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ZAGIER-HOFFMAN’S CONJECTURES IN POSITIVE
CHARACTERISTIC II

BO-HAE IM, HOJIN KIM, KHAC NHUAN LE, TUAN NGO DAC, AND LAN HUONG PHAM

ABSTRACT. Zagier-Hoffman’s conjectures predict the dimension and a basis for
the Q-vector spaces spanned by Nth cyclotomic multiple zeta values (MZV’s)
of fixed weight where N is a natural number.

For N =1 (MZV’s case), half of these conjectures have been solved by the
work of Terasoma, Deligne-Goncharov and Brown with the help of Zagier’s
identity. The other half are completely open. For N = 2 (alternating MZV’s
case) and N = 3,4, 8, Deligne-Goncharov and Deligne solved the same half of
these conjectures for Nth-cyclotomic MZV’s. For other values of N, no sharp
upper bound on the dimension is known.

In this paper we completely establish, for all N, Zagier-Hoffman’s conjec-
tures for Nth cyclotomic multiple zeta values in positive characteristic. By
working with the tower of all cyclotomic extensions, we present a proof that
is uniform on N and give an effective algorithm to express any cyclotomic
multiple zeta value in the chosen basis. This generalizes all previous work on
these conjectures for MZV’s and alternating MZV’s in positive characteristic.
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INTRODUCTION

0.1. Classical multiple zeta values.
Let N = {1,2,...} be the set of positive integers. Multiple zeta values (MZV’s

for short) are the convergent series given by
1
C(nl,---7nr)= Thmiine  nn
0<ky <<k, Fithy® .k
for n; € N with n, > 2. The MZV’s of depth 1 and 2 were first studied by Euler [28]

in the 18th century and then neglected for more than two centuries. In the nineties of
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the last century, Zagier [68] rediscovered the general MZV’s and initiated intensive
work related to various fields of mathematics including arithmetic geometry, number
theory, K-theory and knot theory (see for example [14, 26, 27, 29, 39, 48, 49, 41,
42, 43, 51, 59, 60]). At the same time, MZV’s were suddenly appeared in various
branches of physics, such as in the theory of quantum field theory and deformation
quantization (see e.g., [10, 13, 12, 48, 49]).

There exist more general objects called cyclotomic multiple zeta values (cyclo-
tomic MZV’s for short). Letting N € N be a positive integer and I'y be the group
of Nth roots of unity, we define cyclotomic multiple zeta values by

C(q er> Z 671’:67’?7;
n ... n, O<hs o<k kl ...kTT
for ¢; € T'y and n; € N with (n,,€,.) # (1,1) for convergence. These objects were
first studied systematically by Arakawa, Deligne, Goncharov, Kaneko and Racinet
(see [5, 6, 24, 26, 31, 33, 34, 57]). Since then they have been also studied by a lot of
mathematicians and physicists, including Broadhurst, Hoffman, Kreimer, Kaneko,
Tsumura [10, 12, 40, 47] in various fields of mathematics and physics. For N =1
we recover MZV’s. For N = 2 the cyclotomic multiple zeta values are also known
as alternating multiple zeta values or Euler sums.

Significant progress has been made, but fundamental questions remain and cy-
clotomic multiple zeta values are still an active fast-moving field (see for example
[7, 18, 52, 54]).

As explained in [17, 25, 68], the main goal of the theory of cyclotomic multiple
zeta values is to find all linear relations among cyclotomic MZV’s over Q. It led to
several important conjectures formulated by Thara-Kaneko-Zagier [41], Zagier [68]
and Hoffman [39]. In this paper we work only with Zagier and Hoffman’s conjectures
which predict the dimension and a basis for the span of cyclotomic MZV’s of fixed
weight. We refer the reader to the excellent articles [16, 17, 25, 60] for more details
on Thara-Kaneko-Zagier’s, Zagier-Hoffman’s conjectures and related topics. We also
refer the reader to the articles of Broadhurst and his colleagues [10, 11, 9] for a data
mine of cyclotomic MZV’s and further references.

0.1.1. N =1 (the case of MZV’s).

We work with the case N = 1, or equivalently with MZV’s. Letting Zj, be the Q-
vector space spanned by MZV’s of weight k, we consider a Fibonacci-like sequence of
integers dj, as follows. Letting dy = 1,d; = 0 and dy = 1 we define d, = dg_o+dp_3
for k > 3. Using numerical evidence Zagier [68] formulated the following conjecture:

Conjecture 0.1 (Zagier’s conjecture). For k € N we have dimg Zy = dj.
Hoffman [39] went further and suggested a refinement of Zagier’s conjecture.

Conjecture 0.2 (Hoffman’s conjecture). The Q-vector space Zy, is spanned by the
basis consisting of MZV’s of weight k of the form {(ny,...,n,) with n; € {2,3}.

In the last two decades one “half” of these conjectures (called the algebraic part
in [55]) has been completely solved by the seminal works of Brown [14], Deligne-
Goncharov [26] and Terasoma [59]. Although Zagier-Hoffman’s conjectures are eas-
ily stated, the proofs of Brown, Deligne-Goncharov and Terasoma use the theory
of mixed Tate motives and also an intriguing identity due to Zagier [69].

Theorem 0.3 (Deligne-Goncharov, Terasoma). For k € N we have dimg Zy < dj.
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Theorem 0.4 (Brown). For all k € N, the Q-vector space Zy, is spanned by MZV’s
of weight k of the form ((nq,...,n,) with n; € {2,3}.

We mention that the second half of these conjectures called the transcendental
part in [55] is completely out of reach: we do not know any k& € N such that
dimg Zj > 1.

0.1.2. N =2 (the case of alternating MZV’s) and N = 3,4, 8.

In the seminal paper [24] Deligne succeeded in proving the same half of Zagier-
Hoffman’s conjectures for cyclotomic MZV’s for N = 2,3, 4,8 (see [24, Théorémes
6.1 and 7.2]). For these few exceptional values, he was able to use the theory of mixed
Tate motives and obtained a generating set for the Q-span of Nth cyclotomic MZV’s
of fixed weight. Thus the upper bound obtained in [26] for N = 2,3,4,8 is sharp.
As mentioned in loc. cit. Deligne’s result was inspired by numerical computations
due to Broadhurst [10] in 1996 related to computations of Feynman integrals. Later
Glanois [30] gave another proof of Deligne’s result.

A technical but crucial point that we want to emphasize is that Deligne used the
depth filtration for N = 2, 3, 4, 8 while Brown used the level filtration for N = 1. It
has already been noted that the depth is pathological for N = 1 (see [24, page 102,
lines 23-25]).

0.1.3. Other values of N.

For other values of N Deligne and Goncharov [26] proved an upper bound on
the dimension of the span of Nth cyclotomic MZV’s. Unfortunately, for many N
Goncharov [32] showed that these bounds are not sharp. To our knowledge, no
sharp upper bound on the dimensions is known. We mention that for N = 6 partial
results have been obtained by Deligne [24, Théoréme 8.9] and also by Glanois [30].

0.2. Multiple zeta values in positive characteristic.

By a well-known analogy between number fields and function fields (see for exam-
ple [46, 53, 66]), we switch to the setting of function fields in positive characteristic.
Let A =F,4[¢] be the polynomial ring in the variable 6 over a finite field &k := F, of
q elements of characteristic p > 0. We denote by A, the set of monic polynomials
in A. Let K =TF,(6) be the fraction field of A equipped with the rational point cc.
Let Koo = k((1/6)) be the completion of K at co and Co, be the completion of a
fixed algebraic closure K of K at occ.

We fix N € N and denote by ky C k the cyclotomic field over k generated by
a primitive Nth root ( of unity. The group of Nth roots of unity is denoted by
'y whose cardinality is denoted by yn. We put Ay = knl[0], Ky = kn(0) and
Kn.oo =kn(1/0)).

Based on the pioneering work of Carlitz [19] and Thakur [61], Harada [36, 37]
introduced the notion of Nth cyclotomic multiple zeta values in positive character-
istic. Letting s = (s1,...,8,) € N" and € = (€1,...,€,) € (I'y)" we introduce

dega deg a,
N

where the sum is over all tuples (a1,...,a,) € A with deg(a;) > --- > deg(a,).

We define the depth and weight of (4 (;) in a similar way, that is, r is the depth

and w(s) = s1 + -+ - + s, is the weight. When N =1 (resp. N =1 and r = 1) we
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recover the notion of MZV’s defined by Thakur (resp. zeta values introduced by
Carlitz). For further references on the MZV’s in positive characteristic, see [3, 4,
35, 58, 61, 62, 63, 64, 67].

In loc. cit., Harada also showed some fundamental properties of cyclotomic
MZV’s including non-vanishing, sum-shuffle relations, period interpretation and
linear independence.

As in the classical setting the main goal of the theory of cyclotomic MZV’s in
positive characteristic is to comprehend all of their K-linear relations. Harada [37]
showed that it is equivalent to understand all K y-linear relations among cyclotomic
MZV’s of the same weight. Letting w € N we denote by CZx ,, the K n-span of Nth
cyclotomic MZV’s of weight w. Then the positive characteristic version of Zagier-
Hoffman’s conjectures for cyclotomic MZV’s consist in determining the dimension
and finding an explicit basis of CZp .

0.3. Statement of the main theorems.

0.3.1. Main results.

In this paper we prove, for all N, Zagier-Hoffman’s conjectures in positive char-
acteristic for Nth cyclotomic MZV’s. This could be seen as the final part of the
series of work previously done by the fourth author in [55] and the authors in [44].

The main result reads as follows:

Theorem A (Hoffman’s conjecture in positive characteristic). Let N € N. For
w € N we recall that CZy ., denotes the Kn-span of Nth cyclotomic MZV’s of
weight w. Let C8n ., be the set of Carlitz multiple polylogarithms at Nth roots of

1 PPN €n

unity Li (; such that ¢ 1 s; and ¢; € T'n for all i (see §1.3 for more

1 PN Sn

details). Then the set C8n 4, forms a basis for CZn 4.
As a direct consequence, we obtain

Theorem B (Zagier’s conjecture in positive characteristic). We keep the above
notation. We recall that vy = |T'n| and define a Fibonacci-like sequence dy(w) as
follows. We put

1 if w=0,

dy(w) = v (yw + 1) if 1 <w < gq,

w(w+1)v" 1 =1) fw=q,

q—1
and for w > q, dn(w) =yn Y, dy(w — 1) + dn(w — q). Then

i=1

dimKN GZN’w = dN(’LU)

Surprisingly, our proof of Theorem A is uniform on N in contrast to the classical
setting, where the proofs of known results differ on IV as we have explained before
(see for example §0.1.2 and [14, 16, 24] for more details). To do this we have to
work with the whole tower of cyclotomic extensions of the function field K.

Perhaps more importantly, our proof is constructive. The proof gives an effective
algorithm for expressing any cyclotomic MZV in the basis €S ., as opposed to the
classical setting (see [15, 24, 25] for more explanations).

Our main result generalizes several previous works of the authors in [44, 55].
However, compared to [55] we still have to overcome several notable challenges,
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which we will highlight. First, the naive extension of [55, §2-3] does not give a
sharp upper bound due to the presence of non-trivial characters. Thus, we must
develop a refinement of [55, §2-3] that takes the characters into account. Second,
the transcendental techniques developed in [55, §4-6] deal only with Anderson ¢-
motives of level 1 and do not work for arbitrary N. We use Harada’s construction of
higher level Anderson t-motives connected to cyclotomic MZV’s, where the level is
equal to the degree of the Nth cyclotomic extension of IF,. Thus we have to develop
a higher level transcendental theory that generalizes [55, §4—6]. Finally, another
original ingredient is that we use a descent argument on the tower of all cyclotomic
extensions of K (compared to [24, 30] in the classical setting).

0.3.2. Known results.

Below we present the list of all known cases where Zagier-Hoffman’s conjecture
in positive characteristic for Nth cyclotomic MZV’s. As noted above, it suffices to
prove Theorem A as Theorem A implies Theorem B.

N =1 (the case of MZV’s).

e Theorem B (resp. a variant of Theorem A) was formulated by Todd [65]
(resp. Thakur [64]).

e In [55, Theorem A] the fourth author proved an analogue of Brown’s the-
orem and solved one half (the algebraic part) of these conjectures. He also
proved the second half of Theorem A for small weights w < 2g — 2 (see [55,
Theorem D]). Consequently, it remains to prove the second half of Theorem
A to get the complete theorem A as well as Thakur’s variant.

o In [44] the authors proved the other half (the transcendental part) of The-
orem A for all weights w (see [44, Theorem B]). In [21] the other half of
Theorem A was proved using the same method, objects and proof strategy
but their presentation is different.

N =g —1 (the case of alternating MZV’s).

o In [44] the authors proved Theorem A for N = ¢ —1 and all weights w (see
[44, Theorem A]).

0.4. Outline of the proof and plan of the paper.
Similar to the classical setting, the proof is divided into two parts with completely
different flavours.

