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On the boundary controlled wave equation

Thanh Vuong DANG

LAGA, Insitut Galilée, Université Sorbonne Paris Nord,
99 Av. Jean Baptiste Clément, 93430 Villetaneuse France
dangthanh@math.univ-paris13.fr

Abstract

The HUM (Hilbert Uniqueness Method) is the method to find the boundary
control satisfying the exact controllability of a partial differential equation such as
heat equation, wave equation and Navier-Stoke equation. We study discretization
of the one dimensional boundary controlled wave equation with finite difference
method. Under appropriate assumption, we prove some theorems relating to the
controllability of the discrete system as well as the observability inequality with
some cure methods.

1 Introduction

The HUM (Hilbert Uniqueness Method) is firstly introduced by J.L.Lions [6] and
explained rigorously in [7] and in his book [11] with R.Glowinski and J.He. R. Glowinski,
C-H-Li and J.L.Lions [2] gave theoretical and numerical implementation of this method for
two dimensional wave equation. Enrique Zuazua [9] make a summary of optimal control
results with one dimension wave system. The research about optimal control of wave
equation and other equation has became active with some remarkable papers of M.Asch
and G.Lebeau [17] in 1998, J.A.Infante and E.zuazua [5] in 1999, L.Leén and E.Zuazua
[3] in 2002, M.Negreanu and E.Zuazua [16] in 2004, P.Loreti and M.Mehrenberger [15] in
2008 and S.Ervedoza and E.Zuazua [14] in 2011. In this paper, we study the boundary
controlled wave equation together with fully discrete scheme and finite difference method.
We also prove some theorems related to this scheme compared to continuous controlled
wave equation. Furthermore, we indicate the efficiency of some cure methods namely
Tikhonov regularization theoretically and numerically.

2 Model description and HUM

Similarly in [9], we consider the one dimensional controlled wave equation.
For any (w®, w') € L*(0,1) x H~*(0,1), find control v(t) € L?(0,T) such that
Wy — Wy = 0, O0<z<1,0<t<T,
w(0,t) = 0,w(1,t) = v(t), 0<t<T, (1)

w(z,0) = w'(z),w(z,0) =wh(z), 0<z<1,
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satisfies null-controllability w(z,T") = w(x,T) = 0.
Wave equation with zero bounday condition.

Ugp — Ugy = 0 O<zr<l,0<t<T
u(0,t) =u(l,t) =0 0<t<T (2)
u(z,0) = u(z), u(z,0) =u'(x) 0<z<1,

where (u’(z),u!'(x)) € H}(0,1) x L*(0,1).
The total energy is defined as

1

B =5 | [l ) + e, 0] do = E(). )

The null-controllability of (1) is equivalent to the observability of (2).

Definition 2.1. System (2) is said to be observable if there exists a constant C(T') such
that

E(0) < C(T)/0 lug (1,1)]2dt. (4)

There is a fundamental result indicating that we have the observability as well as
null-controllability when T > 2.

Proposition 2.1 ([I1]). For an arbitrary T > 2, system (2) is observable. Otherwise,
when T < 2, we have
E(0
(0) ] e

I e (1, 1) 2t

where sup takes over all solutions u of (2).

(5)

sup
u

The Hilbert Uniqueness Method is decribed in detail in [2].

3 Fully discrete scheme and some related results

Given two integers M and N, we define mesh point {z;}¥#! and {tj}jj\igl. Set Ax =

At —
N1 d A=

notation of initial data (1) to €°(x), e!(z) and replace the initial data of (2) by zero final
data).

. We obtain the fully discrete system of (1) and (2) (change the

k+1 _ ook | k=1 k _opk 4 ok
U, 2uj + u; uipy — 2ui +ugiy

|AL]2 |Ax|? ’ AT =5
ub = 0,uk =0, k=0,M+1, (6)
ul —u? _
0o _ .0 J J _ 1 .
u; = e;, A7 = ej, 7=0,N+1,



and the backward equation

’At|2 k |A$‘2 ) ) 7.] ) )
wh = 0,wh,,, = —Z—f;, k=0 M+1, (7)
wMH — M .
witt =0, L —7 =90 j=0,N+1.
(Y ’ At ’ ’

The energy and norm of the control are defined as

N ntl _ nl? A N+1, n+l _ ntl n n

Ax U u xT U Ui Wy — U5
Em R — . J = J J J J 3
AnAL T 9 ; At 2 ; |Az| |Az| (8)
and
M+1 uk 2
2
| ‘UN/A:EHF(O,T) = Z A_]; JA. (9)
k=0

3.1 Discrete nonuniform observability

Proposition 3.1. The energy defined as (8) is preserved in time, i.e EZZ}M = ERonc VN €
N.

