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UNIVERSAL GENERALIZATION GUARANTEES FOR
WASSERSTEIN DISTRIBUTIONALLY ROBUST MODELS

Tam Le Jérome Malick
Univ. Grenoble Alpes, CNRS, Grenoble INP, LIK
Grenoble, 38000, France

ABSTRACT

Distributionally robust optimization has emerged as an attractive way to train ro-
bust machine learning models, capturing data uncertainty and distribution shifts.
Recent statistical analyses have proved that generalization guarantees of robust
models based on the Wasserstein distance have generalization guarantees that do
not suffer from the curse of dimensionality. However, these results are either ap-
proximate, obtained in specific cases, or based on assumptions difficult to verify
in practice. In contrast, we establish exact generalization guarantees that cover a
wide range of cases, with arbitrary transport costs and parametric loss functions,
including deep learning objectives with nonsmooth activations. We complete our
analysis with an excess bound on the robust objective and an extension to Wasser-
stein robust models with entropic regularizations.

1 INTRODUCTION

1.1 WASSERSTEIN ROBUSTNESS: MODELS AND GENERALIZATION

Machine learning models are challenged in practice by many obstacles, such as biases in data, adver-
sarial attacks, or data shifts between training and deployment. Towards more resilient and reliable
models, distributionally robust optimization has emerged as an attractive paradigm, where training
no longer relies on minimizing the empirical risk but rather on an optimization problem that takes
into account potential perturbations in the data distribution; see e.g., the review articles | Kuhn et al.
(2019); Blanchet et al.| (202 1a)).

More specifically, the approach consists in minimizing the worst-risk among all distributions in a
neighborhood of the empirical data distribution. A natural way (Mohajerin Esfahani & Kuhn| [2018)
to define such a neighborhood is to use the optimal transport distance, called the Wasserstein distance
(Peyré & Cuturi, 2019). Between two distributions @ and Q" on a sample space =, the Wasserstein
distance is defined as the minimal expected cost among all coupling probability 7 on = X = having
Q and Q' as marginals:
/ .
WC(Q?Q ) TrEPI?EfXE) E(E,C)NW[¢(£7C)]7 (D
[7]1=Q;[7]2=Q’

where c: Z X Z — R is a non-negative transport cost over the sample space =. For a class of
loss functions F, the Wasserstein distributionally robust counterpart of the standard empirical risk
minimization (ERM) then writes

min sup Eevqlf(E)], 2
T€F QeP(2),Wu(Pa,@)<p

for a chosen radius p of the Wasserstein ball centered at the empirical data distribution, denoted Isn.
This procedure is often referred to as Wasserstein Distributionally Robust Optimization (WDRO).

In the degenerate case p = 0, we have Q = P, and (2) boils down to ERM. If p > 0, the training
captures data uncertainty and provides more resilient learning models; see e.g. the discussions and
illustrations in |Shafieezadeh-Abadeh et al.| (2015)); [Sinha et al.| (2018]); |[Zhao & Guan|(2018)); [Kwon
et al.| (2020); Li et al.| (2020); Taskesen et al.| (2021);|Gao et al.| (2022)); |Arrigo et al.| (2022)); Belbasi
et al.[(2023)).
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To support theoretically the modeling versatility and the practical success of these robust models,
some statistical guarantees have been proposed in the literature. For a population distribution P,
ii.d. samples &1, .. ., &, drawn from P, and the associated empirical distribution ]371 = % Z?Zl Oe;s
the best concentration results for the Wasserstein distance (Fournier & Guillin, 2015) gives that if
the radius p is large enough, then the Wasserstein ball around P, contains the true distribution
P with high probability, which in turn gives directly (see Mohajerin Esfahani & Kuhn| (2018))) a
generalization bound of the form

sup Eeg[f(©)] = Eenr[f(E)]- 3)

QEP(E),We(Pr,Q)<p

This bound is exact in the sense that it does not introduce approximate term, contrary to standard
generalization bounds allowed by ERM (see e.g. |Boucheron et al. (2013); Wainwright (2019)).
This property (3) is particularly attractive: the left-hand-side, which is the quantity that we compute
from data and optimize by training, provides a control on the right-hand-side which is the idealistic
population risk. This theoretical feature is specific to WDRO and highlights its potential to give
more resilient models.

In order to obtain such an attractive guarantee, Mohajerin Esfahani & Kuhn| (2018) needs to take a
large radius p. Indeed, the direct application of concentration results of |[Fournier & Guillin| (2015

requires a radius scaling as O(1/ ni ), where d is the data dimension. Due to the exponential depen-
dence, in high dimension, this value is almost constant with respect to n, hence suggesting that the
exact bound (3) can hold only for conservative values of p.

Recent works have proposed various statistical guarantees for WDRO by establishing generalization
bounds that do not suffer from the above curse of the dimension; we further discuss them in the
related work section in section These results generally feature a radius p scaling as O(1/y/n),
which is the standard rate in ERM generalization bounds. Yet, no existing result on robust models
precisely retrieve the original exact bound (3) with the 1/4/n rate, in a general setting.

1.2 CONTRIBUTIONS AND OUTLINE

In this paper, we establish exact generalization guarantees of the form (3) under general assumptions
that cover many machine learning situations. Our results apply to any kind of data lying in a metric
space (e.g. classification and regression tasks with mixed features) and general classes of continuous
loss functions (e.g. from standard regression tasks to deep learning models) as long as standard
compactness conditions are satisfied. For instance, our results cover nonsmooth objectives that
are particularly present in deep learning with the use of ReLU activation function, max-pooling
operator, or optimization layers.

To avoid using concentration results of [Fournier & Guillin| (2015) involving a radius scaling as

o1/ n%), we develop a novel optimization-based proof, directly tackling the nonsmoothness of
the robust objective function with tools from variational analysis (Clarke, |1990; Rockafellar &
Wets| [1998; |Aliprantis & Border, 2006). We thus obtain general results with p scaling as O(1/+/n),
capturing all possible nonsmoothness and coinciding with previous study for robust linear models
(Shafieezadeh-Abadeh et al., |2019).

Moreover, our approach is systematic enough to (i) provide estimates of the excess errors quantifying
by how much the robust objective may exceed the true risk, and (ii) extend to the recent versions of
Wasserstein/Sinkhorn distributionally robust problems that involve (double) regularizations (Azizian
et al.| [2023b; Wang et al., 2023). We thus complete the only existing analysis of regularized WDRO
(Azizian et al.,|2023a) by obtaining generalization results for double regularization (Azizian et al.,
2023b) when dealing with arbitrary costs and nonsmooth objectives.

The paper is structured as follows. First, Section 2] introduces and illustrates the setting of this work.
Then Section [3| presents and discusses the main results: the generalization guarantees (Theorem 3.1
and Theorem [3.2)), the excess risk bounds (Proposition and Proposition [3.3) and the specific
case of linear models (Section [3.2). This section ends with Section [3.4] discussing the limitations of
our study and potential extensions. Finally, Section [4] highlights our proof techniques, combining
classical concentration lemma and advanced nonsmooth analysis.
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1.3 RELATED WORK

The majority of papers studying generalization bounds of Wasserstein distributionally robust models
establish approximate generalization bounds. These approximate bounds introduce vanishing terms
depending on n and p which embody the bias of WDRO. One of the first papers on such approximate
bounds is [Lee & Raginsky| (2018)), and important results in this direction include Blanchet et al.
(2021b)); Blanchet & Shapiro| (2023) about asymptotical results for smooth losses, and |Chen &
Paschalidis| (2018)) about non-asymptotically results for linear models and for smooth loss functions.
Let us also mention |Yang & Gao|(2022) which deals with 0-1 loss, and |Gao| (2022) which focuses
on Wasserstein-1 uncertainty and the connection with Lipschitz norm regularization. In this paper,
we rather focus of exact bounds of the form of (3), which are out of reach of ERM-based models,
and thus capture the essence of WDRO.

