implies py(d + 2)/2 > 2 (and po(d +2)/2 > 6 if d = 1),
we can choose gg such that (po(d + 2)/2,qo) is an admissible pair. By Sobolev inequality and the
definitions of sg, qg, one can check

lell oz SHIVITu] o (2.3)

x

and thus

ful muigens o S IV ulson. Nl S el (2.4)

The following local well-posedness statement is contained in [10, Section 2|. See in particular
Proposition 2.12, Remarks 2.13, 2.14 and 2.15 and Lemma 2.16 there:
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Theorem 2.2. Let ug € H®0. Let pgy, p1 such that Assumption A holds. Then there exists a unique
mazimal solution of u to (2.2), defined on an interval (T_,T}) > 0, such that for any interval I
such that I C (T-,Ty), one has u € S*(I). Furthermore we have the following:

o T <oo=u¢ X([0,T4)).

o Ifu € X([0,00)), then u scatters ast — oo.
Remark 2.3. Let I be an interval such that 0 € I. If Hei'A
defined on I. By Strichartz, |[e"2
(2.2).

u0||X(I) < 0 is small enough, then u is

UOHX(R) S lwol| =0 < oo which implies local well posedness of

We next state the existence of wave operators for equation (1.1):

Proposition 2.4. Let ug € H®°. Let pg, p1 such that Assumption A holds. Let vg € H®° and
vr(t) = e*Avy. Then there exist a unique solution u € CO((T_(u),00), H*) of (1.1) such that

Jim flu(t) = o (8)]| a0 = 0.
We recall the following long time perturbation theory:

Theorem 2.5. (see |10|/Theorem 2.19]) Let A > 0. There exists constants €(A) € (0,1], C(A) >0
with the following properties. Let 0 € I be an compact interval of R and w be a solution of the
following equation
Lw = g(w) +e,

and ug € H% such that

lwoll grso + lwllxry <A llellysory + lluo = w(0) oo =& < e(A).
Then the solution u of (1.1) with initial data uo is defined on I and satisfies
Sso(1) S C(A)e,  |ul S0 (1) S C(A). (2.5)

[l — wl

Remark 2.6. The analog of Theorem 2.2 for the equation (1.7) where all the spaces are replaced

by homogeneous spaces hold. Precisely, in the statement of Theorem 2.2, one can replace X (I) by
po(d+2)

L™ (I xR%), H® by H®, §%(I) by S*(I).
2.2. Profile decomposition

In this subsection we recall results on profile decomposition for the linear Schrédinger equation
10wur, + Aug, = 0. (2.6)

and the nonlinear Schrédinger equation (1.1). Profile decompositions for Schrodinger equations go
back to [24] (see also, among other works, [16], [1] and [30]). Here, we follow the theory developed in
Section 3 of our previous article [10] which is adapted to nonlinearities of the form +|u|Pou+1.0.t..

We start by recalling the profile decomposition for sequences of solutions of (2.6) such that
the corresponding of initial data is bounded in H*°. We denote by ur(t) = e®?uq the solution to
this equation, with initial data ur(0) = uy € H®®

Definition 2.7. A linear H*°-profile, in short profile, is a sequence (pry,)n, of solutions of (2.6), of
the form

1 t—t, r—x,
punttia) = —on (5 ). 2.7)
)\50 n n

where ¢, is a fixed solution of (2.6) and A,, = (A, tn, Zn)n is a sequence in (0,1] x R x R? (called
sequence of transformations) such that

-t
lim —~ =7 € RU {£o0}. (2.8)

n— 00 )\721

Definition 2.8. We say that two sequence of transformations A,, = (An, tn, 2, ) and My, = (tn, Sn, Yn)
t — —
lim ‘ n 5n| + ‘xn yn| +

are orthogonal when they satisfy
1 An |

We say that two H®o-profiles are orthogonal when one of the two profiles is identically 0 or when
the corresponding sequences of transformations are orthogonal.
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Let g = df;iSO = %po be the Lebesgue exponent such that the Sobolev embedding H®0 c L%

holds. Then we have:

Proposition 2.9. For any bounded sequence (ug n)n in H®, there exists a subsequence (that we still
denote by (uo.n)n), a sequence ((@JLn> ) of H° profiles such that
n

jz1
. . J J J
}Lngollgsogp||wLn||X(R) HIVIwin || yo gy + lwinllzero =0, (2.9)
where
J .
Wi = UL = D Pl (2.10)
j=1
ULy = e“Auoyn. Furthermore, we have the Pythagorean expansions:
J
2 j 2 J 2
WIS uenld, =D O+ [0l +o), mooo o 21D)
j=1
. 2 9
V21 uonly. = S ‘ (p]L(O)HHS 4wl (0)| 5. +o(1), n—o00; 0<s<so. (2.12)
JE€EINC
NS

We say that the sequence ((cpJLn)n) - is a profile decomposition of (urn)n

See Definition 3.4, Proposition 3.5, Lemma 3.7 in [10], and also Remark 3.10 there for the
Pythagorean expansion (2.12). The norm X (R) does not appear in the analog of (2.9) in [10] (see
(3.5) there). The fact that this norm also goes to 0 follows from the boundedness of the sequence
(o n)n is bounded in H?®0 and Strichartz estimates.

We next construct a nonlinear analog, adapted to the equation (1.1), of the preceding profile
decomposition. With the notations of Proposition 2.9, extracting subsequences if necessary, we see
that for all j, one of the following holds:

° @i = 0. In this case we say that (<pJLn)n is a null profile, and denote j € Jp.

. cpi # 0 and lim,, oo M, = M € (0,1]. In this case we say that (gojLn)n is a non-concentrating
profile, and denote j € Jnc. We have <pf) = @i(O) € H*°. Rescaling, we see that we can
assume A’ = 1. As a consequence, we can assume )\, = 1 for all n.

. (pi # 0 and lim,, o, A}, = 0. In this case we say that ((ijn)n is a concentrating profile, and
denote j € Jc.

Remark 2.10. If the sequence (ug,n)n is bounded in H*® for some s > sg, then Jo = 0.

