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DECOMPOUNDING WITH UNKNOWN NOISE THROUGH SEVERAL
INDEPENDENT CHANNELS AND MULTIPLICATIVE
DECOMPOUNDING

GUILLAUME GARNIER

ABSTRACT. In this article, we consider two different statistical models. First, we focus
on the estimation of the jump intensity of a compound Poisson process in the presence
of unknown noise. This problem combines both the deconvolution problem and the
decompounding problem. More specifically, we observe several independent compound
Poisson processes but we assume that all these observations are noisy due to measurement
noise. We construct an Fourier estimator of the jump density and we study its mean
integrated squared error. Then, we propose an adaptive method to correctly select the
cut-off of the estimator and we illustrate the efficiency of the method with numerical
results.

Secondly, we introduce in this paper the multiplicative decompounding problem. We
study this problem with Mellin density estimators. We develop an adaptive procedure
to select the optimal cutoff parameter.

Keywords: adaptive density estimation, Fourier estimator, inverse problem, nonparametric
statistical inference, deconvolution, decompounding, multiplicative decompounding, Mellin
transform, empirical processes.
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1. INTRODUCTION

1.1. Motivation. In the domain of non-parametric statistics, the deconvolution problem
and the decompounding problem are classical problems that have been widely studied in
the scientific literature.

Deconvolution has applications in many fields, such as image processing 25|, microscopy
[40], astronomy [38, 31] , seismology [41, 35| and medicine |26, 32].

Let X and e be two independent random variables with density fx and f.. In its simplest
form, the deconvolution problem consists in estimating fx from a 4.i.d. sample of Y =
X + ¢, i.e. from noisy observations

Yi=X;,4+¢, i=1,...,n,

where (X;)I is a family of i.i.d. random variables with density fx, (¢;)i~; is a family of
random noise, i.i.d. , with density f. and independent of (X;)7_;.

This problem have been extensively studied in the literature. The most popular approach
estimates fx with Fourier estimators [8, 13, 39, 29]. Other approaches have also been
developed, for instance by using spline-based methods [2], wavelet decomposition [24, 37|
and penalization methods [12, 11]. In most studies, the author assume that the noise
density f. is known, however this assumption is not necessary if an additional error sample
is available. [23, 10]. Many adaptive methods have been developed [18].

In the literature, the term decompounding first appeared in the article of Buchmann and
Griibel [6]. Decompounding has many applications in financial mathematics [19] and
queuing theory [3, 22].



DECOMPOUNDING WITH UNKNOWN NOISE THROUGH SEVERAL INDEPENDENT CHANNELS AND MULTIPLICATIVE DEC(

Let (Xg)ren be a family of 7.7.d. random variable with density fx and N be a homogeneous
Poisson process with intensity A € (0,00). Define Y = (¥;)¢>0 as the compound Poisson
process

Ny
Y= X, t20.
k=1

The decompounding problem consists in estimate fx from observations (Y;a)? ; of the
trajectory of Y over [0,7] at a sampling rate A > 0, i.e. at time points (4A)?_ ;. The
decompounding problem have been the subject of many articles, see e.g. [5, 7, 43]. Most
of the time, fx is estimated using its characteristic function and Fourier estimators ||.
The available data can be observed at high frequencies or at low frequencies [18, 9]. The
decompounding problem is part of the more general framework of Levy processes that have
been widely developed in recent years [33, 30, 1]

In this article, we study a model that combines both the deconvolution problem and the
decompounding problem. In particular, we assume that we observe several compound
Poisson processes but that all these observations are noisy due to measurement noise.
More precisely, we consider a family of processes

N}
Z] = <ZX,§>+5§, t>0, je{l,...,J}.

k=1
We want to construct an estimator of the jump density of the process.

Our motivation to study this type of model comes from evolutionary biology. Many studies
try to estimate the distribution of fitness effects (DFE) of cell. This probability density
represents the effect of a new mutation on the fitness of a cell. An accurate determination
of the DFE within a population would provide a better understanding of the evolutionary
trajectory of the population [20].

In 2018, Robert et al. [34] developed new experimental methods and a probabilistic model
to study the DFE in a population of Escherichia coli (E. coli) .

The effect of each mutation on the fitness of a cell is assumed to be drawn according to a
random variable X of density fx where fx represents the DFE of the cell. The authors
conclude that the number of mutations in a cell follow a point Poisson process and they
estimate the DFE using a method of moment.

More specifically, they observe 1476 cell lines using micro-fluidic methods [46]. For each
lineage j € {1,...,1476}, it is assume that mutations are deleterious and appear according
to a Poisson point process N7 = (th)tzg with intensity A > 0. Each of these mutations
modifies the selective value over time (W7 );cg+ of the j-lineage. Let denote tg (i € N) the
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time of occurrence of the {i}—th mutation in lineage j. The quantity

J o _wi
; WtLl Wti )
sl=—"—".9i>0,
w,
o
represent the relative effect of the {i}—th mutation on the fitness of the individual.
Assuming further that these mutations have independent and identically distributed (s;)

effects, then

i M
Wt 4 y
—+L = 1-57).
Wi iHl( 0

By composing by the logarithm, the evolution of each lineage is controlled by a compound
Poisson process, i.e.

Ni
Y/ =InW] = Zln(l —s!).
i=1

However, the experimental realities in biology do not allow to really observe the process
Y7 in continuous time. In reality, lineages can only be observed at a sampling rate A > 0

through discrete observations (Y74)"_,. Moreover, these observations are noisy due to

(2
measurement noise (¢7)"_; on the i-th observation. In fact, it is only possible to observe

the different lineages

N}
(1) Zg:(ZX,g>+sg, t>0,
k=1

at sampling times (1A)?_,, with X,Z =In(1 - sfc) By abuse of notation, we consider that
the noise €] exists for all ¢ in each lineage j € {1,...,1476}.
The main goal of this article is to provide a statistical estimator that is adapted to estimate

the probability density fx from the sample of the noisy trajectories.

Such an approach has several advantages. First, it offers a way to study the jump density of
a noisy compound Poisson process when we observe several independent processes, which
has, to our knowledge, been little studied in the literature. Second this method has the
advantage of studying a model very close to the biological situation.

However, using a logarithm on the model to transform it into an ’additive’ model only gives
us information on log X. While it is true that the two models are theoretically equivalent,
the additive form forces us to make assumptions about the logarithm of the density we
want to reconstruct. These assumptions are not very natural.

To overcome this, we use a method similar to the previous one to study the multiplicative
decompounding problem.
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In this setting, we discretely observe one trajectory of a multiplicative compound Poisson
process
Nt
Wt = H(l - 81‘) .
i=1
where N is a Poisson process with intensity A independent of the i.i.d. random variables
(s;); with density f.

The idea of studying 'multiplicative’ models was developed in [45] and [44] where the
authors studied a multiplicative deconvolution problem where the error U is uniformly
distributed on [0,1]. Such models can be studied using the Mellin transform, which
can be seen as a multiplicative version of the Fourier transform. These estimators have
been successfully used in [27, 28] to study the multiplicative deconvolution problem with
unknown noise.

1.2. Main results and organisation of the article. In Section 2, we recall some basic
definitions and we define the estimator of fx. In Section 2.3, we establish a bound for the
L?-risk. Then we investigate optimal rates of convergence. In Section 2.5, we establish an
adaptive procedure to automatically select the value of the threshold m according to the
data.

In Section 3, we apply the same method to the multiplicative decompounding when there
is no noise on the observations. In Section 3.1, we recall some properties of the Mellin
transform. In Section 3.2, we define the empirical Mellin estimator and we give some of
this properties.In Section 3.3, we introduce the multiplicative decompounding problem. In
Section 3.4, we establish a risk bound. In Section 3.5, we introduce a adaptive procedure to
select the optimal cutoff parameter for the Mellin estimator. this We numerically illustrate
our two methods on several examples in Section 4. The proofs are postponed to the
Section 5.

We define the distinguished logarithm in Appendix A and describe some of its classical
properties. In Appendix B, we recall some useful results about compound Poisson processes
and we present some useful lemmas in Appendix C.

All of our computer code is available and documented on GitHub' with several examples,
making it easy to use on biological experimental data.

2. DECOMPOUNDING WITH UNKNOWN NOISE

2.1. Notations. In this section, we define most of the notations that we use throughout
this article.

1https ://github.com/guimgarnier/decompounding-with-noise
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2.1.1. The empirical characteristic function. Let p be a probability measure on the line.
The Fourier transform of p is the complex-valued function defined for all © € R by

Fn)w = [ e an(o).

