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Robust Estimation With Latin Hypercube Sampling:
A Central Limit Theorem for Z-estimators

Faouzi Hakimil2
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1 | INTRODUCTION

Latin Hypercube Sampling (LHS), introduced in [1], is a compelling alternative to independent and identically distributed
(i.i.d.) random sampling for exploring the behavior of complex systems (often treated as black-boxes) through computer
experiments [2} [3] [4]. A significant number of subsequent sampling methods are founded upon LHS (see [5] ,[6],
[7] or [8] for instance), underscoring its importance in the field. Consequently, the comprehension and theoretical

development of LHS is fundamental in contemporary research.




2 F.Hakimi

To generate an LHS sample of size n, the range of each variable is divided into n equally probable intervals. In the case
of two variables, the n sample points are then positioned such that there is exactly one sample in each row and each
column. Figure[T]illustrates schematic examples of LHS designs with dimension d = 2 and size n = 4. The process
generalizes naturally to higher dimensions.
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Figure 1 Three schematic examples of LHS designs with dimension d = 2 and size n = 4.

Several theoretical results have been established regarding the convergence of estimators under LHS. Most of these
results focus on the empirical mean of a measurable function with a finite second-order moment. For instance, it was
shown in [9] that the asymptotic variance of the sample mean is smaller under LHS compared to classic i.i.d. random
sampling for such statistics. Additionally, a Central Limit Theorem (CLT) for the empirical mean of bounded functions
was proven in [10] and later extended to functions with finite third-order moments in [11].

Subsequent research has extended these results on Latin Hypercube Sampling (LHS) to various methods derived from
LHS, such as those accounting for dependencies (e.g., [12]) and other derivative approaches (e.g, [6]). However, the
majority of these findings remain focused on the empirical mean.

This paper aims to broaden the scope of the convergence results for empirical mean estimators under classic LHS
to encompass the more general class of Z-estimators. This class, closely related to the well-established class of
M-estimators, includes all estimators that can be expressed as the zeros of an empirical mean function. This work
therefore provides novel insights into convergence properties using Latin Hypercube Sampling , which is particularly

valuable in computational experiments where variance reduction and efficiency are important to consider.

Most results discussed in this paper are also presented in Chapter 2 of the thesis manuscript [13]. The paper is orga-
nized as follows: Section [2] provides a formal definition of Latin Hypercube Sampling along with its key convergence
properties. Section [3]introduces the definitions and relevant properties of Z-estimators. Original results concerning
the asymptotic normality of Z-estimators under LHS are presented in Section[d] Finally, an application example is
discussed in Section[5l
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2 | GENERAL NOTATIONS, DEFINITIONS, AND PROPERTIES OF LHS

Let us introduce some useful notations regarding this work. We first denote by X = (Xj, ..., Xy) the vector of d (with
d € N* = N\ {0}) independent random variables evolving in X c RY. For simplicity and without loss of generality,
we assume that the d inputs vary uniformly in [0, 1] so we have that, for j in [1,d] = {1,2,...,d }and X; ~ Ujo1)
. Indeed, one can always work under uniformity and then use the inverse transformation method [14] to place the
support back on the original scale and retrieve the original distribution, as long as the sampling distribution of interest
is a product measure (see for instance [10] p543 for details).

Consider a size n (n € N*) sample of X generated using either i.i.d. random sampling or Latin Hypercube Sampling

(LHS). For either of these methods (denoted here as MET HOD), the sample is represented as follows:

o The matrix of samples is denoted by XMETHOD — (;z:“), .. .,x("))r € M, 4([0,1]). Here, M,, 4([0, 1]) denotes the
space of matrices of size n x d with coefficients in [0, 1].

o The jth column of XMETHOD denoted by wj’.WETHOD = (xjm, e xj("))T with j € [1, d], represents the effective
generated sample of the input X;.

Specifically, a sample generated by classic i.i.d. random sampling will be denoted by XIP and a sample generated by
Latin Hypercube sampling will be denoted by XEHS | Similar notations will be used for any quantities estimated with
either of these two sampling methods. If no sampling method is mentioned, it means that the results presented do
not depend on the sampling method.

We also define the measurable function g : X — R9 with ¢ € N* . This function represents in practice the studied

simulation code. We denote by g(XMETHOP) = (g(x(M), ..., g(x(™))T the matrix of output samples corresponding
to XMETHOD.

Fora = (a1,...,a4) € R7 with g € N*, we denote by ||al|| the Euclidean norm of a such that lla||? = ZL al?.
Similarly, for any matrix A in My 4 (R), we denote by ||A|| the pseudo Euclidean norm (Frobenius norm) such that
[|A|2 = Yi<ij<q A%j. Here, A;; with i.j € [1, q] are the components of the matrix A. A pseudo Euclidean norm
[l is finally associated with the tensor space T q.4(R). This norm is defined, for all T in T, 44(R), by T))? =

Yi<ijk<q Tlik Here, T; j « with /, j, k € [1, q] are the components of the tensor T'.

