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Abstract: Given positive integers n, n’ and k, we investigate the Mébius-Bernoulli numbers M;(n), double
Mobius-Bernoulli numbers M (n, n’), and Mébius-Bernoulli polynomials M;(n)(x). We find new identities
involving double Mobius-Bernoulli, Barnes-Bernoulli numbers and Dedekind sums. In part of this paper, the
Mo6bius-Bernoulli polynomials M (n)(x), can be interpreted as critical values of the following Dirichlet type
L-function

Lym(s;n, x) := ZZ % (for Re(s) > 1),
dln m=0

which has analytic continuation to the whole s-complex plane, where u is the Mébius function.

Keywords: Mobius-Bernoulli numbers, Barnes-Bernoulli numbers, Dedekind sums

MSC: 11A05, 33E99

1 Introduction

Curiously, M6bius-Bernoulli numbers and polynomials are closely related to Dedekind Sums, critical values
of certain Dirichlet series, Barnes-Bernoulli numbers and of course also to the Bernoulli numbers. In this
paper, we will clarify all relationships between these arithmetical objects.

This paper consists of three parts. The first part treats Mobius-Bernoulli numbers and polynomials( cf.
Section 2 ). In the second part, we consider new Dirichlet type series and show that their critical values are
related to the M6bius-Bernoulli numbers and polynomials( cf. Section 3). In the third part, we study double
Mobius-Bernoulli numbers and connect them to Barnes-Bernoulli numbers and Dedekind sums( cf. Sections
4 and 5). The three parts are more or less independent.

2 Mobius-Bernoulli numbers and polynomials

We fix some notations, definitions and preliminaries used in this paper. As to us we specify the motivations
of our work.
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2.1 Identities on Mobius-Bernoulli numbers and polynomials

For n being a positive integer, we define the Mobius-Bernoulli polynomials by the generating function

- tk te*! 2m
kX;Mk(n)(X)H = dz‘:y(d)edti_l, < ==, 2.1)
= n

where as usual the Mobius function y is given by

1 if m=1,
uim) =< (-DKif m=p;.. .Diks P1» - -+ » Pi are distinct primes,
0 otherwise.

The M&bius-Bernoulli numbers M;(n) are given by M;(n) := M;(n)(0). We recall the Bernoulli polynomial
Bj(x) is defined by the series:

teXt o tk
e ZBk(X)H’ It| < 2. (2.2)
k=0

Note that By (x) are monic polynomials with rational coefficients and By, := By (0) is the kth Bernoulli number.
From the equations (2.1), (2.2) and Mobius inversion formula, we obtain

Theorem 1. Let n and k be nonnegative integers. We have

M) =Y p(d)d“ " Bi(x/d), 2.3)
d|n
Bi(nx) = (/@) " M(d)(dx), (2.4)
d|n
at x = 0, we get
M(n) =B ]| (1 —p"‘l) (2.5)
pln

and Gauss type formula

S d ] (1 - 1/pk) - n*. 2.6)

din  pl|d

Letn" = p; - - - pr be the square free part of n. To get the equation (2.5), we use the relation (2.3) at x = 0. Since
u(d) = 0if d is not square-free, we have

Mi(n) = By > u(d)d*™?
d|n*

= By Z u(p;, -+ pi.)(p;, ”'Pis)]H
(i1, 05} C{1,2, 1}

= By > 1@, -+ pi) !
(i1, is}C{1,2, 1}

=B, [[ a-pM.

p prime |n

Among others, in this paper we will give an interpretation of the formula (2.5) in terms of critical values of
Dirichlet L-series, and its generalization to double Mobius-Bernoulli numbers.
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2.2 Generalized Bernoulli numbers

By Dirichlet character modulo a positive integer n, we mean as usual C-valued function y on Z such that
x(m) = 0 if m is not coprime to n, and y induces a character on (Z/ nZ)X. For a such y, the generalized
Bernoulli numbers

