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QUANTUM K-THEORY OF IG(2,2n)

V. BENEDETTI, N. PERRIN AND W. XU

ABSTRACT. We prove that the Schubert structure constants of the quantum K-theory rings of
symplectic Grassmannians of lines have signs that alternate with codimension and vanish for
degrees at least 3. We also give closed formulas that characterize the multiplicative structure
of these rings, including the Seidel representation and a Chevalley formula.
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1. INTRODUCTION

To a complex projective manifold X one can attach various algebraic structures capturing
different kinds of information. For instance, cohomology rings encode the behavior of (classes
of) subvarieties: how they intersect (ordinary or equivariant cohomology) or how they are
connected by rational curves (quantum cohomology). In this paper we are interested in K-
theory rings, which in turn encode information about coherent (or locally free) sheaves: how
they form short exact sequences and the behavior of their tensor product. It turns out that
classical K-theory can be seen as a refinement of classical cohomology - via the Chern character
homomorphism. Moreover, one can define a quantum K-theory ring which is both a deformation
of the classical K-theory ring and a refinement of the quantum cohomology ring. Indeed, if
quantum cohomology is an intersection theory of the space of genus zero stable maps to X,
quantum K-theory, which was introduced by [Giv00], deals with the K-theory of this space
and requires a more careful study of stable maps with reducible sources. Quantum cohomology
and K-theory have gathered some attention in the context of homogeneous spaces where it
generalizes classical Schubert calculus. We will focus on this case.

From now on, X = G/Px will be a rational projective homogeneous space. It is nowadays
classical that the transitive action of G on X implies many positivity properties in cohomology
and its various generalizations (see [Gra0Ol, Bri02, Buc02, Mih06, GK09, AGM11, BCMP22]
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representation, Chevalley formula, rational connectedness.
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and references therein). From previous positivity results and first explicit computations, it was
soon conjectured that positivity should also hold in quantum K-theory. To state a precise
conjecture, we introduce a few notations. Schubert varieties in X are indexed by W¥ and for
u € WX, let X* be the Schubert variety with codimx (X") = ¢(u) (see Subsection 2.1). Denote
by O% = [Oxu] its class in QK(X), the (small) quantum K-theory ring of X. These classes
form a basis for QK(X) and their products are defined by structure constants as follows:
O %« OV = Z Z Nllﬁ;)dqdow7
d wewX

where the first sum runs over all effective classes d € Ha(X,Z) (see Subsection 2.2 for more
details). It can be proved (see [BCMP13, Kat18, ACT22]) that this sum is actually finite.

The structure constants ijj;Jd are expected to satisfy the following positivity property (see
[LM06, BM11, BCMP18]):

Conjecture 1.1. For u,v,w € WX and d € Hy(X,Z), we have
(_1)€(uvw)+fd C1(TX)N:;U;}(1 > 0.

This conjecture has been proven in a few cases: for minuscule spaces in [BCMP22| and for
the point/hyperplane incidence varieties in [Ros22] and [Xu21]. In this paper, we consider the
case where X = 1G(2,2n) is the variety of isotropic lines in a symplectic vector space. Our first
result is:

Theorem 1.2. Conjecture 1.1 is true for X = 1G(2,2n).
We also obtain several more precise results on the structure of QK(X).

Proposition 1.3 (see Corollary 2.12 and Remark 2.16). For X = IG(2,2n) and u,v € WX in
the product O% x O":

(1) Terms with ¢ occur only for d € [0,2];
(2) The powers of q that occur form an interval.

Although these properties also hold for the product [X"] x [X"] in quantum cohomology,
the maximum power of ¢ appearing in O" x OV is sometimes greater than that appearing in
[X“] % [X"]. See Remark 7.2 for more details.

In addition, we prove the following closed formula for multiplying with the unique Schubert
divisor class. Recall that Schubert varieties in X = IG(2,2n) are indexed by pairs (p1,p2) of
integers with 1 < p; < pa < 2n and p; +p2 # 2n + 1. Explicitly, let (Ey)peji,20) be an isotropic
flag and set

Xprpo ={z€eX|V;NE, #0and V, C E,, },
where V, is the 2-dimensional subspace in C?" representing € X. For a < b < 2n such that
a+ b # 1 mod 2n, we recursively set

0x,,] ifl<a<b<2n
Oa,b = (JOb’a_;_Qn if a < O,

0 otherwise.

Theorem 1.4 (see Theorem 9.5). The product Ozp—2 20 * Oy, 4, €quals:
(1) Oth*l,qz lf g =q—1;
(2) OQ1*1,q2 + Oth;Qz*l - Oth*l,qul ifqr <q—1and q +q #2n+2,2n+3;
(3) Ogi—1,4: T Ogi,q:-1 = Ogi—1,q:—2 = Ogi—2,g—1 + Ogy—2,go—2 f 1 < g2 — 1 and ¢1 + q2 =
2n + 3;
(4) 2Oql—l,tp—lJFOtn—Z,qz JrOql,qz—Q*2(9q1—2,qz—1*2Oq1—1,1;12—2+Oql—2,qz—2 when q1+q2 =
2n+2 and q1 # 2, n;
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(4-1) 204, -1,g,-1 + Ogy go—2 = 20g, ~1,9,—2 — Ogy~2,go—1 + Ogy—2,0,—2 when q1 =2, g2 = 2n;
(5) 20(11*1412*1 +Oq1*2,q2 - 20(11*2#12*1 - Oq1*11q2*2 +Oq1*2,q272 when ¢ =n, g2 =n+2.

For quantum cohomology, Seidel [Sei97] proved that there is a representation of 71 (Aut(X))
in the group QH(X);S. of invertibles in QH(X)ioc, the localization of quantum cohomology
QH(X) where he quantum parameters are inverted. This representation was made explicit first
for cominuscule spaces and then in general in [CMP07, CMP09, CP23]. Later, in [BCMP22]
these results were extended to the quantum K-theory of cominuscule spaces. We prove that the
Seidel representation in quantum K-theory also exists for X = IG(2,2n). In this case, the group
m1(Aut(X)) has order 2 and Seidel representation maps the unit to Oz,—1.2, = 1 € QK(X) and
the unique non-trivial element to O, 1, = [Ox,_, ] € QK(X).

Theorem 1.5 (see Theorem 8.3). We have On—1.5 * Op, py, = Op,—npy—n-

A geometric version of the above formula was conjectured in [BCP23] for all projective ho-
mogeneous spaces, and we prove it for X = IG(2,2n) in Theorem 1.6. We call a homoge-
neous space Y = G/Py cominuscule if the unipotent radical of the parabolic subgroup Py is
abelian. Let W be the Weyl group of G and let wY be the minimal length representative of
the longest Weyl group element modulo Wy, the Weyl group of Py. A classical result states
that 71 (Aut(X)) ~ weemin = f1} U {wY € W | Y cominuscule}. For G = Sp,,,, this group
is {1,w"G(™2")} where LG(n,2n) is the Lagrangian Grassmannian of maximal isotropic sub-
spaces. For w,w € W, let dpmin(u,w) be the smallest power of ¢ appearing in the quantum
cohomology product [X"] % [X"], and for A, B C X, let I';(A, B) be the locus swept out by
degree d curves in X meeting A and B.

Theorem 1.6 (see Theorem 8.1). Let u € W, w € W™l thep
dein(u,w)(X’wgw) Xu) = w_l.qu.

Let us sketch a few steps in our strategy for proving the positivity result (Theorem 1.2).
Following [BCMP13] and [Mih22], we prove in Section 2 that to compute the quantum prod-
uct O% x OV, we only need to deal with irreducible source curves or source curves with two
components: a main component of degree d — 1 and a tail of degree 1. To compute structure
constants in K-theory, which are defined by pushforwards, we apply a result of Kollar [Kol86]
(see Theorem 2.10), which requires rational connectedness of general fibers of restrictions of the
evaluation map. A key ingredient in proving rational connectedness of these fibers is Propo-
sition 3.13, which says that it suffices to prove rational connectedness of the general fibers of
restrictions of the projection X3 — X. Then, using a result of Brion [Bri02] we reduce Theorem
1.2 to the statement that the image in X of stable maps as above - i.e. the curve neighborhoods
- have rational singularities and nice dimensional properties. We explain these reductions in
Section 3, and then prove rational connectedness results in Sections 4 (d > 3), 5 (d = 2), and 6
(d=1).

While proving Proposition 3.13, we also obtain the following result of general interest:

Proposition 1.7 (see Proposition 3.3). Let A be a projective, irreducible and normal variety
and g: A — B, h: B — C be surjective morphisms. If the general fibers of the maps g and h
are rationally connected, so are the general fibers of the composition ho g.

However, for maps with non-irreducible sources, there are a few explicit cases for which
rational connectedness does not hold. We deal with these cases in Section 7. We use the
definition of structure constants to explicitly compute the product and conclude the proof of
Theorem 1.2. Seidel representation is discussed in Section 8, and we prove the Chevalley formula
in Section 9.

Varieties will always be assumed to be complex, of finite type and reduced, but not necessarily
irreducible.
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2. PRELIMINARIES AND PROOF STRATEGY

In this section we introduce some notations and prove our main results assuming some rational
connectedness results. The proof of these results will be provided in Sections 4, 5, 6 and 7.

2.1. Schubert varieties. Let Z be a projective rational variety homogeneous under the action
of a reductive group G. Let B C G be a Borel subgroup and let T C B be a maximal torus.
Denote by B~ the Borel subgroup opposite to B defined by BN B~ = T. The variety Z
contains a unique B-invariant point, and we denote the parabolic subgroup stabilizing this
point by Pz C G and the point itself by 1.P;. We identify Z with the quotient G/Py.

Let W = Ng(T)/T be the Weyl group of (G, T), let Wy be the Weyl group of Pz and let
W% C W be the subset of minimal representatives of the cosets in W/Wy. Each element u € W
deﬁnes a T-fixed point u.Py € Z, the Schubert cells and opposite Schubert cells are ZO = Bu.Py
and Z“ = B7u.Py, respectlvely, and the Schubert varieties and opposite Schubert varieties are

Ty = Zu and Z% = Z“, respectively. These varieties and cells depend only on the coset uWz in
W/Wy, and for u € W# we have dim(Z,) = codim(Z%, Z) = {(u).

Let < denote the Bruhat order on W. For u,v € W% we then have v < v & Z, C Z, <
Z, N Z" # (. In this case the intersection Z! = Z,, N Z? is called a Richardson variety. This
variety is reduced, irreducible, rational, and dim(Z?) = £(u) — £(v) [Ric92]. The Poincaré dual
element of u € W7 is u¥ = wouwo,z € W%, which satisfies Z* = w.Z, where wy € W and
wo,z € Wy are the longest elements.

For a variety Y, denote by K(Y) its K-homology group and by xy(F) the sheaf Euler-
characteristic of F € K(Y). We set O, = [Oz,] € K(Z) and OV = [Oz+] € K(Z). Then
(Ow)uewz and (O?),cwz are two basis of K(Z). The following result was proved in [Bri02],
and we will use it in Sections 7 and 9.

Theorem 2.1. ForY C Z a Cohen-Macaulay closed subvariety and for g € G general, we have
[Oy] = Z Xyngzw(Oyngzw)[0z,(—0Zy,)].

weWZ
When Y = Z,,, we obtain:

Corollary 2.2. For u € W%, we have

Ou= Y. [02,(-07,))

weWZ: w<u

2.2. Quantum K-theory and Curve neighborhoods. For any effective degree d € Hy(Z,7Z),
let My, :== Mo n(Z,d) be the moduli space of genus zero degree d stable maps with n marked
points and My = Mys (we always assume n > 3 if d = 0). Let ev; : My — Z for i € [1,3]
be the evaluation map at the corresponding marked point. Let d = (dy, - - ,d,.) be a sequence
of effective curve classes and set |d| = Y;_,d;. Let My be the closure in My of maps from a
chain of irreducible curves of degrees (do,- - ,d,) such that the first two marked points lie on
the first component and the third marked point lies on the last component. The varieties My
are irreducible with rational singularities (see [Tho98, KP01, FP97]).

Given K-theory classes (F;)ic[1,n) in K(Z), define the n-pointed K-theoretic Gromov-Witten

invariant
o= ({Love)
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The quantum K-theory of Z is defined to be QK(Z) = K(Z) ® Q[q] as a module. Let Z,
and Z" be Schubert and opposite Schubert varieties. We write (O),cwz for the dual basis
of (On)uewz for the Euler pairing in K(Z). Following Givental [Giv00], we may define an
associative Q[g]-bilinear product * on QK(Z) via

0.+0" =% Y widqto,,

d>0weWw 2
with

H’l"i}:’[}i = Z<_1)T<OU7 OU’ O’l\l/)l>d0 H<0w1 ’ O;l/)i+1>di7
i=1
where the sum is over all decompositions d = dg+ - - - +d,. with d; > 0 for ¢ > 0 and all elements
w; € WZ for i € [1,r] where we set w, 1 = w. Note that this product is well-defined since the
above sum is finite (see [BCMP13, Kat18, ACT22]).
We reformulate Conjecture 1.1 as follows:

Conjecture 2.3. For u,v,w € WZ, we have

(_1)f(uvw)+fd Cl(TZ)K/gj,;i > 0.
Remark 2.4. We have the equality

\2
Nyt =g, ¢
w,o — uVuo

with u¥ = wouwy,z and £(u") = dim Z — £(u). In particular, the constants N;* and £%J are
conjectured to share the same positivity properties.

The Grassmannian X = IG(2,2n) of isotropic lines for a symplectic form w on C*" is homo-
geneous for the symplectic group G = Sp,,,. One of our main results is a proof of Conjecture
2.3 for X =1G(2,2n). From now on we assume that Z = X =IG(2,2n). For z € X, we denote
by V, C C?" the 2-dimensional subspace corresponding to 2. Note that Pic(X) = Z so that we
can assume that the degree d of any stable map is a non-negative integer.

2.3. A first reduction. Given n subvarieties A; C X for ¢ € [1,n], define the n-point degree
d Gromov-Witten variety as Mg n+1(Ay, -+, A,) = evy (A1) N---Nev, (A,) and the n-point
degree d curve neighborhood as Tg(Ay, -+, An) = evpi1(Mgnii(evy (A1) N Nevy H(A,)).
For n = 2, we extend this definition to non-irreducible curves and drop the reference to n: set
MQ(A, B) = Md,3(A,B) N Mg and FQ(A,B) = eV3(Mi(A,B)).