We denote by o(1) ("small oh-one") a deterministic sequence that converges to 0 and O(1) ("big oh-one") a determin-
istic sequence that is bounded. We denote by o, (1) ("small oh-P-one") a sequence of random variables that converges
in probability to 0. The expression O, (1) ("big oh-P-one") denotes a sequence of random variables that is bounded in
probability. We recall that a sequence of random variables (W},) ,cy is bounded in probability if, for any scalar e > 0,
there exist M and N such that, for all n > N, P(||W,|| > M) < e (note that this definition holds in the general case
where the norm [|.|| is not Euclidean).

Finally, a multivariate normal distribution of dimension g (¢ € N*) with a mean equal to € R9 and a covariance

matrix equal to X in Mg 4(R) is denoted Ny (p, X).

As previously stated, Latin Hypercube Sampling is a statistical method used to generate a near-random sample of

parameter values from a multidimensional distribution. To define it formally, we denote, for d, n € N*:
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1 7= (m(1)... nj(n))T,j € [1, d] as a random permutation of [1, n], according to the uniform distribution on the
set of all possible permutations of [1, n]. Random permutations (7; )jel.d] are assumed to be independent.
(1)

2. u; = (“j ,...,u;"))r,j € [1.d] as an i.i.d. sample of the uniform distribution Ujq,1}. The samples (u;);c[1,4] are

assumed to be independent.

Random permutations (r;);c[1,4) and samples (u;);c[1,4] are also assumed to be independent. The n-sized sampling
xj.“"s of the input X;,j € [1, d], is then defined as follows:

ZLHS = (XO),...,X@))T 1
J

Jj J “\n

;
(njm—uj”),...,%(nj(n)—uj”>) ) 1)

The corresponding LHS design of dimension d and size n is then X*"/$ = (ztHS . oLHS).

As a result of its stratified nature, the realizations of the LHS design are not i.i.d.. However, several results have been
indeed established for the convergence of estimators under LHS. Most of them concern the sample mean (first order
U-statistics) of measurable functions. For instance, it has been shown in [1] that, for any measurable function, this
estimator is unbiased:

Proposition 1 Let g : [0,1]9 — R with d, g € N* be a measurable function such that E(llg(X)|]) < +oo. Denote
13 ;
675 = 13 gtath)
i=1

) T
where z() i € [1, n] is such that X-HS = (;1:(”, L w(")) with X-*S being defined using Equation (T). Then, GLH$ is an
unbiased estimator of G = E(g(X)).

Similarly to Proposition we denote by GZ!° the classic sample mean of an i.i.d. design: GI7P = 1 37 | g(2()), with

x(, i € 1, n] being a sample of an i.i.d. design X'12 € M, 4([0,1]).

A second interesting characteristic of mean value estimators under LHS is their variance. Indeed, Stein [9] showed
that if g is a real-valued function such that [E(g2 (X)) < +oo, then Var(G5HS) is always asymptotically smaller than
Var(GXIP). This result is generalized to multidimensional functions by Loh in [Z1]. Propositionsummarizes the main

results regarding the covariance matrix of G:#S:

Proposition 2 Let g : [0,1]9 — RY (d, g € N*) be a measurable function with E(||g (X)||2) < +co. Let 2110, Z5LHS €
n n

Mq.q(R) be the covariance matrices of GE'° and G5"'S respectively, with % ;110 = 1E((g(X) - G)(g(X) - G)T|.
n

We also define, for = = (x1, ..., x4) € [0,1]9:

© 8(5) = foa1l8@ -Gl Tl dx =E(g(X)-Glx;)withj e [1,d].
1<k<d.k#j

* grom(@) =g(x) -G -3, 8(x)).
. Rg = ./[0,1]d grem(m)grem(m)rdm'
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Then we have:

* ZgiHs = IR, +lo(1).

1 1yd
* Xomp = g Rg+ 5 L1, /[o,1]g—j(xj)g—j(xj)rdxj'

We therefore have that = GIID = Z5LHS is asymptotically positive semi-definite, that is,
VE € RY, nl_immnfT(Zngo - ZG,%HS)g > 27:1 /[0’1] .ng_j(Xj)g—j(Xj)T-dej > 0.

Since GZP converges in quadratic mean to G and that G5 is an unbiased estimator of G (as established in Proposi-
tion , we can conclude that G5#S also converges in quadratic mean to G: lim E(/|G5"S - G||?) = 0. Consequently,
n—+oo

GLHS converges in probability to G.