0.4.1. Part A: an analogue of Brown-Deligne’s theorems.

We want to prove an analogue of Brown-Deligne’s theorems (Brown [14] for
N =1 and Deligne [24] for N = 2, 3,4, 8) in our context. It says that the set CS 4,
spans the vector space €2y ,,. The techniques are a refinement of those developed
in [55, §2-3]. The proof is divided into three steps:

(A1) First we briefly review the techniques introduced in [55, §2 and §3] and
show that the vector space CZy ,, is spanned by another set of €Ty 4, of

€n

larger cardinality consisting of cyclotomic MZV’s (4 (Zl such
1

n
that s; < ¢, ¢, € 'y for all ¢ and s,, < ¢. Note, however, that |CTy | is
generally larger than |C8 ,|. So we have to do extra work to get the sharp
upper bound.
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(A2) Second we again extend the techniques mentioned above and prove a sim-
ilar result for the vector space €Ly, spanned by Carlitz multiple poly-
logarithms (CMPL’s for short) at roots of unity. Importantly, we use the
key fact that the MZV’s in CTy ,, given in Step (Al) are CMPL’s at roots
of unity. Thus we discover a connection between cyclotomic MZV’s and
CMPL’s at roots of unity in Theorem 1.9 which extends [44, Proposition
1.9].

(A3) Last we exploit the fact that the product for CMPL’s at roots of unity is
“simple” and similar to the stuffle product for classical cyclotomic MZV’s.
Thus we are able to “reduce” the generating set from €T ,, to the desired
set €8x, and prove the desired analogue of Brown-Deligne’s theorems in
Theorem 1.11.

0.4.2. Part B: dual t-motives connected to CMPL’s at roots of unity.

We want to prove (see Theorem 2.7) that the elements in €Sy, are linearly
independent over K. We follow the strategy developed in [55, §4-6] and [44, §2-3]
which are based on the theory of Anderson ¢-motives introduced by Anderson [1]
and the fruitful transcendental tool called the Anderson-Brownawell-Papanikolas
criterion devised in [2]. However, carrying out this strategy for arbitrary N turns
out to be highly non-trivial due to the fact that the extension of ky /k is non-trivial
in general.

Below we outline the steps of the proof, explain the problems that we have
to overcome and present our solutions. Recall that R denotes the degree of the
cyclotomic extension ky over k.

(B1) First we construct t-motives connected to CMPL’s at Nth roots of unity
(resp. cyclotomic MZV’s).

— When N = 11in [55] and N = ¢—1 in [44], the cyclotomic field ky is k,
hence R = 1. The construction of dual t-motives connected to CMPL’s
at Nth roots of unity (or Nth cyclotomic MZV’s) is due to Anderson-
Thakur in [4], Chang [20] and Harada [36] using the Anderson-Thakur
polynomials in [3] and twisted L-series in [4, 20].

For arbitrary N, the previous construction does not work. Harada [37]
solved this problem by considering an untwisted L-series (see §2.2). In loc.
cit. he then constructed dual t-motives of level R connected to CMPL’s at
Nth roots of unity (resp. Nth cyclotomic MZV’s). The trade-off is that we
have to deal with higher level and that the associated matrices are more
complicated.

(B2) Second, we must develop a higher transcendental theory that generalizes
that of level 1 in [55, §4-6] and [44, §2-3]. Then using Harada’s idea, we
succeed in constructing dual ¢ motives of level R which lift linear relations
among CMPL’s at roots of unity in €Sy ., and the appropriate of Carlitz’s
period.

(B3) Last we apply the Anderson-Brownawell-Papanikolas criterion to reduce
the proof to the task of finding solutions to a system of o-linear equations
of order R (higher order), which turns out to be the hardest task. Our
solution is more complicated than the one in [55, 44], which explains the
long section 3.

Roughly speaking, one original ingredient is that we use the descent

on the tower of all cyclotomic extensions of K (compared to [24, 30] in the
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classical setting). Another key point (see Proposition 3.5) is to show that the
system of o-linear equations of order R for which we want to find solutions
in ky[t] has at most one solution up to a constant in ky(t). Furthermore,
if they admit one solution, then there exists a solution belonging to k[t]
and satisfying a system of o-linear equations of order 1. Finally, the latter
system can be solved as in our previous work [44] and we are done. We
note that in the last step we have to use the analogue of Brown-Deligne’s
theorems for CMPL’s proved in §0.4.1.

0.4.3. Plan of the paper. We will briefly explain the organization of the manuscript.

e In §1 we introduce the notation, recall the definition and basic properties
of cyclotomic multiple zeta values and Carlitz multiple polylogarithms at
roots of unity. We then extend the algebraic tools given in [55, §2-3] for
these objects and obtain an analogue of Brown-Deligne’s theorems in The-
orem 1.11. Steps (A1) and (A2-A3) are carried out in §1.2 and §1.4,
respectively.

e In §2 and §3 we recall Harada’s construction of dual t-motives of higher
level connected to CMPL’s at roots of unity. We then construct dual ¢-
motives (also of higher level) related to linear combinations of such objects
and Carlitz’s period. We then state the linear independence of the chosen
set in Theorem 2.7, the proof of which is given in §3. Steps (B1), (B2)
and (B3) are carried out in §2.2, §2.3 and §3, respectively.

e Finally, in §4 we prove the main results, i.e., Zagier-Hoffman’s conjectures
in positive characteristic for Nth cyclotomic multiple zeta values for all N.

Acknowledgments. The first named author (B.-H. Im) was supported by the Ba-
sic Science Research Program through the National Research Foundation of Korea
(NRF) grant funded by the Korea government (MSIT) NRF-2023R1A2C1002385.
Two of the authors (KN. L. and T. ND.) were partially supported by the Excellence
Research Chair “L-functions in positive characteristic and applications” funded by
the Normandy Region. The fourth author (T. ND.) was partially supported by the
ANR grant COLOSS ANR-19-CE40-0015-02.

1. CycroToMic MZV’s AND CMPL’S AT ROOTS OF UNITY

In this section we introduce the notion of MZV’s and that of CMPL’s at roots of
unity. We then develop a refinement of [55, §2-3] that takes into account the Nth
cyclotomic character. The presentation closely follows that in [44] where the case
N = q — 1 was treated.

1.1. Notation. We recall some notation used in [44, 55].

1.1.1. 'We recall the notation given in the Introduction. Let ¢ be a power of prime
p and k = [, be a finite field of order q. We denote by k := F, an algebraic closure
of F,. We recall that A = F,[0] denotes the polynomial ring in 6 over F, and A,
denotes the set of monic polynomials in A. Then K = F,(0) is the fraction field of
A equipped with the rational point co. Let Ko, = k((1/8)) be the completion of K
at 0o and Co be the completion of a fixed algebraic closure K of K at co. Further,
let v be the discrete valuation on K associated to the place oo normalized as
Voo() = =1 and | - |0 = ¢~ =) be the corresponding norm on K.
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The following constant will play an important role in this paper:
(1.1) Dy :=07-0¢€ A

1.1.2. Letting ¢t be another independent variable, we denote by T the Tate algebra
in the variable ¢ with coeflicients in Co, equipped with the Gauss norm |||, and
by L the fraction field of T.

We denote € the ring of series > - a,t" € K|[t]] such that lim, s {/|an]e =
0 and [K(ag, ai,...) : Ko < co. Then any f € € is an entire function.

We denote by 7 the Carlitz period which is a fundamental period of the Carlitz
module. We fix a choice of (¢ — 1)st root of (—6) and set

Q(t) = (~0)" /@D ] (1 - thi) T

i>1

so that
1

(1) — (4 _ - - F
Q =({t—-6)Q and 20 =T7.
1.1.3. Throughout this paper, we fix N € N. We denote by ky C k the cyclotomic
extension of k = F, generated by a primitive Nth root (n of unity and put R =
[kn : k]. The group of Nth roots of unity is denoted by I'y. We set vy := [I'y| = N’
where N = p* N’ with k > 0 and N’ prime to p. We put Ay = kn[0], Ky = kn(6)
and KN,oo = kN((]./@))

1.1.4. Lets = (s1,...,8,) be a tuple of positive integers. We put w(s) = s1+---+
sp and call it the weight of s. The number n is called the depth of s.

Let s = (s1,...,8-) and t = (t1,...,tx) be tuples of positive integers. We say
that s <t if the following assertions hold:

e For all i € N we have s +---+s; <ty 4+ ---+t; where we recall s; =0
(resp. t; = 0) for i bigger than the depth of s (resp. t).
e 5 and t have the same weight.

Letting s = (s1,82,...,8,) € N" we set 6_ := (s2,...,8,). For i € N we define
T;(s) to be the tuple (s1 + - + 8;, Si+1,.-.,5r). Note that T(s) = s. Further, for
tuples of positive integers s, t and for ¢ € N, if T;(s) < T;(t), then Ty (s) < Ti(t) for
all k > i.

Let s = (s1,...,5,) be a tuple of positive integers. We denote by 0 < i < n the
biggest integer such that s; < ¢ for all 1 < j < and define the initial tuple Init(s)
of 5 to be the tuple

Init(s) := (s1,...,8;).
In particular, if s; > ¢, then ¢ = 0 and Init(s) is the empty tuple.

For two different tuples s and t, we consider the lexicographical order for initial
tuples and write Init(t) < Init(s) (resp. Init(t) < Init(s), Init(t) > Init(s) and
Init(t) > Init(s)).

1.1.5. Letting s = (s1,...,5,) € N” and € = (e1,...,€,) € (I'n)", we set s_ =

(s2,...,8n) and €_ := (eq,...,€,). A positive array ; is an array of the form

©)-( o)
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We set s; =0 and ¢; = 1 for all i > depth(s). Further we recall w(s) = s1+---+ s,
and put x(e) =€ .

€ € € ge
(5> ( ) be two positive arrays. We define <5> + (t) = <5+t>' We

say that (i) ( ) if the following conditions are satisfied:
o w(s)

= w(t),
® 51+t <t;+---+¢t; forallieN,
°X(€)=X(€)-

1.2. Multiple zeta values in positive characteristic.

For d € Z and for s = (s1,...,8,) € N, we recall that Sy(s) and Sc4(s) are
given by

Sd(ﬁ): Z % GK,

s n
a;” ...0n
a1,...,an €A 1
d=dega;>--->deg a, >0

1
S<d(5) = E 7@51 aS" c K.
ay,...,an €A 1o--mn
d>degai>--->dega,>0

. € €1 e € .
Further letting = "] be a positive array, we put
5 S1 ... 8p
d .
¢ > elogen | edegan
S s) ajl...ap € Kn,
ay,..,an €A L
d=degay>--->dega,>0
d ,
S € Z 61eg(11 o E;ilegan c K
<d = T P — N-
5 ait...an

at,...,an€AL
d>degay>--->dega, >0

Following Harada [37], we define the cyclotomic MZV by
deg ay degan
€\ €\ € C €
() -xs()- ¥ s

ait...a
d>0 a1,..,an€AL 1 n
degai>--->degan, >0

Remark 1.1. In [37] these objects are called colored multiple zeta values. We note
that in the classical setting similar objects have several names in the literature:
cyclotomic multiple zeta values by Brown in [16], multiple zeta values relative to
pn by Deligne in [24], or colored multiple zeta values by Zhao in [70].

Using Chen’s formula in [23], Harada [37] proved that for s,¢ € N and ¢,€ € T'y,

(1.2) Sd< )Sd ( ) -y (sft) +§;A;t5d (s S 1) ,

where
Al (1) () + (DD ifg—1liand0<i<s+t,
S ) otherwise.

We mention that when s+ ¢ < g, all the coefficients A;t are zero.
Harada then proved similar results for products of cyclotomic MZV’s (see [37]):
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Proposition 1.2. Let (i), (i) be two positive arrays. Then

1) There exist f; € Fy and positive arrays (ﬁ’) with (‘:l) < (i) + (i) and
T 1

depth(u;) < depth(s) + depth(t) for all i such that
Sy (z) Sy (i) = ZfiSd (l:Z) fOT all d € 7.

/ /
2) There exist f] € Fy and positive arrays (ﬁ}) with (‘:}) < (i) + (i) and

7

depth(u}) < depth(s) + depth(t) for all i such that
S<a (i) S<d (i) = Z fiS<a (ﬁf) for all d € Z.

w wi € €
3) There exist fI' € F, and positive arrays (u’»l') with (uf,> < (5> + (t) and
depth(u}) < depth(s) + depth(t) for all i such that

"
Sa <i) S<d (i) = Zf{/Sd (ﬁ,’,) for alld € Z.

We denote by CZy the K -vector space spanned by the cyclotomic MZV’s and
CZn,w the Ky-vector space spanned by the cyclotomic MZV’s of weight w. When
N =1 we use Z (resp. Z,,) instead of CZ; (resp. CZ1 4,).

Proposition 1.2 easily implies that CZy is a commutative algebra over K.
However, we mention that the associativity of Z was not known in [55] (see Remark
2.2 of loc. cit.). It was recently proved in [45, Theorem A]. As a direct consequence,
we see that CZy is also associative for all N.

We extend without difficulty the algebraic theory developed in [55, §2 and §3]
to the setting of cyclotomic MZV’s to obtain a weak analogue of Brown-Deligne’s
theorems for cyclotomic MZV’s (see Theorem 1.3). We refer the reader to §1.3
where we give more details of this theory in a similar setting.

?