The literature about exact bounds is scarcer than the one about approximate bounds and signifi-
cantly different in terms of proof techniques. Let us mention |Shafieezadeh-Abadeh et al. (2019)
which establishes exact guarantees for linear regression models, and |Gao| (2022) which proposes
tighter results for linear regression and Wasserstein-1 uncertainty. The closest work to our paper is
Azizian et al.| (2023a)), which initiates a general study on exact bounds. There, the authors establish
generalization results similar to ours, namely: exact bounds (3] in a regime where p > O(1/+/n). In
sharp contrast with our work, the results from|Azizian et al|(2023a)) rely on restrictive assumptions
to overcome the nonsmoothness of the robust objective: the squared norm for the cost ¢, a Gaussian
reference distribution, additional growth conditions, and abstract compactness conditionsﬂ We will
further compare the setting and the results, in Section [3and in the supplemental. In our work, we
directly deal with nonsmoothness, thanks to tools from nonsmooth analysis, and thus we are able to
alleviate extra assumptions and capture nonsmooth losses.

The only other work regarding nonsmooth objectives is |An & Gao|(2021)) which derives results on
piece-wise smooth losses, at the price of abstract approximating constants. We underline that none
of the existing results properly covers nonsmooth losses, in particular deep learning objectives with
nonsmooth activations.

Finally, let us mention that there exist many works studying generalization guarantees for other
distributionally robust models, involving different uncertainty quantification. For instance, Zeng &
Lam| (2022) studies nonparametric families and divergence-based ambiguity, and |Bennouna et al.
(2023)) considers deep learning models with ambiguity sets that combine KL divergence and ad-
versarial corruptions. Though duality is always an important tool, we face in our framework to
the specific difficulty of dealing with Wasserstein distances, so that the technicalities as well as the
results of our paper are essentially different and disjoint from these works.

1.4 NOTATIONS

On probability spaces. Given a measurable space =, we denote the space of probability measures
on = by P(Z). Forall T € P(Z x =), € {1, 2}, we denote the i marginal of 7 by [r];. We denote
the Dirac mass at £ € 2 by J¢. Given a measurable function g : = — R, we denote the expectation
of g with respect to @ € P(Z) by E¢o[g(€)] and we may also use the shorthand Eq[g].

On function spaces. In (X,dist) a metric space, the uniform norm of a function f is || f|lcc =
sup,cx |f(x)]. If F is a family of functions, we denote || F|cc = sup;cz || flloo. We say f is
Lipschitz with constant L if for all x,y € X, |f(z) — f(y)| < Ldist(z,y). For ¢: R x X — R,
we denote aqu the right-sided derivative with respect to A € R, and 9, ¢ its derivative, whenever
well-defined.

2 ASSUMPTIONS AND EXAMPLES

In this section, we present the general framework and illustrate it by standard examples. Throughout
the paper, we consider a family of loss functions , a transport cost ¢, and a distance d on a sample
space =, satisfying the following assumptions.

"We show in Proposition in the appendix that the compactness assumptions of |Azizian et al.| (2023a)
hide strong conditions on the maximizers.
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Assumption 2.1.
1. (E,d) is compact.

2. ¢: E x E = R is jointly continuous with respect to d, non-negative, and c¢(&, () = 0 if and

only if § = C.

3. Every [ € F is continuous, (F,| - ||co) is compact, and furthermore, Tx, the Dudley’s
entropyE] of the family F, is finite.

This setting encompasses many machine learning scenarios, with parametric models, general loss
functions, and general transport costs, as illustrated in the two paragraphs below. We will come back
later in Section on the assumptions to discuss their reach and limitations.

Parametric models and loss functions. Our setting covers a wide range of machine learning
models. Consider a parametric family 7 = {f(6,-) : 6 € ©}, where the parameter space © C RP
is compact and the loss function f: © x = — R is jointly Lipschitz continuous. If Z is compact, such
a family is compact regarding || - ||oo. This situation covers regression models, k-means clustering,
and neural networks. For example: least-squares regression

F0, (z,y)) = ((0.2) — ),

[1]

C R™ x R,
logistic regression

10, (2,9)) =1log (1+e700) | 2 CR™ x {~1,1},
and support vector machines with hinge loss

f(0,(z,y)) = max{0,1 —y{f,z)}, ZECR™ x {-1,1}.
Note that the latter is not differentiable, due to the max term. The k-means model also introduces a
non-differentiable loss function:

6,2) = min ||6; —z|2, © cC REX™ = cR™.
fO.x) = _min |6~ 3

Finally, most deep learning models fall in our setting. Indeed, they involve loss functions of the form

[0, (2, y)) = £(h(8, z),y),

where ¢ is a dissimilarity measure and & is a parameterized prediction function, built as a compo-
sition of affine transformations (which are the parameters to train) with activation functions (see
e.g. Krizhevsky et al| (2012); LeCun et al.| (2015); [Redmon et al.| (2016)). Our setting is gen-
eral enough to encompass all continuous activation functions, even non-differentiable ones (as
ReLU = max(0,-)) as well as other nonsmooth elementary blocks (as max-pooling (He et al.,
2016), sorting procedures (Sander et al., 2023)), and optimization layers (Amos & Kolter, 2017)).
As already underlined in introduction, these examples involving non-differentiable terms are not
covered by existing results.

Sample space and transport costs. The choice of the transport cost ¢ depends on the nature of the
data and of the potential data uncertainty. For instance, if the variables are continuous with = C R™,
we consider the distance d = || - — - ||, induced by ¢,-norm (p € [1,00]) and the cost as a power
(g € [1, 00)) of the distance

(&, €) = ¢ — &a.

If the variables are discrete with = C {1,...,.J}", we consider the distance

d(g,¢) = Z]l{ﬁﬁff;}
=1

*Recall that Dudley’s entropy of the family F with respect to || - || is defined by (see e.g. [Boucheron et al.
(2013))

7= [ Vg NG AT T
0

where N (¢, X, || - ||co) denotes the ¢-packing number of F, which is the maximal number of functions in F
that are at least at a distance ¢ from each other.
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and the cost as a power of this distance. If we deal with mixed data, i.e. they contain both continuous
and discrete variables, a sum of the previous costs can be considered. In classification, for instance,
with the samples composed of features z € R™ and a target y € {—1, 1}, we may take

C((l'v y)a (:C/a y/)) = ||£8 - :L'/HZ + H]l{’y?éy'}
for a chosen x > 0. This cost is obviously continuous with respect to

d((z,y), («",y") = & — 2'[lp + Liyzyy-
This extends to mixed data with categorical, binary and continuous variables; see e.g. Belbasi et al.
(2023).

3 MAIN RESULTS

3.1 WASSERSTEIN ROBUST MODELS

Our main result establishes a generalization bound (3) for Wasserstein distributionally robust opti-
mization (WDRO). Given a distribution @ € P(Z) and a loss f € F, the robust risk around ) with
radius p > 0 is defined as

Ry q(f) = sup Eevg [f(6)]- 4)
QEPE),Wa(Q,Q)<p

In particular, taking Q) = JSn and (Q = P in the above expression, we consider the empirical robust
risk, R, (f), and the true robust risk, R,(f):

Ry(f)i=R, 5 (f) and R,(f):=Ryp(f).