In addition, Owen [10] showed a Central Limit Theorem (CLT) for this class of estimators under LHS when the model

function g is bounded. This was generalized to any function with finite third moment in [11]:

Theorem 1 Inthe framework ofProposition letg :[0,1]¢ — R9(d, g € N*) be ameasurable function with E(llg(X)| |3) <

+00. Then, assuming that Ry is non-singular, we have that \Vn(G5HS — G) tends in distribution to Ng (0, Rg) as n — +oo.

3 | DEFINITIONS AND PROPERTIES ON Z-ESTIMATORS

The primary objective of this work is to extend the convergence results under Latin Hypercube Sampling (LHS) to the
class of Z-estimators. The Z-estimator class is intimately related to the well-established class of M-estimators, yet
it offers a distinct formulation. Specifically, Z-estimators are defined as solutions to a set of estimating equations,
which can be viewed as a generalization of the optimization problem associated with M-estimators. This formulation
provides a flexible framework for parameter estimation, encompassing a wide range of statistical models and infer-
ence procedures. For a comprehensive discussion on these topics, we refer the reader to [15] and [16]. Significant
theoretical work has been conducted on this class of estimators, which remains a major research topic today (see, for
example, [17] or [18]).

More formally, let X = (2", ...,2(")7 be the vector of n realizations of a random vector X evolving in X c RY,

with n, d € N*. Its law is parameterized by a vector € © c R9, g € N*.

Forx € X,6 € ©,let (x,0) — yg(x) € R beaknownmeasurable function such that yg (z) = (ys, (), .. Vo, ().
We also define the empirical mean of this function (X,8) — ¥, () € R such that ¥,(8) = 1 27, we (z()).

The Z-estimator 8, = 0,(x(V,... 2(") e © associated with g (x) corresponds to the solution of the following

vectorial equation:

W¥n(6) =0. ()

Many known estimators can be defined as Z-estimators. For instance, let X have a distribution function fg with a con-
tinuous first derivative in 8 € © and a separable log-likelihood function. In this case, the maximum likelihood estimator

of @ can be written as a Z-estimator as defined bywith, forxz € R?,d € N*, yg () = ( dlogé’;ﬁ(m)) e "'°g§2’;(m” )7
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The Z-estimator framework also encompasses Generalized Method of Moments (GMM) estimators [19], where yy (x)
comprises moment conditions g (x, 8) equating sample and theoretical moments. Quantile regression also fits within
this framework, with wy(x,y) = [I(y < x'8) — 7]x, where 7 is the quantile of interest, and I(-) is the indica-
tor function. This estimates conditional quantiles rather than the mean. These examples highlight the versatility of
the Z-estimator framework, where the key is specifying an appropriate y function reflecting the estimation objec-
tives.

The first useful properties regarding Z-estimators concern the link between the consistency of ¥, (8) and the consis-
tency of §,. For instance, in [20], one can find assumptions for which the consistency of 8, is ensured:

Proposition 3 Let © be a compact subset of R? with g € N*. Let also assume that the following hypotheses are true, for
any @ € ©@and n € N*:

e the functions @ — ¥, (0) and 6 — Y (0) are continuous measurable functions of 8 € © evolving in R9;

e each function ¥, (8) has exactly one zero 6, € ©;

e W, (0) converges to ¥ (8) in probability;

e Y¥(0) vanishes only at 6y with 6y € ©;

e denoting, forn > 0, w,(n) = sup{||¥a(01) — Y1 (02)|]; 1161 — 02|| < n, 01,0, € O}; there exists two sequences (ny)
and (ey ) both decreasing to 0 such that, for all k € N, P(wp(n¢) > €k) —_ 0.

Then @, is a consistent estimator of 6o, that is 8, —-—s 6.
n—+co

The assumption on w, () seems difficult to grasp at first glance. However, as mentioned in [20], if we find a function
¢ from R, to R such that lrgﬂb(q) =0, this assumption on w, can be obtained through: P(w, (1) = 2¢(n)) —_ 0
for each n > 0. For insta;ce, wn(n) —= ¢(n), or ninjmw,,(q) < ¢(n) give both sufficient conditions. Note that
Proposition[3]is general and does not mention any sampling scheme.

In addition to these convergence properties, several Central Limit Theorems for Z-estimators have been proved.
Here we give one of them, proposed in [16]. Theorem |2] relies on the so-called classic conditions, formulated to
mathematically tighten the informal derivation of the asymptotic normality of maximum likelihood proposed by [21].
These conditions are stringent, but they are simple. They lead to a simple proof of the Central Limit Theorem. This
simplicity will allow us to adapt this theorem to the LHS case.

In particular, a needed assumption for the application of this theorem concerns the existence of a first and a second
order derivatives in 6 for yg. Let us introduce these terms.