We will mainly consider these definitions for Schubert varieties and pairs of opposite Schubert
varieties. In particular, it follows from [BCMP13, Proposition 3.2] that I';(X,) and I';(X?) are
Schubert varieties. Define u(d),v(—d) € W via X, = I'q(X,) and X(=% = I';(X"). For
opposite Schubert varieties X,,, X¥ C X, we have the Gromov—Witten varieties My(X,, X") =
evi H(Xy) Nevy ' (X?) and My(X,, XV) = My(X,, X?) N My with surjective evaluation maps

evi(u, v) : Myg(Xy, X¥) — Tg(Xy, X¥).

[BCMP13, Corollaries 3.1 and 3.3] and the fact that M; is irreducible with rational singularities
imply that the Gromov-Witten varieties M4(X,, X?) are irreducible with rational singularities.
It follows from [BCMP13, Lemma 5.1] and the projection formula that the product in QK(X)
can be reformulated using the above maps via the formula

Ou*ov = Z Z (_1)7‘qd(ev3)*[OMQ(ZU,Z”)]-
d>04d,|d|=d

We prove that, in the above formula, for the quantum product we only need to consider
curves of degree d = d or d = (d —1,1). We start with the following geometric result on curves.
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Lemma 2.5. Let z,y € X be general points. Then there exists a conic as well as a chain of
two lines through x and y.

Proof. Let V =V, &V, be the four dimensional subspace of C*" spanned by x and y. Because x
and y are general, the symplectic form has rank 4 on V. Then X NGr(2,V) is a smooth quadric
of dimension 3 containing = and y, and the result follows. 0

Corollary 2.6. Any point in T'y(X,) can be joint to X,, by a chain of d lines.

Remark 2.7. This result is true for any cominuscule variety [BCMP13, Lemma 4.7] and for any
coadjoint non-adjoint variety [CP11, Proposition 3.15]. However, it is not true for homogeneous
spaces in general (see [CP11, Proposition 3.10] for the case of adjoint varieties for which this
does not hold).

We include a proof of [Mih22, Corollary 2.5] for completeness.

Proposition 2.8. Assume that for alld > 0, any point in I'y(X,) can be joint to X, by a chain
of d lines. Then

By = <Ouaov Ov>d - Z<O’U«’Ov’0f\:>d—1<oﬂ’o1\j}>1'

K

Proof. Define

r

Sa—do = Z r H O Ol\l/l +1
i=1

where the sum is over all decompositions d — dg = dy + -+ + d,» with d; > 0 for ¢ > 0 and all
elements w; € WX for i € [1,r]. We have

KW d Z Z s Ov >d0 Sd—do)

wleWX do=0

thus we only need to prove that Sg_g4, = 0 for d —dy > 2. As an easy consequence of [BCMP13,
Proposition 3.2], we have (Oy, Oy)a = dy(a),w- Hence,

Sdfdo = Z(_ly H 6wi(di)1wi+l'
=1

For any i and w, I';(X,,) = T1(T1(-- - T1(Xy) -+ )), where I'; is repeated ¢ times in the right-hand
side. By induction on 41 and 2, this implies that w(¢) = (w(i1))(i2) for any i1 + io = i. Thus,
for any decomposition as above, we have (--- (wy(dy))(ds)---)(d,) = wi(dy + -+ + d,). This
ultimately implies that lel Owi(di),wiss = Owy(di+-+dr)w = Ow, (d—do),w and is independent of
the decomposition. We thus have that Sq_q, = 0 for d — do > 2. O

To simplify notation, we set (Ou *x O%)a = > |gj=a(—1)"(€V3)+[Onry(x,,xv)] so that

Ou* 0" =) " (Oux0")4

d>0

Proposition 2.8, the projection formula, and [BCMP13, Lemma 5.1] imply the following.

Corollary 2.9. (O, * 0%)g = (ev3).[Onry(x.,, xv)) — (evi=hh), Oy (X x)]-
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2.4. Proof outline. In this subsection, we prove Theorem 1.2 assuming some rationality prop-
erties that allow us to use the following theorem, which is a consequence of results of Kollar
[Kol86], see for example [BCMP13, Proposition 5.2]. We will prove these rationality properties
in the next sections.

Theorem 2.10. If f : A — B is a projective morphism of varieties with cohomologically trivial
general fiber (e.g. rationally connected) and such that A and B have rational singularities, then

f+]04] = [OB] in K-theory.

We will prove the following theorem in Sections 4, 5 and 6 (see Theorems 4.1, 5.1 and 6.1).
A dominant projective morphism f : A — B with A irreducible is called GRCF (Generically
Rationally Connected Fibers) if a general fiber of f is rationally connected (see Definition 3.2).

Theorem 2.11. For d > 0, we have
(1) The map evi(u,v) : Mg(Xy, X?) — Tq(X,, X?) is GRCF,
(2) Assume that evi(u,v) : My(Xy, X?) — Tq(Xy, X?) is birational, then
(a) evg_l’l(u,v) tMg_11(Xy, XV) = Tgo11(Xy, XV) is birational;
(b) Tgo11(Xy, X¥) CTa(Xy, X?) is a divisor.
(3) Assume that evd(u,v) : Mg(X,, X?) — La(Xy, X?) is not birational, then Tq(X,,, X?) =
Fy_1,1(Xy, X") has rational singularities.
(4) If d > 3, then the map evg_l’l(u, v) : Mg_1,1(Xy, X?) = Tg—1.1(Xu, X?) is GRCF, and
Fg(Xy, X?) =T4-1,1(Xy, XV) has rational singularities.
Corollary 2.12. We have (O, O")q =0 for d > 3.
Proof. Corollary 2.9 and Theorems 2.10, 2.11 imply the equalities

(OurxO%)a = (ev3)«[Onty(x,.x)] = (€v3)4[Ong,_, , (x0.x)] = [Ory(x.x)] = [Or, s 1 (x0.x)] =0
for d > 3. O
For d € [1,2], the map evi "'(u,v) : My_11(Xyu, X¥) = Tg_11(Xy, X¥) may fail to be
GRCF. To deal with these cases, we need to give a more explicit description of the Schubert
varieties X, and X". Choose a basis (€;)ie[1,2,) of C*" such that w(e;, e;) = 5 2n41—; for
i € [1,n]. Define E, = (e; | i € [1,p]) and EP = (¢; | 2n+ 1 —i € [1,p]). It is a classical result
(see for example [BKT09]) that WX is in bijection with pairs of integers p; < ps such that
p1+p2 # 2n+ 1. Explicitly, there exist integers p; < ps with p; +ps # 2n+1 and ¢; < ¢2 with
q1 + q2 # 2n + 1 such that
Xo=Xpp,={z€X |V;NE, #0and V, C E,, },
X=X ={ze X |V,NE" #£0and V, C E%}.

We will also use the corresponding Schubert cells
X, ={zeX |[dm(V,NE,)=1andV, C E,,},
X?={zxe X |dim(V, NE")=1and V, C E®}.
We set Oy, p, = O, = [Ox, ] and define

5 — 0 ifp+p<2n+1 and 5. — 0 ifqgr+g<2n+1
P71 1 ifpr4+pe>2n+1 TV 1 ifqr g >2n+ 1.

Note that §, = 0 if and only if E;;1 2 E,,, and similarly for ;. We have dim X,, = p1+p2—3—0),
and similarly for X7.
Consider the following conditions on the pairs (p1, p2) and (¢1, ¢2):

(C1) P+ =2n=p;=q



8 V. BENEDETTI, N. PERRIN AND W. XU

(C2) P14 G2 =2n =p2+qu,
P2 —p1 = g2 —q1 > 2 and max(d,,d4) =1

The following is proved in Sections 5 and 6, see Theorems 5.1 and 6.1. We denote by (Cd)
the condition (C1) for d =1 and (C2) for d = 2.

Theorem 2.13. Assume that d € [1,2].
(1) If (Cd) holds, then evi " (u,v) : Mg_11(Xu, X¥) = Ty 1.1(Xu, X?) is generically
finite of degree 2.
(2) Otherwise, the map evd Yuv) s My_11(Xu, XU) = Ta_1.1(Xy, X*) is GRCF.
Using this result, we compute (O, * O), when (Cd), for d € [1, 2], does not hold.

Corollary 2.14. Assume that neither (C1) nor (C2) holds, then

(1) (On % O¥)g =0 if and only if evi(u,v) : Mg(X,, X?) = Tq(Xy, X?) is not birational.
(2) (=) edtlae gt > 0.

Proof. (1) This follows from Corollary 2.9 and Theorems 2.10, 2.11 and 2.13.

(2) If the map evi(u,v) : My(Xy, X?) — T4(Xy, X?) is birational, then evg_l’l(u,v) :
Mi—11(Xy, XV) = Ty_1,1(X,, X?) is also birational by Theorem 2.11. By a result of Brion (see
[BCMP22, Theorem 8.11]) and that My(X,, X") and My_11(X,, X") have rational singulari-
ties, we have that the coefficients ¢, and d,, in the expansions

(ev3)«[Onry(x,,x0)] = Z O and (ev3)+[Onr,_, (x,,x0)] = Z dwO"

satisfy (—1) tw)=ce > 0 and (fl)z(w)’ddw > 0, where ¢ and d are the codimensions of
Fg(Xy, XV) and T'g_1,1(X,, X¥) in X. The result follows from this, Corollary 2.9, and The-
orem 2.11.(2).(b). O

When (Cd) holds for d € [1,2], we explicitly compute the product O, x 0", where 0112 =
O, = [Ox;].

Proposition 2.15 (see Proposition 7.1). The following holds in QK(X):
(1) If (C1) holds, then Oy x OV = O — g+ qO2,—2,25,-
(2) If (C2) holds, then

q1,92 p2+q2—2n,2n 2 2
Opyp * O =490, 141 on —q" +q"O2p_2,2n.

It is easy to verify that the above products satisfy Conjecture 2.3, proving Conjecture 2.3 in
the remaining cases, thus completing the proof of Theorem 1.2.

Remark 2.16. Assume that d € [1, 2] and neither (C1) nor (C2) holds. Then (O, *O")q # 0 if
and only if eve(u,v) : My(X,, X¥) — Tq(X,, X?) is birational. If ev3(u,v) is birational, then by
Lemma 5.6, we have p; +¢1 < 2n — 1, which implies that evi(u,v) is birational (see Section 6).
Together with Corollary 2.12 and Proposition 2.15, this implies that the powers of ¢ appearing
in O, x OV form an interval. The same argument implies that this interval property also holds
in quantum cohomology.

3. REPLACING STABLE MAPS BY EVALUATIONS

For proving the GRCF results stated in Theorems 2.11 and 2.13, we need a reduction step
replacing stable maps by the images of marked points.
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3.1. Some results on general fibers. A property is true for the general fiber of f if it is true
for f=1(b) for b in a dense open subset of B. We start with the following classical result.

Lemma 3.1. Let f : A — B be a dominant morphism between irreducible varieties and let
Q C A be open and dense. Then ) meets any component of a general fiber of f.

Proof. Set W = A\ Q. If f(W) is not dense in B, then for b € B\ f(W), we have f~1(b) C Q.
Otherwise, by the Fiber Dimension Theorem let U C B be the open subset such that any
component of f~1(b) has dimension dim A — dim B and any component of f~1(b) N W has
dimension dim W — dim B for b € U. Then, since dim W < dim A, any component of f~1(b)
meets Q for b e U. O

For convenience, we introduce the following notations.

Definition 3.2. Let f: A — B be a dominant morphism between irreducible varieties.

(1) f is called GIF (Generically Irreducible Fibers) if a general fiber of f is irreducible.
(2) f is called GRCF (Generically Rationally Connected Fibers) if a general fiber of f is
rationally connected.

Proposition 3.3. Consider the following commutative diagram of dominant morphisms between
wrreducible varieties, with A projective and normal:

N
g
B—".C

(1) Assume that g and h are GIF, then f is GIF.
(2) Assume that g and h are GRCF, then f is GRCF.

Proof. (1) Since A is normal, the general fiber of f is normal by [Bri02, Lemma 3], so it is
enough to prove that this general fiber is connected. Let Ugp C B be an open dense subset
such that g=*(b) is irreducible for b € Up and let Uc C C be an open dense subset such that
h~1(c) is irreducible and g~!(Up) meets any irreducible component of f~!(c) for ¢ € Uc (use
Lemma 3.1). Let ¢ € Ug and f~!(c) = Ey[]---[] En be its decomposition into connected
components. Since A is projective, g(E;) C h™1(c) is a closed subset for all i € [1,n] and
h=1(c) = U, g(E;). Since h=*(c) is irreducible, we get that g(E;) = h=1(c) for some i € [1,n].
Up to reordering the indices, we may assume that g(FE;) = h~!(c). For any i € [1,n] and
any a € E; N g Y(Ug), we have g(a) € g(E1). Therefore, in the decomposition g~!(g(a)) =
(¢ (g(@) N En) I+ L6~ (9(a)) 1 Bn), we have (g (g(a)) N Fy) # 0 # (g~ (g(a)) N Ey).
But since g(a) € Up, the fiber g='(g(a)) is irreducible, thus E; = E; and f~!(c) is connected
and irreducible.

(2) From (1), we have that the general fiber of f is irreducible. We also have a map g :
f~Y(c) — h~Y(c) with base and general fibers rationally connected. The result follows from
[GHS03, Corollary 1.3]. O

Lemma 3.4. Let f : A — B be a dominant morphism between irreducible varieties. The
following conditions are equivalent:

(1) f is GRCF.
(2) fla is GRCF for any dense open subset Q C A.
(3) fla is GRCF for some dense open subset Q) C A.

Remark 3.5. Here GRCF can be replaced by the property of having generically rational fibers.
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Proof. Assume that f is GRCF and let 2 C A be a dense open subset. Let U C B be a dense
open subset such that any component of f~1(b) meets  for b € U. Then f~1(b) N is dense
in f~1(b) and therefore has to be rationally connected, proving the implication (1) = (2). The
implication (2) = (3) is clear. Assume that f|o is GRCF for some dense open subset Q C A.
Let U C B be a dense open subset such that any component of f~1(b) meets Q for b € U. Then
1) N Qis dense in f~1(b), thus f~1(b) is irreducible and rationally connected, proving the
last implication. O

3.2. Rational curves passing through points. We prove some lemmas on the geometry of
curves in X useful for our reduction step proved in Section 3.3.

Lemma 3.6. Let z,y € X be two points in general position and d > 4, then Tq(x,y) = X =
Fd—l,l(x7 y)

Proof. Fix z € X general and let V =V, @ V},. Since x and y are general, we have dimV = 4
and the symplectic form has rank 4 on V. Pick ¢ € X general such that V; C V. Set W =
Vi + V.. Then we have dim W = 4 and the symplectic form has rank 4 on W. We thus have
x,y,t € IG(2,V) and t, z € IG(2, W). Furthermore, IG(2,V) and IG(2, W) are smooth quadrics
of dimension 3, therefore there exists a conic passing through x, y and ¢, and a conic as well as
a chain of two lines passing through ¢ and z, proving the claim. O

Lemma 3.7. Let z,y € X be two points in general position and let z € X. We have the
equivalence:

z€ls(z,y) < dim(V, +V,+V,) <5 <= z€T21(z,y).