Theorem 1.3. We denote by CT v, the set of all cyclotomic MZV’s (4 (Zl o ;”)
1 e n
of weight w such that s1,...,8,-1 < q and s, < q. Then
1) For all positive arrays (i) of weight w, Ca (i) can be expressed as an Ay -

. L € .
linear combination of Ca . s in CT N -

2) The set of all elements Ca (;) such that Ca <§> € CTn,w forms a set of
generators for CZy .

Remark 1.4. 1) Theorem 1.3, Part 2 can be seen as an analogue (weak version)

of a theorem for cyclotomic MZV’s proved by Brown [14] for N = 1 and Deligne
[24] for N = 2,3,4, 8 (see also [30]). More specifically,

e Brown [14] proved that the Q-vector space spanned by classical MZV’s of

fixed weight is spanned by Hoffman’s basis consisting of {(n1, ..., n,.) of the

same weight with n; € {2,3}. As a corollary, he recovered the sharp upper
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bound on the dimension of this vector space proved by Terasoma [59] and
Deligne-Goncharov [26]. Brown used the theory of mixed Tate motives and
the motivic version of MZV’s. The proof is by induction on the level, i.e., the
number of 3’s in Hoffman’s basis, and based on an identity among MZV’s
due to Zagier [69].

e Deligne [24] gave a generating set for the Q-vector space spanned by cy-
clotomic MZV’s for N = 2,3,4,8 (Deligne used the terminology MZV’s
relative to uy). He also used the theory of mixed Tate motives and the
motivic version of MZV’s. But the proof is by induction on the depth. It is
already noted that the depth is pathological for N =1 (see [24, page 102,
lines 23-25]).

e We refer the reader to the articles [16, 25] for more details.

2) Theorem 1.3, Part 1 states that €T, is an integral generating set of CZ .
Furthermore, it gives an effective algorithm to express any cyclotomic MZV’s as an
Apn-linear combination of cyclotomic MZV’s in €Ty ,,. In the classical setting, these
results are not known as discussed in [25, page 2, the discussion after Theorem 0.2]
and [24, page 103, lines 8-10] (see also [15]).

1.3. Multiple polylogarithms in positive characteristic.

We now review the notion of multiple polylogarithms (or Carlitz multiple poly-
logarithms) in positive characteristic. We put £ := 1 and ¢4 := H?Zl(ﬂ —07") for
all d € N. Letting s = (s1,...,s,) € N, for d € Z, we define

. 1
Sld(s) = Z W c K,
d=dy>>d,>0 7" Tdn
. 1
Sica(s) = > o €K
d>di>>d, >0 d1 77 Tdn
€
Let (5) = (61 ") be a positive array. For d € Z, we put
d1 d
€t ... €on
Sld ( ) 7811 EZ" S KN7
d= d1> >d,>0 d1 7" Vdy

Sn

d1 d
€ R el
1 n
Sl<d (5) = E Zs1 s € Ky.
d>di>>dp >0 d17 7 Tdn

Then we introduce the Carlitz multiple polylogarithm at roots of unity (CMPL
at roots of unity for short) as follows:

di d

. [ € A € € ...€ "
Li (§> = E Sld (5) = E W S KN,OO'

d>0 di>>dp>0 d1 77 dn

The connection between cyclotomic MZV’s and CMPL’s at roots of unity is
encoded in the following lemma which turns out to be crucial in the sequel (see
Theorem 1.9).

Lemma 1.5. For all (Z) as above such that s; < q for all i, we have

Sy (;) = Siy (;) for all d € Z.
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(0 =1 )

Proof. See for example [62]. O

Therefore,

We now equip an algebra structure for CMPL’s at roots of unity. We observe

(1.3) Sig (‘Z) Sig (;) = Sig (ST t) :

hence, for t = (t1,...,tn),

. 3 . €\ o E€q €_
(14) Sld <S) Sld (t) = Sld <S + tl f_> .

We emphasize that one advantage of working with CMPL’s at roots of unity
is that the product of these objects as in Eq. (1.3) is much simpler than that
of cyclotomic MZV’s in Eq. (1.2). We will use this fact to obtain an analogue of
Brown-Deligne’s theorems for CMPL’s at roots of unity (see Theorem 1.10).

Using Egs. (1.3) and (1.4) we obtain

Proposition 1.6. Let (i), (i) be two positive arrays. Then

1) There exist f; € F, and positive arrays <l:2> with (“Z) < <§) + (i) and

depth(u;) < depth(s) + depth(t) for all i such that
Sig (i) Sig (i) = fiSia (’:) for all d € Z.

K K £ €
2) There exist f! € F, and positive arrays u,f with u’-z < . + ¢ and
depth(u}) < depth(s) + depth(t) for all i such that
. €\ o € . /
Sicq (§> Sig ( t) = Z f1Sicq (ﬁ,) for all d € Z.
! ! £ €
3) There exist f]' € Fy and positive arrays u,_’,) with (u},> < (5> + <t> and
depth(u}) < depth(s) + depth(t) for all i such that
A € : !
Sig <5> Sicyg (t) = Zfl” Sig (ﬁf,) for all d € Z.
Proof. The proof follows the same line as in [55, Proposition 2.1]. We omit the

details. O

We denote by CL y the K n-vector space spanned by the CMPL’s at roots of unity
and by €Ly, the Ky-vector space spanned by the CMPL’s at roots of unity of
weight w. Proposition 1.6 implies that CLy is a K-algebra which is commutative
and associative.
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1.4. Brown-Deligne’s theorems for CMPL’s at roots of unity.

This section is devoted to the development of the so-called algebraic theory as in
[55, §2 and §3] to the setting of CMPL’s at roots of unity. We adopt the operators
B* and € of Todd [65] and the operator BC of Ngo Dac [55] to this setting. We then
derive an analogue of Brown-Deligne’s theorems for CMPL’s at roots of unity (see
Theorem 1.8). As a consequence, we prove that for a fixed weight the vector space
spanned by cyclotomic MZV’s and that spanned by CMPL’s at roots of unity are
the same (see Theorem 1.9). Finally, we exploit the fact that the product formula for
CMPL’s at roots of unity is “simple” and prove a strong version of Brown-Deligne’s
theorems for CMPL’s at roots of unity (see Theorem 1.10).

When N = ¢—1 (i.e., the case of alternating CMPL’s), the theory that we develop
in this section was presented in detail in our previous paper [44]. Our presentation
follows the same line as in loc. cit. We write down some details for the convenience
of the reader.

1.4.1. Binary relations. A binary relation is a K y-linear combination of the form
. €; . €\
Zai Sig <5) + Zb Sig1 <ti> =0 foralldeZ,

€ €;
where a;,b; € Ky and | * ), [ [*
5; t;

We denote by BR,, the set of all binary relations of weight w. Then BR,, is a
K n-vector space. From the fundamental relation in [62, §3.4.6] follows an important
family of binary relations

. _ . 1
(1'5) R.: Sig (;) + € 1D1 Sigi1 (i - 1) =0.

Here Dy = 67 — 0 given in Eq. (1.1) and e € T'y.
For the rest of this section, let R € BR,, be a binary relation of the form

. &g; . i
(1.6) R(d): Zai Sig (s> +Zbi Sigi1 (f) -0,
€

where a;,b; € Ky and <5

are positive arrays of the same weight.

> , (?) are positive arrays of the same weight. We now

7 4

define some operators on K y-vector spaces of binary relations.

1.4.2. Operators B*. Let (g) be a positive array of depth 1. We define an operator
By, BRy — BR,y, as follows: for each R € BR,, the image B} (R) =
Sig <Z> >_j<q B(j) is a binary relation of the form

0= Sig (‘;) (Z a; Si<d (j) + > biSicat <f>>
= aiSig (Z) Sica <§> + 3 b;Sig (Z) Sica (f) + 3 b;Sig (Z) Siq (‘;’)
. g &; . g € . J€;1 €;_
:ZaiSId <’U 5i> +Zbi81d (1} ti) +Zbi81d (U—i—til tj_).
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The last equality follows from the explicit formula (1.4).

Let <‘§/:> = <Z1 o Z”) be a positive array. We define B, ,(R) by B, »(R) =
1 .- n ’ ’
3:’1,’[}1 O---0 .B;nﬂ)n

1.4.3. Operators C. Let (‘E/ be a positive array of weight v. We define an operator
Cov(R): BR, — BRyy, as follows: for each R € BR,,, the image Cx v (R) =

R(d) Sicgs1 <§,> is a binary relation of the form

: 7 . i . by
0= <Z a; Sld (;) + Z bi Sld+1 (Z)) Sl<d+1 (V)
. i . by . i . % . i . 3
= Zai Sig (;) Sig (V) + Zai Sig (;) Sicq (V) + Zbi Sigy1 (;) Sicat1 (V)
) U
=) fiSiq (‘:Z) + > fiSiap (’:7) :

The last equality follows from Proposition 1.6.

1.4.4. Operators BC. Let € € I'y. We define an operator BC, 4: BR, — BNRy14
as follows: for R € BR,, as in Eq. (1.6), the image BC, 4(R) is a binary relation
given by

BCq(R) = BLy(R) = 3 biCe, i (Re).
By direct calculations, we see that BC, 4(R) is of the form
. € &; . € €5\
Zai Sig (q 51’) + Zbij Sigy1 <1 fij) =0,
% %7

where b;; € Ky and €7 ) are positive arrays satisfying €ij < 1 + (&
ti; tij g—1 t
for all j.

1.4.5. A key expression. We recall the following result which is crucial to obtain
the strong version of Brown-Deligne’s theorems in our setting (see [44, Proposition
1.6]). The key fact is that we exploit the simple product formula for CMPL’s at
roots of unity given by Eq. (1.2) to obtain a simple and explicit expression of terms
of type 1.

Proposition 1.7. We recall that Axy = ky10].
1) Let (i) = <51 5”) be a positive array such that Init(s) = (s1,...,8x—1)

S1 PN Sn
(see §1.1) for some 1 < k <n, and let € be an element in I'y. Then Li (i) can be

decomposed as follows
. (e (€ . (€ o i
5(0) - 2 (E) () e (i)
1 1

type 1 type 2 type 3
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where b;,¢c; € An are divisible by Dy given as in Eq. (1.1) such that for all i, the
following properties are satisfied:

e For all positive arrays (i) appearing on the right-hand side, depth(t) >
depth(s) and Ty (t) < Ti(s).

/

e For the positive array <§,) of type 1 with respect to (i) , we have

e\ (e1 ... ek—1 € eler epy1 .. En
4 $1 .. Sk—1 4 Sk—q Sk+1 --- Sn/)’
Moreover, for allk < ¢ <mn,
S+ sy<sy+c-+ s
/
e For the positive army( )Oftypeszth respect to (i),for allk <0 <n,
bty <sp e+ s

e For the positive array <l:> of type 3 with respect to (z), we have Init(s) <
Init(u).

2) Let (i) = (il zk) be a positive array such that Init(s) = s and s, = q.
1 .- k

Then Li i can be decomposed as follows:

Li (i) = biLi (i:) + L (ﬁ)

type 2 type 3

where b;,c; € Ay divisible by Dy such that for all i, the following properties are
satisfied:

/\
-~ M

e For all positive arrays
depth(s) and Ty (t) < Ti(s
e For the positive array < ) of type 2 with respect to (i) ,

) appearing on the right-hand side, depth(t) >

4t < s14 o+ sk

e For the positive array <l:) of type 3 with respect to (i) , we have Init(s) <
Init(u).

Proof. For the convenience of the reader we outline how to obtain the decompo-
sitions. For m € N, we denote by ¢t} the sequence of length m with all terms
equal to q. We agree by convention that ¢1% is the empty sequence. Setting s = 0,
we can assume that there exists a maximal index j with 0 < j < k — 1 such that

/ .
sj < ¢, hence Init(s) = (s1,...,s;,¢t*771}). We set <‘Z/,> = (2 ij)
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For Part 1, since Init(s) = (s1,...,85—1), we get s > ¢g. We put (5) =

Sk —4q Sk+1 ... Sn
binary relation

-1
(8 €k Ch+l - E"). Then the desired decomposition is obtained from the

B v oBC., g0 -0BC,,_, 40 Cx,v(Re).

Here we recall that R, is the binary relation given in Eq. (1.5).
For Part 2, the desired decomposition is obtained from the binary relation

By v 0BCeyy g0 0 BC,_ q(Ra).
Again R; is the binary relation given in Eq. (1.5) for € = 1 (known as the funda-

mental relation in [55]). O

1.4.6. A weak version of Brown-Deligne’s theorems for CMPL’s at roots of unity.
We recall (see Theorem 1.3) that €T, denotes the set of all cyclotomic MZV’s

Ca i) of weight w such that s1,...,$,-1 < ¢ and s, < ¢. By Lemma 1.5, we
know that (4 (2) =Li (i) Thus €Ty, equals the set of all CMPL’s at roots of

unity Li i) of weight w such that s1,...,s,-1 < qand s, <gq.

Using Proposition 1.7 we obtain a weak version of Brown-Deligne’s theorems for
CMPL’s at roots of unity whose proof follows the same line as that in [55, §3] (see
also [44, §1]):

Theorem 1.8. 1) For all positive arrays (i) of weight w, Li (i) can be expressed

) S . (€ )
as an An-linear combination of Li . s in CT N -

2) The K -vector space CLy , spanned by all CMPL’s at roots of unity of weight
w s spanned by the set CT .