Forany @ € © andforany x € X, let (x,0) — yg(x) be the first order partial derivative of yg € R9, assuming it exists.

dyg.
This first order partial derivative is evolving in Mg 4(R) . lts components are li/gjk = Wif with j, k € [1,q].

Similarly, for any @ € © and for any € X, let (z,0) — g (x) be the second order partial derivative of yy € RY,
6211/9.
assuming it exists. This second order partial derivative is evolving in Ty 4 4(R) . Its components are I]]gj,k‘/ = W,

with j, k, 1 € [1, q]-

Theorem 2 Let © be an open subset of an Euclidean space of dimension g, g € N* and let X be a subspace of RY, d € N*.

Assume that, for all 8 in © and for all z in X, the function (x,0) — wg (x) evolving in R is twice continuously differentiable
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iné.

Let (x,0) — yg(x) € Mg q(R) and (x,0) — yg(x) € Tqq,q(R) denote the first and second-order derivatives of yg,

respectively.
Let X110 = (M, ..., x(™)T be the vector of i.i.d. realizations of a random variable X = (Xi,...X4) evolving in X.

Suppose also that the following assumptions are fulfilled:

1. \Vr{ID(éiw) = 1;27:1 We1rp (D) =0,Vn e N*;
2. there exists a unique 6 in © such that E(yg, (X)) =¥ (8) = 0 with 6y in ©;

3. E(llyay (X)1?) < +oo;

4. E(ye,(X)) exists and is non-singular;

5. Forany x € X and for any 6 in the neighborhood of 6y, the function (x,0) — g (x) € T4 44(R) is dominated, in

norm, by a fixed integrable function x — i (x) € Ty q.4(R).

Then, if 611 is a consistent estimator of 8 , we have:

5 1< ; 1
(6770 = 80) = ~[Ey,(X))] ™" 21 vop (@) + =0p(1). (3)

Moreover, we have that the sequence vn(611P — @) tends in distribution to
Nq (0, [E(¥rg, (X)) E(way (X)wey (X)) [E(vg, (X))]77) as n — +oo.

For the following, it is important to note that we have ngm(eo) = %[E(l[/go (X)ye, (X)T) with ):‘V,{ID(GO) € Mg q(R)
being the covariance matrix of W¥IZP(8y). It is also important to remark that among the results presented in this
section, only Theorem[2]requires the specific use of an i.i.d. sample, since its proof relies on the classical Central Limit
Theorem (CLT) [22].

While Theorem [2] assumes © is open, one can modify this assumption to consider © as the interior of a compact
set. This allows us to maintain the differentiability conditions required for asymptotic normality while preserving the

compactness needed for Proposition 3] concerning consistency.

4 | Z-ESTIMATORS UNDER LHS

In this section, we extend the convergence properties of Z-estimators to LHS designs. The idea is to combine all
the above properties. Indeed, one can first notice that the Z-function ¥, () is the empirical mean of yg. Now, as
mentioned in Section[2] the convergence of this type of statistic under LHS holds. We use that here to show a Central

Limit Theorem for Z-estimators under LHS.

As in Section |2} let, for any 8 € © and X-7S XTIP e M, 4([0,1]), 211D gy ZyLHS () € Mqq(R) be the covari-
n n

ance matrices of WXIP(0) and W55 (8) respectively. Let us now give some noteworthy convergence properties on

WEHS (9).
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Proposition 4 Let © be a compact subset of R9 and X = [0,1]9 (g, d in N*). Let X"#S = (2™, ..., 2(M)T be the vector
of LHS realizations of a random variable X = (Xj,... Xy) evolving in X such that X ~ U[o’1]d~ Assume also that, for all
0 € ©and x € X, the function (x,0) — wg(x) is measurable regarding x. We then have the following properties on
¥EHS(8) = 1 B yo(a):

1. If,forall @ € ©,E(||wg(X)]||) < +o0, ¥-H5(0) is an unbiased estimator of ¥ (0) = E(wg(X)).
2. If forall @ € ©,E(||wg (X)||?) < +co, we also have:
ZyLHS (g) =
Moreover, we have that ngm(e) - ):wn“"s(e) is asymptotically positive semi-definite and that W55 () converges in
quadratic mean to ¥ (6). In other words, we have _lim E(|[¥ES(0) - w(0)]1?) =

n—+oo
3. If, forall @ € ©, E(|lyg(X)||*) < +ooand if Ry, = f[o 119 ¥rem (T)¥orem ()T dx is non-singular, we have that
Vn(WEHS — ¥ (0)) tends in distribution to Ng (0, Ry, ) as n — +co.

