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Abstract. In this paper we introduce elliptic Bernoulli functions and
numbers, which are related to special Jacobi forms of two variables and
study their properties.
More importantly, we state and prove elliptic analogues to the following
important theorems:

i) The Dedekind reciprocity law for Dedekind classical sums, here
we introduce enhanced multiple elliptic Dedekind sums and study
their reciprocity law.

ii) The congruence of Clausen-von-Staudt and Kummer for Bernoulli
numbers, here we state and prove it for elliptic Bernoulli numbers.

iii) We obtain Damerell’s type result concerning the algebraicity of
the special values of the Hecke L-function related to our Jacobi
forms.

iv) As a corollary, we connect these elliptic Bernoulli numbers ( ex-
plicitly computed ) to the special values of Hecke L-functions of
imaginary quadratic number field and associated to some Grössen-
character.
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1. Introduction

It is well known that the Jacobi forms in one variable are a cross between
elliptic functions and modular forms in one variable. They have several ap-
plications in different areas of mathematics, especially in number theory and
arithmetical geometry [28].
In this paper we study a special family of Jacobi forms in two variables.
These forms have shown up in the study of Galois module structure of rings
of integers of numbers fields [44], construction of classgoups annihilators [12]
and stark’s units [10] and periods theory [53].
As we show in this paper there are many more reasons why these forms are
of fundamental importance.
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First of all we explore the rich analytical properties ( meromorphy, ellipticity,
modularity, functional equation, Laurent expansion, Fourier q-expansion,
Eisenstein-Kronecker expansion, distributions formulas) of our Jacobi forms
which are of arithmetical nature. The second reason for studying Jacobi
forms of two variables is the following: they define elliptic Bernoulli func-
tions ( comes from coefficients of Laurent expansion of our Jacobi forms,
we will state and prove their essential properties: symmetry, periodicity,
Raabe’s formulas, modular properties). The special values of these ellip-
tic Bernoulli functions give elliptic Bernoulli numbers which are studied in
this paper. The third important reason for studying Jacobi forms, elliptic
Bernoulli functions and Bernoulli numbers: we will establish the elliptic ana-
logues of Von-Staudt Clausen theorem and Kummer congruence for elliptic
Bernoulli numbers; we compute special values of Hecke L-functions associ-
ated to certain Grössencharacter of type (m,n) ∈ N2 and expressed them
using elliptic Bernoulli numbers. The fourth important reason is the study
of the “Enhanced” multiple elliptic analogues of Dedekind sums which are
defined here in two different ways: the first one in terms of our Jacobi forms
in two variables and the second by using elliptic Bernoulli functions.

Let us recall the classical Bernoulli polynomials and functions. The
Bernoulli polynomials Bn(x) are defined by the following identity in the
ring Q[x][[t]]

etx

et − 1
=
∞∑
n=0

Bn(x)

n!
tn−1.(1.1)

Thus B0(x) = 1, B1(x) = x− 1
2 , B2(x) = x2 − x+ 1

6 , . . .
Bn := Bn(0) is the n-th Bernoulli number. Let {x} be the fractional part
of the real number x. Then the Bernoulli functions B̄n(x) are defined by

B̄n(x) =

{
0, if n = 1, x ∈ Z
Bn({x}), otherwise.

Writing

e(x) = e2πix

It is easy to see that their generating function is given by

∞∑
n=0

B̄n(x)

n!
(2πiu)n−1 =

{
1
2
e(u)+1
e(u)−1 , if x ∈ Z
e({x})
e(u)−1 , if x 6∈ Z.

(1.2)

Its most important property is the Fourier expansion formula

B̄n(x) =
−n!

(2πi)n

∗∑
k∈Z

e(kx)

kn
.(1.3)
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where the sum
∗∑

k∈Z
means that k = 0 is to be omitted (and in the non-

absolutely convergent case n = 1 the sum to be interpreted as a Cauchy
principal value).

The essential series is

2πi
e(uv)

e(u)− 1
=
∑
n∈Z

e(nv)

u− n
.(1.4)

As Kronecker emphasized [49], this identity is the foundation of the theory
of classical Bernoulli functions and their relation to special values of the
Riemann zeta function and Dirichlet L-functions. Indeed, expanding the
left and the right side into a Lurent series in u, yields at once the Fourier
expansion of the classical Bernoulli functions. From this, it is not difficult to
relate Bernoulli numbers and polynomials to special values of zeta and par-
tial zeta functions defined over the field of rational numbers. The Bernoulli
numbers satisfy a famous set of congruences discovered by Kummer. In
addition, the denominator of the Bernoulli numbers is known thanks to a
fundamental result of van Staudt-Clausen. This paper can now be summa-
rized as a generalization of these facts to the case where the simple lattice
Z is replaced by a complex lattice L admitting complex multiplication by a
ring of algebraic integers in a imaginary quadratic number field. In the next
section we introduce an elliptic analogue of these Bernoulli functions B̄n(x).
Our elliptic Bernoulli functions are defined as coefficients of the Laurent
expansion of the Jacobi forms in two variables DL(z;ϕ).
More precisely, this paper is organized as follows.
In the second section we introduce and study modular Jacobi forms of two
variables DL(z;ϕ) and deduce the properties of elliptic Bernoulli functions.
In section three we connected our Jacobi form to Eisenstein series and we
study first and second elliptic Bernoulli functions in details.
In section four we define, in two equivalent ways, the elliptic multiple Dedekind
sums in terms of singular values of DL(z;ϕ) and also in terms of singular
values of our elliptic Bernoulli functions. We will precise the relationship
between these two points of view. Our main result on multiple elliptic
Dedekind sums recover and unify all known results concerning reciprocity
laws ( and also gives a generalization of them) proved by Zagier [51], Beck
[13], Rademacher [41], Ito[30], Sczech [42].
In section five we prove algebraicity and Damerell type result for our Jacobi
forms and elliptic Bernoulli numbers.
In sections six and seven we would like to establish the analogues of Clausen-
von Staudt and Kummer Congruences for singular values of our elliptic
Bernoulli functions. The singular values of our elliptic Bernoulli functions
are called the “elliptic Bernoulli numbers”. Our result recovers and gener-
alizes the Congruences of Clausen-von Staudt and Kummer for Bernoulli-
Hurwitz numbers proved by Katz [32].
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Section eight contains the study of Hecke L-functions associated to our el-
liptic Bernoulli functions. The main purpose of this section is to interpolate
the values at non negative integers of these L-functions by using The theory
of our elliptic Bernoulli functions. As an application, special values of some
Hecke L-function will be expressed by elliptic Bernoulli numbers. We deduce
new Damerell’s type result.

2. Presentation and study of Jacobi forms of two variables:
DL(z;ϕ)

2.1. Notations and definitions.

For τ ∈ H = {z ∈ C : Im(z) > 0} the upper half plane, we consider the
following Kronecker Theta function

θτ (z) =
∑
n∈Z

e

(
1

2
(n+

1

2
)2τ + (n+

1

2
)(z +

1

2
)

)
.

Using the Jacobi triple product formula, this can be written as

θτ (z) = iq1/8
τ (e(z/2)− e(−z/2))

∞∏
n=1

(1− qnτ ) (1− qnτ e(z)) (1− qnτ e(−z)) ,

where

e(z) = e2πiz, qτ = e(τ).

Now, for each complex lattice L, we fix {ω1, ω2} an oriented Z-basis of L i.e

Im

(
ω1

ω2

)
> 0, L = Zω1 + Zω2.

We define the following alternating R-bilinear form

EL(z, ϕ) =
z̄ϕ− zϕ̄

ω1ω̄2 − ω̄1ω2
=

z̄ϕ− zϕ̄

2i|ω2|2Im
(
ω1
ω2

)
which is the symplectic form on C associated to the oriented complex lattice
L. Note that for two complex lattices L ⊂ Λ we have

EΛ = [Λ : L]EL

where [Λ : L] indicates the number of elements of Λ/L.
Viewing (ω1, ω2) as a R-basis of C, we can write any ϕ ∈ C as

ϕ = ϕ1ω1 + ϕ2ω2, (ϕ1, ϕ2) ∈ R2.

We denote by {ϕ} = {ϕ1}τ + {ϕ2} and [ϕ] = [ϕ1]τ + [ϕ2], where {ϕ1},
{ϕ2} are the fractional parts of real numbers ϕ1, ϕ2 ( resp. [ϕ1], [ϕ2] integer
parts).
Now we can associate to L a Jacobi form of two variables
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DL(z;ϕ) =
1

ω2
e

(
z

ω2
ϕ1

) θ′τ (0)θτ

(
z+ϕ
ω2

)
θτ

(
z
ω2

)
θτ

(
ϕ
ω2

)
where τ = ω1

ω2
.

2.2. Fundamental properties of DL(z;ϕ).

We list in Theorems 2.1, 2.2, 2.3, 2.4 and 2.5 the main interesting proper-
ties of DL(z;ϕ). These properties show that our Jacobi form DL(z;ϕ) is of
arithmetical nature. The proofs of Theorems 2.1, 2.2, 2.3, 2.4 are omitted
here. For their proofs see [5, 8, 9]. We prove here only properties stated in
Theorem 2.5 since only these are new.

Theorem 2.1.

i) DL is meromorphic in the first variable z and only real analytic on
the second variable ϕ.

ii) DL is homogenous of degre −1

DλL(λz;λϕ) = λ−1DL(z;ϕ),∀λ ∈ C\{0}.

In particular, we have the following symmetry

DL(−z;−ϕ) = −DL(z;ϕ).

iii) (Periodicity of DL(z;ϕ)):{
DL(z;ϕ+ ρ) = DL(z;ϕ)

DL(z + ρ;ϕ) = e(EL(ρ, ϕ))DL(z;ϕ)
,∀ρ ∈ L

where EL(u, v) = 1
2i
ūv−v̄u
Im(τ) .

iv) (Functional Equation): DL(z;ϕ)e(−EL(z, ϕ)) = DL(ϕ; z).
v) (Modularity): DL is a Jacobi modular form for SL2(Z) with index

0 and weight 1 i.e

Daτ+b
cτ+d

(
z

cτ + d
;

ϕ

cτ + d

)
= (cτ + d)Dτ (z;ϕ),∀

(
a b
c d

)
∈ SL2(Z)

where Dτ (z;ϕ) := DLτ (z;ϕ), Lτ = Zτ + Z, τ ∈ H.

Theorem 2.2.

i) For any D =
r∑
i=1

ni(ai) principal divisor modulo L. there exists an

L-elliptic function having D as divisor, which is equal to

gD(z;L) =
∏
ai 6∈L

DL(z;−ai)ni

up to multiplicative constant,
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- Weiestrass ℘′-function:

℘′L(z) = −2
∏

t̄∈ 1
2
L/L\{0̄}

DL(z; t),

ii) (Twisted square root):

DL(z, ϕ)DL(z,−ϕ) = ℘L(z)−℘L(ϕ), where ℘L(z) =
1

z2
+
∑
ω∈L
ω 6=0

[
1

(z − ω)2
− 1

ω2

]
.

iii) (Infinite Product) : L = Zω1 + Zω2, τ = ω1
ω2
.

DL(z, ϕ) =
2πi

w2
q

Im( ϕ
w2

)
Im τ

z
w2

×

(
q

1
2
z+ϕ
w2

− q−
1
2

z+ϕ
w2

)
(
q

1
2
z
w2

− q−
1
2
z
w2

)(
q

1
2
ϕ
w2

− q−
1
2
ϕ
w2

)

∏
n>1

(1− qnτ )2

(
1− qnτ q z+ϕ

w2

)(
1− qnτ q−1

z+ϕ
w2

)
(

1− qnτ q z
w2

)(
1− qnτ q−1

z
w2

)(
1− qnτ q ϕ

w2

)(
1− qnτ q−1

ϕ
w2

)
Theorem 2.3. Let τ ∈ H. We set L = Zτ + Z.

i) The coefficients of Laurent expansion of DL(z, ϕ) namely

Dτ (z;ϕ) =
∑
k>0

dk(ϕ;L)zk−1

are given by

d0(ϕ;L) = 1,

k!

(2πi)k
dk(ϕ;L) =(2.1)

Bk

(
{ϕ1}

)
+ k{ϕ1}k−1 q{ϕ}

q{ϕ}−1
+

k
∑
m>1

(
({ϕ1} −m)k−1

q−1
{ϕ}q

m

1− q−1
{ϕ}q

m
− ({ϕ1}+m)k−1 q{ϕ}q

m

1− q{ϕ}qm

)

where Bj(X) is the j-th Bernoulli Polynomial.
These coefficients dk(ϕ;L) satisfy the following recursive formula

(2.2)
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d2(ϕ;L) = 1
2d1(ϕ,L)2 − 1

2℘L(ϕ),

d2n(ϕ;L) = (2n−1)
2 G2n(L)− 1

2

2n−1∑
i=1

(−1)idi(ϕ;L)d2n−i(ϕ;L),

where G2n(L) =
∑

ω∈L\{o}

1

ω2n
, ∀n > 2,

G2n(L) are the classical Eisenstein series.
ii) (Cusp at ∞) For each z, ϕ ∈ C\L, we have

(2.3)

lim
Im(τ)→∞

Dτ (z, ϕ) =


π
(
cot(π{ϕ}) + cot(π{z})

)
e−2iπ[z1]{ϕ2} if (z1, ϕ1) ∈ Z2

π
(
cot(π{ϕ})− i

)
e−2iπ[z1]{ϕ2} if ϕ1 ∈ Z, z1 6∈ Z

π
(
cot(π{z})− i

)
e2iπ{ϕ1}z2−2iπ[z1]{ϕ2} if z1 ∈ Z, ϕ1 6∈ Z

0 if z1 6∈ Z, ϕ1 6∈ Z.
In the case z ∈ R\Z and ϕ ∈ C\L we obtain

lim
Im(τ)→∞

Dτ (z, ϕ) =
2πie(z{ϕ1})
e(z)− 1

+
2πie({ϕ})
e({ϕ})− 1

δ0,{ϕ1}(2.4)

iii) For all ϕ ∈ C\L, we have

lim
Im(τ)→∞

dj

(
ϕ;L

)
=

{
πcot(π{ϕ}) If j = 1, ϕ1 ∈ Z,
Bj({ϕ1}) (2πi)j

j! Otherwise

iv) (Fourier q-expansion)

DL(z;ϕ) =
π

w2
q

Im( ϕ
w2

)
Im τ

z
w2

.

cot

(
πz

w2

)
+ cot

(
πϕ

w2

)
+ 4

∞∑
n=1

∑
d|n

sin

(
2d
πz

w2
+

2n

d

πϕ

w2

)
qnτ

 .

Theorem 2.4.

i) ( Distribution formulae for DL(z;ϕ)) : For L, Λ complex lattices
such that : L ⊂ Λ, [Λ : L] = l. We have:∑

t̄∈Λ/L

DL

(
lz;ϕ+ t

)
= DΛ

(
z;ϕ

)
, ∀ z, ϕ ∈ C\Λ

and ∑
t̄∈Λ/L\{0̄}

DL

(
lz; t

)
= ζ(z; Λ)− ζ(lz, L), ∀ z ∈ C\Λ
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where

ζ(z, L) =
1

z
+

∑
w∈L\{0}

[
1

z − w
+

1

w
+

z

w2

]
ii) ( Inverse distribution formula for DL(z;ϕ)) :

Let L, Λ et Λ′ complex lattices and l positive integer such that:

[Λ : L] = [Λ′ : L] = l et Λ ∩ Λ′ = L.

L′ = 1
lL

Λ′

Λ

L

We have the following inverse distribution formula: DL(z;ϕ) =
1
l

∑
t̄∈Λ′/L

DΛ

(
z
l ;
ϕ
l + t

)
.

2.3. New properties of DL(z;ϕ).

Theorem 2.5.

i) Kronecker doubles series I: One has the following identity

DL(z;ϕ) =

(e)∑
ω∈L

e(−EL(ω, ϕ))

z + ω
.(2.5)

where
∑(e)

ω∈L is the Eisenstein summation equal to

(e)∑
ω∈L

= lim
N→∞

m=N∑
m=−N

lim
M→∞

m=M∑
m=−M

, Where ω = mω1 + nω2.

ii) Kronecker doubles series II: we have the identity

DLτ (z;ϕ) =(2.6)

∑
ω∈Lτ

e
(
− 1

2iIm(τ) |z + ω|2 − ELτ (ω, ϕ)
)

z + ω
+

e (ELτ (z, ϕ))
∑
ω∈Lτ

e
(
− 1

2iIm(τ) |ϕ+ ω|2 − ELτ (ω, z)
)

ϕ+ ω
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iii) “Eisenstein-Kronecker series of Weight m =Bernoulli Func-
tions”
We set

B̄m(ϕ,L) =
m!

(2πi)m
dm(ϕ,L).

We have

DL(z;ϕ) =
∑
m>0

B̄m(ϕ,L)
(2πi)m

m!
zm−1

with

B̄m(ϕ;L) =


− m!

(2πi)m

(e)∑
ω∈L
ω 6=0

e(EL(ω, ϕ))

ωm
If m > 1

1 If m = 0

iv) (Coefficients of Laurent expansion at cusp ∞ )
For ϕ = ϕ1τ + ϕ2 ∈ C\L, we have

lim
Im(τ)→∞

B̄m

(
ϕ,L

)
= Bm({ϕ1}) +

e({ϕ})
e({ϕ})− 1

δ1,mδ0,{ϕ1}

Equivalently,

lim
Im(τ)→∞

B̄m

(
ϕ,L

)
=

{
1
2icot (π{ϕ}) If m = 1 and {ϕ1} = 0

Bm({ϕ1}) Otherwise

Proof of the property i) of Theorem 2.5:

We want to prove the equalities 2.5 and 2.6. We begin with the first one

DL(z;ϕ) =

(e)∑
ω∈L

e(−EL(ω, ϕ))

z + ω
.