Biy € Q(1), x(2), -+ ,x(n - 1)

are given through the generating function

n teat had tk
ZX(a)m = ZB’(’XH' 27)
a=1 k=0
From the equations (2.2) and (2.7) we have

n-1
Byy =n*"Y x(@)Bila/n). 2.8)

a=1

The numbers By, are very intriguing and still mysterious. If k > 1, then By, = 0if y(-1) = (-1)k! (unless
n = k = 1). In the simplest case where F is an imaginary quadratic field of discriminant -D, and y is th unique
quadratic character of conductor D such that y(-1) = -1, that s, y(a) = (%) , and then we have the classical
formula oh
Bl,X = _Wilf s
where hrp is the class number of F and wr is the number of roots of unity in F.
Recently, for such numbers By , many others interesting explicit formulae are obtained. In particular, when

X is a quadratic character see [1], for a nontrivial primitive Dirichlet character y we refer to [2, 3].

2.3 Critical values of certain Dirichlet L-series

The Dirichlet L-series :
L(s,x) = Y _x(m)m™ (Re(s) > 1)

mz1
is the L-series attached to any character .
The main interest of the numbers By, is that they give the value at non-positive integers of Dirichlet
L-series. In fact, there is a well-known formula, proved by Hecke in [4]

LA-k,y) = —BLk’X (k=1). (2.9)

In this paper, we are going to study Mébius-Bernoulli and double Mobius-Bernoulli numbers: M (n), My(n, n’).
We establish their relationship to Bernoulli, Apostol-Bernoulli and Barnes-Bernoulli numbers, and Dedekind
sums. In part of this paper, the M6bius-Bernoulli, can be interpreted as critical values of the following
Dirichlet type L-functions.

Lemma 2. For k, n being positive integers, and xn the Dirichlet principal character modulo n, then we have

My(n)/k = -L(1 -k, xn). (2.10)

Proof of Lemma 2. We can get this result from relations (2.9) and Theorem 1. For Dirichlet character, the L-
series has the Euler product
Lis, 0 =[] (1-xwp™) "
pin
While y = yn, we have
Lis,xn) =¢6) [[(1-p7),

pin
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where {(s) is the Riemann zeta function. At s = 1 — k we obtain

Biy, = B[] (1 -p"‘l) . 2.11)

pln
The relation (2.5) and (2.9) completes the proof. O
From the equalities (2.5), (2.10) and Kummer’s congruence [5, Theorem 5, p.239] for Bernoulli numbers B we

obtain the following Kummer’s type congruence formula.

Theorem 3 (Kummer’s type Congruences). Let p be a prime number, p — 1Y k and k' =k (mod (p - 1)pV)
with N being a nonnegative integer. Then we have

M,;<(n) _ M,;;,(n) (mod p"*1)

/ M ’
(1 —pk’l) M"T(n) = (1 -pk ’1) ’;{,(n) (mod p™*Y) otherwise.

ifp|n,

Remark 4. One can use again the equalities (2.5), (2.10) and Von Satudt Clausen theorem [5, Theorem 3,
p.233] to obtain von Staudt Clausen type result for My (n).

3 Dirichlet type L-series and Mobius-Bernoulli polynomials

3.1 Mobius L-functions of Hurwitz type

For n being a positive integer and x > 0, let
Lyu(s;n, x) := Z Z p(d) (for Re(s) > 1). 3.1)
(md + x)

d|n m=0

We call Lgy(s; n, x) Hurwitz-Mobius L-functions. Let
ftn, %) = ZMk(n)(x) AR U
d|n

be the generating function of Mobius-Bernoulli polynomials, M;(n)(x) (k = 0). Consider

ot [ AT S

djn m=0

- ZZ/ (m’;(f) E ’tts$ (for Re(s) > 1).

djn m=07
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Substituting t by (md + x)t in the last equality, we get

oo

I(s)Lum(s;n, ) = i /H(d)e—(mdu)tts

dlrl m=00

/Zy(d) Z e (md+x)tts dt

o dn

dt
t

—xt

=/Zu(d)1e

0 dln

- [ S e

0 dl)‘l

1 dt (for Re(s) > 1).