7 Jo119 Worem (@)¥6,em ()T dz + L 0(1), with ye,,, being defined as in Proposition

Proof. Let us show these properties one by one:

1. Since, for all @ € © and = € X, the function (x,0) — wg(x) is measurable regarding x € X and E(||yg(X)]|) <
+o0, WEHS (@) is an unbiased estimator of ¥(8) by Proposition|[1]

2. This is a direct consequence of Proposition[2]

3. This is a direct consequence of Theorem[I] m

All these properties on ¥./5(6) allow to show that 6595 is a consistent estimator of 6. Indeed, the assertion 2
of Proposition ensures the convergence in probability of ¥5/5(9) to ¥(8). As mentioned before, Proposition
does not impose any other conditions on the sampling scheme. We therefore have, under the conditions of applica-
tionof this proposition, that é,%"’s converges to 6 in probability. Let us now establish a Central Limit Theorem for

Z-estimators under LHS.

Theorem 3 Let © be the interior of a compact subset of R9, g € N*, and X = [0,1]9, d € N*. Forall@ € ©and x € X,

assume (x, 0) — g (x), where yg = (s, (), ..., Ve, (x))T € RY, is twice continuously differentiable in 6.

Let (x,0) — yg(x) € Mg q(R) and (x,0) — yg(x) € Tqq.q(R) denote the first and second-order derivatives of yg,

respectively.

Forany n € N*, let X""S = (..., 2(™)T pe LHS realizations of X ~ Ujo.1)e Of size n. Suppose also that the following
hypotheses are fulfilled:

1. Foranyn e N*,¥,(85H5) =131, VoLHs (m(/)) -

2. Thereis 6y € © such that |E(l//go (X)) =Y(6p) =

3. E(llygy (X)11?) < +00;

4. E(yg,(X)) is non-singular and E( ||y, (X ) 12) < +00;

5. Thereis an integrable function € — y (x) € Tq4,4(R),x € X, such that ||yg(x)|l < [ly(x)| and E(]|ly(X)|?) < +o0

for all 8 in the neighborhood of 6,.
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If 89S is a consistent estimator of 8y, then:
675 — 8y = ~[E i, (X1 L S ey (2) + L op() @
n o n o~ o \/E P .
Moreover, let X 515 € Mq,q(R) be the covariance matrix of 6575, Then:
n

Zgins = [E(Way (X))] ™ Tyins g [E(ia, (X177 + %om, (5)
where

1 1
Z\,,,e/-/s(eo) = ;R"’eo + ;0(1)- (6)

with Ry, = f 4 We, (z)ye (x)" dx. Furthermore, X s11p — = 5115 is asymptotically positive semi-definite
o [0.119 ¥60,em 0rem 61 6L
(24110 € Mg q(R) corresponding to the covariance matrice of 11°).
n
Finally, if E(|lwgy (X)||*) < +co and Ry is non-singular, then \Vn (1S — 6y) tends in distribution to
N(O, [E(lileo(X))]71RWgo [E(a,(X))]77) as n — +oo.

Proof. The proof follows the reasoning in [16] for Theorem

By Taylor’s Theorem, as ¥, (.) is continuous and twice differentiable in 8, 365" between 6, and 575 such that:

Y7119 (6717%) = 0= w775 (60) +¥; 7% (80) (85 — o)

1. e A (7)
+ 5 (0575 — 60) 7975 (6717°) (657 — 60).
Since [E(||y/90(X)||2) < +o0, Proposition@implies:
VLS 00) = 1 3y (@)~ E(ygy (X)) =0 ®)
n 0) =7 111190 P Yo, =0

Now, let WLHS(9) = 1 57 yg(z) be the empirical mean over x of the matrix function (z,8) — yg(z), with

W (x) € Mg q(R). Similarly, W55 () %» E (g, (X)), which is non-singular by assumption.
n—+oo

Let also Y55 (0) = 1 37 e (x") be the empirical mean over z of the tensor function (z,8) — ypg(z), with

Ve () € Tqq.4(R).

For ¥£HS(0), let B be a ball around 8 where |l || < |||l with  — § (x) € Ty q,4(R) being an integrable function
and E(|| (X)||2) < +oo (this ball exists by assumption). Since 57 # 6o, we have P(657S ¢ 8) — 1. For
0LHS ¢ 8:

.. - 1 & .
IPEHS @)1 < — > @), (9)
i=1

The right-hand side converges to a finite value by Proposition 2] implying the same for the left-hand side.
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Rewriting the Taylor expansion:

1 4 A
—¥27%(60) = ([E(u'feo(X)) +0p(1) + 5 (657 - 9o)Top<1>) (65 ~ 00). (10)
As LHS % 6, we have:
n—+oo

WS (80) = (EG0, (X)) + 0p(1)) (55 — 6). 4y

This yields equation (@), since E(yg,) is non-singular and Y575 (8o) = #OPU) asymptotically.
We also have X gi1s = [[E(WBO(X))]_1ZW#HS(90) [E(§r, (X))]77 + Fo(1).