The functions z → DL(z;ϕ) and Fϕ : z →
(e)∑
ω∈L

e(−EL(ω, ϕ))

z + ω
are mero-

morphic functions with only simple poles in ω ∈ L. Moreover,{
DL(z + ρ;ϕ) = e(EL(ρ, ϕ))DL(z;ϕ)

Fϕ(z + ρ) = e(EL(ρ, ϕ))Fϕ(z)
∀ρ ∈ L.

and they have the same residue at z = ω, ω ∈ L :

Res
(
Fϕ(z)dz, z = ω

)
= Res

(
DL(z;ϕ)dz, z = ω

)
= e
(
EL(ω, ϕ)

)
Now, we can conclude in two differents ways:

Method 1: we consider the quotient function z → Fϕ(z)
DL(z;ϕ) . It is mero-

morphic, periodic with periods the lattice L and modulo L it has only one
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pole ( a simple one) at z = −ϕ. Then, from Liouville’s theorem, the func-
tions z → DL(z;ϕ) and Fϕ(z) are proportional. But, we know that they
have the same residue at z = ω, ω ∈ L. Thus we get our desired equality 2.5.

Method 2: we can consider the difference function z → Fϕ(z)−DL(z;ϕ)
which is meromorphic, periodic with set of periods containing the lattice L
and modulo L it has priori a pole at z = 0. But, we know that the functions
Fϕ and z → DL(z;ϕ) have the same residue at z = ω, ω ∈ L. Then, the
function difference z → Fϕ(z)−DL(z;ϕ) is holomorphic on whole complex
plan. Then, using again Liouville’s theorem we get our equality 2.5.

Proof of the property ii) of Theorem 2.5:

Here, we prove the equality 2.6:

DLτ (z;ϕ) =

∑
ω∈Lτ

e
(
− 1

2iIm(τ) |z + ω|2 − ELτ (ω, ϕ)
)

z + ω
+

e (ELτ (z, ϕ))
∑
ω∈Lτ

e
(
− 1

2iIm(τ) |ϕ+ ω|2 − ELτ (ω, z)
)

ϕ+ ω

We set

F (z, ϕ) =

∑
ω∈Lτ

e
(
− 1

2iIm(τ) |z + ω|2 − ELτ (ω, ϕ)
)

z + ω
+

e (ELτ (z, ϕ))
∑
ω∈Lτ

e
(
− 1

2iIm(τ) |ϕ+ ω|2 − ELτ (ω, z)
)

ϕ+ ω

This function has the following properties:

i) We remark that the form ELτ takes integer values on Lτ then after
a simple calculation one derives that

F (z + ρ, ϕ) = e(EL(ρ, ϕ))F (z, ϕ);∀ρ ∈ L.

ii) We claim that the function z → F (z, ϕ) is meromorphic. We prove
that

∂F

∂z̄
(z, ϕ) = 0.

Precisely,
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∂F

∂z̄
(z, ϕ)

=
∑
ω∈Lτ

e

(
− 1

2iIm(τ)
|z + ω|2 − ELτ (ω, ϕ)

)
−

∑
ω∈Lτ

e

(
− 1

2iIm(τ)
|ϕ+ ω|2 − ELτ (ω + ϕ, z)

)

But the function e
(
− 1

2iIm(τ) |z|
2
)

= exp
(
− π

Im(τ) |z|
2
)

is Fourier self-

dual. The Fourier transform associated to the symplectic form EL
is defined ( for any f in the Schwarz space on C) by the formula

f̂(z) =

∫
x∈C

f(x)e (EL(z, x)) dµL(x)

where dµL(x) is the Haar measure on C normalized by the condition∫
C/L

dµL(x) = 1. By Poisson summation formula the distribution

δL =
∑
ω∈L

δω ( δω is the Dirac function) is Fourier self-dual. Fur-

thermore, the translation by x goes under Fourier transform to the
multiplication by e (−EL(., x)). Then, we obtain∑
ω∈L

f(ω + x)e (−EL(ω + x, y)) =
∑
ω∈L

f̂(ω + y)e (−EL(ω, x))

Now, we take f(z) = exp
(
− π

Im(τ) |z|
2
)

. Then

∂F

∂z̄
(z, ϕ) = 0.

Then, the functions z → F (z, ϕ) and z → DLτ (z;ϕ) are meromorphic
with only simple poles in ω ∈ L. Moreover,{

DL(z + ρ;ϕ) = e(EL(ρ, ϕ))DL(z;ϕ)

F (z + ρ, ϕ) = e(EL(ρ, ϕ))F (z, ϕ)
∀ρ ∈ L.

and finally,

Res
(
F (z, ϕ)dz, z = ω

)
= Res

(
DL(z;ϕ)dz, z = ω

)
= e
(
EL(ω, ϕ)

)
The desired equality 2.6 follows.

Proof of the property iii) of Theorem 2.5:
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To prove this property we use the result 2.5. But, we need the Laurent
expansion of z → 1

z+ω . For ω ∈ L\{0} we have

1

z + ω
=
∑
k>0

(−1)k
( z
ω

)k
For our convenance we use −ω instead ω. Then,

DLτ (z;ϕ) =
1

z
+
∑
m>1

 (e)∑
ω∈L
ω 6=0

e(EL(ω, ϕ))

ωm

 zm−1

Then, we obtain

B̄m(ϕ,L) = − m!

(2πi)m

(e)∑
ω∈L
ω 6=0

e(EL(ω, ϕ))

ωm
, ∀m > 1, and B̄0(ϕ,L) = 1.

Example 2.6. ( Jacobi forms of weight 2) :
For complex parameter of the non zero 2-division point , ϕ ∈ 1

2L/L\{0̄} ,
we have the following Jacobi form of weight 2

Dτ (z;
1

2
) =

1

z
+ 2

∑
k>0

(2πi)2k+2

(2k + 1)!

(
B2k+2

4k + 4
+
∑
m>1

m2k+1qm

1 + qm

)
z2k+1

Dτ (z;
τ

2
) =

1

z
+

2
∑
k>0

(2πi)2k+2

(2k + 1)!

(
B2k+2(1/2)

4k + 4
+
∑
m>1

(m+ 1/2)2k+1 q
2m+1 + qm+ 1

2

(1− qm+ 1
2 )

2

)
z2k+1

Dτ (z;
τ + 1

2
) =

1

z
+

2
∑
k>0

(2πi)2k+2

(2k + 1)!

(
B2k+2(1/2)

4k + 4
+
∑
m>1

(m+
1

2
)2k+1 q

2m+1 − qm+ 1
2

(1 + qm+1/2)
2

)
z2k+1

In the following theorem we precise the most important properties of
elliptic Bernoulli numbers and functions.

Theorem 2.7. (Elliptic Bernoulli functions)

i) (Homogeneity) For each m ∈ N∗, dm(ϕ,Lτ ) is homogenous of
degre −m i.e

dm(λϕ, λL) = λ−mdm(ϕ,L),∀λ ∈ C\{0}.

ii)
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iii) (Modularity): We let dm(ϕ, τ) := dm(ϕ,Lτ ).
Then, dm(ϕ, τ) is a modular form for SL2(Z), with index 0 and
weight m i.e

dm

(
ϕ

cτ + d
;
aτ + b

cτ + d

)
= (cτ + d)mdm(ϕ; τ), ∀

(
a b
c d

)
∈ SL2(Z).

In other way,

dm

(
(dϕ1 − cϕ2)

aτ + b

cτ + d
+ (−bϕ1 + aϕ2);

aτ + b

cτ + d

)
= (cτ+d)mdm(ϕ1τ+ϕ2; τ),

∀
(
a b
c d

)
∈ SL2(Z), (ϕ1, ϕ2) ∈ R2.

iv) (Periodicity):

dm(ϕ+ ρ; τ) = dm(ϕ; τ), ∀ρ ∈ Zτ + Z(2.7)

v) (Symmetry):

dm(−ϕ; τ) = (−1)m−1dm(ϕ; τ)

vi)
vii) ( Distribution formula for dm(ϕ,L):

For L, Λ lattices such that : L ⊂ Λ, [Λ : L] = l, we have:

∑
t̄∈Λ/L

dm
(
ϕ+ t;L

)
= [Λ : L]1−mdm

(
ϕ; Λ

)
,m > 1,∀ ϕ ∈ C\Λ

and∑
t̄∈Λ/L\{0̄}

dm
(
t;L
)

= Em
(
0;L

)
− [Λ : L]1−mEm

(
0; Λ

)
,m > 1

In particular, for Λ = 1
ωL we have

∑
t̄∈Λ/L\{0}

dm
(
t;L
)

=

(
1− |ω|

2

ω̄m

)
Em(0, L),∀m > 2

viii) ( Inverse distribution formula for dm(ϕ,L)):
Let L, Λ et Λ′ complex lattices and l a postive integer such that:

[Λ : L] = [Λ′ : L] = l et Λ ∩ Λ′ = L.
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L′ = 1
lL

Λ′

Λ

L

We have the following inverse distribution formula

dm
(
ϕ;L

)
=

1

l

∑
t̄∈Λ′/L

dm
(ϕ
l

+ t; Λ
)
,

which comes from the homogeneity and direct distribution properties
of dm(ϕ,L).

3. Jacobi forms DL(z;ϕ) and Eisenstein series En(z, L)

In the following we will connect, in severals ways, Jacobi forms DL(z;ϕ),
Eisenstein series En(z, L), Elliptic Bernoulli numbers dm(ϕ,L) and values
of Em(z, L).

3.1. Connection between DL(z;ϕ) and Eisenstein series

In the following we state our second main result, giving the relationship
between Eisenstein series Em(z, L), our Jacobi form DL(z, ϕ) and their co-
efficients dm(ϕ,L).
We recall here the definition of Eisenstein series

Em(z, L) = lim
s→0+

∑
w∈L

(e)
(w + z)−m|w + z|−s,m = 1, ...(3.1)

the sum being over ω ∈ L if z 6∈ L an ω ∈ L\{−z} if z ∈ L.

The following proposition, containing standard distribution formulas sat-
isfied by Eisenstein series, is proved in an almost identical manner in Weil
[49], its proof is omitted here.

Proposition 3.1. Let ω ∈ C\{0} such that: ωL ⊂ L. Then

i) ∑
t̄∈L/ωL

En

(
z + t

ω
, L

)
= ωnEn (z, L) = En

(
z

ω
,

1

ω
L

)
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Equivalently,

En

(
z,

1

ω
L

)
=

∑
t̄∈ 1

ω
L/L

En (z + t, L)

ii) ∑
t̄∈L/ωL\{0̄}

En

(
t

ω
, L

)
= (ωn − 1)En (0, L)

Now, we can state the connection between DL(z;ϕ), their special values
and Eisenstein series En(z, L).

Theorem 3.2.

i) Let ω ∈ C\{0}, ϕ ∈ C\L such that: ωL ⊂ L and ω̄ϕ ∈ L. Then

DL(z, ϕ) =
1

ω

∑
t∈ 1

ω
L/L

e
(
− EL(t, ω̄ϕ)

)
E1

( z
ω

+ t, L
)
,

In other way,

DL(z, ϕ) =
1

ω

∑
t∈L/ωL

e
(
− EL(t, ϕ)

)
E1

(
z + t

ω
, L

)
ii)

dn(ϕ;L) =
−1

ωn

∑
t∈ 1

ω
L/L

e
(
EL(t, ω̄ϕ)

)
En

(
t

ω
, L

)
; ∀n > 3.

Equivalently

dn(ϕ;L) =
−1

ωn

∑
t∈L/ωL

e
(
EL(t, ϕ)

)
En

(
t

ω
, L

)
,∀n > 3

iii) (Inversion formula): For all ϕ ∈ C\L we have

En(ϕ̄;L) = −ω
n−1

ω̄

∑
t∈ 1

ω̄
L/L

e
(
EL(t, ωϕ̄)

)
dn (t, L)

iv) (Recursion formula) Let f be a positive integer, ϕ primitive pa-
rameter of order f . Then

d3(ϕ;L) =
1

2f3

∑
t∈L/fL\{0}

e
(
EL(t, ϕ)

)
℘′L

(
t

f

)

d4(ϕ;L) =
−1

f4

∑
t∈L/fL\{0}

e
(
EL(t, ϕ)

)
℘L

(
t

f

)2

− 6

f4
E4 (0, L) ;
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d5(ϕ;L) =
−1

f5

∑
t∈L/fL\{0}

e
(
EL(t, ϕ)

)
℘L

(
t

f

)
E3

(
t

f
, L

)
and for k > 4 we have

−fk+2(k + 1)k(k − 1)dk+2(ϕ,L) =

6
∑

p+q=k−2
p>1,q>1

∑
t∈L/fL

(p+ 1)(q + 1)e(EL(t, ϕ))Ep+2

(
t

f
, L

)
Eq+2

(
t

f
, L

)
+

12(k − 1)
∑

t∈L/fL

e
(
EL(t, ϕ)

)
℘L

(
t

f

)
Ek

(
t

f
, L

)
Proof of theorem 3.2:

We prove the Recursion formula. We consider the function

z → ℘L

(
z − t
f

)
− ℘L

(
t

f

)
.

℘L

(
z−t
f

)
− ℘L

(
t
f

)
=

∑
ω∈L

 1(
z−t
f − ω

)2 −
1(

−t
f − ω

)2


= f2

∑
ω∈L

(
1

(z − t− fω)2 −
1

(t+ fω)2

)
= f2

∑
ρ=t (mod f)

(
1

(z − ρ)2 −
1

ρ2

)
Then the expression

F (z) =
∑

ρ=t (mod f)

(
e (EL(ρ, ϕ))

(z − ρ)2 − e (EL(ρ, ϕ))

ρ2

)
is equal to

f−2e (EL(t, ϕ))

(
℘L

(
z − t
f

)
− ℘L

(
t

f

))
Then

F (z) = f−2e (EL(t, ϕ))

(
℘L

(
z − t
f

)
− ℘L

(
t

f

))
we use the relation for ℘L Weierstrass function:

℘
′′
L(z) = 6℘L(z)2 − 30E4(0, L)

Then applying this relation to ℘L

(
z−t
f

)
yields

f4e (−EL(t, ϕ))F
′′
(z) = 6

(
f2e (−EL(t, ϕ))F (z) + ℘L

(
t

f

))2

−30E4(0, L)
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On the other hand we take into account the Laurent expansion

F (z) =
∑
k>1

k + 1

fk+2
e(EL(t, ϕ))Ek+2

(
t

f
, L

)
zk

We get

f4e(−EL(t, ϕ)
∑
k>2

(k + 1)k(k − 1)

fk+2
e(EL(t, ϕ))Ek+2

(
t

f
, L

)
zk−2 =

6

f2e(−EL(t, ϕ))
∑
k>1

k + 1

fk+2
e(EL(t, ϕ))Ek+2

(
t

f
, L

)
zk + ℘L

(
t

f

)2

−30E4(0, L)

We compare the coefficients of zk of both sides to get the following recursion

formula for Eisenstein series Ek

(
t
f , L

)
:

(k+1)k(k−1)Ek+2

(
t

f
, L

)
= 6

∑
p+q=k−2
p>1,q>1

(p+1)(q+1)Ep+2

(
t

f
, L

)
Eq+2

(
t

f
, L

)
+

12(k − 1)℘L

(
t

f

)
Ek

(
t

f
, L

)
Finally we multiply the above quantity by e

(
EL(t, ϕ)

)
and make the sum-

mation
∑

t∈L/fL

of both sides to get our desired recursive formula for

dk(ϕ,L).

3.2. Weierstrass functions and Eisenstein Series Ei(z, L).

We state the following proposition whose proof is omitted here. For more
details you can see [42] p.526 and [21] p.188 proposition 1.5.

Proposition 3.3.

i)

E0(z, L) =


−1 If z ∈ L

0 Otherwise

ii)

E1(z, L) = ζ(z, L)− η(z, L)

where

η(z, L) = G2(L)z +
π

a(L)
z̄.
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iii) 
E2(z, L) = ℘L(z) +G2(L)

En(z, L) = (−1)n

(n−1)!℘L
(n−2)(z),∀n > 3

3.3. First and second Elliptic Bernoulli functions di(z, L) and
Ei(z, L), i = 1, 2

In this subsection we study the first and second Elliptic Bernoulli func-
tions and write them in terms of Eisenstein series. As application, Elliptic
Dedekind-Sczech reciprocity law will be derived from our multiple Dedekind
Sums.

We recall from Lang [38,p.248], that

ζ(z, L) =zη2 + πi
e(z) + 1

e(z)− 1

+ 2πi
∑
m>1

(
e(−z)qm

1− e(−z)qm
− e(z)qm

1− e(z)qm

)(3.2)

Where η2 = η(1, L), η1 = η(τ, L) and note that

η(z, L) = η(z1τ + z2, L) = z1η(τ, L) + z2η(1, L).

Then

η(z, L) = z1η1 + z2η2, where z = z1τ + z2, (z1, z2) ∈ R2.

On the other hand

η(z, L) = G2(L)z +
π

a(L)
z̄.

From these equalities and Legendre relation, we obtain

η(z, L) = G2(L)(z1τ + z2) +
π

a(L)
(z1τ̄ + z2)

η(z, L) = z1

(
G2(L)τ +

π

a(L)
τ̄

)
+ z2

(
G2(L) +

π

a(L)

)
Then, by identification, we have{

η1 = G2(L)τ + π
a(L) τ̄ ,

η2 = G2(L) + π
a(L)

The result of the following theorem will be used in section 4.4 , to give a
new and elementary proof of the reciprocity Theorem 4.12 of Sczech.