Let X be a real-valued random variable. The characteristic function of X is the Fourier
transform of the measure Px. It is defined for all u € R by

ox(u) = / Py (da) = E[e™] .
R
If X has a density fx € L'(R) N L?(R) w.r.t. the Lebesgue measure dz, then

px(u) = /Reiuwfx(@ dz, ueR.

We recall the inversion formula

1

fx(x) = / @X(u)e_i“x du, zeR,
27'(' R

and the Parseval’s identity

1
/R|fx($)|2 dr = 27T/]R]<p)((u)\2 du .

1/2
In all the following, ||-||2 represents the usual norm on L?(R), || f|l2 = (fR |f(2)]? dx) .

Let (X1,...,Xn) be i.i.d. real-valued random variables with common characteristic function
vx(t). The complex-valued function

N
~ 1 ;
P = =3, ueR,
k=1
is called the empirical characteristic function associated with the sample (X1,..., Xn).

It is well known in the statistical literature that the empirical characteristic function is an
unbiased estimator of px i.e. E[pY (u)] = ¢x(u) and that

&) EIEY (1) — ox ()] = 10— lox ()P

For more detailed information on the empirical characteristic function, we refer the reader

to the book of Ushakov. [42]

2.1.2. The distinguished logarithm. In all the following, the notation log represents the
distinguished logarithm that we define in more detail in Appendix A.
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2.2. Statistical settings. Let f € L*(R) N L?(R). Let (Xg)i,jzo be i.i.d. real-valued

random variables with density f and for some J € N, let (th>je[[1; ] be a family of u.i.d.
Poisson point process with intensity A € (0, 00) independent of (X7); j>o.

We consider a family (Ytj e RY) je[1;g] of compound Poisson processes with intensity A
and jump size density f,
N/
Y/ =Y X], teRy, je[1;J].
k=1
It is assumed that the observations are not precise and that they are disturbed by a random
noise independent of the observed process, i.e. that we observe a process of the form

Ny
Zl =Y+l = (ZX%) +el, t>0,
k=1

where €] is a measurement error. It is assume that for every i,j = 1,...,.J, and for every
reals ¢, s > 0, the random variables £/ and €’ are independents.

Also, we set the following assumptions:
(H1) px, is integrable.
(Hy) E(X?) < oo.
(H3) Yt € Ry, Elg] =0 and E[¢?] < oo,
(Hy) Ym e Ry, Jep € (0,00) : Vu € [0,m], |pe(u)| > cm.
(Hs) Yu e R, |p:(u)] > 0.

For the sake of simplicity, we write € instead of 5{ in the rest of this document.

2.2.1. Construction of the estimator. Rather than trying to construct an estimator of f
directly, we try to estimate the characteristic function px of X. The main idea is to claim
that if we have a good reconstruction of px, by applying the inverse Fourier transform,

we should have a good reconstruction of f. '
For all t € R, the characteristic function of the process on a single channel Z7 is given by

(3) 0z, (u) = e MNex(W Lo (4) | VueR.

To simplify the notations, we consider in the rest of this article the particular case where
A= 1

Consider two different times 0 < t; < to, then

SOZtQ — ef(tgftl)#»(tzftl)gox(u) ) \v/u c R .
Pz,

Applying the distinguished logarithm, we obtain the explicit formula

ox(u) =1+ log ¢z, (u) —log vz, (U)} , VueR.

to — 11
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This formula leads us to consider the estimator

1 _ _
— | log 34, (u) — log 3, (u)] .

VueR, ¢3(u)=1+
ty — 11

with for all u € R, 7 € {1, 12}

) = LS gt 1 , 37(2)
goZT( u) = — 17 et e A T — Pz , lognﬁZT(u) :/ a dz .
sz_; ’ ng—; 0 ‘PZT(Z)

Since @x is a characteristic function, we know that its absolute value is bounded by 1.
Nevertheless, this is not necessarily the case for its estimator @ ){ We avoid this explosion
problem by cutting off the annoying frequencies, i.e. we consider the estimator

Px(u) =1+

~J ~J
fo 1, 1108 %2, (W hjiog 5y yi<m(n) 108 P2, (“)'ﬂuogagtl(ungnu)] , ueR.

To simplify the notations, we note in the following, for any positive real 7 > 0 and for all
u€R

log 87, (u) =log @7, (u) - 1|, 34 (w)|<In(J) -

In particular, with this notation, we can rewrite

(4) Px(u) =1+

Now, we find an estimator of f by performing an inverse Fourier transformation. However,
there is no reason to believe that the quantity © )‘g is integrable. To get around this problem,
we eliminate frequencies above a threshold m before applying an inverse Fourier transform.

(5) Fsle) = o= [ e B, ve R, me (0,00

27 J_

— [log ¢, () —loggz, (w)|, ueR.

In the same way, we perform an truncated inverse Fourier transformation from the true
characteristic function of X.

fm(z) = !

m
2/ e "ox(u)du, x€R, me(0,00).
T

2.3. Risk bounds. In this section, we study the mean integrated squared error (MISE)
of the estimator fy, ;.

For any 0 < t1 < to, we define

(6) C'tth = min {m >0 ‘ 3ta —t1 + sup |logpe()] > ln(J)} .

[7m7m]

Theorem 1. Suppose that the assumptions (Hi) — (Hs) holds. Let 0 < t; < t2 be two
reals. We suppose that J is enough large, i.e. that for allt=1,2 :

(1) t; < %log(Jti),

(2) /log(Jt;)(Jt;)20= 12 < 1 with &; = t;/log(Jt;).
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Then for any m < Ct{,tg with C’t‘]h752 defined by (6) , the following inequality holds

2 )
-~ 4etti ™ du
E g — 2 < _ 2
(Vs = 118) < m = 18+ 3 7 = |
AK 0, (E[X7] +E[€22] La ™Y
(ty —t1)2 Jt; Jt2 (Jt;)2

m
where Ky, 1, =mIn?(J) +8mt2 + [ |logpe(u)|? du.
—m

Remark 2. Theorem 1 is asymptotic and ensures that the variance term vanishes when

J — 00. The upper bound obtained is both the sum of a bias term and of a variance term.

4etti 4t;
J(t267t1)2
the estimator is more and more imprecise as we look the sample at a very large time ?o.
On the other side, the presence of (t2 — ¢1) at the numerator means that we cannot take
t1 and t9 too close to each other. We illustrate this trade-off in Section 4 with numerical

simulations.

In the variance, there is a term V ~ . On one side, the presence of e*" means that

2.4. Speed of convergence. In this Section, we study the optimal choice of m based
on the regularity of the jump density and regularity of the noise density, i.e. that when
J — o0, we look at the asymptotic behavior of m when it minimizes the upper term in
Theorem in 1. We organize the discussion according to different regularities of f and f;.
More specifically, we consider two different type of regularity :

e Ordinary smooth densities : The characteristic function decays as |u| 2% (as Gamma
Law)

e Super smooth densities : The characteristic function decays as e~ ["/’ (as Cauchy
Law)

2.4.1. When f is ordinary smooth, f- is ordinary smooth. In this case, we assume that
f e 8B, L) for some reals 8 >0, L > 0, i.e.

res@n={rer’®| [+pp) lextupa<}.

We also assume that f. is ordinary smooth, i.e. there exists two reals a > % and d > 0,
such that

1
VueR, d<(1+u?) - (u)]” < 5.

It follows that ||f — fm[3 < m™2° and that the variance term & [ | ‘%“ is of order

1 we(u)]?
1,..2a+1
Jm .

. 4K E[X? 2 .
Moreover, the variance term (t;’;ll’)t% : ( Btil] + (Hj:,i)}g +4(J1Z)2> is of order (7524777?1)2 In%(J)-

E[X?]
Jt1
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Therefore, if the Assumptions of Theorem 1 holds, then there exist two constants A, B > 0
that depends on t1 and to such that

In?(.J)
T

To obtain a value m* that reaches the biais-variance compromise, we minimize the upper
bound of Equation (7) by differentiating with respect to m. It follows that m* is the
solution of the equation

~ B A o,
(7) E | fms = FIB| < m™2 + Sm2 ! 4 B

A
—28m™2F71 (24 + 1)jm2a +B. 2
Then, m* is the solution of the equation
m2a+25+1 +C- ln2(J)m2B+1 —D-J.

for some constants C, D > 0 well defined.

It follows that m* ~ J%725%1 when J — oo and that
£ _ =28
E[lfs = 18] = 0 (J57em) | J = c0.
m* ~ JEFEEFT
£ _ =28
E| s = I = O (7757277 )

2.4.2. When f is ordinary smooth, f. is super smooth smooth. In this case, we assume that
f€S8(B,L) for some reals >0, L >0, i.e.