2d

T 9557 and

Remark 2.11. Let 2 < g < qo =

. —t
7 = lim 0,

(2.13)

Extracting subsequences and translating the profiles in time, we can assume 77 € {0, £c0}. Then
if 77 € {+oo}orje Je

Tim ([}, (0) [0 = 0. (2.14)
Furthermore, we have the following expansion:
; q _ J q
T fuonlle = 3 ed )]

Jj€INC
7=0

To each (linear) profile @]Ln, we associate a nonlinear profile @) and a modified nonlinear profile
@7 in the following way:

o If j € Jo, ¢/ and ) are both equal to the constant null function.
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o If j € Jnc, the modified nonlinear profile and the nonlinear profile are equal, and defined by
@%(tvm) = @%(ta {E) = on (t - tgmx - {E%) s

where ¢7 is the unique solution of (1.1) such that

] J(4+) — ) — J — lim —#
Jim [0 -t =0, = lim . (2.15)
o If j € Jc, the nonlinear profile ¢? is defined by
j 1 ft—t x—a)
entr) = ——=¢ | 50— (2.16)
()\%) Po (An)Q )\n
where ¢/ is the unique solution of the homogeneous equation (1.7) such that
: J(4) — — J— 1 J:n
tl—l)r'rrlj v (t) SDL(tL)HHSO 07 T nh~>néo ()\%)2 ’

To define the modified profile, we fix 07 in the maximal interval of existence of ¢/ (if 77 is
finite, we can take o7 = 77, if 79 = to00, |07| large and with the same sign than 77). We let

= () 41

and denote by @7, the solution of (1.7) such that

o . o . 1 ; -]
(s = v (-2 ! (7)) = v (2 — 27 : I od, —"2 |, 217

where y € C§°(RY) is radially symmetric, x(z) =1 for |z| < 1, x(z) = 0 for |z| > 2.
When j € J¢, the modified profiles ¢/ are close to the profiles ¢/ in H#o,

Lemma 2.12. Let j € Jo. Then
lim ||@%(0) — ¢4, (0)|| ., =0 (2.18)

n—oo

These modified profiles are also approximate solutions of (1.1) (see Lemma 3.13 in [10]).
We next give an approximation result. We let II/L]n be the solution of the linear wave equation
with initial data

J
W7 ,,(0) = uom — »_ &5(0). (2.19)
j=1

One can prove that for all s with 0 < s < sq,

Jim T sup |07 | ) + 182 nllyp ) = 0-

Then we have:

Theorem 2.13 (Approximation by profiles). Let (uo.,)n be a sequence bounded in H®® that admits a
profile decomposition (((pJLn)n> . Let i, ¢J and ﬁ]in be as above. Let I,, be a sequence of intervals
such that 0 € I,,, and assume t;mt for each j > 1, for large n, 0 € I, C Iax(0)),

< oo, (2.20)

Jj € Jo = limsup |||V|SOSD£'LHSO(IH)
n— 00

< 0. (2.21)

j € Inc = limsup ||‘P£L| 550 (1)
n— oo

Let u,, be the solution of (1.1) with initial data ug,,. Then for large n, I, C Imax(ty),
un(t) = Z @%(tvx) + wi,n(t) + TT{(t)ﬂ t€lIn,
1<
with
lim sup [|un [ g50 (1, ) < 00
n—oo

and
0. (2.22)

JILII;O lim sup Hrg |

n— oo 50 (In)
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We will also need the fact that Pythagorean expansions of the Sobolev norms hold in the
setting of the preceding Theorem:

Lemma 2.14. With the same assumptions and notations as in Theorem 2.13, if (t,)n is a sequence
of time with t,, € I, for all time, then for oll J > 1,

(][ ZII% a0 + N5 () ey + 010 (1),

where lim y_, o limsup,,_, . 05.,(1) = 0. Furthermore, for all s with 0 < s < sg,

lun(ta)lZ. = > N EN. + 1@ ()1 + 0sn(1),
1<5<J
jengC

2.3. A uniform bound on the scattering norm
We recall here [10, Proposition 4.1], which gives a quantitative version of Property 1.3. The proof
uses profile decomposition:

Proposition 2.15. Let py > 2 75 80 = % — p%. Assume Property 1.3. Then for all A € (0, Ay), there

exists F(A) > 0 such that for all interval 0 € I, for all solution w € C°(I, H*) of (1.7) such that
sup [|u(t)|| . < A (2.23)
tel

we have

[ull g0 1y < F(A). (2:24)

2.4. Global well posedness
Using Proposition 2.15, we obtain that if Property 1.3 holds then solutions satisfying (1.8) is global
forward in time. More precisely, we have the following result:

Theorem 2.16. (see [10, Theorem 1.2]) Let py > %, S0 = g— p%. Suppose that Assumption A holds.
Assume Property 1.3. Let u be a solution of (1.1), with initial data in H*°, such that (1.8) holds.
Then Ty (u) = co.

3. Variational properties
In this section, we fix d > 1 and consider a nonlinearity g of the form
g(u) = |u[*u —fu["u,
with % < p1 < po, such that % — 2 — 55 > 1. We also assume that py and p; are even integers, or

Po
that [so] < p1.
We recall the definition of the energy and the virial functional:

2
E(u) = Vul? — ———|u| 2 +
w) /Rd| | p1+2|| po + 2

dp1 dpo
D(u z/ Vul? = ————|uP* T2 + —2|u|Pot? da,
(u) Rdl | 2(p1—|—2)| | 300 +2)| |
In this subsection, we prove positivity properties of E and ® in some subsets of H*°, see Theorems
3.2, Corollary 3.5 and Theorem 3.3 below. These properties are obtained essentially as consequences
of [20].

‘u|po+2 dz,

3.1. Preliminaries
As in [20], we have the following Gagliardo-Nirenberg inequality

+2 —0 2(1—-0 0 +2
[ull2E5 <prposa Il 25 19357 flul 5005, (3.1)
where .
0="1"4d ¢ o)1)
Po— 4

We note that this implies the following:
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Claim 3.1. Let u € H'(R%) N LPo*2(R?) be such that M(u) = m > 0 and ®(u) = 0 Then,
2
IVully Zd.p:.pom 1-
Proof. Using ®(u) =0 and Gagliardo—Nirenberg inequality (3.1), we have

+2 2 +2 2(1—0 0 +2
ulPo55 + | Vull = [ull? 5 Saprpoim [Vall30 ™ [ful|2Po2)

(p _|_2) po+2 ( ) p1+2 pPo+2
+2 +2 2
Thus, [|ul[2°75 ~ [lull?' 15 = [[Vull;. I p1 < 7% then

~ 215
ol s S Nl [Vl

Then,

+2
IVulls ~ ull}i 5 < 9], *

It implies that |Vu|ly Zd,p, ,po,m 1 since p1 > 4/d.
If p; = ﬁ then

IVl < [l 12 S Vully -
It implies that | Vuly Zd,py po,m 1-
If p1 > ;%5 then
el o S Ml %2l fs S IVull3 llull, Yo
where 6 € (0, 1) satisfies
I 0 n 1-90
p+2  2d/(d—2) po+2
Thus,
2(1-0)
Va7 < IIVUHQHVUHJO+2 '
We see that —25 < 0+ p1+§) Thus, |Vully Zdpr,pom 1. This completes the proof. O
Define
I(m) = inf E(u).

u € HY(RY) N Lro+2(RY)
fle |u|>dz = m
The following Theorem is essentially contained in [20].