Theorem 3.4. For all z 6∈ L we have
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i)

E1(z, L) = 2πiB1(z1)+πi+πi
e(z) + 1

e(z)− 1
+2πi

∑
m>1

(
e(−z)qm

1− e(−z)qm
− e(z)qm

1− e(z)qm

)
In an identical way,

E1(z, L) = 2πiB1(z1)+2πi
e(z)

e(z)− 1
+2πi

∑
m>1

(
e(−z)qm

1− e(−z)qm
− e(z)qm

1− e(z)qm

)
ii)

d1(z, L) = E1(z, L)

iii)

d2(z, L) =
1

2
E1(z, L)2 − 1

2
℘L(z)

Proof : The property i) comes from the equality (3.2). The property ii) is
a consequence of the equality (2.1). Again, from the formula (2.1) and the
periodicity property (2.7) we obtain

d1(z, L) = 2πiB1(z1)+2πi
e(z)

e(z)− 1
+2πi

∑
m>1

(
e(−z)qm

1− e(−z)qm
− e(z)qm

1− e(z)qm

)
Hence

d1(z, L) = E1(z, L).

Finally, the property iii) comes from the properties ii) and (2.2).

4. “Enhanced” multiple elliptic Dedekind Sums and their
applications

The purpose of our study here is not so much a rederivation of old theo-
rems but rather to show a common thread and give a natural generalisation
of them to elliptic situation.

These multiple elliptic Dedekind sums generalize and unify various
arithmetic sums introduced by Dedekind, Rademacher, Apostol, Carlitz, Za-
gier, Berndt, Meyer, Sczech, and Dieter. We prove reciprocity laws which are
elliptic analogues to The Dedekind reciprocity law satisfied by the classical
Dedekind sums [5]. Moreover, from the main result of this section ( multiple
elliptic Dedekind reciprocity law) we generalize, recover and unify all clas-
sical and elliptic known reciprocity laws on Dedekind-Apostol-Rademacher-
Beck-Dieter-Berndt-Sczech-Zagier and others sums [1, 8, 9, 13, 23, 22, 41,
42, 51].
Generalized Dedekind sums appear in various areas such as analytic and
algebraic number theory, topology, algebraic and combinatorial geometry,
and algorithmic complexity. See [2, 26, 27, 28]

Our theory of enhanced multiple elliptic Dedekind sums developped here
can be explored to study the Eisenstein Cohomology of groups as SL2(OK),
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GLn(OK), where K is an algebraic number field, see [42, 50] and is also
closely related to the study elliptic genera, the index theorem of Atiyah-
Singer associated to complex manifold [20] and to Meyer’s, Euler’s and
Maslov cocycles [42, 33, 4].

4.1. Statement of multiple elliptic Dedekind reciprocity laws

Let a1, . . . , an, a
′
1, . . . , a

′
n be elements in N∗, x1, . . . , xn, x

′
1, . . . , x

′
n ∈ C and

ϕ1, · · · , ϕn be complex variables. A usual x̌ means that we omit the term x.
We let

zk = −x′k + xk
a′k
ak
τ, t̃k = −t′k + tk

a′k
ak
τ,

−→
Mk = (m1, . . . , m̌k, . . . ,mn),

−→
Rk = (r1, . . . , řk, . . . , rn),

−→
Zk = (z1, . . . , žk, . . . , zn),

−→
φk = (ϕ1, . . . , ϕ̌k, . . . , ϕn),

−→
Ak = (a1, . . . , ǎk, . . . , an),

−→
A′k = (a′1, . . . , ǎ

′
k, . . . , a

′
n).

and finally

L = [τ, 1] := Zτ + Z, Lk =

[
a′k
ak
τ, 1

]
We define the multiple elliptic Dedekind Sums

d(
−→
Ak,
−→
A′k,
−→
Zk,
−→
φk,
−→
Mk,
−→
Rk, τ) :=

(−1)mkmk!

a′k
mk+1

 ∏
16j 6=k6n

a′j
rj

rj !

 ∑
t̃k∈Lk/a′kL

e

(
ELk

(
t̃k,

ϕk
ak

))
∏

16j 6=k6n

D
(mj+rj)
Lj

(
a′j
zk + t̃k
a′k

− zj ;
ϕj
aj

)
Notice that the case −→

Mk =
−→
Rk = (0, . . . , 0)

corresponds to

d(
−→
Ak,
−→
A′k,
−→
Zk,
−→
φk,
−→
Mk,
−→
Rk, τ) =

1

a′k

∑
t̃k∈Lk/a′kL

e

(
ELk

(
t̃k,

ϕk
ak

)) ∏
16j 6=k6n

DLj

(
a′j
zk + t̃k
a′k

− zj ;
ϕj
aj

)
this quantity is also called elliptic multiple Dedekind sums studied in [5, 8,
10].

For arbitrary values of
−→
Mk,

−→
Rk we get here multiple elliptic Apostol-

Dedekind-Rademacher version of all considered so-called (in literature) “Apos-
tol, Dedekind, Rademacher and others” sums.

We now formulate the corresponding reciprocity law for these sums
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Theorem 4.1. (Elliptic reciprocity law in terms of Jacobi forms)
For all j, k, 1 6 j 6= k 6 n, we assume that

(ajxk − akxj , a′jx′k − a′kx′j) 6∈ Zaj + Zak × Za′j + Za′k
and

n∑
j=1

ϕj ∈ L

Then
n∑
k=1

∑
−→
Rk>

−→
0

r1+···+řk+···+rn=mk

d(
−→
Ak,
−→
A′k,
−→
Zk,
−→
φk,
−→
Mk,
−→
Rk, τ) = 0

The summation is over
−→
Rk = (r1, . . . , řk, . . . , rn) ∈ Nn−1.

Theorem 4.2. i) For all j, k, 1 6 j 6= k 6 n, we assume that

(ajxk − akxj , a′jx′k − a′kx′j) 6∈ Zaj + Zak × Za′j + Za′k
and

n∑
j=1

ϕj = 0

Then
n∑
k=1

1

a′k

∑
t̃k∈Lk/a′kL

∏
16j 6=k6n

DLj

(
ϕj
aj

; a′j
zk + t̃k
a′k

− zj
)

= 0

ii) (Complement formula) We assume only that
n∑
j=1

ϕj = 0

then
n∑
k=1

1

a′k

∑
t̃k∈Lk/a′kL\{0̄}

∏
16j 6=k6n

DLj

(
ϕj
aj

; a′j
t̃k
a′k

)
=

−Res

 ∏
16j6n

DLj

(
ajz;

ϕj
aj

)
dz; z = 0


We will establish in the following that the theorem 4.2 contains and gen-

eralized the Sczech’s result [Scz], in other hand it recovers the Hall-Wilson-
Zagier result [HWZ].

Proof of theorem 4.2 :
This theorem 4.2 comes from theorem 4.1. In fact, we consider only the case
when

m1 = · · · = mn = 0
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and we obtain our theorem 4.2 with using the functional equation of the
Jacobi form:

DL(z;ϕ) = e(EL(z, ϕ))DL(ϕ; z)

and the condition
n∑
j=1

ϕj = 0. �

In the following we define an other elliptic analogue of the generalized
Dedekind Sums in terms of the elliptic analogous of the Classical Bernoulli
functions, as follows:
We recall that

DL(z, ϕ) =
∑
m>0

dm(ϕ,L)zm−1,

and

B̄m(ϕ,L) :=
m!

(2πi)m
dm(ϕ,L)

B̄m(ϕ,L) are our elliptic Bernoulli functions.
Hence

DLj

(
ϕk
aj

; a′j
zk + t̃k
a′k

− zj
)

=
∑
rj>0

B̄rj (a
′
j

zk + t̃k
a′k

− zj , Lj)
(2πi)rj

rj !

(
ϕj
aj

)rj−1

Furthermore, ∏
16j 6=k6n

DLj

(
ϕk
aj

; a′j
zk + t̃k
a′k

− zj
)

=

(2πi)n−1
∑
−→
Rk>

−→
0

∏
16j 6=k6n

B̄rj (a
′
j

zk + t̃k
a′k

− zj , Lj)
1

rj !

(
2πi

ϕj
aj

)rj−1

Where
−→
Rk = (r1, . . . , řk, . . . , rn) ∈ Nn−1.

We now introduce the second main object of this section, the multiple
elliptic Dedekind sums in terms of elliptic Bernoulli functions:

S(
−→
Ak,
−→
A′k,
−→
Rk,
−→
Zk; τ) :=

1

a′k

∑
t̄k∈Lk/a′kL

∏
16j 6=k6n

B̄rj (a
′
j

zk + t̃k
a′k

− zj , Lj)

Theorem 4.3. (Elliptic reciprocity law in terms of Elliptic Bernoulli
functions) For all j, k, 1 6 j 6= k 6 n, we assume that

(ajxk − akxj , a′jx′k − a′kx′j) 6∈ Zaj + Zak × Za′j + Za′k
and

n∑
j=1

ϕj = 0
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Then

n∑
k=1

∑
−→
Rk∈Nn−1

S(
−→
Ak,
−→
A′k,
−→
Rk,
−→
Zk; τ)

r1! . . . řj ! . . . rn!

∏
16j 6=k6n

(
2πiϕj
aj

)rj−1

= 0

The summation is over
−→
Rk = (r1, . . . , řk, . . . , rn) ∈ Nn−1

Proof of Theorem 4.3:
Remark that generating function of the second multiple elliptic Dedekind

sum S(
−→
Ak,
−→
A′k,
−→
Rk,
−→
Zk; τ) is exactly equal to

1

(2πi)n−1
× 1

a′k

∏
16j 6=k6n

DLj

(
ϕk
aj

; a′j
zk + t̃k
a′k

− zj
)

After using the functional equation satisfied by Jacobi form

DL(z, ϕ) = e (EL(z, ϕ))DL(ϕ, z)

we obtain∏
16j 6=k6n

DLj

(
ϕk
aj

; a′j
zk + t̃k
a′k

− zj
)

= e

− ∑
16j 6=k6n

ELj (a
′
j

zk + t̃k
a′k

− zj ,
ϕj
aj

)


∏

16j 6=k6n
DLj

(
a′j
zk + t̃k
a′k

− zj ;
ϕj
aj

)
Hence

∏
16j 6=k6n

DLj

(
ϕj
aj

; a′j
zk + t̃k
a′k

− zj
)

= e

 ∑
16j6n

ELj (zj ,
ϕj
aj

)


e

− ∑
16j6n

ELj (a
′
j

zk + t̃k
a′k

,
ϕj
aj

)

 e

(
ELk(t̃k,

ϕk
ak

)

) ∏
16j 6=k6n

DLj

(
a′j
zk + t̃k
a′k

− zj ;
ϕj
aj

)
Now, we use the fact that:

n∑
j=1

ϕj = 0 and ELj (z, ϕ) =
aj
a′j
EL(z, ϕ)

we conclude that

∏
16j 6=k6n

DLj

(
ϕj
aj

; a′j
zk + t̃k
a′k

− zj
)

= e

 ∑
16j6n

ELj (zj ,
ϕj
aj

)


e
(
ELk(t̃k,

ϕk
ak

)
) ∏

16j 6=k6n
DLj

(
a′j
zk + t̃k
a′k

− zj ;
ϕj
aj

)
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Finally ∑
−→
Rk∈Nn−1

S(
−→
Ak,
−→
A′k,
−→
Rk,
−→
Zk; τ)

r1! . . . řk! . . . rn!

∏
16j 6=k6n

(
2πiϕj
aj

)rj−1

=

1

(2πi)n−1
e

 ∑
16j6n

ELj (zj ,
ϕj
aj

)

 d(
−→
Ak,
−→
A′k,
−→
Zk,
−→
φk,
−→
Mk = (0, . . . , 0), τ)

We conclude, up a multiplicative non zero constant, that the first multiple

elliptic Dedekind sums in terms of Jacobi forms corresponding to
−→
Mk =

(0, . . . , 0) is the generating function of the second one in terms of elliptic
Bernoulli functions. Then theorem 4.3 is equivalent to theorem 4.2. �

4.2. Application 1: Enhanced classical sums of “
Dedekind-Apostol-Rademacher-Beck-Berndt-Dieter-Zagier”

In order to state the first corollary of our main theorems of this section,
we denote by cot(m) the m’th derivative of the cotangent function and let
a′1, . . . , a

′
n ∈ N, m1, . . . ,mn ∈ N, x1, . . . , xn ∈ C. We will study the following

sums( the Enhanced Dedekind cotangent sums):

C


a′1 a′2 · · · a′n
m1 m2 · · · mn

x1 x2 · · · xd
ϕ1 ϕ2 · · · ϕn

 :=

1

a′1
m1+1

∑
k mod a1

n∏
j=2

(
cot(mj) π

(
a′j
k + x′1
a′1

− x′j
)
− δ0,mj cot(mj) π

(
ϕj
aj

))
and the sum is taken over all k mod a′1 for which the summand is not
singular. Our notation of this sum is similar of Beck’s notation in [13].
Indeed, our “Enhanced” Dedekind cotangent sums include the so-called
“Dedekind cotangent sums” introduced by Beck [13], and various generalized
Dedekind sums introduced by Rademacher [22, 41], Apostol [1], Carlitz [17],
Zagier [51], Berndt [14], Meyer [39, 40], Sczech [42], and Dieter [19].

In the following, we state the strongest theorem concerning classical reci-
procity law

Theorem 4.4. (Generalisation of Beck’s result)
For all j, k, 1 6 j 6= k 6 n, we assume that

a′jx
′
k − a′kx′j 6∈ Za′j + Za′k

and ϕ1, · · · , ϕn are real numbers such that:

ϕj
aj
6∈ Z,∀j ∈ {1, · · · , }.
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Then

n∑
k=1

(−1)mkmk!
∑

l1,...,l̂k,...,ln>0

l1+···+l̂k+···+ln=mk

a′1
l1 · · · â′k

lk · · · a′n
ln

l1! · · · l̂k! · · · ln!

C


a′k a′1 · · · â′k · · · a′n
mk m1 + l1 · · · m̂k + lk · · · mn + ln

x′k x′1 · · · x̂′k · · · x′n
ϕ1 ϕ2 · · · ϕ̂k · · · ϕn



=


(−1)n−1

sin

π n∑
j=1

ϕj
aj


n∏
j=1

sin

(
π
ϕj
aj

) if all mk = 0

0 otherwise.

Theorem 4.5. (Division points)
Let a1, · · · , an > 2 be nonnegative integers pairwise coprime, whith n > 1
and ϕ1, · · · , ϕn real numbers such that:

n∑
j=1

ϕj ∈ Z and
ϕj
aj
6∈ Z,∀j = 1, · · · , n.

We obtain

n∑
k=1

ak−1∑
tk=1

n∏
j=1

(
e

2πi
ϕj
aj

)[aj
tk
ak

] ∏
j 6=k

e
iπϕj
aj

sin
πϕj
aj

= (−1)n

sin

π n∑
j=1

ϕj
aj


n∏
j=1

sin

(
π
ϕj
aj

)
Equivalently

n∑
k=1

ak−1∑
tk=1

n∏
j=1

(
e
−2πi

ϕj
aj

)[aj
tk
ak

] ∏
j 6=k

e
−
iπϕj
aj

sin
πϕj
aj

= −

sin

π n∑
j=1

ϕj
aj


n∏
j=1

sin

(
π
ϕj
aj

)
Remark 4.6. In particular, for

ϕj
aj

= 1
2 , we get

n∑
k=1

ak−1∑
tk=1

n∏
j=1

(−1)
[aj

tk
ak

]
=

{
−(−1)

n−1
2 if n is odd,

0 otherwise.
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More generally, for
ϕj
aj

= ϕ = k
N , (k,N) = 1, we have

n∑
l=0

al−1∑
t=1

n∏
k=0

(
e−2πiϕ

)[ tak
al

]
= −sin(πnϕ)

sin(πϕ)
eiπ(n−1)ϕ.

Then, theorem 4.5 can be seen as an extension of Berndt and Dieter re-
sult, theorem 2.1 [15], for complex valued functions.

Question:

i) Can you extend the theorem 2.1 [15] of Berndt-Dieter to
complex valued functions? I think that is possible.

ii) If it is, can you give application in terms of signature theory
of complex manifolds?

Proof of theorem 4.4 :
In order to prove our theorem 4.1, in section 4.5, we considered the aux-

illary function

F (z,
−→
Φ ,
−→
A,
−→
M) =

j=n∏
j=1

D
(mj)
Lj

(
a′jz − zj ;

ϕj
aj

)
Where

−→
A =

(
(a1 . . . , an); (a′1, . . . , a

′
n)
)
,
−→
M = (m1, . . . ,mn),

−→
Φ = (ϕ1, . . . , ϕn), zk =

−x′k + xk
a′k
ak
τ.

Here, we introduce the function

f(z,
−→
Φ , ,
−→
A,
−→
M) =

n∏
j=1

(
cot(mj) π

(
a′jz − x′j

)
− δ0,mj cot(mj) π

(
ϕj
aj

))
This function f comes essentially from the limit of F (z,

−→
Φ ,
−→
A,
−→
M) when

Im(τ) → ∞, (for more details we can refer to the property xi) of theorem
2.1).
Now, like in the proof of our theorem 4.1, in section 4.5, we apply the

residue theorem to this function f(z,
−→
Φ ,
−→
A,
−→
M). We integrate f along the

simple rectangular path

γ = [x+ iy, x− iy, x+ 1− iy, x+ 1 + iy, x+ iy] ,

where x and y are chosen such that γ does not pass through any pole of f ,
and all poles zp of f have imaginary part |Im(zp)| < y. By the periodicity
of the cotangent function, the contributions of the two vertical segments of
γ cancel each other. By definition of the cotangent function,

lim
y→∞

cot(x± iy) = ∓i ,
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and therefore also

lim
y→∞

cot(m)(x± iy) = 0

for m > 0. Hence if any of the mj > 0,∫
γ
f(z,
−→
Φ , ,
−→
A,
−→
M) dz = 0 .

If all mj = 0, we obtain∫
γ
f(z,
−→
Φ , ,
−→
A,
−→
M) dz =

n∏
j=1

(
i− cot(π

ϕj
aj

)

)
−

n∏
j=1

(
−i− cot(π

ϕj
aj

)

)
.