FesE.n) ={fer®| [+ k) lextufdn< L},

We also assume that f. is super smooth, i.e. there exists a > 0,s > 0 and di,ds > 0 such
that

YueR, d1<exp(b-\u]s)-]<p( )2 < ds .

It follows that ||f — fml|3 =< m™2% and that the variance term % [™ 7 s of order

lpe (U)
%m ebm,
Moreover, the variance term ZEZJ—?I)? . (EB); L4 (H(E][:)}g +4(Jt B ) is of order (47”2 n?(.J)-
E[X?]
Jt1

Therefore, if the Assumptions of Theorem 1 holds, then there exist two constants A, B > 0
that depends on t; and to such that

In?(.J)
T

To obtain a value m* that reaches the biais-variance compromise, we minimize the upper
bound of Equation (8) by differentiating with respect to m. It follows that m* is the

) L
® Ellfus = £13 < m + Ao 1 .
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f/fe H ordinary smooth : f. € S(a, L) ‘ super smooth : f. € Ay 4(L) ‘
* ln(J

1
m* ~ J2aF28+1 m

o~ —28 o~
Elfs — £13 =0 (5555 | Blfos— fI§ =0 ((

ordinary smooth : f € §(5,L)

n s n(J
super smooth f € A (L) Am* ~ (HTJ)> e ( ))
E| s = fI§=0(J ) E| s — £13 =O(Jb+c)
TABLE 1. Speed of the optimal upper bound with respect to the regularity
of fx and f..

solution of the equation

In?(J)

=0.
J

—28m~ %1 4 ;1(1 +sb-m®)-e"™ + B.
Then, m™* is the solution of the equation

(14 sb-m*)m?PHL. ™ L B In?>(Jym* Tt =D . J.
for some constants C, D > 0 well defined.

It follows that m* ~ (1n§;]))1/ * when J — oo and that

Bl - 118 =0 (M) 7).

2.4.3. When f is super smooth. In this section, we assume that f belongs to the class of
super smooth densities,

Aca(D) = {f e (®)| /Rexp(c- ul")lox (w) Pdu < L}

It follows that || f — fnll3 < exp(—c- |m|*).

We apply the same strategy that in Section 2.4.1 and Section 2.4.2 to compute m* when f.
is ordinary smooth or super smooth. Table 1 resumes the different results that we obtained
with respect to the regularity of fx and f-.

2.5. The adaptive procedure. In Section 2.3, we have constructed a statistical estimator
fm, J to estimate the jump size density f. However, as this estimator strongly depends on
the choice of the parameter m, we would like to be able to select a value of m that depends
only on the available data, without a priory knowledge on the regularity of the density f.

To do this, the main idea is to select the parameter m that minimizes the bound obtained
in the theorem 1.
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For this, we need to make some further regularity assumptions on the measurement noise,
which is to say that there is a function g € L'(R) and a real d > 0 such that
U
VueR, d-glu) < fo(u)? < L

This assumption of regularity of the noise cannot be relaxed. In fact, it can even be shown
that if one does not have the noise level, then it is impossible to obtain a convergent method

14].

In the rest of this section, we assume that the noise is ordinary smooth, i.e. there exists
two reals a > 3 and d € (0,1), such that

VueR, d<(1+u?)"fp-(u)* < <.

Nevertheless, the methods used can be adapted for any function g.

In the following, we simplify the computations by considering the particular case a = 1,
1.e. we assume that

VueR, d<(1+u?) |p(u)]*<-.

2.5.1. How to select M 4, . As we said above, we want to select m so as to minimize the
bound obtained in the theorem 1.

The dominant terms in this bound are the biais term f el—mm] |ox (u)]? du and the variance
term - 4tt21)2 f ool u)|2 Through differentation, the optimal 7 satisfies
4aettz
— N2 —2
S - .

|90X(mJ)| J(tg—t1)2( +my )

then
‘ ox(my) 4aettz
AI+m2)|  Jta—t)?

However we do not know ¢x, so it is impossible to calculate directly m . Following the
strategy developed by Duval and Kappus [18], we consider

P% () = o (u)

‘ &% 5 (W) | KJ,tq,tg
Vitu2 1= VI(ta—t1)

where K4, 1, = 2622 + k/In(J (t2 — 1)2), £ > 0.

It leads us to define the empirical cutoff parameter

(u) Jit1,te o AT
{u>0 ‘m >\F(t2—t1)}A(J(t2 t1)%)", a€(0,1)

For simplicity, we note mmax = (J (ta—t1) ), keeping in mind that it depends on J, 1 and ts.

My = max
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We define a new estimator

_ 1 m
T () / ol (u)du, zER.

:% o

Theorem 3. Assume (Hy)-(Hy). For all reals 0 < t; <ty such that t; < Ylog(Jts) and
(Mmax)® < C'g]m, Jt1 — oo, Jty — 00 as J — oo. Then,

B _ In(J(ta —t1)%) -m- (1+m?)  ~
ElTF~ — f£l12] < £ 2+ CA
[”fmJ fHQ] >~ mE[O,%gmax)a] {”f f”? + J(tg o t1)2 + }
2log(J) \2
24 ———=) T
+ ( T - t1)> /
where
4eti ™o du 4K g4 4 E[X}?] | E[¢?] m
A tite i 4
2 T 0P /m ol " (= 1)’ < s (sz)
and
C C:
T, < to — 11)2 a—c(6)? 1 2
(9) J > CO(J( 2 1) ) + J(tQ _ t1)2 + J(t2 _ t1)4
and c(0) = K(ta — t1)e?2 - ﬁ and where Co, Cy and Cy depends on E[X7], E[¢’]

and where C and C are two constants.

3. MULTIPLICATIVE DECOMPOUNDING

3.1. Preliminaries on Mellin transform. In this section, we first recall some classical
results on Mellin transform. We define the multiplicative decompounding problem and we
define a good non-parametric estimator.

Let p be a probability measure on (0,00). Its Mellin transform is the complex-valued
function defined by

(10) Miu)(s) = /0 T (de), seC,

for those values of s for which this integral is well-defined.

Remark 4. If M[pu](u) is well-defined for some u € R, then M|u] converges on the vertical
line u + iR. Furthermore, if the integral exists for v and v in R (u < v) , then M|u](w)
exists for w € (u,v). It follows that the Mellin transform of a probability measure is

well-defined on a vertical band =, of the complex plane. The region =, is called the
fundamental strip of M{pu].

1
loc

Assume that p has a density f € L
denote

(Ry) w.r.t. to the Lebesgue measure dz, then we

MIf](s) = M[f da](s) = /Ooms_lf(:v) dr, seC.

0
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for those values of s for which this integral is well-defined. We denote =y the fundamental

strip of M[f dz]
Let f € L{ (Ry) and ¢ € R that belongs to Z¢. Then we define

M) = MIf](c+ it) = /Oo 2 () do, tER.

0
We observe that the function x — x¢~! f(x) belongs to L'(R.).

We define the norm
o0 B 1/2
o= ([ 1r@)Rat an)
0

Let f, g € LIIOC(RJ’_). The multiplicative convolution of f and g is the real-valued function
defined by

Frata) = [ 1wa(D) ay. v elo).

Proposition 5 (Multiplicative convolution and Mellin transform). Let p and v be two
probability measures on Ry.. We have

M« v)(s) = Mul(s)M[)(s) . s€C,

whenever this integral is well-defined.

Proposition 6 (Parseval’s theorem for Mellin transform).

[e’e] T 2 [e%]
(1) /O ’f()’dx:;ﬂ/o MIf)(it) dt .

X

Proposition 7. (Inversion formula) Let f € L'(Ry) and c € Zf. Then
B 1 v+i00 s
f@) = MM = 5 [ M) s a e Ry

3.2. The Mellin estimator. Let f € L]%h (we) be a probability distribution. Let us
assume that we have a sample X1, ..., Xy independent and identically distributed according
to f dux.

We define the Mellin estimator of f
— 1Y ,
Me(t) = — ;xg”” , teER.

We use Proposition 7 to define the estimator.

f,r;(x) — i /m ‘,L,*Cfit/\/;l\c(t) dt ’

2 J_,
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which is an estimator of

fm(z) = % /_m T TEM () dt

The next proposition give a bound of the L]%h (we)-risk of fAk

Proposition 8 (Miguel et al. [27] Proposition 2.1). If f € LI%M (we) and 02 := B (XY <
00, then for all k € Ry,

Er(lf — Full2) < IIf — fill2, + 2

By choosing k = k,, such that n= 'k, — 0 and k,, — oo, ﬁ; is a consistent estimator of f.
If X and Y are two independant random variables, then

M[X -Y](s) = M[X](s) - M[Y](s) ,s € R.