The energy in (8) is non-negative, which is crucial for proving nonuniform observabil-
ity with fully discrete scheme.

Lemma 3.1 ([15]). The energy (8) satisfies inequality

j=1

Az At
Er o> 1o |22
AzAt = 9 ( Ax

Lemma 3.2 ([0]). For any Az > 0 and any eigenvalue X of discrete laplacian operator
and eigenvector w, we derive the formula

(A2

Jj=

(10)

2
Wj+1 — Wy

Az

(11)

2 ”LUN‘Z
4 — \NAz)? Az

For continous case, we know that we have the observability when 7" > 2 (propostion
(1)). However, with fully discrete scheme, we obtain the nonuniform observability for all

T.

Theorem 3.1. Given a number 0 < a < 1, under assumption At = aAx, we derive for
any T >0, when Ax — 0
EZx,At

su

p 5 — 00, (12)
u HUN/AQJHP(O,T)

where u is solution of (6).



Proof. We shall construct a solution to the scheme (6) using the separation of variables.

More specifically, we look for a solution uf of the form uf = akw]%ﬁ; where wﬁ@ is defined

mh k1 k-1
utt —2u§+uj_

iy

Then, we see that a, satisfies the following recurrence equation

+ AUl =0. (13)

a4 (APAYT —2)a" +aF =0, (14)
whose associated characteristic equation is
Y2+ (ABPNY" —2)y+1=0. (15)

We compute the delta for this quadratic equation

2
A = (4@2 sin? (NZAQZ) — 2) —4,
N7A NmA
:42a28in2< 7; x) {OfsinQ( 7; x> —1}

We can see that the A < 0. Hence, we derive two roots as follow.
"= 2 — AAEE +iV/—A
1 — )

2
_2- APIRE — i/ =A
Y2 5

(16)

From that, we can obtain the formula a* as follow.

2-A2AR vV — VvV —
ak = el SN kAt (01 cos (TAk;At) + Oy sin (TAkAt>> ; (17)

where C and Cy are real numbers (independence on k).
In this proof, we choose C; =1 and C5 = 0. We get

_A2)\Az /__
ak = 6(42 SN kA cos (TAkAt) ) (18)

We consider the u* = a*w4{®. From this formula, we tend to compute the energy TN

and | |uy/Az|”. From (10), we have

" Ax At]?) & at —a |
Baeat 2 =~ <1 AL ) > Y w4 (19)
j=1
and
M+1 k12
w8/ B> = 3 [ At iyl (20)
k=0
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Remind that, we have identity

Az
wN]+1_2wN]+wNJ 1 Az
= Ay Vi =1,N. 21
(Al’) wva J = ( )
Multiplying both side by wﬁ“”- and summing from j = 1, N, we derive
N e wh wh® — wy N
N,j+1 N N N Lo A x x
ED D v Z e = e @)
j=1 J=1
Changing index of the left side, we indicate that
N Az Ax
WNj+1 ~ WN,j wNy Az
Z Ax = AN Z [wiy (23)
7=0
From the identity (24) and lemma 3.1, we derive
(8r) 3 fuftsf? = : il (24)
_ »J Ax)Q)\Ax<4 )\Am( ) )
j=1
From (19) and (24), we have
At?\ |at — a0 1
Eloa > 1= ol 25
AnAt = ( Az ) At | N37(Ax)2(4 — MA*(Az)?) ] (25)
We imply
EXeat At 1*\ |at — a®]? 1
| Jun (£)/ Az A At 2
: [AwPAR (4 = A3 (Ax))|Ar R0 | -
(26)
or
ERe 1 1
— 202 > (1—a?) (a —a®)? 27
[ |un(t)/Az|* ~ o ( ) ) [AZ[PAGT (4 = AG7(Ax)?)| At 30,00 (a)? 0
From here, we need to indicate that
M+1
. kN2
Jim At > (@*)? < +oo. (28)
Indeed, for any k£ > 0 and k < M + 1, we have
2-At2AQ v/ —A
lak| = O AL (o <TkAt>‘ <e (29)
which implies
M+1
M + 2
A
|At] Z < (30)
Hence, left side of (27) tends to 400 When N tends to +oo (|JAz[2PA§* — 47). O
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Remark 3.1. We might not prove the nonuniform observability when At = Ax. In prac-
tice, when At = Ax, the algorithm is stable.