This can be rewritten as follows

1

2i

∫
γ
f(z,
−→
Φ , ,
−→
A,
−→
M) dz =


(−1)n−1

sinπ

 n∑
j=1

ϕj
aj


n∏
j=1

sinπ

(
ϕj
aj

) if all mj = 0,

0 otherwise.

or, by means of the residue theorem,we obtain
(4.1)

π
∑
zp

Res
(
f(z,
−→
Φ ,
−→
A,
−→
M)dz, zp

)
=


(−1)n−1

sinπ

 n∑
j=1

ϕj
aj


n∏
j=1

sinπ

(
ϕj
aj

) if all mj = 0,

0 otherwise.

Here the sum ranges over all poles zp inside γ. It remains to compute their
residues. By assumption, f has only simple poles. We will compute the
residue at zp = k+z1

a′1
, k ∈ Z, the other residues being completely equivalent.

We use the Laurent expansion of the cotangent

(4.2) cotπ
(
a′1z − z1

)
=

1

πa′1

(
z − k + z1

a′1

)−1

+ analytic part ,

and, more generally,

cot(m1) π
(
a′1z − z1

)
−δ0,m1 cot(m1) π

(
ϕ1

a1

)
=

(−1)m1m1!

(πa′1)m1+1

(
z − k + z1

a′1

)−(m1+1)

+ analytic part .

The other cotangents are analytic at this pole: for j > 1,

(4.3) cot(mj) π
(
a′jz − zj

)
− δ0,m1 cot(mj) π

(
ϕj
aj

)
=
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∑
lj>0

(πa′j)
lj

lj !

(
cot(mj+lj) π

(
a′j
k + z1

a′1
− zj

)
− δ0,mj+lj cot(mj+lj) π

(
ϕj
aj

))
(
z − k + z1

a′1

)lj
.

Hence

Res

(
f(z,
−→
Φ ,
−→
A,
−→
M)dz, z =

k + z1

a′1

)
=

(−1)m1m1!

πa′1
m1+1

∑
l1,...,ld>0

l1+···+ld=m1

d∏
j=1

a′j
lj

lj !

(
cot(mj+lj) π

(
a′j
k + z1

a′1
− zj

)
− δ0,mj+lj cot(mj+lj) π

(
ϕj
aj

))
.

Since γ has horizontal width 1, we have a′1 poles of the form k+z1
a′1

inside γ,

where k runs through a complete set of residues modulo a′1. This gives, by
definition of the generalized Dedekind cotangent sum,∑

k mod a′1

Res

(
f(z,
−→
Φ ,
−→
A,
−→
M)dz, z =

k + z1

a′1

)
=

1

π
(−1)m1m1!

∑
l2,...,...,ln>0

l2+···+···+ln=m1

a′2
l2 · · · · · · a′n

ln

l2! · · · · · · ln!

C


a′1 a′2 · · · · · · a′n
m1 m2 + l2 · · · · · · mn + ln
x′1 x′2 · · · · · · x′n
ϕ1 ϕ2 · · · · · · ϕn


The other residues are computed in the same way, and give with (4.1) the
statement:

n∑
k=1

(−1)mkmk!
∑

l1,...,l̂k,...,ln>0

l1+···+l̂k+···+ln=mk

a′1
l1 · · · â′k

lk · · · a′n
ln

l1! · · · l̂k! · · · ln!

C


a′k a′1 · · · â′k · · · a′n
mk m1 + l1 · · · m̂k + lk · · · mn + ln

x′k x′1 · · · x̂′k · · · x′n
ϕ1 ϕ2 · · · ϕ̂k · · · ϕn


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=


(−1)n−1

sinπ

 n∑
j=1

ϕj
aj


n∏
j=1

sinπ

(
ϕj
aj

) if all mk = 0

0 otherwise.

�
To deduce the following result of Beck precised in Corollary 4.7, from our

theorem 4.4, we simply take the following values

ϕj
aj

=
1

2
,∀1 6 j 6 n

Hence

Corollary 4.7. (Beck’s original result)
Under the same hypothesis of theorem 4.4, we have

n∑
k=1

(−1)mkmk!
∑

l1,...,l̂k,...,ln>0

l1+···+l̂k+···+ln=mk

al11 · · · â
lk
k · · · a

ln
n

l1! · · · l̂k! · · · ln!

C


ak a1 · · · âk · · · an

mk m1 + l1 · · · m̂k + lk · · · mn + ln
xk x1 · · · x̂k · · · xn

ϕ1 = a1
2 ϕ2 = a2

2 · · · ̂ϕk = ak
2 · · · ϕn = an

2



=

{
(−1)

n−1
2 if all mk = 0 and n odd

0 otherwise.

Proof of theorem 4.5 (Division points) :

To prove this theorem 4.5 we need some preliminaries. Let z = z1τ +z2 ∈
C and z1, z2 ∈ R, we denote by {z} = {z1}τ + {z2} and [z] = [z1]τ + [z2],
with {z1}, {z2} the fractional parts of the real numbers z1, z2 ( resp. [z1], [z2]
integer parts of real numbers z1, z2). For each z, ϕ ∈ C\Zτ + Z, using the
property ii) in theorem 2.1, we obtain

lim
Im(τ)→∞

Dτ (z, ϕ) =


π
(
cot(π{ϕ}) + cot(π{z})

)
e−2iπ[z1]{ϕ2} If (z1, ϕ1) ∈ Z2

π
(
cot(π{ϕ})− i

)
e−2iπ[z1]{ϕ2} If ϕ1 ∈ Z, z1 6∈ Z

π
(
cot(π{z})− i

)
e2iπ{ϕ1}z2−2iπ[z1]{ϕ2} If z1 ∈ Z, ϕ1 6∈ Z

0 If z1 6∈ Z, ϕ1 6∈ Z

From the periodicity of Dτ (z, ϕ), iii) in theorem 2.1, we obtain
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D
(m)
L (z + ρ;ϕ) :=

∂m

∂zm
DL(z + ρ;ϕ) = e(EL(ρ, ϕ))D

(m)
L (z;ϕ),∀ρ ∈ L

For the rest of this proof we assume that ϕ ∈ R\Z, then

lim
Im(τ)→∞

D(m)
τ (z, ϕ) =(4.4)

 πm+1
(
δ0,mcot

(m)(π{ϕ}) + cot(m)(π{z})
)
e−2iπ[z1]{ϕ2} If {z1} = 0

πm+1δ0,m

(
cot(π{ϕ})− i

)
e−2iπ[z1]{ϕ2} If {z1} 6= 0

Lemma 4.8. We assume ϕj ∈ R\Z,∀j = 1, · · · , n and let

zk = −x′k + xk
a′k
ak
τ, t̃k = −t′k + tk

a′k
ak
τ, 0 6 tk < ak, 0 6 t

′
k < a′k

Then, we have

lim
Im(τ)→∞

D
(mj+rj)
Lj

(
a′j
zk + t̃k
a′k

− zj ;
ϕj
aj

)
= πmj+rj+1×(4.5)

δ0,mj+rj

(
cot(mj+rj)(π

ϕj
aj

)− cot(mj+rj)(π(a′j
x′k + t′k
a′k

− x′j))
)

e
(
−
[
aj
xk + tk
ak

− xj
]ϕj
aj

)
If {aj

xk + tk
ak

− xj} = 0.

δ0,mj+rj

(
cot(π

ϕj
aj

)− i
)
e
(
−
[
aj
xk + tk
ak

− xj
]ϕj
aj

)
If {aj

xk + tk
ak

− xj} 6= 0.

Now, for the rest of the proof we take xj = 0,∀j = 1, · · · , n. Then

lim
Im(τ)→∞

D
(mj+rj)
Lj

(
a′j
zk + t̃k
a′k

− zj ;
ϕj
aj

)
= πmj+rj+1×(4.6)


(
δ0,mj+rjcot

(mj+rj)(π
ϕj
aj

)− cot(mj+rj)(π(a′j
x′k+t′k
a′k
− x′j))

)
If tk = 0

δ0,mj+rj

(
cot(π

ϕj
aj

)− i
)
e
(
−
[
aj

tk
ak

]
ϕj
aj

)
If tk 6= 0

Hence,

(4.7)

lim
Im(τ)→∞

∏
16j 6=k6n

D
(mj+rj)
Lj

(
a′j
zk + t̃k
a′k

− zj ;
ϕj
aj

)
= π

n−1+

∑
16j 6=k6n

(mj + rj)

×
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∏
16j 6=k6n

(
δ0,mj+rjcot

(mj+rj)(π
ϕj
aj

)− cot(mj+rj)(π(a′j
x′k + t′k
a′k

− x′j))
)

If tk = 0

∏
16j 6=k6n

δ0,mj+rj

(
cot(π

ϕj
aj

)− i
)
e
(
−
[
aj
tk
ak

]ϕj
aj

)
If tk 6= 0

Then

lim
Im(τ)→∞

∑
06tk<ak
06t′

k
<a′
k

e

(
ELk(t̃k,

ϕk
ak

)

) ∏
16j 6=k6n

D
(mj+rj)
Lj

(
a′j
zk + t̃k
a′k

− zj ;
ϕj
aj

)
=(4.8)

π

n−1+

∑
16j 6=k6n

(mj + rj)

×

a′k−1∑
t′k=0

∏
16j 6=k6n

(
δ0,mj+rjcot

(mj+rj)(π
ϕj
aj

)− cot(mj+rj)(π(a′j
x′k + t′k
a′k

− x′j))
)

+

a′k

ak−1∑
tk=0

e
(
−ϕk
ak
tk

) ∏
16j 6=k6n

δ0,mj+rj

(
cot(π

ϕj
aj

)− i
)
e
(
−
[
aj
tk
ak

]ϕj
aj

)


Finally

lim
Im(τ)→∞

d(
−→
Ak,
−→
A′k,
−→
Zk,
−→
φk,
−→
Mk,
−→
Rk, τ) = π

n−1+

∑
16j 6=k6n

(mj + rj)

×(4.9)

(−1)mkmk!

a′k
mk+1

 ∏
16j 6=k6n

a′j
rj

rj !




a′k−1∑
t′k=0

∏
16j 6=k6n

(
δ0,mj+rjcot

(mj+rj)(π
ϕj
aj

)− cot(mj+rj)(π(a′j
x′k + t′k
a′k

− x′j))
)

+

a′k

ak−1∑
tk=0

e
(
−ϕk
ak
tk

) ∏
16j 6=k6n

δ0,mj+rj

(
cot(π

ϕj
aj

)− i
)
e
(
−
[
aj
tk
ak

]ϕj
aj

)


and

∑
16j 6=k6n

rj = mk, then

lim
Im(τ)→∞

d(
−→
Ak,
−→
A′k,
−→
Zk,
−→
φk,
−→
Mk,
−→
Rk, τ)

π
n−1+

∑
16j6n

mj
=(4.10)
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(−1)mkmk!

a′k
mk+1

 ∏
16j 6=k6n

a′j
rj

rj !




a′k−1∑
t′k=0

∏
16j 6=k6n

(
δ0,mj+rjcot

(mj+rj)(π
ϕj
aj

)− cot(mj+rj)(π(a′j
x′k + t′k
a′k

− x′j))
)

+

a′k

ak−1∑
tk=0

e
(
−ϕk
ak
tk

) ∏
16j 6=k6n

δ0,mj+rj

(
cot(π

ϕj
aj

)− i
)
e
(
−
[
aj
tk
ak

]ϕj
aj

)


This gives the limit

(−1)n−1

π

n−1+

∑
16j6n

mj

lim
Im(τ)→∞

n∑
k=1

∑
−→
Rk>

−→
0

r1+···+řk+···+rn=mk

d(
−→
Ak,
−→
A′k,
−→
Zk,
−→
φk,
−→
Mk,
−→
Rk, τ) =

n∑
k=1

∑
−→
Rk>

−→
0

r1+···+řk+···+rn=mk

(−1)mkmk!

a′k
mk+1

 ∏
16j 6=k6n

a′j
rj

rj !

×


a′k−1∑
t′k=0

∏
16j 6=k6n

(
cot(mj+rj)(π(a′j

x′k + t′k
a′k

− x′j))− δ0,mj+rjcot
(mj+rj)(π

ϕj
aj

)
)

+

a′k

ak−1∑
tk=0

∏
16j 6=k6n

δ0,mj+rj

(
i− cot(πϕj

aj
)
) ∏

16j6n

e
(
−
[
aj
tk
ak

]ϕj
aj

)


Now, we can give a final formulation

n∑
k=1

∑
−→
Rk>

−→
0

r1+···+řk+···+rn=mk

(−1)mkmk!

a′k
mk+1

 ∏
16j 6=k6n

a′j
rj

rj !


a′k−1∑
t′k=0

∏
16j 6=k6n

(
cot(mj+rj)(π(a′j

x′k + t′k
a′k

− x′j))− δ0,mj+rjcot
(mj+rj)(π

ϕj
aj

)
)

=


−(−1)n

ak−1∑
tk=0

∏
16j 6=k6n

e
−πi

ϕj
aj

sin
(
π
ϕj
aj

) ∏
16j6n

e
(
−
[
aj
tk
ak

]ϕj
aj

)
if all mk = 0

0 Otherwise
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Or equivalently,

n∑
k=1

(−1)mkmk!
∑

l1,...,l̂k,...,ln>0

l1+···+l̂k+···+ln=mk

a′1
l1 · · · â′k

lk · · · a′n
ln

l1! · · · l̂k! · · · ln!

C


a′k a′1 · · · â′k · · · a′n
mk m1 + l1 · · · m̂k + lk · · · mn + ln

x′k x′1 · · · x̂′k · · · x′n
ϕ1 ϕ2 · · · ϕ̂k · · · ϕn



=


−(−1)n

ak−1∑
tk=0

∏
16j 6=k6n

e
−πi

ϕj
aj

sin
(
π
ϕj
aj

) ∏
16j6n

e
(
−
[
aj
tk
ak

]ϕj
aj

)
if all mk = 0

0 Otherwise .

Now, from theorem 4.4 we deduce the statement of theorem 4.5:

n∑
k=1

ak−1∑
tk=1

n∏
j=1

(
e
−2πi

ϕj
aj

)[aj
tk
ak

] ∏
j 6=k

e
−
iπϕj
aj

sin
πϕj
aj

= −

sin

π n∑
j=1

ϕj
aj


n∏
j=1

sin

(
π
ϕj
aj

) .

4.3. Application 2: Enhanced sums of “
Dedekind-Rademacher-Hall-Wilson-Zagier” in terms of

Bernoulli functions.

Let n ∈ N be an arbitrary integer > 3 and 1 6 k 6 n.
Our second “Enhanced” multiple elliptic Dedekind-Rademacher sums are

S(
−→
Ak,
−→
A′k,
−→
Rk,
−→
Zk; τ) :=

1

a′k

∑
t̄k∈Lk/a′kL

∏
16j 6=k6n

B̄rj (a
′
j

zk + t̃k
a′k

− zj , Lj)

The generating function of these sums is exactly equal to

S(
−→
Ak,
−→
A′k,
−→
Zk,
−→
Φk; τ) :=

1

(2πi)n−1
×

1

a′k

∑
t̄k∈Lk/a′kL

∏
16j 6=k6n

DLj

(
ϕk
aj

; a′j
zk + t̃k
a′k

− zj
)
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Theorem 4.3 gives us the reciprocity laws for these ““Enhanced” mul-
tiple elliptic Dedekind-Rademacher sums. It can be stated in terms of the
generating function as follows

n∑
k=1

S(
−→
Ak,
−→
A′k,
−→
Zk, ,

−→
Φk; τ) = 0

Where ϕ1, · · · , ϕn are non-zero variables and ϕ1 + · · ·+ ϕn = 0 and

(ajxk − akxj , a′jx′k − a′kx′j) 6∈ Zaj + Zak × Za′j + Za′k
for all j, k, 1 6 j 6= k 6 n.

Let me now state the classical version of our Theorem 4.3. More precisely,
when Im(τ) → ∞ from our result Theorem 4.3 we will obtain a formula (
generalizing a formula of Hall-Wilson-Zagier in [23] for n = 3) which is the
multiple version of Dedekind reciprocity laws in terms of classical Bernoulli
functions.

The classical multiple Dedekind sums are defined by the expression

S(
−→
Ak,
−→
Xk,
−→
Rk; τ) :=

ak−1∑
t=0

∏
16j 6=k6n

B̄rj

(
aj
xk + t

ak
− xj

)
Now, we consider the generating function of these sums

S(
−→
Ak,
−→
Xk,
−→
Φk) :=

∑
−→
Rk∈Nn−1

S(
−→
Ak,
−→
Xk,
−→
Rk; τ)

r1! . . . řj ! . . . rn!

∏
16j 6=k6n

(
ϕj
aj

)rj−1

Now, we state our main result of this subsection

Theorem 4.9. For all j, k, 1 6 j 6= k 6 n, we assume that

a′jx
′
k − a′kx′j 6∈ Za′j + Za′k and

n∑
j=1

ϕj = 0

Then

(4.11)

n∑
k=1

S(
−→
Ak,
−→
Xk, 2πi

−→
Φk) =

n∑
k=1

∑
06t<ak
I(t,k)6=∅

1

(2i) Card I(t,k)

∏
j 6∈I(t,k)∪{k}

e
(
ϕj
aj
{aj xk+t

ak
− xj}

)
e
(
ϕj
aj

)
− 1

×

 ∏
j∈I(t,k)

cot

(
πϕj
aj

)
− 1

a′k

a′k−1∑
t′=0

∏
j∈I(t,k)

(
cot

(
πϕj
aj

)
− cotπ

(
a′j
x′k + t′

a′k
− x′j

)) .
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Equivalently,

(4.12)

n∑
k=1

S(
−→
Ak,
−→
Xk,
−→
Φk) =

n∑
k=1

∑
06t<ak
I(t,k)6=∅

1

2 Card I(t,k)

∏
j 6∈I(t,k)∪{k}

e
ϕj
aj
{aj

xk+t

ak
−xj}

e
ϕj
aj − 1

×

 ∏
j∈I(t,k)

coth

(
ϕj
2aj

)
− 1

a′k

a′k−1∑
t′=0

∏
j∈I(t,k)

(
coth

(
ϕj
2aj

)
+ icotπ

(
a′j
x′k + t′

a′k
− x′j

)) .