3.3. Statistical setting: estimation procedure. Consider the multiplicative compound
process

N
(12) vi=]]%,
=1

where (N, t € Ry) is a Poisson process with constant intensity A > 0, independent of the
i.i.d. random variables (X;)jen with common density f € L'(R4) N L*(Ry).

We suppose that we observe one trajectory of (Y;) over [0, T'] at equidistant time A, 2A, ..., nA,

T =nA. We denote Zpa = (ﬁA the £ — th increment of Y.

Let c € Ex NEa. We have 1 € Ex NEa. Let M;[f] be the Mellin transform of X; and
M[A] be the Mellin transform of Zx .

Lemma 9. For any s € C, M;[A](s) = exp (AXM4[f](s) — 1)) .

From Lemma 9, we have
Mi[f](s) = 1+ 1 Tog Mi[A](s)

where log M;[A] is the distinguished logarithm of M;[A] that we define in Appendix A.
This last equation leads us to define the estimator

/@](s)zl—kilogmA](s), seR.
where
e—1+4it 1 - ilo it 00 Toa MaTAT(s) — “@](t) s
ZZ : ](t)—nz_: log(Zka) Zga d log Mi[A](s) = | 7m](t)d .
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—

However, the quantity log M;[A](s) may explode. Then we define

_ 0

MF)(s) = MalfI(s) - 1, gy ya s SER -

Finally, we apply a Mellin inversion

—_—

(13) Frale) = 5 | " e G [f)(s) dtz € (0,00)

2 J_.,

3.4. Risk bounds.

Theorem 10. Assume that E[X?] < 0o, § < 1log(JA) and JA — oo as J — co. Then,
for any m >0, it holds
(14)

— ) 1 m 1 25 (E[ln(X1)?] m
E[l| fm.a—flIZ,] < 1= Fllin+ 513 /_m M1 [A](s)]2 d 7( An +4(nA)2> '

We prove this result in Appendix 5.3. In the demonstration, we need the two following
lemmas.

Lemma 11. Let m > 0 and ¢ > 0. We consider the event

n

Healm= {V“ € [om,m), WGTA](w) ~ MufAJ)| < ¢ 10g<nm} .

If E[ln(X1)?] < oo, then

Proof. Let ¢, h,7 € Ry be some positive reals. We define the events

Ae) = {’iz | In(Zka)| - EUH(ZAN‘ < C} 7

k=1

Bhrm) = {Vkl < [ﬂ,!m](kh) ~ My[A](kR)| <~ logerM} |
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As we know that the function v — € is 1-Lipschitz, then for all « € R and for all h € R,
we have

U 1 = c—1+iu
| ML [A)(u+ ) — |_’—ZZ DI/ et
k=1
1 i(u+h) ;
P Az _ r7iu
" kA ZkA
k=
— l ei(uth)In(Zpa) eiuln(ZkA)‘
"=
I’L n
< =) | In(Zka)
w2 |z
1 n
= (- > [110(Zka)| — B[ n(Za)]]] + B[/ In(Za)1)
The definition of A(c) ensures that
(16)
VueR, h>0, [A] (uth) — My [Al (1)1 ) < h(e+E[|In(Za)]) < h(c+AE[ In(X1)]) -

If E[In(X7)?] is finite, the Markov inequality leads to

(17) P(A(c)) < AE“;(;(M .

Moreover we have

P(BS ) = P ( k| < m VL TA] (k1) — M [A](kR)| > 7

%]
< X (m](kh)—M1[A](kh)‘>T %)

m
h
-[%]
h
m
h
m
h

log(nA) )
nA

VAN
=

%]

2
2]

As |Z2(kh)| < 1 almost surely , Hoeffding’s inequality ensures that

<

IP’( Zih E[Z”A(’“")]’ >y | 08 log(”A))
k

Il
—

P(Bj .m) < >, 2exp < - 721()g(nA)) = 4{%} (nA)~T/(4)
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Let |u| < m. There exists k a positive integer such that v € [kh — %, kh + %] It follows
that

L a8 m M1 A (1) = MaA)] < Lagoym, oy (VIR () — | M [A] (kD)
+ [MLA] (k) = Ma[A](kR)| + [ M [A](kR) — Mi[A](w)])

We bound the three right terms by using respectively the Equation (30), the definition of
By, and the fact that v — e is 1-Lipschitz. It follows that

Mo A log(nA
L a()nBy . (m) M1[A] (1) — Mi[A](w)| = 2hAE[| In(X1)|] + he + 7 gTEA )|
By fixing ¢ = A, h = O( %) such that h > ﬁ and ¢ > 7, it follows that

A(c) NV B r(my C Q¢,a(m) -
In addition, h > —*—, (30), we prove that for all n > 0,

VnA’
. . . E[ln(X7)? m 2
B () = PIA()) + BB ) < S g [T e/ )
2 t—7'2
< E[lnifl) ] +4Am(nA)” 2t
We obtain the result by taking 72 = t(1 + 27). |

Lemma 12. (Duwval, Kappus [18] Lemma 5.2) Let v € Ry and consider
Mgﬁ) = min {u >0 IMi[A)(u)| = vem/log(Jt)/(J )} ,

with the convention inf{(} = +oco.
Let ¢ € Ry be a positive real s.t. 0 < <~. Then

—

gl ) [IMi[A](s) — Ma[A](s)]
7—¢ [Mi[A](s)]

3.5. The adaptative procedure. We want to minimize the right side term in Theorem 13.
The optimal cutoff 7, is defined by

YN Y
L) mmte oy 108 MATA)(5) ~log Mi[A](s)] < 7 Togs

__ : 2 1 /m 1 25 (E[ln(X;)?] m
Mn € ariir(l)m (Hfm o, + A2 . 7\M1[A](s)|2 ds + - ( An +4(nA)2>)

In the variance term, the leading term is in ";fiA. Therefore, the optimal cutoff is such

that

5 64A
(Ma[f](mn)]” = WA

We can define the empirical optimal cutoff by
€4A

My f](m)|* = A
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where

—_—~—

Ml[f](s) = Ml[f](s)n\m](s)\ZKmA/m ’

with
fina = (2877 /log(nA)), k> 0.
We consider the empirical cutoff

My = max {m >0 : [M;[f](m)| = IimA/\/’rE} A (nA)* .

Theorem 13 (Adaptative method). Assume that E[X?] < 0o, § < Llog(JA) and JA —
o0 as J — oo. Then, there exist two positive constants A and B depending on k and
E[n(X1)?] such that

E[ll frma = fl12,]

2

m
5 ds + 47(nA)2>

log(nA)m 17 1
nA +nA2_4 AMA](s)]

< A(lfm - FI2, +

- B(naye 1 L)

4. NUMERICAL EXPERIMENTS
4.1. Decompounding with noise.

4.1.1. Implementation details. For a given estimator ]?m? J of f, we numerically evaluate the

efficiency of fAm 7. More specifically, we compute the L2-risks IE(Hfm g—Ff ||§) by averaging
the result obtained for 1000 independent simulations.

We test our method for three different jump distribution densities fx:

e the mixture density 0.3N(—3.5,1) + 0.7NV (3.5, 1).
e the Gamma density I'(2).
e the Cauchy density C(0, 1).

and the noise density N(0,1).

4.1.2. Efficiency of the estimation. The estimator is expected to be progressively more
accurate as J increases. We compute the estimator for different values of J for mixed
density (Figure 1) and Gamma density (Figure 2).

4.1.3. Dependence of the L?-risk to the cut-off m and efficiency of thi adaptive procedure.
The value of m has a strong impact on the quality of the estimator f,, ;. When m is too
low or too high, we expect that the estimator should deteriorate. The adaptive procedure
gives an automatic way to select a "good" m based on observations.

We illustrate the efficiency of the adaptive procedure for the mixture density (Figure 3),
Gamma density (Figure 4) and the Cauchy density (Figure 5).

The results of the simulations are satisfactory, as we can see that the value of m chosen
seems to minimize our error.
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— N=10"4
- N =10"5
0.25 — N=10"6
m== Densité réelle

-10.0 =75 =50 =25 0o 25 50 75 100

FIGURE 1. Ilustration of the estimator.
Input : Jump distribution X ~ 0.3N(—3.5,1) + 0.7N(3.5,1). Observations
are corrupted by a Gaussian noise N'(0,1). t; = 0.5,to = 1,.J = 10°.