Theorem 3.2. Let d > 1 and pg > p1 > %. The function m — I(m) is concave non-increasing over
[0,00). There exists m. > 0 such that it satisfies

e I(m) =0 for all 0 < m < me,
e m +— I(m) is negative and strictly decreasing on (m., o).

The problem I(m) admits at least one positive, radial, decreasing minimizer u for every m > m..
Any minimizer u solves the Fuler-Lagrange equation
—Au = —uPott Pt o, (3.2)
for some w € (0,w,), hence must be equal to Q,,, where w,,Q,, are defined in the introduction. The
minimizer in the case m = m. is an optimizer for the Gagliardo-Nirenberg inequality (3.1).
The infimum is not attained for m < me..
For 0 < m < m,, there exists §(m) > 0 such that for any u € H'(R%) N LPo+2(R%) such that
Jga [u|? dz = m < mc, one has E(u) > §(m)||Vull3.
For each minimizer u of the problem I(m) satisfies the Pohozaev identity: ®(u) = 0.
Proof. In the case d > 2, this is [20, Theorem 6], except for the claim that there exists §(m) such
that E(u) > §(m)||Vul|3 if [|u[*dz = m < m.. To prove this point, we let v(z) = u(Bz), where
B = < 1. Then [|v> = m. and E(v) = Z((52 — 1) ||Vul||5 + E(u)). Since E(v) > 0, we
obtain E(u) > (1 — %) || Vull3.
Let u be a minimizer of I(m). Then u solves the following Euler-Lagrange equation:
—Au = —|u|”u + |u[Pu — I,

for some A € R. By Claim A.1, we have ®(u) = 0.
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It remains to consider the case d = 1. The existence and uniqueness of solution for elliptic
equation (3.2) are proved in [2], [21, Proposition 2.1], [4, Theorem 8.1.4]. Thus, we only need to
show the existence of such m,. in the case d = 1. It is classical that I is non-positive and non-
increasing. We show that I is continuous on (0, c0). Indeed, as in [20, Proof of Theorem 6], we can
rewrite

I(m) = mJ(m=?),

where
J(A) = inf Hj(u),
u € HY(R) N LPoT2(R)
Jg lul?de =1
where

A
=5 [l + — / = 5 [,

It suffices to show that J is continuous on (0 00). Let A € (0,00) and A\, = X as n — oo. Let
u,, be such that M (u,) =1, J(A,) + 27" > H), (uy). It is clear that w, is uniformly bounded in
HY(R) N LPo*+2(R). Thus, for n large,

J(An) +27" = Hy, (un) = Hx(un) +0(1) = J(A) + 0(1)

which implies that
J(A) < liminf J(A,).

n— oo

Thus, it suffices to show that
J(A) = limsup J(\p,).

n—oo
Let € > 0, u € HY(R) N LP*T2(R) be such that M (u) =1, J(\) = Hx(u) — . We have, for n large
enough,
J(A) = Hy(u) —e = Hy, (u) —e+0(1) = J(\,) — e+ o(1),
which implies the desired result, letting n — oo then € — 0.

Next, we show that there exists m. > 0 such that I(m.) = 0. We argue by contradiction.
Assume that I(m) < 0 for all m > 0. We fix m > 0 close to 0 and consider a minimizing sequence
(tn)n, with u, € H'(R), [ |u,|?> = m and lim,, E(u,) = I(m). Using Schwarz rearrangement we
can assume u,, nonnegative, even, and decreasing for = > 0. By the inequality uP°+2 +Cu? > uPr+2,
we see that (uy), is bounded in H'. Extracting subsequences, we can assume that (u,), converges
weakly to some v € H'. The convergence is strong in LPo+2 N LP1+2 Thus

E(u) < I(m), m':/|u|2 <m

Since [ is nonincreasing, we deduce that I(m') < E(u) < I(m) < I(m'). Thus v is a minimizer for
I(m’). If m’ = 0, then the equality I(m) = I(m') = 0 shows that I = 0 close to 0 and we are done.
If m’ > 0, u is a positive minimizer of I(m'). Let w be the associated Lagrange multiplier. Then
w € (0,w,) and

Opptt — uPOHL Py = 0.

[0+ [l = [rapz = [ (33

where all integrals take over the real line. By the Gagliardo-Nirenberg type inequality (3.1) and
since m’ < m, we have

This implies that

0 —+2
/ P2 < Cm P (9, 200 ] 202

Combining with Young’s inequality a’b'~? < fa + (1 — 0)b, we obtain

/|u|p1+2 < %/|u|po+2+cm7p§(1—_ﬂ§§’ /(azu)Q.
[ 1o <o [0 -5 [

With (3.3), we deduce
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This gives a contradiction if m is small enough. Hence, there exists m. > 0 such that 7 = 0 on
(0,m.) and I(m) < 0 if m > me. It remains to prove that I is strictly decreasing on (me,o0).
Assume by contradiction that there exist m. < m; < mg such that I(mq) = I(ma).

Let m € (m1, m2) and u,, be a minimizer sequence of I(m). We can assume that w,, is positive,
radial, decreasing. It is classical that u,, is uniformly bounded in H!(R) N LP°*2(R) and hence u,,
converges weakly to u in H*(R) and strongly in L? for each q € (2, 00). Thus,

E(u )\hmlnfE(un)—I( ),
M(u )ghrgloréfM(un)zm,

and hence, u is a minimizer of the following problem
inf{E(v) : v € H'(R) N LF*T2(R), M (v) € (0,m2)}.
Thus, u is a critical point of E:

Opztt — uPo T 4 P11 = 0.

[0 = [puprz = [rape
2 2
—/\&Eulzz +2/\u|’“+2—7+2/|u|”°+2.
P1 Po

4 4
1+ /|u|p1+2 _bot /‘u|p0+2’
p1+2 po + 2
P1 Po
2 o.ul? = p1t+2 _ / po+2
[ 1ozl p+2/\u| 2 [

= [ ot B iy,
Do + 2)( p1+2)
which gives a contradiction. Hence, I is strictly decreasmg on (me,00) and the proof is completed.
O

This shows that

Hence,

Recall from (1.5) the definition of m.. In the remainder of this subsection, we will prove:

Theorem 3.3. There exists a nonincreasing function e : (0,m.) — [0, 00] such that e(m) = oo if
0 < m < 1, and, for allu € HY(RY)NLPo+2(RY) such that M (u) = m € (0,m,), 0 < E(u) < e(m),
one has

®(u) — |P(u)?/M(u) > 0.
Remark 3.4. If d € {1,2,3,4} or d > 5 and pg < ﬁ, the function e is strictly decreasing on
[rite, mc]. The case d > 5, pg > -2 is open.

