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A B S T R A C T

In this work, we introduce a novel reduced order model technique, based on the Proper Orthog-
onal Decomposition method, for dynamical systems with multiple timescales. The main ideas
are to retain the structure of the original model, which is lost in the original POD procedure,
while producing a competitive reduction in the number of equations and computational time,
and to determine the best structure for the reduced system automatically, via a data-driven
analysis of the original model data. For these novel techniques, we present some numerical
tests for various behaviors of three different neural network models with multiple timescales,
which support the use of these new methods.

. Introduction

Extensive research over the past three decades have been revolutionary by conceptualizing, analyzing and simulating network
odels of neuronal activity. Concerning the sole formalism of dynamical systems coupled as networks to represent interactions

etween assemblies of neurons, various paradigms and scales of modeling have been introduced depending on the questioning to be
ackled, such as neural mass [1–3], neural fields [4,5], mean-fields [6] and dendritic trees [7], among others. However, common and
till unsolved challenges arise in these approaches, especially the difficulty to classify and analyze the features of cellular activity
ynchronization, and the cost of reliable simulations for realistically sized networks.

The first challenge mentioned above mainly implies results from the different timescales involved in neuronal activities,
hich are naturally translated into the models by the use of multiple timescale systems (for reproducing the individual cellular
ctivities) coupled as a network. Synchronization mechanisms of multiple timescale systems are quite specific and different
rom synchronization of harmonic oscillators (especially the impact of the coupling types and strengths on the synchronization).
evertheless, it is well-known that synchronization of neuron assemblies plays a key role in the neuronal information treatment
nd diffusion, and overall in the neural functioning. Several works (for instance, [8–17]) have addressed the question of analyzing
ynchronization mechanisms in the presence of canard phenomena and bursting oscillations, symptomatic of multiple timescale
ynamics, in coupled oscillators. But the tremendously large panel of synchronization types and associated conditions remains to
e analyzed, especially for large networks, as well as its physio-pathological interpretation.

With this aim, efficient numerical techniques for producing reliable simulations are key tools and need to be thoroughly tested,
ue to the difficulty to catch structuring dynamical mechanisms specific to multiple timescale systems. As mentioned as a second
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challenge above, simulation of network models might be computationally expensive when the number of cells is large. Therefore,
intrusive Reduced Order Model (ROM) approximations have been developed [18–28]. For a state-of-the-art summary, we recommend
Refs. [29,30]. These techniques aim to obtain an equivalent dynamical system of lower dimension that is a good approximation of
the original Full Order Model (FOM), namely, the reduced problem.

Despite the ability of these intrusive methods to approximate closely the solution generated by the original system [31],
erforming these techniques may make us lose the original structure of the problem, such as, for instance, the slow–fast separation
f variables typical in neuroscience problems. This is due to the fact that the usual procedures to obtain the ROM do not consider
ny separation of variables, nor any given model structure. Therefore, we could be mixing fast and slow behaviors in the reduced
odel, which is not very natural. This problematic could also impede the direct study of the behaviors in the reduced framework.

n order to preserve the structure of the problem, different strategies have been proposed in the literature. For instance, a technique
ased on Krylov subspaces was developed in the case of electronic circuits [19–21], and a technique to decompose the domain
n computational simulations of fluids was introduced in [32]. In this paper, we present a different approach based, on the one
and, on the Proper Orthogonal Decomposition (POD) [18,22–27] and, on the other hand, on a new data-driven procedure based
n a collinearity study to determine automatically the best structure for the reduced model, while obtaining a suitable reduction in
omputational time.

The article outline is the following. In Section 2, we first summarize the POD method. We remark some properties, and we identify
he issue of the structure loss. Then, we introduce in Section 2.1 a block approach to preserve the structure of the original problem
fter the reduction. We also adapt the properties of the POD method to this new block case. In Section 2.2, we present a data-driven
rocedure to determine the best block structure for the reduced model. After that, in Section 3 we test and compare our methods
or three neural network models with multiple timescales. In particular, Section 3.1 considers the case of a coupled network model
f the Intracellular Calcium Concentration system, studied previously in [31]; Section 3.2 focuses on the study of a coupled network
f Hindmarsh–Rose models [33–36] and Section 3.3 is devoted to the study of a coupled network model of Fold/Hopf bursters,
ound in pancreatic 𝛽-cells, among others [37–40]. We show the reduction of CPU time needed for the numerical integration of the
educed system compared to the original one, the sparsity indexes of the models as a measure of the preservation of the structure
nd an error comparison for the reduced models. Finally, Section 4 is devoted to present conclusions and perspectives of the present
ork. Appendix is focused on analyzing the limits of these ROM techniques in some test cases.

. Reduced order methods based on the proper orthogonal decomposition

In this section, we begin by introducing the POD method. First, in order to build the ROM problem, we need to identify
he number of equations. To do that, we can apply the POD method, one of the most popular approaches for reduced problem
ormulation [18,22,24–27]. Then, once we have the dimension of the reduced problem, the POD method also provides a basis for
t, so we can formulate a ROM problem equivalent to the FOM problem.

The POD method is based on the Singular Value Decomposition technique (SVD). It is known that the following property holds
or the SVD of a matrix, S = (𝒘1|… |𝒘𝑛𝑠 ), see [41]:

Proposition 2.1. Let 𝑁𝑟
= {W ∈ R𝑁×𝑁𝑟 ∶ W𝑇W = I𝑁𝑟

} be the set of all orthonormal bases of 𝑁𝑟-dimensional subspaces of R𝑁 .
Then,

𝑛𝑠
∑

𝑖=1
‖𝒘𝑖 −UU𝑇𝒘𝑖‖

2
2 = min

W∈𝑁𝑟

𝑛𝑠
∑

𝑖=1
‖𝒘𝑖 −WW𝑇𝒘𝑖‖

2
2 =

𝑟
∑

𝑖=𝑁𝑟+1
𝜎2𝑖 ,

here U ∈ R𝑁×𝑁𝑟 arises from the SVD of S and is a full matrix containing the first 𝑁𝑟 left singular vectors in columns corresponding to
the 𝑁𝑟 greatest singular values and 𝑟 is the number of non-zero singular values.

Therefore, the SVD provides a basis that minimizes the sum of the square of the errors between each snapshot vector 𝒘𝑖 and its
rojection onto the reduced subspace, and the error is equal to the sum of the squares of the neglected singular values.

From now on, we focus on POD applied to dynamical systems. For a general parametric dynamical system 𝒙̇ = 𝑓 (𝒙, 𝜸), with 𝜸
he parameter vector, the POD method can be summarized as follows:

1. To solve the original problem for a certain partition of the parameter space, where the solution is qualitatively similar, and
store the solutions in time in a matrix S, the so-called snapshot matrix.

2. To compute the SVD of the snapshot matrix S, and sort, in descending order, the singular values and its corresponding left
singular vectors.

3. To apply Proposition 2.1 as a measure of the information lost to select the least amount of basis functions that retain the most
information, according to a certain fixed tolerance. This will provide a submatrix of U, the matrix of left singular vectors,
that contains the basis functions, which we also denote by U.

4. To construct the reduced problem as 𝒛̇ = U𝑇 𝑓 (U𝒛, 𝑡), where 𝒛 = U𝑇 𝒙. To recover the solution in the original space, just a
2

left-multiplication by U of the reduced solution is needed.
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However, as said in the introduction, performing this technique may make us to lose the original structure of the problem. This is
ue to the fact that in the original problem we work with quasi-sparse matrices and vectors, but in the reduction this quasi-sparsity
s lost, and we have full matrices and vectors, as the corresponding basis matrix U is full. Let us provide an illustrative example.

In the following, in order to illustrate the main features of the methods proposed in a clear way, we will consider a dynamical
ystem of 𝑁 ∈ N equations, that could be separated into two groups. However, this analysis can be generalized to 𝑀 < 𝑁 groups.
ithout loss of generality, we can consider that the variables can be sorted by group. A dynamical system in this framework could

ead,
(

𝒙̇𝟏
𝒙̇𝟐

)

=
(

A11 A12
A21 A22

)(

𝒙𝟏
𝒙𝟐

)

+
(

𝒃𝟏
𝒃𝟐

)

, (1)

here 𝒙𝒊 and 𝒃𝒊, 𝑖 = 1, 2, are vectors of dimensions 𝑁1 and 𝑁2, respectively, such that 𝑁 = 𝑁1 + 𝑁2 and A𝑖𝑗 , 𝑖, 𝑗 = 1, 2, are real
atrices with consistent dimensions. For the sake of clarity, we will consider A11 and A22 as the identity matrices, A21 = 0 and
12 a full matrix, so

(

A11 A12
A21 A22

)

=
(

I A12
O I

)

.