Where

I(t, k) =

{
1 6 j 6= k 6 n :

{
aj
xk + t

ak
− xj

}
= 0

}
.

Proof of theorem 4.9:

From the equality (2.4) we quote

(4.13)

1

2πi
lim

Im(τ)→∞
Dτ

(
ϕj
aj
, a′j

zk + t̃k
a′k

− zj
)

=

e
(
ϕj
aj
{aj xk+t

ak
− xj}

)
e
(
ϕj
aj

)
− 1

+
2πie

(
−(a′j

x′k+t′

a′k
− x′j)

)
e
(
−(a′j

x′k+t′

a′k
− x′j)

)
− 1

δ
0,
{
aj
xk+t

ak
−xj

}
Then we deduce a cotangent version of the theorem 4.2

(4.14)

n∑
k=1

1

a′k

a′k−1∑
t′=0

ak−1∑
t=0

∏
j 6=ke

(
ϕj
aj
{aj xk+t

ak
− xj}

)
e
(
ϕj
aj

)
− 1

+
2πie

(
−(a′j

x′k+t′

a′k
− x′j)

)
e
(
−(a′j

x′k+t′

a′k
− x′j)

)
− 1

δ
0,
{
aj
xk+t

ak
−xj

}
 = 0

Now, we set −→
Rk! =

∏
j 6=k

rj !

we can reformulate this result in terms of Bernoulli functions as follows

(4.15)

n∑
k=1

∑
−→
Rk>

−→
0

1
−→
Rk!

.
1

a′k

a′k−1∑
t′=0

ak−1∑
t=0

∏
j 6=k(

Brj

(
{aj

xk + t

ak
− xj}

)
+

(
− 1

2i
cotπ

(
a′j
x′k + t′

a′k
− x′j

))
δ1,rjδ0,

{
aj
xk+t

ak
−xj

})
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2πiϕj
aj

)rj−1

= 0

Then

(4.16)

n∑
k=1

∑
−→
Rk>

−→
0

1
−→
Rk!

.
1

a′k

a′k−1∑
t′=0

ak−1∑
t=0

∏
j∈I(t,k)(

Brj (0) +

(
− 1

2i
cotπ

(
a′j
x′k + t′

a′k
− x′j

)
+

1

2

)
δ1,rj

)
∏

j 6∈I(t,k)∪{k}

Brj

(
{aj

xk + t

ak
− xj}

)(
2πiϕj
aj

)rj−1=0

Now, we distinguish two cases for our summation over I(t, k) = ∅ or
δ1,rj = 1 and I(t, k) 6= ∅ or δ1,rj = 0. We remark that the case I(t, k) = ∅
or δ1,rj = 1 gives us our quantity

n∑
k=1

S(
−→
Ak,
−→
Xk, 2πi

−→
Φk)

that corresponds to the first member of our equality 4.11) and the rest
corresponds to the second member of our equality (4.11). Hence, we obtain
our desired theorem 4.9. �

In particular, we have the following corollaries

Corollary 4.10. (Generic case)
For all j, k, 1 6 j 6= k 6 n, we assume that

a′jx
′
k − a′kx′j 6∈ Za′j + Za′k and

n∑
j=1

ϕj = 0

Indeed, if we assume that
−→
X ∈ R

−→
A + Zn

Then
n∑
k=1

S(
−→
Ak,
−→
Xk, 2πi

−→
Φk) =

1

(2i)n−1 n∑
k=1

∏
16j 6=k6n

cot

(
πϕj
aj

)
− Im

 n∏
j=1

(
cot

(
πϕj
aj

)
+ i

)
Equivalently,

n∑
k=1

S(
−→
Ak,
−→
Xk,
−→
Φk) =

1

2n−1

n∑
k=1

∏
16j 6=k6n

coth

(
ϕj
2aj

)
−
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1

2n

 n∏
j=1

(
coth

(
ϕj
2aj

)
+ 1

)
−

n∏
j=1

(
coth

(
ϕj
2aj

)
− 1

)
Where

−→
A = (a1, · · · , an),

−→
X = (x1, · · · , xn)

Proof of the corollary 4.10:
It’s comes from the following fact
−→
X ∈ R

−→
A + Zn ⇐⇒ ∀k, 0 6 k 6 n, ∃ a unique 0 6 tk 6 ak − 1 such that

I(tk, k) = {1, · · · , n}\{k}
Then for 0 6 t 6= tk 6 ak − 1 we have I(t, k) = ∅. The corollary 4.10 comes
from the theorem 4.9. �

Now, for n = 3 we can formulate our Theorem 4.9 as follows

Corollary 4.11. (Hall-Wilson-Zagier: n = 3) Let a1, a2, a3 be three

positive integers which no common factor,
−→
A = (a1, a2, a3),x1, x2, x3 three

real numbers, and ϕ1, ϕ2, ϕ3 three variables with sum zero. Then

3∑
k=1

S(
−→
Ak,
−→
Xk,
−→
Φk) =

{
−1

4 If
−→
X ∈ R

−→
A + Z3

0 otherwise.

Where
−→
A = (a1, a2, a3),

−→
X = (x1, x2, x3)

Proof of the corollary 4.11:
Since n = 3 then 0 6 cardI(t, k) 6 2. If cardI(t, k) = 2,∀1 6 k 6 3 then
−→
X ∈ R

−→
A +Z3 ( remark that t is unique for each k). Hence we use the result

of corollary 4.10 to obtain the first part of the corollary 4.11. Otherwise, we
take the real part of the two members of the equality (4.12) of the theorem
4.9 to obtain the rest of our desired corollary 4.11. �

4.4. Application 3: Dedekind-Sczech reciprocity result.

In this section we give a new and elementary proof of the reciprocity
Theorem 4.12 of Sczech. Our proof is clearly different to Sczech one.
We recall here Sczech’s result [42].
For a, c ∈ OL := {z ∈ C : zL ⊂ L}, we define

D(a, c) :=
1

c

∑
t̄∈L/cL

E1

(
t

c
;L

)
E1

(
at

c
;L

)
Theorem 4.12. (R.Sczech). For a, c ∈ OL\{0} pairwise coprime. Then

D(a, c) +D(c, a) = 2iE2(0;L)Im

(
a

c
+
c

a
+

1

ac

)
.

In the following, we attempt to deduce the result of Sczech above from
our general Dedekind multiple elliptic reciprocity laws satisfied by elliptic
multiple Dedekind Sums. We reformulate a weak version of our reciprocity
law in Theorem 4.2 for Three variables ϕ1, ϕ2 and ϕ3.
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Theorem 4.13. For ϕ1, ϕ2, ϕ3 Three variables, a1, a2, a3 ∈ OL, pairwise
coprime such that:

ϕ1 + ϕ2 + ϕ3 = 0.

Then, we have

1

a1

∑
t̄∈L/cL

DL

(
ϕ2

ā2
,
a2t

a1

)
DL

(
ϕ3

ā3
,
a3t

a1

)
+

1

a2

∑
t̄∈L/cL

DL

(
ϕ1

ā1
,
a1t

a2

)
DL

(
ϕ3

ā3
,
a3t

a2

)
+

1

a3

∑
t̄∈L/cL

DL

(
ϕ1

ā1
,
a1t

a3

)
DL

(
ϕ2

ā2
,
a2t

a3

)
=

−

(
d1(ϕ2

ā2
, L)d1(ϕ3

ā3
, L)

a1
+
d1(ϕ1

ā1
, L)d1(ϕ3

ā3
, L)

a2
+
d1(ϕ1

ā1
, L)d1(ϕ2

ā2
, L)

a3

)

−

(
d2(ϕ1

ā1
, L)a1

a2a3
+
d2(ϕ2

ā2
, L)a2

a1a3
+
d2(ϕ3

ā3
, L)a3

a1a2

)
Proof of Theorem 4.13: We consider the function

F (z) =
∏

16j63

DLj

(
ajz;

ϕj
āj

)
.

This function is meromorphic, and periodic with periods the Lattice L,
because ϕ1 +ϕ2 +ϕ3 = 0, and have poles ( modulo L) at z = t

aj
, t̄ ∈ L/ajL

all its poles have a simple multiplicity except at z = 0 modulo L which is of
order 3. Then, by residue theorem, we obtain

3∑
k=1

1

ak

∑
t̄k∈Lk/akL\{0̄}

∏
16j 6=k63

DL

(
ϕj
āj

; aj
t̃k
ak

)
=

−Res

 ∏
16j63

DL

(
ajz;

ϕj
āj

)
dz; z = 0


Now, we use the Laurent expansion of the form

DL(z, ϕ) =
∑
k>0

dk(ϕ,L)zk−1

with
d0(ϕ,L) = 1,

we obtain

Res

 ∏
16j63

DL

(
ajz;

ϕj
āj

)
dz; z = 0

 =

1

a1
d1

(
ϕ2

ā2
, L

)
d1

(
ϕ3

ā3
, L

)
+

1

a2
d1

(
ϕ1

ā1
, L

)
d1

(
ϕ3

ā3
, L

)
+

1

a3
d1

(
ϕ1

ā1
, L

)
d1

(
ϕ2

ā2
, L

)
+

a1

a2a3
d2

(
ϕ1

ā1
, L

)
+

a2

a1a3
d2

(
ϕ2

ā2
, L

)
+

a3

a1a2
d2

(
ϕ3

ā3
, L

)
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which is the desired theorem 4.13.

As a consequence of our Theorem 4.13 we obtain the result of Sczech
4.12.
In fact, in the folllowing we prove the implication: Theorem 4.13 =⇒
Theorem 4.12.

Proof of theorem 4.13 =⇒ Theorem 4.12:

Without loss of generality we can assume∣∣∣∣ϕ1

ϕ2

∣∣∣∣ < 1

1) Let us compute the constant term of the quantity

A(ϕ1, ϕ2, ϕ3) =
d1(ϕ2

ā2
, L)d1(ϕ3

ā3
, L)

a1
+
d1(ϕ1

ā1
, L)d1(ϕ3

ā3
, L)

a2
+
d1(ϕ1

ā1
, L)d1(ϕ2

ā2
, L)

a3

We use the following Lemma

Lemma 4.14. We have

d1(z, L) =
1

z
−G2(L)z − π

a(L)
z̄ −G4(L)z3 + o(z3).

The lemma comes from the proposition 3.3, theorem 3.4 (d1(z, L) =
E1(z, L)) and the power series of ζ(z, L) at the origin,

ζ(z, L) =
1

z
−
∑
n>2

G2n(L)z2n+1.

Using ϕ3 = −ϕ1 − ϕ2 and
∣∣∣ϕ1

ϕ2

∣∣∣ < 1, we can get the Laurent

expansions
ϕ2

ϕ3
= −1 + ϕ1

ϕ2
+ ...,

ϕ1

ϕ3
= −ϕ1

ϕ2
+ ...

Then we obtain, from these equalities and lemma 4.14, that the
constant coefficient of

d1(ϕ2

ā2
, L)d1(ϕ3

ā3
, L)

a1

is equal to (
ā2

a1ā3
+

ā3

a1ā2

)
G2(L)

and the constant coefficient of

d1(ϕ1

ā1
, L)d1(ϕ3

ā3
, L)

a2
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is equal to
ā1

a2ā3
G2(L)

and the constant coefficient of

d1(ϕ1

ā1
, L)d1(ϕ2

ā2
, L)

a3

is zero.
Hence, the constant term of

A(ϕ1, ϕ2, ϕ3)

is equal to (
ā2

a1ā3
+

ā3

a1ā2
+

ā1

a2ā3

)
G2(L)

2) Secondly, we compute the constant term of the quantity

B(ϕ1, ϕ2, ϕ3) =
d2(ϕ1

ā1
, L)a1

a2a3
+
d2(ϕ2

ā2
, L)a2

a1a3
+
d2(ϕ3

ā3
, L)a3

a1a2

to do that we use the following lemma

Lemma 4.15. We have

d2(z, L) = −G2(L)− π

a(L)

z̄

z
+
πG2(L)

a(L)
z̄z + o(z).

The lemma comes from the proposition 3.3, theorem 3.2 and the
power series of ℘(z, L) at the origin,

℘(z, L) =
1

z2
+
∑
n>1

(2n+ 1)G2n+2(L)z2n.

Then, the constant term of B(ϕ1, ϕ2, ϕ3) is equal to

−G2(L)

(
a1

a2a3
+

a2

a1a3
+

a3

a1a2

)
Finally, the constant term in the Laurent expansion of

−A(ϕ1, ϕ2, ϕ3)−B(ϕ1, ϕ2, ϕ3)

is equal to

G2(L)

(
a1

a2a3
+

a2

a1a3
+

a3

a1a2
− ā2

a1ā3
− ā3

a1ā2
− ā1

a2ā3

)
that is the constant term of Laurent expansion of the right member
of the equality in Theorem 4.13.

3) Now we compute the constant term of Laurent expansion of the left
member of the equality in Theorem 4.13:
In the following we compute successively the constant terms of lau-
rent expansions of the expressions
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1

a1

∑
t̄∈L/cL

DL

(
ϕ2

ā2
,
a2t

a1

)
DL

(
ϕ3

ā3
,
a3t

a1

)
,

1

a2

∑
t̄∈L/cL

DL

(
ϕ1

ā1
,
a1t

a2

)
DL

(
ϕ3

ā3
,
a3t

a2

)
and

1

a3

∑
t̄∈L/cL

DL

(
ϕ1

ā1
,
a1t

a3

)
DL

(
ϕ2

ā2
,
a2t

a3

)
To do that we use the Laurent expansion of The Jacobi form

Dτ (z;ϕ) =
∑
k>0

dk(ϕ,L)zk−1, d0(ϕ,L) = 1,

and the fact that ϕ3 = −ϕ1 − ϕ2 and
∣∣∣ϕ1

ϕ2

∣∣∣ < 1. Hence, we obtain

DL

(
ϕ2

ā2
,
a2t

a1

)
=
ā2

ϕ2
+ d1

(
a2

a1
t, L

)
+
ϕ2

ā2
d2

(
a2

a1
t, L

)
+ . . .

DL

(
ϕ3

ā3
,
a3t

a1

)
=
ā3

ϕ3
+ d1

(
a3

a1
t, L

)
+
ϕ3

ā3
d2

(
a3

a1
t, L

)
+ . . .

and

DL

(
ϕ2

ā2
,
a2t

a1

)
DL

(
ϕ3

ā3
,
a3t

a1

)
= d1

(
a3t

a1
, L

)
d1

(
a2t

a1
, L

)
+
ā2ā3

ϕ2ϕ3
+
ā2

ϕ2
d1

(
a3t

a1
, L

)
+

ā3

ϕ3
d1

(
a2t

a1
, L

)
+
ā2

ϕ2

ϕ3

ā3
d2

(
a3t

a1
, L

)
+
ϕ2

ā2

ā3

ϕ3
d2

(
a2t

a1
, L

)
+ powers series in terms of

ϕ1 and ϕ2.

Then, for fixed t ∈∈ L/cL, the constant term of Laurent expansion
of

1

a1
DL

(
ϕ2

ā2
,
a2t

a1

)
DL

(
ϕ3

ā3
,
a3t

a1

)
is equal to

d1

(
a3t

a1
, L

)
d1

(
a2t

a1
, L

)
− ā2

a1ā3
d2

(
a3t

a1
, L

)
− ā3

a1ā2
d2

(
a2t

a1
, L

)
.

In a similar way, we obtain

DL

(
ϕ1

ā1
,
a1t

a2

)
=
ā1

ϕ1
+ d1

(
a1

a2
t, L

)
+
ϕ1

ā1
d2

(
a1

a2
t, L

)
+ . . .

DL

(
ϕ3

ā3
,
a3t

a2

)
=
ā3

ϕ3
+ d1

(
a3

a2
t, L

)
+
ϕ3

ā3
d2

(
a3

a2
t, L

)
+ . . .

and

DL

(
ϕ1

ā1
,
a1t

a2

)
DL

(
ϕ3

ā3
,
a3t

a2

)
= d1

(
a3t

a2
, L

)
d1

(
a1t

a2
, L

)
+
ā1ā3

ϕ1ϕ3
+
ā1

ϕ1
d1

(
a3t

a2
, L

)
+

ā3

ϕ3
d1

(
a1t

a2
, L

)
+
ā1

ϕ1

ϕ3

ā3
d2

(
a3t

a2
, L

)
+
ϕ1

ā1

ā3

ϕ3
d2

(
a1t

a2
, L

)
+ power series in terms of
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ϕ1 and ϕ2.

Then, the constant term in the Laurent expansion of

DL

(
ϕ1

ā1
,
a1t

a2

)
DL

(
ϕ3

ā3
,
a3t

a2

)
is equal to

d1

(
a3t

a2
, L

)
d1

(
a1t

a2
, L

)
− ā1

a2ā3
d2

(
a3t

a2
, L

)
Finally,

DL

(
ϕ1

ā1
,
a1t

a2

)
=
ā1

ϕ1
+ d1

(
a1

a2
t, L

)
+
ϕ1

ā1
d2

(
a1

a2
t, L

)
+ . . .

DL

(
ϕ3

ā3
,
a3t

a2

)
=
ā3

ϕ3
+ d1

(
a3

a2
t, L

)
+
ϕ3

ā3
d2

(
a3

a2
t, L

)
+ . . .

and

DL

(
ϕ1

ā1
,
a1t

a3

)
DL

(
ϕ2

ā2
,
a2t

a3

)
= d1

(
a1t

a3
, L

)
d1

(
a2t

a3
, L

)
+
ā1ā2

ϕ1ϕ2
+

ā1

ϕ1
d1

(
a2t

a3
, L

)
+
ā2

ϕ2
d1

(
a1t

a3
, L

)
+ powers series in terms of ϕ1 and ϕ2.