3.2. Positivity of virial functional below critical mass
Define
I(m) = inf D(u).
ue H? (]Rd) LPo+2(RY)
Jga [ul? dz=m

Let u € H'(R?) N LPo+2(RY) and a,b > 0. Define

Uqg,p(2) = au(bx).
We have

/]Rd [uqp(2)|? dz = a®b~? /Rd lul?dz, E(uqp) = a*b* B, 4(u),

where

2
Eqp(u) := /]Rd |Vul? doe — p

2
aplb%/ |u|p1+2 dx +
+2 R Do

apobfz/ |u|PoT2 da.
+2 R4
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We have
I(m) f E(ua,b) - CL2b2 d f Ea b(u),
= Hl(Rd) Lpo+2(Rd) = Hl(Rd) Lpo+2(Rd)
Jga [tap(z)? dz =m Jga [u]? dz = ma=2p?
for all a,b > 0.

We chose a = ag, b = by such that
2 2 I; 2 b — dpo

a = ; bo — =
20 T2 por2™ 2(po + 2)

—1 __ _P1_
0y — (po) Po—P1 B2 4 (po)mm
P1 T dpy

By the definition of ag, by, Eq, 5, = . By the above, we have

I (aby®m) = a2b2~ inf ®(u) = a2b2 1
(aoo ) ) ueHl(RdinﬂLm“(Rd) (u) = ag (m).

that is

Jga [ul? dz=m
Define 7. = (a2by )~ 'me.
We have

2 4 % T dpq 3 P1 d ddp14
PO —P1 2(po—P1 Po—P1 P1—
Me <M < aj > bl < <po> > () <p0> N (po) < <pl>
D1 dp; D1 D1 4
d
e < Me <= fi <p0 ) fo ( pl) (3.4)
P1

where fi(z) = (1+ )7 and fo(z) = 27 1. We see that f; is strictly decreasing on (0,00) and fo
is strictly increasing on (1, 00). Thus,

3 (Poplm) <}c§%f1( )—e:;i_{nlfg( D)< fo (dp1>

4

Then, (3.4) holds when pg > p; > 4/d, and m. < m,.
From Theorem 3.2, we have the following result.

Corollary 3.5. Let d > 1 and pg > p1 > %. The function m — f(m) S concave noON-iNCcreasing over
[0,00). It satisfies
o I(m ) =0 for all 0 <m < m,
o m — I(m) is negative and strictly decreasing on (1., o0). The problem I(m) admits at least
one positive, radial, decreasing minimizer 4 for every m = me.
For 0 < m < 7, there exists 5(m) such that for any u € LPT2 N H' with [ |ul?> =m
®(u) > 6(m)|| V7.
3.3. Positivity of virial functional below a critical energy, at fixed mass
As before, we assume % < p1 < po and thus M. < m.. Define
I%(m) = inf
u € HY(R?) N Lrot+2(RY)
M(u) =m, ®(u) =0
If there is no function u € H'(R%) N LPo+2(R?) such that M(u) = m and ®(u) = 0 then we let
I? = .
Define
R={(m,e):0<m<mg0<e<I®m)}
As in [18, Theorem 5.2], we have the following result.
Theorem 3.6. If (M (u), E(u)) € R for some u € H'(R?) N LPo+2(R%) then ®(u) > 0.
e I%(m) = oo when 0 < m < M.

)
e 0 < I%(m) < oo when m. < m < me.
o I%(m) = I(m) when m > m,.
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Moreover, I®(m) is nonincreasing as a function of m for m > m..
If we further assume that d = 1,2,3,4 or py < ﬁ, then the infimum I®(m) achieved.
Moreover, in these cases, I®(m) is strictly decreasing and lower semicontinous on [, 00).

Before proving Theorem 3.6, we prove that it is equivalent to consider the minimum of E on
the set {®(u) = 0} and on the larger set {®(u) < 0}.

Lemma 3.7. Suppose u € H*(RY) N LPo+2(RY) is not identically zero and that ®(u) < 0 Then
there exists X > 1 so that u*(z) = A2u(\z) obeys ®(u*) = 0 and E(u) < E(u). Note that
M(ur) = M(u) and [p, |Vur?do = A2 [5, [Vul? dz >[5, [Vul? da.

Proof. By direct computation, we have

_ MdE(W) dp A3 dpo) %
- 2 d)\ 2(]71 + 2) Rd 2(p0 —+ 2) Rd
Suppose ®(u) < 0. By (3.5), limy_,o, ®(u*) = co. Thus, there exists A > 1 such that ®(u*) =

0.
Let A\ be smallest such \. It implies that from (3.5), E(u") is decreasing on [1, \). Thus, E(u*?) <
E(u). O

®(u) =\2 |Vu|? de — |u[Pr T2 dx + lu[Pot? dz. (3.5)
R4

Lemma 3.8. (|18, Lemma 5.4]) Assumed = 1,2 ord > 3 and py < 725. Let m > 0 and u € H'(R?)
be such that 0 < M(u) < m, ®(u) = 0. Then there exists v € H'(R?) satisfying: M(v) = m,
E(v) < E(u) and ®(v) = 0.

Proof. The proof is similar as in [18][Lemma 5.4]. Remark that H' — LPo*2 since py < 725. O
We divide the proof of Theorem 3.6 into three steps.

3.3.1. Finiteness. We argue as in [18, Proof of Theorem 5.2]. Assume u € H'(R%)N LPoT2(R?) such
that (M (u), E(u)) € R. If ®(u) = 0 then by the definition of the function I®(\), I®(M(u)) < E(u).
If ®(u) < 0 then using Lemma 3.7, there exists u* such that ®(u*) = 0 and E(u*) < E(u). Thus,
I®(M(u)) = I*(M(u))) < E(u?) < E(u). In all cases, this gives a contradiction with the definition
of R. Thus, ®(u) > 0.

If M(u) = m < 7, then by Theorem 3.2, ®(u) > 0. Thus I?(m) = co.

If m. < m < m,. By Claim 3.1 and Theorem 3.2, I®(m) > 0. Let u € H*(R%) N LPoT2(R?) be
such that M (u) = m. By Corollary 3.5, there exists ug € H'(R%)NLPo+2(R?) such that M (ug) = m
and ®(ug) = I(m) < 0. We divide into two cases. If m = 7, then ®(ug) = I(m) = 0. This implies
that 0 < I?(m) < E(ug) < oo. If m. < m < m, then ®(ug) = I(m) < 0. By Lemma 3.7, there
exists Ao > 1 such that ®(u)°) = 0, E(u)°) < E(ug), M(u)°) = m. Combining all the above, we
have

0 < I*(m) < E(u)°) < E(ug) < co.