By PropositionE] 2‘4’5”(90) - Z%sto) is asymptotically positive semi-definite, which implies the same property for

29’{10 - Zg,Lle-

Finally, if E(|lye, (X) II®) < +o0 and R,,,e0 is non-singular, the asymptotic normality follows from assertion 3 of Propo-
sition[d] m

These results give an asymptotic convergence for é,%”s with, in the univariate case, a lower asymptotic variance of
estimation than é,I,ID (corresponding to zéﬁm - Zé#HS being asymptotically positive semi-definite in the multivariate
case). Moreover, it gives a Central Limit Theorem for Z-estimators under LHS. Although strong regularity conditions
on yg are needed for these results to be valid, it remains very useful in many practical cases (e.g., for estimation by
maximum likelihood). In the next section, we give an example of application.

5 | APPLICATION: PARAMETERS ESTIMATION OF GENERALIZED LINEAR
MODELS (GLM)

When performing statistical analysis on a computational code, it is common to approximate its outputs using a re-
gression or classification model, also known as a metamodel. If the estimation of the modeling parameters can be
expressed as a Z-estimator and the other conditions of use are satisfied, Theorem[3]ensures that the estimation vari-
ance of these parameters is asymptotically lower under LHS than under IID sampling. It also provides a Central Limit
Theorem under LHS.

Consider for instance the case of Generalized Linear Models (GLM), proposed in [23]. They were formulated as a
way of unifying various statistical models, including linear regression, logistic regression and Poisson regression. To
estimate the parameters of a GLM, one generally uses a Maximum Likelihood Estimator (MLE). It is therefore a special
case of Z-estimation supposing that the likelihood can be differentiated. Thus, the results presented above can be

applied to parameters estimation of a GLM.

5.1 | Definitions and main properties on GLM

Before entering in more details, let us first define GLM more formally. For simplicity and without loss of generality, we

focus here on the canonical case. Let Z be arandom variableon Z c Rand X = (Xj,..., Xy) a vector of covariables
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on X c RY, d € N*. A GLM is characterized by:

1. A probability distribution: Z follows an exponential family distribution with density:
f(z,a,¢) = a(a)b(z) exp (z%), zeZ,aeR,¢ >0, (12)
where ¢ is the known dispersion parameter, a(a) = exp(-v(a)/¢), v : R — R is twice continuously differentiable,

and b(z) = exp(w(z,¢)) with w : Z x R* — R being also twice continuously differentiable in z.
2. Alinear predictor: For 8 = (61,...,64)7 € © c R?, © being open and bounded:

d
n:Xx0 >R, q(m,@):mTH:ZXjGj. (13)
=
3. Alink function: Let # : H c R — R be a monotone, differentiable functionand a = («(", ..., a(™)7 e R"
h(u(z)) =n(z,0), (14)

where u(z) = E[ Z| X = x]. Note that this hypothesis on A implies the existence of the inverse function A" : R — H
so that, forany a € H, A" o h(a) = a.

Given n independent realizations {(z(, z(0)}7 . withX = (2™, ...,2)T andZ = (z(V,...,2(M)7, we also have
a=(aM,.. . a7 e R" such that:

a =p (@ DTe), ie[1,n]. (15)

In this framework, the log-likelihood of each observation is:

1z, 20,0,¢) = %[z(")a(") —v(@M]+w(zD,¢). (16)

The maximum likelihood estimator 8, can be obtained by maximizing the log-likelihood function over the parameter
space ©. Under regularity conditions, including the continuity and differentiability of the log-likelihood function over ©,
the maximum likelihood estimator satisfies the first-order optimality conditions and therefore the following vectorial

equation:

n
ng/(z(“,w(’),e,m =0. (17)
i=1

This defines 8,, as a Z-estimator with yg () = Vgl (2D, 2, 6, ¢).
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For the canonical case, the components of yg = (wp, (), ..., ye, (z))T are:
—p!
ng(z):zT@xj, jel.dlxe X ze Z.0¢co0. (18)

We can see that the estimation of the parameters of a GLM by maximum likelihood fits into the framework of Z-
estimation. Thus, let us suppose that the observations of X are obtained by a LHS. We consider the Z-estimator
defined by the equation[I7] even though in this case the realizations are no longer i.i.d. Let us discuss the convergence
of this estimator under LHS.

5.2 | Z-estimation of GLM parameters under LHS

Let XtHS = (2@, ... 2(M)T be the realizations of X generated by a LHS. As before, for simplicity, we assume that
we have X = [0,1]¢ and X ~ Ujo, 1y We also assume that © is the interior of a compact subset of R?. Moreover,
we suppose that A is defined and is twice continuously derivable on H. We also suppose that 4 and its first derivative
A : H — R have no zero on H. Since h is monotone by construction, note that A~' is also defined and twice
continuously derivable for any 8 € © and x € X thanks to the inverse function theorem (see, for instance, [24] for
more details).