Proof. If z € T's(z,y), then by the Ker/Span technique (see [Buc03, BKT03]), we must have
dim(V,+V,+V,) < 5. Assume that this condition holds, it is enough to prove that z € I'y 1 (z, y).
Let V. =V, ® V,. Since z and y are general, we have dimV = 4 and the form has rank 4 on
V. Since dim(V 4 V.) < 5, there exists a non-zero vector v € VN V,. Pick w € V,X NV \ (v)
and define t € X via V; = (v,w). We have V; C V thus z,y,t € IG(2,V). Since IG(2,V) is a
smooth quadric, there is a conic passing through z,y,¢t. On the other hand, we have v € V; NV,
thus ¢ and z are on a line, proving the claim. O

Lemma 3.8. Let z,y € X be two points in general position and let z € X. We have the
equivalence:

z€Tly(z,y) <= dim(V,+V,+V;) <4

Proof. If z € T'y(x,y), then by the Ker/Span technique (see [Buc03, BKT03]), we must have
dim(V, +V,+V,) < 4. Assume that this condition holds, we prove z € I's(x,y). Let V =V, @V,
Since z and y are general, we have dim V' = 4 and the symplectic form has rank 4 on V. We
have V, C V thus z € Gr(2,V) N X. Since Gr(2,V) N X is a smooth quadric of dimension 3,
there is a conic passing through z,y, z. O

3.3. Forgetting maps. Recall the definition of Mg and the evaluation maps ev; : My — X for
i € [1,3]. Let us start by fixing some notation on evaluation maps.

Notation 3.9 (More evaluation maps). For 1 < ¢ < 3 define evgii) : My — X' by ev%.) =

H;zl ev;. Set FS) = ev%.)(Md). We have surjective morphisms:

evgi) Mg — Fg) and Wg : I‘Ej) —+ X,

%
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where the latter is the projection onto the last component. Set I‘Ej) (Xu, XV) = ev(zy(Mg(Xy, X7)).

The maps ev? 3) and 773 induce surjective maps

evly (1, v) : Mg(Xy, X¥) = T (X, X) and 7§(u,v) : TG (X, X¥) = Ta(Xy, X°).

Proposition 3.10. The map cvfl?’) My — F((f’) is GRCF.

Proof. We will prove that evﬁg) has rational general fibers and is birational if and only if d < 2.

For d = 0, the map ev; is an isomorphism for ¢ € [1,3]. For d > 0, by Lemma 3.4, we can
restrict to the open subset of My given by stable maps of the form f : P! — X of degree d which
are birational onto their image. A degree 1 map P! — X is an isomorphism onto its image, and

(3

3 general points in I'} ) determine a line. In particular, for d = 1, the map ev‘(ig) is birational. A

birational degree 2 map P! — X is an isomorphism onto its image. For (z,v,z2) € F;S) general,
we have dim(V, +V,, +V.) = 4 = Rk(w|v, +v, +v.) by Lemma 3.8. Set E =V, +V,, + V., then
x,y,z € IG(2, F) which is a smooth quadric of dimension 3. Any conic passing though z,y, z is
contained in IG(2, E) and there is therefore a unique such conic. In particular, for d = 2, the
map ev‘(i3) is birational.

Assume d > 3. Let P, C C?"[s,t] be the subspace of homogeneous polynomials of degree k
with coefficients in C2" and let (p1, p2,p3) = (0,1,00) € (P1)3. For a = [4] and b = [4], we set
z = (71,2, 23) € X? and

(P AQ)(s,1) 7&

w(P, Q)(s,t) =
Fori € [1,3), [(PAQ)(p)] =
We have a dominant map Z — My, (P,Q,z) — ([s : t] = [P(s,t) A Q(s,t)]) with general fibers
irreducible of constant dimension 4. In particular, dim Z = d(2n — 1) 4+ 4n — 1 and there is a
unique irreducible component Z, of Z of dimension dim Z. The component Z, dominates M.

1
Z = (P’Q’Q)Emaxmbx)(?’ FOI'[&t]EP

X;

Let 7 : Z, — F((f’) be the projection on the last factors. By Lemma 3.1, the general fiber of 7
dominates the general fiber of evé). We therefore only need to prove that 7 is GRCF.

Let Y = {(P,z) € Po x X? | P(s,t) # 0 for all [s,t] € P! and P(p;) € V,, fori € [1,3]}.
Projections induce maps p: Z = Y, po : Zo — Y and evp : Y — X3 such that m = evp op,.
Note that evp'(z) is an open subset of a vector space and is therefore rational.

We first prove that Y is irreducible. Let S = {P € B, | P(s,t) # 0 for all [s,t] € P'}. The
projection on the first factor induces a map o : Y — S, and we have a cartesian diagram:

Y F13

S T . (P2n71)3’

where 7 : S — (P?"~1)3 is defined by 7(P) = ([P(p1)], [P(p2)], [P(p3)]), F1 = {(z,y) € X x
P27=1 | 3y C V,} is the incidence variety between X and P?"~! and the map 6 : Y — FI® is
defined by 6(P, z) = (z, [P(p1)], [P(p2)], [P(p3)]). Since pr, is locally trivial with fibers (P2"~3)3,
the same is true for o. Since furthermore S is an open subset of B,, we get that Y is irreducible
of dimension 2n(a + 1) + 3(2n — 3).

We now consider the fibers of the map p : Z — Y. These fibers are given by an open subset
in the set of solutions of the linear system on @ given by

w(P,Q)(s,t) =0 for all [s,t] € P!,
(1) { Q(pi) € Vy, fori € [1,3).
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Note that this linear system is generically of rank

dim Py, — (dim Z — dimp(2)) < d — 2+ 3(2n — 2) = dim*P;, — (dim Z — dimY').
Let (€i)ic[1,2n) be the standard basis of C?" so that the symplectic form is given by w(e;, e;) =
djont1—i fori € [1,n], let P(s,t) = s%e1+t%es, and let V,, = (e1, €2), Vo, = (€1+e€2p, €2+€2,-1)
and Vg, = (ean_1,€2n). Then (P,z) € Y. For Q(s,t) = sbey + tPey, 1, we have (P,Q,z) €
p~1(P,z) and an easy check proves that the fiber p~1(P,z) is given by an open subset of the
solutions of a linear system of rank d — 2 4 3(2n — 2).

Let Y, C Y be the open subset where the system (1) has maximal rank d — 2 4 3(2n — 2).
Then the map p : p~1(Y,) — Y, is locally trivial with fiber an open subset of a vector space of
dimension dim Z — dim Y. This implies that Z, is the unique component of Z dominating Y
and that the map p: Z, Np~1(Y,) — Y, is locally trivial with fiber an open subset of a vector
space of dimension dim Z — dim Y. We also have dim 1"513) =dim7(Z,) = dimevp(Y).

Pick z € F&g) general. Note that evlg1 (2) is an open subset of a vector space and thus rational.
Set F' = 7~ !(z). Any irreducible component of F' meets p~!(Y,) non-trivially by Lemma 3.1
and is of dimension dim Z — dim F&S). Let F’ be any such irreducible component. We have
amap p: F' — evp'(z) whose general fiber over the image has dimension dim Z — dimY =
dim F’ — dimevp'(z). In particular, p : ' — evp'(z) is dominant. On the other hand, since
evp'(z) meets Yo, the map p : F' — evy'(z) is a locally trivial fibration with rational fibers over
a dense open subset of ev}l(g). Therefore, F' must be rational.

By Lemma 3.7, we have Fég) dominates X? with fibers of dimension at most 2n. Hence,
dimT{Y < 2(4n — 5) + 2n = 10n — 10. By Lemma 3.6, we have dimT'{") = 3(4n — 5) for d > 4.
Therefore, dim Z — dim I‘:(}?’) > 6 and dim Z — dim I‘((;’) =d(2n—1) —8n+ 14 > 10 when d > 4.
This implies that when d > 3, the fibers of evﬁg) are of dimension at least 2. O

Recall that My_11 = Mg_1 XXMO,Q(X7 1) and consider the map evyy : Mg_11 — X* defined
by ev4) = evi X eva X evg X evg, where ev, is the map induced by the fiber product structure

and is obtained by evaluation at the singular point of the curve. Define ng)l,l =eviy(Mag—1,1).

We have a commutative diagram

(2) Mg_1.1

eV(4)
d—1 .
evisy del

Fgfl xx Moa(X,1) Fggm-

id Xevay

Lemma 3.11. The projection pr : 1"514_)1 1 I‘&g_)l 1 is GRCF.

Proof. We need to discuss cases depending on the degree d. If d > 4, then by Lemma 3.6,
pr=Y(z,y,z) = T'1(2) is a Schubert variety thus rational. If d = 1, then pr—!(xz,vy,2) = {z}. For
d =2 and (z,y, z) general in Ffi, then E =V, +V, +V, has dimension 4 and the restriction w|g
has rank 4. Therefore, ,y, z are points on a 3-dimensional quadric @, given by @ = I1G(2, E),
with x and y on a line (zy) and z general. It is easy to check that pr—!(z,y,2) = (zy) Nzt is a
unique point on . For d = 3 and (x, y, z) general in ng, then V, +V, +V, has dimension 5, the
restriction w|y, 1 v, has rank 4 and the intersection V, N (V, + V) has dimension 1 (by Lemma
3.7). It is easy to check that pr=1(z,y,2) ={t € X | Vo +V,)NV, CV, C Vo +V,} ~ PL
Finally, for d = 4, we have Fégi = X3 (by Lemma 3.6). For (z,y,z) € X3 general, the fiber is
given by pr(z,y,z) = {t € X | V; = (a,b) with a € V,, + V,,,b € V, and w(a,b) = 0}, which is
a general hyperplane section of P3 x P! in its Segre embedding and therefore rational. O
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Corollary 3.12. The map ev?;)l’l Mg_11 — I‘gfu 18 GRCF.

Proof. All maps in (2) are surjective and My_1 1 is irreducible, projective and normal. Further-
more, id X evy is birational and the vertical map is GRCF by Proposition 3.10. By Proposition
3.3, the map ev(y) is therefore GRCF. Finally, use Lemma 3.11. O

We conclude with the main reduction result of this section.

Proposition 3.13. We have the following implications.
(1) If 7§ (u,v) is GRCF, then evi(u,v) is GRCF;
(2) If ngl’l(u,v) is GRCF, then evgfl’l(u,v) is GRCF.

Proof. We have the following diagrams of surjective maps

Mg (X, X7) and Mg_11(X,, X")
T (Xy, X¥) ——> Ta( Xy, X*) T8 (X, X?) ——> Tao1 (X, XV).

Since the G-orbit of X, x X? is dense in X? and the evaluation maps are G-equivariant, the
general fibers of the vertical maps are general fibers of the maps

ev‘é) My — F&?’) and ev?;)l"l Mg_11 — Fgl_)l,l.

Furthermore, My(X,, X") and My_1 1(X,, X") are projective, irreducible and normal, thus the
result follows from Propositions 3.3 and 3.10, Lemma 3.11, and Corollary 3.12. g

Corollary 3.14. IfTy(z,y) = Lq_11(x,y) # 0 for z,y € X in general position, then we have
La(Xu, X¥) =Tg11(Xu, XV). If furthermore 74 (u,v) is GRCF, then evg_l’l(u,v) is GRCF.

Proof. Since My(X,, X") and My_1.1(X,, X") are irreducible, the same is true for I’EIS)(XU, XY)
and I‘fi?fl’l(Xu,X”). Let Q be the open subset of X? such that Ty(z,y) = Ty—1.1(z,y) # 0 for
(x,y) € Q. Since the G-orbit of X, x X" is dense in X? and the evaluation maps are G-
equivariant, we may assume N (X, x XV) # (). Then
{(z,y,2) € Xy x X’ x X | (z,y) € Qand z € Ty(z,y)}

={(z,y,2) e Xy x X" x X | (z,y) € Qand z € T'y_11(x,y)}

is a dense open subset of both F((iS)(Xu,X”) and F1(13—)1,1(XH7XU)7 proving that Fff) (X, XV) =

TP (X, X"). We deduce that Tq(X,, X¥) = Tg_1,1(Xu, X*) and 7f(u,0) = 75 " (u,0).
The last assertion follows from Proposition 3.13. g

3.4. Results on curve neighborhoods. Before going on, let us prove some preliminary re-
sults on curve neighborhoods. More precisely, the next result will be useful for proving that
Ig(Xy,X?) and T'y_q 1(Xy, XV) have rational singularities when they are equal and d is small.

Proposition 3.15. Let V, be any k-dimensional subspace of C*™. The subvariety {z € X |
V. N Vi # 0} C X has rational singularities.

Proof. Let S = G(k,2n) and for s € S, denote by V, C C?" the corresponding subspace. Define
Y ={(z,8) € X xS | V.,NV; #0}. The map Y — X is G-equivariant and therefore locally
trivial. Furthermore, the fiber of this map is the Schubert variety {s € S | Vs NV, # 0} and
therefore has rational singularities. In particular Y has rational singularities. On the other
hand, the fibers of the map Y — S are of the form {z € X | V, NV, # 0}, and it is easy to
check that these varieties have constant dimension k + 2n — 4 (a birational model is given by
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{(a,2) € P(Vs) x X | a C V, C at}, which is a locally trivial P?»~3-bundle over P(Vj)). In
particular, by Miracle Flatness, the projection Y — S'is flat. Finally, the family (Y;)scs admits a
global resolution of singularities given by the variety Y = {(I,z,s) € P ' x X xS | | C V.NV,}.
We can thus apply [Elk78, Theorem 3|, and we deduce that Y, has rational singularities for any
ses. O

Out next result will apply when ev{ is birational, giving a useful relationship among curve
neighborhoods for degree (d — 1,1) curves and degree d curves.

1,1
(

Lemma 3.16. Let us assume that d < 2 and that evi(u,v) and ev§7 u,v) are birational.

Then T'g_11(Xy, X7) is a divisor inside I'q(X,, X7).

Proof. Recall that I'y_q1(X,,X") and T'q(X,, X") are irreducible. We thus only need to com-
pute the codimension of the former in the latter. By the birationality assumption, the di-
mension of I'y(X,, X") and T'q_1,1(X,, X") are equal to the dimension of My(X,,X") and
My—11(Xy, X?). Note that My_; 1 is a union of boundary divisors (see [FP97]) an is therefore
a divisor in My. Now by Kleiman-tBertini applied to evy x evy : My — X2, we get that if
Mg—1,1(X,, X?) is non-empty it is a divisor in My(X,,, X"). O

4. LARGE DEGREES

The aim of this section is to prove the following result.