The second equality is by Lebesgue’s dominated convergence theorem. Therefore, we have

Lim(s;n, x) = %/Zy(d)l £
o din

-xt

3 (32)
- % / f(-t;n,x)ts-1$ (for Re(s) > 1).
0

This shows that the Hurwitz-Mdbius L-function Lg(s; n, x) is almost the Mellin transform of f(¢; n, x), the
generating function of Mébius-Bernoulli polynomials, M (n)(x) (k = 0).
Using Proposition 10.2.2 of [6] and formula (2.2) of [7], we can get the following theorem.

Theorem 5. Notations as above. We have

Lum(s;n, x) = Z

d|n

u(d)

((s

where {(s; x) is the Hurwitz zeta function with parameter x > 0; Ly(s; n, x) can be analytically continued to
the whole complex plane, to a meromorphic function with a single pole at s = 1, simple with residue ¢(”) and

My ()

LHM(_k; n, X) = k+1 )

where k > 0 is an integer.

Proof. By definition (3.1), we have

u(d)
Lyu(s;n, x) Zz(mdﬂ()s

d|n m=0

_ u(d)

) dzh, Z (m +x/d)S
Z ud) {(ss XY (for Re(s) > 1).
d|n

This completes the proof of the first statement.
Now by equation (3.2), we get

) 1 7 y de') sdt
LHM(S,H,X) F /( 7d t)tt
0 n
1 7’(
F
o \dl

e™xt u(d) et sdt
H(d)l—e‘”“_dXI: i)t
n

n
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On the other hand, we have

o] 3

L";t sdt uld 1 Me‘tsﬂ
d t)t Z I J Y

ud 1 —t,s-1dt
Z e J et

n

u(d) I'(s - 1)
B Z I(s)

_ u(ad)
AP

d|n
W)
s-1 n

<

Let

ftsn,x) - (Zu(d) Z )

d|n

Then f(t; n, x) is C* on [0, o) and tending to zero rapidly at infinity. We define
F o b [Henoedt
L6.f0 = 15 [ Fmooe . 63)
0

By Proposition 10.2.2 of [6], we know that L(s, f, x) can be analytically continued to the whole complex plane,
to a holomorphic function.
Obviously, the above computations show that

Lyu(s;n, x) = L(s,f, X) +

—1la- . (3.4)

pin

-1

So Lgu(s; n, x) can be analytically continued to the whole complex plane, to a meromorphic function with a
single pole at s = 1, simple with residue @ This completes the proof of the second statement.
Also by Proposition 10.2.2 of [6], we have

d*f

L=k, f, %) = (-1)* S T

(0) (3.5)

fork>=0and k € Z.
Obviously, f(t; n, x) is analytic around zero. Computing its Taylor expansion at 0, we get

f(l‘;n,x) =% (Zy(d)(e Z)te‘x Zy(d) —t)

d|n d|n

dn

i( Dk (M (n)(x Zy d)) -1
k=1

d|n

= . (d) 1tk
kg( 1kt (Mk+1 n)(x) - Z‘u ) i

d|n
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Therefore,

= 1
L(_k’fy X) = _k+

- (Mk+1(n)(x) - “ﬁ;”) . (6

d|n
From equations (3.4) and (3.6), we get

Latkino) =~ TT(1-5) - 5 (Mk+1(n)(x) 53 “(d‘”)

pln d|n

- M (.

This completes the proof of the final statement. O

3.2 Modified M6bius L-functions

For n being a positive integer, let
g0 = S M = S Hd e
k=0 d|n

We call M «(n) modified Mobius-Bernoulli numbers.
In the following, we will first show their relations with Bernoulli polynomials. Forn = 1,

; I\N/I(n)ﬁ=t+L=t+ ; B ﬁ
] ef -1 Kkt
k=0 k=0

So M, (1) is essentially Bernoulli number By.
Now we consider the general case. Then we have