— N=10"4
N =10"5
— N=10"6
— N=10"7
= Analytic

-10.0 =75 =50 =25 00 25 50 75 100

FIGURE 2. Illustration of the estimator.

Input : Jump distribution X ~ T'(3). Observations are corrupted by a
Gaussian noise N'(0,1). t; = 0.5,to = 1,.J = 10°.

4.1.4. How to select an optimal time to. To define our estimator, we have chosen two times
t1 and t9 in a totally arbitrary way. Therefore, we would like to know how to select them
in an optimal way, or at least have an intuition of the right way to choose them.

Theorem 1 states that to must be neither too large nor too close to t1, which we can
illustrate with numerical simulation.

Figure 6 shows the value of the L2-risks E(H]?m 7— f|I3) of the estimator for different values
of to. Each of these values is the average of the results of 1000 different simulations.

Here, it seems that the estimate is better when t9 is between 1 and 1.5, which seems to
correspond roughly to the intensity of the jump number.
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Erreur quadratique : Mixed process

0.7

0.6

0.5 1

0.4 1

0.3 .

0.2 1 -

0.1 1

0.0 T T T T T T T
05 10 15 20 25 30 35

FIGURE 3. Computations of the L?-risks E(Hfmj — fI3) (v axis) for
different values of m (x axis). The vertical line represents the value of
m chosen automatically by the adaptive procedure.

Input : Jump distribution X ~ 0.3N(—2,1) +0.7N(2,1). Observations are
corrupted by a Gaussian noise N'(0,1). t; = 0.5,to = 1, J = 10°.

Erreur quadratique : Gamma

0.24 1 8

022+

0.20

0.18

016

0.14 A L]

0.12

0.10

FIGURE 4. Computations of the L%risks E(Hfmj — fI3) (v axis) for
different values of m (x axis). The vertical line represents the value of
m chosen automatically by the adaptive procedure.

Input : Jump distribution X ~ T'(2). Observations are corrupted by a
Gaussian noise N'(0,1). t; = 0.5,to = 1, J = 10°.
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Erreur quadratique : Cauchy

1.0 4

0.8 1

0.6

0.4 1

0.2 4 L]

FIGURE 5. Computations of the L?-risks E(Hfmj — fI3) (v axis) for
different values of m (x axis). The vertical line represents the value of
m chosen automatically by the adaptive procedure.

Input : Jump distribution X ~ C(0,1). Observations are corrupted by a
Gaussian noise N'(0,1). t; = 0.5,to = 1,.J = 10°.

0.35 1

0.30

0.25

0.20 1

0.15

0.10 A &

0.05 1 o =

0.5 10 15 2.0 25 3.0 35 4.0

FIGURE 6. Computations of the L?-risks E(||fmj — flI3) (v axis) for
different values of t2 (x axis).

Input : Jump distribution X ~ 0.3N(—=2,1)4+0.7N(2,1). Observations are
corrupted by a Gaussian noise N'(0,1). t; = 0.2, m =2, J = 10°.
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4.2. Multiplicative decompounding. In this section, we illustrate the efficiency of the
Mellin estimator we built in Section 3.2 on a simulated sample of size n = 5000.

Here, we assume that the jump distribution densities fx is the Beta law (200, 30). The
bandwidth m = 83.7 was selected by the adaptive procedure described in Section 3.5. The
resulting estimate is plotted in Fig. 7.

o W‘\/

-200 -150 -100 -50 0 50 100 150 200

FIGURE 7. Top: Estimation of the Beta density (3(200,30) for 5000
observations. The real density is the black dotted-line and the estimator is
plotted in red. Bottom: Illustration of the adaptive procedure

5. PROOFS

5.1. Proof of Theorem 1. This proof is an adaptation of the proof of Theorem 3.1 of
Duval and Kappus [18]. Nevertheless, we have in addition a noise term that must be taken
into account in our majorations.

From the triangular inequality and Parseval’s equality we have

1 fing = FII3 < N fom = FI3 A+ L fing = Fall3

1 /Mm
=P+ 52 [ k() = exu)Pau
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By recalling that for any reals (a,b) € R2, |a + b|> < 2(a? + b?), and by using Definition 5
and Definition 4, then we have

/ B — ox(w) du

—m

m
1 ~ o~
“_h)? / log 37, (u) —log 33, (u) — log ¢z, (u) +log ¢z, (w)|* du
—m
2 7 ) m
< (ta—01? / [log ¢, (u) —logwz, (u)|*du + =AY / |log 34, (u) — log oz, (w)|* du.

—m —m

In the rest of the proof we establish a majorization of the two terms on the right.

Let 7 € {t1,t2} and I, j,, denote the quantity
m
Frtm = Gy [ 110834, (0) ~ log oz, (w)]du
(t2 — 1) i
—-m

Let (7,¢) € (0,00)? be two positive reals such that yc,, > C.

In particular, we take v such that vc,, = #&51) > (.

Consider the events

Q¢,r(m) = {Vu € [-m,m], |85 (u) — ¢z, (u)] < ¢ IOg(JT)} .

Jr
and
MG = min {u 2 0+ |z, (w)] = remy/1og(T0 /(1) }

as defined in Lemma 22 and Lemma 23.
As the events

{lul <mAMTEYAQc-(m), {lul € MPE m]} 1 Qc-(m)  and Q¢ (m)°



DECOMPOUNDING WITH UNKNOWN NOISE THROUGH SEVERAL INDEPENDENT CHANNELS AND MULTIPLICATIVE DEC(

form a partition of the sample set €2, we only need to control I j,, on each of them. This
leads us to define the quantities

m/\M‘(]:YTcm)
1 1 ~J 2
L ym = m / 1Q<77(m)| log gz, (u) —log oz, (u)|”du ,
—mAM e
1
e RS | / log 34, (u) —1 24
T,J,m (t2 _ t1)2 m>M‘(]’WT ) QC,T(m) \u|6[M§7:m),m} | 0g (’DZT (u) 0g ¥z, (U)| u,

m

@ _ 1 ~J 2

IT7J,m = Wﬂﬂw(m)c / | log Yz, (u) —log vz, (u)|“du .
—m

Obviously, we have the decomposition

Lo =10 412, 19

Jm T,J,m T,Jm *

Step 1 — Control Iﬁl}m.. Let us focus on the event A = {|u| < m A Mb(,ﬂfm)} N Qe -(m).
The triangular inequality ensures that

[log @7, (u)| < |log @z, (u) —log ¢z, (u)| + | log ¢z, (u)] .
Then Lemma 23 applied to { < ~vyc,, ensures that

+ |log ¢z, (u)| .

. Yem Yem N\ |@F (w) — oz, (u)]
llog 27, ()] < T log (0 ) ==

Then we have by definition of Q¢ -(m),

-~ m m 1 IOg(JT)
log 37 (u < e lo e + |lo u)| .
108 ¢, (u)] < T og (- 15 ) -5y F5 7 4 [log 7. ()

For Jr large enough, we have ~yc, % < 1, hence on A the definition of M‘(ﬂ:m)
ensures that

1 1

< :
oz (Wl ™ e, flostd)
It follows that
_ Yem Yem 1 log(J7)
log 37 (u)] < X6m 1 ( ) \/ 1 ,
[log oz, (u)| < ¢ el ¢ \/@C F T llogez, (u)

YCm

_m
Yem — ¢
By definition, this means (see also Proposition 17)

—~ YCm
log 37 (u)| < log (7
X e

glog( )+|10g80ZT(U)|-

)+ log ¢y, (u) + log ()],



26 GUILLAUME GARNIER
However, we know that for all u € R

1
ox(u) =1+ —log oy, (u) .

It follows that

—~ e
|log 37, ()] < log (") + |7(px(w) + 1) + log . (u)|
Yem — ¢
< log () + 27 + [log ()],
YCm — C
< log( 7Em ) +27+ sup |logp(")| .
Yem — ¢ [=m,m]
Therefore,
log @7 (u) L < Yem ) 27 SUD[ym) | 108 @e ()]
to—t1 |~ ta—t Yem — ¢ to —t to —t1

There are two different cases.
o Ift9 —t1 > 1, then v¢,, = %C) = 2(. It follows that

to—t1
1 YCm, 1
1og< > = log(2) < 1.
to — 11 Yem — ¢ to — 11 @)
o If to —t; < 1, then v¢,, = 1/\(t22<—t1) = tf—gtl' It follows that

2¢
1 IOg ( YCm ) _ 1 log Fo——
to — 11 Yem — C to —t1 %7%

L 2
= o
th—t1 2\ 2— (ta—t1)

<1

Y

because for any real x € (0,1) we have

1 2
0<—log(—><1.
x 2—x

It leads to
M <14+ 27 SUP[—m,m) “Og 908(’)|
to — 11 o to — 11 to —t1
2t supy_ lo .
(25) <142 P[—m,m) |10g ()]
to — 11 to — 1

Since we consider 0 < m < C’t{ to

<3tz —t1+ sup [log:(-)| <In(J)

[_mvm]

log 3 (u)
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Therefore, it comes from Equation (25) and Equation (4) that

log 7 (u) =log @y (u).