If we consider system (1) and we let U be the matrix arising from the POD of some snapshots of the system, then the reduced
rder system reads,

𝒛̇ = Ã𝒛 + 𝒃𝒓, (2)

here

Ã =
(

I +U𝑇
11A11U21 U𝑇

11A12U22
U𝑇

12A12U21 I +U𝑇
12A12U22

)

, with U =
(

U11 U12
U21 U22

)

, and 𝒃𝒓 = U𝑇
(

𝒃𝟏
𝒃𝟐

)

,

nd we have lost the structural information of the original problem and the possible separation between variables. To solve this
ssue, we present the Proper Orthogonal Block Decomposition (POBD) method subsequently.

.1. Proper orthogonal block decomposition

In order to maintain the main properties of the FOM system when we perform the reduction, we have to take care of the structure
f the matrix U. Taking into account the separation of variables in the FOM system (1), we aim to build a reduced basis for each
et of variables.

With that in mind, we divide the snapshot matrix S = (𝒘1|… |𝒘𝑛𝑠) into two blocks as follows S𝑇 =
(

S𝑇1 |S
𝑇
2
)

. Now, we perform
SVD for each block, and we obtain a POD basis for each block,

S1 ≈
𝑟1
∑

𝑖=1
𝜎(1)𝑖 𝒖(1)𝑖 (𝒗(1)𝑖 )𝑇 , S2 ≈

𝑟2
∑

𝑖=1
𝜎(2)𝑖 𝒖(2)𝑖 (𝒗(2)𝑖 )𝑇 ,

here 𝒖(⋅)𝑖 is the 𝑖th left singular vector of the corresponding matrix. Proposition 2.1 holds for each block, so as in the original
OD method, we have a suitable criterion for the selection of the reduced basis dimension for each variable. We name the reduced
imensions 𝑁𝑟1, 𝑁𝑟2.

Now, we focus on the reconstruction of the original snapshot matrix as a whole. We note that each block matrix has the correct
umber of columns, so no change in the block right singular vectors 𝒗(⋅)𝑖 is needed. However, each block left singular vector 𝒖(1)𝑖 lays
n R𝑁1 so we need to complete them in order to have a vector in R𝑁 as we must, and respectively, for vectors 𝒖(2)𝑖 .

A direct concatenation of the block left singular vectors does not work, as we do not know how the product 𝒖(𝑘)𝑖 (𝒗(𝑙)𝑖 )𝑇 behaves,
nd we have no control over it. A successful approach is to add as many zeros as needed to each block left singular vector, taking
nto account the position of the block matrix in the original matrix, i.e.,

𝒖(1)𝑖 ↦

(

𝒖(1)𝑖
𝟎𝑁2

)

, 𝒖(2)𝑖 ↦

(

𝟎𝑁1
𝒖(2)𝑖

)

.

With this decomposition, we can recover the original matrix as

S ≈
(

U1 O𝑁1 ,𝑁𝑟2
O𝑁2 ,𝑁𝑟1

U2

)(

𝛴1 O𝑁1 ,𝑁𝑟2
O𝑁2 ,𝑁𝑟1

𝛴2

)(

V𝑇
1

V𝑇
2

)

=
(

S1
S2

)

.

If we select the matrix

U =
(

U1 O𝑁1 ,𝑁𝑟2
O𝑁2 ,𝑁𝑟1

U2

)

, (3)

s the new basis for the reduced subspace, we are able to maintain the properties of the FOM system (1), as follows:

Ã = U𝑇AU =

(

U𝑇
1 O𝑇

𝑁2 ,𝑁𝑟1
O𝑇

𝑁1 ,𝑁𝑟2
U𝑇

2

)

(

I𝑁1
A12

O𝑁2 ,𝑁1
I𝑁2

)(

U1 O𝑁1 ,𝑁𝑟2
O𝑁2 ,𝑁𝑟1

U2

)

=
(

I𝑁𝑟1
U𝑇

1A12U2
)

=
(

I𝑁𝑟1
Ã12

)

.

3

O𝑁𝑟2 ,𝑁𝑟1
I𝑁𝑟2

O𝑁𝑟2 ,𝑁𝑟1
I𝑁𝑟2
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Table 1
Comparison of the sparsity index for between the FOM, POD and POBD systems.

FOM

Non-zero elements ≈ 𝑁1 +𝑁2 +𝑁1𝑁2

Total elements (𝑁1 +𝑁2)2

Sparsity index ≈
𝑁1(𝑁1 − 1) +𝑁2(𝑁2 − 1) +𝑁1𝑁2

(𝑁1 +𝑁2)2

POD POBD

Non-zero elements ≈ 𝑁2
𝑟 ≈ 𝑁𝑟1 +𝑁𝑟2 +𝑁𝑟1𝑁𝑟2

Total elements 𝑁2
𝑟 (𝑁𝑟1 +𝑁𝑟2)2

Sparsity index ≈ 0 ≈
𝑁𝑟1(𝑁𝑟1 − 1) +𝑁𝑟2(𝑁𝑟2 − 1) +𝑁𝑟1𝑁𝑟2

(𝑁𝑟1 +𝑁𝑟2)2

We remark that we keep the original structure for our reduced system. We name this method the Proper Orthogonal Block
Decomposition (POBD).

In order to measure the good behavior of this method, taking into account just the number of equations of the reduced system
ould be not enough, as we could also need to retain some information about the structure of the original matrix. Bearing that in
ind, we propose a new index, that we name the sparsity index, defined as the quotient between the number of zero entries and

he number of total elements of the matrix of a system of differential equations. Table 1 shows the comparison between the sparsity
ndex of the FOM, POD and POBD systems for the academic test case (1). We can easily check that, for this test case, the sparsity
ndex of the POBD systems is much more in concordance with the one of the FOM system, while the sparsity index of the POD
ystem is close to zero.

For the original POD method, we are able to obtain an error bound depending on the values of the neglected eigenvalues, see
roposition 2.1. In our case, we are able to obtain a similar error bound applying similar techniques.

roposition 2.2. Let U be an orthonormal matrix built as in (3) for a dynamical system with 𝑁𝑏 ≥ 2 blocks. Then, the next error bound
holds

𝑛𝑠
∑

𝑖=1
‖𝒘𝑖 −U𝑇U𝒘𝑖‖

2
2 =

𝑁𝑏
∑

𝑗=1

𝑟𝑗
∑

𝑖=𝑁𝑟𝑗 +1
(𝜎(𝑗)𝑖 )2.

Proof. This proof is an adaptation of the proof of Proposition 2.1 in [41] to our case. We detail it for 𝑁𝑏 = 2.
For a matrix, A ∈ R𝑁×𝑛𝑠 we have ‖A‖

2
𝐹 =

∑𝑛𝑠
𝑖=1 ‖𝒂𝑖‖

2
2, where 𝒂𝑖 denotes the 𝑖th column of A. Thus, in our case we can write

𝑛𝑠
∑

𝑖=1
‖𝒘𝑖 −UU𝑇𝒘𝑖‖

2
2 = ‖S −UU𝑇 S‖2𝐹 . (4)

Now, as

S =
(

S1
S2

)

=
(

S1
O𝑁2 ,𝑛𝑠

)

+
(

O𝑁1 ,𝑛𝑠
S2

)

,

nd

UU𝑇 S =

(

U1U
𝑇
1 S1

U2U
𝑇
2 S2

)

=
(

U1U
𝑇
1 S1

O𝑁2 ,𝑛𝑠

)

+

(

O𝑁1 ,𝑛𝑠
U2U

𝑇
2 S2

)

,

long with the facts that ‖𝑆‖𝐹 = ‖𝑆𝑇
‖𝐹 and ‖(𝐴|𝐵)‖2𝐹 = ‖𝐴‖2𝐹 + ‖𝐵‖2𝐹 , we can decompose the last term of (4) as

‖S −UU𝑇 S‖2𝐹 = ‖S1 −U1U
𝑇
1 S1‖

2
𝐹 + ‖S2 −U2U

𝑇
2 S2‖

2
𝐹 . (5)

Finally, applying Proposition 2.1 to each term, we obtain the desired result.

We can remark that this procedure is suitable for any number of blocks and that when considering just 1 block, we recover the
classic POD method.

Remark 2.1. We remark that despite the similarities between the error bounds of Propositions 2.1 and 2.2, for a number of blocks
𝑁𝑏 ≥ 2 the latter might not be the optimal for reducing onto a subspace of dimension ∑𝑁𝑏

𝑗=1 𝑁𝑟𝑗 .