Theorem 4.1. For d > 3, we have
(1) The map evi(u,v) : Mg(Xy, X) —= Ta(Xy, X?) is GRCF and never birational;
(2) The map evg_l’l(u,v) s Mag—11(Xy, X¥) = Ty_11(Xy, XV) is GRCF;
(8) Tq(Xy, XV) =Ty_1,1(Xy, X") has rational singularities.
Proof. The results follow from Propositions 3.10, 3.13, 4.2, 4.4 and Lemmas 3.6 and 4.3. g

In all cases of the Theorem above our strategy will be to use Proposition 3.13 (and this
strategy will be used also for degree two and degree one curves). Since the case of degree d > 4
curves is much easier, let us deal with it separately.

Proposition 4.2. If d > 4, then the morphisms evi(u,v) : Mg(X,, X¥) — Tg(Xy, X?) and
evi M u,v) s M1 1(Xu, X¥) = Tg_11(Xy, X¥) are GRCF.

Proof. By assumption and Lemma 3.6, we have I‘l(;')(Xu7 XY) = Ffffl)l(Xu, X") =X, xX"xX
and T'g(X,, XV) = Ty_1.1(Xu, X¥) = X. The fibers of 7§(u,v) and wgfl’l(um) are isomorphic
to X, x XV and are thus rationally connected (even rational). The result follows from Proposition
3.13. 0

Notice that when d > 4, T'q(X,, X"¥) = T'4—1,1(Xy, X¥) = X is smooth. We now focus on
degree d = 3 curves. We start with a general statement describing the image of the evaluation
map for cubics. Recall that X,, and XV as incidence varieties can be defined as X, = {14 €
X | dim(VoNE,)>1and Vo C Ep,} and XV ={V, € X | dim(Vo,NE?") > 1 and V, C E®}
and let X, € X, and X" C X" be the Schubert cells.

Lemma 4.3. We have I'y1(X,, XV) = T'3(Xy, X?) = {z € X | dim(V, N (Ep, + E?)) > 1}
and this variety has rational singularities.

Proof. The first equality is a consequence of Lemma 3.7 and of the fact that the G orbit of
X, x X? is dense in X?. The fact that {z € X | dim(V, N (E,, + E%)) > 1} has rational

singularities is a consequence of Proposition 3.15. So let us prove the second equality. Assume
that z € I's(X,, X¥), then there exists € X, y € X¥ and V5 € Gr(5,2n) such that V, +V, +
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V. C V5. In particular dim(V, N (V, +V,)) > 1 and V, +V,, C E,, + E%, proving the inclusion
of the LHS in the RHS. Assume now that z € X satisfies dim(V, N (E,, + E?)) > 1 and pick a
non-zero a € V, N (E,, + E%). Write a = o’ + o” with o/ € E,, and a” € E%. For z general,
we may assume that o’ ¢ E,, and o’ ¢ E?.

Assume first that py # 1 # ¢1. Then E,, N (a')* and E,, N (a”)* are non-trivial, and we
may pick b’ € E,, N (a/)* and b’ € E, N (a”)t. Then set V,, = (a/,¥') and V,, = (a”,b"). We
have v € X, and y € XV and dim(V, +V, +V,) <5 thus z € I's(z,y) C I's(X,, XV). If p1 =1
then py < 2n. We have E,, C Ej; and E,, N (a')* = E,,, so we may proceed as above. The
same works if ¢; = 1. O

In order to prove Theorem 4.1, we are left to prove the following result.

Proposition 4.4. The morphisms evi(u,v) : M3(X,, X?) — T'3(Xy, X") and evg’l(u,v) :
Ms1(Xy, X?) = T'y1(Xy, XY) are GRCF.

We want to use Proposition 3.13, but we also want to avoid dealing with “badly behav-
ing” curves. Because of Lemma 3.4, we can restrict to studying the fibers of m3(u, )|y, :
ng) (Xu, X?) = I'5(X,, X7), where Uz C Fg?’) (X, X") is a well-chosen dense open subset.
We postpone the proof of Proposition 4.4 to the construction of U3 and the description of its
properties.

For (z,y,z) € Fz(f') (Xu, X?), consider the following conditions:

(1) Ve mVy =0,

(2) dim(V, +V, + V) =5,

(3) Vi € )%u and V, € )%“,

(4) Vo (Vo +Vy) € [(Va N Ep,) + V] U [V + (VN ET)).

Condition (1) is a non-empty open condition, and by Lemma 3.7,
{(z,y,2) € T (X, XV) | (Vi Vy, V2) satisfies (1)} =
= {(2,y,2) € Xu x X" x X | Vo NV, =0, dim(V, +V, + V.) <5}.
Thus, (2) and (3) are non-empty open conditions, and
{(z,y,2) € T (X0, XV) | (Va, Vi, V2) satisfies (1)-(3)} =
={(z,y,2) € X, x X" x X | V, NV, =0, dim(V, + V, + V.) = 5}.

For (z,y,z) in the latter set, dim(V, N E,,) = dim(V, N E?") =1, and (V, N E,,) + V, and
Ve + (Vy N E?) are both 3-dimensional subspaces of the 4-dimensional space V, +V,, so (4) is
a non-empty open condition and

Us = {(2,y,2) € T3 (X0, X¥) | (Va, Vy, V2) satisfies (1)-(4)}
is an open dense subset of Fgg)(Xu, X).
Proposition 4.5. For z € T'3(X,,, X?) general, (m3(u,v))~(2) NUs is unirational.
Proof. Set

B = EP2 \El)l if Ep2 < E;_l
° E,, \ (E,, U Epil) otherwise,
o | ET\ED if B C (Bn)t
T E®\ (BT U (E®™)Y)  otherwise.

We have that £, and E° are open subsets in E,, and E9, respectively. Consider the map
p: E,, x E? — E,, + E? defined by (a,a”) — a’ + a”. Note that, since p; > 2, ¢ > 2, and
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E, and E* are opposite flags, this map is surjective with fiber isomorphic to E,, N EF%. The
restriction p, : B, x E° — E,, + E9 is therefore dominant with fibers over an element in the
image isomorphic to a non-empty open subset of E,, N E?. Fix a general z in

[3(X,, X) = {z € X | dim(V. N (E,, + E%)) > 1}

(see Lemma 4.3); we have that p;1(V,) = (E, x E°)Np~!(V,) is a non-empty open subset of a
vector space.
Define

P = {((a,a"),b,c) € pot(V2) x (C")* | b€ Ep N(a)"\0, c € BN (a")"\ 0}
and set
P° ={((d',a"),b,c) € P | dim{d’,a”,b,c) =4, dim(V, + (a’,a",b,c)) = 5}.

Note that P° is an open subset of P. Lemma 4.6 implies that P° is non-empty. Then Proposition
4.5 follows from Lemma 4.6 and Lemma 4.7 below. O

Lemma 4.6. For z € I'3(X,,X") general, the map P° — (73(u,v))"1(2) NUs defined by
((a',a"),b,¢) = (x,y) with V, = (a’,b) and V,, = (a”, ¢) is surjective.

Proof. Let (x,y,2) € (m3(u,v)) 1 (2) NUs. Then by assumptions (1) and (2), dim(V, N (V, +
Vy)) = 1. Let a € V. N (V, +V,)) be a non-zero element and write a = a’ + a” with a’ € V, and
a” € V,. By assumption (1), this decomposition is unique.

We claim that (a’,a”) € p71(V,). Clearly, we have a’ € E,, and a” € E%. By assumption
(4), we have ' € E,, and o’ ¢ E%. Furthermore, if E,, Z E., then since z € X,, we have
Ve N EIJ;1 =V, NE, and d ¢ EzJﬂ' By a symmetric argument, if E% ¢ (E%)L, we have
a" ¢ (E9)%. We thus have (a’,a”) € p71 (V).

Let b € V; N E, and ¢ € V,, N E? be non-zero elements. By assumption (4), we have
V, = (a/,b) and V,, = (a”,¢), thus b € (¢/)* and ¢ € (a”)*. Furthermore, by assumptions (1)
and (2), we have ((a’,a"),b,c) € P° mapping to (z,y), proving the result. O

Lemma 4.7. The set P is unirational.

Proof. Consider the map P — p;1(V,), ((a’,a"),b,c) — (a’,a"). We first prove that this map
is surjective. Note that the choice of ¢ is independent of the choice of b, so by symmetry, we
can concentrate on the map ((a’,a”),b) — (a’,a”). We only need to prove that E,, N (a’)* is
always non-zero. If p; > 1 the result follows. If p; = 1, then E,, C Epl1 thus ' € Epl1 and
E,, N (a)t = E,,, proving the result. Now, by construction of E, and E°, this map is the
composition of vector bundles (with zero section removed), proving the statement. O

Finally, we can prove Proposition 4.4.

Proof of Proposition 4.4. The result about degree d = 3 curves follows from Proposition 4.5,
Lemma 3.4 and Proposition 3.13. The result about degree (2,1) curves follows from Proposi-
tion 4.5 and Corollary 3.14. g

We now deal with small degree (i.e. degree two and one) curves.

5. DEGREE 2

Recall that there exists integers p; < pg with p1+ps # 2n+1 and ¢1 < go with ¢1+¢2 # 2n+1
such that
Xy={xeX|V,NE, #0and V, C E,,}
X'={xeX |V;NE®" #0and V, C E®2}.
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Recall also the definition of ¢, and ¢, and condition (C2)

P1+g2=2n=p2+q,
P2 —p1 = ¢2 — q1 > 2 and max(dy,d4) = 1.

In this section we prove the following result.

Theorem 5.1. Assume that d = 2, we have
(1) The map evi(u,v) : My(X,, X?) — Tq(X,, X?) is GRCF,
(2) If evi(u,v) : Mg(Xy, X?) — Tq(X,, X?) is not birational, then we have T'g(X,, X") =
Ti—1.1(Xy, X?) has rational singularities.
(3) If (C2) does not hold, then evd " (u,v) : My_11(Xu, X¥) = Tq_1.1(Xu, X*) is GRCF.
(4) If (C2) holds, then the map evi(u,v) : Mg(X,, XV) — Ty(Xy, X?) is not birational,
and evgfl’l(u,v) tMa_11(Xy, XV) = Tgo11(Xy, XV) is generically finite of degree 2.

Proof. By Proposition 3.13, to prove part (1), it suffices to prove
72(u,v) : TE) (X, X¥) = To(X,, XV)

is GRCF. We are going to construct a birational morphism f : W — I‘gg) (X, X?) from an
irreducible variety W, and prove that the general fiber of m = 73(u,v) o f is unirational. More
precisely, part (1) follows from Proposition 3.13, Lemma 3.4, Lemma 5.4, Lemma 5.5, and
Proposition 5.8.

Part (2) follows from Lemmas 5.6, 5.7, and Corollary 5.12.

By Proposition 3.13, to prove (3), it suffices to prove wé’l(u, v) I‘f’}(Xu, XY) = (X, XY)
is GRCF, which is Proposition 5.11.

When (C2) holds, by Corollary 5.12, we have I'y 1 (x, xv) = X. Moreover, dim M 1 (X, X") =
dim X. Part (4) follows from Lemma 5.6, Corollary 3.12, Proposition 5.11, and Lemma 3.1. O

Define the following open subsets of projective spaces:
o If 6, =0, set P(E,, )o =P(E,,) and P(E,, ), = P(E,,).
o If 6, =1, set P(E,, )o =P(E,,) \IP)(EPLZ) and P(E,,). = P(E,,) \IP’(EZ}I)
o If 6, =0, set P(E?), =P(E?") and P(E®), = P(E®).
o If §, = 1, set P(E9), = P(E) \ P(EP2*) and P(E®), = P(E%®) \ P(E®T).
For simplicity, set

<

Y =P(Ep,)o X P(E?), x P(ET)s X P(Ep,)o.
For any element ([a1], [az2], [b1], [b2],2) € Y x X, consider the following conditions:
(1) w(al,bg) :0:w(a27b1).
(2) Eﬂ(al,a2>7é07éVzﬂ<b1,b2>.
(3) VZﬂ<a1,b2> :O:Vzﬁ(bl,a2>.
(4) w(al,bl) #0#&)(&27[)2).
(5) dim(<a1’ ag, by, b2>) = Rk(w|(a1,a2,b1,b2)) =4.

Remark 5.2. Conditions (2) and (3) imply that
dlm(‘/; N <a17a2>) =1= dlm(VZ n <b1, b2>)
Set W = {([a1], [az], [b1], [b2],2) € Y x X | (1)-(5) are satisfied}. Note that W is locally closed

inY x X.
Define p: E,, x E" — E,, + E" and ¢ : E,, x 9> — E, + E%.

Remark 5.3. Denote the second projection from W by 7’ : W — X. By Remark 5.2, the fiber
7'~1(2) can be identified with {[a1, as], [b1,b2] € P(¢~1(V2)) x P(p~1(V2)) | ([a1], [az2], [b1], [b2]) €
Y and satisfies (1), (4), (5)}.
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Lemma 5.4. The subset W CY x X is irreducible and dim W = dim Ms(X,,, X?).
Proof. Note that conditions (3)-(5) are open. Define
S = {([a1], [az], [b1], [b2]) € Y | (1),(4) and (5) are satisfied}

and let p: & — P(E,,)o x P(E?), be the projection on the first two factors. The map p is
surjective with fibers of constant dimension ps + ¢1 — 2 — d, — 4. Since these fibers are given
by linear conditions, we get that S is irreducible of dimension p; + p2 + ¢1 + g2 — 4 — 0, — dg.
We now consider the map p’: W — S obtained by projection on the first four factors. Fix
([a1], [az2], [b1], [b2]) € S we look for z in the fiber of p’. By conditions (2) and (3) the space V,
meets (a1, az) and (b, b2) in dimension exactly 1. Given [a] € P({a1, a2)) \ {[a1], [a2]}, condition
(4) implies that there is a unique z in the fiber such that a € V,. This implies that p’ is a locally
trivial C*-bundle over S and thus is irreducible of dimension p; +p2+¢1 + g2 —3 — 3, — §; =
dim Ms(X,,, X°). 0

Lemma 5.5. The map f: W — Fgg)(Xu,X“) given by f([a1], [az], [b1], [b2], 2) = (x,y,2) with
Ve = (a1,b2) and V,, = (az,b1) is well-defined and birational.

Proof. Since dim((a1, as, b1, b2)) = 4, we have that V,, and V,, have dimension 2 and are isotropic
by the conditions w(a,bs) = w(az,b;) = 0. This implies that z € X, and y € X and since
V. C Vz +V, we have that (z,y,z2) € ng) (X4, X?) by Lemma 3.8.