Combining Theorems 1.3 and 1.8 allows us to identify the two vector spaces of
cyclotomic MZV’s and CMPL’s at roots of unity.

Theorem 1.9. The K y-vector space CZn ., of cyclotomic MZV’s of weight w and
the Ky -vector space CLy o, of CMPL’s at roots of unity of weight w are the same.

1.4.7. An analogue of Brown-Deligne’s theorems for CMPL’s at roots of unity. Fol-
lowing [44] we consider the set T,, consisting of positive tuples s = (s1,...,5,) of
weight w such that s1,...,s,-1 < ¢ and s, < g, together with the set §,, consisting
of positive tuples s = (s1,...,$,) of weight w such that ¢ 1 s; for all i. We define a
map
t: S8y — T

as follows: letting s = (s1,...,8,) € Sy, we express s; = h;q + r; where 0 < r; < ¢
and h; € ZZ° and put

() =(q, - QT 1y sy s @ Th).
—— ——
h1 times h, times

It is clear that this map is a bijection.
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Let €8x, denote the set of CMPL’s at roots of unity Li <§> such that s =

(S1,...,8n) € 8y and € = (€1,...,¢€,) € ('n)™. We note that CSy ,, is smaller than
CTN w-

Theorem 1.10. The set €Sy, forms a set of generators for CL 4.

Proof. Letting Li (z) € CTnN,w, we know that s € T,,. Thus there exists a unique
tuple s’ € 8,, such that s = ¢(s’) as ¢ is a bijection. By Proposition 1.7 and Theorem

/
1.8, it follows that there exists a tuple € € (I )d°P*"(s") such that Li <§,) can be

(€Y . (€
Li{ —Za(e/,sf),(e,t)Ll ¢ )

where (i) ranges over all elements of CTn , and a(e o), (e,1) € An satisfying

+1 (mod Dy) it [€)=(°),
Q(e’,s'),(e,t) = t S

0 (mod Dy) otherwise.

expressed as follows:

/

We observe that Li i, € Conw-

It implies immediately that the transition matrix from the set consisting of such
Li (;;) as above to the set consisting of Li (;) with <§> € CT N, is invertible.
The theorem follows.

Combining Theorems 1.9 and 1.8 yields

Theorem 1.11. Let €Sy ,, denote the set of CMPL’s at roots of unity Li (Z) such
that s € 8,,. Then the set CSn ., forms a set of generators for CLn .

We easily see that one has an effective algorithm for expressing any cyclotomic
multiple zeta value as a linear combination of €Zy ., as opposed to the classical
setting (see [15, 24, 25] for more explanations).

2. DUAL t-MOTIVES CONNECTED TO CMPL’S AT ROOTS OF UNITY

2.1. Dual t-motives.

We recall the notion of dual t-motives due to Anderson and refer the reader to
[1] for the related notion of t-motives. For i € Z we consider the i-fold twisting of
Coo((t)) defined by

Coo(()) = Coo((2))
f= Zajtj = fO = Za?itj.

We extend i-fold twisting to matrices with entries in Coo ((2)) by twisting entry-wise.
Let K[t,o] be the non-commutative K[t]-algebra generated by the new variable
o subject to the relation of = f(~Yo for all f € K[t].
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Definition 2.1. An effective dual t-motive is a K[t,o]-module M’ which is free
and finitely generated over K[t] such that for £>> 0 we have

(t = )" (M /oM') = {0}.

We mention that effective dual ¢-motives are called Frobenius modules in [22,
36, 50] (see also [38, §4] for a more general notion of dual t-motives). Throughout
this paper we will always work with effective dual t-motives. Therefore, we will
sometimes drop the word “effective” where there is no confusion.

Letting M be a dual t-motive, we say that it is represented by a matrix ¢ €
Mat, (K[t]) if M is a K[t]-module free of rank 7 and the action of o is represented
by the matrix ® on a given K|t]-basis for M. We say that M is uniformizable or
rigid analytically trivial if there exists a matrix ¥ € GL,(T) satisfying ¥(-1) = o0,
The matrix ¥ is called a rigid analytic trivialization of M.

We now recall the Anderson-Brownawell-Papanikolas criterion which is crucial
in the sequel (see [2, Theorem 3.1.1]). The curious reader might compare it with
Beukers’ result [8] in the classical setting.

Theorem 2.2 (Anderson-Brownawell-Papanikolas). Let ® € Mat,(K][t]) be a ma-
triz such that det ® = c(t — 0)* for some c € K and s € Z=°. Let 1 € Matyx1(€)
(see §1.1 for &) be a vector satisfying =1 = ®1p and p € Maty(K) such that

p(0) = 0. Then there exists a vector P € Matyx¢(K[t]) such that
Pyp=0 and P(0)=p.

To end this section we recall R = [ky : k] and mention that by replacing F,
(resp. o) by F,r (resp. o) one gets a theory of dual t-motives of level R (see
[22, 37] for more details).

2.2. Dual t-motives connected to CMPL’s at roots of unity.

We recall that as in §1.1, 7 denotes the Carlitz period which is a fundamental
period of the Carlitz module (see [35, 61]) and Q denotes the Anderson-Thakur
function introduced in [3].

Let s = (s1,...,8:) € N” be a tuple and € = (e1,...,¢) € (I'y)". For all
1 <i<rwefixa (¢ —1)th root ; of €2 € k. Following Harada [37] we consider
the untwisted L-series

(2.1) L(s€) = Y (@) er(@en) ),

11> >0, 20

Remark 2.3. We mention that these series are different from those that appeared
in our previous works on MZV’s and AMZV’s [55, 44] which are twisted series
defined by Chang [20].

It can be proved that £%"(s,€) € & (the proof follows the same line as in [37,
Lemma 4.2]). In the sequel, we will use the following property of this series (see
[37, Lemma 4.4]): for all j € Z=° divisible by R, we have

Fw(s) ’

(2.2) L (s;€)(0) = . (§>

(2.3) £ (5 €)(07) = (e1 ... e,) (£ (5;€)(0))7 .
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We note that in the proof of [37, Lemma 4.4], we need the equalities ez(-j ) = €; which
follow from the fact that j divisible by R.
Further,
LU(81, ey S €1y, er)(*l) =(e1... er)(*l)ﬂ‘m(sl, ey Sp eg_l), cee effl))
Fer o er)TVE = 0) QLM sy, spnel eI,
As in [37, Lemma 3.3], it follows that for all j € N,
’Qun(sh ey Spi€1y ey ET)(_j) = ((61 .. 67‘)])(_]) Z QSi+1+m+ST
i=0
<Y T (@) ™) L (@) ) (s s e

0<jis1<—<jr<j
Here for all s € N, K € N and € € 'y, we put
(2.4) Top =t —0)°((t—0)) "V .. ((t—0)*) ==,
Tor(€) = e ", = e *(t—0)°((t — 0)*) Y ... ((t — 0)*) =),

(=R

In particular, when j = R, since ¢; = ¢;, we obtain

r
Eun(sl’ s S €L €T)(_R) = (61 e GT)R Z Qi+t tse
1=0

X Z Tsi+l’ji+1(6i+1)...TSNJ‘T(ET)Sun(Sl,...,87;;617...761').

0<jit1<<jr<R

We consider the dual ¢t-motives M, . and M . attached to (s, €) given by the

5,€
matrices

s

Ts4ts,,R 0
R
P Tsy4 s, R Z]‘l:1 Ts, 5 (€1) Tootots,,R

H1-- for Z Ty, gy (e1) - Ty, . (€r)
0<j1<-<jr<R

€ Mat, 1 (K[t]),

: R
— : p2Tsyqts, R ijzl T, 5o (e2)

and ®, . € Mat,(K[t]) which is the upper left r x r sub-matrix of ®,.. More

5,€

precisely, the ith row of @, ¢ is (®;1,...,P;4,0,...,0) where for 1 <k <4,

(I)i,k =Mk - :U'iflTSH*“%*Sr,R Z Tsk,jk (Ek) s Tsi—l,ji—l (61;1).

0<jrp<--<ji—1<R
From now on, we write

(2.5) Lisi€) = pls; €)™ (53 €)

TST,R
R
Hr Z]rzl TSTLjT (67')

= O
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instead of ju; ... u,-£%%(s; €). It follows from Eqgs. (2.2) and (2.3) that for all j € Z=°
divisible by R, we have
Li <€>
s

(2.6) L(s;€)(0) = p1 - .. MTW’
(2.7) L(s; €)(07) = (L(s; €)(0))*".
Then the matrix given by
Us e
Qs1t+ Tty 0
Mlgun(sl;€1)982+~~+sr QSQ-&-W—&-ST
_ . pr2 £ (525 €2) Q58 o
U1 e 1 881, S €Ly ey €)X o e £ (S, Spm15 €2y e, €01 )T
1 e (81, Spy €Ly ey Ep) fo e 1 B (S2, ., Spy €y Ep)
Qsittse 0 0 0
L(sy;€p)Qs2tFsr Q2 tse 0 0
B : L(S2;62)st+“‘+sr
L(sl,...,srfl;el,...,e,«,l)QS"' L(SQ,...,ST,1;62,...,6»,\,1)QS"' Qsr 0
L(s1,...y8r;€1,...,6r) L(sa,...,8;€2,...,€) coo L(sper) 1
€ GL,11(T)
satisfies

\PE;R) = (bs,ell’s,e-
Thus ¥, . is a rigid analytic trivialization associated to the dual ¢t-motive M  of
level R. We also denote by W¢ . the upper 7 x r sub-matrix of W, .. It is clear that
W, is a rigid analytic trivialization associated to the dual t-motive M ..

Further, combined with Eqgs. (2.6) and (2.7) (see [37, Lemma 4.4]), the above
construction of dual t-motives implies that L(s; €)(6) has the MZ (multizeta) prop-
erty in the sense of [20, Definition 3.4.1]. By [37, Theorem 4.7 and Lemma 4.11]
(see [20, Proposition 4.3.1] for the MZV’s case), we get

Proposition 2.4. Let (s;;€;) be as before for 1 < i < m. We suppose that all
the tuples of positive integers s; have the same weight, say w. Then the following
assertions are equivalent:

i) L(s1;€1)(0),. .., L(sm; €n)(0) are Kn-linearly independent.

ii) L(s1;€1)(0),...,L(sm; €n)(0) are K-linearly independent.

We end this section by mentioning that Harada [37] also proved analogue of
Goncharov’s conjecture for cyclotomic MZV’s, generalizing [20] for the MZV’s case.

2.3. Dual t-motives and linear combinations of CMPL’s at roots of unity.

Let w € N be a positive integer. Let {(s;; €;) }1<i<n be a collection of pairs as
above such that s; has weight w. Let {(a;)}1<i<n be elements in Ky and we set

Qs
por £ (53
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a;(t) := ailg=t € kn[t]. We write 5; = (s;1,-..,5i,) € NY and €; = (€1,...,€,) €
(FN)ZI‘ so that s;1 + -+ + sy, = w. We introduce the set of tuples

I(si;€) = {0, (si13€i1), -+ (Si1y -5 Si(e,—1)3 €iLy - - - €i(,—1)) }»
and set
I:=U;I(s;;€).
For all (t;€) € I, we set

(2.8) fre = Zai(t)L(si(k+l)a ey 80l ik 1) s - - €ily),s

where the sum runs through the set of indices 7 such that (t;€) = (i1, ..., Sik; €1, - - -, €ik)
for some 0 < k < ¢; — 1. In particular, fp =, a;(t)L(s;;€;).

We now generalize some results of [55, §4 and §5] and also [44, Theorem 2.4]
to study the linear dependence of CMPL’s at roots of unity. The key point is
a construction of dual ¢-motives connected to linear combinations of CMPL’s at
roots of unity. The proof follows the same line as the above. We write it down for
completeness.

Theorem 2.5. We keep the above notation. We suppose further that {(s:; €;) }1<i<n
satisfies the following conditions:

(LW) (for Lower Weights) For any weight w' < w, the values L(t;€)(0) with
(€) € I and w(t) = w' are all Ky-linearly independent. In particular,
L(t; €)(0) is always nonzero.

(LD) (for Linear Dependence) There exist a € Ay and a; € Ay for 1 <i<mn
which are not all zero such that

a+ > a;iL(s;;€)(0) =0.
i=1

Then for all (t;€) € I, fie(0) belongs to Ky where fee is given as in Eq. (2.8).
Proof. The proof will be divided into two steps.

Step 1. We first construct a dual ¢-motive connected to linear combinations of
CMPL’s at roots of unity.

For each pair (s;; €;) we have attached to it a matrix ®s, ,. For 5; = (si1,...,8i,) €
N% and €; = (&1, . .,€i,) € (Tn)" we recall

I(si;€) = {0, (si15€i1), 5 (Sits - - o5 Si(ei—1); €ils - -+ €L, —1)) I

and I :=U;I(s;; €;).

We now construct a new matrix ® by merging the same rows of ®, . ,..., &
as follows. The matrix ®' will be a matrix indexed by elements of I, say ® =

((b/(t;e)’(t,;el)>(t;e),(t’;z—: e € Mat;(K][t]). For the row which corresponds to the
empty pair ) we put

, Twr if(t;e)=0,
(I)(Z),(t';e’) == .
0 otherwise.