2.2. Automatic proper orthogonal block decomposition

In problems with 𝑁𝑏 large, there could be blocks of variables that could be studied as a whole block, allowing us to improve the
4

rror estimation presented in Proposition 2.2, as we would need to deal with a lesser number of blocks. In this section, we propose
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a procedure to identify those blocks that could be merged into a larger block by means of a collinearity analysis of the snapshots.
We would name this method Automatic Proper Orthogonal Block Decomposition (APOBD). The procedure of the selection of blocks is
ummarized in the following. We have illustrated the steps with the academic example of the previous Eq. (1),

1. The first step is to compute the correlation matrix of the snapshots C ∈ R𝑁×𝑁 . This could also be seen as the first step for
the POD, as the singular values of a matrix are the square root of the eigenvalues of the respective correlation matrix,

C = SS𝑇 =
(

S1
S2

)

(

S𝑇1 S𝑇2
)

=

(

S1S
𝑇
1 S1S

𝑇
2

S2S
𝑇
1 S2S

𝑇
2

)

=

(

C11 C12

C𝑇
12 C22

)

. (6)

2. Then, we compute the mean correlation of each block with itself and the others, so we end up with a symmetric matrix of
dimension equal to the number of blocks. In order to check if the a priori blocks were well located, we can check that the
elements of the diagonal of this matrix are close to 1.

L =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

∑𝑁1
𝑖,𝑗=1(C11)𝑖𝑗

𝑁2
1

∑𝑁1
𝑖=1

∑𝑁2
𝑗=1(C12)𝑖𝑗

𝑁1𝑁2
∑𝑁1

𝑖=1
∑𝑁2

𝑗=1(C12)𝑖𝑗
𝑁1𝑁2

∑𝑁2
𝑖,𝑗=1(C22)𝑖𝑗

𝑁2
2

⎞

⎟

⎟

⎟

⎟

⎟

⎠

=
(

𝑙11 𝑙12
𝑙12 𝑙22

)

, with 𝑙𝑖𝑖 ≈ 1. (7)

3. As the third step, for each pair of different blocks (𝑖, 𝑗), we compute the collinearity 𝑐𝑙𝑖𝑗 , that is, the determinant of the 2 × 2
submatrix of the matrix L of the previous step (7) corresponding to the blocks studied,

𝑐𝑙𝑖𝑗 = det
(

𝑙𝑖𝑖 𝑙𝑖𝑗
𝑙𝑖𝑗 𝑙𝑗𝑗

)

. (8)

If this value is lower than a certain fixed tolerance, we can consider the two blocks as a unique block. At most, we would
need to compute 𝑁𝑏(𝑁𝑏 − 1)∕2 coefficients as 𝑐𝑙𝑖𝑖 = 0 and 𝑐𝑙𝑖𝑗 = 𝑐𝑙𝑗𝑖.

. Test cases

This section is devoted to the validation and numerical study of all the aforementioned methods, POD, POBD and APOBD.
e will apply these reduction techniques to problems arising from the mathematical modeling of biological phenomena exhibited

n cells or neurons: Intracellular Calcium Concentration model [31,42], Hindmarsh–Rose model [33–36] and pancreatic 𝛽-cells
odels [37,38,40,43]. We will work with network models with a high number of coupled oscillators, and we will compare the

eduction techniques by means of some classical indicators, such as speed-up and number of reduced equations, and also through
he sparsity index, an indicator of the reproduction of the structure of the original problems based on the sparsity of the reduced
atrices associated to each reduced model.

.1. Intracellular calcium concentration network model

In this section, we test the aforementioned methods on the Intracellular Calcium Concentration model studied in [31,42]. In
ealistic problems, we have more than the two cells originally considered in those works. We consider here the case where we have
∈ N different cells and symmetric coupling. We can model the system with 𝑁 coupled oscillators as

𝑂𝑖

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑥̇𝑖 = 𝜏(−𝑦𝑖 + 𝑓 (𝑥𝑖) − 𝜙𝑓 (𝑧𝑖)),

𝑦̇𝑖 = 𝜏𝜀𝑘𝑖(𝑎0𝑥𝑖 + 𝑎1𝑦𝑖 + 𝑎2 +
1

𝑁∕2

𝑁
∑

𝑗=1
𝑐𝑖𝑗 (𝑥𝑖 − 𝑥𝑗 )),

𝑧̇𝑖 = 𝜏𝜀
(

𝜙𝑟(𝑥𝑖) −
𝑧𝑖 − 𝑧𝑏
𝜏𝑧

)

,

(9)

where 𝑖 = 1, 2,… , 𝑁 , 𝑂𝑖 denotes the 𝑖th oscillator formed by (𝑥𝑖, 𝑦𝑖, 𝑧𝑖) and 𝑐𝑖𝑗 ∈ [−1, 1] with 𝑐𝑖𝑗 = 𝑐𝑗𝑖 and

𝜙𝑓 (𝑧) =
𝜇𝑧

𝑧 + 𝑧0
, 𝜙𝑟(𝑥) =

𝜆
1 + exp(−𝜌(𝑥 − 𝑥𝑜𝑛))

. (10)

In the following section, for parameters that are fixed among the simulations, we have kept the values used in [31,42]. Therefore,
we consider 𝑓 (𝑥) = −𝑥3 + 4𝑥 and

𝑎1 = −0.1, 𝑎2 = 0.8, 𝜀 = 0.06, 𝜏 = 37, 𝜇 = 2.4, 𝑧0 = 5,
𝑧𝑏 = 1, 𝜏𝑧 = 2, 𝑥𝑜𝑛 = −0.45, 𝜆 = 1.75, 𝜌 = 4.5.

(11)

Thus, 𝑥 would be the fast variable and 𝑦, 𝑧 the slow ones. In a first approach, we consider the cells separated following a modular
etwork structure with two clusters, namely, first cluster, are the cells with indexes 𝑖 = 1,… , 𝑁−, and second cluster, the cells with
ndexes 𝑖 = 𝑁− + 1,… , 𝑁 . This choice is based on the motoneurons network properties studied in the zebrafish embryo in [44],
nd has been considered previously in [31]. We set 𝑁− = ⌊𝑁∕2⌋, that is, the greatest integer lower than or equal to 𝑁∕2, and
5

𝑁+ = ⌈𝑁∕2⌉, that is, the lowest integer greater than or equal to 𝑁∕2.
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3.1.1. A priori study
In this section, we build the algebraic form of the original network problem (9). We denote 𝒘 = (𝑥1,… , 𝑥𝑁 , 𝑦1,… , 𝑦𝑁 , 𝑧1,… , 𝑧𝑁 ),

nd we can write problem (9) as

𝒘̇ = 𝑓 (𝒘, 𝜸), with 𝒘(0) = 𝒘0, (12)

here 𝜸 = (𝑐𝛼 , 𝑐𝛽 ,𝒌), with 𝑘𝑖 the heterogeneity parameters, and 𝑐𝛼 , 𝑐𝛽 the intra-cluster and inter-cluster coupling, respectively.
We note that we have changed the order of the variables in order to help the reader to understand the relationship between

hem, and that it has no consequences in the following study. First, for the sake of clarity, we introduce some notations.

otation 3.1.
We denote by 𝟎𝑁 the null column vector with 𝑁 components, 𝟏 the column vector with 𝑁 components, and all its components 1 and 𝒌

the column vector whose entries are the heterogeneity parameters. On the other hand, I𝑁 is the identity matrix of order 𝑁 , O𝑁 is the null
matrix of order 𝑁 and K = diag(𝒌) is a diagonal matrix whose entries are the heterogeneity parameters.

Also, we define the following parameters,

𝛴𝑖 =
{

(𝑁− − 1)𝑐𝛼 +𝑁+𝑐𝛽 , for 𝑖 = 1,… , 𝑁−,
(𝑁+ − 1)𝑐𝛼 +𝑁−𝑐𝛽 , for 𝑖 = 𝑁− + 1,… , 𝑁.

Note that, when 𝑁 is even, 𝛴𝑖 = 𝛴 = (𝑁∕2 − 1)𝑐𝛼 +𝑁𝑐𝛽∕2,∀𝑖 = 1,… , 𝑁 .
Finally, we consider,

M(𝑐𝛼 , 𝑐𝛽 ) =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝛴1 −𝑐𝛼 … −𝑐𝛼 −𝑐𝛽 … … −𝑐𝛽
−𝑐𝛼 ⋱ ⋱ ⋮ ⋮ ⋮
⋮ ⋱ ⋱ −𝑐𝛼 ⋮ ⋮

−𝑐𝛼 … −𝑐𝛼 𝛴𝑁−
−𝑐𝛽 … … −𝑐𝛽

−𝑐𝛽 … … −𝑐𝛽 𝛴𝑁−+1 −𝑐𝛼 … −𝑐𝛼
⋮ ⋮ −𝑐𝛼 ⋱ ⋱ ⋮
⋮ ⋮ ⋮ ⋱ ⋱ −𝑐𝛼

−𝑐𝛽 … … −𝑐𝛽 −𝑐𝛼 … −𝑐𝛼 𝛴𝑁

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

Thus, top left submatrix is 𝑁− ×𝑁−, top right is 𝑁− ×𝑁+, bottom left is 𝑁+ ×𝑁−, and bottom right is 𝑁+ ×𝑁+. We remark here that the
matrix M(𝑐𝛼 , 𝑐𝛽 ) admits an affine decomposition depending on 𝑐𝛼 , 𝑐𝛽 and 𝛴𝑖.