Conversely, for (x,y, z) general in FéS)(Xu, X"Y), we may assume that x € )?u and y € Xv. We
thus have dim(V, N E,,) = 1 so that [a1] is uniquely given by (a1) = VzNE,,. We also have that
[b1] is given by (b1) = V,, N E?*. Furthermore, we may also assume that V, NV, =V, NV, =0
thus ({a1) + V>) NV, has dimension 1 and [as] is fixed by the condition (as) = ((a1) +V>) NV,.
By the same argument [by] is fixed by the condition (by) = ({b1) + V;) N V. O

Consider the restriction 7 : W — I'y(X,,, XV) of the projection 7’

Lemma 5.6. The map 7 is birational if and only if one of the following holds

(1) p1 + g2 < 2n and ps + q1 < 2n,
(2) p1+ g2 = 2n, p2 + ¢1 < 2n and max(dp, d,)
(3) p1+ g2 < 2n, po + q1 = 2n and max(d,, dq)

Proof. We only prove the if part, the converse will follow from the proof of Proposition 5.8.
Note that if (p1 + g2 = 2n, p2 + q1 < 2n) or if (p1 + g2 < 2n, p2 + ¢1 = 2n), we also prove the
only if condition. Assume first that p; + g2 < 2n and ps + ¢1 < 2n. Then, for z € I'y(X,, X?)
general, by Lemma 3.8, we have dim(V, N (E,, + E®)) = 1 = dim(V, N (E,, + E?)). This
defines unique elements [a; +a2] € P(V, N (E,, + E®)) and [be +b1] € P(V, N (E,, + E7)) with
([a1], [a2], [b1], [b2], 2) € W, proving part (1).

Assume that p; + ¢2 < 2n and py + g1 = 2n (the case p1 + g2 = 2n and py + ¢1 < 2n is
similar). Then, for z general, we have dim(V, N (E,, + £9)) = 1 and this defines a unique
element [a1 + a2] € P(V, N (E,, + E?%)). For any [b] € P(V,), we have a unique decomposition
b = by + by with [by] € P(E,,) and [b1] € P(E?). If max(dy,d,) = 0 then the conditions
w(ay,bs) = w(az, by) = 0 are satisfied, and we get a fiber of dimension 1 parametrized by P(V,).
Otherwise, at least one of these (linear) conditions is non-trivial and there is a unique [b] € P(V})
satisfying these conditions, proving part (2) and (3). O

L,
1.

Lemma 5.7. When 7 is not birational,

[o(Xy, XY) C{z € X | V.N (B, + (Ep, N E®) + E%) #0}.
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Proof. In this case, by Lemma 5.6, either p; +q2 > 2n or po+q1 > 2n. Without loss of generality,
we assume p1 + g2 > 2n. Note that if z is the image of a generic (z,vy, 2) in I'y(X,, X?), then
Vo CEp,, VyAET #£0and V. C Vo4V, 500 # V. N (Vo + (V,NE®)) C V.N(E,, +E?). O

The reverse inclusion will follow from the proof of Proposition 5.8.
Proposition 5.8. The general fiber of w is unirational.

Proof. In the cases of Lemma 5.6, the map is birational. The remaining cases are as follows.
Note that the discussion proves the only if part of Lemma 5.6.

Case 1: p1 + g2 > 2n and ps + ¢1 > 2n. Consider the map g,: W — {(la1], [az], 2) € P(Ep, )o X
P(E®2), x X | a1 € V, N{a1,a2) # 0 and w(a1, az) # 0} obtained by projection, and let W, be
the open subset in W where this map has fibers of minimal dimension. It suffices to prove that
F = W, N7 1(2) is unirational of positive dimension for z € T'y(X,, X") general. Consider
the restriction g,: F — P(¢7*(V.)). A general fiber of this map is an open subset of the
projective space {[by,b2] € P(p~1(V2)) | w(ai,b2) = 0 = w(az,b1)}. This projective space has
dimension 1+ p2 + ¢1 — 2n — 6, — 64 > 0, thus the map is dominant. Furthermore, we know
that fibers of this map have constant dimension. It follows that F' is unirational of dimension
Pr+petqtg—4n+2—0,—0,> 1

Case 2: p1 + g2 > 2n and ps + q1 > 2n. This is similar to Case 1.

Case 3: p1 + g2 = 2n = ps + ¢1. In this case, min(é,,d,) = 0, and for fixed z € I'2(X,, X7), we
have dim p~!(V,) = dim ¢~ *(V,) = 2. Therefore, 7~1(z) is birational to P* xP! if max(d,, §,) = 0
or an open subset of a hyperplane section of bidegree (1,1) in P! x P! if max(d,,d,) = 1. We
are done in the former case, in the latter case, we only need to prove that the defining form
is non-degenerate. We may assume p; < ¢; which implies p; + 2 < ¢1, and we exhibit a V,
for which the form is non-degenerate. Set V, = (eq, + €2nt+1—q1,€qo + €2nti—qo) if D2 > @1
and V., = (ep, + €ant1-pss€qy + €2nt+1—g) if P2 < q1. Both cases are similar, so we only deal
with the latter. We have ¢=1(V,) = {(0,ep, + €2nt+1-p,), (0,4, + €2n11-¢,)) and p~ (V) =
((epys €2n+1—ps)s (€2n+1—gs» €q5))- The condition w(aq,bs) = 0 is always trivial and the condition
w(ag,by) = 0 is induced by a matrix of the form

+1 0
( 0 j:l)
proving the result in this case.

Case 4: p1 + ¢2 < 2n and ps + g1 > 2n. Note that dimW > p; 4+ ¢2 + 2n — 3. By Lemma 5.7,
dimTe(X,, X¥) < p1 + g2 + 2n — 4. Therefore, fibers of 7 are positive dimensional. For
z € T'y(X,,X") general, by Lemma 3.8, we have dim(V, N (E,, + E%)) = 1 and therefore a
unique element [a; + as] € P(V, N (E,, + E%)).

For ([a1], [az], [b1], [ba], 2) € 7~1(2) the elements [a1] and [az] are fixed as above. Therefore,
7~ 1(z) is birational to the linear space

{[b1,b2] € P(p ' (V2)) | w(ar, b2) = w(az,by) = 0}.

Case 5: p1 + g2 > 2n and ps + ¢1 < 2n. This is similar to Case 4.

Case 6: p1 + g2 = 2n, p2 + ¢1 < 2n and max(d,,de) = 0. This follows from the proof of Lemma
5.6 part (2).

Case 7: p1 + g2 < 2n, p2 + ¢1 = 2n and max(d,,d,) = 0. This is similar to Case 6. O

Corollary 5.9. When w is not birational, we have
Da(X, X°) = {2 € X | Vo (B, + (By, N E%) + E%) # 0}

and T'y(X,, XV) has rational singularities.
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Proof. When p; + g2 > 2n, we have E,, + (E,, N E®) + E" = E,, + E?; when ps +¢1 > 2n,
we have E,, + (E,, NE®?)+ E" = E, + E%. The result follows from Lemma 5.7 and the proof
of Proposition 5.8. The rational singularities statement follows from Proposition 3.15. O

Lemma 5.10. We have

I'1(Xy,X?) C{ze X | V.N(E,, + (Ep, NE®)+ E%) #0}.
Proof. Note that there is no assumption on 7 here. Let (x,y, z,t) € Fgﬂ(Xu,X”) be general,
then V, CV, +V,,VinV, #0and V, +V, C E,, + (E,, N E®)+ E?" so V, N (E,, + (Ep, N
E®) 4+ E7) # 0, proving the result. O

The reverse inclusion will follow from the proof of the following Proposition.

Proposition 5.11. (1) Ty 1(Xy, XV) is non-empty if and only if ps + g2 > 2n.
(2) If (C2) does not hold, then 73" (u,v) is GRCF.
(3) If (C2) holds, then w3 (u,v) is generically finite of degree 2.

Proof. Note that if ps + g2 < 2n, then I'1 1 (X, X") = 0. Now assume ps + ¢2 > 2n.

Let z € T'11(Xy, XV) be general. We look for a € V, N (E,, + (Ep, N E®) + E7) \ 0 with
decompositions a = afy) + afg + ajy;, where apy € Ep, \ 0, ap € (Ep, N E%2)\ (B, UE"),
af;) € B4\ 0, and

(3) W(G[Q], a[l]) = Oa
(4) w(ary, a'm) =0.

Then for V; = (apj, apg) and Vy, = (af;), apz)), we have that (z,y,2) € (73" (u,v)) " (2). Without
loss of generality, we assume
P2 +q1 2 p1+q.

Let
m = max(0,p; + g2 — 2n).
Write a = (a1, -+ ,az,) in the basis (e;)ie[1,2,). Then
a[l] = (CL17 ct 5 Apy—my Opy —m41 + )\pl—m—i-l, cr,Apy + >‘p1707 e aO)a
afl] = (07 -0, A2n+1—qq + H2n+1—g1s """ 5 Opy + Hpas Qpat1s - aa2n)7

and ajg) = a — apy) — ah], where the variables \; and p; satisfy equations (3) and (4).
Case 1: pa + ¢1 > 2n. This condition guarantees that there is at least one variable p,,. We first
compute the coefficients cll,2 and ciz of pp, in equations (3) and (4), respectively. We get

Cz}u =9 —(a2nq1-ps + Aong1-p,)  H2n+1—pr <p2 <o
—A2n+1—p, if2n+1—-p1 <p2>q
and
iagn+1_p2 ifpo<2n+1—p
=9 “Aontiop i 2n+1-p1 <p2<go
0 if2n+1—p; <p2 > qo.

If p1 + p2 < 2n+ 1, then equation (3) is trivial, and we can solve equation (4) in x,, as long as
A2n+1—p, 7 0, proving the result in this case. Assume p; +p2 > 2n+1. If g1 + ¢ < 2n+1,
then equation (4) is trivial, and we can solve equation (3) in pp, as long as aspt+1—p, # 0
Or G2n+1—ps + A2nt1—p, 7 0, proving the result in this case. We may therefore also assume
@1+ g2 > 2n+ 1. Since pa + q1 > p1 + ¢2, we get 2(p2 + ¢1) > p1 +p2 + ¢1 + g2 > 4n + 4 thus
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p2 +q1 > 2n+ 2. In particular po — 1 > 2n + 1 — g;. We compute the coefficients 021,2_1 and
2 _ of up,—1 in equations (3) and (4), respectively:

P2—
= —(@2nt2-p, + A2nt2-p,) ifp2—1<q
P T —aang2p, if gy < py— 1
and
2 = —Aonq2—p, fp2—1<¢q
pa-t 0 if gg <p2—1.

If po < g2, the minor associated to the variables pip, 1 and p,, in the equations is equal to
(a2n+2_p2 + /\2n+2—p2))\2n+1—p2 — (a2n+1_p2 + >\2n+1—p2)/\2n+2—p2 so that we can solve the
equations in this case and the result follows. If po = g2 + 1, then the minor is equal to
A2n4+1—ps A2nt2—p, and the result follows. Otherwise, g2 < p» — 1. Notice that in this case
1

Cpy = —Q2p41-p, While cf,Q = 0. So it suffices to find a coefficient ¢ such that cf is different
11

from zero; indeed, if we do so, then the determinant of the matrix whose rows are (c,,,c;) and

(012,2, c?) is different from zero, and we can solve the equations with respect to i, and p;. Note

that for ¢ = g» we get

2 = { —Aonti—g, Up1+g>2n+1

a2 2n41—gs if p1 + g2 < 2n,

proving the result in this case.

Case 2: po +q1 < 2n. In this case, we have E,, & (E,, N E®) @& E%* C C?". For any a €
V. N (Ep, + (Ep, N E?) 4+ E9)\ 0, we can write a = apy) + af] + ah] in a unique way.

Sub-case 2.1: p; + g2 < 2n. Then E,, + (E,, N E%)+ E% C C?". For z € I'; 1(X,, X") general,
we thus have V., N(E,, +(E,,NE®?)+E%") = (a) with a # 0. For z general, we have ap; € Ep, \0,
ap) € Ep, NE®\ (Ep, UET), and af;; € E? \ 0. This implies the equalities V = (a1, ajz)) and
Vy = (ah],a[g]}, thus the map is birational.

Sub-case 2.2: p; + g2 = 2n = ps + ¢1 and (C2) does not hold. We have C*" = E,, &(E,,NE®2)d
E%. Either max(dp,d,) = 0, and the fiber over z € I'; 1 (X, X") general is isomorphic to P(V;).
Otherwise, po — p1 = g2 — ¢1 = 1. Without loss of generality, we may assume p; < ¢;. Then
pr<n—2,pp<n—-1, ¢ >n+1, and ¢o < n+ 2. In particular J, = 0 and 9, = 1. We
want to find a € V., such that w(az, ajy) = 0. We have Ep, N E® = (ep,) thus af;, € ey, Set
E:=E, & (E,, NE®)& (E" N 6;‘2) which is of codimension 1 in C?" and for z € X general,
we have V, N E = (a) with a # 0. This implies that the map is birational.

Sub-case 2.3: (C2) holds. Again, we have C*" = E, & (E,, N E%) & E%. Without loss of
generality, we may assume that p; < g;. Our assumptions imply ¢; > p1 + 2, g2 > p2 + 2,
0, = 0 and §; = 1. Therefore, (3) is trivial. We claim that for z € X general, equation (4)
is a non-degenerate bilinear condition on P(V,). Consider V, = (b,¢), where b = by + by + b
and ¢ = ¢1 + ¢z + ¢} for some bi,¢c1 € Ep,, ba,co € E,, N E?, and b),¢; € E9. Then for
a = Ab+ pic € V; general, app) = Abz + pcz, af;; = Abj + pch, and equation (4) is of the form
A2w(ba, b)) + p2w(ca, c}), proving the claim. O

Corollary 5.12. Assume that I'1 1 (X, XV) is non-empty, then we have
I'1(X, X)) ={2€ X | V.N(Ep, + (Ep, N E®) + EN) # 0}.
In particular, it has rational singularities.

Proof. This follows from Lemma 5.10, the proof of Proposition 5.11, and Proposition 3.15. [
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6. DEGREE 1
Recall Condition (C1): p; +¢1 = 2n = pa = ¢o. In this section we prove the following result.

Theorem 6.1. Assume that d = 1, we have
(1) The map evi(u,v) : Mg(X,, X) — Ta(X,, X?) is GRCF,
(2) If the map evd(u,v) : Mg(Xy, X?) — Tg(Xy, XV) is not birational, then T'q(X,, XV) =
Ty_1,1(Xy, X") has rational singularities.
(3) If (C1) does not hold, then evi " (u,v) : My_11(Xy, X¥) = Tq_1.1(Xy, X*) is GRCF,
and it is birational as soon as evi(u,v) is.
(4) If (C1) holds, then the map evd(u,v) : My(X., XV) — Ta(Xy, X?) is not birational,
and evg_l’l(u,v) tMy11(Xy, XV) = Ty_11(Xy, X?) is generically finite of degree 2.
In fact, we will explicitly describe when evi(u,v) is birational. Consider the following condi-
tion:
(L1) { p1+q1 <2n— 14 min(dy, dy) %f P2 # 2n or ga # 2n
prt+q <2n-1 if po = g2 = 2n.