3.2 Property of operator A in discrete Hilbert Uniqueness Method

With fully discrete scheme, we consider the corresponding HUM.
We have fully discrete operator Aasaq : Hj A,(0,1) x L3,(0,1) — L3,(0,1) x H;1(0,1)
as follow.

wl — w?
AAt’Aac(e?, e;) = (#, —w?) (31)

Lemma 3.3. Aata, defined in (31) is positive semidefinite and symmetric.

Proof. For two data (3, ¢j) and (€},€}) corresponding to solution (u,w) and (u,w).

777
N+1 1 0 —1 =0
w; — W U; — U
0 1\ (=0 =1\ « __ J J—0 0% j
< AAt,Ach(e , € )7 (6 ) € ) >= j;o Tu]’ - W At (32)
We introduce the following identity
witl — i i wi+1ui+1 W _ witl — i i A
At At At At
J k+1 k—1 k k+1 k—1 k
Uu +u —2u w +w — 2w
+ At w u®
- |At|? |At|?
k=i+1
We have Nat
+1 1 0 —1 =0
w: — W u: — U
0 1\ (=0 =1\ J i1 1Y j
< AAt,A:p(e ) € )7 (6 ) € ) >= Z At uj wj At : (33>

Applying the identity, we derive

N M —k+1 | —k—1 —k k+1 k—1 k
w4 ul T — 22Ul w; T wr T — 2wk
0 1y (=0 =1 _ J J J .k J J J—k
M M — —k k k
=AtZ Zuﬂ-l_u]’wk_ Wit = Wi ok
—\& |Az|? J |Az|? j
M-1—p —k k k
_ Y1 Y%k Wi T Wy
Az T T AL )
=0

M —k k k —k  —k k k

. UNtp —UN 0 WNyy — WN_p U — Uy g W) — Wy _
= At —_— Wy — uy

wy +

Az N T T AR N T AP A2
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Using the changing index technique, we obtain

< Aarad(e’sel), (@) ZwN-i-l Wi i1 (34)

From that, we imply the positive semidefinite

At
< AAt,AZ’(607 61)7 (607 61) >= A_.Z' (w?\/—&—l)? (35)
k=1

]

Remark 3.2. With this property of discrete Aataz, the conjugate gradient method might
be applied to compute the discrete control (see [7]).

3.3 Observability inequality with Tikhonov regularization

There are some possibilities to eliminate the oscillations of discrete control. We men-
tion here two methods which is discribed in [2].

Theorem 3.2. For T > 4 + 2At, there exists a C(T, At) > 0 such that

BRu.a1 < O(T, A1) (W) > (Z_@

k=1
2
H(A(Ar i EN: wih ufﬂ W) A8 SR (i - bl
A (A 1 A (A7) (A1) )
=0 j= k=0 7=0
M N k+1 k k+1 k\ 2
2 Wiy — Uiy — U+ Uy
+(Az)(At) ;; ( (A (A ) . (36)

Furthermore, lima,_,o C(T, At) = ¢(T).

Proof. We have the following identity

k+1 o 2U + uk 1 uk . uk
At ]+1 _]71
3 (M 2

k=1 j=1




M N k+1 k k—1 k k
Z Zj Ui — 2uy Ui — Y
. At 2
:igylwuw_w—wl s
: | At[? | At[? ’

2
k=1 j=1
N M k1 k k M-1 k+1 k k+1 ) k+1
|At]2 |At|2 2 ’
7j=1 k=1 =0
M

=0

k+1 _ k kK _ .k k+1 I<:+1
- 9 + Az

N M
= Zj Z u?“ —uj “§+1 uy Zl k“ —uf “ff—ll ~ “fjll
: |At|2 |At\2 2 ’

where Xa, = SN 1 j w =t (gt gt A VA
* =1 |At| 2| At| |At| 2| At| '

Moreover, we derive
M N
Y Ui — 205 i\ g — U
: |Ax|? 2
M N
_ . (“fﬂ) 2“3 j+1 7+ 2“ “ - (qu)z
B Z ZJ |Ax|? ’
M N
_ Z Zj (u?+1> - uf)Q - (u? - u§_1)2
: 2|Ax|? ’

k=1 j=1
2
__1ii u?ﬂ uf 1« Un ’
2 : Ax 2| Azl Ax
k=1 j=0 k=1
Hence, we derive the following identity
M N k1 ok k+1 k|2
Uy Uy uih —ub |A$||At| +1 Y
mxum|zz< Al ) ( il ) S5 1] i
k=0 j=1 k=1 j=0
At i/[: uk; ?
2 — | A