For the row indexed by (t;€) = (si1,. .., Sij; €i1, - . ., €;) forsomedand 1 < j < ¢;—1
we put

!
(te),(s€’)
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Tw—w(v),R if (t;€) = (t;e),
= Hi(k41) - i Tw—w(0),8 22 Tsigerry manss (€ite41)) -+ Toiy oy (€35) i (V5 €) = (sin, -, sin; €1,
0 otherwise.
* ! _ !
Here " = Zo<mi<k+1><'“<mij§3' Note that @, ¢, = ((I)(f:e),(i/;s’)) (te),(Vse)El(sise)

for all 7. -
We define ® € Mat;1(K][t]) by

® 0 — —
b = (V 1) S Matm_;,_l(K[t]), vV = (ﬂt}e)(t;e)ej € Matlxm(K[t]),

where

Ute = Z a; (t):u’i(kJrl) e Higg Z Tsi(k+1)>mi(k+1) (ei(k+1)) s T5i2i7miéi (ei&)'
[ 0<mi(k+1)<"‘<miii <R

Here the first sum runs through the set of indices i such that (t; €) = (s;1, ..., Sik; €1, - - - » €ik)

for some 0 < k < /¢; — 1.
We now introduce a rigid analytic trivialization matrix ¥ for ®. We define ¥/ =

(\pzt;e)’(t/;e/)>(t;e),(t/;g’)ej € GL;/(T) as follows. For the row which corresponds to
the empty pair () we define

, _jav if (vi€) =10,

0.(t5¢) 0  otherwise.

For the row indexed by (t;€) = (si1,. .., Sij; €i1, - - -, €;) forsomedand 1 < j < ¢;—1
we put

/ _
(tie),(t;€¢’) —

...,eik),

L(t; e)Quv—v® if (t;€') =0,
L(Si(hg1ys -+ 8ij3 €i(kt1)s 5 eij)Q“’_w(t) if (;€)=(8i1,--.,8ik;€i1,s---,€x) for some 1 < k < j,
0 otherwise.

Note that ¥, . = <\Il’ for all 1.

(t;e)’(t,;el))(t;e),(t’;e’)el(si;ei)
We define ¥ € GL;741(T) by
U0
U = £ o1 S GL|[|+1(T), f= (f’t,E)tEI € Matlxm(ﬂl').
Here we recall (see Eq. (2.8))
Jre= Zai(t)L(Si(k+l)7 e i3 €l 1) s - - o Eily)

where the sum runs through the set of indices ¢ such that (t; €) = (si1, ..., Sik; €1, -« - €ik)
for some 0 < k < ¢; — 1. In particular, fp =, a;(t)L(s;;€;).
By construction and by §2.2, we get U(—7) = oW,

Step 2. We apply the Anderson-Brownawell-Papanikolas criterion (see Theorem
2.2) to the previous construction.
In fact, we define

o= ((1) <(I]>) € Mat) 712 (K[t])
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and consider the vector constructed from the first column vector of W
B 1
=Yoo

Then we have {/;(’R) = CT){/;
We also observe that for all (t;€) € I we have ¥(, 4 = L(t; €)Qv M), Further,

a+ fp(0) =a+ ZaiL(si;ei)(H) =0.

By Theorem 2.2 with p = (a,0,...,0, 1) we deduce that there exists h = (go, gt.e,9) €

Mat 1 (7/42) (K[t]) such that hi) = 0, and that g¢(0) = 0 for (t,€) € I, go(0) = a

and g(0) =1 # 0. If we put g := (1/g)h € Maty(|7+2)(K(t)), then all the entries
of g are regular at t = 6.
Now we have

(2.9) (g—g" M0 =g — (g)) ) =0.
We write g — g(_R)&> = (Bo, B¢, 0)¢er. We claim that By = 0 and B¢ = 0 for all
(t;€) € I. In fact, expanding (2.9) we obtain
(2.10) Bo+ Y BieL(te)Qv " =0.
tel
By (2.7) we see that for (t;€) € I and j € N divisible by R,
L(te)(67) = (L(te)(9)"

which is nonzero by Condition (LW).

First, as the function €2 has a simple zero at ¢t = 9" for k € N, specializing (2.10)
at t = 07 yields Bo(#?) = 0 for j > 1 divisible by R. Since By belongs to K (t), it
follows that By = 0.

Next, we put wp := max(ye)e; w(t) and denote by I(wp) the set of (t;€) € I such
that w(t) = wo. Then dividing (2.10) by Q“~™° yields

(2.11)
Z Bt7eL(f; G)Qwo—w(t) = Z Bt,eL(t§ 6)+ Z Bt,eL(t; €)ng—w(t) = 0.
(te)el (te)el(wo) (t€)€I\I (wo)

Since each By belongs to K(t), they are defined at ¢t = 07 for j > 1. Note that

the function © has a simple zero at ¢t = 99" for k € N. Specializing (2.11) at t = 07’
and using (2.7) yields

Y Bue0)(L(te)(0)" =0
(te)el(wo)
for j > 1 divisible by R.

We claim that Byc(69") = 0 for j > 1 divisible by R and for all (t;€) € I(wp).
Otherwise, we get a non-trivial K-linear relation among L(t; €)(6) with (t;€) € I of
weight wg. By Proposition 2.4 we deduce a non-trivial K y-linear relation among
L(t; €)(0) with (t;€) € I(wp), which contradicts with Condition (LW). Now we
know that B (07 ) = 0 for j > 1 divisible by R and for all (t;€) € I(wp). Since
each By, belongs to K (t), it follows that By = 0 for all (t;€) € I(wp).
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Next, we put wy := maxe)er\ 1(wy) W(t) and denote by I(wy) the set of (t;€) € I
such that w(t) = w;. Dividing (2.10) by Q%=1 and specializing at t = §7 yields

> Bueld”) (L))" =0
(te)el(wi)
for j > 1. Since w; < w, by Proposition 2.4 and Condition (LW) again we deduce
that Btye(ﬁqj) = 0 for j > 1 divisible by R and for all (t;€) € I(w;). Since each
By, belongs to K (t), it follows that By = 0 for all (t;€) € I(w;). Repeating the
previous arguments we deduce that B¢ = 0 for all (t;€) € I as required.
We have proved that g — g(’R)&) = 0. Thus

1 0 0\ & Lo 1 0 0 1 0 0
0 1d 0 (o q))z 0 & 0 0 Id 0
90/9 (gue/9)(werer 1 0 0 1) \go/9 (9te/9)werer 1

By [22, Prop. 2.2.1] we see that the common denominator b of go/g and g /g for
(t,€) € I belongs to kn[t]\ {0}. If we put dg = bgo/g and dy.e = bge.e/g for (t,€) € I
which belong to K[t] and & := (Jy,e)ter € Matyy|r(K[t]), then 5(()_R) = §p and

12 N (I I

Id 0\ /9 0 0
— (=R) —
If we put X : (5 1) (bf 1), then X 0 1) X. By [56, §4.1.6]

there exist vy € kn(t) for (t,e) € I such that if we set v = (Vie)(teer €

Maty 7 (kn (1)),
()

. Id 0\ /¥ 0 v 0\ /Id 0\ . ..
Thus the equation (5 1) (bf 1) = (0 1) (y 1) implies

(2.13) S+ bf = v.
The left-hand side belongs to T, so does the right-hand side. Thus v = (V) (t,e)e1 €
Maty 7 (kn[t]). For any j € N, by specializing Eq. (2.13) at ¢t = 07 for j € N

divisible by R and using Eq. (2.7) and the fact that Q has a simple zero at t = 6’
we deduce that

£(0) = v(6)/b(0).
Thus for all (t,€) € I, fie(0) given as in Eq. (2.8) belongs to Ky. The proof is
complete. [l

2.4. Linear relations among CMPL’s at roots of unity and Carlitz’s pe-
riod.

The main result for linear relations among CMPL’s roots of unity reads as fol-
lows:

Theorem 2.6. Let w € N. We recall that §,, denotes the set of positive tuples
5 = (s1,...,8n) of weight w such that q 1 s; for all i and CSy,., denotes the set

of CMPL’s at roots of unity Li <§> such that § = (s1,...,8n) € Sy and € =
(€1,...,€n) € (TN)™ (see §1.4.7).
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1) Suppose that we have a non-trivial relation denoted by R(N,w):
a+ Z a;L(si;€;)(0) =0, for some a,a; € Fy(0).
5;€84
Thenqg—1|w,a#0 ande; = (1,...,1) for all .
2) Further, if ¢ — 1| w, then there is a unique relation
1+ Z a;L(s;;1)(0) =0, fora; € K.
5; €8y
We postpone the proof of Theorem 2.6 to the next section. We derive an imme-

diate consequence of Theorem 2.6:

Theorem 2.7. The CMPL’s at roots of unity in CS8y ., are linearly independent
over Ky .

3. CMPL’S AT ROOTS OF UNITY AND CARLITZ’S PERIOD

This section is devoted to proving Theorem 2.6. We keep the notation of the
previous section and recall R := [ky : k] < N.

3.1. Auxiliary lemmas.
We begin this section by recalling several lemmas in [44].

Lemma 3.1. Let¢; € 'y be different elements such that the values € are pairwise
distinct. We denote by u; € E] a (g% — 1) root of €. Then p; are all ky-linearly

independent.
Proof. See [44, Lemma 3.1]. O
€

Lemma 3.2. Let Li <5 ) € B8y, and a; € Ky satisfying

Z aiL(si; El)(e) =0.

For e € Ty we denote by I(ef) = {i : x(&)T = €'} the set of pairs such that the
Rth power of the corresponding character equals €®. Then for all e € 'y,

Z a;L(si; €)(0) = 0.
i€l(el?)
Proof. See [44, Lemma 3.2]. O

Lemma 3.3. Let m € N, e € T'y, § € K[t] and F(t,0) € F,[t,0] (resp. F(t,0) €
kn|t,0]) satisfying

K2

€6 = 8T, p+ FEM(1,0).

Then & € Fy[t, 0] (resp. § € kn|t,0]) and
qm dege F(t> 9)
g—1" 4" '
Proof. This lemma is a slight generalization of [50, Theorem 2], which proved the
case N =1 (hence R=1and T,,, p = (t — 6)™).

By twisting R times the equality ¢d = 6~ T, r + F(=1)(£,0) and the fact that
B = €, we get

degy 6 < max {

) = §(Tp 1) + F(t,0).
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We put n = deg, § and express § = a,t"+---+ait+ag € K[t] with ag,...,a, € K.
For ¢« < 0 we put a; = 0.
Recall that T),, r = (t — 0)™((t — )™)Y ... ((t — )™)~(E=D) thus

R m m — m
T = (¢ = 0)™) P ((t = 0)™) = (k= 0)™) D
= (t—0T )" (t— )™
="t epr it et + o,
where ¢; € Fy[0]. We put ¢,pp =1 and ¢; =0 for i < 0.
Since
deg, 0 = deg, 6 = n < deg,((Tpn.z)) = n+ mR,

it follows that deg, F'(t,6) = n+mR. Thus we write F'(¢,0) = bogmpt" TR 4
bt + by with by, ..., bp+mr € F,[6]. Plugging into the previous equation, we obtain

3 R
e(ad"t" 4 +al")
— (ant™ 4+ 00) (T )™ + b ™™ 4 by
= (@nt" + 4 a0) ™ + cnp_ 1t 4+ o) + byt TR 4 - 4 by

Comparing the coefficients ¢/ for n +1 < j < n + mR yields
ajme + Z aiiji + bj =0.
i=j—mR+1

Since b; € Fq [0] for all n + 1 < j < n+ mR, we can show by descending induction
that a; € F,[0] for alln+1—mR < j <n.

If n4+1—mR < 0, then we are done. Otherwise, comparing the coefficients ¢/
for mR < j < n yields

aj—mR + Z aiCj—; + bj — ea‘;-R =0.
i=j—mR+1

Since b; € ﬁq[ﬂ] for all mR < j < n and a; € Fq[e] forallm+1—mR < j <n,
we can show by descending induction that a; € Fq [0] for all 0 < j < n —mR. We
conclude that § € F[t, 6].

We now show that deg,d < max{%,deg"qi};(t’a)}. Otherwise, suppose that

deg, 6 > max{(ffm deg@qii(tm}. Then deg, 6 = ¢’ deg, §. It implies that deg, 6% >

19
degy (6(Tyn.r) 1)) = degy § + qu‘:fq and degy 6(") > deg, F(t,0). Hence we get

degy(ed ) = degy 61 > degy(Ty r) ™ + F(t,0),
which is a contradiction. [
Lemma 3.4. Recall that the set 8,, consists of positive tuples s = (s1,...,8n) of

weight w such that q 1 s; for all i as in §1.4.7. Let w € N such that ¢ — 1 | w. Then
there exists a linear relation

1+ Z a;L(s;;1)(0) =0, witha; € K.
5, €Sy

Proof. Since g — 1 | w, it follows that (4(w)/7" belongs to K*. Theorems 1.9 and
1.10 applied to N = 1 imply immediately the desired assertion. [
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The rest of this section presents a proof of Theorem 2.6.

3.2. Setup.

The proof of Theorem 2.6 is by induction on N + w.