We will see that condition (L1) is the one that ensures that ev}(u,v) is birational.

Proof of Theorem 6.1. By the proof of Proposition 3.10 (respectively Corollary 3.12) when d =
1, the map ev%g) (u,v) (resp. ev(()k;j (u,v)) is birational.

If (L1) holds then by Lemmas 6.3, 6.4, and Lemma 3.1, 73 (u,v) is birational. If (L1) does
not hold then by Lemmas 6.3, 6.5 and Lemma 3.1, 73 (u, v) is GRCF with positive dimensional
fibers. Thus, by Proposition 3.13 the map evi(u,v) is GRCF; moreover, it is birational if (L1)
holds, and it has positive dimensional fibers otherwise. This shows part (1). We deduce part
(2) from Lemmas 6.2 and 6.9.

If (L1) holds then by Lemmas 6.6, 6.7, and Lemma 3.1, 73" (u,v) is birational. If neither
(L1) nor (C1) hold then by Lemmas 6.6, 6.8 and Lemma 3.1, 73" (u,v) is GRCF with positive
dimensional fibers. Thus, if (C1) does not hold, by Proposition 3.13 the map evg’l(u,v) is
GRCF; moreover it is birational if (L.1) holds, and it has positive dimensional fibers otherwise.
This shows part (3). Finally, item (4) is a consequence of Lemma 6.9. O

We start with a preliminary result about line neighborhoods. Throughout this section on
degree 1 curves, we will use the following addition map

p:E, x E" - E, + E" c C*™.
Lemma 6.2. If neither (L1) nor (C1) hold then
Iy (X,, XY) =To1(Xy, X") = {z € X | dim(V. N E,, N E®) > 1}
has rational singularities.

Proof. The statement about rational singularities is a consequence of Proposition 3.15. Recall
also the inclusion T'g;(X,, X?) C I'i(X,, X"). Denote the RHS of the above formula by A.
Consider z € X, y € X" such that there exists a line passing through z,y. This means that
dim(V,NV,) > 1. A point z belongs to this line if and only if V,N(V,NV,) # 0 (and V, C V,+V,
whenever x # y). This proves the inclusion ' (X, X¥) C A.

Conversely, we prove that A is contained in T'g 1 (X, X7). Since I'g1(X,, X") is closed, it is
sufficient to show that a general point z € A belongs to I'g 1 (X, XV).

If po=¢> =2n and p; +¢q1 > 2n + 1, then A = X. Since z is general, we may assume that
V. is not contained in E,, nor in E9, and thus contains a one-dimensional subspace V; C V,
such that Vi N E,, = Vi NE? = 0. Consider any point (a,b) € p~1(V1\ 0)N (V- N E,,) x E)
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(such (a,b) always exists since dim(p~1(V1)) > 2, dim E,, > 2 and Vi is a hyperplane in E,, ).
Then aAb#0,a L Vi and b L Vi (since a+b € V1), and the point x € X such that V, = (a,b)
belongs to X,, N X and is on a line passing through z (since 0 # V3 C V, N'V,). This shows
that z € Fo,l(Xu,XU>.

We now assume that py # 2n or g2 # 2n and fix z € A general. Consider Vi C V,NE,, NE%.
Since z is general in A, we can assume that ViNE, =ViNE® =0. If py +q1 > 2n+1
then construct a,b with a A b # 0 as above so that z is on a line passing through x € X, N X"
with V, = (a,b). We have z € T'g1(X,,X"). If p1 + ¢1 = 2n then, since (L1) does not
hold, we can assume that &, = 0. Since Vi C E,, we deduce that V;* N E,, = E,, and one
can still find (a,b) € p~1(V4) with a Ab # 0 and a L V;; again, one deduces as above that
z € Po’l(XIMXU). O

6.1. The case of evi(u,v). In this subsection, we prove all the results necessary to obtain part

(1) of Theorem 6.1. Define E, := E,, N E%. Recall that X, is the affine cell in X,. Define
€1 :=max(1,p; +q1 — 2n +2), €2 := max(1,ps + g2 — 4n +2), and

U ={(z,y,2) € ng)(Xu,X“) | z,y, z distinct, « € )O(u,y € )%”,w|v$+vy £ 0,
VanNVy CE,\ (Ep, UET),dim(V, NE,) < e, dim(V,; N (Ep, + E™)) < e}

Note that U is a dense open subset of I‘g?’)(Xu7 X"). The condition dim(V, N (E,, + E7)) < &
is essentially saying that as soon as E,, + E9* # C*", dim(V, N (E,, + E7)) < 1. Similarly, the
condition dim(V, N E,) < € implies that as soon as ps # 2n or g2 # 2n then dim(V, N E,) < 1.
Recall the definition of 73 (u,v) : ng) (X, X?) = I'1(Xy, X7) from Definition 3.9.

Lemma 6.3. Assume that g2 # 2n and let z € T'1(X,, X¥) be a general point.
(1) If (L1) holds then Uy N 73 (u,v)~1(2) is a single point.
(2) If (L1) does not hold, then Uy N mi(u,v)~1(2) is rationally connected and positive di-
mensional.

Proof. Since a triple of distinct points (z,y, z) in Uy N7s(u,v)~1(z) belong to the same line, we
have dim(V, NV, NV,) = 1 and dim(V, + V,, + V,) = 3. But then V, NV, is also contained
inV,. Set W =V,NV,NV,. For z general we may assume that dim(V, N E,) = 1, thus W
is uniquely defined as the intersection V, N E,. Denote by a,b two vectors generating V, N E,,

and V, N B9, respectively (here we are using the condition x € )O(u,y € XV in the definition
of Uy). Since V, NV, C E, \ (Ep, UE?) we deduce that W N E,, =0 and W N E" =0 and
that @ and b do not belong to W. However, since dim(V,, + V,, + V) = 3, (a,b) NV, # 0. Thus,
there exist (a, 8) # (0,0) such that aa 4+ 8b € V,. The line generated by aa + b is contained
in W’ =V, N (E,, + E").

If py + 1 < 2n—1, W’ is a line, and it uniquely determines (a) C V, and (b) C V,. We
obtain that V, = W + (a) and V, = W + (b), i.e., w3 (u,v) "' (2) NU; = {(z,y,2)}.

Assume that p; +¢1 > 2n, which implies that W’ = V. Let us also suppose that d, < d, (the
other case can be treated similarly). Recall the definition of the map p : E,, x E?"* — E, +E%,
and define the set

W= {(c,d) € p7*(V.) | c € W, dim(W + (c)) = dim(W + (d)) = 2,¢ +d # 0}.

This is an open subset of a linear subspace of p~1(V,). Notice that since V, C W, we also
have d € W+. The space W has dimension at least 2 as soon as (L1) does not hold, and it
has dimension 1 if p; + ¢1 = 2n and 1 = 6, = J,. For each point (¢,d) € W, V, = W + (¢},
and V, = W + (d), we have (z,y,2) € 3 (u,v)"!(2) NU;. Via this map W dominates the fiber

7 (u,v)~1(2) NUy, which is therefore always unirational, and birational if (L1) holds. O
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Lemma 6.4. Assume that go = pa = 2n and let z € T'1(X,, XV) be general. If (L1) holds then
Uy N i (u,v)71(2) is a single point.

Proof. Notice that in this case V, N E, = V, is not a line. However, the first steps of the proof
of Lemma 6.3 still hold if one takes V, NV, NV, as the definition of W; then define a, b, o, 3, W’
as in the proof of Lemma, 6.3.

Since p1 +¢1 < 2n — 1, W’ is a line, and it uniquely determines (a) C V, and (b) C V.
Moreover, we have that W is uniquely defined by W = Ker(w|(ay+v.=@)+v,) (here we use
that wly, v, # 0). We obtain that V, = W + (a) and V, = W + (), i.e., {(z,y,2)} =
7 (u,v)"Hz) NU;. O

Lemma 6.5. Assume that go = pa = 2n and let z € T'1(X,, X") be general. If (L1) does not
hold, then Uy N 73 (u,v)~1(2) is rationally connected and positive dimensional.

Proof. If py = 2n — 1 then X, = X and if ¢ = 2n — 1 then XV = X; in both cases the result
presents no difficulties, so we assume p1,q; < 2n—2. Let (x,y, z) be a point in U N7d (v, v) 71 (2).
Then W :=V, NV, NV, is aline in V. Notice that X = I'1(X,, X"). This follows from Lemma
6.2 if (C1) does not hold, otherwise it follows from Lemma 6.9 below. For z in X general, we
have V, N (E,, U E®) = 0. With our assumption, p : E,, x E® — C?" is surjective. Thus
there exist (a,b) € p~!(V,) such that w(a,b) # 0, V, = (a) + W and V,, = (b) + W. Consider
all points (a,b) € p~1(V,) such that w(a,b) # 0, b L W and dim({(a, W)) = dim({b, W)) = 2.
Then since a+b € V,, W C V. and V, is isotropic, the condition b L W implies a 1. W. Setting
V, = (a) + W and V,, = (b) + W, we get that (z,y,2) € U;. Thus the fiber over z of 7l (u,v)|y,
is dominated by an open subset of A := {(a,b,w) € p~1(V,) x V. | b L w}.

Let pry, be the second projection from E, x E9. There exists V' C E® a (general) 2-
dimensional subspace such that pry(p~*(V2)) = (E,, N E) +V’. Consider the condition b L w
on ((Ep, NE") + V') x V,. Since ¢1 < 2n — 2, we have V' NV, = 0. By genericity of z, the
symplectic form defines a general bilinear form on V' x V, and the same genericity holds when
the form is restricted to ((E,, N E?)+ V') x V,; the zero locus of this form is thus unirational.

This shows that A is unirational since it is a locally trivial fibration over such a zero locus
with rational fiber over (b, w) equal to {a € E,, | a +b € V,}. There exists a birational map
P(A) = {([a, ], [w]) € P(p~' (V2)) x P(V2) | w(b,w) = 0} = th N w5 (u,v) 7 (2), ((a,b], [w]) =
([{a, w)], [{(b, w)], z) which is dominant; by composing with the projection A — P(A) we deduce
that Uy N 73 (u,v)"*(2) is unirational. Since (E,, N E%) + V' is at least two-dimensional, the
general fiber of P(A) — P(V,) is non-empty, and thus P(A) - as well as Uy N 7a(u,v) "1 (2) - is
positive dimensional. O

6.2. The case of evg’l(u,v). In this subsection we prove all the necessary results to obtain
part (3) of Theorem 6.1. We will use the same definition of E, as in the previous subsection.
Define

Upr = {(z,z,2) € F(()?%(XU,X") |z # 2,2 € X, NnXY,
Vo NE,, NE® =V,NV,NE,, =V,NV,NE" =0}.

This is a non-empty open hence dense subset of F&? (X4, X?) that we will use in the following
lemmas.

Lemma 6.6. Assume that g2 # 2n and let z € T'g 1(X,,, X") be general.

1) If (L1) holds, then Uy 1 Nt u,v)"1(2) is a single point.
, 3
(2) If (L1) does not hold, then Uy, N 73" (u,v)~1(2) is rationally connected.
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Proof. Set W :=V, NV, for (z,z,2) € Up,1. We have W € P(A4) with A = E, N (E,, + E?).
Moreover, for z € T'g1(X,, X?) general, the line W is uniquely determined by the intersection
V., N A. Consider the addition map

p i (EsNEy) x (EsNEM) = E,N (B, + E™)

and B := p/~Y(W) Npr; *(W+), where pr, is the first projection from (E, N E,,) x (E, N E%).
Then B is a vector space. Moreover, via pry, B can be realized as a locally trivial fibration over
pry(B), so the projectivization P of this fibration inside P(E, N E,,) x P(E, N E™) is rational.
Notice that since W ¢ P(E,, )UP(E?) by the definition of Uy 1 and since we are intersecting with
pry H(W), it follows that if (a,b) € B then automatically 0 # a € W+ and 0 # b € W+, Let us
denote by P° the open subset in P dominated by points (a,b) such that a ¢ E?, b ¢ E,, . Then
Up1 N 7" (u,v)"1(2) is dominated by points (z,,z) such that V, = (a,b) with [(a,b)] € P°.
This means that P° dominates Uy N7y, 1(2), which is therefore unirational. Notice finally that
if (L1) holds then the set P has dimension equal to zero (the line W uniquely defines the lines
(a) and (b)). O

Lemma 6.7. Assume that go = p2 = 2n and let z € T1(X,, X") be general. If (L1) holds
0,1

then Up,1 Ny (u,v) "1 (2) is a single point.

Proof. Set W =V, NV, for (z,x,2) € Up1 and A := E,, + E?*. We have W € P(E,, + E7).
Moreover, for general z € I'g 1(X,, X") the line W is uniquely determined by the intersection
V, N A. Notice that in this case p’ = p, where p’ was defined in the proof of Lemma 6.6. The
space B := p~}(W) is one-dimensional since p; + ¢1 < 2n — 1. Let (a,b) € B with a # 0 and
b# 0. Then Uy, N7e" (u,v)~1(2) is given by the single point (x,z, z) such that V, = (a,b). O

Lemma 6.8. Assume that go = ps = 2n and let z € T 1(Xy, XV) be general. If neither (L1)
nor (C1) hold, then Uy, Ny (u,v) 1 (2) is rationally connected and positive dimensional.

Proof. As for irreducible lines, the case when X, or X" are equal to X is trivial, so we assume
qi,; < 2n —2. Let (z,2,2) be a point in Uy, N7y (u,v)"1(2). Then W := V, NV, is a
one-dimensional subspace in V,. Notice that X = I'g 1(X,, X") by Lemma 6.2 and for z in X
general, V, N (E,, UE") = 0. With our assumption, the map p : E,, x F9* — C*" is surjective
and not injective. In particular, there exist (a,b) € p~*(W) such that V, = (a,b) = {a) + W.

Conversely, consider all points (a,b) € p~1(W) such that b L W and dim((a) + W) =
dim((b) + W) =2, and a ¢ E?, b ¢ E,,. Then since a +b € V,, b L W and V, is isotropic,
we have that a L W. Setting V,, = (a,b) we get that (z,z, z) € Up1. This proves that the fiber
over z of my' (u, )|t , 18 dominated by an open subset of B := {(a,b,w) € p~'(V.) x V. | b L
w,a+b e (w)}.