Injecting the previous notation in Eq. (12), we can rewrite system (9) as

𝒘̇ = 𝜏((A𝑛𝑝 +A𝑝(𝒌) +B(𝑐𝛼 , 𝑐𝛽 ,𝒌))𝒘 + 𝒃𝑛𝑝 + 𝒃𝑝(𝒌) + 𝒃𝑛𝑙(𝒘)), (13)

where A𝑛𝑝 and 𝒃𝑛𝑝 represent the non-parametric part, A𝑝(𝒌) and 𝒃𝑝(𝒌) the parametric part depending on the heterogeneity
parameters, B(𝑐𝛼 , 𝑐𝛽 ) is the parametric part relative to the coupling and 𝒃𝑛𝑙(𝒘) denotes the nonlinear part of system (9). They can
be expressed as follows

A𝑛𝑝 =
⎛

⎜

⎜

⎝

4I𝑁 −I𝑁 O𝑁
O𝑁 O𝑁 O𝑁
O𝑁 O𝑁 −𝜀∕𝜏𝑧I𝑁

⎞

⎟

⎟

⎠

, A𝑝(𝒌) = 𝜀
⎛

⎜

⎜

⎝

O𝑁 O𝑁 O𝑁
𝑎0K 𝑎1K O𝑁
O𝑁 O𝑁 O𝑁

⎞

⎟

⎟

⎠

,

B(𝑐𝛼 , 𝑐𝛽 ) =
𝜀

𝑁∕2

⎛

⎜

⎜

⎝

O𝑁 O𝑁 O𝑁
KM(𝑐𝛼 , 𝑐𝛽 ) O𝑁 O𝑁
O𝑁 O𝑁 O𝑁

⎞

⎟

⎟

⎠

,

𝒃𝑛𝑝 =
𝜀𝑧𝑏
𝜏𝑧

⎛

⎜

⎜

⎝

𝟎𝑁
𝟎𝑁
𝟏𝑁

⎞

⎟

⎟

⎠

, 𝒃𝑝(𝒌) = 𝜀
⎛

⎜

⎜

⎝

𝟎𝑁
𝑎2𝒌
𝟎𝑁

⎞

⎟

⎟

⎠

, 𝒃𝑛𝑙(𝒘) =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

−𝑥31 − 𝜙𝑓 (𝑧1)
⋮

−𝑥3𝑁 − 𝜙𝑓 (𝑧𝑁 )
𝟎𝑁

𝜀𝜙𝑟(𝑥1)
⋮

𝜀𝜙𝑟(𝑥𝑁 )

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

.

With a first look into the model, we can easily see that system (13) depends on many parameters. In the following study,
e set random heterogeneity parameters 𝑘𝑖 ∈ [1, 1.5] following a truncated normal distribution  (1.25, 0.25), fixed for all the

imulations, and fix 𝑐𝛼 = 1, that is, we consider that the cells within each cluster are coupled in an excitatory fashion. Therefore,
e perform our reduction with respect to the inter-cluster coupling parameter 𝑐𝛽 , that is, the coupling between cells of different

lusters. This selection is made to be in concordance with previous works [31], and to avoid chaos and bizarre behaviors. As a
atter of fact, chaotic behaviors are tremendously sensitive to perturbations. Consequently, a test case for any reduction process

iming at accelerating the simulations cannot be successful in the presence of chaos. Nevertheless, we comment this case and show
orresponding simulations in Appendix A.1.

Before proceeding to the computational study, we need to set which behaviors we are trying to model, along with its range on
6

he parameter 𝑐𝛽 and also the number of blocks for the POBD. We will focus on three main behaviors:
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Fig. 1. Representation of the different behaviors to study. In blue, the cells belonging to the first cluster and in red, the cells belonging to the second cluster.
We only represent 𝑥 and 𝑧, for the sake of clarity.

1. Almost-in-Phase synchronization (AiP). For 𝑐𝛽 ∈ [0.1, 1].
In this range of the parameter, each cell reaches asymptotically an orbit similar to the cycle existing for the relaxation
oscillation of the uncoupled case without Mixed Mode Oscillations (MMOs). All the 3D oscillators are synchronized with
a small phase-shift or change of frequency depending on its heterogeneity parameter. This behavior is shown in Fig. 1(a).

2. Antiphase Synchronization (AS). For 𝑐𝛽 ∈ [−0.45,−0.05].
In this range of the parameter, each cell within each cluster reach asymptotically the same orbit, and the phase-shift between
the clusters is close to half the period with a small phase-shift or change of frequency depending on its heterogeneity
parameter. This behavior is shown in Fig. 1(b).

3. Total Oscillation Death (TOD). For 𝑐𝛽 ∈ [−1,−0.55].
In this range of the parameter, each cell within each cluster reaches asymptotically a stable equilibrium. This behavior is
shown in Fig. 1(c).

As we have two clusters with three types of variables we will perform the POBD with 3 and 6 blocks, the first POBD will
have one block per variable (𝒙, 𝒚, 𝒛), and we will name it POBD3, and the second POBD will have one block per cluster variable
(𝒙𝐼 ,𝒙𝐼𝐼 , 𝒚𝐼 , 𝒚𝐼𝐼 , 𝒛𝐼 , 𝒛𝐼𝐼 ), where subindex 𝐼 denotes the variables relatives to the first cluster and subindex 𝐼𝐼 denotes the variables
relatives to the second cluster. We will name this method POBD6. As APOBD groups the blocks automatically, we start with the
maximum number of possible blocks, in our case 6, one per cluster and variable.

3.1.2. Numerical results
In this section, we will perform various numerical tests for different number of cells, namely, 𝑁 = 200, 500, 1000, 2000.
In every test case, we will let the original system (13) compute from 𝑇 = 0 to 𝑇 = 50 via a fourth order Runge–Kutta solver with

fixed time step of ℎ = 10−3. We perform every method with the data from 𝑇 = 35 to 𝑇 = 50 as we need that the system is almost at
an asymptotic behavior.

In the construction of reduced systems, the tolerance criteria for the collinearity analysis in the APOBD method is set at 0.2,
that give us two blocks in AiP behavior, one for the fast variables (𝒙) and another one for the slow ones (𝒚, 𝒛), four blocks in AS
behavior, (𝒙𝐼 ), (𝒙𝐼𝐼 ), (𝒚𝐼 , 𝒛𝐼 ) and (𝒚𝐼𝐼 , 𝒛𝐼𝐼 ), that is, one block per timescale and cluster and just one block for TOD behavior, that
is, all the variables mixed together.

The tolerance criteria of the selection of the reduced dimension in POD methods is set to 10−9 for AiP behavior and 10−6 for AS
and TOD behaviors. Nonlinear terms of (13) are addressed through the Empirical Interpolation Method [45,46] (from now on, EIM)
with a tolerance of 10−6. This is a technique that allows us to compute the nonlinearities of the system as a linear combination of
some basis.

In the following, we compare the number of equations, the sparsity of the reduced model via the sparsity index, and the
computational time spent to solve the reduced system from 𝑇 = 50 to 𝑇 = 70, via the speed-ups, defined as the quotient between
the computational time of the original system (13) and the computational time of the reduced system.

The objectives of this test case are the following: First, to validate the new proposed methods. In order to do so, we compare
all the methods with 𝑁 = 200 cells in the three behaviors mentioned above. Then, in order to compare in more detail the methods,
we will test them with a more large amount of cells, that is, 𝑁 = 500, 1000, 2000 for AiP and AS behaviors, as the TOD behavior
has not a major interest, as it reproduces the system in a steady state and the reduction is straightforward. In Table 2, we show the
simulation data of the original system (13) for every test case.