If N+w =2, then N = w = 1. Thus we have only one tuple (s1,€;) = (1,1).
Suppose that we have a non-trivial relation

a+a1L(1;1) =0, for a,a; € Fy(0).
Then a # 0 and it follows that ¢ — 1 | 1. Hence ¢ = 2 and Theorem 2.6 follows as

L(1;1) belongs to K.
Let M be a positive integer with M > 2. Suppose that

H(N,w): Theorem 2.6 holds for all pairs (N, w) such that N +w < M.

We claim that Theorem 2.6 holds for all pairs (N, w) such that N +w = M. In
what follows, we fix such a pair (N, w). We recall R = [ky : k] < N.
Suppose that we have a non-trivial relation

(3.1) R(N,w): a-+ Z a;L(s;;€)(0) =0, for a,a; € Fy(0).
5;€8w

We claim that we can suppose a,a; € Ky. In fact, if a = 0, then the claim
follows from Proposition 2.4. If ¢ — 1 { w, then by Eq. (2.6) any linear relation

a+ Y a;L(s;;€)(0) =0

5,€8w

with a,a; € Fq(ﬂ) implies that a = 0. By the previous discussion, we are done.
Otherwise, we have ¢ — 1 | w and a # 0. By Lemma 3.4, there exists a linear
relation
L+ > biL(t;1)(0) =0
t,€8w
with b; € K. Thus

—a Z biL(fi; 1)(9) + Z aiL(si; 61)(9) =0.
t€8w 5,€E8y
By Proposition 2.4 again, we can suppose that a,a; € Ky.
Further, by Lemma 3.2 we can suppose further that €? has the same character,
i.e., there exists € € I'y such that for all ¢,

(3.2) X(ei)R = (€1--. Gigi)R = .

3.3. Trivial characters.
We now apply Theorem 2.5 to our setting of CMPL’s at roots of unity. We know
that the hypotheses are verified:
(LW) By the induction hypothesis, for any weight w’ < w, the values L(t; €)(6)
with (t;€) € I and w(t) = w’ are all Ky-linearly independent.
(LD) By Eq. (3.1), there exist a € Ay and a; € Ay for 1 < i < n which are not
all zero such that

a+ Z a;L(s;;€;)(0) = 0.
i=1
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Thus Theorem 2.5 implies that for all (t;€) € I, fi(0) belongs to Ky where fi
is given by

ft;s = Z ai(t)L(Si(k+1)a sy Sily; €i(k41)y s s EMJ

Here, the sum runs through the set of ¢ such that (t;€) = (i1, .., Sik; €1, - -, €ik)
for some 0 < k < ¢; — 1.

We derive a direct consequence of this result. Let (t;€) € I and t # (. Then
(t;€) = (Si1,-- -, Sik; €1, - - -, €i) for some i and 1 < k < £; — 1. We denote by J(t; €)
the set of all such 7. We know that there exists b € K such that

b+ fre(0) =0,
or equivalently,
b + Z ariL(Si(k:Jrl)’ ey Silys €i(k+1)a ceey em)(ﬁ) =0.
1€J(t;€)

The CMPL’s at roots of unity appearing in the above equality belong to €8y w—uw(t)-
By the induction hypothesis applied to the pair (N,w — w(t)), we deduce that

€i(kt1) = -+ = €y, = 1. Further, if ¢ — 1 { w — w(t), then a; = 0 for all i €

J(t; €). Therefore, letting (s;,€;) = (81, .., Sit,; €i1s- - -, €i;) We can suppose that

8i2, - .., Sir, are all divisible by ¢ — 1 and €;2 = - - - = €;y, = 1. In particular, for all ¢,
ef = y(e)F = €2,

3.4. o-linear equations of higher order.
Now we want to solve Eq. (2.12) and we can assume that b = 1. We define

J:=TU{(s;;€)}
For (t;e) € J,
o if (t;€) # (0,0), then we put
—w(t
my 1= b w(®) € 722°.
q—1
e we denote by Ji(t;€) consisting of (¥;€') € J such that there exist ¢ and
0 < j < él so that (t; 6) = (Sil, Si2y -5 Sijs €1, 1, ey 1) and (’L/, E/) =
(i1, 8i25 -+ -5 Si(j41); €1, L, oo o5 1));
e we denote by J(t; €) consisting of (¥';€’) € J such that there exist ¢ and
0 <j <k <Y sothat (t;€) = (si1,8i2,...,5;j;€1,1,...,1) and (t',€') =
(i1, 8625+ -+ Sik3 €1, 1, ..., 1),
Thus Ji(t;€) C Joo(t; €). Further, for (t;€) = (s;;€;), both Ji(t;€) and Joo(t; €) are
the empty set.

Here letting (t;€) = (si1, 8i2, .- -, Sij; €1, 1,...,1) for some ¢ and 0 < j < £; and
(5€) = (Si1,8i2, - -+ Sik; €1y 1y ..., 1) € Joo(t; €) with j < k < £;, we recall (see the
proof of Theorem 2.5)

* (I)Et;e),(t;e) = Tw—w(t),R~
e If j = 0 that means (t;€) = 0, then

/ — —m;1
(I)(f';e'),@ - lewaw(v),R § : €1 Ts'ilamil .- 'Tsik;mik'
0<m1 <---<m;pr<R
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e If j > 0 that means (t; €) # 0, then

’ _
(¥5€),(te) — Tw—w(v),r § : Tsz‘<j+1>,mi(j+1> oo T oma-
O<m¢(j+1)<~--<mik§R

It is clear that (2.12) is equivalent finding (6¢,¢)(seyes € Maty |7 (K[t]) such that
(33) 5&,6 = 5t(;R)Tw—w(t),R + Z 5’5’_,51’%)(1)/(U;€/),(t;5)’ for all (ta 6) €J \ (Z)a
(t',€")eJo(t,€)
and
-R -R
(3.4) So=08 PTucwint+ Y. 00 Vg for (te)=0.
(t,€)eJo0 (0)

In fact, for (t,€) = (s;, €;), the corresponding equation becomes Js, ¢, = 55,;2). Thus
65i7€i = ai(t> € kn [t}

3.5. Solving Egs. (3.3): statement of the result.

Letting y be a variable, we denote by v, the valuation associated to the place y
of the field Fy(y). We put
(3.5) T:=t—1t%, X :=t1-6%.

We are ready to solve Egs. (3.3):

Proposition 3.5. We keep the above notation. Then
1) For all (t,€) € J\ 0, the polynomial §¢ ¢ is of the form

me—1
6t,e = ft,e <‘Xml + Z P(t,e),i(T)Xl>

i=0

where

* fie € knl[t],

o for all 0 <i <my—1, Pye)i(y) belongs to Fy(y) with v, (Pe)i) > 1.
2) For all (t,e) € J\ 0 and all (V,€') € Ji(t,€), there exists F e v.e) € Fq(y)
such that

ft’,e’ = ft,eF(t,e),(t’,e')(T)'

In particular, if fi.e =0, then fy e = 0.
3) For all (t,e) € J\ 0, if for all (t',€) € Ji(t,€), we set

me—1
Ce=X"+ 3 Puo(D)X',
=0
mt/—l
§v. e = Flue),v,en(T) (Xm" + Z P(t’,e’),i(T)Xl> .
1=0

then
—1 w—w -1 w—w
gt,e = ’E,e )(t - 0) ® + Z ‘E’,e’) (t - 0) (t)
(',€’)EJ1(t;€)
This proposition states that there is a unique solution & € kn|[t, 6] for (t,€) €
J\ 0 of Egs. (3.3) up to a constant in ky(¢). Further they admit a solution all
belonging to k[t, 0] which satisfies o-linear equations of order 1.
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3.6. Solving Egs. (3.3): proof of the result.
In this section we present a proof of Proposition 3.5.

3.6.1. Induction. The proof of Proposition 3.5 is by induction on m¢. We start with
=00

m¢ = 0. Then t = 5, and € = ¢; for some . Since Js, , s;,e; » We have observed
that ds, ¢, = ai(t) € kn[t]. Thus &, ¢, = 1 and we are done.
Suppose that Proposition 3.5 holds for all (t,€) € J\ 0 with m¢ < m for some
m € N. We now prove the claim for all (t,€) € J\ @ with m¢ = m. In fact, we fix a
pair (t,€) € J\ 0 with m; = m and want to find d € K[t] such that Eq. (3.3) for

(t, €) is satisfied:
—R -R
(3.6) Se =0 Tuwort D 00 Pluer (e
(t,€')EJxo (t,€)
The induction hypothesis implies
1) For all (t',€') € Joo(t; €), we know that

m‘lfl
5",6’ = ftl’el <Xm“ + Z P(t’,e’),i(T)Xl>

i=0
where
= fu.e €knlt],
— forall 0 <i <my — 1, Py ey (y) € F(y) with vy (Prey) > 1.
2) Forall (t',€') € Joo(t,€) and all (t",€"”) € J1(t', €’), there exists Fiy oy, (¢r,e) €
F,(y) such that
ft//,ell p— ft/7€/F(t/7€/)7(t,,)Ell)(T)'
3) For all (t,€') € J(t,€) and all (t’,€") € J1(¥,€), if we put

mer—1
gt/7€/ = Xml’ + Z P(t/’el)’i(T)Xl,
=0
mfllfl
§vr e = Fluen ey (T) <Xm"' + > Pw,z'(T)XZ> ;
i=0

then 6{/,5/ = fl’,e’gt’,eU 5{”,6” = ft/7€/§t//’€// and

(3.7) Cve = gt(;l/) (t — e)wfw(t’) + Z 5572/ (t— a)w—w(u).
(v7,€”)edr(V;e)
Hence we are reduced to solve Eq. (3.6), i.e., to find &, € K[t] with the unknown
parameters fy o € kn|[t] where (¢, €’) runs through the set Ji(t, €).

3.6.2. Proof of Proposition 3.5 for (t,€): first part. In this section we derive several
useful formulas, in particular a simpler expression for the right-hand side of Eq.
(3.6) as a consequence of the induction hypothesis.
We write
(t,e) = (81'1, . .,Sij;eil,l,. . ,1)
for some i and 1 < j < £;. If (t;€) = (si1,---, Sik; €151, ..., 1) € Jo(t;€) with
j < k </¥;, we recall

’ — E :
(t';€'),(te) — Tw—w(v).R Tsiijinymicreny -+ Lsieoman-
0<myir1)<--<mir <R
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If (t,€) € Juo(t €) \ Ji(t,€), then we put (to;€0) = (i1, ., Si(j41); €1, 1, .., 1).
Thus (to; €0) € Ji(t;€) and (¥, €) € Jxo(to, €0)-
Lemma 3.6. Let (t';€') € Juo(t;€). Then for all n € N, we have

l
(38) gtﬂ ! gt’ e’ w w(t'),n + Z th// e)”Tw w(t),l

(Ve ey (Vse) £=1

Proof. The proof is by induction on n. For n = 1, Eq. (3.8) is exactly Eq. (3.7) and
we are done. Suppose that Eq. (3.8) holds for some n € N. We prove that it still
holds for n+ 1. Twisting Eq. (3.8) once and putting this equality into Eq. (3.7) gets

v e = gt(’Tel') (t _ a)w—w(t’) + Z E;’BI (t _ g)w—w(t')

(t,e")eJi(t;€e)
w—w —n—1 1 w—w(t -1 1
T e S S,

(t” ”)EJ1(’£/ ) =1
1 w—w(t
+ Y ey
(v, €)edi (Ve

—n—1 (—t— 1
= Tw—w(t’)7n+1€£/7g ) + Z Zgu/ €’ w w(t),f4+1

(t7,€") ey (t;€) =1

1 w—w(t
S D 7 A () Rl
(¢, e1(¥;€)
n+1

—n— L
=Ty w(t’),n+1€t/ ' 1)+ Z ngll //1 Ty w(t’), 041"

(t// //)e]l (t/ ) —
The proof is complete. O

Lemma 3.7. We keep the above notation. Let (t';€') = (si1,- .-, Sik; €1, 1,...,1) €
Joo(t;€) with j < k < ¥¢;. Then for all n € N, we have

Z gt'j,:’)’Tw*w(t”),n Z Tsi(k+1):mi(k+1) o Ty mae
O<mi(k+1><---<mi2§n
= gt’,e’ - ft(/jg)Tw—w(t’),n

where the first sum runs through the set of all (', €") = (s;1,. .., Si;€i1,1,...,1) €
Joo (¥, €).