We also introduce the following constant, called the critical radius peyit,

Perit 1= }Ielg:Eng [min{c({,@“) : (€ argénafo . (5)

Note that pc,it is defined from the true distribution P, which makes it independent from sample
randomness. In our results, we will make the further assumption that p..;; > 0, which excludes
losses that remain constant across all samples from the ground truth distribution P. This assumption
reasonably aligns with practice and is also in line with the previous works |An & Gao| (2021); |Az-
izian et al. (2023a)). For instance, obtaining a predictor that precisely interpolates the ground truth
distribution (leading to a loss equal to zero everywhere) is unrealistic.

In this context, our main result then establishes the generalization bound when n is large enough,
for p scaling with the standard 1//n rate.

Theorem 3.1 (Generalization guarantee for Wasserstein robust models). If Assumption holds
16(a+8)?
16(atp)”

crit

and peiv > 0, then there exists Aoy > 0 such that when n >
probability at least 1 — 6,

and p > %, we have with

R,(f) > Eewplf(€)]  forallf € F,

where o and 3 are the two constants

1 2 2||F 2 967 4||F 4
a =48 <|f||oo+A> (LﬁuA >+ IFloe o102, 5= 9627 AWFllo [5156 2
low low

)\low 67 B )\low )\low o
This result with p scaling with the dimension-free 1/ \/ﬁ rate is similar to (Azizian et al., 2023a,
Th. 3.1), but guaranteed now in the wide setting of Assumption[2.T] We achieve this result through
a novel proof technique that combines nonsmooth analysis rationale with classical concentration
results; as depicted in Section[z_q

The critical radius p.,i; can be interpretated as a degeneracy threshold of the robust problem; we
discuss it below in Remark [3.1] The quantity Ajoy is a positive constant related to the geometry of
the Wasserstein ambiguity set; we discuss it in Section[4.2] Interestingly, in the case of linear and
logistic regressions, we can establish estimates of these two quantities; see Section[3.2]

We now extend the previous result to derive the following excess risk bound.
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Proposition 3.1 (Excess risk for Wasserstein robust models). Let av be given by Theorem[3.1} Under
Assumption if perit > 0, n > ;62—“2 and p < % — %, then with probability at least 1 — 6,

crit

~

R,(f) < R,H%(f) fJorall f € F.

In particular, if c = d(-,-)? withp € [1,00) and every f € F is Lip z-Lipschitz, then

1
~ . e} D
Ry(f) < Eeuplf(§)] + Lipgr (P + \/ﬁ> :
Remark 3.1 (The critical radius as a degeneracy threshold). The critical radius pei, defined in ()
plays the role of a degeneracy threshold for the problem, as follows. We can show that if p > peyit,
there exists f € F satisfying R,(f) = maxeez f(§). Furthermore, for p > perit + %, with high

probability, there exists f € F such that ﬁp(f) = maxeez f(&). In other words, if the radius
is chosen too high compared to p.it, both generalization and excess bounds (Theorem [3.1| and
Proposition[3.1)) are vacuous. A proof of this result is found in Appendix, Proposition[F1]

3.2 GENERALIZATION GUARANTEES OF WASSERSTEIN ROBUST LINEAR MODELS

We now illustrate how our generalization guarantees from Section[3.1]apply to linear models. In this
part, we assume the support of P to be contained in a ball of diameter D centered at 0.

We recover estimates similar to the ones from the study of linear models (Shafieezadeh-Abadeh
et all 2019), hence showing the tightness of our approach. We consider the setting from
Shafieezadeh-Abadeh et al.| (2019) where the parameter space is assumed to be bounded away from
zero (Shafieezadeh-Abadeh et al., 2019, Assumption 4.5):

Assumption 3.1 (Hypothesis domain). F = {f(6,-) : 0 € O}, where © C RP? is a compact subset
and ¢ = || - — - ||2. There exists w > 0 satisfying one of the following:

1. (Linear regression). f(0,(z,y)) = ((,x) — y)? and infyce ||(0, —1)||* > w.

2. (Logistic regression). f(0,(x,y)) = log(1 + e~ ¥%)) and infgce ||0]|* > w.

Under this assumption, we obtain estimates for the constants Ajoy and peyit.-

Proposition 3.2 (Linear models dual bound and critical radius). Under Assumption let Q :=
Supgeo |10]12- Theoremand Propositionhold With perie > D? and

1. (Linear regression) Aoy, > % under Assumption 1.

2. (Logistic regression) A\ow > ——%~— under Assumption 2.

8(1+6DQ)

These specific results show that we retrieve the constants from Shafieezadeh-Abadeh et al.| (2019),
for normalized data in the case of logistic regression. In particular, our constant « is proportional
to 1/w? for the linear regression. Remark that the tails parameters of f(¢) and & ~ P from
Shafieezadeh-Abadeh et al.| (2019) correspond in our case to |||~ and D respectively, and Dud-
ley’s constant is proportional to ,/p. In the case of linear regression, the dual lower bound is directly
related to the parameter bound w from |Shafieezadeh-Abadeh et al.| (2019). In more advanced set-
tings (e.g. deep learning), the positivity of Aoy, can be seen as an implicit definition of the hypothesis
bound w.

3.3 REGULARIZED WASSERSTEIN ROBUST MODELS

Part of the success of optimal transport in machine learning is the use of regularization, and specifi-
cally entropic regularization, opening the way to nice properties and efficient computational schemes
(Cuturi, 2013; Peyré & Cuturi, 2019). Recall that the entropy-regularized Wasserstein distance
writes, for a reference coupling 7y € P(EXE) as
WIPQ = min_ {Eld+7Dy(rlm0)) ©
[7]1=P,[m2]=Q
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where Dk, (+||mo) is the Kullback-Leibler divergence w.r.t. m:

z log 517”0 dm when 7 < mg
otherwise.

KL(r|m) = {{O

Note that the minimum (6)) is well defined, attained at some coupling 77 < m, see e.g. Peyré
& Cuturi| (2019). Regularization have been recently studied in the context of WDRO: Wang et al.
(2023) introduces an entropic regularization in constraints for computational interests, |Azizian et al.
(2023a) considers an entropic regularization in the objective for generalization, and |Azizian et al.
(2023b) studies a general regularization in both constraints and objective.

Following the most general case |Azizian et al|(2023b) we consider the robust risk with double

regularization
RyG(f) = sup {E{x, [f] — eDkw(r||m0) }
TEP(EXE), [r]1=Q
Ex[c]+7 KL(r||mo)<p

with two parameters € > 0 and 7 > 0. We introduce the conditional momenﬂ of g
me := rgneafx E(N‘fro(-|§) [C(f, C)],
and the regularized critical radius

P = L Eep (B ey [2F0) +¢(6.0)] ~ TlogEenmpig [¢ ][ @

where dﬂg / °(-|€) o< ef/¢dmg(-|€). In this setting, the generalization guarantee states as follows.
Theorem 3.2 (Generalization for double regularization). Under Assumption[2.1) there exist ™ > 0

Tie | aTieN2
and 7 > 0 depending on F,E, c,e, T and 0, such that if p_5, > 4m., when n > %
crit c

and p > max {mc, %} we have with probability at least 1 — 6, for all Q € P(Z) such that
WI(P,Q) <p,

RT(f) = Ecnglf(Q)] — eDxu(nP@||mg)  forall f € F,
where 77Q is the optimal coupling in (6).

This result is similar to the one of Theorem and is also similar to the only other generaliza-
tion result existing for regularized WDRO (Azizian et al., 2023a)). Let us explicit below the main
differences.

Unlike Wasserstein robust models (Theorem [3.1), regularization leads to an inexact generalization
guarantee, where the regularized empirical robust risk bounds a proxy for the true risk Ep[f]. This
is in line with the regularization in optimal transport that induces a bias in the Wasserstein metric,
preventing W7 (P, P) from being null. In particular, given an arbitrary 7 > 0, W7 (P, P) may not
be lower than p.