Since we suppose that X and 6 are bounded, we have that Y575 (0) = 1 37 yg(2") converges in probability to
E(ye (X)) = ¥(0). As we have seen, the other conditions concerning the convergence of 8, to 6 are not specific to
the sampling scheme. The conditions of application of Proposition[3]are verified both in the case of an IID or a LHS

design. We can thus conclude that 8,, converges in probability in 6.

Let us now verify that the conditions of application of Theorem[3are fulfilled. First, we see that (X-#S,8) — WLHS (9)

is continuous and twice continuously differentiable in 6. Plus, E(yg, (X)) = ¥(6p) = 0 by construction.

We also have, for j, k € [1,d] , z = (X1,...,x4)T € Xand 0 € ©:

ovo, @) 1
0 ph(h1(x0)) K

(19)

Thus, we have that the matrix of partial derivatives x — yg, () is such that E(yg, (X)) is defined and non-singular
since h has no zero on H. Since the values of X and 0 are bounded in norm, the function (x, 8) — wg(x) is bounded

and thus, for any 8 € ©, E(||wg (X)||?) < +co (and especially for 8 = ).

Finally, we have that the elements of the tensor yg () are, for j, k,/ €]1,d[ and & = (x1,...,x4)7 € X, as fol-
lows:

e (@) k(h (x6))
00:06,  p(h(h1(x0)))3 I KN (20)

Here A : H — R is the second order derivative of h.

Thus, (z,0) — ||ig(x)|| can be bounded by an integrable function with finite second order moment in the neighbor-
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hood of 6 since we assume that the values of 8 and X are bounded.

All of these statements allow us to apply Theorem[3] We therefore have that the covariance matrix of estimation of
GLHS _ : -1

6,7 isequal to ):g#,.,s = [E(¥g,(X))] Z\FNLHS(QO)[
positive semi-definite. Note that we have, with the previously introduced notations, )anLngo) = %RWGO + 130(1)

asymptotically, with Ry, = f[o,1]d Y05, (T, (x) da.

E(ye, (X))]’T+1;o(1 )andthatX 5110 — X yons is asymptotically
n n

Finally, since we have E(||yg, (X)| 13) < +co0, we have that \/E(é,&"’s — 0p) is asymptotically normal with mean zero

and a covariance matrix equal to [E(yg, (X))]™ Ryg, [E(ya, (X))]7", assuming that Ry, is non-singular.

5.3 | Numerical example: a Poisson regression under LHS

To illustrate this result, let us consider a numerical example with a count random variable Z and a vector of covariables
X =(X1,....X9)T, X ~ Ugope- In an industrial context, Z could represent for instance the number of operating
problems evaluated by a simulation code of an industrial facility. In this example, we define Z by the following Poisson

density function, for z € N*:

£ (2.40) = exp(~Ao) 17 &xp (2108(ho)). 1)

with log(Ao) = 8o, = € [0,1]° and 6y = (8o1,...609) = (7,-V2,1/2,-1/3,V5,-7,V2,-1/2, -V5)T.
One can notice Z fits in the framework of Equations[12}[T3]and [14]

Let us compare numerically the performances of the maximum likelihood estimation of 8, regarding the sampling
method (IID or LHS) in this example. To do so, we first compare the estimation variance of each parameter (6 1, . . ., 809)"
with respect to the sampling scheme and size. We also verify that there is no significant difference concerning the
square bias of estimation [[E(éj) - GOJ-]Z,j € [[1,9]. Additionally, we display the Mean Squared Error (MSE) for each

parameter, defined as:

MSE(6)) = E[(6] — 60,)] = Var(6)) + [E(6)) — 60,17, (22)

where §; is the estimator of 8y and j € [1,9].

For each sampling method, the average values of these three metrics (variance, squared bias, and MSE) are com-
puted over L = 1000 independent LHS and IID designs with sample sizes n ranging from 40 to 100 (in increments of
10).

Figure [2] [3 and ] show respectively the evolution of the variance, the square bias of estimation and the MSE of
the nine estimated parameters (61, . .. 90,9)T. As expected, we observe that for the nine estimated parameters, the
average variance of estimation is overall lower for the classic LHS design compared to IID. No significant differences

between LHS and IID designs are observed in terms of the square bias of estimation. The MSE is also significantly
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lower. As shown previously, classic LHS designs allow better estimation performances than IID ones, regardless of
the theoretical value of the estimated parameters.