Proof. Letting n € N and (¥;€') = (si1,-..,8ik;€i1,1,...,1) € Jo(t;€) with j <
k < /{;, we put

—n)
8(t',€',n) Z Et“ Z”T w(t’’),n Z Tsi(k+1)ami(k+1) o Loy mie

0<m(41)<--<mip<n

where the first sum runs through the set of all (t,€”) = (s;1,..., 85 €1,1,...,1) €
Joo (Y, €).
We want to show that for all n € N and all (t" €) e Jo(te),

(39) S(tl7 6/7 ’I’L) = é_{', g gt/ 5/ w w(t'),n-
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The proof is by induction on n € N. For n = 1 we are done by Eq. (3.7) applied
to (t;€') € Jo(t; €). Let n € N. Suppose that for all r < n and all (t';€’') € J(t;€),
Eq. (3.9) holds. We claim that for all (¥;€’) € J(t;€),

S(t/7 617 ’I’L) = gt’,e’ - ft(/TET/L)waw(t’),n-
In fact, let (¥;€') = (Si1,---,8ik; €i1,1,-.-,1) € Joo(t;€) with j < k < £;. We
consider the following partition of J(t', €)
Jeo(t, €)= Ji(t,€) U U Joo(t0, €0).
(to,e0)€J1 (¥ ,€’)
and express S$(t', €/,n) as a sum of terms induced by this partition:
swen= Y o+ Y Y%
(to,e0)EJ1(V,€')  (to,e0)€J1(V,€’) (V,€")EJc(t0,€0)

In the following we fix (to,€0) = (si1,...,Sik41)s €1, 1,...,1) € Ji(t',€) and
consider the sums running through the set of all (t’,€”) = (s;1, ..., Sie; €1, 1,...,1) €
Joo(f(),EO):

(=n)
Z gt/',e”Tw*w(t”)’” Z TSi(k+1) M (k1) " Tsi0maie
(7, € J oo (to,€0) 0<mi(k+1)<~~<m7‘,e§n
= e T, T. T,
- ¢ e tw—w(t’),nt sikt1),Mik+1) Si(k+2) Mi(k42) ** L Sie,Mig
(¢7,€")E€Joo (to,€0) 0<M(py1y<n Mi(k41) < <M e<n
_ (=n) (=mi(k41))
= § § gt”,e’/Tsi(k+1)vmi(k+1)(Tw_w(t//)vmi(k+1)(Tw_w(t//)vn_mi(k+l)) (kD) )
(¢7,€")E€Joo (to,€0) 0<M(py1y<n
E (=mikt1)) (=m; k+1
X (Tsi(k+2)7mi(k+1) (Tsi(k+2):mi(k+2)_mi(k+1)) ¢ ) ) et (TSiZ;mi(k+1) (Tsié,mitz—mi(k+1)) ¢ )
My (pp1) <" <Mig<n
— E § (=n) —m,
- t//7e//Tw—w(t’),mi(k+1) (Tw—w(t”),n—mi(k+1))( ite+1))
(¢ ,€")EJoo (to,€0) 0<m(r41)<n
(=m; k+1 ) (=m; k+1 )
X E (Tsi(k+2)7m2/(k+2)) D7 (Tsu,mg’e) (k4D

0<m;’(k+2)<~~-<m2'£§n7mi(k+1>

= Z Z Tqu—w(t’),mi(k+1)

(t,€”)EJoo (to,€0) 0<m(g11)<n

(_mz‘(k+l))
(=(n—myry1)))
X e Tw*w(l”),n*mi(k-pm E : TSz‘(k+2),me-’(k+2) s TSitz,mg’[
0<mfi’(k+2><---<m;’£§n—mi(k+1)
—my (e
= § : Tw*w(f’)’mi(kﬂ)s(to’ €0, — mi(kJrl))( ++1),
0<m(r41y)<n

The induction hypothesis implies

—n)
Z ft”,e”Tw—w(f”)m Z TSi(k+1)7m'i(k+1) o Loy mie
(t',€")€Joo(to,€0) 0<m(py1)<--<mie<n
—m
= E Tw—w(t’),ms(tm €0, M — m)( )
0<m<n

= Z Tw—w(t’),m(&%,eg - gf;:z)Tw—w(to),n—m)(_m)

o<m<n
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(=m) (=n)
Z (waw(t’),mgto,eo - TSz‘(k+1);mTw*w(tO)ﬂin,éo) .

0<m<n
Putting altogether, we obtain

S(t',€',n)

= § : gtméo w—w(to),n E : T, g1y m

(to,€0)€J1 (' ,€") o<m<n

+ Z Z (Tw—w(t’),mggo_,:;) - Tqu(k+1)7mTw_w(’t0)7"§’to_,go)>

(to,€0)EJ1 (¢ ,€') 0<m<n

(=n)p
- Z 5’to,zo w—w(to),n Z Tgi(k+1)7m

(to,e0)€J1(V,€) 0<m<n

m) (=n)
+ Z Z ( w— wt’),m§t07eo _Tsi(k+1):mTw*w(fO)anftoyéo)

(lo,éo)eJl(t’ )0<m<'ﬂ

= Z Z fto,éo w—w(t),m-

(to,e0)€J1 (Y ,€’) m=1

By Lemma 3.6 we get the desired equality

S(t/aelan) = Z tho, €0 T w(t'),m gt’ / €t' ' Tw— w(t'),n:

(to,€0)EJL (V€)M

U
Lemma 3.8. We keep the above notation. Letting (to; €0) € J1(t; €) we put
-R
S(to, €0) = Z E’,E’) (e, ()
(t,€")e{(to;€0) }UJ oo (t0,€0)
Then
th 60 Z ftg,eo w— w(t)v
Proof. We have
(-R)
S(to, €0) = > Ee Vlyien (o)
(t',€’)€{(tos€0) }UJ oo (t0,€0)
-R
= Z ft(/,e/)waw(t’LR Z Lsienymigen -+ Lsieman-
(¢,€")€{(to3€0) }UJ oo (to,€0) 0<mi1) < <mip <R

By direct calculations as in the proof of Lemma 3.7 we get

S(tO, 60) = Z Z Tw—w(t),TrLi(j+1)
(t/,€")e{(to;€0) }UJ o (t0,€0) 0<m(j+1) <R
(*mq‘,(j+1>)

(R—mi(j+1)))
gt’ / Tu) w(t'),R— Mi(j+1) E Tsi(j+2)ym£(]-+2) . Tsik’mék
0<my (54 o) <o <miy SR—my(j41)
We use the decomposition
> = > X

(t,€")e{(to;€0) }UJ oo (to,€0) (t/,€")=(to,e0) (¥,e')EJso(t0,€0)
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to express
S(to, €0) = Si(to, €0) + S2(to, €0).
We analyze each term of the previous sum. For the first term, we get

_ ¢(=R) E :
S1 (t07 60) - gto,eo Tw—w(tg),R Ts,;<j+1),mi<j+1)
0<mi(j+1 <R

_ (—R) (=R)
- Z 5twso Tw_“’(to)vRTSi(jJrl)7mi(j+1) + fto,eo Tw—w(t),R~
0<mi(]‘+1)<R
For the second term,

Sa(to, €0)

= Z Z Top—w(t),my 41y

(t,€)EJoso (to,€0) 0<m (i1 1) <R

(=mig+1))
(=(R—mig41))) Z
ft/75/ Tw*w(t/%R*mi(j-;—l) Tsi(j+2),m,/b-(j+2) e Tsik7mik
O<m;(j+2)<”'<m;k§R_mi(j+1)
= Z Tw—w(),min,
0<m i+ <R
(=mig+1))
(*(R*mi(jJrl)))

X Z e’ Tw—w(tf),R—mi(Hl) Z Tqi(j+2)7m;(j+2) N

(V,€")EJoo (to,€0) 0 4 oy <o <mfy SR—m(j1)

By Lemma 3.7 we get

_ (*(R*mi(prl))) (_mi(j+1))
Sa(to, €0) = E , Top—w(t),m( 41 (ffo&o ~&toe0 Tw—w(to) R=mii41)
0<mi(j+1)<R
_ E : (=miGi+1)) (=R)
- (T“’_w(t)vmiwﬂ)ffoveo - Tsi(j+1)’mi(j+1)Tw_w(t0)aR£fo7Eo :
0<mi(j+1)<R

Putting altogether, we obtain the desired equality:
S(to, €0) = S1(to, €0) + Sa(to, €0)
_ (-R) —MiGi41))
- w—w(t),R&tmeo + Z /Tw—w(t),mi(jJrl)fto,eo +1

O<mi(j+1) <R

= )
= Z ﬂu—w(t),mgg(;g .

m=1

O

3.6.3. Proof of Proposition 3.5 for (t,€): second part. We are ready to prove the
following result:

Proposition 3.9. We keep the above notation.
a) If 0y € K[t] is a solution of Eq. (3.6), then
1) O is of the following form

me—1
6t,e = ft,e <Xm‘ + Z P(t,e),i(T)Xz>
=0
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where
- ft,e S kN[t];
— for all0 <i <m¢—1, Py ,i(y) € Fe(y) with vy(Pe):) > 1.
2) For all (V,€') € Ji(t,€), there exists Fiy o) (v ey € Fy(y) such that
ft/,e/ = ft,EF(t,e),(t’,e’)(T)'

b) Further, if R = 1, then there exists a solution 0 € K[t] of Eq. (3.6).
Proof. For Part a), we recall T = ¢t — t? and X = t? — 07 given as in Eq. (3.5).
For (t,€') € Ji(t;e), we write t' = (t,(m —k)(¢— 1)) with 0 < k <m and k Zm

(mod ¢), in particular my¢ = k. We note that € is uniquely determined and equals
(€,1). We put f = fv e € kn[t] and Py ey j = Prj € Fy(t) so that

k—1
(3.10) Sve = fr | XM+ Pej(T)X7 | € kylt, 07].
j=0

We recall
fve =XF 4+ P j(T)X7 € Fy[07)(t).
§=0
By Lemma 3.8 we are reduced to find &y € K[t] and fy o € kyl[t] for (t,€) €
J1(t; €) such that

R
-2
(3'11) 6& € — 5{ € w w(t),R + Z ft’,e’ Z 55/,6/)Tw—w(t),€'

(¥,e’)eJ1(t;€) (=1

By Lemma 3.3, ¢ belongs to Kn|t], and degy d¢e < mgq. Further, since 0y,
is divisible by (t — 0)™@= D we write 6, = F(t — 0)™@ 1) with F € Ky[t] and
degy F < m. Dividing Eq. (3.11) by (t — 0)™@=1 and twisting R times yields

(3.12)

R — F(t — g)m(qfl)((t — g)m(qfl))(Rfl) (- g)m(qfl))(l)

+ Y, e fofifé) yam ) B (¢ — gymla= )Rt

(¥ ,€')eJ1(t;€)
As€p e € ky[09)(t) for all (¢, €') € J1(t;€), it follows that F(t—0)™@~1) € kx|t 69].
As degy F' < m, we get

F= " foiglt=0""" with fo_ig € kn[t].

0<i<m/q
Thus
F(t - o)m(Q*l) = Z fm—iq(t - G)mqiiq = Z fm_inm*i7
0<i<m/q 0<i<m/q
Z Jm—iq(t — GQR)’”—W = Z Fm—ig(T+ T4+ -+ 74" 4 XqR’l)m—iq.
0<i<m/q 0<i<m/q

For all j > 1, we write
t—0)D =t -0 =T+ T+ ... +T9 it

+ X7,

j—1
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X010 —ypa g —pa .. e L xT
Putting these equalities and Eq. (3.10) into Eq. (3.12) gets

(3.13)

S fmeigT AT T x0Ty
0<i<m/q

R—1 ] )

= > X" [[@ T T x0T e

0<i<m/q P

R k—1 (B0 gy ‘ _
+ > R XY P()XT [I @+re+- 417" 4 X0 ymla=b,
0<k<m —1 j=0 j=R—t+1

k#Zm (mod q)
Reducing both sides (mod T) yields

R—-1
Z Fin_igX (m=i@a™ ™t Z Fnig X H xmlg—1)¢’ "
=1

0<i<m/q 0<i<m/q
R R—1 )
fY Ayt T x e e,
0<k<m =1 j=R—£+1

kZm (mod q)

or equivalently

—ig)gR—1 maf—1_;
Z fm—in(m 04 = Z fm—in 1
0<i<m/q 0<i<m/q
R R—¢ R—1 R—¢
+ Z fx Z Xka T HmgtT —mg (mod T),
0<k<m =1
k#Zm (mod q)
Comparing the coeflicients of powers of X A" of Eq. (3.13) yields the following
linear system in the variables fy,..., fin—1:

fm—l Qm—l
= fm .
fo Qo |y=r
Here for 0 <i<m—1, Q; € yF,[y] and B = (B;;)o<i,j<m—1 € Mat,, (F4(y)) such
that
[ ] Uy(Bij) 2 1ifi> j,
° Uy(Bij) >0ifi < 7y
[ ’Uy(B“) =0 as B“ = +1.
The above properties follow from the fact that Py ; € Fq(y) and vy (Pg;) > 1. Thus
vy(det B) = 0 so that det B # 0. It follows that for all 0 <i <m—1, f; = f, P;(T)
with P; € F,(y) and vy (P;) > 1. Thus Part a) is proved.
To conclude, we prove Part b). We want to show that if R = 1, then there exists

a solution d¢ ¢ € K[t] of Eq. (3.6). In fact, since R = 1, we see that Egs. (3.12) and
(3.14) are equivalent and we are done. O

(3.14) B,y
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3.6.4. Proof of Proposition 3.5 for (t,€): last part. We continue the proof of Propo-
sition 3.5 for (t, €). Recall that we want to solve Eq. (3.6), i.e., to find ¢ . € K[t] with
the unknown parameters fy ¢ € kn[t] where (', €’) runs through the set Ji(t, €).
By Proposition 3.9 there exists at most one solution up to a scalar in ky(t). Fur-
ther, if R =1, then we get a stronger statement, i.e., there exists a unique solution
up to a scalar in k(t).