We imply

|A~”E||At| uitt —uy b, —
TEAJ:At ZZ ;errll ]—i—l u§+l+u?) ]|At]2 - J|A:U|2 S|+ |Az]| At X A,

k=0 5=0

2
J+1

which is equivalent to

TEAx At | $|| | ZZ fill _ u]+1 an —|—ul?) < Jj+1 J+1 T+l )+ |Ax||At|XAx

k=0 j=0 ’ ’ |At’2 |A95|2
M 2 2 M N k+1 k+1 2
_ I8 oy |Aa:||At|Z bl larliat ¢ 5 (ujil — i — +u?>
2 — Az , 2 pe | At
Moreover,
k1 k k k
Ujtq “J+1 U, uj INE |Az|?
k=0 j= O
M N k1 2 uk+ k+1
|A$HA75 ZZ (“jL - “?H) \AUUHAH ZZ ( ’ “k> (%L _u§+1>
2.2\ " 2.2\ “ad] A
M N Rl ket 2
_ |Az|[At] 3 uify —uyt uf .y — U \Aﬂ?HAﬂ ZZ uf, —uf
2 = |Ax| |Az| pu \A:fv\

Applying Cauchy-Schwarz inequality, we have

2
|A$||At|§:i i —ufy \AxHAtIZZ AN RSl ISR
2 =5 |At] | At | At -

k=0 5=0

and

2
I (o Y (o | S (=
2 — |A:L"| |Ax| 2 — |Ax|
>|Ax\|m\§: Wy —ud\* 'M”N'z M uM“
- 4 p= Ax

Ax 4 , Ax
j=0 7=0
2
-2 k=1 Az 2 k=0 j=0 (AZL’)(At)




We have

)2 oL I (ubf — by — Tk ’
Az)(Af XA;E §4Enx + j+1 j+1 J J
(A2) (A1) Xap| < 4ER, o, ZZ( (Ar)(AD)
(39)
Furthermore,
(Az)(AL) (ufy —uf\ _ (Az)(At)° W)y —u —up, +up)
4 Az 4 (Az)(At)
L B (o ) wjs — ) (=i
2 Ax Ax Ax ’
3 N +ul\?
. (Ax)iAt) ( j+1 ugm j41 UJ) (ADEL, o, (40)
=0
Similarly,
) 2
(Az)(At) i M g M § (Am)(At)Si UM g ML MM (AHEY
i 2\ @ =TT & (Az)(A) e

7=0 J

(B (20 (u2+1—u9)2 I i( upt - uM“)
4 Az

M N k+1 k+1 k E\ 2
ADVAL)S [ w7 — i —aul, - ul
SZZ< )i ) (ﬂ“ - Ak ]> +2(A)ERpn,  (42)

Ax 20 ii fjrrll —“§+1 —UHl"’“ i
Az)(At)

k

A_]\f
(Ar) (A1) L ufii AR AN
e ZZ (A0) (1)

u 2
(A:L’) 2 Z ;C—tll B u?—i-l T u;?Jrl + u? (43)
o (Az)(At)
From (43), we obtain C(T, At) = T 41_ IAT When At — 0, C(T, At) — _2(T1_ 4_).
O
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With bigrid algorithm, we predict that the observability inequality satisfies when 7" >

2v/2 (see [18]).

Conjecture 1. For N is an odd number and T > 2+/2, there exists a constant C(T) such
that

Exene < C(T)] |UN/Am||122(O,T) : (44)

for all solution u obtained by bigrid algorithm with system (6) and (7).

4 Numerical experiment

We consider two numerical examples.
Numerical experiment 1: We take 3" is a piecewise constant function and y! is a zero
function. With the mesh size in space N = 41,81, 101, 121, we have

The discrete control The discrete control

b , h
| I"‘Iﬁwrﬂq\ {I‘ W "I" | 04 ]
\
02r ‘l‘ l‘l '||‘ V |‘ I\I‘ 1 w‘vll‘.w'wﬁll‘ﬂ |'L4W|W|I‘|W{\'ﬂl
01 F | \}VW\ |I I‘.'A ' 1 02k I |
W W ./ | \ |

s ] { ) | ‘ | ‘f'ul ! s, W 'v“"i‘u||'4' J.wwM‘ FU|||'M“|A "wl lJ‘MM
Z01f ‘| | g g ‘ ‘

021 ‘ ‘ 4 o2t ‘ |

03r | ‘| o ‘ l | J

04f “’\”ﬂ " ;\MJ ) VWMNM"'WI

. . ‘ . ‘ . ‘ . ‘
% 05 1 15 2 25 3 % 05 1 15 2 25 3

time

Figure 1: N =41

The discrete control
0.8 T . -

06

02

S

06

value

081

o
o
o
o
[N

Figure 3: N = 101

11

value

12

0.8

0.6

0.4

0.2

02

04

06

08

time

Figure 2: N = 81

The discrete control

Figure 4: N = 121



Remark 4.1. We observe that when N is increased, there are more and more oscillations
with discrete control and it seems that they will blow up.