Then, the constant term in the Laurent expansion of

DL

(
ϕ1

ā1
,
a1t

a3

)
DL

(
ϕ2

ā2
,
a2t

a3

)
is equal to

d1

(
a1t

a3
, L

)
d1

(
a2t

a3
, L

)
Now from our calculation 1), 2), 3) and Theorem 3.4, we obtain

3∑
i=1

1

ai

∑
t̄∈L/aiL\{0}

∏
16j 6=k63

E1

(
ajt

ai
;L

)
=

G2(L)

(
a1

a2a3
+

a2

a1a3
+

a3

a1a2
− ā1

a2ā3
− ā2

a1ā3
− ā3

a1ā2

)
+

ā2

a1ā3

∑
t̄∈L/a1L\{0}

d2

(
a3t

a1
, L

)
+

ā3

a1ā2

∑
t̄∈L/a1L\{0}

d2

(
a2t

a1
, L

)
+

ā1

a2ā3

∑
t̄∈L/a2L\{0}

d2

(
a3t

a2
, L

)
Now using the distribution formula∑

t̄∈L/cL\{0}

d2

(
t

c
, L

)
= G2(0)

(
1− c

c̄

)
,∀c ∈ OL\{0}.
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Then, we obtain

3∑
i=1

1

ai

∑
t̄∈L/aiL\{0}

∏
16j 6=k63

E1

(
ajt

ai
;L

)
= G2(L)I

(
a1

a2a3
+

a2

a1a3
+

a3

a1a2

)
where I(z) = z − z̄.
This result is an Homogenization of the Theorem 4.12. In particular, for
a1 = a, a2 = c, a3 = 1, we get our implication : Theorem 4.13 =⇒
Theorem 4.12. �

4.5. Proof of Theorems 4.1 and 4.3

We consider the function

F (z,
−→
Φ ,
−→
A,
−→
M) =

j=n∏
j=1

D
(mj)
Lj

(
a′jz − zj ;

ϕj
aj

)
Where

−→
A =

(
(a1 . . . , an); (a′1, . . . , a

′
n)
)
,
−→
M = (m1, . . . ,mn),

−→
Φ = (ϕ1, . . . , ϕn), zk = −x′k + xk

a′k
ak
τ.

We assume that:

i)
n∑
i=1

ϕi ∈ L = Zτ + Z,

ii)
(
a′ix
′
j − a′jx′i, aixj − ajxi

)
6∈
〈
a′i, a

′
j

〉
Z× 〈ai, aj〉Z

The function

F : z → F (z,
−→
Φ ,
−→
A,
−→
M)

has the following properties

i) F is meromorphic, has poles on

z =
zi
a′i
− t′i
a′i
τ +

ti
ai
, (ti, t

′
i) ∈ Z2

this pole has order equal to mi + 1.
ii) F is periodic with periods containing the lattice L i.e

F (z + ρ,
−→
Φ ,
−→
A,
−→
M) = F (z,

−→
Φ ,
−→
A,
−→
M),∀ρ ∈ L

this comes from

DLi(z + ρ, ϕ) = e (ELi(ρ, ϕ))DLi(z, ϕ)

= e
(
a′i
ai
EL(ρ, ϕ)

)
DLi(z, ϕ)
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Then, ∀ρ ∈ L

F (z + ρ,
−→
Φ ,
−→
A,
−→
M) = e

(
EL(ρ,

n∑
i=1

ϕi)

)
F (z,

−→
Φ ,
−→
A,
−→
M),

= F (z,
−→
Φ ,
−→
A,
−→
M),

because

n∑
i=1

ϕi ∈ L

Then, using Liouville residue theorem for an elliptic function with periods
containing lattice L, we obtain

n∑
i=1

∑
(ti,t
′
i
)∈Z2

06ti<ai,06,t
′
i
<a′
i

Res

(
F (z,

−→
Φ ,
−→
A,
−→
M)dz; z =

zi
a′i
− t′i
a′i
τ +

ti
ai

)
= 0

It remains to compute their residues. The function

F : z → F (z,
−→
Φ ,
−→
A,
−→
M)

has poles at z = zi
a′i
− t′i

a′i
τ + ti

ai
, (ti, t

′
i) ∈ Z2 with order mi + 1.

We will compute the residue at zi
a′i
− t′i

a′i
τ + ti

ai
, (ti, t

′
i) ∈ Z2, the other residues

being completely equivalent. We use the Laurent expansion of the Jacobi
form

D
(mk)
Lk

(
a′kz − zk;

ϕk
ak

)
=

(−1)mkmk!

a′k
mk+1

(
z − zk+t̃k

a′k

)mk+1 + analytic part.

where t̃k = −t′k + tk
a′k
ak
τ, 0 6 tk < ak, 0 6 t′k < a′k

and, more generally,

D
(mj)
Lj

(
a′jz − zj ;

ϕj
aj

)
=
∑
rj>0

a′j
rj

rj !
D

(mj+rj)
Lj

(
a′j
zk + t̃k
a′k

− zj ;
ϕj
aj

)(
z − zk + t̃k

a′k

)rj
Hence

Res

(
F (z,

−→
Φ ,
−→
A,
−→
M)dz; z =

zk + t̃k
a′k

)
=

e

(
ELk(t̃k,

ϕk
ak

)

)
(−1)mkmk!

a′k
mk+1

∑
r1,...,řk,...,rn>0

r1+···+řk+···+rn=mk

∏
16j 6=k6n

a′j
rj

rj !
D

(mj+rj)
Lj

(
a′j
zk + t̃k
a′k

− zj ;
ϕj
aj

)
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Let us give some details on this fact. We begin with the change of variable

z → z + t̃k
ak

, t̃k ∈ Lk. Then, we obtain

Res

(
F (z,

−→
Φ ,
−→
A,
−→
M)dz; z =

zk + t̃k
a′k

)
=

Res

(
F (z +

t̃k
a′k
,
−→
Φ ,
−→
A,
−→
M)dz; z =

zk
a′k

)
=

Res

D(mk)
Lk

(
a′kz + t̃k − zk;

ϕk
ak

) ∏
16j 6=k6n

D
(mj)
Lj

(
a′jz + a′j

t̃k
a′k
− zj ;

ϕj
aj

)
dz; z =

zk
a′k


= e

(
ELk(t̃k,

ϕk
ak

)

)

Res

D(mk)
Lk

(
a′kz − zk;

ϕk
ak

) ∏
16j 6=k6n

D
(mj)
Lj

(
a′jz + a′j

t̃k
a′k
− zj ;

ϕj
aj

)
dz; z =

zk
a′k


Now, we know that

D
(mk)
Lk

(
a′kz − zk;

ϕk
ak

)
=

(−1)mkmk!

a′k
mk+1

(
z − zk+t̃k

a′k

)mk+1 + analytic part.

and

D
(mj)
Lj

(
a′jz − zj ;

ϕj
aj

)
=
∑
rj>0

a′j
rj

rj !
D

(mj+rj)
Lj

(
a′j
zk + t̃k
a′k

− zj ;
ϕj
aj

)(
z − zk + t̃k

a′k

)rj
Hence,

Res
(
F (z,

−→
Φ ,
−→
A,
−→
M)dz; z = zk+t̃k

a′k

)
= (−1)mkmk!

a′k
mk+1 e

(
ELk(t̃k,

ϕk
ak

)
)

×
∑

r1,...,řk,...,rn>0
r1+···+řk+···+rn=mk

∏
16j 6=k6n

a′j
rj

rj !
D

(mj+rj)
Lj

(
a′j
zk + t̃k
a′k

− zj ;
ϕj
aj

)
After using the functional equation satisfied by the Jacobi form

DL(z, ϕ) = e (EL(z, ϕ))DL(ϕ, z)

we obtain

Res

(
F (z,

−→
Φ ,
−→
A,
−→
M)dz; z =

zk + t̃k
a′k

)
=

(−1)mkmk!

a′k
mk+1 ×

e

 ∑
16j 6=k6n

ELj (a
′
j

zk + t̃k
a′k

− zj ,
ϕj
aj

)

 e

(
ELk(t̃k,

ϕk
ak

)

)
×

∑
r1,...,řk,...,rn>0

r1+···+řk+···+rn=mk

∏
16j 6=k6n

a′j
rj

rj !
D

(mj+rj)
Lj

(
ϕj
aj

; a′j
zk + t̃k
a′k

− zj
)
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Now, we use the following :

ELj (z, ϕ) =
aj
a′j
EL(z, ϕ)

and the fact that:
n∑
j=1

ϕj ∈ L

we conclude that

Res
(
F (z,

−→
Φ ,
−→
A,
−→
M)dz; z = zk+t̃k

a′k

)
= (−1)mkmk!

a′k
mk+1 × e

− ∑
16j6n

ELj (zj ,
ϕj
aj

)


×

∑
r1,...,řk,...,rn>0

r1+···+řk+···+rn=mk

∏
16j 6=k6n

a′j
rj

rj !
D

(mj+rj)
Lj

(
ϕj
aj

; a′j
zk + t̃k
a′k

− zj
)

The other residues are computed in the same way.
Finally, we have

e

− ∑
16j6n

ELj (zj ,
ϕj
aj

)

 n∑
k=1

(−1)mkmk!

a′k
mk+1

∑
06tk6ak−1;06t′

k
6a′
k
−1

t̃k=tk
ak
a′
k

τ−t′
k

∑
r1,...,řk,...,rn>0

r1+···+řk+···+rn=mk

∏
16j 6=k6n

a′j
rj

rj !
D

(mj+rj)
Lj

(
ϕj
aj

; a′j
zk + t̃k
a′k

− zj
)

= 0

this gives our statement

n∑
k=1

(−1)mkmk!
∑
−→
Rk>

−→
0

r1+···+řk+···+rn=mk

∏
16j 6=k6n

a′j
rj

rj !
d(
−→
Ak,
−→
A′k,
−→
Zk,
−→
φk,
−→
Mk+

−→
Rk, τ) = 0

�

5. Algebraicity and Damerell’s type result for Jacobi forms
Dτ (z;ϕ) and elliptic Bernoulli numbers Bm(ϕ; τ).

5.1. Algebraicity of Jacobi forms Dτ (z;ϕ)

We fix a Weierstrass Model

(
E,

dx

y

)
:


y2 = 4x3 − g2(Ω)x− g3(Ω),

gk(Ω) = dk
∑

ρ∈Ω,ρ 6=0

ρ−2k, k ∈ {2, 3},

d2 = 60, d3 = 140

for an elliptic curve E, where Ω is the complex Lattice which is formed by

the complex periods of
(
E, dxy

)
.
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We note F = Q (g2(Ω), g3(Ω)) the definition field of the Weierstrass Model(
E, dxy

)
. For any σ ∈ Aut(C/F ) we consider

ρ 7−→ ρ[σ]

application of: C/Ω→ C/Ω via the action of σ over the coordinates(
PΩ(ρ),P ′Ω(ρ)

)
the image of the point ρ ∈ C/Ω in Weierstrass Model

(
E, dxy

)
.

Let L ⊃ Ω be a complex Lattice with finite index. We associate to L the
Jacobi form DL(z, ϕ):

DL(z;ϕ) =
1

ω2
e

(
z

ω2
ϕ1

) θ′τ (0)θτ

(
z+ϕ
ω2

)
θτ

(
z
ω2

)
θτ

(
ϕ
ω2

)
where L = Zω1 + Zω2, τ = ω1

ω2
∈ H, ϕ = ϕ1ω1 + ϕ2ω2, (ϕ1, ϕ2) ∈ R2.

We have the following properties of DL(z;ϕ) :

Proposition 5.1. Let p be an integer > 1.

i) The fonction z 7−→ DΩ (z;ϕ) is defined over the field F (E[p]), ex-
tension of the field F obtained by adjonction of the coordinates of
the p-torsion points of E.

ii) For all σ ∈ Aut(C/F ), we have

DL (z;ϕ)σ = DLσ

(
z[σ];ϕ[σ]

)
.

iii) In particular, the function z 7→ DL (z;ϕ) is defined over F
(ϕ (mod L), L/Ω). Where F (ϕ (mod L), L/Ω) is the smallest subex-
tension of F

(
E[p])/F such that :

the point ϕ modulo L and the subgroup L/Ω are defined.

5.2. Algebraicity of elliptic Bernoulli numbers Bm(ϕ; τ).

Let η be the eta Dedekind function defined by:
For τ ∈ H

η(τ) = q
1
24
τ

∏
n>1

(1− qnτ ) , qτ = e2πiτ

The main result of this subsection is the following

Theorem 5.2. Let τ belonging to an imaginary quadratic field with Im(τ) >
0. For positive integers f , k with k > 3 and ϕ complex parameter of a
primitive f -division point i.e ϕ complex parameter of f -division of order f
in C/Zτ + Z. Then

fkBk(ϕ; τ)

η(τ)2k

is an algebraic integer.
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For this result we give two differents proofs. In these proofs we use
the q-expansion principle and the complex multiplication theory.
For N a positive integer we define

Γ(N) :=

{
M ∈ SL2(Z) : M =

(
1 0
0 1

)
(mod N)

}
If M =

(
a b
c d

)
we define the function

M̃ : H → H, M̃(τ) =
aτ + b

cτ + d

Definition 5.3. By a modular function of level N , we mean a function f
defined on H such that:

i) f is meromorphic on H
ii) foM̃ = f, ∀M ∈ Γ(N)

iii) ∀M ∈ SL2(Z),∃B > 0 such that for all ω ∈ H with Im(ω) > B, we
have

foM̃(ω) =
∑
n>N0

anq
n
N , N0 ∈ Z, anC, and q

1
N = e

2πiω
N .

This expansion is called the Fourier expansion or q-expansion of foM̃
and the an are called their coefficients.

As usual we denote the absolute modular invariant by j(ω). We state the
following propositions whose proofs are omitted here.

Proposition 5.4. (q-expansion principle):
a) Let f be a modular function of level one, with Fourier expansion given by

f(ω) =
∑
n>N0

anq
n
N

i) If all the an are contained in a subfield K of C, then f belongs to
K(j) i.e f is a rational function of j with coefficients in K.

ii) If f is holomorphic on H and all the an are contained in some ad-
ditive subgroup A of C, then f belongs to A[j] i.e f is a polynomial
function of j with coefficients in A.

b) Let f be a modular function of level N on H. Suppose further that for

each M ∈ SL2(Z), the Fourier Coefficients of foM̃ are contained in some
additive subgroup A of C. Then f is integral over A[j].

We know that every elliptic curve with complex multiplication is defined
over an algebraic extension of Q. Precisely, if the complex Lattice L′ admits
a complex multiplier ω, then it is of the form αL, where L is a Lattice
contained in K = Q(ω) be an imgainary quadratic field.
Next, we recall the main result concerning the integrality of j.
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Proposition 5.5. Let L a complex Lattice with complex multiplier ω, take
{1, τ} a basis for OK , K = Q(ω) imaginary quadratic field, with Im(τ) > 0.
Then

j(OK) =
1728g2(OK)3

∆(OK)

is algebraic over Q, where

∆(OK) = ∆(1, τ) = g2(OK)3 − 27g3(OK)2 =
(

2πiη(τ)2
)12

,

Remark that qτ = e2πiτ is a real number ( because τ is a quadratic imaginary
complex). Then, we have η(τ) is a real number.

We have
∆(OK) = ±ω̃12, ω̃ = 2π|η(τ)|2.

Then g2(ω̃OK) and g3(ω̃OK) are algebraic over Q.
Indeed, if L is a Lattice contained in K. As it is commensurable with OK ,
ω̃L is commensurable with ω̃OK .Then for all m > 2, gm(ω̃OK) is algebraic
over Q, see [49] pp.38-39. Then , by the homogeneity of gm, for all m > 2

gm(OK)

ω̃2m
is algebraic over Q.

Theorem 5.6. Let K a quadratic imaginary number field and L a complex
lattice in K. Then, we have for m > 2

gm(OK)

ω̃2m
and

Em(α,OK)

ω̃m

are algebraic over Q, for all α ∈ QL\L.

First Proof of theorem 5.2:
We use the following distribution formulas:∑

t̄∈L/NL\{0̄}

(
E2

(
t

N
, L

)
− E2(0, L)

)
= 0,

More generally, for any ω ∈ C\{0} such that: ωL ⊂ L, we have

∑
t̄∈L/ωL\{0̄}

(
En

(
t

ω
, L

)
− En(0, L)

)
=

{
0 if n odd

ω(ωn−1 − ω̄)En(0, L) otherwise

Or equivalently,∑
t̄∈L/ωL\{0̄}

En

(
t

ω
, L

)
=

{
0 If n odd

(ωn − 1)En(0, L) Otherwise

Now, we take in particular ω = N , Then for 1 6 k 6 N2, we have by
induction on N : ∑

t̄∈L/NL\{0̄}

EN

(
t

N
, L

)k
∈ Q

[
En(0, L), n > 4

]
.
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We obtain a linear system, 1 6 k 6 N2, we deduce that:
EN

(
t
N , L

)
are integral over the ring Q[En(0, L), n > 4] for all t̄ ∈ L/NL\{0̄}.

We know, that for L = ω̃OK and N > 2 , gn(ω̃OK) is algebraic over Q. Then
EN

(
t
N , L

)
is algebraic over Q. Hence,

EN
(
t
N , OK

)
ω̃N

is algebraic over Q.
From theorem 3.2 we get, that for f ∈ C\{0},

dk(ϕ;L) = − 1

fk

∑
t∈L/fL

e(−EL(t, ϕ))Ek

(
t

f
, L

)
, ∀k > 2.

or equivalently

fkBk(ϕ,L) = − k!

(2πi)k

∑
t∈L/fL

e(−EL(t, ϕ))Ek

(
t

f
, L

)
, ∀k > 2.