If m > m, then by Theorem 3.2, there exists ug € H'(R%) N LPo+2(R9) such that M (ug) = m,
E(ug) = I(m) < 0. Since ug is a minimizer of problem I(m), from Theorem 3.2, we have ®(ug) = 0.
Thus, I(m) = I®(m) and I®(m) is achieved. Moreover, using Theorem 3.2, I®(m) is negative,
strictly decreasing on (m.., 00).

3.3.2. Monotonicity. We next prove that m ~ I?(m) is nonincreasing on [, m.]. Let m €
[Me, me] and m’ > m such that m’ < m.. We will prove that for all € > 0, there exists U, €
H' N LPo+2 such that M(U.) = m/, ®(U.) < 0 and E(U.) < I?(m) + ¢. Using Lemma 3.7, we see
that it would impliy I?(m’) < I?(m) + ¢, and thus, letting £ goes to 0, I?(m’) < I?(m), which
yields that I? is nonincreasing.

To prove the existence of U, satisfying the desired property, we first consider a function
v € H' N LPo+2, given by the definition of I?, such that

M(v) =m, ®(v) =0 and E(v) < I(m) + % (3.6)

We let vyp(2z) = v(bx), for some b < 1. Then

/|v,,|2 _ b—d/ o2 = m + o(1) as b — 1. (3.7)
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Furthermore ®(vy) = b~¢ (b2 Jga |V0|* da — % Jga l0[P1 2 da + % Jga [o]Pot? dx) which

implies, using that ®(v) =

B(vy) = b4 — 1)/|w2 <0, when b < 1. (3.8)
We also have
E(v) = E(v) 4+ o(1) as b — 1. (3.9)
By (3.6), (3.7) and (3.9) one can choose b < 1 such that
M(w) <m, ®(w) <0, B(w) < I°(m) + 7. (3.10)

If M(vp) = m’, we can take U, = v, and we are done.
If M(vy,) <m', we fix ¢ € C°(R?\ {0}) and M () = m/' — M(vp), and we let

- vm' _
ax(z) = vp(z) + )\d/2¢()\x), Uy = mw\.
Then
lim ||i5 |3 = M(v) + M(¢p) = m/ (3.11)
A—0
luxll3 = m'. (3.12)

Furthermore, since % < p1 < po,
Z lim [[ax — vyl oy +2 + [[V(@x = wp)lz2 =0,
7=0,1

and thus, by (3.11) and the definition of uy,
-Zol lim i = vpll s 2 + [V (ur = )22 =0,
7=0,

which implies, using also (3.10),

lim ®(uy) = ®(vp) <0, lim E(uy) = E(v) < I%(m) + = (3.13)
A—=0 A—0 2

By (3.13), we can choose A large such that
P(uy) <0, FE(uy) <I?(m)+e.

Combining with (3.12) we see that U, = u, satisfies the desired properties.
3.3.3. Strict monotonicity. Now, we prove the last statement in Theorem 3.6. From Theorem 3.2
and I®(m) = I(m) for m > m,, we see that I?® is strictly decreasing and achieved on [m.., 00).
Now, consider I® on [, m.]. Assume that d = 1,2,3,4 or d > 5 and py < d%.

We start by proving that I?(m) is achieved. Note that it is already known in the case m = m...
We thus assume m < m < m,.. We consider a minimizing sequence u,, for I?(m):

1
Bu) =0, Blu) <1°m)+ 5, [ funf = m.

Let v,, be the symmetric decreasing rearrangement of u,. Then

1
B0a) SO, Eloa) < B(w) < IPm)+ 5 [ Jonf? =m. (3.14)
Let p p
— _hae 5 Pod p
s (2(p1—|—2)8 2(p0—|—2)8 ) € (0,00).
Then

pld / p1+2 pod / po+2
— Un + Un, +aM Up) 2 07
2(p1 +2) oo 2(po +2) 0w (v)

and ®(v,) <0, [ |v,]> = m imply [|Vv,|? < am. Thus v, is bounded in H'. Since ®(v,) < 0,
using Gagliardo-Nirenberg inequality and the boundedness in L?, we deduce that v,, is bounded in
H'N LPo+2 Let v € H' N LPo+2 such that (after extraction)

U =22y weakly in H' 0 LPo+2,
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Since vy, is radial and a nonincreasing function of |z|, using Strauss Lemma, we obtain that the

convergence is strong in L9, 2 < ¢ < 24 (for all 2 < ¢ < oo if d = 1,2). Also, since (vy,), is

bounded in LP°*2, the convergence is strong in L for all 2 < ¢ < pg + 2. In particular, it is strong
in LP**2. We thus obtain:
d(v) < limninfq)(vn) 0
E(v) < limninfE(Un) < I%(m)
M(v) < limninf M (vy,) < m.

By Lemma 3.7 and the fact that ®(v) is nonpositive, we obtain E(v) > I?(M(v)). Since by §3.3.2,
I? is nonincreasing, we obtain

I#(m) < I°(M(v)) < E(v) < I?(m),

which proves that all these quantities must be equal. Thus lim,, F(v,) = F(v), which shows that
v, converges strongly to v in H! and in LP°*2, Thus we have found v € LP°*2 N H! such that
®(v) <0 and
E(w)=1I%m) =I°(M(v)), M) <m. (3.15)
Note that since m < m,, we have E(v) > 0 and thus v is not identically 0. By Lemma 3.7, we see
that we cannot have ®(v) < 0. Thus
D(v)=0 (3.16)
If M (v) = m we are done. To conclude the proof that I?(m) is attained, we will assume M (v) < m
and obtain a contradiction.
First assume d € {1,2,3,4}. Denoting m’ = M (v) , we see by the above that I¢(m) = I?(m/)
and since I? is nonincreasing, we deduce
() = I°(m), m' <p<m
By the definition of I¢ we obtain
E(v) = i E(u). 3.17
(V) =, min_ B(u) (3.17)
P (u)=0

Since M(v) = m' < m, we see that v is a minimum of E(u) with the sole constraint ®(u) = 0.
Thus there exists a Lagrange multiplier « such that

d d
—Av — P gPotl = o (—Av — %vmﬂ + ZOU”0H> : (3.18)

dpl p1+1 _ dpo po+1
< 1 1) v =7 1w ,

which shows, since v € H', that v = 0, a contradiction.
If o # 1, we see that v is a H! solution of an equation of the form

If o =1, we obtain

—Av + a P 4 ggoPott = 0,

where (ag,a;1) € R?. Since we have assumed d € {1,2, 3,4}, this proves again by Proposition A.2
that v = 0, a contradiction which concludes the proof if d € {1,2,3,4}.