Validation of the methods for 𝑁 = 200
The results of the reductions are summarized in Table 3. We see that for this test, POD performs better in terms of speed-up just

for AiP behavior, but in terms of sparsity POBD6 provides the best index in the three cases, that is, the best separation of variables.
We see that both POBD3 and APOBD provide a well trade-off between sparsity and speed-up. For AS behavior, POBD6 and APOBD
7
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Table 2
Data for system (13) for different test cases.
Test case 𝑁 = 200 𝑁 = 500 𝑁 = 1000 𝑁 = 2000

Number of equations 600 1500 3000 6000
Sparsity index 0.8867 0.8880 0.8884 0.8887
CPU time ≈6.2 s ≈14 s ≈126 s ≈475 s

Table 3
Comparison of the data for the reduced system for the original system (13) with 𝑁 = 200. Notation a+...+c indicates the number
of equations in each block. In bold fashion, the best results for each behavior.
Behavior Method POD POBD3 POBD6 APOBD

Number of equations 33 26+12+10 21+23+10+11+8+9 26+16
AiP Sparsity index 0 0.6510 0.7518 0.3685

Speed-up 6.04 4.20 2.70 4.24
Error (⋅10−3) 5.06 4.46 6.95 4.35

Number of equations 57 53+14+8 27+26+7+7+4+4 27+26+9+8
AS Sparsity index 0 0.6874 0.7739 0.6937

Speed-up 2.02 1.67 2.20 2.17
Error (⋅10−3) 3.59 7.80 6.24 6.98

Number of equations 1 1+1+1 1+1+1+1+1+1 1
TOD Sparsity index 0 0.4444 0.6667 0

Speed-up 34 15.32 9.29 40.06
Error (⋅10−4) 3.09 0.40 0.21 3.09

Table 4
Comparison of the number of equations of the reduced systems for the original system (13) in
AiP behavior.
Number of cells POD POBD3 POBD6 APOBD

500 36 29+14+11 25+27+12+13+10+11 29+18
1000 39 32+14+12 28+31+12+14+10+12 32+18
2000 42 36+15+12 35+34+15+14+12+11 36+18

are the methods that provide the best speed-ups and sparsity indexes. For TOD behavior, APOBD provides the best speed-up, while
POBD6 provides the best separation of variables and error.

For illustration purposes, in Fig. 2 we show the first 3 basis obtained for each method and each block in AS behavior. Note that
he basis for POD (Fig. 2(a)) and POBD3 (Fig. 2(b)) are much more erratic, and we cannot identify neither the separation between
ariables nor clusters, while for POBD6 (Fig. 2(c)) and APOBD (Fig. 2(d)) this separation is clearer, due to the higher sparsity
ndex. This means that, we could not need to go back to the full-dimensional space to analyze the data, allowing us to save more
omputational time.

At this point, we can affirm that this validation test is finished successfully. The reduced methods proposed are able to reproduce
he solution of the original problem while performing a reduction in computational times. It should be noted that while all the
ethods are comparable in terms of sparsity and error, the novel methods also provide us with a new feature, the perseverance of

he structure of the original system. Now, we are able to continue our study. In next sections, we will focus just on the AiP and
S behaviors. As mentioned in the previous, the TOD behavior is not of significant interest as it simply replicates the system in a
teady state, and the reduction process is straightforward.

Comparison for larger number of cells in AiP behavior
In this section, we study in detail the reduction in the AiP behavior of system (13) for larger numbers of cells, 𝑁 = 500, 1000, 2000.
The results are summarized in Table 4, which shows the number of variables of each cell number case, and Figs. 3(a)–3(c), which

epresent the evolution of sparsity, speed-up and error, respectively. From Table 4, we can see that APOBD minimizes the number
f equations with respect to the POBD methods, while maintaining the structure of the system.

The best method in terms of sparsity is POBD6 in every case, see Fig. 3(a), however, a better sparsity index does not imply a
etter speed-up, as it is also the worst method in terms of speed-up, see Fig. 3(b). It seems that the best method in terms of the
radeoff between sparsity and speed-up is APOBD. We can observe that the relative errors are comparable, as they have the same
rder, see Fig. 3(c).
Comparison for larger number of cells in AS behavior

In this section, we study in detail the reduction in the AS behavior of system (13) for larger numbers of cells, 𝑁 = 500, 1000, 2000.
The results are summarized in Table 5, which shows the number of variables of each cell number case, and Figs. 4(a)–4(c), which

epresent the evolution of sparsity, speed-up and error, respectively. From Table 5, we can see again that APOBD minimizes the
umber of equations with respect to the POBD methods, while maintaining the structure of the system.

The best method in terms of sparsity is POBD6 in every case, see Fig. 4(a), however, a better sparsity index does not imply
8

better speed-up, as it is not the best method in terms of speed-up, see Fig. 4(b). We can see that methods POBD3 and APOBD
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Fig. 2. Comparison of the basis for each method. In all the cases, the first basis is in blue continuous fashion, the second in red dash-dotted fashion and the
third basis in yellow dashed fashion. (a) POD. (b) POBD3. (c) POBD6. (d) APOBD.

Fig. 3. Comparisons of the results for each method in AiP behavior of system (13).

provide a similar sparsity index, but APOBD is much better in terms of speed-up. Again, it seems that the best method in terms of
the tradeoff between sparsity and speed-up is APOBD. Again, the relative errors are comparable between the methods, see Fig. 4(c).

It is clear that our proposed method APOBD gives the best results in terms of the trade-off between model reduction, saving of
computational time and explainability of the reduced variables, as it needs a number of equations that is very low in comparison
9
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Table 5
Comparison of the number of equations of the reduced systems for the original system (13) in
AS behavior.
Number of cells POD POBD3 POBD6 APOBD

500 66 61+16+ 9 31+30+ 8+ 8+ 5+ 4 31+30+10+ 9
1000 71 68+26+ 8 33+35+ 8+ 8+ 4+ 5 33+35+ 9+10
2000 75 72+16+ 8 36+37+ 8+ 8+ 5+ 4 36+37+10+10

Fig. 4. Comparisons of the results for each method in AS behavior of system (13).

with the original system, and the computational times reductions and errors are competitive for all the behaviors studied. We can
also note that APOBD performs better the larger the number of equations of the original problem are. Furthermore, it also gives us
a new feature, explainability of the reduced variables, that could also help the post-analysis of the results as we do not need to go
back to the full-dimensional space.

3.2. Hindmarsh-Rose network model

In this section, we will consider another type of single-cell dynamics used for building a network model. The Hindmarsh–Rose
model formalizes the dynamics of neuronal activity in a single neuron and was initially introduced in [36]. We quickly describe
how it is built. The model involves three state variables: the membrane potential 𝑥, a recovery variable 𝑦 controlling the neuron
ability to recover from depolarization and a gating variable 𝑧 regulating the dynamics of the neuron’s spiking activity. The membrane
potential is mainly driven by a nonlinear voltage-dependent conductance term that captures the neuron’s response to input currents:
a cubic polynomial function introduces bistability and the potential for oscillations. Recovery and gating variables are driven by
linear intrinsic terms. Additionally, the coupling term of 𝑦 upon 𝑥-dynamics is linear and influences the excitability by modulating
the rate at which the recovery variable affects the membrane potential: an increase in the recovery variable 𝑦 leads to an increase
in the membrane potential 𝑥, enhancing the excitability of the neuron. The coupling term of the gating variable onto the potential
dynamics is also linear, but inhibitory. Feedback loops are introduced by an excitatory (resp. inhibitory) coupling from the membrane
potential onto the recovery variable dynamics (resp. gating variable). Several types of feedback terms have been considered in
modified versions of Hindmarsh–Rose model (see, for instance, [8,47,48]): in the following, we consider a quadratic term for the
feedback of 𝑥 upon 𝑦, ensuring that the feedback is always inhibitory, and a linear one upon 𝑧. Moreover, in its slow–fast version, one
currently considers the gating variable dynamics to be slow compared to the membrane potential and recovery variable dynamics,
which is materialized by parameter 𝜀, assumed to be small and positive, in the 𝑧-dynamics.

The Hindmarsh–Rose model exhibits a wide range of dynamical behaviors depending on the parameter values and therefore is
able to capture a wide panel of neuronal activity features, e.g. sustained oscillations (or regular spiking), various types of bursting
oscillations, chaotic oscillations, etc. In the following, we will focus on two dynamical behaviors of the single-cell dynamics: sustained
oscillations and plateau-like bursting that will be further described.

We will test the POD and the APOBD on the following network of Hindmarsh–Rose Network system that has been introduced
and studied in [33–35]:

𝑂𝑖

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑥̇𝑖 = 𝑙(𝑥𝑖) + 𝑦𝑖 − 𝑧𝑖 + 𝐼 + 1
𝑁 − 1

𝑁
∑

𝑖=1
𝑐𝑖𝑗 (𝑥𝑗 − 𝑥𝑖),

𝑦̇𝑖 = 𝑐 + 𝑚(𝑥𝑖) − 𝑦𝑖,
𝑧̇𝑖 = 𝜀(𝑘𝑖(𝑥𝑖 − 𝑥0) − 𝑧𝑖),

(14)

here 𝑖 = 1, 2,… , 𝑁 , 𝑂𝑖 denotes the 𝑖th oscillator formed by (𝑥𝑖, 𝑦𝑖, 𝑧𝑖), 𝑙(𝑥) = −𝑎𝑥3 + 𝑏𝑥2 and 𝑚(𝑥) = −𝑑𝑥2. In the following,
represents the membrane potential and 𝑦 and 𝑧 take into account the transport of ions across the membrane through the ion
10

hannels. The timescale separation parameter 𝜀 fulfills 0 < 𝜀 ≪ 1, parameters 𝑘𝑖 > 0 has been introduced so that the outputs fit
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a
b

realistic biological evolution patterns and parameter 𝐼 stands for the external exciting current. Finally, 𝑎, 𝑏, 𝑐 and 𝑑 are positive
parameters, and 𝑥0 < 0.