ZM"(n) ki Z“(d) ont _

d|n

Changing variable ¢ to t/n, we get,

ZMk() kk,= Z ()“’" Zp(a)sz(

d|n
Thus we have the following relation
~ - d
My(n) =n'" Y~ u(d)By(2). 37
d|n
For n being a positive integer, let
Ly(s;n) := Z Z (m d)s (for Re(s) > 1). (3.8)

djn m=0

We call L(s; n) the modified Mobius L-functions. Note that if n = 1, then the modified M6bius L-function
Ly (s; n) is just the usual Riemann zeta function {(s). Similarly as in the previous subsection, we can prove

that
17 e dt sdt
Ly(ssn) = @/ (Zy(d)l_e—nt) t ra

o (3.9)
Fi/ st dt (for Re(s) > 1),
0
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which shows that the modified M6bius L-function Ly (s;n) is almost the Mellin transform of g(t), the
generating function of modified Mobius-Bernoulli numbers, M (n) (k = 0).

Changing variable t to t/n in (3.9), we get
pd) 1 [ ent cat

ti
ns I(s) ) 1-et ¢
0

Ly(s;n) = (for Re(s) > 1). (3.10)

d|n

Similarly as Theorem 5, we can prove the following theorem

Theorem 6. Let n = 1 be an integer. Then we have

Ly(s;n)=n"s Z u(d)(s; d/n).
d|n
We have Ly (s; 1) = {(s). For n = 2, Ly(s; n) has holomorphic continuation to the whole s-complex plane and

INVIk+1 (Tl)

LM(—k;n)=— k+1 .

4 Double Mobius-Bernoulli and Barnes-Bernoulli numbers

In this section we introduce and give some properties of the double Mobius-Bernoulli numbers. We express
these numbers in terms of Barnes-Bernoulli numbers. Using Barnes-Bernoulli numbers properties, explicit
formulas will be given for double Mébius-Bernoulli in section 5.

Let ai, a, be nonzero real numbers. The double Bernoulli-Barnes numbers B;((a1, a,)) are defined
through

2

o k

z z . 2n  2nm

enz - 1)(ewz—1) Z] : Bil(ar, az))yg, |t] < min <|a1\’ \a2|> : (1)
-

We investigate, for n, n’ being positive integers, the double M6bius-Bernoulli numbers M (n, n’) given

by
k

Myn,n) =3 (’]‘) MM (). 4.2)

j=0

Theorem 7. Let n, n’ be positive integers and n", n’ " be their square free parts, respectively. We have the
following results.

Mi(n,n) = Y~ p(du(d)Bi((d, d"). (4.3)
d|n, d’'|n’

My(n) = My(n") (4.4)

Mi(n, n') = My(n", n"). (4.5)

Proof of Theorem 10 . Since u(d) = 0 if d is not square-free, we obtain the relations (4.4) and (4.5). On the

other hand, it is easy to show that
E u(d) d E u(d) d
edt — 1 ed't -1

d|n d’'|n’

/ tz
- Z u(d)u(d )m'

d|n,d’|n’
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Expanding the Taylor series of both sides yields the following identity

oo k . _ k
Z (Z (?)Mj(n)Mkj(n’)) % = Z Z V(d)]l(d/)Bk((d, d')) %

k=0 \ j=0 k=0 \ din.

a’|n’

Thus we obtain identity (4.3). O

5 Double Mobius-Bernoulli numbers and Dedekind sums

In this section, we give an effective method to compute the Mébius-Bernoulli numbers, based on the Apostol-
Dedekind reciprocity law for the generalized Dedekind sums.

5.1 Generalized Dedekind Sums s;(a, b)

Let a and b be positive integers. The Apostol-Dedekind sums s;(a, b) are given by

si(a, b) = §£Bk {5} (5.1)
r=0

These sums are effectively computable through the Apostol-Dedekind reciprocity law [8] and its generaliza-
tion in [9]. By use of the Apostol-Dedekind reciprocity we state the following results.