By using Lemma 23 and the definition of ~, we have

mAM )
1 ~
E[Ii,l},m] “on)e / E[]lng,f(mﬂ log §7 (u) —log ¢z, (U)ﬂ du
fm/\My:m)
C 1 [ EIRL enf],
= 2 2 U,
(t2—t1)* Jom oz, (u)]
because 7’2’” log (’YZ::ZC) < 1 due to the fact that ye,, > (.
Direct computations lead to
- 1 — ez, (u)]?
E[IpS, (u) — oz, ()] = ~1220
_ 1oy, (@) Pl (w)?
J
_ (= ly, () PDle (@) + 1 — e (w)
J
< = lov. @PDlec (@) +1 = [pe(u)?
- J
2
< —.
- J

We deduce that

(1) 2 /m 1
E[I < du .
Uil < 50 =02 |, Ton P

Futhermore, we know that (Y;) is a compound Poisson process with intensity A =1 . It
leads to

oy, (u)| > e, ueR.

Then,

oz, (W)” = loy, (W) (W)* > e |pe(u)]?

264T m 1
EM 1< / du .
Uranl < 56,092 | e

Step 2 — Control 1 £3} m-- on the event Q¢ (m)¢, it is more complicated to control the

It leads to

empirical distinguished logarithm. Nevertheless, the cut-off on the estimator allows us
to write that
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m m m
/ llog 32 (u) — log oz (w)]? du < 2 / log 4. (w)|? du + 2 / llog oz, (u)|? du
“m —-m

—m

< 4mln?(J) +2 / | log @y, (u) + log ¢ (u)[* du

§4m1n2(J)+4/|log<,0y7(u)|2du+4/ | log o (u)|* du

m
< 4mIn?(J) 4 32m7? du—|—4/ |log . (u)|? .

—m

Indeed, we have that ¢x =1+ 2logpy,. It follows that |log ey, | < 27.
Recall that we have

m
@) _ 1 > 2
O = gy e e [ 11083, () = lom oz () du.

—m

which leads to write

E[I®) < (t1t)2 : <4m In2(J) + 32m7? du + 4 / | log ¢ ()] du) P (m)°) .
Y 2— U

We apply Lemma 22 with n = 2 and ¢ > v/57. It ensures that

s 4

E[I%®) ]< 1-<4mln2(J)+32m7'2+4/ \log%(u)\2du>~< T e e
—m

) E[X?] E[2] = m )
T,J,m (t2 _ t1)2

Step 3 — Control Iiz}m By Assumption, 7 < dlog(J7) and 6 < 1/4. It follows that for

all u € [-m,m],,

oz (W] = oy, | - el > e 2 em > (I7) P em > em log(JT)/(JT)},

when J7 is enough high.

Finally, M) > m, and I®) =0 a.s. .

T,Jm

5.2. Proof of Theorem 3. Let m > 0. The proof of the theorem is divided in two steps
: in a first one, we control E|| fz, 7 — f||3 on the event €& = {fi; < m}, then we control it
on the complementary event £¢ = {m; > m}.
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As we know, it follows from the triangular inequality and Parseval’s equality that
T 2 o L (" 2
s = FIB = = FIB+ 5 [ 15k() = ox(u) du
™ —m
2 L™ 2
—or [ lex@Paus o [ 3w - ex(P du.
™ —m

|u\€[—m,m]c
Therefore, by replacing the estimator fm J by fmm J produces a surplus of bias on £ and

and surplus of variance on £¢. Then, we only need to control these surpluses.
Step 1 — Control on €.

IE ]lg /|g0X ]2du <2]E /| |2du +2E /g@X X(u)|2du}
|u|€[7,m] |ul €[5 ,m] |ul€[5,m]
gQE[ng / *”f}&t; (t) )du}+2E 115 /]ch X(U)Pdu}
2 — 11
|ul€[ 5 ,m] |ul€[0,m]

2
K
<dm-(1+m?)- 711(75;1&—172)2 + 24,

4t 4K, E[Xx? E S
where A = ZZ 1 J;L; )2 f d3)|2 + (tzittl;)t% : ( ([]t;] + J[iQ] + 4( m)2> 1S given by

Theorem 1.

Given that 4, 1, = 2v/2€%2 + k+/In(J(t2 — t1)2), we have that

7 S(14+m2) - In(J(ta —t1)?) ~
E[[Fa, - fI31] < [ — FIB + ™ nfa)z _n;)g 2=1)%) Gy

where C and C are two constantes.
Step 2 — Control on £¢. Now, we look at the case where where m; > m. By construction,
my is bounded by (mmax)®. It follows that

/ ‘SOX )‘2 du]lgcj| < IE[ /M&(m _ w(u)]z du}

m<|u|<my m<|u|<(Mmax)®

Let n > 2, such that « —n < —1. As for the proof of the theorem 1, Lemma 22 and Lemma
23 leads to

E[[px (u) — o(w)]*] < lox ()] +E[|§% (w) — ()]
4etti du E[X?] E[¢% m
< |Q0X(U)|2 + ; J(tz - t1)2 "Pe(u)|2 Jtll Jt% (Jtl)n
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» On the event

’ SOX(U) ’> 2€2t2
VI+u2l = (s —t1)

we see that

_ 8 etz E[X?] E[¢? m
Bl () = ()] < lex () + J (b2 = 11)? e (u)? Jtll o oy
< fox(uP + Aex@E L EX{] | BT | mimes

T+ [P | Jh I8 ()

Zox (P (L+?) | EIXF | L, (ta—t)*

< 2
< lex (@™ + (1+u?) d Jt Jt3 J-t]

< Colex (),

as J — oo.
» From now on, all that remains to be done is to look at the event

ox(u) - 2e2t2 )
VI+u2l 7 VIt —t1)

A:{‘

By definition, we know that

_ 2log(J)
J
u) <1
()DX( ) — (tg _ tl)
Then, on the event
222

‘ Px(u) ‘<
VI+u2l = V(ty —t1)
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we see that

E[ /{mm] B () — p(w)? - 14]

< [ letwPdut (24

QIOg(J) / ( Jt1 to )
: 1 ,4du
(t2 — 751)) Ju|€[m, (mmax)® ‘ V1+ u2 Vits—t1)) 7

210g(J) / ( Jt1 to )
: 1 ,4du
(t2 — 751)) | €[m, (mmax)® ‘ V1+ u2 Vits—t1)) 7

[u|€[m, (mmax)*]

< / lo(w)|? du + (2+

[ul€[m,(Mmax)¥]
< / o(w)?] du

[u|€[m, (mmax)*]

21og(J)\ 2 (u)| o AV/In(J(t2 — t1)?)
+<2+(t2§t1)> / <(PX\/1+752 ‘Z \/j(t;—tl)l )du

u|€[m, (mmax)®]

< / p(w)?] du

u|€[m,(mmax)*]

n <2+ 210g(J))2 / P(!@X(U) o) > KA/ In(J (t2 —t1)2)> d

(t2 —t1) VI (ta — t1)
[ulelm, ()]
2log(J)\2
< / ()| du+ (2+ % il))) T

|u|€[m,(mmax)*]

Finally, it only remains to bound 7'; where

K ln(J(tQ —t1)2)> du

= / P(‘@((u)w(u)’ = T )

[u|€[m, (mmax)*]

By Definition, we have
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P(]@X(u) B SO(U)| > ky/In(J(ta — t1)2)>

VI (ts —t1)
(110887, (W) —log &7, (u) —logz, (u) +10g 9z, (W) _ y/I(Ttz — 01)?)
_P< 2=t - Vi (ta — 1) )
<P <| log 3z, (u) —logwz, (u)| + [log §7, (u) —log vz, (w)] = (t2 — t1) ~ \%‘(]t (2t2__tlt)1)2):
~ 1 ky/In(J(t2 —t1)?)
SIF’(|10gg0‘Z]tl(u)—logcpZtl (w)| > (t2—t1)§. NalOSn )
k4/In —t1)2
+ (10824, (1) ~log 1, ()] = (12 — )3 - S0 )

Without loss of generality, we only consider the term

2V I (t2 — 1) > '
By taking ya and ¢ > 0, like in the proof of Theorem 1, we have that
2V J(ts — t1) )

P( [ log 33, (u) — log 9z, (w)] = (2 — t1)

P (108 24, () - Togioz, (u)] = (12 - 1)

H\/ln(J(tQ —t1)2)> —|—P( c ) '

< P(\@iz (u) = 9z, (u)] > (t2 — t1)]0z, (u)| T (ts— 1) C\(tz—t1)?