Now, our theorem 5.2 comes from theorem 5.6. �
Second Proof of theorem 5.2:

By the q-expansion principle, we claim that

τ → fk
B̄k(ϕ,L = Zτ + Z)

η(τ)2k

is holomorphic modular function for Γ(12f).
We prove this fact, we know that

Bm

(
(dϕ1 − cϕ2)

aτ + b

cτ + d
+ (−bϕ1 + aϕ2);

aτ + b

cτ + d

)
= (cτ+d)mBm(ϕ1τ+ϕ2; τ),

and

η2k

(
aτ + b

cτ + d

)
= ζ−ka,b,c,d(cτ + d)kη2k(τ),

∀
(
a b
c d

)
∈ SL2(Z), (ϕ1, ϕ2) ∈ R2

where ζa,b,c,d is a root of unity and

ζa,b,c,d = 1, ∀
(
a b
c d

)
∈ Γ(12).

Then by the q-expansion principle τ → fk B̄k(ϕ,L=Zτ+Z)
η(τ)2k is algebraic over

A[j] where A = ring generated by Fourier coefficients of q-expansion of this
function. Explicitely, we know that

fkBk(ϕ,L = Zτ + Z) = fkBk(ϕ1) + (−1)k−1k
∑

06µ,ν<f

e (EL(t, ϕ))
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mm2>0

m2=ν (mod f)

mk−1(sign(m))e

(
mµ

f

)
q
mm2
f

Then

A ⊂ Z
[
e

2πi
f

]
.

An other point of view, we can deduce this formula by using the following
Hecke result

Ek

(
t

f
, L = Zτ + Z

)
= δ

0,{ t1
f
}

′∑
n=t2 (mod f)

1

nk
+

1

fk
(−2πi)k

(k − 1)!

∑
mn>0

m=t1 (mod f)

nk−1e

(
nt2
f

)
e

(
mn

f
τ

)

Then, for ϕ = ϕ1τ + ϕ2, (ϕ1, ϕ2) ∈ R2, we have

Ek (ϕ,L = Zτ + Z) = δ0,{ϕ1}

′∑
n∈Z

1

(ϕ2 + n)k
+

1

fk
(−2πi)k

(k − 1)!

∑
mn>0

m=ϕ1 (mod f)

nk−1e

(
nϕ2

f

)
q
mn
f

Note that

′∑
n∈Z

1

(ϕ2 + n)k
=

{(
1 + (−1)k

)
ζ(k) If ϕ2 = 0

ζ(ϕ2, k) + (−1)kζ(−ϕ2, k) If 0 < ϕ2 < 1

Using this result of Hecke and the following formula

fkBk(ϕ,L) = − k!

(2πi)k

∑
t∈L/fL

e(−EL(t, ϕ))Ek

(
t

f
, L

)
, ∀k > 2

Again, we deduce

fkBk(ϕ,L) = fkBk(ϕ1) + (−1)k−1k∑
06µ,ν<f

e (EL(t, ϕ))
∑

mm2>0
m2=ν (mod f)

mk−1(sign(m))e

(
mµ

f

)
q
mm2
f

Then, by complex multiplication theory ( proposition 5.5) we deduce that

fkBk(ϕ; τ)

η(τ)2k

is an algebraic integer. �
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6. The Congruence of Clausen-von Staudt for elliptic Bernoulli
functions

In the degnerate case “ cups at ∞”, we obtain the Bernoulli numbers. In
the case of L = Zi+Z ( case of the lemniscatic curve y2 = 4x3−4x, ω = dx

y ),

we obtain a generalization of the so-called Hurwitz numbers. Our ellip-
tic Bernoulli numbers can be regarded as a generalization of the so-called
Bernoulli-Hurwitz stutied by Katz [32].
The main purpose of this section is to settle the theorem of von staudt-
Clausen for elliptic Bernoulli numbers Bk(ϕ,Zτ +Z) in the case τ is imagi-
nary quadratic and ϕ is the rational parameter of torsion point on the elliptic
curve C/Zτ + Z.

We begin this section by an overview of the classical Von Staudt Clausen
congruence. Indeed , we introduce the Weber functions and establish a
recursion formula satisfied by Eisenstein series. These functions are partic-
ulary well suited to question of analogous von Staudt clausen congruence
type. Another fondamental step in our study, to obtain the main result of
this section, is principally based on the systematic use of the results of Hasse
[24] and Herglotz [25]. In particular, we obtain arithmetic information for
so-called singular values of Bernoulli ellitpic functions and Eisenstein series,
that is to say when the lattice L admits complex multiplications.
Throught this section K denotes a quadratic imaginary field.

Let us make an overview of Von Staudt Clausen congruence for ordinary
Bernoulli numbers.
For now, let n be an even positive integer. An elementary property of
Bernoulli numbers is the following discovered independently by T. Clausen
[18] and K. G. C. von Staudt [46] in 1840.
The von Staudt-Clausen theorem states that

• The structure of the denominator of Bn is given by

(6.1) Bn +
∑
p−1
∣∣n

1

p
∈ Z

Equivalently
•

(6.2) denominator of (Bn) =
∏
p−1
∣∣n p .

Sometimes the theorem is stated in this alternative form:
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For an even integer k > 2 and any prime p the product pBk is p-integral,
that is, pBk is a rational number t/s such that p does not divide s. Moreover:

(6.3) pBk ≡

{
−1 (mod p) if(p-1) divides k

0 (mod p) if(p-1) does not divide k.

6.1. Weber’s functions and Eisenstein series.

Let L = Zω1 + Zω2 complex lattice i.e τ = ω1
ω2
∈ H.

We define the Weber function hL(z) by

hL(z) =



−2735 g2(L)g3(L)
∆(L) ℘L(z) if dK < −4

2834 g2(L)2

∆(L) ℘L(z)2 if dK = −4

−2936 g3(L)
∆(L)℘L(z)3 if dK = −3

Let j, γ2, γ3 be functions as in Weber [48] by

j = 2633 g2(L)3

∆(L) ,

∆(L) = g2(L)3 − 27g3(L)2 = (2πi)12η(τ)24,

γ2 = 3
√
j = 223g2(L)

3√∆
,

γ3 =
√
j − 1728 = 2333 g3(L)√

∆
,

(6.4)

Let K be an imaginary quadratic number field. We let dK denote the
discriminant of K and fix a non-zero fractional OK-ideal L. Let f be an
integral ideal in K and f be the smallest positive integer divisible by f. Let

ω1, ω2 be a basis of the ideal L with Im
(
ω1
ω2

)
> 0. Thus K = Q(τ), τ = ω1

ω2
,

j(τ) is algebraic integer.

We put

ht := hL

(
t

f

)
, t = t1ω1 + t2ω2, 0 6 t1, t2 < f.

Then it is known, by Hasse [24], that these f -division values of hL(z) are
algebraic numbers whose denominators are at most divisible by prime factors
of f .
Now, we state the following result about singular values of Eisenstein series
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Theorem 6.1. ∀t ∈ L/fL\{0}, we have

(k − 1)!Ek

(
t

f
, L

)
=

∑
2a+3b+4c=k,

a,b,c>0

Aa,b,c(t)℘L

(
t

f

)a
℘
′
L

(
t

f

)b
g2(L)c

with Aa,b,c(t) ∈ Q(ξf ), ξf is a primitive root of unity, in particular the
numerator of Aa,b,c(t) is an integer in Q(ξf ) and the denominator of Aa,b,c(t)
is at most powers of 2.

Proof : We proced by induction on k.
We examine the cases: k = 4, 5:

(4− 1)!E4

(
t

f
, L

)
= 6℘L

(
t

f

)2

− 1

2
g2(L)

(5− 1)!E5

(
t

f
, L

)
= −4!℘L

(
t

f

)
℘
′
L

(
t

f

)
Then the theorem holds for k = 4, 5.
Now assume that the theorem holds for k 6 n+1. Then by recursive formula

for Ek

(
t
f , L

)
, we have

(k+1)!Ek+2

(
t

f
, L

)
= 6

∑
p+q=k−2
p>1,q>1

(p+ 1)(q + 1)(k + 1)!

(k + 1)k(k − 1)
Ep+2

(
t

f
, L

)
Eq+2

(
t

f
, L

)
+

12
(k + 1)!(k − 1)

(k + 1)k(k − 1)
℘L

(
t

f

)
Ek

(
t

f
, L

)
Hence

(k+1)!Ek+2

(
t

f
, L

)
= 6

∑
p+q=k−2
p>1,q>1

Cpp+q(p+1)!Ep+2

(
t

f
, L

)
(q+1)!Eq+2

(
t

f
, L

)
+

12(k − 1)!℘L

(
t

f

)
Ek

(
t

f
, L

)
.

Then by induction we get the theorem. �

6.2. Statement and proof of elliptic Von-Staudt Clausen
Congruence.

We state our elliptic analogue of the von-Staudt Clausen congruence.
Let τ belong to an imaginary quadratic field K with Im(τ) > 0. In this
subsection we set L = Zτ + Z.
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Theorem 6.2. (Even index)
Let f be an integral ideal in K 6= Q(i),Q(

√
−3) and f be the smallest positive

integer divisible by f. Then for ϕ a complex parameter of a primitive f -
division point of C/Zτ + Z and for k > 3, we have

f2kB2k(ϕ; τ)

η(τ)4k
= C2k +D2k

where

C2k = (−1)k+1γ
u
2 γ

v
3j
w

6
+

∑
p−1|2k
pprime>5

Ap(ω1, ω2)
2k
p−1

p
+ γu2 γ

v
3Pk(j)

D2k = 2k∑
t∈L/fL\{0}

e(EL(t, ϕ))

∑
a+3b+2c=k

a,b,c>0

Aa,2b,c(t)(−1)a22b+2c−2k3c−kγ3c−k2 γ2c−k3 hat

(
− h3t + 3γ32γ

2
3ht − 2γ32γ

4
3

)b
.

k = 6w + 2u+ 3v, 0 6 u 6 2, 0 6 v 6 1, Pk(j) ∈ Z[j]

and Ap(ω1, ω2) denote the penultimate coefficient in the multiplicative equa-
tion

xp+1 −A1(ω1, ω2)xp + · · · −Ap(ω1, ω2)x+ (−1)
p−1

2 = 0

satisfied by

x = p
η2(pτ)

η2(τ)
=

12

√√√√∆
(
ω1
p , ω2

)
∆ (ω1, ω2)

and Aa,2b,c(t) ∈ Q(ξf ) and the denominator of Aa,2b,c(t) is at most powers
of 2. Finally,

Ap(ω1, ω2) = γ
up
2 γ

vp
3 fp(j),

with

p− 1

2
= 6tp + 2up + 3vp, 0 6 up 6 2, 0 6 vp 6 1, fp(j) ∈ Z[j], d◦fp = tp.

Corollary 6.3. In the even index case the denominator of the number

f2kB2k(ϕ; τ)

η(τ)4k

is divisible by at most prime factors of 2, 3, f , γ2,γ3 or prime p > 5 such
that p− 1 divides 2k.
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Theorem 6.4. (Odd index)
Let f be an integral ideal in K 6= Q(i),Q(

√
−3) and f be the smallest positive

integer divisible by f. Then for ϕ a complex parameter of a primitive f -
division point of C/L and for k > 3, we have

f2k+1B2k+1(ϕ; τ)

η(τ)4k+2
= C2k+1 +D2k+1

where

C2k+1 = 0

and

D2k+1 =
2k + 1

(2πi)3η6(τ)
×

∑
t∈L/fL\{0}

e(EL(t, ϕ))℘′L

(
t

f

)
×

∑
a+3b+2c=k−1

a,b,c>0

Aa,2b+1,c(t)(−1)a22b+2c−2k+23c−k+1γ3c−k+1
2 γ2c−k+1

3

hat

(
− h3

t + 3γ3
2γ

2
3ht − 2γ3

2γ
4
3

)b
.

Corollary 6.5. In the odd index case the denominator of the number

f2k+1B2k+1(ϕ; τ)

η(τ)4k+2

is only divisible by at most prime factors of 2, 3, f , γ2(L) and γ3(L).

Theorem 6.6. K = Q(i)
Let f be an integral ideal in K = Q(i) and f be the smallest positive integer
divisible by f. Then for ϕ a complex parameter of a primitive f -division
point of C/OK and for k > 3, we have

i) The number

f4kB4k(ϕ; τ)

η(τ)8k

is divisible by at most prime factors of 2,3, f and prime p > 5 such
that p divides 4k.

ii) For k 6≡ 0 (mod 4), we have the number

fk
Bk(ϕ; τ)

η(τ)2k

is divisible by at most prime factors of 2,3, f .

Theorem 6.7. K = Q(
√
−3)

Let f be an integral ideal in K = Q(
√
−3) and f be the smallest positive

integer divisible by f. Then for ϕ a complex parameter of a primitive f -
division point of C/OK and for k > 3,
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i) The number

f6kB6k(ϕ; τ)

η(τ)12k

is divisible by at most prime factors of 2,3, f and prime p > 5 such
that p divides 6k.

ii) For k 6≡ 0 (mod 6), we have the number

fk
Bk(ϕ; τ)

η(τ)2k

is divisible by at most prime factors of 2,3, f .

Remark 6.8. The first part Ck of our elliptic Bernoulli number fk Bk(ϕ;τ)
η(τ)2k is

already studied by G. Herglotz [25] and H.Lang [36, 37]. Consequently our
attention is to study in details the second object Dk.

Proof of theorems 6.2, 6.4 and 6.6:

We get from Theorem 3.2

−f2k B2k(ϕ;τ)
η(τ)4k = (2k)!

η4k(τ)

∑
t∈L/fL

e(EL(t, ϕ))E2k

(
t

f
, L

)
= (2k)!

η4k(τ)
E2k (0, L) + (2k)!

η4k(τ)

∑
t∈L/fL\{0}

e(EL(t, ϕ))E2k

(
t

f
, L

)
Then in G. Herglotz [25] and H.Lang [36, 37] it is showed, that

(2k)!

η4k(τ)
E2k (0, L) = (−1)k+1γ

u
2 γ

v
3j
w

6
+
∑
p−1|2k
pprime

Ap(ω1, ω2)
2k
p−1

p
+ γu2 γ

v
3G2k(j),

where G2k(j) ∈ Z[j], p prime > 5, and

D2k =
(2k)!

η4k(τ)

∑
t∈L/fL\{0}

e(EL(t, ϕ))E2k

(
t

f
, L

)

=
2k

(2πi)2kη4k(τ)

∑
t∈L/fL\{0}

e(EL(t, ϕ))(2k − 1)!E2k

(
t

f
, L

)

=
2k

(2πi)2kη4k(τ)∑
t∈L/fL\{0}

e(EL(t, ϕ))
∑

a+3b+2c=k
a,b,c>0

Aa,2b,c(t)℘L

(
t

f

)a
℘
′
L

(
t

f

)2b

g2(L)c

Now, using the Weierstrass ℘-function model,

℘
′
L(z)2 = 4℘L(z)3 − g2(L)℘L(z)− g3(L)
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Here dK < −4, we use the Weber’s functions and notations to obtain

∆(L)
1
6 = (2πi)2η(τ)4,

g2(L) = 2−23−1∆
1
3γ2,

g3(L) = 2−33−3∆
1
2γ3,

℘L(z) = −2−23−1∆
1
6γ−1

2 γ−1
3 hL(z),

℘
′
L(z)2 = 2−43−3∆

1
2γ−3

2 γ−3
3

(
− h3

t + 3γ3
2γ

2
3ht − 2γ3

2γ
4
3

)

(6.5)

Then

D2k =
2k

(2πi)2kη4k(τ)

∑
t∈L/fL\{0}

e(EL(t, ϕ))

∑
a+3b+2c=k
a,b,c>0

Aa,2b,c(t)℘L

(
t

f

)a (
4℘L(z)3 − g2(L)℘L(z)− g3(L)

)b
g2(L)c

Hence

D2k = 2k
∑

t∈L/fL\{0}

e(EL(t, ϕ))

∑
a+3b+2c=k
a,b,c>0

Aa,2b,c(t)(−1)a22b+2c−2k3c−kγ3c−k
2 γ2c−k

3 hat

(
−h3

t+3γ3
2γ

2
3ht−2γ3

2γ
4
3

)b
.

By theorem 6.1, we know that the denominator of Aa,2b,c(t) is at most pow-
ers of 2 in the other hand the f -division values of Weber’s function ht are
algebraic numbers whose denominators are at most divisible by prime fac-
tors of f cf. Hasse [24]. This completes the proof of theorem 6.2.

Using the relation (6.5) the proof of theorem 6.4 is similar as the theorem
6.2.
Now, to prove the theorem 6.6 and theorem 6.7 you use same techniques as
in the proof of the theorem 6.2, we must only remark that:

j = 1728, γ2 = 223, γ3 = 0 If K = Q(i)

j = 0, γ2 = 0, γ3 = 233
√
−3 If K = Q(

√
−3)

(6.6)
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This complete the proof of our result of elliptic analogue to Von Staudt
Clausen over an imaginary quadratic number field K = Q(τ) for the elliptic
Bernoulli numbers B2k(ϕ, τ). �

Theorem 6.9. (2-division points)
Let L be an arbitrary complex lattice with L = Zω1 + Zω2, τ = ω1

ω2
∈ H.

Then for ϕ a complex parameter of a non zero 2-division point of C/L , we
have

B2k+1(ϕ, τ) = 0, ∀k > 0

and

f2kB2k(ϕ, τ)

η4k(τ)
= C2k +D2k,∀k > 2

where C2k and D2k are the same as in the Theorem 6.2

In this case the coefficients Bk(ϕ, τ) are explicitely given by example 2.6.

7. The Kummer Congruence for elliptic Bernoulli functions

It should be noted that our results in this paragraph are to be brought
closer to those obtained by Villegas, in terms of special values of certain
function L, in its paper [47].

In this section, it will be shown that the singular values of elliptic Bernoulli
numbers satisfy a Kummer congruence.

7.1. An overview of the classical Kummer Congruence

We begin with an overview of classical Kummer congruences :
Let k,, and r with k > r > 1 and p be prime with p − 1 6 |k. The classical
Kummer congruence [35] states that the Bernoulli numbers satisfy

r∑
s=0

(−1)sCsr
Bk+s(p−1)

k + s(p− 1)
≡ 0 (mod pr).