In this test, we consider a normalized version of the coupling, with 𝑐𝑖𝑗 = 1,∀𝑖 ≠ 𝑗, and 𝑐𝑖𝑖 = 0. We also add some heterogeneity
in the slow equation via 𝑘𝑖 ∈ [3.9, 4.1] following a uniform distribution.

3.2.1. A priori study
Note that, if we consider D = (𝑑𝑖𝑗 ), with

𝑑𝑖𝑗 =
1

𝑁 − 1

(

𝛿𝑖𝑗
𝑁
∑

𝑠=1
𝑐𝑠𝑗 − 𝑐𝑖𝑗

)

,

where 𝛿𝑖𝑗 is the Kronecker delta, the first equation can be rewritten as

𝑥̇𝑖 = 𝑙(𝑥𝑖) + 𝑦𝑖 − 𝑧𝑖 + 𝐼 +
𝑁
∑

𝑗=1
𝑑𝑖𝑗𝑥𝑗 .

This allows us to rewrite the system in vector notation

𝒘 = A𝒘 + 𝒃 + 𝒃𝑛𝑙(𝒘), (15)

where

A =
⎛

⎜

⎜

⎝

D I𝑁 −I𝑁
O𝑁 −I𝑁 O𝑁
𝜀K O𝑁 −𝜀I𝑁

⎞

⎟

⎟

⎠

, 𝒃 =
⎛

⎜

⎜

⎝

𝐼𝟏𝑁
𝑐𝟏𝑁

−𝜀𝑥0𝒌

⎞

⎟

⎟

⎠

, 𝒃𝑛𝑙(𝒘) =
⎛

⎜

⎜

⎝

𝒍(𝒙)
𝒎(𝒙)
𝟎𝑁

⎞

⎟

⎟

⎠

.

Before the computational study, as we did in the previous test case, we need to set which behavior we are trying to model,
long with its parameters values and also the number of initial blocks for the APOBD. In this case, we will focus on two different
ehaviors:

1. Sustained Oscillation (SO).
This behavior was considered in [34]. It is obtained for parameters with classical values 𝑎 = 1, 𝑏 = 3, 𝑐 = 1 and 𝑑 = 5. The
separation between timescales is set to 𝜀 = 10−3 and the external exciting current is set to 𝐼 = 5.
For this selection of the parameters, each cell is spiking with no quiescent phase, and all 3D oscillators are strongly
synchronized with a slight phase shift. This behavior is shown in Fig. 5(a).

2. Plateau-like Bursting (PB).
This behavior was studied in [33]. It is obtained for parameter values 𝑎 = 1, 𝑏 = 2.52, 𝑐 = 1 and 𝑑 = 5. The separation between
timescales is set to 𝜀 = 10−2 and the external exciting current is set to 𝐼 = 4.
Plateau-like bursting is characterized by repeated cycles of spiking followed by a prolonged depolarized state known as
plateau. During the bursting phase, the membrane potential 𝑥 gradually increases due to the inward current, leading to
depolarization and spike trigger. However, under the impact of the recovery variable 𝑦, the neuron does not immediately
return to its resting state. Instead, 𝑦 inhibits the repolarization process, prolonging the depolarized state and leading to
the characteristic plateau. This is achieved through the negative feedback mechanism, where an increase in the membrane
potential promotes the recovery variable, which in turn inhibits the repolarization process. Once the gating variable gradually
decreases or reaches a critical value, it counterbalances the impact of the recovery variable. As a result, the membrane
potential rapidly returns to its resting state, initiating the next cycle of bursting.
The dynamical mechanism underlying this feature can be roughly explained (see [48,49] for more details) using slow–fast
approximation. The critical manifold is an S-shaped curve, and its two folds correspond to saddle–node bifurcations of the
fast dynamics (𝑥, 𝑦): the one corresponding to the lowest value of 𝑧 is responsible for the burst trigger after the plateau.
On the opposite branch of the critical manifold, the singular point of the fast dynamics undergoes a Hopf bifurcation (for
low value of 𝑧), which gives birth to a stable limit cycle persisting for higher 𝑧 values, and eventually disappears through
a homoclinic bifurcation. The second saddle–node bifurcation appears for a higher value of 𝑧. Hence, an orbit generating
Plateau-like Bursting alternatively follows the attractive branch of the critical manifold and the family of fast limit cycles.
The transition from spiking regime to quiescence phase results from the homoclinic connection, i.e., the disappearance of all
attractive invariant for higher value of 𝑧 except the attractive singular point associated with the lowest 𝑥 value.
We have deliberately chosen the parameter values mentioned above for obtaining a homoclinic bifurcation close to the higher
saddle–node bifurcation. In that case, we obtain synchronization/desynchronization between cells in the network model. More
precisely, all the cells starts their spiking regime at the same time, gradually desynchronize their spikes during the spiking
regime, and resynchronize during the quiescence phase. Such behavior is therefore sufficiently non-trivial for testing the POD
and APOBD methods.
11
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Fig. 5. Representation of the different behaviors to study of system (14).

Table 6
Simulation data for system (15).
Test case 𝑁 = 100 𝑁 = 500 𝑁 = 1000

Number of equations 300 1500 3000
Sparsity index 0.8833 0.8878 0.8883
CPU time ≈5.5 s ≈100 s ≈415 s

Table 7
Comparison of the number of equations of the
reduced systems for the original system (15) in
SO behavior.
Number of cells POD APOBD

100 15 7+7+3
500 15 7+7+3
1000 16 7+7+3

3.2.2. Numerical results
In the following study, we will consider various instances for the number of cells 𝑁 = 100, 500, 1000. In every test case, we will let

the original system (15) compute from 𝑇 = 0 to 𝑇 = 400 via a fourth order Runge–Kutta solver with fixed time step of ℎ = 10−2. And
we perform both reduction methods with the data from 𝑇 = 200 to 𝑇 = 400 as we need that the system is almost at an asymptotic
behavior. This will be enough to capture the main behavior of the system, as shown in Fig. 5.

In the construction of reduced systems, the tolerance criteria for the collinearity analysis in the APOBD method is set at 0.2, that
gives us three blocks for the SO and PB behaviors. The tolerance criteria of the selection of the reduced dimension in POD methods
is set to 10−12 for every behavior. Again, nonlinear parts of (15) are addressed by means of the EIM [45,46], now with a tolerance
of 10−12.

Table 6 summarizes the simulation data of the original system (15) for both test cases.
As done for the previous tests, we compare the number of equations, the sparsity index, and the speed-ups, from 𝑇 = 400 to

𝑇 = 1000, for the original model and the reduced ones. Furthermore, as an additional way to compare the reduced solutions with
the original one, we compute the following a-posteriori error estimator,

𝛥𝑗 = max
𝑖

min
𝑘

|𝑡(𝑖)𝑗 − 𝑡(𝑖)𝑘 |, (16)

where 𝑡(𝑖)𝑗 is the 𝑗th time when the original model has a local maximum in the 𝑥 variable for the cell 𝑖, and 𝑡(𝑖)𝑘 is the 𝑘th time when
the reduced model has a local maximum in the 𝑥 variable for the cell 𝑖. This estimator tells us how shifted are the reduced peaks
in comparison to the original one. Next, we summarize the results obtained for each behavior.

Numerical results for SO behavior
In this section, we study in detail the reduction in the SO behavior of system (15) for 𝑁 = 100, 500, 1000.
The results are summarized in Table 7, which shows the number of variables of each cell number case, and Figs. 6(a)–6(c), which

represent the evolution of sparsity, speed-up and error, respectively. From Table 7, we can see that the reduction is stronger when
the number of original equations rises, as the number of reduced equations remains almost the same.
12
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Fig. 6. Comparisons of the results for each method in SO behavior of system (15).

Fig. 7. Comparisons of the basis for each method obtained in the sustained oscillation behavior. In all the cases, the first basis is in blue continuous fashion,
the second in red dash-dotted fashion and the third basis in yellow dashed fashion. (a) POD. (b) APOBD with 3 blocks.

Table 8
Comparison of the number of equations of the
reduced systems for the original system (15) in
PB behavior.
Number of cells POD APOBD

100 15 7+6+4
500 15 7+6+4
1000 15 7+6+4

We can see that although the speed-up is better for the POD method (see Fig. 6(b)), APOBD provides an additional order in the
elative error, Fig. 6(c).