Using hypothesis on the regularity of |p.|, we have that

2to | d

_ . > . e B e AEEEEEN-Y
|@Zt2‘ |(’DYt2| |(’0€| - |(70Y%2‘ \/1—|—7u2 o 1+ ('rnmax)2

o _ 29, d
Let ¢(f) = k(t2 — t1)e -
It follows from Hoeffding inequality and Lemma 22 that

~ ri/In(J (ty — t1)2)>
P( |log34 (u)—1lo u)| >

(Ios2, 0~ ooz ] > 4 =
E[X?] E[e?] Mmax

<2(J(ta — 1)) 0" +

_l’_

J(tz — t1)2 J(tz — t1)4 (J(tg — t1)2)77
If we take 7 > 3 such that 2a — 1 < —1 and ¢ > /(t2 — t1)2(1 + 27), then we have
K\/ln(J(tg - t1)2)>

2V (t2 — t1)
c’ c’

+

J(to —t1)2  J(ta —t1)*

P(J1og 94, (0) - g oz, ()] =

[u|€[m, (mmax)*]

< A(J(ty — t1)2) O 4
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where C’ depends on E[X?], E[?].

Similar reasoning on

)

[ p(roees, ) - oz, ()

[ul€[m, (Mmmax)®]

leads to

(9)2 + Cl CQ

2\a—c
Ty < Co(J(t2 — 11)?) Tta—t0)2  Tla—t1)

where Cp, C1 and Cy depends on E[X?], E[¢2].

5.3. Proof of Theorem 10. This proof is an adaptation of the proof of Theorem 3.1 of
Duval and Kappus [18]. Nevertheless, we are working with products of random variables
and not with sums, which forces us to adapt the proof to use to take the Mellin transform
in consideration.

We have the decomposition
[ fon = FUZy < W = FI2, + o = Fll2, -

To prove the theorem, we have to bound the variance term Hﬁ\n —f m||o2J1
Using the isometry equation, we get

1 = fmnl2, = / M) — Mi[£)(s)]” ds

To get a majorization of the right side term, we consider different events on which it can
be control.

Fix v > ¢ and set yao = %. We consider the events

Qa(m) = {\w € [—m,ml, |Mi[A](u) — My[A](w)] < ¢ lgerA)}

and

{m< M%) where M%) = min {u >0 |Mi[A](w)] = e 1og(Jt)/(Jt)} .

We have
1 /\Mfl:yA> o
/ My [f](s) — Mu[£](s)[* ds = 27 o Lo oy [ Milf)(s) = Mu[f](s)]” ds
1 A TF 2
+ §1m>MfJ§) Lo amm) /IIE[M(”A) |(Mi[f](s) = Ma[f](s)|" ds

nA’

+ 1ge (m);/ IMi[F)(s) — Ma[f)(s)| ds
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Step 1. Focus on the event A = {|Ju| <m A Mr(gﬁ‘)} NQE A(m).
First, we prove that M [f](s) = M1[f](s)

The triangular inequality ensures that

log M [A](5) — log M1 [A](s)] + | log Mi[A](s)]

Milf](s) <1+ A

and Lemma 23 ensures that

(2 >rm]<s>—M1[A]<s>| [log Mi[A]]

— 1
Mif)(s) < 1+ R log (5= Mi[A]] A

A

Furthermore, since
1
Mu[fl(s) =1+ 1 log Mu[A](s) ,
it follows that

W}<><3+Zlog(7”c) 4.

—~—

Then W](s) = My [f](s).

Therefore,
1 m/\ijﬁ) 1 m/\My(:ﬁ) P 9
Elge [ ot O ~ O 0] =g [0 B oo )~
n,A n,A
M(’YA) )
2m ate E Lo, o (m)|log Mi[A](s) — log M [A](s)[] ds
Lemma 23 ensures that
(va) (va) —
L pmAM(A _ 1 MR E[IM[A](s) — Mi[A](s)]?]
E[% /_m/\MfL“/ﬁ) ]IQQA(m)‘Ml[f](S)_Ml } dS} = 9 A2 /—m/\Mf:/ﬁ) |M1[A](S)‘2 ds

We have
E[|My[A](s) — My [A](s)[2] = Var(M; [A](s)) < %E(|ZZ_1+”|2)

Then we have

(va)
[ L[ Mylf](s) — My ds L[ g
5 /_mAMm ot M) = MO 5] < o, /m MAs)E
Then, set ¢ > v/5A. Using Lemma 22 with n = 2 to get

B[tog smige | M) - MulrIs) ] <

50m (E[ln(X;)?] m
27 ( Anl +4(nA)2>
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Finally, we observe that |M;j(A)(s)| > e 22, We can use the same strategy that Duval
Kappus [18] to show that M% = 400 and that

E[217r]lm>Mf:§) Lo am) / |/\//lz[/f](3) - Ml[f](s)‘Q ds} =0.

[sleMR m]
5.4. Proof of Theorem 13. Let 0 < m < (nA)®. As for the Theorem 3, the proof

is divided in two steps : in the first one, we control E[| f7=a — fl|2,] on the event
E = {my, < m}, then we control it on the complementary event £¢ = {m,, > m}.

Step 1 - The first event £. The triangular inequality and the isometry equality leads to

B[t [ MilfI@P du] <28[te [ ML AW du] +28[te [ 1MW) - Ml du]
|u| €[y ,m] |u| €[y ,m] |u| €[y ,m]
K?LA v 2
<oty [ 752 au] +2B[1e [IMA0) - MA@ o
[u|E€[Mn,m] |u|€[0,m]
2
N 1 m 1 50 E[IH(X1)2] m
SAEA T A /_m Mi[A(5)]2 ds+—om(=5 +4(m)2>'

By definition, #, A = €2 + k4/log(nA). It follows from Theorem 10 that

L | A
Bt s — JIE] < 1 = 12, + O£
1 m 1 50 (E[n(X;)?] m
+7rnA2 /_m | Mi[A](s)2 ds + m( An +4(nA)2>

Step 2 - The second event £¢. Henceforth, we considere the case where m,, > m. It remains

to control the surplus in the variance of f3, .
Since m < m,, < (nA)?, it follows that

B[te [ [l - M) <[ [ EIFI@ - M)

[u|€[m,mn] |ul€[m,(nA)*]
Let n > 2 such that @« —n < —1. Lemma 11 and Lemma 12 ensure that
E[|[Mi[f](u) = MIA@)|*] < IMa[f](s)]* + E[|Ma[f)(w) — M[f](w)]*]
2 E[ln(X1)?] 4
nA2| My [A](s)]? An nA

< [Mu[f](s)]* +
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e248

First, we assume that {|M1[f](s)|? > NN

this case that
E[|Mu[f](u) — Ma[f](w)]*] < |Ma[f](u)2(6 + Elln(X1)?).

}. Given that M;[A](u) > e22, it follows in

Therefore,
lul€[m,mn] |ul€[m,mn]
<4 [ WP d
[_mvm]c

where A = 6 + E[In(X;)?].

Secondly, we assume that {|M;[f](s)]? < Y By construction, |[My[f](s)] < 4. It
vVnA
follows that

B [ 070 = MU 1y oecas T du

VnA
ul€[m,in]
< / |M1[f](u)]2du+25/ p(IM0Lf]] > 22 g s - du
= = nd) T IMIAeRIS 25
[ul€[m,(nA)*] [ul€[m,(nA)*]
< [ IMA@P dur2s [P - M| > w/log@B /AT du
[ul€[m,(nA)*] [ul€[m,(nA)*]

It remains to bound the last term. For that, we use Lemma 11 and Lemma 12 by taking
va and ¢ > 0, like in the proof of Theorem 10. By definition, we have that

P(IMiLf] = Mulf]| = 5y/log(nd/(nd)) )
= IP’(\ log M\1[A] —log M1[A]] > KA 10g(nA/(nA))>
< P(IM1[A] = My[A]] > [My[A]|kA Iog(nA](nA)) ) + P A ((RA))).

Let ¢(A) = kAe™?2. The Hoeffding inequality and Lemma 11 ensure that

E[In(X;)?]

a-n
A +4(nA)> .