Let pry : By, x B9 — E9 be the second projection. Since p; + ¢ > 2n, the intersection
E,, N E% is positive dimensional and contained in pryp~!({(w)) for any w € V,. We claim that
there is no 0 # w € V; such that prop~!({(w)) C wr. Indeed, this would imply the inclusion
E,, NE% C wh and therefore the inclusion w C V, N (E,, N E9)L. This space is trivial except
for p1 + ¢1 = 2n + 1 for which (w) would be uniquely determined. However, by genericity of
2, this w will in general not satisfy the hyperplane condition prop~!((w)) C w', proving the
claim.

From the claim we deduce that every non-zero w € V, defines a (p; + g1 — 2n)-dimensional
affine space wt N pryp~t((w)). This implies that B is a locally trivial fibration over V, with
fiber isomorphic to w® N prop~!({w)), thus it is rational. There exists a birational map
P(B) = {([a,0], [w]) € P(p~'(V2)) x P(V2) | w(b,w) = 0,a+b € (w)} —= Up Ny (u,0) 7! (2),
([a, b], [w]) = ([{a,w)],[{b,w)], 2) which is dominant; by composing with the projection B —
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P(B) we deduce that Uy, N my' (u,v) " (2) is unirational. Since (E,, N E%) is at least one-
dimensional, the general fiber of P(B) — P(V,) is non-empty, and thus P(B) - as well as
U1 Ny (u,v) 1 (2) - is positive dimensional. O

6.3. The case of condition (C1). For lines, condition (C1) holds exactly when evy" (u,v) is
generically finite but not birational. More precisely, the following result holds.

Lemma 6.9. If (C1) holds, then T'y(X,, X*) = To1(Xu, X¥) = X and evy' (u,v) is generically
finite of degree 2.

Proof. By the proof of Corollary 3.12 when d = 1, the map ev?é; (u,v) is birational. Thus, it

is sufficient to prove that wg’l(u,v) is generically finite of degree 2, and by Lemma 3.1 we are
reduced to prove that, for z € X general, Up 1 N ﬂ'g’l(u,v)_l(z) consists of two points. Then,
the first part of the proof goes as in the proof of Lemma 6.8: in this case the fiber over z of
7rg’1(u,v)\um1 is {([a,b],w) € P(p~*(V,)) x P(V,) | b Lw and a Ab# 0,a+b € (w)}. We again
need to look at elements 0 # w € V, such that pryp~!({(w)) C w. This condition is not empty
anymore. In fact, it is a generic degree two hyperplane condition on V,. Thus, there exist
exactly two lines (w) and (w’) that satisfy it. Each of these two lines defines, modulo scalars,
a unique couple (a,b) and (a’,’), and therefore V,, = (a,b) and V,» = (a’,b'). We deduce that
Up 1 Ny (u,0) 1 (2) = {(z,x, 2), (a', 2', 2)}.

The fact that I'1 (X, XV) =T1(X,, X") = X is a consequence of the fact that throughout
the proof, the point z was assumed to be general in X, and we have proved that Wg’l (u,v)71(2) #
0. O

This was the last result needed to prove Theorem 6.1. Now we study the generically finite
degree 2 map above, as well as the similar one appearing for curves of degree two, from the
point of view of quantum K-theory.

7. NON RATIONALLY CONNECTED CASES

In this section we prove positivity in QK(X) when the map evgfl’1 is not GRCF (which is,
in cases (C1) and (C2)). The reason why we need to single out these cases is the fact that we
would like to use Corollary 2.9, but we cannot apply Theorem 2.10 since evg_l’l(u,v) is not
GRCF. We prove the following result.

Proposition 7.1 (see Proposition 2.15). The following holds in QK(X):

(1) If (C1) holds, then O, x OV = O — q + qO2p,_2.2n-
(2) If (C2) holds, then we have

g2 p2+q2—2n,2n 2 2
Op,.p, x O = qop1+g1,2n — ¢ +q O2p—22n-

Remark 7.2. When (Cd) holds, by Theorems 5.1 and 6.1, fibers of evd(u,v) is positive di-
mensional. By the projection formula, this implies that the coefficient of ¢¢ in [X,] x [X?] is
0 in quantum cohomology. Proposition 7.1 shows that in this case, the maximum power of
q appearing in O, + O?, which is ¢¢, is greater than the maximum power of ¢ appearing in
[Xu] % [X*].

To compute the quantum product when (C1) or (C2) holds, we will use Proposition 2.8. Our
strategy is to prove that the computation of the quantum product O, x OV can be essentially
reduced to the computation of the class of Op, | (x, xv)- So we start with results express-
ing the class of Or,_,(x, ,xv) in terms of Schubert classes. For instance, for d = 1, we have
Lg-1(Xy, X¥) = X}/, and the following result expresses Ox in terms of Schubert classes when
(C1) holds.
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Proposition 7.3. Letpe [1,n], X, ={z € X |V.NE, #0} and X" ={z € X | V,NE""P #
0}.
(1) If p <m, then

p—1 p—2 p—2
OZ = Op,2n7p +2 Z Ok,2n7k - 2Op71,2n7p -3 Z Ok,?nflsz + Z Ok,2n727k~
k=1 k=1 k=1

(2) If p=mn, then
n—1 n—2 n—2
O, =2 Z Ok2n—k — On—1n— 3 Z Ok2n—1-k + Z Ok.2n—2—k-
k=1 k=1 k=1

Proof. Let X" = X" we compute xyngxw(Oyngxw) for Y = X! and use Theorem 2.1. We
claim that the following holds:

ifri4+ro<2n+1,

if ri +79>2n+1and ro < 2n —p,
ifri+r=2n+2andry, >2n+1—p,
ifri+ro=2n+2andro =2n+1—p,
ifry +ry>2n+2and ro > 2n — p.

Xyngxw (Oyngxw) =

= =N OO

The result then follows from Corollary 2.2.
We are left to prove the claim. Set Z =Y N gX™. We have

Z={2€X|V,NE,#0#V,NE* P V,Ng.E™ #0and V, C g.E"™}.

First note that if z € Z, then E, N g.E™ # 0, thus we must have r5 + p > 2n. If this condition
is satisfied, we have V, C (E,Ng.E™)& (E*" PN g.E™), thus g.E™ N((E,Ng.E™) & (E?"7PN
g.E™)) # 0. These subspaces are of dimension 7 and p+7192 —2n+2n—p+re —2n = 2ry — 2n
are in general position in g.E"2, thus we also have ry 4+ 2ro —2n > 7o, i.e. 71 + 12 > 2n, proving
the first two cases.

Assume that 71 + 70 > 2n+2. Set E=E,Ng.E"™, F = E>"»PNgE™ and L = g.E™. Let
z € Z, then V, = (a,b) for some a € E'\ 0 and b € F'\ 0. Furthermore, there exists scalars
A, i € C such that Aa+pub € L. For z in a dense open subset of Z, we have A # 0 # p (otherwise
a or b lies in L). Conversely, if c € LN (E @ F) has a decomposition ¢ = a + b with a € E\ 0
and b € F\ 0, then V, = (a,b) defines a point z € Z as soon as w(a,b) = 0. This proves that Z
is birational to the following variety

Z'={[JeP(LN(E&F))|c=a+bac E\0,be F\O0 and w(a,b) =0}

Assume that vy + 73 > 2n+2 and ro =2n+ 1 — p, then dim E = 1 and F = (a). We then have
Z'={[c]eP(LN(E®F)) | w(c,a) =0} = P(LN(E® F)NE'L) proving the result in this case.

Finally, assume that r; +r3 > 2n+ 2 and r2 > 2n 4+ 1 — p, then dim £ > 1. The condition
¢ = a+b with w(a, b) = 0 defines a quadratic form on P(L N (E @ F)), proving the result in this
case as well. Note that for 71 + 2 = 2n + 2, we have P(L N (E & F)) ~ P! so that the quadric
is the union of two points. 0

We consider the case d = 2 and assume that (C2) holds, i.e., we have p; + ¢2 = 2n = pa +q1,
P2 —p1 = g2 — 1 > 2, and max(dp,d,) = 1. We may assume p; + p2 < g1 + g2, the other case
being symmetric. In this case, we have py +p2 <2n—2,6, =0, g1 +¢2 > 2n + 2, and §, = 1.
Note that condition (C2) implies the decomposition C*" = E,, @ (E,, N E%) ® B9,

Lemma 7.4. If (C2) holds, then
Dy(Xu, X°) = {2 € X | Va1 (Epy 1 E%) £0 £ V. 1 (B, + E™)).
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Proof. Let z € T'1(X,,X"). Then there exists z € X, and y € XV with V, NV, # 0 and
VeV, CV, CV,+V,. In particular this proves the inclusion from left to right. Conversely,
let z in the right-hand side of the equality. Let a € V, N (E,, N E%) and b € V, N (E,, + E®)
with @ # 0 # b. Since E,, N E® N (E,, + E™) = 0, we have V, = (a,b). Write b = b, + b,
with b, € E,, and b, € E®. If b, # 0 # b,, then since w(a,b) = 0 and J, = 0, we have
w(a,by) =0 =w(a,by) and setting V, = (a,b,) and V,, = (a,by), we have z € X,,, y € X, and
z lies on the line joining = and y. If b; = 0, then z € X,, and since ¢; > p1 + 2, we may choose
c € B Nat\ 0 so that setting V,, = (a,c), we have y € X?, proving the result. Finally, if
b, = 0, then z € X". Choose any ¢ € E,, \ 0; since §,, = 0, setting V,, = (a, ¢), we have z € X,,,
proving the result. O

Set A = E, + E", B=EFE,NE®? p=dmA, and ¢ = dimB. When (C2) holds,
we have p = p1+q1, ¢ = po+q2 —2n = 2n —p, and C*" = A® B = E, ® E9. Define
Xa={z€X|V.NE,#0}, Xt ={2€ X | V,NE?+# 0}, and X{ = X, N X~

Lemma 7.5. If (C2) holds, then Or,(x, xv) = Oxe.
Proof. Define Z; = {([a], [b]) € P(E,) x P(EY) | w(a,b) = 0} and Zy = {([a], [b]) € P(A) x
P(B) | w(a,b) = 0}. We have isomorphisms Z; — X} and Zy — I'1(X,, X ") given by ([a], [b]) —

(a,b).
Define the linear isomorphism % : C?* — C2" via

ex for k € [1, p1]
vlex) = €ktpa—pr  for k€ [p1+1,p1+ g
Ch—q for k € [p1 + ¢1 + 1,2n].

For ¢ € C define ¢, = ¢ Idcen + (1 — t)3p. We have ¢o(E,) = A and ¢o(E?) = B, while
v1(Ep) = Ep and <p1(Eq) = FE1. Define

= {([al, [b],1) € P(Ep) x P(E?) x C | w(pi(a), p:(b)) = O}.

(
The form wi(a,b) = w(pi(a), pi(b)) induces a bilinear form € : E, x E? — C. This form
has maximal rank for ¢ = 1 and rank 2n — (p1 + p2) > 2 for t = 0. Let U C C be the
open subset defined by U = {t € C | det(p;) # 0 and Rk(2;) > 2}. Note that 0,1 € U.
Let 7 : Z — C be the third projection. We have 771(0) = Zy and 7=1(1) = Z;. We have
a morphism e : Z — X, ([a], [b],t) — (p:(a), (b)) which restricts to an isomorphism onto its
image on Z; := 7w~ 1(t). We therefore only need to prove that the map 7—1(U) — U is flat. Since
Z is defined by a unique non-trivial equation, any irreducible component of Z has dimension
p+ q — 2. By Miracle Flatness, we only need to prove that the fibers of = have dimension at
most p + ¢ — 3 which follows from the fact that Rk(€;) > 2. O

Lemma 7.6. We have I'1(X?) = {W5 € X | dim(Wy N E®) > 1}.

Proof. If W5 € T'1(X7), then there exists V5 € X such that dim(W2NV2) > 1. Since V5 C E%®,
we must have dim(Ws N E%) > 1. Therefore, I'y (X?) C {W3 € X | dim(W2 N E%) > 1}.

For the reverse containment, let W € X \ XV such that dim(Wy N E9%) > 1. Let u € (Wa N
E2)\0. If WonE® =0, let v € (B9\0)N(u)L; otherwise, dim(WoNE%) = dim(WaNE%) = 1
and let v € (E% \ W3) N (u)*. By construction, dim(u,v) = 2 and (u,v) € X°. Moreover,
L={Vy| dimV, =2 and (u) C Vo C Wy + (v)} is a line in X connecting W and X". O

Proof of Proposition 7.1. From Corollary 2.6 and Proposition 2.8 we deduce that
K = (00, 0, 00)a = > (00, 0%, 0Y)4-1(O%, Op)1.

K
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Note that (O, 0Y)1 = 0 except for I'1(X,) = X,,. So fixing k with this property, we get
Kt =(0,,0°,00 0= Y (04,00} 1.

#, T (X i) =Xw

By Corollary 2.12, it suffices to compute /ﬁf for 0 < d < 2. Furthermore, by Theorems 2.10
and 2.11, for any degree r, we have

Or, (x,.x0) = »_{0u,0",0)),0,.
n
If (C1) holds, then I'y(X,,X") = X by Lemma 6.9; if (C2) holds, then I's(X,, X") = X by
Corollary 5.9, and Or,(x,,xv) = (’)X; by Lemma 7.5. The result then follows from Proposi-
tion 7.3 and Lemma 7.6. 0

8. SEIDEL REPRESENTATION

For X smooth and projective, Seidel introduced in [Sei97] a representation of 71 (Aut(X))
into the group of invertibles of QH(X)joc where the quantum parameters are inverted. This
representation was computed explicitly in [CMP09] (see also [CP23]). Recently these results
were extended in the quantum K-theory of cominuscule spaces in [BCP23]. We prove that these
results extend to X = 1G(2,2n) for the quantum K-theory QK(X).

Note that 71 (Aut(X)) = Z/27Z. This group can be realized as a subgroup of the Weyl group
as follows. Fix G = Sp,,, and T'C B C G a maximal torus and a Borel subgroup. Let W be the
Weyl group associated to (G, T) and wg be the longest element for the length induced by B. For
Y projective and homogeneous under G = Sp,,,, let Py be the parabolic subgroup containing a
fixed Borel subgroup B such that Y ~ G/Py. For any such Y, let wY be the minimal length
representative of wg in W/Wp,,. We call Y = G/ Py cominuscule if the unipotent radical of Py
is abelian. We have

T (Aut(X)) >~ Wemin = (1} U {wY € W | Y cominuscule} = {1,w"¢2m)},

We first prove the following geometric result. For u,w € W, let dyin(u, w) be the smallest power

of ¢ appearing in the quantum product [X*] x [X™]. By [CMP09], we have [X,,.] * [X*] =
dmin (u,w) wu

q [X].