Theorem 8. Let a, b be positive integers, k positive integer, and d = gcd(a, b). Then we have

Bi((a, b)) =k(a“sk_1(b, a)+b*?s; 4(a, b)) - kd** By,

(k - 1)a>*D 62
- ab By.
From the above theorem we get the following identities.
Corollary 9. Let p, p1, p> be prime numbers, with p1, p, different. We have
By((1,1)) = -k By_1 - (k- 1) By, (5.3)
Bel(p, 1) = kp* sy 4 (1,p) - kB, - = g, (54)
B((p, p)) = —kp*"? By - (k- 1)p**2 By, (5.5)
_ _ k-1
Bul(p1.p2) = (P8 251101, p2) + P 102, 00)) - KBy - U By 66)

The equality (5.3) is well-known since Euler [10, p.32]. However, the equalities (5.4), (5.5), (5.6) seem new
identities.

Theorem 10. Let n, n’ be positive coprime integers and n”, n’ " be their square free parts, respectively. We have

Mi(n,n) =k > u(du(d) dkfzsk_l(d’,d)+d’k‘2sk_1(d,d')]

d|n*, d’'|n"* (.7)

p(n'n")

x % ’
n/

~ kBy_18, o — (k= 1)By

where @ is the Euler’s function and 6; ; is the Kronecker’s symbol.
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We combine Corollary 9 with Theorem 10, and we obtain the following explicit formulas.
Corollary 11. Let p4, p,, p be distinct primes and a = 1, B = 1 are integers. We have
M%) = (k- 1) (1-1/p1) (1-1/p2) Bx + kp5 ™ (sk-1(p1, p2) - 5k-1(1, p2))
+ kpk? (sk-1(P2, 1) = SK-1(1, p1))
Mi(®*, pP) =k (1 —p"’z) By - (k-1) (1 +p?2 - 2/19) By

- 2kpk_zsk—1(1’ p)-

5.2 Proofs of the Theorem 8 and Theorem 10

Proof of Theorem 8. Combining (2.2) with (4.1), we get the relation between Bernoulli-Barnes numbers and

Bernoulli numbers:
k

Bel(ar, @) = 3 (:;) @'~ k" BBy . 58)

m=0

By use of the equation (5.8), Apostol results in [8, Theorem 1] , [11, Theorem 2] and Takacs generalization [9,
Theorem 1], with x = y = 0, we achieve the proof of the Theorem 8. O

Proof of Theorem 10. Take n, n’, a, b be positive integers such that:
(a,b)=(n,n) =1.

Then we have the equalities

Bi((a, b)) = k(ak’zsk_l(b, a) + b*2s; 4 (a, b)) -kBy4 - % By, (5.9)
Mi(n,n) = M(n',n' )= Y p(du(d)B((d, d), (5.10)
d|n*, d’'|n"*
p(n) _ -1
S = 2 H@d, (5.11)
d|n
1= u(d). (5.12)
d|n
From these equalities we complete the proof of the Theorem 10. O

We conclude this paper by the following remark.

Remark 12. The generalized Dedekind sums s;_;(a, b) are very easy to evaluate for small a and b. For
example, using (5.1), we get values of s;_;(a, b) in Table 1with 1 < a, b < 5 and (a, b) = 1.
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Table 1: Examples for s;_q(a, b) with1 < a, b < 5and (a,b) =1

(a, b) | Ska(a,b)
(a,1) 0
(1,2),3,2),(5,2) | 1Ba(3)
(1,3),(4,3) 3Br-1(3) + 3Bk (3)
(1,4),(5,4) 1Bic1(3) + 3Biea(3) + 2B (3)
(1,5) $Bic1(3) + 2B 1(3) + 2Bi1(3) + 2By (2)
(2,3),(5,3) 3Br1(3) + 5Bra(3)
(2,5) $Bi_1(3) + 2B (2) + 2B (2) + 2B (3)
(3,4) 7Bi1(3) + 3Bia(3) + 2B (3)
(3,5) #Bi1(2) + Bi1(3) + 2Bi1(2) + £Bj_1(3)
(4,5) $Bi1(2) + 3B () + 2Bi_1(3) + 2Bj1(3)
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