The coefficients o™ and 57 exhibit similar relations with A\, ||F||oc, and Zx to their counter-
parts @ and /3 from Theorem [3.1] Their complete expressions can be found in the extended version
of Theorem [3.2](in Appendix, Theorem[E.2)). In particular, the expression of o™ suggests m., €, T

and p should be of comparable order. Compared to the standard setting, we have an estimate of the
lower bound \’¢ (Lemma i showing dependence on the loss family: A5 = O (6_%).

low low

Compared to |Azizian et al.| (2023a), we underline that our result covers the double regularization
case. Moreover, it is valid for an arbitrary my whereas the one from |Azizian et al.| (2023a) relies on
the specific form of 7y involving a Gaussian term. Our result is thus more flexible, allowing freedom
in the choice of 7.

As for the standard case (Proposition @, we obtain an excess risk bound. The main difference in
this setting is that we lose the explicit control of the true risk. This is mainly due to the inexactness
brought by regularization.

_L-¢)?
*E.g.if (&, ¢) = 1[|6—¢||” and o (+|€) is a truncated Gaussian 7o (+|€) o e 202 1=, we have m. o« 0.
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16a7°¢2 pcr) _ o
74m)2andmc<p< L \ﬁ,then

(Perie

rem

Proposition 3.3 (Excess risk for doubly regularized robust models). Let o™ be given by Theo-
Under Assumption 2.1} if p_5 > 4me, n >
with probabzllty at least 1 — o,

Ry(f) < Rp:"-“\/T;—; f) forall f € F.

3.4 LIMITATIONS AND POTENTIAL EXTENSIONS

In the previous sections, we presented our results and their universality, to underline that they are
widely applicable in machine learning. In this section, we discuss three relative limitations of our
results: the assumption of the compactness of sample space, the assumption of finite Dudley entropy,
and the expression of constants.

Compactness of the sample space = (Assumption [2.1}1) is essential to control worst-case distri-
butions of the robust objective ([2), given our level of generality. This assumption is in line with
some recent studies |Azizian et al.|(2023a)); |Blanchet & Shapiro| (2023)); see also |Gao et al.| (2022)
which uses bounded growth assumptions. Such assumptions are reasonable, as standard statistical
frameworks involving Gaussian or heavy tail distributions could be covered by truncating.

In our study, considering loss families with finite Dudley’s entropy (Assumption [2.1]3) is crucial
to limit the dependence on the sample dimension. This assumption is satisfied for Lipschitz para-
metric losses with bounded parameter space, and it is not clear if a dimension-free generalization
could be established for non-parametric losses. For instance,|Zeng & Lam|(2022) dealing with non-
parametric losses, exhibits generalization guarantees with exponential dependence in the dimension.

Finally, regarding the generalization constants, we could improve them in several ways. For instance,
leveraging the structure of specific models would allow to obtain estimates of the constants Ajqy,
Perit; this is what we did for the linear models in Section@ Taking into account the optimization
procedure which selects a small set of solutions could also be interesting in order to have sharper
constants on the class F.

4 SKETCH OF THE PROOF

This section presents our strategy to prove the generalization results of Section [3| (Theorems [3.1]and
[3.2). The strength of our approach is to use flexible nonsmooth analysis arguments, able to cover
the general situation of arbitrary (continuous) cost and objective functions. We present the main
approach in Section based on a duality formula and a lower bound A}y, on the dual variable. In
Section[d.2] we focus on the latter and shed lights on its role. Finally, we explain in Section[4.3|the
extension to regularized models.

4.1 MAIN APPROACH

Compared to the original formulation (@), the dual representation significantly diminishes the prob-
lem’s degrees of freedom, and is usually the starting point of most studies of WDRO; see e.g. [Kuhn
et al.[(2019); |Azizian et al[(2023b). Given any distribution @ € P(Z) and radius p > 0, it holds
that

R, o(f) :gfo{,\erngQ[ ORI

where the dual generator ¢ is a convex function with respect to A, and Lipschitz continuous with
respect to f. For Wasserstein robust models, ¢ has the expression (see e.g.Blanchet & Murthy

(2019))

Observe that ¢ is naturally convex in A, but also nonsmooth. The originality of our approach is to
build on this nonsmoothness by using a rationale of nonsmooth analysis, which allows us to cover
the case of other dual generators as for the regularized versions; see next section.

Let us then outline the main steps to establish Theorem
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1. Dual lower bound. Given 3 > 0 appearing in Theorem 3.1} We establish the existence of
a dual lower bound A}y, > 0, which holds with high probability for all f € F, for a small

enough radius p < Lgit — \fﬁ

R,(f)= inf E, 5 :
Ro(f) =, inf  { Mo+ Ee_p [0 1.6}
This is done in Appendix [E.T]
2. Concentration of the radius. Let us write for all A\ > A\, and f € F
A+ B [0\ )] > A <p - ( P >) T 60 1)
> )‘(p - a7l) + EP[gb(Av f)]v (8)
where we define the uniform gap a,, by

o = sup {Eplué(n )] = Ep [us(u= 1)+ (1) € ONLXF}. O
This quantity can be bounded with high probability by % — where a > 0 is the constant

from Theorem To obtain such a bound, we rely on known uniform concentration
theorems for Lipschitz functions Boucheron et al| (2013). Concentration constants are
computed Appendix

3. Generalization bound. We can now obtain the result. Taking the infimum over A > Aoy,
in (8), we obtain with high probability for all f € F,

whenever 2= < p < S % This interval is nonempty if n > 16(a+ 3)2/p2,;,. Since
}A%p(f) is non-decreasmg with respect to p, we have }A%p(f) > Eep[f(€)] for any p > %

aslong as n > 16(a + B)%/p2;;-

4.2 DEFINITION OF THE LOWER BOUND

Alow defines a dual lower bound on the true risk R,(f), making it independent from samples ran-
domness. In our proof, we then show that this lower bound holds with high ability on the

empirical robust risk ﬁp( f) using the convexity of ¢. This is done in Proposition [E.2|in Appendix.

We now explain the definition of \j,,, more precisely.
We consider the maximal radius function

pmax(V) = it Bep[—05 6\, £,€)]- g

At a given ), this function indicates the maximum
value p can take for the dual solution of R,(f) to be
higher than A. In particular, by convexity of ¢, we can
easily verify thatif p < ppax(A) forall A € [0, 210w ],
then the dual bound 2\, holds on the true robust Perit |
risk:

Ro(f) = nf {4 BerploM €}

As illustrated by Figure [I] pmax reaches its highest Alow
value at zero, which is actually the critical radius, .
perit. The crux of the proof is to show there exists Figure 1: A central object of our analysis: the

a value )\, allowing to choose radius values of order Maximal radius puax, defined from the lower
Derit: envelope of derivatives of ¢.