Theorem 8.1. Let u € W, w € WM ¢hen Lo () (Xwow, X)) = w— . Xxw,

This result is a special case of a conjecture stated in [BCP23] (for more recent results on this
topic we refer to [Tar23]). The statement is easily true for w = 1 so let w € Wemin\ {1}, We
have XV ={z € X |V, C E"} and Xy, = {z € X | V; C E, }. We prove the following explicit
result which implies Theorem 8.1. Let X% = XP1P2 .= {z € X | V, N EP* # 0 and V, C EP?}
with p; < py and p; + p2 # 2n + 1.

Proposition 8.2. Let w € W™\ {1} and set d = duin(u, w), we have:
(1) If po <n, then d =2 and Ty(Xwyw, X*) = w L. XP1TmwP2tn,
(2) If p1 < n < pa, then d =1 and Ty(Xpguw, X*) = w™ L. XP27mpitn,
(3) If p1 > n, then d =0 and T q(Xypgw, X¥) = w™ L. XPr7mP2—n,

Proof. Note that we have w™! = w and that w acts as follows on (€i)ien,2n:
N_ ) eiyn fori<n
w(e:) = { ei_n fori>n.

Note also that d = dpin(u, w) = min{d | Tg(Xwgw, X*) # 0}.
(1) Assume p2 < n, note that this implies §, = 0. For e < 1 and for any z € I'e(Xuwyw, X™),
we have V, N E, N EP2 # 0. But the condition py < n implies the vanishing F, N EP2 =
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proving the equality I'e(Xygw, X*) = 0. For z € T'y(Xypw, X™) general, there exists © € Xy uw
and y € X" such that V, C V, +V, by Lemma 3.8. In particular V, C E, ® EP? and
V.N(E, ® EP') # 0. Since w™L.E"Pt = E, @ EP* and w™ L. E""P2 = E, ® EP?, we get the
inclusion Ty (Xygw, X %) C w™t. X%, Conversely, for z € w=!.X%" general, then V, C E,, & EP?
and V, N (E, ® EP') # 0. Pick a basis (a,b) of V, such that a € V, N (E, ® EP*). Write
a=ay+as and b = by + by with a1,b1 € E,,, ay € EP* and by € EP2. Then setting V,, = (a1,b1)
and V,, = (a2, b2), we have € Xy 0, y € X™ and V, C V, + V,,, proving the result.

(2) Assume p1 < n < py. If z € Xy N XY, then V., N E, N EP! # 0, but since E,, N EP* =0,
we get To(Xygw, X*) = 0. For z € T'1 (Xuyow, X*) general, there exists @ € Xy and y € X
such that dim(V, +V,) =3 and V, NV, C V, C V, +V,. In particular V, C E, ¢ EP* and
04V, NV, NV, CV.N(E,NE). Since w L. E™?1 = B, & E and w='.EP~" = E, N B2,
we get the inclusion I' (X g, X¥) C w™ L. X WY

Conversely, for z € w™!.X“" general, we have V, C E, ® EP* and V, N (E, N EP2) # 0. Pick
a basis (a,b) of V, such that a € V, N (E,, N EP?). Write b = by + by with b; € E,, and by € EP'.
We have w(a,by) = w(a,b) —w(a,by) and since a,b € V, and a,b; € E,, both terms vanish.
Setting V,, = (a,b1) and V;, = (a, bs), we have € Xy, y € X, and V, NV, CV, C V, +V,,
proving the result.

(3) We have I'o(Xuwouw, X") = X3 - An element z € X lies in X, , if and only if we have
V., C E,NEP? and V, N (E, N EP') # 0. The result follows since w™!1.EP*~" = E,, N EP* and
wTlL.EPT = E, N EP?, O

Theorem 8.3. Let u € W, w € W™ then O% x OV = gmin(w.w) Qwu,

Proof. Note that O,,,,, = O" and that the maps eve(wow, u) : Mg(Xuwews X*) = Ta(Xuwgw, X %)
and evgfl’l(wow7 )t Mg—11(Xwgw, X™) = Ta—1,1(Xwew, X™) have general fibers which are ei-
ther empty or rationally connected. Moreover, whenever the former map is not birational,
we have I'g(Xupgw, X") = Ta—1,1(Xuwow, X*) and that they have rational singularities (Theo-
rem 2.11). These and Corollary 2.9 imply that the powers of ¢ appearing in O*xO" are the same
as those appearing in [X ]+ [X"]. That is to say, O%*O% = ¢*(O"*O")4 for d = duin(u, w).
The result then follows from Theorem 8.1 and the fact that T'g,. (u,w)—1,1(Xwgw, X*) = () since
Ldin (uyw)—1 (Xwgw, X*) = 0 by Proposition 8.2. O

9. CHEVALLEY FORMULA

In this section we obtain a quantum Chevalley formula for QK(X) (see Theorem 9.5). We
begin by recalling the classical Chevalley formula.

9.1. Classical Chevalley formula. Proposition 9.1 below is a specialization of [LP07], where
we extend the notation O, by setting

o Ox,,] 1<a<b<2nanda+b#2n+1
“*7 o otherwise.

Proposition 9.1 (Classical Chevalley formula). The product Oay_2.9n - Og 4, 0 K(X) is equal
to:
(1) Oth*l,qz ifqn=q2—1;
(2) OQ1*1,q2 + Oth;Qz*l - Oth*l,qul ifqr<q—1and q +q #2n+2,2n+3;
(3) Oqi-1.0:+ Oar.qo-1 = O 1,92 = Ogy—2.00-1+ Ogy 2,902 if 4 < @2 — 1 and g1 + ¢z =
2n + 3;
(4) 2. Otn—l,qz—l + Oln—Q,qz + Oq1,q2—2 —2- OQ1—2,(]2—1 —2- Oql—l,qz—Q + OQ1—2,(12—2 when
@1+ g2 =2n+2 and q1 #n;
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(5) 2- Og-1,00-1 + Ogi—2,4, =2 Og—2,0,-1 — Og;—1,9,—2 + Og, —2,g,—2 when g1 = n and
g2 =n+2.

Proof. We sketch a geometric proof different from the proof in [LP07]. Let X,, = Xo,,—2 25, and
XY = X992 Since O, - O'=0,,, we apply Theorem 2.1 to Y := X. Let g € G be general,

XY =X""2 and Z =Y NgX¥ = X,NX"NgX™. Assume Z is non-empty, then the dimension
of XV N gX™ must be at least one, which implies

()

. qr+1r2>2n+2 g +ra>2n+1
either or
g2+11>22n+1 g2 +1r1 > 2n+2

Let Fi = E" NgE™ and F, = E2 NgE™. For x € Z general, we have
dim (Vx N (F1 + FQ) n EQn_Q) =land V,NFiNF =V, NFiNEy_ o=V, NFyNEy,_5=0.

Therefore, the vector space V, is spanned by nonzero vectors vy € F; and v, € Fy such that
v+ vy €V i= Egy o N (F + Fy) \ (F1 UFy) and w(vy,v2) = 0. Consider the map given by
addition
pZF1XF2—>F1+F2.
Then Z is dominated by
W = {(v1,v2) € p~ (V) | w(vy,v2) = 0}.

Note that if dim Fy > 3, then for any vy, € Fy \ Fi, we have dim(vo™ N Fy) > 2 and
(<v2> + (vt N Fl)) N Eg,—2 # 0. This implies that W is a locally trivial fibration over F» \ F}
with the fiber being an open subset of the set of solutions to a system of linear equations. Hence,
Z is unirational. Similarly, Z is unirational if dim F5 > 3.

Now assume dim F; < 2 for ¢ = 1,2, which implies ¢; + 1 < 2n+ 1. The remaining cases are
as follows.

If g1 +r1 = 2n+1, then go+7r2 = 2n+3. This implies go—¢1 = ro—r1 = 1 and min{d,, §,} = 0.
Hence, the condition w(vi,ve) = 0 is trivial and W is a locally trivial fibration over Fy\ F; with
the fiber being an open subset of the set of solutions to a system of linear equations. Hence, Z
is unirational.

If ¢ +r1 < 2n and min{d,, 6, } = 0, then Fy N F> = (), which implies that p(W) = W; then
Z is birational to P (Eg,—o N (F1 + F3)) \ (P(F1) UP(Fy)).

Otherwise, g1 + g2 = r1 +12 = 1 + 72 = g2 + 11 = 2n + 2. In this case, the condition
w(vy,v9) = 0 is non-trivial and Z is birational to the vanishing set of a quadric on P! =
P (Ean_2 N (F1 + F2)).

In summary, xz(Oz) = 0 if (5) does not hold; assuming (5), we have

2 ftgpp+qg=ritro=qg+ro=qg+ri=2n+2
1 otherwise.

xz(0z) = {

The rest follows from Corollary 2.2. O

9.2. Geometric properties of stable curves meeting a Schubert divisor. Let I';(X") =

evs(evy (X)), where evy,evy,evs : My — X are the evaluation maps. From now on X, =
Xon—2,2n will be a Schubert divisor and XV = X992,

Proposition 9.2. Let X, be a Schubert divisor. We have
(1) Tg(Xy, X?) =Tg(X") for alld > 0.
(2) To1(Xu, XV) =T1(X]).
(8) Tam11( Xy, XV) =T(Xy, X¥) =X for alld > 1.
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(4) The general fibers of the maps evi(u,v) : My(Xy, X?) — Ta(X,, X?) and evgfl’l(u,v) :
Ma—11(Xy, XV) = Tgo11(Xy, X7) are rationally connected for all d > 0 except for
evg’l(u,v) when ¢ = 2 and g2 = 2n, whose general fibers consist of two points.

Proof. Part (1) follows from the fact that when d > 0, a degree d curve must meet the divisor X,,.
For part (2), note that for a degree 0 curve meeting X,, and X" is a point in X,, N X¥ = X.
For Part (3), note that when d > 1, I'y_1,1(X,, X") 2 I'1 1(Xy, X"¥) D I'1 1(X"7), where the
last containment follows from the fact that a degree 1 curve must meet X,; by (1), we have
Fg(Xy, XV) = Tg(X") D I'o(X?). Finally, I'y 1(X") = I'2(X") = X by Lemma 2.5. Notice
that since X,, = Xop 2n—2, (C2) is never satisfied and (C1) is satisfied exactly when ¢; = 2 and
g2 = 2n; then part (4) follows from Theorem 2.11. d

Note that dim M;(X,,X") = dmX +2n—1—-1—-codimX” = dmX +2n—-1-1—
(An—2—-—q1 —q2+9y) = dimX — 2n + ¢1 + g2 — g, and dimT';(X,, X?) = dimT1(X") =
dimX—(4dn—2—¢g—2n+1) =dim X —2n+1+4¢ if g2 < 2n—1, and dim T’y (X, X?) = dim X
if go = 2n. Therefore, as expected, dim M7 (X, X¥) = dimI'; (X, X?) if and only if (L1) holds,
i.e. if and only if
(6) @ =1 ¢<2n-1

Lemma 9.3. T'1(X?) = I'1(X?) unless g1 = 1, in which case T1(X2) = {Ws € X | dim(W2 N
E®2 N (Ey,_o® EY)) > 1}.

Proof. The fact that I'y (X?) = I';(X?) is a consequence of Lemma 6.2 when g2 # 2n and ¢; > 1

or go = 2n and ¢q; > 2, and of Lemma 6.9 when g3 = 2n and ¢; = 2. Therefore, let us assume
that ¢ = 1 and g2 < 2n — 1. Note that

X ={Vo € X | dim(VaN Ey,_ o) > 1, E* C V, C B},

Set A = {Wy € X | dim(Wa N (Fan_2 ® E') N E%®) > 1}. To see that I';(X?) C A, let
Wy € T1(X?2); then dim(Wo N Va) > 1 for some Vo € XY. Note that Vo = E* @ (Vo N Egyp o N
E%) C (Eyy,_2 ® E') N E% and it follows that I';(X?) C A.

For T1(X2) D A, let Wo € A\ XY and w € Wo N (B2 ® EY)NE®2\ 0. If w € E', then let
2 € FEyp_oNE®\0,and L ={Vs | (w) C Vo C Wy & (2)} is a line in X containing W, and the
point (w, z) isin X?. Ifw ¢ E', we can write w = w; +ws, where w; € E' and wy € Ea, _oNE%®.
Since g1 = 1 and g2 < 2n — 1, wy L we. Therefore, L = {V5 | (w) C Vo C Wy + (wy,wy)} is a
line in X containing W5 and the point (wq, ws) is in XY. O

Remark 9.4. The above lemma implies that [Or, (x»)] = [Og,—1,2,] Wwhen ¢; = 1.
9.3. Quantum Chevalley formula. By Corollary 2.9, Theorem 2.10 and Proposition 9.2,

0 d>2

Oy *x0")q =
(Ou*0")a {OZ d=0

We thus only need to compute (O, * OV)4 when d = 1. When (C1) holds, i.e. when ¢; =2 and
g2 = 2n, we can use Propositions 7.1 and 9.1 to deduce:
Oon—22n %022 =2-012p—-1 + O20p—2 —2- O12n—2 — ¢O02—1,2n + 0212 2n-
If (L1) holds, i.e. if ¢ = 1,¢g2 < 2n — 1, because of Propositions 9.1, 9.2 and Lemmas 7.6,
9.3, we have
O2n—2,2n* O1,4, = O1,9,-1 + qO0q5,2n — ¢O0g,—1,20-
In all other cases, (O, * OV); = 0.
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Let us denote by

Ox,,] 1<a<b<2nanda<b,
Oup =1 4d[0x,,,] a=0,b<2n,

)

0 otherwise.

Theorem 9.5 (Quantum Chevalley formula). In QK(X), the product Ozp_2 2n* Oy, 4, equals:
(1) Ogy—1,45 if 1 = g2 — 1;
(2) Oth*l,qz + O(I1,Q2*1 - Omfl,qul Zf Q< g2 — 1 and Q1+ q2 7& 2n + 2; 2n + 31'
(3) Oth*l,qz + OQI’QZ*l - Olh*l’qz*Q - Olh*lqul + OQ1*2,q272 Zf G <q@-—landq +q =
2n + 3,
(4) 2. OQ1—17Q2—1 + OQ1—27(12 + OQ17¢]2—2 -2 OQ1—27Q2—1 -2 OQ1—17qz—2 + OQ1—27Q2—2 when
@1+ g2=2n+2and q1 #2, n;
(41) 2- O(hfl,qul +Oq17(I2*2 -2 OQ171,¢1272 - Oq172,q271 +Oq172,q272 when @1 =2, @@ =2n;
(5) 2:0g,-1,40-1+00, 2,00 =2:Og, 2,45 -1=Ogy -1, -2+ g, -2, —2 When g1 =, g = n+2.
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