To finish the proof of Proposition 3.5 for (¢, €), it suffices to exhibit a solution of
Eq. (3.6), or equivalently Eq. (3.11), such that

o e € K[t] and fy o € Fyt] where (¥, €') runs through the set Ji(t,€),
e The following o-equation of order 1 holds

(3.15) 6t7e = 6&;1)(15 — H)w—uf(t) + Z 6£’jel’) (t _ e)w—w(t).
(¢ ,€')eJ1(t;€)

In fact, by Proposition 3.9, Part b), there exist 6 € K[t] and f¢ o € Fy[t] where
(¢, €) runs through the set J1(t, €) such that Eq. (3.15) holds. We claim that these
elements 0y € K[t] and fy o € Fgt] for (t',€') € Ji(t €) verify Eq. (3.11). By
similar arguments as those given in the proof of Lemma 3.6 and the fact that
ft(,;ll) = fve as fve € Fylt] for all (t,€') € Ji(t,€), we show by induction on
n € N that

(316) 6£,e = 6’E;n)Tw7w(t),n + Z ft’,e’ th(/jﬁ)waw(t),K
(¥ ,€")eJ1(t;€) (=1

We conclude by applying Eq. (3.16) for n = R.

3.7. Solving Eq. (3.4).

Our last task is to solve Eq. (3.4). We have some extra work as we may have
some pairs (¢, €') € J;(0) with the same tuple t'. Further, there are a factor u(~%)
and some powers of € in the terms ®(,,. ) 5 on the right-hand side of Eq. (3.4).

As there exists € € 'y such that e = ef? for all i, there exists u € F, such that
p ) = pef and p;; = p for all i. We use u(=%) = p/e® and put & := §p 9/p € K[t].
Then we have to solve

R —R R —R
€0 = 6( )Tw,R +€ Z 5,5/,6/ )waw(t’)7R><
(t',€)=(s41,-,8ik;€i1,1,...,1)EJ0 (D)
X Z eimilTSi17mi1 o Lo min -

0<m;1<---<m;r<R

By Lemma 3.8 and using the fact that eff = ¢ for all i we are reduced to solve

R
@1 fe=dOTups Y feed &l Tue
(t,€")=(si1,€i1)€J1(D) =1

We distinguish two cases.

3.7.1. Case 1: ¢ —1{w and we write w =m(qg—1)+r with0 <r <q—1.

We denote by I(e, R) the set of ¢; € T'y such that €& = €%,

We know that for all (¥,€') € J1(0), says t' = (m—k)(g—1)+7r) with0 < k <m
and k Zm —r (mod ¢), and € = ¢; for some ¢; € I(e, R). We write (k,¢;) instead
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of (¥,€)=((m—k)(g—1)+r¢). We know

(3.18) Ok, = 0ver = fre, | XF+ ) Pej(T)X7 | € kn[t, 07)
where
® fre €kn[t],
o forall0 < j<k—1, Py ;(y) belongs to F,(y) with v, (P ;) > 1.
We put
k—1
Ehe, = XF+ > Py j(T)X7 € Fylt, 07).
7=0

We mention that the coefficients Py ;(T') do not depend on the character ;.
By Lemma 3.3, ¢ belongs to Ky|[t]. We claim that degy d < mgq. Otherwise, we
have degy 0y > mgq. Twisting Eq. (3.17) R times gets

R
R RO S 9 ol )
(kaei)EJl((D) =1

As degy d > mg, we compare the degrees of § on both sides and obtain
gdegy 6 = degy § + wq.

Thus g — 1 | w, which is a contradiction. We conclude that deg, § < mg.

From Eq. (3.17) we see that § is divisible by (¢t—6)". Thus we write 6 = F(t—6)"
with F' € Kyn[t] and degy F' < mg — w = m — r. Dividing Eq. (3.17) by (¢t — 6)¥
and twisting R times yields

(3.19)

P = Pt —0)*((t —0)) =D . ((t—6)")P)

D S 3 R L BT

(k,e:)€J1(0)
Since &, € Fylt, 09] for all (k,¢e;) € Ji(0), it follows that F(t — 6)* € kn[t,69).
As degy F < m — r, we write
F= Z fmfrfiq(t - e)m—r—iq’ for fmfrfiq S kN [t]
0<i<(m—r)/q

It follows that
F(t - e)w = Z fm—r—iq(t - e)mq—iq = Z fm—r—inm_i7

0<i<(m—r)/q 0<i<(m—r)/q
F(R) = Z fmf'r‘fiq(t - eqR)m—r—iq = Z fmfrfiq(T + T1 + -+ TqR71 + X1
0<i<(m—r)/q 0<i<(m—r)/q

Combining the previous equations with Eq. (3.18) into Eq. (3.19) implies

N (T AT 4 T x4y
0<i<(m—r)/q

R—1

)m—r—iq.
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R—1
= Y X @ AT T X yma e
0<i<(m—1)/q J=1
R k—1 (R=£)
+ Do fee | XD Py ()X €' "%

0<k<m e;€I1(€e,R) =1 j=0
kZm—r (mod q)

R—1
< [ @+17+-- 410
j=R—0+1

Taking (mod T') yields
(3.20)

GR Z fmf’f‘finqRil(m_r_iQ)
0<i<(m—7)/q

R—1
=S X X e
0<i<(m—r)/q j=1
R R—1

+ Z Z fr,e: ZquR%eZR_Z H x ¢ (m(g=1)+r)

0<k<m e;€I1(e,R) £=1 j=R—{+1
kZm—r (mod q)

Jj—1 Jj—1

+Xq )m(q71)+’r.

R-1_ ., ¢f"1-1
m —1+r
= E fm—r—iql( 1 a1
0<i<(m—r)/q

R

§ : § : § : R—4 ymgt ' —mgB 4 kqR g
+ fk,ei €; X q q q

0<k<m e;€I1(e,R) (=1
kZm—r (mod q)

R R—¢

_1—q
q—1

We set Ry := |I(e, R)| < R. We consider the following sets

8 = (x4 m=r=ia) g < i < (m—1)/q},
GqR—1_,R—t

8o = {quRil_quiz‘”'quJ‘” a1 0<k<mkZm—r (modq);1<¢<R}

R—

827R0 _ {quR—lfqu—l+qu—€+rq 0 S k< m, k ;_é m— (mod q); 1 S , S RO},

8 =8, USs.p,-

Then the elements in 8§; U 8 are pairwise distinct. Thus the cardinality of the set
8 equals the number of variables

V= {finriqg:0<i< (m—7)/q}
U{fre :0<k<mk#m—r (modq)ie € I(c, R)}.

Comparing the coefficients of X* with X* € § yields the following linear system
in the variables f, € V:

B‘y:T(f*)Wlxl =0.

Here B = (Bij)o<ij<m € Maty|(kn(y)).
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We claim that B (mod T) is invertible. In fact, it suffices to prove the following
statement: suppose that

el Z fm—r—inqRil(miriiq) = Z fm—r—inquil_i"'TQqull_l
0<i<(m—7)/q 0<i<(m—7)/q
o R—1
+ Z Z fk,ei Z E?_ZquRil_quiz—kqui“_Tq =1

0<k<m e, €I(e,R) £=1
kZm—r (mod q)
Then we want to prove that f. = 0 for all f, € V. In fact, since the elements in
81U8; are pairwise distinct, by descending induction on 7 we show that fp,_,_iq =0
for all 0 < i < (m —r)/q. Therefore,

R

R
T D Sl B g e
0<k<m e;€I1(e,R) (=1
kZm—r (mod q)
Again, by the fact that the elements in 8 are pairwise distinct and using a variant
of Vandermonde’s matrix, we conclude that fi ., = 0 for all pairs (k, ¢;).

As B (mod T) is invertible, B is invertible and f, = 0 for all f. € V. It follows
that dp.p = 0 and 0y = 0 for all (¢;€’) € Jy(0). We conclude that §¢e = 0 for all
(t,€) € J. In particular, for all i, a;(t) = Js, ¢, = 0, which is a contradiction. Thus
this case can never happen.

3.7.2. Case 2: ¢ — 1| w, says w=m(q—1).
By similar arguments as above, we show that § = F(t—0)"(4~1) with F € Ky|t]
of the form

F= )" foiglt—0)""", for fr_is € knlt].

0<i<m/q
Thus
F(t — 9)’”(‘171) - Z fm—iq(t - G)mqiiq = Z f7rL—inm7i7
0<i<m/q 0<i<m/q
FO = 37 fumiglt =07 )" = 37 fuig(T+ T4+ 70 4 X0
0<i<m/q 0<i<m/q

Putting these and Eq. (3.10) into Eq. (3.17) gets
(321) Pt Z fm—iq(T +T9 4.+ T'IR71 4 Xqul)mfiq

0<i<m/q
R—1 ] ]

= 3 X" [[@ T T x Oy

0<i<m/q j=1

R k-1 (R=6)
+ > S e Y | XY P X Rt
0<k<m  e;€l(e,R) =1 =0
k#Zm (mod q)

R—1
x J] @+1+---+10
j=R—t+1

i—

! +qu’1)m(qfl).

)m—iq.
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Taking (mod T') yields

R—-1
(eR - 1)f'me + Z fm—in(miiq)qRil = Z fm—inmii H )(m(qil)qji1
j=1

0<i<m/q 0<i<m/q
R R-1
kg™~ _R—¢ —1)g? 7t
+ Z Z Tres ZX T H xma=1a (mod T),
0<k<m  ¢;€I(eR) =1 j=R—{+1

k#Zm (mod q)

or equivalently

—ia)gB1 maB—1_;
(GR - 1)mem + Z fmfin(m 04 = Z fmfin 1

0<i<m/q 0<i<m/q

R
_ R—f 0 R=1_ . R—¢
+ Y Yo fue y e Xt AT (mod 7).
=1

0<k<m e; €I(e,R)
k#Zm (mod q)

We set
V=Afm-ig:0<i<m/qtU{fre, :0<k<m,kZm (modq);e; € I(c,R)},
By similar arguments as in the case ¢ — 11 w, comparing the coefficients of powers
of X in Eq. (3.21) yields
eRfm = fm
and the following linear system in the variables in V:

B|y:T(f*)|wx1 = fm((Q*)mxl)}y:T'

Here all Q. € yFy[y] and B = (B;;) € Mat|y|(kn(y)). We can show that B (mod T)
is invertible, hence B is invertible.
We distinguish two subcases.

Subcase 1: e? #£ 1.

It follows that f,,, = 0. Then f, = 0 for all f, € V. Thus d; = 0 for all (t,€) € J.
In particular, for all ¢, a;(t) = ds,.e, = 0. This is a contradiction and we conclude
that this case can never happen.

Subcase 2: e = 1.
From the induction hypothesis for (R,w) with R 4+ w < N + w, it follows that
fr,e; = 0 whenever ¢; # 1. We are reduced to solve a linear system in the variables

V' ={fmoig:0<i<m/q} U{fr1:0<k<m,kZm (modq)}

given by
B|y:T(f*)|V’\><1 = fm((Q*)W/|x1)|y:T~

Here f,, € knlt], all Q. € yF,y[y] and B = (By;) € Mat|y/(F4(y)). We note that
the coeflicients of B belong to F,(y) since the characters are all trivial. We have
already know that B is invertible. Hence we have shown that there exists at most
one solution of Egs. (3.3) and (3.4) up to a factor in ky(¢). Recall that for all 4,
a;(t) = 0s;,¢,. Therefore, up to a scalar in K, there exists at most one non-trivial
relation

am + ZaiL(si; €)(0)=0
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with a,a; € Ky and Li : € C8n . Further, we must have €; = (1,...,1) for all

i. Hence we have proved Theorem 2.6, Part 1.

By Lemma 3.4, there exists such a linear relation with a # 0. Combining this
with Theorem 2.6, Part 1, we obtain Theorem 2.6, Part 2. Hence the proof of
Theorem 2.6 is finished.

4. PROOF OF THE MAIN THEOREMS
We now prove Theorems A and B.

Proof of Theorem A. By Theorem 2.7 the CMPL’s at roots of unity in €Sy, are
all linearly independent over K. Then by Theorem 1.11 we deduce that the set

C8n,w form a basis for €L 4. O
Proof of Theorem B. We recall
1 if w=0,
dy(w) = < yn(yw + 1wt ifl<w<g,

ww((yw+1D)*"t—1) ifw=gq,

q—1
and for w > ¢, dy(w) = yn > dy(w—1) +dny(w — g). Then we want to show that
i=1

dimg, CZnw = dn(w).
We note that if we set dy(w) = 0 for w < 0, then the equality dy(w) =
N qil dy(w — 1) + dy(w — q) holds for every integer w # 0, q.
]FZ‘gr1 w € N we put dy(w) = |C8x | We also set dy(w) = 1 for w = 0 and

qg—1
d(w) = 0 for w < 0. Then the equality dy(w) = vn D diy(w—1i)+dy (w—q) holds
i=1

qg—1
for all w € N and w # ¢. Furthermore, for w = ¢ we have d(¢) =y~ > dy(q¢—1).
i=1

Hence it follows that for all w € N, diy(w) = dn(w). We combine this eauality with
Theorem A to obtain Theorem B. O
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