We next assume that d > 5 and py < d 5. By Lemma 3.8, there exists © # 0 such that
M(%) = m, ®@) = 0 and E(0) < E(v) = I®(m), this gives a contradiction to the definition of
I®(m). Thus, the achievement of I®(m) is proved.

Now, we prove I®(m) is strictly decreasing on [, m.]. Let m. < mi; < ma < me. Since
I®(my) is achieved, let u € H'(RY) N LPo+2(R9) be such that M(u) = my, ®(u) = 0, E(u) =
I?(my). Assume that py < 725. By Lemma 3.8, there exists @ such that M (a) = ma, ®(a) = 0,
E(@) < E(u) = I*(m1). Thus, by the definition of I®(ms), we have I®(m;) > I®(mz), which
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proves that I?® is strictly decreasing on [m.,m.] in the case py < We next assume that

d 2°

d €{1,2,3,4} and I?(my) = I?(my). Since I?(m) is nonincreasing on [1h,, 00), we have
E(u) = i E(v).
()= o, © 1)
P(v)=0

Similarly as above, using Proposition A.2, we have u = 0, a contradiction which implies the desired
result.

Next, we prove that I? is lower semicontinuous on [r, 00). Since, I? is nonincreasing, it
suffices to show that I® is right continuous. We argue by contradiction, assume that there exists m,,
decreasing to m with I®(m) > lim,, o, I®(m,,). Let u,, be radial functions such that M (u,) = m,,
®(u,) =0, E(u,) = I®(m,,). We see that u,, is bounded in H'(R?). Thus, u,, weakly converges
to v in H'(R?) and strongly converges to v in LP*+2(R%). This implies that M (v) < m, ®(v) <0,
E(v) < limy 00 E(uy) < I%(m). If ®(v) = 0 then I*(m) < I®(M(v)) < E(v) < I®(m), which
gives a contradiction. If ®(v) < 0 then by Lemma 3.7, there exists ¢ such that M (0) = M (v) < m,
®(?) = 0, E(0) < E(v) < I®*(m). Similar as the above, we gives a contradiction. This completes
the proof.

Proof of Theorem 3.3. For m € (0,m.), let e(m) = I®(m). Theorem 3.6 implies that e(m) is
nonincreasing on (0,m,). For each v € H'(R?) N LPo+2(R%) such that M(u) = m € (0,m,.) and

0 < E(u) < e(m), let £ = P(“)) and ug(z) = e®Su(z). We have M(ug) = M(u) € (0,m.) and

M
0 < E(ug) = E(u) — ‘i[(u < E(u) < e(m) < I®(m). Using Theorem 3.6, ®(ug) > 0. This implies
that

This proves the desired result. O

4. Scattering
In this subsection, we conclude the proof of Theorem 1.4.

4.1. Proof of Theorem 1.4 in the energy-supercritical case

We prove here Theorem 1.4 in the case where s > 1.
We consider the set

R = {wGHSO, 0</\s0|2 <me, E(p) <6</|<pl2)},

where m,, e are defined in Section 3.
We will prove Theorem 1.4 as a consequence of

Theorem 4.1. Suppose that Assumption A holds and that sg > 1. Let Ay such that Property 1.3
holds. For n > 0, we denote

Ry = {weHs°,0</lso|2 <me —1, E(p) <R(<p)—n}7

where R(p) = e(f|g0|2). Then for all A € (0, Ao) there exists F(A,n) > 0 such that for any
interval I, for any solution u € CO(I, H%°) of (1.1) such that

el ult)€Ry and supllu(t)]F., +nlu®)] <A (4.1)
tel
one has v € S*(I) and ||ul|gs0 1) < F(A,n).

Theorem 4.1 implies Theorem 1.4 by the scattering criterion of Theorem 2.2, the conservation
of the L? norm and the fact that R = U,~oR,.



18 Thomas Duyckaerts and Phan Van Tin

Proof of Theorem 4.1. We argue by contradiction, following the compactness/rigidity scheme as in
[14]. We fix 7 > 0 throughout the argument. In all the proof, we will endow H*®° with the norm
defined by
ullZreo = Nl + nllul3. (4.2)

We will denote by P(A) the property that there exists F(A) such that for any interval I, for any
solution u € C°(1, H*) such that (4.1) holds, one has u € S* and [|u||g=0 (1) < F(A).

By the small data theory for (1.1), if A > 0 is small enough and ||u(t)||gs0 < A for some
t € Imax(u), then u is globally defined, scatters and [|ul|s-o(r) S A. This implies that P(A) holds
for small A > 0.

Thus if the conclusion of Theorem 4.1 does not hold, there exists A, € (0, Ag) such that for all
A < A., P(A) holds, and P(A.) does not hold, i.e. there exists a sequence of intervals ((an,by))n,
a sequence (uy,), of solutions of (1.1) on (an,by),

Uy € C¥((an, by), H®), 3t € I, un(t) €R,, lim  sup |un(t)]| g0 = A (4.3)
n=00 g, <t<b,

and limy, o0 [|tUnl[s50 ((ap.b,)) = 00- Time translating u,, we can assume

an <0 <bp, W (Junlseo((a,,0) = M [Junllseo0.p,) = +oo- (4.4)

We will prove

Claim 4.2. For any sequences (ay,)n, (by)n with a, < 0 < by, for any sequence (uy, ), of solutions of
(1.1) satisfying (4.3), (4.4), there exist, after extraction of subsequences, a sequence (), € (R?)N
and ¢ € H®° such that

lim ||u, (0, — ) — @|| o = 0. (4.5)

n—oo

We first assume the claim and conclude the proof of Theorem 4.1. By the claim, there exist
(after extraction of subsequences) ¢ € H*® and (x,), such that (4.5) holds. Let u be the solution
of (1.1) such that u(0) = ¢. Since R, is closed in H®°, we have ¢ € R,,.

We next prove by contradiction

lim a, = —co0, lim b, = +o0. (4.6)
n—00 n—00

Assume to fix ideas, and after extraction of subsequences lim, o b, = b € [0,00). Using that
limy, [[tn || 550 (0,6,)) = 00, we must have T, (u) < oo and b > T (u). By the last assertion of (4.3),
we obtain

sup  [lu(®) |0 < Ae.
0<t<Ty (u)

This implies by Theorem 2.16 that T (u) = 400, a contradiction. Hence (4.6). Next, we see that
(4.5), perturbation theory for equation (1.1) and the last assertion in (4.3) implies that for any
compact interval I C Ipayx(u),

sup [|lu(t)[| o < Ac.
tel
This implies by Theorem 2.16 that u is global and

sup [|u(t)[[ 0 < A
teR

By (4.4) and stability theory for equation (1.1), one has

1l 550 ((—00,0) = [[©ll550 ((0,400)) = +00.