IP’(|M1 [f] = Malf]l = & log(nA/(nA))> < Q(HA)afc(A)Q n

If we take n > 3 such that 2a —n < —1 and ¢ > \/A(1 + 2n), then
—~ B
P(IM[f] = Mulf]| > £y/log(nA/(nA)) ) du < 4(nA)* (& 4+ =

|u|€[m,(nA)*]
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where B depends on E[ln(X1)?].
It follows that there exist two constant A, B such that

E[Hfm/\n,A - f||<.201]

log(nA)m 17 1 m?
SA(Hfm_chzul+ nA +nA2/]./\/l1[A](s)]2 d8+4(nA)2)

+ B((nA)a*cW + i) .

We conclude by taking the infimum in m.

6. CONCLUSION AND PERSPECTIVES

In this article, we develop an adaptive procedure to estimate the jump density in a noisy
compound Poisson process. In our case, we observe several noisy compound Poisson
processes. We have shown that by looking at what happens at two different times, it
is possible to reconstruct then density fx.

In practice, the experimental data allow us to observe the process at different times. A
discussion could be conducted later to understand if it is possible to combine estimators
built with different ¢; and ¢9 to improve our estimator.

In future work, we plan to apply our statistical method to biological data from the article
by Robert et al. [34].

Furthermore, it is possible to link compound Poisson process to the fragmentation equation
which has been widely studied in the literature [15, 14, 16]. We plan to develop and study
this link, in future work.

APPENDIX A. THE DISTINGUISHED LOGARITHM

In the section, we recall the definition and some properties of the distinguished logarithm.
The reader who would like to have more information can refer to the articles of Duval and
Kappus [17, 18] or to the article of Finkelstein et al. [21].

Theorem 14. Let d € N — {0} and let ¢ € C°(R%;C*) be a continuous application which
never vanishes and such that ¢(0) = 1.
Then there exists a unique continuous application ¢ € CO(R?; C) such that

(1) ¥(0) =0,

(2) for all z € R® | p(z) = e¥®),
The application 1 is called the Distinguished Logarithm of ¢ and is denoted by log .
Remark 15. In general, the distinguished logarithm does not reduce to a composition by

the principal determination of the logarithm. In his book [36], Sato remarks to his readers
that one can have ¢(z1) = p(z2) and logy(z1) # log¢(z2) .
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Indeed, consider the application ¢(t) = €, (t € R). It verifies all the assumptions of
Theorem 14. which ensures that

logp(t) =it, (teR),
It follows that
©(0)=¢(2) =1 and logy(0) =0, logp(2) = 2ir.

Proposition 16. (Theorem 2. of [21])

Let d > 0 be a positive integer and f, (fn)nen € CO(RE C*) be continuous functions which
never vanishes and such that f(0) = f,(0) = 1 for alln € N. If (f,) converges uniformly to
f on compact subsets of R, then the sequence (1og(fy))nen converges uniformly to log(f)
on compact subsets of RY.

Proposition 17. (Lemma 3. of [17])
Let ¢ be a characteristic function without zeroes and assume that o is differentiable. Then,

it follows that
Y ¢'(2)
lo U :/ dz
g () o »(2)

Corollary 18. Let d € N—{0} and fi, fo € CO(R% C*) be two continuous functions which
never vanishes and such that f1(0) = f2(0) = 1. Assume that f1, fo are both differentiable
and let h : RY — C* denotes the quotient h = % Then,

Vu € R, logh(u) = log fa(u) — log f1(u) .
Proof.

fofi—fafq
u h/ u (
log h(u) = / (%) 4
0

72) u e /
e [ e

2 dz = log fo(u) — log f1(u)

I
O\:
|
Nl g
~ | ~<
|~
NS
o,
N
|

~—
o,
N
|
cra\:
—
o

APPENDIX B. COMPOUND POISSON PROCESSES

Proposition 19. Let (Y;, t € Ry) be a compound Poisson process with intensity A € Ry
and jump size density f. Assume that X7 is integrable. Then for allt € Ry, Y; is integrable
and

E(Y;) = ME(Xy) .

Proposition 20. Let (Y;, t € Ry) be a compound Poisson process with intensity A € R
and jump size density f. Assume that X1 is square-integrable. Then for allt € Ry, Z; is
square-integrable and

Var(V;) = ME(X?) .
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Proposition 21. Let (Y;, t € Ry) be a compound Poisson process with intensity A € R
and jump size density f. Then

oy, (u) = e~ MI—px(w)

Proof. We have

APPENDIX C. USEFUL LEMMAS

C.1. A first Lemma.

Lemma 22. Let m,(,t € Ry be positive reals. We consider the event

feelm) = {Vu & [om,m], |84, () — o ()] < ¢y >} .

IfE[X?] < oo, then

2 2
E[X}] B[, , m
Jt Jt? (Jt)n

V>0, V(> \t(1+2n), P(Qc(m)°) <

Proof. Let ¢, h,7 € Ry be some positive reals. We define the events

=113 Z|Zﬂ|— )| <ep

Bh,f(m:{vws{m] 2, (kh) — oz, (kh)| < 7 1°g<'”)}.

Jt
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As we know that the function x +— €™ is 1-Lipschitz, then for all w € R and for all h € R,
we have

J J
N ]' zuj 7,U J
B4, (w) — Bhut B =[5 D — 32 ()2

Wzl ei(u+h)Z{

VAN IN
S e
=

(jf} 12| - E{1/)] +El|))

7j=1
The definition of A(c) ensures that
(30) VueR, h>0, |37 (u) = @7,(ut+h)Lae < hc+E[Z]) .
Moreover we have
(31) E[|Z:|] < tE[|X1]] + Efle]] -

If E[X?] < oo, by appling the Markov inequalities and Proposition 20,

Var(|Z;|] < Var[Z;] = tE[X?] 4+ E[e?]

we claim that

(32) P(A(0)) <

Moreover we have

(332)  P(BL,m) =P (3Kl < [ Mozx B) — oy (6h)| > 7 10%{;;]@)
a log(Jt)
(33b) < Z}P(th)—wzt(kh)w (. )
k=7
20 3 o[ gy o TS
C ~ j:16 e T ;
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As |eikthj | <1 almost surely , Hoeffding’s inequality ensures that

(33d) < _Z{:m_‘ 2 exp < — 7—2102gt(‘]t)>
(33¢) —4 {%W (J£)~" 720

Let [u| < m. Then there exists k a positive integer such that u € [kh — 2, kh + 2]. Then

) La(oyn B (m)| 872, (1) = 02,(uw)| < La)np, . (m) (!@%t (u) — %, (kh))|
+ 185, (k) — oz, (k)| + |2, (kh) — oz, (w)])

Since the function x — € is 1-Lipschitz, we have

oz, (kh) — 0z,(u)| = [E[e*hZ: — 4]
< hE[| Z4]]

By applying this last result to Equation (34)

(c)ﬂBhT(m)|Sup |87, (u) — ¢z, (u)| < 1A(c)ﬁB;L7T(m)<‘$%t( ) — %, (kh)|

+ 185, (kR) — oz, (kh)| + HE| Z4]])

It follows from Equation (30) that

L omy S0 18%,(0) = 97, (u)| < h(e+ENZ) + Lans, ) (18, (60) — 0z, (6h)]) + FE{ Zi]

[ul<m

By using the definition of By, -(m), we have

log(Jt
o) S0 [B50) = 0z, < e+ EIZ) + i/ 270 1 Bl 2]
< he + 2hE[|Zy]) + T logjjt)
log(Jt
(36) < he + 2h(E(X] + E[Jel))) + 7/ 251

Jt

log(Jt)
Jt

In particular, if c = ¢, h = o( ) such that h > f and ¢ > 7, Equation (36), allows

us to say that
A(e) NV B r(my C Qe p(m) -
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In addition, h > —, (30) et (32)), we prove that for all n > 0,

\/ﬁ?
B(02,(m)) < B(A“(1)) + B(Bf,, ) (m)
L EXY | EE)

72

m
NESIS
=~ T T MW ’
E[X?] E[e?] e
< 4
S + 7 + 4dm(Jt)” 2

We obtain the result by taking 72 = ¢(1 + 27).

C.2. A second lemma.

Lemma 23. (Lemma 5.2. of [18]) Let v € Ry, t € Ry and consider
M) = min {u >0 z,(u)] =1/ o5(TO/(T1) } |

with the convention inf{(} = +oc.
Let ¢ € Ry be a positive real s.t. 0 < <~. Then

~J
_ v v 1Pz, (w) — ¢z (u)]
Ljuj<my, nm0 i (m) ° ‘log(ﬁpi (u)) —log ¢z, (U)’ < ¢ log (7 — C) 2t o ]
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