\ 4

Lemma 4.1. lim) o+ pmax(\) = peie- In particular, there exists Aiow > 0 such that if p < Pt

then for all f € F,
Rp(f) = A> lnf {Ap + EENP[¢(A7 fv 5)]} .
low
Such a result may be surprising since ¢ is a nonsmooth function and pp,,x, defined from the lower
envelope of (discontinuous) derivatives of ¢ is in general highly discontinuous. In order to establish
it, we use tools from nonsmooth analysis (Appendix [A.I]) and leverage compactness of the class F.
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4.3 EXTENSION TO (DOUBLE) REGULARIZATION

The strategy of Section[d.I]is flexible enough to be extended to the regularized setting of Section[3.3]
Indeed, the regularized problem also has a dual representation, with a dual generator defined by

gb‘r,e()\’ f, 5) — (e—l— )\T) 10gEC~w0(~|§) {ef(o;xkc:sx)]

where € > 0 and 7 > 0. Strong duality has been shown in |Azizian et al.| (2023b). We explain in
Appendix [B] Proposition [B.2]how it applies to our general setting. This regularized dual generator
leads to a smooth counterpart of the key function p,.x from the proof and to the regularized critical
radius (7). In particular, we can show the regularized version of Lemma4.1]

Lemma 4.2. limy o+ pL5(\) = plo5,. In particular, there exists N5, > 0 such that if p < Lent,

Ry(f) = /\>i§1/\fm A0+ Eeup[o™(N, £, 6]} forall f € F.

lo

Then we obtain Theorem [3.2] by repeating the proof scheme of Section 4.1} The core results that
simultaneously lead to Theorems [3.1|and [3.2] are gathered in Appendix Due to the smoothness

of pl:¢, an expression of A5 can also be obtained; see Lemma

The key difference brought by regularization is that Lipschitzness of u¢(u=Lf,€) is lost when
w — 0. This prevents us from using the concentration result — essential to bound the gap o, ©O) —
unless we can set a lower bound on p, or equivalently an upper bound on A. This issue is inherent
to the regularized setting and may occur over the whole family F and the space =; we provide
an example in Proposition [F:3] to illustrate this. The next lemma aims to overcome this issue by
establishing the existence of such an upper bound for any distribution (see Lemma[D.3|for a proof).

Lemmad.3. Let Q € P(E), p > me and Aoy := 2EI= Then for all f € F,

RO = dnf o+ Eenglé™ (0 £,

5 CONCLUDING REMARKS

In this work, we provide exact generalization guarantees of (regularized) Wasserstein robust models,
without restrictive assumptions (on the Wasserstein metric or the class of functions). We achieve
these universal results by directly addressing the intrinsic nonsmoothness of robust problems. Our
results thus give users freedom when choosing the radius p: it is not necessary to consider specific
regimes for p in order to expect good generalization from robust models. Further research can now
focus on practical aspects: it would be of premier interest to design efficient procedures for selecting
p, and more generally, scalable algorithms for solving distributionally robust optimization problems.
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Supplemental material

This supplemental gathers recalls, technical lemmas and definitions, examples, and detailed proofs
of the results from the main text. The core of our contributions is presented in Appendices [D]and [E]
The whole supplemental is organized as follows:

— In Appendix |Al we recall some essential mathematical tools. They include continuity notions in
nonsmooth analysis, the envelope formula to differentiate supremum functions (Theorem [A.T]) and
a uniform concentration inequality (Theorem[A.2).

— In Appendix B[ we present strong duality results for WDRO and its regularized version. We
explain in particular how the duality theorem from |Azizian et al.|(2023b)) can be easily adapted to
our setting.

— Appendix [C| contains preliminary computations in view of applying the uniform concentration
theorem.

—In Appendix D] we demonstrate the existence of a dual lower bound in the standard and regularized
cases. In particular, the proofs involve the maximal radius introduced in Section .2}

— By using these preliminary results, in Appendix |[E} we prove our main results. They include the
generalization theorems (Theorem [3.1] and [3.2), the excess bounds (Proposition and Proposi-
tion[3.3) and the constants of the linear models (Proposition [3.2).

— Appendix [ contains results supporting several remarks of the main. They include the interpreta-
tion of the critical radius in the regularized case, a counter-example justifying the upper bound in the
regularized case and the interpretation of the restrictive compactness assumptions used in |Azizian
et al.|(2023a).

NOTATIONS

Throughout, the proofs will use the following notations:

In Wasserstein robust models:

° ¢(>‘7 f7 6) = Sup(eE {f(C) - )‘0(57 C)}
* V(p, £,8) = po(u™", £,6)
® Perit = inffe}' EENP [mln {C(gv C) : C € arg maxg f}] .

In Wasserstein robust models with double regularization:

. ¢)T,e(>\’ f, f) = (e + )\'r) log EQNWO(,K) [e f(oe_JrAACTL’O}

LT 1) = pdT (0 1)
© o = nfper Benp [Be_pe(1e) [25(Q) +el€, O] = T10g Bermycie) [¢]] -

Given a measurable function h : = — R and 7 € P(Z) the Gibbs distribution 7" is defined as

dr! o eldr.

A RECALLS AND TECHNICAL PRELIMINARIES

A.1 NONSMOOTH ANALYSIS

In this part, we use the notation G : X == Y to denote a function G defined on X and valued in the
set of subsets of ).

Semicontinuity notions will be necessary to understand the proof of Lemma[D.1] They are regularity
notions recurrently arising when manipulating nonsmooth convex functions.
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Definition A.1 (Lower and upper semicontinuity (Aliprantis & Border, 2006, 2.42)). Ler (X, dist)
be a metric space and let f : X — R. Then

1. f is called lower semicontinuous if for all x € X, liminf,_,, f(y) > f(x).

2. f is called upper semicontinuous if for all x € X, limsup,_,, f(y) < f(z).
In particular, if f is lower semicontinuous, then — f is upper semicontinuous.

Outer semicontinuity can be seen as the set-valued counterpart of upper semicontinuity:

Definition A.2 (Outer semicontinuity). Let X and Y two metric spaces. Then a measurable and
compact-valued map G : X = )Y is called outer semicontinuous at x € X if for all open subset
V' C Y containing G(x), there exists a neighborhood U of x which is such that for all w € U,
G(w) CV.

Semicontinuity of maximum and arg max functions are central to the proof of Lemma|[D.T}

Lemma A.1 (Semicontinuity of maximum value (Aliprantis & Border, [2006, 17.30)). Let X and =
be two metric spaces and let G : X = = be outer semicontinuous with nonempty compact values,
h: 2 x E — R continuous. Then the function

x — max{h(z,v) : ve G(z)}

is upper semicontinuous. In particular, uw — min{h(u,v) : v € G(x)} is lower semicontinuous.

Lemma A.2 (Semicontinuity of maximizers (Aliprantis & Border, 2006, 17.31)). If X’ is a metric
space, (E,d) is a compact metric space, and h : X x E — R is continuous, then the function
x +— max,ez h(z, z) is continuous, and the set-valued map x +— argmax, .z h(x,z) is outer
semicontinuous.

We recall the definition of gradient for a nonsmooth convex function. This the subdifferential.

Definition A.3 (Subdifferential of convex function). Let ¢ : R™ — R be a convex function. Then
we call subdifferential of ¢ the set-valued map ¢ : R™ = R™ such that for all x € R™ and
y € R™,

o(y) 2 ¢(x) + (v,y — x) for all v € ().

In particular, we may apply the envelope formula to compute the subdifferential of a maximum
function:

Theorem A.1 (Envelope formula (Clarkel |1990, Cor. 1, Chapter 2.8)). Let (E,d) be a compact
metric space and g : R™ x 2 — R such that

1. Forallz € R™, g(x, ") is continuous.
2. Forall ¢ € E, g(-,() is convex with subdifferential 0,g(-, ¢).
Then G := sup;c= g(+, ) is convex on R™, and its subdifferential is given for all x € R™ by
9G(x) := conv{v : v € Op9(x,(), ¢ € argmaxg(z,-)}.

where conv denotes the convex hull of a set.