If (t,) is any sequence of times, Claim 4.2 and the preceding properties imply that one can
extract subsequence such that u(t,,- — z,) converges in H*® for some sequence (z,), € (R?)N.
This is classical that it implies that one can find a function z(¢), ¢ € R such that K defined by
(1.9) has compact closure in H*®°. We give a sketch of proof of this fact. Using the compactness
and the fact that the solution u is not identically 0, we first notice that there exists Ry > 0,7 > 0

such that
inf [ sup / lu(t,z + X)|*dz | > 7.
teR \ xeRre J|z|<Ry
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Thus for all ¢, there exists x(t) € R? such that
/ lu(t, z + z(t))|*dz > n/2.
|z|<Ro

For this choice of z(¢), one can check that K defined by (1.9) is compact.
By Proposition 1.5, we have

min
t>0

®(u(t)) - —0. (4.7)

By (4.7), there exists a sequence of times (¢,), such that

. | P(u(tn))?
lim ®(u(t,)) — ——F—75— =0. 4.8
o ) = ) (148)
By the claim, extracting subsequences, there exists (z,), such that u(t,,- — x,) convergences to
o in H® (up to extract subsequence). By (4.8),
|[P(0)”
D(py) — I g, (4.9)
M (o)
Since R, is closed in H*, ¢y € R,,. This implies, by Theorem 3.3, that
|[P(0)”
®(po) — -~ >0.
M (o)

This contradicts to (4.9). This completes the proof.

We are left with proving Claim 4.2.

Proof of Claim 4.2. Step 1. Profile decomposition. Extracting subsequences, we can assume that
uo,n, = U, (0) has a profile decomposition as in Subsection 2.2:

J
Uo,n = Z SDJLn(O) + erL(O)a
j=1

where ¢} = /\%Lp]L (t;ﬁl, r;f f’). We denote by ¢/, the corresponding nonlinear profiles, and 7,

the modified nonlinear profiles.

Our goal is to prove that there is a unique jo > 1 such that ¢ is not identically zero, and
that jo € Jnc. We first note that there is at least one j such that 7 is not identically zero. If not,
by the small data local well-posedness, we would have

1. s - 0
n}ggb||urJ 520 (1) J
a contradiction with our assumptions.

In the remaining step, we will prove that there is at most one nonzero profile. Arguing by
contradiction, we assume that there is at least two nonzero profiles, say ¢! and 2. By the small
data theory, there exists €y > 0 such that

Jnf 2%l o0 = €0, 5 €{1,2}. (4.10)
Step 2. Bound of the H*° norm. We prove that for all j > 1 we have I,, C L,ax(@7) and, for

large n,
oy 1
sup (|7, (8)llrre0 <\ AZ = €5 (4.11)
tel,

By (4.3), and the Pythagorean expansions (2.11), (2.12), we obtain the bounds, for J > 1

SO, <42 > 94030 < A2

jz1 Jj€INC
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Fixing a small € > 0, we obtain, by the small data theory for equations (1.1) and (1.7) and Lemma
2.12, that there exists Jo > 1 such that, for j = Jy + 1, Imax(¢?) = R,

| g < if j €
Vi>Jo+1, 16720 ) < 0 *J Jc (4.12)
e [|s0 @)y <00 if j € Ine-
and
Vi = Jo+1, limsupsup ||@(t)]ms0 < e. (4.13)

We next prove by contradiction that for j € [1, Jo], I C Imax(®%) and (4.11) holds. If not, we
can assume (inverting time if necessary, and using Theorem 2.16) that for large n, there exists
by, € (0,by] such that [0,b;,] C ;¢ <, Lnax(¢7) and

~j 2 1

@Zl(t)HHSO =A% - 55(2). (4.14)

C

sup  sup |
1<5< o 0<E<D,

This implies that for large n
Vi€ Je N[l Jol,  sup [0} (6 e < Ac < Ao
0<tel,,

Thus by Proposition 2.15, we obtain a constant C' > 0 such that for large n,

sup ||</9%| $50([0,b,]) <O (4.15)
j€Ten1,Jo]
Going back to (4.14), we see also that for large n
. ; 1
V] € H]'?JO]] ijCa sup ||90£7.(t)||Hb0 < Ag — 188
0<t<h,

Also, using the Pythagorean expansion of the mass we see that
Vj € Ine, M(¢7) <me—1.

This implies that E(¢7) > 0 for j € Jyc. By the Pythagorean expansion (2.12) of the H' norm
and Remark 2.11, we obtain

Z E(¢) < lin%inf E(ugn) < limninfe (/ |u0,n|2> -7
Jj€INC
and thus
Vi € Ivo, E(') <R(¢)—n
where we used the fact that e is nonincreasing. Thus ¢7(0) € R,. Using that P(A) holds for
A = /A2 — 12 we obtain that there exists a constant C' > 0 such that for large n

sup (=4 s (b)) < C. (4.16)

j€INcN[1,J0]
Combining (4.12), (4.15) and (4.16), we obtain that the assumptions of Theorem 2.13 are satisfied
on [0,0)]. Using the Pythagorean expansion of Lemma 2.14 together with the limit in (4.3), we

obtain
Jo

- 2
limsup su g 27 (t < A2
n—>ocp0<t<pbﬁ j=1 H@n( )HHkO S
By (4.10), we deduce

Vi €1, Jo], limsup sup

n—oo 0<t<b,

contradicting (4.14). This proves that (4.11) holds for all j > 1, for large n.

G (6)|| e < A2 — €2,

Step 3. Uniqueness of the nonzero profile.

In this step we still assume that ! and ¢? are nonzero profiles. Using (4.3) and (4.11), and
arguing as in Step 2, we see that the assumptions of Theorem 2.13 are satisfied on [a,,, b,]. This
proves that u, scatters for large n, contradicting (4.4). This concludes the proof that there is only
one nonzero profile.
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Step 4. End of the proof.
We assume that ¢! is the only nonzero profile. By the same argument as before, we obtain
that for large n, I, C Inax(PL) and

lim sup ||@L ]| g0 < Ae.

n—o0 tel,

If 1 € Jo, we obtain by Proposition 2.15 that limsup,,_, . [|@4] ge0(1,) < 00. Thus the assump-
tions of Theorem 2.13 are satisfied on I,,, a contradiction with (4.4). Thus 1 € Jy¢. By the same
argument, we obtain limsup,,_, . sup,c; [|@1,, (¢)]| g5 = 0. Indeed, if not, we would have by the
conservation of the H*° norm for the linear Schrédinger equation (and after extraction of a subse-
quence) limy, oo sup,e; [[Wg, (¢)||ms0 = 0 > 0, and the same strategy as in Steps 2,3 would yield
that wu,, scatters for large n, a contradiction. We have proved
un(0,2) = @} (—t1p, @ — 21.5) + o(1) in H*.