For illustration purposes, in Fig. 7, we show the first 3 basis obtained for each method and each block in SO behavior the basis
or POD (Fig. 7(a)), where we cannot see a separation in the timescales, and APOBD (Fig. 7(b)), where this separation is clearer,
ue to the higher sparsity index.

umerical results for PB behavior
In this section, we study in detail the reduction in the PB behavior of system (15) for 𝑁 = 100, 500, 1000.
The results are summarized in Table 8, which shows the number of variables of each cell number case, and Figs. 8(a)–8(c), which

epresent the evolution of sparsity, speed-up and error, respectively. From Table 8, we can see again that the reduction is stronger
hen the number of original equations rises, as the number of reduced equations remains almost the same.

It is clear that the APOBD method provides a better speed-up in comparison with the POD for this behavior, maintaining an
rror of the same order as the one of the POD method.
13
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Fig. 8. Comparisons of the data obtained for each method in PB behavior of system (15).

Fig. 9. Comparisons of the basis for each method obtained in the PB behavior. In all the cases, the first basis is in blue continuous fashion, the second in red
dash-dotted fashion and the third basis in yellow dashed fashion. (a) POD. (b) APOBD.

For illustration purposes, we show in Fig. 9 a comparison between the first 3 basis obtained for each method and block in the
PB behavior for POD (Fig. 9(a)) and APOBD (Fig. 9(b)). In the POD case, we cannot observe a separation in the timescales, while
in the APOBD case this separation is clearer, due to the higher sparsity index.

In Fig. 10, we show the comparison of the error estimators (16) for both behaviors in the case with 𝑁 = 100, as it is similar
for 𝑁 = 500 and 𝑁 = 1000. We see that for the integrating time, APOBD and POD have a great precision in terms of reproducing
the spiking times correctly for the PB behavior as the error is at most the integrating time step ℎ, see Fig. 10(b). However, for the
SO behavior, as the time increases this precision is lost. This could be due to the transition to a qualitatively different behavior
after a stable transient, as it will be discussed in Appendix. Nevertheless, according to Fig. 10(a), APOBD performs a more accurate
approximation of the spiking times and bursting duration, which is consistent with the relative error shown in Fig. 6(c).

It seems that APOBD method performs better when there is a switch between the fast behavior and the slow transient. To test
it more in detail, we will compare it with the POD method in another model that exhibits this kind of behavior.

3.3. Fold/Hopf bursting network model

In this section, we test the POD and APOBD methods in a case of ‘‘Fold/Hopf’’ (also called ‘‘tapered’’) bursting studied,
for instance, in [38]. As reported in [38], this type of bursting has been found in models of insulin-producing pancreatic
𝛽-cells [37,39,40] and in models of some enzymatic systems [50,51].

In this type of burster, the stable equilibrium corresponding to the resting state disappears through a fold bifurcation and the
limit cycle attractor corresponding to the spiking state shrinks to a point though a supercritical Hopf bifurcation. Moreover, the
fast subsystem undergoes another bifurcation while in the excited state, a fold bifurcation corresponding to the transition from the
excited equilibrium to the resting equilibrium, closing the hysteresis loop.
14
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Fig. 10. Comparison of errors of the reduced solutions of system (14) with 𝑁 = 100, in red fashion, POD, and in blue fashion, APOBD. (a) SO. (b)PB.

The Fold/Hopf Bursting network model can be written as follows,

𝑂𝑖

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑥̇𝑖 = 𝑥𝑖 − 𝑥3𝑖 ∕3 − 𝑦𝑖 +
1

𝑁 − 1

𝑁
∑

𝑖=1
𝑐𝑖𝑗 (𝑥𝑗 − 𝑥𝑖),

𝑦̇𝑖 = 𝜀(𝑎 + 𝑥𝑖 − 𝑆(𝑦𝑖, 𝑧𝑖)),
𝑧̇𝑖 = 𝜇𝑘𝑖𝑥𝑖,

(17)

where 𝑖 = 1, 2,… , 𝑁 , 𝑂𝑖 denotes the 𝑖th oscillator formed by (𝑥𝑖, 𝑦𝑖, 𝑧𝑖), 𝑆(𝑦, 𝑧) = 𝑏∕(1 + exp((𝑧 − 𝑦)∕𝑑)), 𝑎 = 1.55, 𝑏 = 2.5, 𝑑 = 0.1,
and the timescale separation parameters are set so that the system has three timescales, 𝜀 = 0.5 and 𝜇 = 0.01. Note that, then, this
model is different from the previous ones in terms of separation timescales as is the only one featuring three timescales 1, 𝜖 and 𝜇.

In this test, we consider again a normalized version of the coupling, with 𝑐𝑖𝑗 = 1,∀𝑖 ≠ 𝑗, and 𝑐𝑖𝑖 = 0. We also add some
heterogeneity in the slow equation via 𝑘𝑖 ∈ [3.9, 4.1] following a uniform distribution.

3.3.1. A priori study
Note that, if we consider, as in the previous case, D = (𝑑𝑖𝑗 ), with

𝑑𝑖𝑗 =
1

𝑁 − 1

(

𝛿𝑖𝑗
𝑁
∑

𝑠=1
𝑐𝑠𝑗 − 𝑐𝑖𝑗

)

,

the first equation can be rewritten as

𝑥̇𝑖 = 𝑥𝑖 − 𝑥3𝑖 ∕3 − 𝑦𝑖 +
𝑁
∑

𝑗=1
𝑑𝑖𝑗𝑥𝑗 .

This allows us to rewrite the system in vector notation

𝒘 = A𝒘 + 𝒂 + 𝒃𝑛𝑙(𝒘), (18)

where

A =
⎛

⎜

⎜

⎝

I𝑁 +D −I𝑁 O𝑁
𝜀1𝑁 O𝑁 O𝑁
𝜇K O𝑁 O𝑁

⎞

⎟

⎟

⎠

, 𝒃 =
⎛

⎜

⎜

⎝

𝟎𝑁
𝜀𝑎𝟏𝑁
𝟎𝑁

⎞

⎟

⎟

⎠

, 𝒃𝑛𝑙(𝒘)

⎛

⎜

⎜

⎜

⎝

𝒙3∕3
1

1+exp (𝒛−𝒚)∕𝑑
𝟎𝑁

⎞

⎟

⎟

⎟

⎠

.

Before proceeding to do the computational study, as we did in the previous test cases, we need to set which behavior we are
trying to model and also the number of initial blocks for the APOBD, which we set to three, one per variable. In this case, we will
focus on the behavior already described:

1. Fold/Hopf Bursting (FHB). The resting state disappears through a fold bifurcation, and the spiking state disappears through
a supercritical Hopf bifurcation. Moreover, the hysteresis loop is closed through another fold bifurcation. See Fig. 11.
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Fig. 11. FHB behavior of system (18) for 𝑁 = 100 cells.

Table 9
Simulation data for system (18).
Test case 𝑁 = 100 𝑁 = 500 𝑁 = 1000

Number of equations 300 1500 3000
Sparsity index 0.8833 0.8867 0.8887
CPU time ≈4 s ≈65 s ≈280 s

Table 10
Comparison of the number of equations of the
reduced systems for the original system (18) in
FHB behavior.
Number of cells POD APOBD

100 3 2+2+2
500 3 2+2+2
1000 3 2+2+2

3.3.2. Numerical results
In the following study, we will consider various instances for the number of cells 𝑁 = 100, 500, 1000. In every test case, we will let

the original system (18) compute from 𝑇 = 0 to 𝑇 = 400 via a fourth order Runge–Kutta solver with fixed time step of ℎ = 10−2. And
we perform both reduction methods with the data from 𝑇 = 200 to 𝑇 = 400 as we need that the system is almost at an asymptotic
behavior, this will be enough to capture the main behavior of the system as shown in Fig. 11.

In the construction of reduced systems, the tolerance criteria for the collinearity analysis in the APOBD method is set at 0.2, that
gives us three blocks in the behavior of the study. The tolerance criteria of the selection of the reduced dimension in POD methods
is set to 10−6 for every behavior, and nonlinear parts of (18) are addressed by means of the EIM with a tolerance of 10−6.

Table 9 summarizes the simulation data of the original system (18) for the test case.
Now, we compare the number of equations, the sparsity index, and the speed-ups, from 𝑇 = 400 to 𝑇 = 800, for the original

model and the reduced ones. The results are summarized in Table 10, which shows the number of variables of each cell number
case, and Figs. 12(a)–12(c), which represent the evolution of sparsity, speed-up and error, respectively.

From Table 10, we can see again that the reduction is stronger when the number of original equations rises, as the number of
reduced equations remains the same.

We can again see, that although the speed-up is better for the POD method (see Fig. 12(b)), APOBD provides three additional
orders in the relative error, Fig. 12(c). So, for almost the same computational time, we obtain a much more precise approximation
of the solution of the original problem (18).