A.2 UNIFORM CONCENTRATION INEQUALITY

We recall concentration inequalities that gives a high probability uniform bound for a family of
bounded and Lipschitz functions. We refer the reader to |Boucheron et al.| (2013) for a complete
reference on concentration inequalities, and Lemma G.2 in |Azizian et al.| (2023a) for the proof of
such a result.
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Theorem A.2 (Uniform concentration (Azizian et al.l [2023a, Lem. G.2)). Let (X, dist) be a (totally

bounded) separable metric space, P a probability distribution on a probability space =, and P,, =
%Z?:l O, with &1, ..., &y "X P. Consider a measurable mapping X : X x = — R and assume
that,

(i) There is a constant L > 0 such that, for each £ € Z, x — X (x, ) is L-Lipschitz.
(ii) X (-, &) almost surely belongs to [a, b].
Then, for any § € (0, 1), we respectively have

1. With probability at least 1 — ¢,

ASLI(X, dist)
NG

sup {Eg_p, [X(x, )] ~ Bep[X (2, )]} <

+(b—a)t/2

2. With probability at least 1 — 0,

LT(X, dis
sup { Eewp[X (2,6)] — E_p, [X(2,)]} < W

rzeX

+(b—a)t/2

The quantity Z (X, dist) is defined as follows:

Definition A.4. Given a compact metric space (X, dist), Dudley’s entropy integral, Z(X, dist), is
defined as

Z(X,dist) ::/ V1og N (t, X, dist)dt
0

where N (t, X, dist) denotes the t-packing number of X, which is the maximal number of points in
X that are at least at a distance t from each other.

We may recall some properties of Dudley’s entropy for Cartesian products and segments from R.
These are known results, see e.g. Wainwright| (2019) and Lemmas G.3 and G.4 from |Azizian et al.
(2023a)) for proofs.

Lemma A.3 (Dudley’s integral estimates).

1. (on Cartesian products) Let (X1, disty) and (Xa,dista) be two metric spaces. Consider
the product space X := X1 x Xs equipped with the distance dist := disty + dists. Then
we have the inequality

Z(X,dist) < Z(Xy,disty) + Z(Xa, dists).
2. (onR) Let ¢ > 0. Then we have the inequality

3c
Z(0,d), |- < 5

B STRONG DUALITY

In this section, we recall duality results for WDRO |Blanchet & Murthy| (2019); |Gao & Kleywegt
(2023); |Zhang et al.|(2022)) and its regularized version|Azizian et al.|(2023b). We recall the Wasser-
stein distance with cost ¢ for (Q, Q') € P(E) x P(E):

We(Q,Q") =inf {E(¢ c)ur[c(&, Q)] : m€PEXE),[7)1 =Q, [ =Q'}.

Proposition B.1 (Strong duality, standard WDRO). Under Assumption 2.1} for any Q € P(Z) and
p > 0, then

sup — Eevgy[f(§)] = inf {Ap+Eenglo(N, £, ]}
Wa(Q,Q)<p >
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Proof. This is an application of Theorem 1 from Blanchet & Murthy|(2019). In particular, Assump-
tions 1 and 2 from Blanchet & Murthy| (2019) are satisfied through Assumption 2.1} O

Proposition B.2 (Strong duality, regularized WDRO). Under Assumption[2.1} for any Q € P(Z)
and p > 0, if there exists m € P(E x E) such that B [c] + 7Dy (7||m0) < p, then

sup {]EgN[ﬂz[f(C)] - 6KL(7T||7TO)} = inf {Ap+Eeg[d™ (N, £,€)]}.  (10)
TEP(EXE),[1]1=Q A>0
Ex[c]+7 KL(w||m)<p

In particular, if p > m, holds.

Proof. This is an application of Theorem 3.1 from |Azizian et al.| (2023b), which is a corollary to
Theorem 2.1 |Azizian et al.|(2023b). In particular, if p > m, the coupling 7 satisfies E.,[c] +
7Dk (mol|m0) = Enp [c] < me < p.

Note that the proofs of Theorems 2.1 and 3.1 from|Azizian et al.|(2023b)) can be easily extended to a
general compact metric space (Z, d), without being rewritten entirely. Precisely, only two arguments
in their proofs rely on the real-valued setting[Rockafellar & Wets|(1998) but can be directly extended
to a general metric space as follows:

* In the proof of Theorem 2.1 from|Azizian et al.|(2023b), one needs to justify

sup {E¢ep [¢(€,C(€))] : ¢ : E — Z measurable} > E¢p

Sup<P(€,C)] : (1)
cez

To this end, the authors use the notion of normal integrand from|Rockafellar & Wets| (1998)).
Actually, (TT)) holds true in a compact metric space: if ¢ is continuous, then by compactness
of =, the set-valued map § — arg max .z ©(&, ¢) admits a measurable selection (*, by the
measurable maximum theorem, see 18.19 in |Aliprantis & Border| (2006). Such a selection
(™ then satisfies (&, (*(§)) = sup¢cz (&, ¢) for all £ € =, hence the result.

* In the proof of Theorem 3.1 from |Azizian et al. (2023b), g¥ = sup¢c= (-, ¢) is actually

continuous by Lemma and the approximation by the infimal convolutions (g} )ken
need not be done.

Note that the convexity of = is not required (although stated in Assumption 1 from |Azizian et al.
(2023b)). O

C CONCENTRATION CONSTANTS

In this part, we compute some constants in view of applying Theorem for the main proofs of
Appendix [E]

C.1 STANDARD WDRO

For standard WDRO, we compute bounds (i) and global Lipschitz constants (ii) for ¢ and ).

Lemma C.1 (Concentration conditions for WDRO). we have the following:

1. (i) FPorallA>0, f € Fand & € 5, p(A, f,€) € [ | F lloos || F oo )-

(ii) Forall A\ > 0and £ € Z, [ — ¢(\, f,£) is Lipschitz continuous on F with constant
1.

2. (i) Given oy >0, forall p € (0,\ ;L] and f € F, ¢(u, f,€) € [f ”illv‘:" , % )

(ii) Forall§ € 2, (u, f) — ¥(w, f,&) is Lipschitz continuous on (0, )\;)‘}V] with constant
[F oo + Ao

low*
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Proof. 1. (i) Let (A, f,§) € Ry x F x E. Recall that ¢(}, f,§) := supcez {f(¢) — Ac(§, ()}
Since c¢ is nonnegative, we have ¢(, f,£) < || F||s- On the other hand, since ¢(§, &) = 0, we also
have (A, f,£) = f(§) = —[|Fllco- Finally, we have ¢(A, f,€) € [=[Flloo, [ Flloc]-

(ii)Let A > 0,£ € Zand (f, f') € F x F. Forall ( € Z, we have

FQ) = Ae(€,¢) = (N, f,€) < F(C) = Ael€,€) = (F(¢) = Ae(§,0))
< F(Q) = f(©)
<|Nf = Flloo-

Taking the supremum over ¢ € = on the left-hand side gives ¢(\, f,£) — (A, f/,€) < |If = ' lloo-
Permuting the roles of f and f’ yields |¢(\, f,£) — oA\, £/, )| < |If — f'llo. We proved that
(A, -, €) is 1-Lipschitz continuous.

2. (i) Now, let Aoy > 0 and let (1, f,€) € (0, A\-1] x F x Z be arbitrary. Then we have

low

(i £,€) = sup {uf(C) — ef€, )} < 120,
e low
On the other hand, using ¢(&, ) = 0 we obtain
. _ Fll
sup {f(C) = e(&, Q) 2 pf(€) =2 =,
Ce= low

whence we have ug(u=1, f,€) € [—%, %}

(ii) Toward a proof of 2. (ii), let A\oyy > 0, and & € Z and p € (0, A\jow]. Remark that

pe(pt, f,€) = supeez {nf(¢) — ¢(€,¢)}. The function (p, f) — pd(p~", f,£) write as a com-
position u o v where u(h) := sup;cz {h(() —c(&, ()} for h € C(E,R), and v(p, f) := pf for
p € (0, A\t ] w is 1-Lipschitz continuous with respect to || - [|oo. As to v, we can write

nf = w'f = plf =)+ f(p—u),
whence v is clearly (|| F]|oo + A, )-Lipschitz continuous on (0, A;_.,] x JF. By composition, u o v

is Lipschitz continuous with constant || F oo + AL - O

C.2 REGULARIZED WDRO

We now compute the analogous constants of the regularized setting.