With Tikhonov regularization, the discrete control convergences to the exact control.

The discrete control The discrete control

0.4

0.4

, NN =
031 f""”ff’l [WN. 4 |L —— | I
| ‘ I . [ \ ]
01t | - ‘ | [ o — e . |
- [ 1| M./ — b ) bk o)

value
value

01f
017
| 021

|
I | |

03r | ‘l 1 o4l Vi\'“”*"’
041 V‘, W\NJ 1 s
05 . - . - . 06
0 05 1 15 2 25 3 0 05 1 15 2 25 3
time time
Figure 5: N =41 Figure 6: N = 81

The discrete control The discrete control

0.4

0.4

03f ‘ﬁ‘ 1 03l [—} 'lu 1
02} | ‘| | | | 1 o2} ‘ | | |‘
I | I | ]

01 e 0.1 —
L - ‘me 7| ‘WML_J i o - L\HJ" 1 ‘l‘"ﬁp_] e
E a1r ‘ ‘ E 041f

ozt E o2t ‘

031 ‘ ‘ 1 03r |

041 ‘FM.,N,,J ] 04l r.ww_i

2% 05 1 15 2 25 3 %, 05 1 15 2 25 3

time time
Figure 7: N = 101 Figure 8: N = 121

Remark 4.2. Theoretically, we are able to prove Tikhonov works when T > 4 (theorem
(3.2) ). Howewver, the numerics shows that Tikhonov might be implemented for T < 4.

Numerical experiment 2: We consider continuous functions u’(z) = sin(7z) and
u'(z) = msin(mx).
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The discrete control The discrete control

0.8 0.8 !
06 1 06 [ A
A\ | N\
oal / Nv“ﬁv‘. ,-‘ \‘ J_r,&_f\.‘\,.v\ f 04l {"M.-.«....V_‘FHI ‘-‘,\ /_/,,m.w\-ﬂ“l
y YA y ) b\ p
0.zt / \ Ve 1 02r s \
@ / \ ’ @ / '\‘\
=} J E i
T§ 0 | \.‘\ N § 0 / \.!. 4
/ \ o y 1\ W
0z ‘/ \ [ ] o2f \ ‘Ih
\ | \
|
04 \-\ / 0.4
\\ / \
\
08t e 4 06
08 . . . . . 08
0 05 1 15 2 25 3 0 05 1 15 2 25 3
time time:
Figure 9: N =41 Figure 10: N = 81
The discrete control The discrete control
0.8 . T . . 0.8 . T . . !
06 A 1 06 [ o 1
A I\.
A ‘ \
0.4 P A\ P 0.4 \ o
%’n'd Y e W"q ) /"Wﬂ ‘.\ y e \‘i
\ / 3
021 / \ S/ ] 02t / \ / |
/ \ / \ y
@ rd \ e @ / 3 4
> / \ S > \ /
Iy y 3 v
’ \ / | ’
02 \ [ 1 02 \
\ | |
041 1 04 \ /
\ / \
06 N 1 06 h /
08 . . . . . 08
0 05 1 15 2 25 3 0 05 1 15 2 25 3
time time:
Figure 11: N = 101 Figure 12: N = 121

Remark 4.3. From this example, we predict that with continous data (u°(x),u'(x)) or
(v°(x),y*(x)), there are not many oscillations and they do not blow up.

5 Conclusion

We use the finite difference scheme to discretize wave equation and compute the dis-
crete control. Theoretically, we prove that the discrete observability inequality does not
hold for any value T' > 0, which is similar to [9]. Furthermore, we also have the sym-
metry and positive defined properties of discrete operator Aa, a: which is claimed by
R.Glowinski, C-H.Li and J.L.Lions in [2]. With conjugate gradient method, we compute
the discrete control with blowup oscillations when we have nonsmooth data. This phe-
nomenon is not occured with smooth data. Furthermore, we implement the Tikhonov
regularization to eliminate the oscillations when 7" = 3. However, theoretical results show
that this cure method works efficiently when T > 4.
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