By (4.4), t1 , must be bounded, and we can assume t; , = 0 for all n, i.e.

un(0,2) = (0,2 — x1,,) + o(1) in H™, (4.17)

which concludes the proof of the claim. O

4.2. Sketch of proof of Theorem 1.2.
The proof of Theorem 1.2 in the case sg < 1 is essentially the same Theorem 1.4, although a little
simpler than the proof in the case sqg > 1. One can prove the following analog of Theorem 4.1:

Theorem 4.3. Suppose that Assumption A holds and that 0 < sg < 1. For n > 0, we denote

Ry = {¢€H170</|90|2 <me —n, E(p) <R(<P)—7I}~

Then for all A > 0 there exzists F(A,n) > 0 such that for any interval I, for any solution u €
CO(I,H') of (1.1) such that

dtel, ult)e R, and sup ||u(t)|\§{1 +nllu(t)]3 < A%, (4.18)
tel

one has u € S*(I) and |lul|s1 () < F(A,n).

Note that in this case, by conservation of the energy, any solution of (1.1) is bounded in H*,
so that assumption (4.18) is always satisfied for some A.

The proof of Theorem 4.3 goes along the same lines as the proof of Theorem 4.1. Note however
that if sp < 1, in the H*®° profile decomposition of wug , in the proof of Claim 4.2, the set J. is
empty since the sequence (ug ) is bounded in H!.

Appendix A. Elliptic properties

Claim A.1 (Pohozaev identity). Let u € H! N LPo+2(R%), 0 < p; < po. Assume that v is radial or

u € LS (R?) and, for some real numbers aq, ag, j

—Au+ aqfulPru + ao|uPu = pu. (A1)
,j=0,1. Then

/|Vu\2+cla1/\u|”1+2+coa0/\u|p°+2 =0. (A.2)

Sketch of proof. Multiply by = -Vu+ %ﬂ, take the real part and integrate by parts on R?. It is easy
to check that the formal integration by parts are rigorous when v € LPot2 0 H! with v radial or
L2 . See [28] and [2, Proposition 1]. O

loc*

__ _dpj
Let Cj = m

We next prove a uniqueness result for the elliptic equation with double power nonlinearity:

Proposition A.2. Let § < p1 < po, d € {1,2,3,4}, (ap,a1) € R?, and v € LP°*2 N H' be a radial
solution of

—Au+ a1 |[ulPru + aglu|Pu = 0. (A.3)
Then u = 0.
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Proof. The case ag = a; = 0 is trivial. We thus assume without loss of generality a; # 0.
We have

Or(r10,u) = 1 Y ao|uPou + ar|ulPu). (A.4)
By Strauss Lemma |u(r)| < ret ||| g1, thus w(r) is uniformly bounded for » > 1. By the equation
(A.4), using 1 < p1 < po,

10, (r4 = 00| < Jul?rdt.

Since [ |u|?r?=1dr < oo, the right-hand side of the preceding inequality is integrable, which proves
that the following limit exists:

lim ¥ 1'9,u = ¢.
T—>00

If ¢ # 0, we have [|0,u|?*rdr = oo (if d =1,2) or [ |ul>r?1dr = o (if d = 3,4), contradicting our
assumptions. Thus £ =0, i.e.
lim 4 '0,u(r) = 0. (A.5)

T—00
We first treat the case d = 1. The equation (A.4) implies F'(r) = 0, where
(o)) aq
Cpo+2 p1+2
Since u € H'(R), we have that [;° F(r)dr is finite, and thus that F(r) = 0 for all » > 0. Also,
since lim,_, o, /(1) = 0, we obtain that

lim — 2 Ju(r) [Pt 4 —Ju(r) P +2 = 0.

Ju(r)[Po+? — Ju(r) [P+,

F(r) = g/ (r)P

r—o0 po + 2 p1+2
Since the zeros of the function o — ~9450P0%2 4 415 gP1+2 are isolated, u(r) must converge to one

of these zeros as r goes to infinity. Combining with the fact that v € L?, we obtain
li =0.
Jim u(r) =0

By uniqueness and since F(r) = 0, we see that if u(r) = 0 for some r, then u is identically 0.
This implies that u(r) has a constant sign. Changing u into —u if necessary, we can assume that
u(r) > 0 for large r. Using the equation satisfies by u and the fact that u goes to 0 we obtain that
u’(r) > 0 for large r. Thus «/(r) < 0 for large r. Using the equation F(r) = 0, we deduce that for
large r,

V2 po+2 p1+2

Solving this equation, we obtain that u(r)r% has a nonzero limit as r goes to infinity. Since p; > 4,
this contradicts u € L?(R), concluding the proof in the case d = 1.
We next assume d = 2 and let M(r) = supg, |u(s)|. Then by (A.4), for large r, we have

|0 (roru)| < M(r)pl_1 |u|2r.

1
u'(r):_\/ %o |u(r)|Pot2 + a1 |u(r)|Prt2.

Integrating between r = R and oo, using that M (r) is decreasing, that [, |u|?rdr < co, and (A.5)
we obtain

DR < £ MR

Since M(R) < R™/2, we deduce, letting o = p; — 2 > 0, that for r large,

1
<
|a’l”u(7ﬂ)| ~ M(T) T1+O‘/2 9
and thus integrating again between r = R and oo,
1

ra/2’

u(r)] S M(r)

Since r + M (r) L is decreasing, we obtain
1
ra/2
for large r. Thus M(r) = 0 for large r. This implies u(r) = 0 for large r and thus, by standard
ODE theory, that « is identically 0.

M(r) < M(r)
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We next assume d € {3,4}. We first show that for all a > 0, there exists a constant C' > 0
such that
AC >0, r>C= |u(r)|<Cr = (A.6)
Indeed, since |r?~19,u| and u(r) go to 0 as 7 — oo, (A.6) holds for a = d — 2. Next, assuming that
(A.6) holds for some a > d—2, one has, integrating (A.4) between 7 and oo, |r4~19,u| < rd=(Pr+a,
and thus |u(r)| < r2~(P1+1e This shows that (A.6) holds with a replaced by o’ = (p1 +1)a — 2 >
a+ apy — 2. Since ap; —2 = p1 — 2 > 0, we deduce that (A.6) holds for all a > 0. Integrating twice
the equation (A.4) as above we obtain that M(r) < LM(r) for large r, which shows again that u
is identically 0. O
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