We will use the following convexity lemma repeatedly:

Lemma C.2 ((Azizian et al., 2023a, Lem. G.7)). Let g : = — R be a measurable bounded function
and Q) € P(Z). Then one has the inequality

Ec~qlg(¢)e?©)]

9(¢)
logEc~q {e }S Ecqles©]

The following is the regularized version of Lemma|C.I}
Lemma C.3 (Concentration conditions for regularized WDRO). Let & € =. Then

1. (i) ForallA\>0and f € F, $7¢(A, f,£) € [~[|Fllooc — A, [ Flloo] -
(ii) Forall A > 0, f — ¢™<(\, f,€) is Lipschitz continuous with constant 1.

2. (i) Given Aow > 0, for all p € [)\Jpl,)\;)i,] and f € F, v™(u, f,&) €

Al g, 17l
)\10W <) Alow :
(ii) Given Ayp > 0, (1, f) = ©™(u, f,§) is Lipschitz continuous on [)\;pl,/\lgvlv] x F

with constant || F || oo + AL+ ( Aup€ ) M.

low €+ AupT

17
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. _ . HOeE0) EP
Proof. 1. () Let (\, f,§) e Ry x F x E. Forall( € Z,e” <= < e <7, This gives
e JE
N ,€) < e+ AT) 108 Bermy i) [¢ 57 | = I F L. (12)
On the other hand, . >e Il sped) , which gives

171l oo

5O 1,6) > (e+ M) og (67T Eerygg) [ 55 ])
Ac(€,¢)
> [ Flloo + (¢ + A7) 108 Egrryie) e 557 ]
> —||Flloo — Amc, (13)

. . 5 . . . __As
where for the last inequality we used Jensen’s inequality on the convex function s — e~ <37 .

Combining (12) and (13) gives
NS, 6) € =l Flloo = Ame, [|Flloo]-

(ii) Let £ € Zand A > 0. To compute the Lipschitz constant of f — ¢™¢(], f, &), we compute the
derivative of h, : t — @™ (A, f + tv, £) where ¢ € R and for an arbitrary direction v € F. We have

f(C)+tv(C)*>\C(£,C):|

hy(t) = (e + A7) log E¢mo(-le) [e kX7

It is easy to verify that h),(t) = E ftn_de(e.) [v(¢)], whence |, (t)] < ||v|lco. This means
(19

CNT"O

that ¢™¢(\, -, £) has Lipschitz constant 1.

2. (i) Let Aoy > 0 and (p, f,€) € (0, A
A= u’l, that

x F x 2. X\. We deduce from (T2) and (T3), with

low]

Te(,,—1 _
po™ (1 ,fyf)E[ e

(i) Now, let £ € Z. Our goal is to compute a Lipschitz constant of (u, f) +— u¢™(u=1, f,£) on

P, L),

Ao Ao L] x F. We first compute a Lipschitz constant of
hy:p— pd™ (Wt ) = (e + 7) log E¢omo(-16) |:ei‘f(4fl):+cr(4§vg)i|
on [Ag}, Aw, ], for an arbitrary f € F. The derivative of hy is
BF(Q=c(€,0)
, 1 Bl [(ec6 ) + Q)5 —
Wy (p) = e+ 1 G +elog Eeum (1) {e et ] )
E¢mole) [6 n }
which we write
ec(&, () + 71 1 f (§)—e(€,9)
h}(u) =K wf—c(€,") |:(§C)f(<:):| + €10gE<~7‘.0(.|5) |:6} petT :| . (14)
mo P16 pe+T

We bound 7/; (1) above. By Lemmaw1th Q=m(+|¢) and g = “ C(ﬁ )| we have that

» [wf((ﬂ)g—:;(f, C)}

€log B¢y (-le) {e e }SE uf—e(€.)

CNT"O e+

which gives P (1) <E s —cen [f(Q)] < [[F|loo-

CNT"Q He+T

Now we bound h’f( ) below. We start with the first term in (T4). Since ¢ is nonnegative, we clearly

have
[60(5, ¢) + Tf(C)] > Tl
1o B

E Lus-cen (15)

=
)

pe+ 1 He + 71

18
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As to the second term of (T4), we have by Jensen’s inequality,

(16)

f(Q)—e(€,Q) F
610g]E<N7F0('|f) [e%] > _6u|| ||oo . €M
pe+T pe+ 1

Combining (T3) and gives h'y (1) > —[|Flloo — Au e - Einally, hy has Lipschitz constant

€+Aup7
T A
H || €+ch

-1
low?

Since ¢™¢(u~t, -, €) has Lipschitz constant 1, then g < A
Lipschitz constant \;__..

the function ud™¢(pu=1, -, &) has

Now, we can obtain a Lipschitz constant for
pf Q=€) e
b (p, f) = (pe+ 1) 10g B¢y (e [6 net } =", f,€).

Indeed, for (1, 1') € [\, Aol X [Aads Aokl and (£, f') € F x F, we can write

up * low

(s ) = R SO < (W ) = (', I+ TR f) = B, )]

Aup€
< oo up _ )\71 _ ! o
< (17t (225 ) = w1 AT = 11

hence h has Lipschitz constant || F]|oo + Aot + (6 Jfr\;\pr) Me. O

D DUAL BOUNDS AND MAXIMAL RADIUS

We establish the existence of a dual lower bound on the true robust risk (Lemmal4.T)), for the standard
WDRO problem in [D.T] and for regularized WDRO in[D.2] The results involve the maximal radius
introduced in Section|4.2] For the regularized case, an estimate of the dual lower bound is provided.

D.1 STANDARD WDRO: CONTINUITY AT ZERO OF THE MAXIMAL RADIUS

For A > 0, we recall the expression of the maximal radius:
max(A) = inf Eeop[—07 (N, £, 6)].
pmax(A) = Inf B p[=056(, [, £)]

Lemma D.1. p,,.x(0) = perit and limy g+ pmax(A) = perit. In particular, there exists Aoy > 0
such that pmax(X) > 252 for all X € [0,2\10y].

Proof. For & € E, f — Ac(&,-) is continuous, hence we can apply the envelope formula
(Theorem D and the right-sided derivative of ¢ with respect to A is 8:\*'¢>(/\, .8 =
—min{c(§,¢) : ¢ € argmaxz {f — Ac(§,-)}}. For convenience, we use the shorthand

¢*(¢. K) = min{e(&, ), € K}
whenever K C Z is compact. By integration and taking the infimum over 7 we obtain

pmax(X) = it Beop[e”(§, argmax {f — Ae(€, )} (a7)

In particular, pmax(0) = perit-

To prove the result, it is sufficient to show that liminfy_, o pmax(Ak) = perit for any positive
sequence (A)gen converging to 0. Indeed, the functions E¢.p[¢(-, f,£)] are convex hence their
right-sided derivatives E¢.. P[*@igf)(', f,€)] are nonincreasing, and p,,.x is nonincreasing since it
is an infimum over nonincreasing functions. This means lim sup;,_, . Pmax(Ax) < Pmax(0) for any
sequence A\ — 0.