To further validate our theoretical results, we conduct an additional numerical experiment comparing the normalized
empirical estimation variances (n x Var(§;), € [1,9]) with their theoretical asymptotic values. The covariance matrix
formula, and hence the variance of each parameter (extracted from its diagonal), is derived from Theorem using the
application results given in[5.2)and Proposition[2] The asymptotic variances evaluation is performed using a classic
Monte Carlo method with a very large sample size (npontecario = 10°), as the analytical evaluation involves complex
integrals and expectations that may not have closed-form solutions. The resulting theoretical asymptotic variances,
rounded to four decimal places, are (0.6195,0.3763,0.3388,0.3395, 0.3963, 1.4805,0.3575, 0.3423,0.4328).

Figure [5] shows the convergence of the normalized empirical variances with their theoretical counterparts as the
sample size increases from n = 50 to n = 1000 in increments of 50. Each of the nine subplots demonstrates that
the empirical normalized variances converge to the asymptotic values as n grows, confirming the accuracy of our
theoretical predictions. The average values are computed over L = 1000 independent LHS designs, reinforcing the

reliability of the observed trends.

Furthermore, to explore the asymptotic properties of the estimators, we conduct a third experiment examining the Q-
Q plots (Quantile-Quantile plots) of the normalized parameter estimates compared to the standard normal distribution
N(0,1). These plots compare the quantiles of the empirical distribution to the quantiles of a theoretical distribution,
providing a visual assessment of how closely the data follows the specified distribution. Specifically, we generate
these Q-Q plots for sample sizes of n = 50, n = 250, and n = 1000. Each plot is obtained with L = 1000 independent
LHS designs. For clarity, we present the Q-Q plots for the first three parameters in Figure[8] and similar plots for the
remaining six parameters are provided in Figures[7]and[8] The Q-Q plots reveal that the empirical distribution exhibits
heavy tails for n = 50, which improve with n = 250 and align even more closely with the theoretical distribution for
n = 1000. This comparison allows us to visually assess the convergence of the estimators to normality, as predicted

by our theoretical results.

In summary, our numerical experiments confirm that Latin Hypercube Sampling (LHS) consistently outperforms In-
dependent and Identically Distributed (1ID) sampling in terms of estimation variance and Mean Squared Error (MSE).
The normalized empirical variances converge to their theoretical values as the sample size increases, validating our
theoretical work. Additionally, the Q-Q plots visually confirm the asymptotic normality of the estimators.
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Figure 7 Q-Q plots of the parameter estimates 6y 4, 6p 5, and 6y compared to the standard normal distribution for
sample sizes of 50, 250, and 1000.
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Figure 8 Q-Q plots of the parameter estimates 67, 6g 3, and 6y 9 compared to the standard normal distribution for
sample sizes of 50, 250, and 1000.

6 | CONCLUSION AND PROSPECTS

In conclusion, Latin Hypercube Sampling (LHS) has demonstrated its robustness as a powerful method for conduct-
ing computer experiments, particularly in the analysis of complex black-box functions. This paper has advanced the
understanding of the asymptotic convergence of estimators using this sampling method. Specifically, we have ex-
tended the convergence results under LHS previously established in [9], [10], and [11] for the empirical mean to the
broader class of Z-estimators. A key contribution of this work is the introduction of a Central Limit Theorem (CLT)
for Z-estimators under this sampling method with a reduced asymptotic variance compared to traditional indepen-
dent and identically distributed (i.i.d.) random sampling. Furthermore, we have illustrated the practical relevance of
these theoretical findings through an application to parameter estimation in Generalized Linear Models (GLMs) un-
der LHS. However, it is worth noting that certain restrictive regularity conditions were necessary to establish these

convergence results.

A promising direction for future research is to relax some of the regularity assumptions, particularly the requirement
for the second derivative of the Z-function. Alternative formulations of the CLT for Z-estimators that do not depend
on the existence of a second derivative have been proposed, as discussed in [16]. Exploring these approaches for the
convergence of Z-estimators under LHS could lead to more generalized results that extend beyond those presented
in this work. Furthermore, generalizing the given convergence results under LHS to the class of M-estimators presents
another valuable perspective for future research.

Another valuable extension of this research would be to adapt our theoretical framework to models with complex

dependency structures, such as Gaussian Process (GP) regression [25][261127], a key application of LHS. While GP re-



F.Hakimi 19

gression parameter estimation does not align with the Z-estimator framework due to its non-separable log-likelihood
function, developing methodologies to address these dependencies could substantially expand the scope and appli-
cability of our findings.

Ultimately, this work underscores the significant value of LHS in industrial applications, particularly for analyzing
simulation codes that are computationally intensive and involve numerous input parameters. The versatility of LHS
enables the efficient implementation of various statistical techniques—including variable selection, sensitivity analy-
sis, and metamodeling—within a single numerical design of experiments. For further exploration of practical industrial
applications of LHS, we refer readers to [13] (28] 29} (30} [31] as a few examples among many available in the litera-
ture.
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