In the study of p-adic L-series Iwasawa introduced generalized Bernoulli
numbers Bχf , associated to characters χf of conductor f . Carlitz [16] proved
a Kummer congruence for these generalized Bernoulli numbers. He showed
that with k, p, and r as before and with p 6 |f , then

r∑
s=0

(−1)sCsr
Bk+s(p−1)

k + s(p− 1)
≡ 0 (mod pr).

In our main result of this section, we are insterested by a related Kummer
congruence which was established by Vandiver [45] who demonstrated that
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if k, and r with k > r > 1 and p be prime with p − 1 6 |k, and a and f
positive integers, then

r∑
s=0

(−1)sCsrf
k+s(p−1)

Bk+s(p−1)

(
a
f

)
k + s(p− 1)

≡ 0 (mod pr).

7.2. Statement and proof of the elliptic Kummer congruence.

We state now our Kummer congruence type satisfied by the elliptic Bernoulli
numbers Bk(ϕ,L).

Theorem 7.1. let p > 5 be prime and let k, r be integers with k > r > 1,
f > 1 and p− 1 6 |k, ϕ ∈ C\{0} of order f i.e f = [L+ Zϕ : L], then if τ is
an imaginary quadratic complex number with Imτ > 0, We have

r∑
s=0

(−1)s(1+ p−1
2

)Csrf
k+s(p−1) Bk(ϕ,L)

k + s(p− 1)
≡ 0 (mod pr).

Siegel in [43] has shown that the values at positive integers of L(s, χ),
where K is an imaginary quadratic field, f is an integral ideal of K, χ = εψ,
where ε is a primitive ray-class character modf and ψ is a Grössencharacter,
is expressed in terms of the elliptic Bernoulli numbers. Consequently, our
theorem 7.1 also give a Kummer congruence for the values of this Hecke
L-series.

Proof of theorem 7.1:
In the proof of this theorem we need the q-expansion of Bk(ϕ,L) and the
standard Kummer congruence. We have the following q-expansion formula

fkBk(ϕ,L) = fkBk(ϕ1) + (−1)k−1k
∑

06µ,ν<f

e (EL(t, ϕ))

∑
mm2>0

m2=ν (mod f)

mk−1(sign(m))e

(
mµ

f

)
q
mm2
f

Hence

Bk(ϕ,L) ∈ Z
[

1

f
, ξf

]
[[q]]

Now using classical Kummer congruence and Vandiver result. Then, we
write the sum

r∑
s=0

(−1)s(1+ p−1
2

)Csrf
k+s(p−1) Bk(ϕ,L)

k + s(p− 1)
=

−
r∑
s=0

(−1)sCsrf
k+s(p−1)Bk+s(p−1) (ϕ)

k + s(p− 1)
+

∑
06µ,ν<f

e (EL(t, ϕ))
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mm2>0

m2=ν (mod f)

mk−1(sign(m))e

(
mµ

f

)
q
mm2
f ×

r∑
s=0

(−1)k++s(p−1)Csrm
k+s(p−1)

We remark , after Newton’s binomial, that
r∑
s=0

(−1)k++s(p−1)Csrm
k+s(p−1) = mk−1

(
(−m)p−1 − 1

)r ≡ 0 (mod pr).

Let R(p, q) denote the ring of q-expansions of the form∑
amq

m
12f

with algebraic and p-integral coefficients, with only finite number of nonzero
terms with m < 0. Hence one can use the last equalities to write

r∑
s=0

(−1)s(1+ p−1
2

)Csrf
k+s(p−1) Bk(ϕ,L)

k + s(p− 1)
≡ 0 (mod p)R(p, q).(7.1)

Hence, we can conclude with the result of Theorem 5.2 and the congruence
7.1, that the Kummer congruence for elliptic Bernoulli numbers Bk(ϕ, τ) is
valid.

8. Hecke L-functions associated to Elliptic Bernoulli functions

The main purpose of this section is to study special values of Hecke L-
Functions and their connection with elliptic Bernoulli numbers.

8.1. Statement of the main result

Let K be a number Field, ζK(s) the Dedekind zeta Function of K. We
can break up ζK into a finite sum

ζK(s) =
∑
A

ζK(s,A),

where A runs over the ideal classgroup of K and

ζK(s,A) =
∑
a∈A

1

N(a)s
, Re(s) > 1.

Then ζK(s,A) is, after analytic continuation, a meromorphic function of s
with a simple pole at s = 1 as its only singularity. Moreover, the residue
of ζK(s,A) at s = 1 is independent of the ideal class A chosen; this fact,
discovered by Dirichlet( for quadratic fields) is at the basis of the analytic
determination of class number of K. If we consider the Laurent expansion
of ζK(s,A) at s = 1, however, say

ζK(s,A) =
cK
s− 1

+ ρ0(A) + ρ1(A)(s− 1) + . . .
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More generally, to a character χ of the ideal class group of K, we associate
the L-series

L(s, χ) =
∑
a

χ(a)

N(a)s
, for Re(s) > 1

The sum runs over all ideals a of K.
Now, χ being an ideal class character, we may write

L(s, χ) =
∑
A

χ(A)
∑
a∈A

N(a)−s

=
∑
A

χ(A)ζK(s,A)

=

=
∑
A

χ(A)

(
cK
s− 1

+ ρ0(A) + ρ1(A)(s− 1) + . . .

)

Then
L(s, χ) =

∑
A

χ(A)ρ0(A) + o(s− 1)

since, χ being 6= χ0 = 1,
∑
A

χ(A) = 0.

Taking the limit as s→ 1, we get

L(s = 1, χ) =
∑
A

χ(A)ρ0(A)

Then it transpires that the constant term ρ0(A) is no longer independent of
the choice of A. When K is an imaginary quadratic field, the evaluation of
ρ0(A) accomplished by Kronecker[34] ( the so-called “First Kronecker limit
formula”), when K is real quadratic field ρ0(A) evaluated by D. Zagier [52].
Our interest here is to connect L(s = m,χ),m > 1, to elliptic Bernoulli
numbers is as follows. One may express the special values of Hecke L-
functions of K using the coefficients of Laurent expression of Jacobi forms
DL(z, ϕ).
Let K be an imaginary quadratic field with ring of integers OK . We consider
OK and any ideal F of OK to be lattices in C through a fixed embedding
Q̄ ↪→ C. Le χ be an algebraic Hecke character of ideals in K, with conductor
f and type (m,n) i.e

χ : IK(f)→ Q̄×

homomorphism of the form

χ((β)) = ε(β)βmβ̄n

for some finite character

ε : (OK/f)
× → Q̄×,

we set χ̃(β) = βmβ̄n where β ∈ OK is prime to f

ε((β)) = ε(β), (β, f) = 1
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we extend ε so that ε(β) = 0 for (β, f) 6= 1 Then the Hecke L-function
associated to χ is defined by

Lf(s, χ) =
∑

(a,f)=1

χ(a)

N(a)s

where the sum is over integral ideals of OK prime to f, and this series is
absolutely convergent if Re(s) > m+n

2 + 1. The Hecke L-function is known
to have a meromorphic continuation to the whole complex s-plane and a
functional equation.
The function Lf(s, χ) has a pole at s = s0 if and only if the conductor of χ
is trivial, m = n and s0 = m+n

2 + 1.
Now, we can state the main result of this section. The Hecke L-function
may be expressed in terms of Elliptic Bernoulli numbers as follows.

Theorem 8.1. (Interpolation)
Let f be an ideal of K. Let IK(f) be the subgroup of the ideal groups of K
consisting of ideal prime to f, and PK(f) be the subgroup of I(f) of principal
ideals (α) such that α ≡ 1 (mod )f. Let χ be an algebraic Hecke Character
of K of conductor f and type (−m,m). Then we have

Lf(s = m,χ) =
(2πi)2s

(2m)!ωfGχ

∑
A

χ̄(bA)

(
ybAN(ω1(bA))√

|D|

)s
B2s(ϕ(A); bA)

Or equivalently

Lf(s = m,χ) =
1

ωfGχ

∑
A

χ̄(bA)

(
ybAN(ω1(bA))√

|D|

)s
d2s(ϕ(A); bA)

we have ωf is the number of roots of 1 congruent to 1 (mod f), A runs over

all ray-classes modf, is the imaginary part of ω2(bA)
ω1(bA) , D is the discriminant

of K. Gχ is the Gaussian sum associated to χ, defined as follows.
Let DK be the different of K. Let a be an ideal such that (a, f) = 1, belonging
to the inverse class of f−1DK

−1. Then there exists an element γ ∈ K such
that

(γ) = af−1DK
−1.

We fix γ one for all. The Gaussian sum is defined by

Gχ =
∑

α (mod )f

χ̄(α)e2πiS(αγ)

where α runs over the complete set of representatives (mod f) and S denotes
the trace from K to Q.

Let
a∗ = {λ ∈ K : S(λα) ∈ Z, ∀α ∈ a}

ideal of K. It is known that aa∗ is independent of a and in fact:

aa∗ = (1)∗ = DK
−1.
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Furthermore (a∗)∗ = a and N(DK) = |DK |, DK : the discriminant of K. We
make explicit calculation if K is a quadratic field over Q, with discriminant
DK . Let {ω1, ω2} be an integral basis of a:

a = Zω1 + Zω2, a
∗ = {λ ∈ K : S(λω1), S(λω2) ∈ Z}

Then

S(λω1) = m

S(λω2) = n

where m,n ∈ Z
i.e

λω1 + λω̄1 = m

λω2 + λ̄ω̄1 = n

Then

λ = m
ω̄2

ω1ω̄2 − ω2ω̄1
− n ω̄1

ω1ω̄2 − ω2ω̄1

Hence

a∗ = Z
ω̄2

ω1ω̄2 − ω2ω̄1
+ Z

−ω̄1

ω1ω̄2 − ω2ω̄1

Now,

ω1ω̄2 − ω2ω̄1 = ±N(a)
√
|DK |

and this means that

a∗ = a−1

(
1√
|DK |

)
, i.e aa∗ =

(
1√
|DK |

)
= DK

−1.

Moreover N(DK) = |DK |.
We have
a) consider the ideal a = f−1DK

−1 in K; clearly a∗ = f.
b) Let us choose in the class of fDK , an integral ideal a coprime to f. Then

af−1DK
−1 = (γ), for γ ∈ K

i.e
af−1 = (γ)DK has exact denominator f.

Lemma 8.2.

i)

|Gχ|2 = N(f) i.e |Gχ| =
√
N(f).

ii)

χ(β) = G−1
χ

∑
λ (mod f)

χ̄(λ)e2πiS(λβγ),
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Proof :

GχḠχ = Gχ
∑

α (mod f)

χ(α)e−2πiS(αγ)

=
∑

λ (mod f)

χ̄(λ)
∑

α (mod f)

χ(α)e−2πiS(α(λ−1)γ)

Because
Gχ =

∑
α (mod )f

χ̄(α)e2πiS(αγ)

α be an integer in K coprime to f, then αλ runs over a complete set of prime
residue classes modulo f when λ does so. Thus

Gχ = χ̄(α)
∑

λ (mod )f

χ̄(λ)e2πiS(αλγ)

Thus ∑
α (mod )f

e2πiS(µαγ) =

{
0 If µ 6∈ f

N(f) If µ ∈ f

From the equalities above, we have then

|Gχ|2 = N(f).

From the last equality above, we obtain directly the second assertion of our
lemma:

χ(α) = G−1
χ

∑
λ (mod f)

χ̄(λ)e2πiS(λαγ).

8.2. Proof of the Interpolation Theorem 8.1: Computation of
Lf(s, χ)

There are three key lemmas for our proof of the main result of this section.
First of all, the Hecke L-function associated to χ is defined by

Lf(s, χ) =
∑

(a,f)=1

χ(a)

N(a)s

where the sum is over all integral of OK coprime to f,

Lf(s, χ) =
∑
A

∑
a∈A

χ(a)

N(a)s
,

where A runs over all the ideal classes in the wide sense and a over all the
non-zero integrals ideals in A, which are coprime to f.
In the class A−1, we can choose an integral ideal bA coprime to f and

abA = (β)

where β is an integer divisible by bA and coprime to f. Conversely, any
principal ideal (β) divisible by bA and coprime to f is of the form abA,
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where a is an integral ideal in A coprime to f.
Moreover,

χ(bA)χ(a) = χ((β)), and N(bA)N(a) = |N(β)|.
where N(β) is the norm of β. Then

Lf(s, χ) =
∑
A

χ̄(bA)N(bA)s
∑

bA|(β)

χ((β))

N(β)s
.

Where the inner summation is over all principal ideal (β) divisible by bA
and coprime to f. Since A−1 runs over all classes in the wide sense when A
does so, we may assume that bA is an integral ideal in A coprime to f. Then

Lf(s, χ) =
∑
A

χ̄(bA)N(bA)s
∑

bA|(β)

v(β)χ(β)

N(β)s
.

Lemma 8.3. Any character χ(β) of the ray class group modulo f may be
written in the form

χ((β)) = v(β)χ(β)

where v(β) is a character “of signature” and χ(β) is a character of the group
(OK/f)

∗ . We may extend χ(β) to all residue classes modulo f by setting

χ(β) = 0 for β not coprime to f.

Next step, we have to replace χ(β) by an exponential of the form e2πi(mu+nv),
comes from lemma 8.2. Hence

Proposition 8.4. For any character χ with conductor f,

Lf(s, χ) =
1

Gχ

∑
λ (mod f)

∑
A

χ̄(bA)N(bA)s
∑

bA|(β)

v(β)e2πiS(λβγ)

N(β)s
.

In other hand

Lf(s, χ) =
1

ωKGχ

∑
λ (mod f)

∑
A

χ̄(bA)N(bA)s
∑

bA|β 6=0

v(β)e2πiS(λβγ)

N(β)s
.

where the summation is over all β 6= 0 in bA.

Note that λ runs over all a full system of representatives of the prime
residue classes modulo f and bA over a complete set of representatives in-
tegral and coprime to f of the classes in the wide sense, then (λ)bA covers
exactly ωK

ωbA
times, a complete system of representatives of the ray classes

modulo f. Then

Lf(s, χ) =
1

ωfGχ

∑
A

χ̄(bA)N(bA)s
∑

β∈bA,β 6=0

v(β)e2πiS(βγ)

N(β)s
.

Where A runs over the ray classes modulo f and bA is a fixed integral ideal
in A coprime to f.
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Lemma 8.5. Let {ω1(A), ω2(A)} be an integral basis of bA; we can assume,

without loss of generality that ω1(A)
ω2(A) = τA = xA + iyA with yA > 0, yA =

Im
(
ω1(A)
ω2(A)

)
.

Then if β ∈ bA, β = mω1(A) + nω2(A) for rational m,n and

N(β) = N(ω2(A))|m+ nτA|2 = |ω2(A)|2|m+ nτA|2.
Moreover,

N(bA)
√
|DK | = |ω1(A)ω̄2(A)− ω2(A)ω̄1(A)|
N(bA)

√
|DK | = 2yA|ω2(A)|2

N(bA) =
2yA|ω2(A)|2√

|DK |
.

Thus

N(bA)s
∑

β∈bA,β 6=0

v(β)e2πiS(βγ)

N(β)s
=

(
2yA|ω2(A)|2√

|DK |

)s ∑
ω∈bA\{0}

v(ω)e2πiS(ωγ)

N(ω)s
.

Now for ω = mω1(A) + nω2(A), let us set

uA = S(ω1(A)γ), vA = S(ω2(A)γ)

and let f be the smallest positive integer divisible by f. Then in view of the
fact that (γ)DK has exact denominator f and bA is coprime to f, it follows
that uA and vA are rational numbers with the reduced denominator f . Since
f 6= (1), uA and vA are not simultaneously integral. We then have

N(bA)s
∑

ω∈bA,ω 6=0

v(ω)e2πiS(ωγ)

N(ω)s
=

(
2yA|ω2(A)|2√

|DK |

)s ∑
ω∈bA\{0}

v(ω)e2πi(muA+nvA)

|ω|2s
.

We recall that

EbA (ω == mω1(A) + nω2(A), ϕ = −vAω1(A) + uAω2(A)) = muA + nvA

Finally, we obtain

Theorem 8.6. Let χ be a Hecke character of conductor f.
Then we have

Lf(s, χ) =

1

ωfGχ

∑
A

χ̄(bA)

(
2yA|ω2(A)|2√

|DK |

)s
∑

ω∈bA\{0}

v(ω)e
(
EbA (ω = mω1(A) + nω2(A), ϕA)

)
e2πi(muA+nvA)

ωsω̄s
,

where
ϕA = −vAω1(A) + uAω2(A)
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In particular, for

i)

v(ω) =

(
ω

|ω|

)−2m

= ω−mω̄m,m > 1

We obtain

Lf(s, χ) =
1

ωfGχ

∑
A

χ̄(bA)

(
2yA|ω2(A)|2√

|DK |

)s
∑

ω∈bA\{0}

v(ω)e(EbA (ω, ϕA))e2πi(muA+nvA)

ωm+sω̄s−m
.

As consequence, we have

Lf(s = m,χ) =
1

ωfGχ

∑
A

χ̄(bA)

(
2yA|ω2(A)|2√

|DK |

)m
d2m(ϕA, bA);∀m > 1.

ii) If

v(ω) =

(
ω

|ω|

)−m
,m > 1

We obtain

Lf(s = m,χ) =
1

ωfGχ

∑
A

χ̄(bA)

(
2yA|ω2(A)|2√

|DK |

)m
2

dm(ϕA, bA);∀m > 1.

Theorem 8.7. (Damerell’s type result)
For each Hecke character χ of conductor f.

i) For

v(ω) = ω−mω̄m,m > 1

we have that
Lf(s = m,χ)

(2πi)2mη(τ)4m

is algebraic
ii) For

v(ω) =

(
ω

|ω|

)−m
,m > 1,

we have that
Lf(s = m,χ)

(2πi)2mη(τ)4m

is algebraic.
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