For illustration purposes, in Fig. 13 we show the first basis obtained for each method and each block in the studied behavior, in
the three basis for POD (Fig. 13(a)), where we cannot see a separation in the timescales, and in the basis for APOBD (Fig. 13(b)),
where this separation is clearer, thanks to the higher sparsity index.

4. Conclusions and perspectives

In this work, we have developed new ROM techniques based on the POD method for dynamical systems with multiple timescales.
They are able to maintain the structure of the original model, while producing a competitive speed-up. In this case, we have
16
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Fig. 12. Comparisons of the results for each method in FHB behavior of system (18).

Fig. 13. Comparisons of the basis for each method obtained in the studied behavior. In all the cases, the first basis is in blue continuous fashion, the second
in red dash-dotted fashion and the third basis in yellow dashed fashion, this one only for the POD method. (a) POD. (b) APOBD.

performed an a priori analysis of how the variables of the original model could be grouped and then apply a data-driven analysis
based on the correlation between these groups of variables in order to reduce the number of blocks to consider, while maintaining
the most part of the structure of the original problem. We have also provided an error estimator of the information missed when
performing these methods, depending on the number of considered blocks.

Furthermore, we have tested these methods for several biological neural models with multiple timescales that exhibit a rich
ariety of different qualitative behaviors. These new methods have been proven to produce an accurate approximation of the original
olution in much less computational time, and we obtain results in speed-up and error that are better, or at least, as good as, the
riginal POD procedure to build the reduced models. These new methods also provide a new feature, they keep the structure of the
riginal model, which could be useful in the sense that we can see the different timescales in the new basis of the reduced model and
his allows us to exploit the separation of the timescales. Furthermore, we have studied the evolution of the performance of these
ethods augmenting the number of cells in the original models, and they seem to perform better the more cells are considered.
e have also noticed that these new techniques seem to perform better when there are more fast variables than slow variables and
here there is a switch between the fast and slow behaviors.

Therefore, these new techniques based on the POD and a separation of variables to keep the structure of the original model are a
seful tool for numerical study of network models, as they are able to reproduce complex behaviors that these models may exhibit.

In future works, we aim to apply these new ROM techniques considering various biological parameters; we also intend to apply
hem to perform a numerical analysis of the repartition of the behaviors of the models presented, as well as to apply these new
echniques to different problems arising from other fields, like physical problems and computational fluid dynamics problems.
urthermore, we intend to study how these reductions can be performed in the transitions between different behaviors.

RediT authorship contribution statement

A. Bandera: Writing – original draft, Writing – review & editing. S. Fernández-García: Writing – original draft, Writing – review
& editing. M. Gómez-Mármol: Writing – original draft, Writing – review & editing. A. Vidal: Writing – original draft, Writing –
review & editing.
17



Communications in Nonlinear Science and Numerical Simulation 131 (2024) 107844A. Bandera et al.
Fig. 14. Matrix L arising after computing the mean correlation of each block of variables of system (13) for 𝑁 = 100 with 𝑐𝛼 = −0.5 and 𝑐𝛽 ∈ [−0.25, 0.25].
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Appendix. Limitations of the reduced order modeling techniques

The methods presented in the previous sections have been proven to provide competitive results in terms of maintaining the
structure of the original problem, studied via the sparsity index, providing a reduction in the computational time, studied via
the speed-up and being true to the original solution, studied via the relative error. However, there are some limitations to these
techniques, both older and novel. Here, we discuss the limitations of the methods presented in this article.

A.1. Limitations in the network model of intracellular calcium concentration

As said in the presentation of the APOBD method, we could check if the block were well located, just checking if the elements
of the diagonal of the matrix were close to one. A natural question arises: What happens in the case where there is no correlation
inside each block of variables? In order to illustrate the results in this case, we consider system (13) for 𝑁 = 100 with 𝑐𝛼 = −0.5,
that is, inhibitory coupling within each cluster, and 𝑐𝛽 ∈ [−0.25, 0.25].

For the study, we consider the same parameters test as the ones used for behavior AS, and we compare POD, POBD3, POBD6,
APOBD. The APOBD pre-analysis provides the matrix L shown in Fig. 14. It is easy to see that the elements of the diagonal are far
from zero, so the POBD methods and the APOBD method, would not provide a faithful approximation. We checked that this is also
the case for the POD method.

Table 11 shows the computational data obtained for the reductions. We can clearly see that the number of equations of the
reduced models are higher than the ones obtained for the behaviors studied in the previous, as well no speed-up is obtained and
the errors are not assumable.

Fig. 15 shows a comparison of the solutions obtained for the methods presented above. It is clear that the reduced solutions do
not provide a good approximation of the behavior studied, and that the reduced behavior is very erratic.

This loss in accuracy could be due to the fact that the original system (13) exhibits chaotic-like behavior for this range of
parameters, where each cell is independent of the others and its behavior cannot be expressed as a linear combination of the
behaviors of the other cells for the whole length of the integrating range.
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Table 11
Comparison of the results obtained, considering system (13) for 𝑁 = 100 with 𝑐𝛼 = −0.5 and 𝑐𝛽 ∈
[−0.25, 0.25].

POD POBD3 POBD6 APOBD

Number of equations 109 73+33+31 37+36+19+16+17+15 109
Sparsity index 0 0.6797 0.7676 0
Speed-ups <1 <1 <1 <1
Relative error 0.96 0.93 0.90 0.96

Fig. 15. Representation of the solutions obtained for the original system and the reduced ones. (a) Original, (b) POD, (c) POBD with 3 blocks, (d) POBD with
6 blocks and (e) APOBD.

A.2. Limitations in the case of nonlinear coupling

Another limitation could be faced if the original model exhibit too many nonlinearities. In that case, the EIM could not be
able to reproduce all the variability of the nonlinear terms, and we should need to go back to the original space to compute the
nonlinearities. In the following example, we present a modified version of model (9) with nonlinear coupling:

𝑂𝑖

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑥̇𝑖 = 𝜏(−𝑦𝑖 + 𝑓 (𝑥𝑖) − 𝜙𝑓 (𝑧𝑖)),

𝑦̇𝑖 = 𝜏𝜀𝑘𝑖(𝑎0𝑥𝑖 + 𝑎1𝑦𝑖 + 𝑎2 +
1

𝑁∕2

𝑁
∑

𝑗=1
𝑐𝑖𝑗𝜎(𝑥𝑖 − 𝑥𝑗 )),

𝑧̇𝑖 = 𝜏𝜀
(

𝜙𝑟(𝑥𝑖) −
𝑧𝑖 − 𝑧𝑏
𝜏𝑧

)

,

(19)

with the same parameters as for (9), and 𝜎(𝑥) = 2
1+exp(−2𝑥) − 1.

The selection of the nonlinear coupling has been made so we keep qualitatively similar behaviors as for the original model (9).
In particular, we will be focusing on the AiP behavior with 𝑐𝛽 = −0.25.

As done for the previous test cases, we present in Table 12 the number of equations for the reduced problem obtained with each
method. Furthermore, in Fig. 16, we represent the evolution of sparsity, speed-up and error, respectively.
19
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Table 12
Comparison of the number of equations of the
reduced systems for the original system (19) in
AiP behavior.
Number of cells POD APOBD

100 47 19+16+13+12
500 55 21+22+13+13
1000 58 23+23+14+14
2000 60 23+24+14+14

Fig. 16. Comparisons of the results obtained for each method in the AiP behavior of model (19). The left panel shows the sparsity index, the central panel
shows the speed-ups, and the right panel shows the relative error.

Fig. 17. Comparisons of the solutions obtained in the (SW) behavior. (a) Original. (b) POD. (c) APOBD with 3 blocks.

We can see that although that we obtain better results in terms of the sparsity index and relative error in comparison with the
POD method, the speed-up is similar to the POD, but very low in comparison with the previous tests. This is due to the bottleneck
of computing the nonlinear coupling in the original space.

A.3. Limitations in the Hindmarsh–Rose network model

In the case of the Hindmarsh–Rose Network model, we have a limitation when trying to reduce the system in the Square-Wave
Bursting (SW) behavior (𝐼 = 3, 𝑏 = 2.6, 𝜀 = 0.01), see Fig. 17(a). In this type of bursters, the stable equilibrium corresponding to
the resting state disappears through a fold bifurcation and the limit cycle attractor corresponding to the spiking state disappears
through a Homoclinic bifurcation. The presence of this Homoclinic bifurcation makes the system to be near to chaotic behavior.

In this case, the reduced models are not able to truly reproduce the behavior of the original system (14) as they exhibit some
erratic behavior after a certain amount of time, see Figs. 17(b) and 17(c), due to the presence of the Homoclinic bifurcation.
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