Now assume toward a contradiction that there exists ¢ > 0 and a sequence (A;)ren from R, such
that Ay, — 0 as k — oo, and prax(Ai) < parit — € for all k& € N. From the expression of ppax
this means that for each k, there exists fj such that B¢ p[c*(§, arg maxz= fr,—Axc(&, )] < perie—5-

19
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By compactness of F with respect to || - ||, We may assume (fx)xen to converge to some f* € F.
In particular, for £ € Z, fi, —Agc(&, -) converges to f* as k — oo.

Let £ € Z be arbitrary. (A, f) ~— argmaxzg{f — Ac(§,-)} is outer semicontinu-
ous with compact values (Lemma [A.2) and ¢ is jointly continuous, hence (A, f)
c*(§, argmaxz {f — Ac(§,-))} is lower semicontinuous, see Lemma We then have
liminfy_ o ¢* (&, argmaxz { f — Apc(€,-)}) > ¢* (€, argmax= f*). By integration with respect
to £ ~ P, we obtain

Eeplc™ (&, arg max < ngp[likrgiolgf c* (&, arg max {fr = Akc(&, )]

< lim inf B p[e” (&, arg max { fy — Axe(€,)})]

€
S Perit — 5
Since, perit < Eewp[c*(€, arg maxz f*)], this yields a contradiction, and allows to conclude. O

D.2 REGULARIZED WDRO: LIPSCHITZ MAXIMAL RADIUS AND UPPER BOUND

D.2.1 LIPSCHITZ CONTINUITY OF THE MAXIMAL RADIUS

For A > 0, we consider the regularized maximal radius,

Prios(N) = Il Eep[-0267 (1, £.6)]

The following result is the regularized version of Lemma|D.T] Compared to the standard setting, the
maximal radius is Lipschitz continuous, leading to an estimate of the dual lower bound.

Lemma D.2. p7:5. (0) = pl5, and p%:<. is Lipschitz continuous on Ry with constant

2 .
. <72||‘7:|Zo +mg e = +mm{r?72<|fv?!)ic}> .
€

€

In particular, setting

T . 36:0;;;
/\low = [F oo [ Flloome (18)

i me 2 )
5 (21712, + ma ce 7= R

then pT5, (\) > 255t forall A € (0,207,

max low

Proof. ¢ € is differentiable with respect to A\ and we can verify that its derivative is given by

a/\¢7—7€()‘7f7 6) = _E f=Ac(&,)
Crvmg AT (19)

[Tf(C)—ﬁ-ec(&C)

f(c)—xc(s,c)}
€+ AT '

} —i—TlogECNM(.‘E) [e eFAT

This gives p;5, (0) = p5; For f € F and £ € =, our goal is now to compute the Lipschitz constant

of A —= 0\¢™¢(A, f,&). The Lipschitz constant of p7;¢. will then be obtained by integration and

max
taking the infimum over Lipschitz functions. We compute the appropriate quantities:

(©=re(€:0)
1. We compute the derivative with respect to A of uq : (A, () — — (%) = L

PIQLAEQ) | (10 TGN s
(e + A1)2 (e+ A71)3 '

f(O=Ae(€,9)
e+AT :

hui(A, Q) = (

2. We compute the derivative with respect to A of ug : (A, () — ¢

20
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Druz(A,¢) = — (Tﬂmc(fo) ey

(e+ A1)?

- FO=Ae(€,0)
3. We compute the derivative of Uz : A = 71ogE¢r,(.1e) |€ { FAT } :

T f +Tec gc £ =xe(€,0)
ECNWO(.\S) |:<((6)+)\7_)2()) etar2
- F(O=xe(€.0)
B¢ (-16) [e T ]

Us(A) =

Combining 1, 2 and 3, we are able to compute the derivative of 9)¢™¢:

E¢omo(16) [t (A OE¢mmy(-1e) [Oauz(A, €)]
E¢rmo (g [u2(A, Q)]

Tf(¢)+ec(£,0))? L) =Xe(€,0)
- ECNﬂDQK)[Lgigixgﬁgﬁ,e i ]

F(O)=Ae(€,0)
E¢rmo(le) [6 7 }

(O)4ec(€,0) f(C) >\L(£ [9) T£(C)+ec(€,0) f(C)*AG(&C)
E¢nmo (1) [(7(e+mz ) Enmocle) [\ T arar R
o F(O=2e(€,0
E¢~motlo [6 o }

Tf(C)JrEC(&C))

RPN 1,6) = — +UL(N)

1
= Vi “xele,-
ar 1255 ( €+ AT

€+ AT Crm AT (1E)

where Var  ;_xe(e,) is the variance with respect to 7 a5 (-1¢).

Crom eFAT(0E)
Note that all quantities can be differentiated under the (conditional) expectation since the derivatives
with respect to A involve functions that are continuous on the compact sample space = (they are
therefore bounded by a constant), see e.g. Theorem A.5.3 from Durrett (2010). By the property of
the variance, we obtain

2
0367 (M, f,6)] < ! E  soxeen . [(WGC(S’O> ]

€+ AT Crmy STAT () e+ AT
2
<SSE e [PIFIL €€ 07 (19)
Cremg ¢l
Now we bound the right-hand side of the last inequality. First, we have
UGERLEIERS I F oo
Egmma(le) [cl€: €)% | < maee™ (20)
On the other hand, by Jensen’s inequality, we have
Beami [ "9H] 5 o2 121 a

Ame AupMe _ 2| F|lecme A -
We have the alternatives e < e = (p—mo)c inany case, and Y < 2= whenever 7 > 0.
This means 27 < min { e 2Flecme
e+AT — T (ﬂ*mc)e .

me 20| Fllseme -
Dividing 20) by 1), we obtain E s sc(e..) [e(£,¢)?] < ma Gmin{ 2o 2Zleome} 21l
Srmg AT (1)

Reinjecting this inequality in (T9) gives

2[ Flloo me 2| Flloome

2 min ——
103¢7<(\, f,6)] < - <]-'||2 +mgce T {5 ey }> = L. (22)
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This means that for f € F, the function g : (X, f) = Eeup[—0r¢7(A, f, §)] is L-Lipschitz where

L is given by (22).

We then show that p7S, := infex g(-, f) is L-Lipschitz continuous. Let (A, \') € R?, and let

(fx)ken be a sequence from F such that g(N', fx) W pre(N). Then by definition of p;S,., W
—00

have for all k € N,

Proax(N) = g\, fr) < g(A, fr) = gV, fi) < LIA =N,
Taking the limit as k — oo gives prc (N — pmax()\’ ) < L|A — X'|. Exchanging the roles of A and
N gives |pre (A) — prc (A < LIA — N|, hence p[:<. is L-Lipschitz.

Now, set 2)\T o =sup{A e Ry : phe (N) > pli,/4}. Then either A5, = oo (in Which case any
value [ g satlsﬁgsE the desired pTrczperty) or by continuity of pJ:S.., pmax(2){osv) = poii/4 and we
have pl — 2LAS < pmax(2A[25) = piis, /4. Finally, we obtain (T8).

low — low
D.2.2 DUAL UPPER BOUND
The following result allows to bound the dual solution above. This step is specific to the regularized

setting, see in particular Proposition [F3| which illustrates this requirement.

Lemma D.3 (Upper bound for the regularized problem Lemma {.3). Assume p > m. and let
Aip 1= 2= Forall f € Fand Q € P(2),

inf {/\p+]Ef~Q[¢”(>\f£)]}— inf  {Ap+Eenglo™ (A, £} -

A€E[0,00 A€[0,Aup)

Proof. Let ¢ € = be arbitrary. Recall that

Tf(Q) +ec(€, ¢)

f<<>—xc(£,<)}
€+ AT ’

:| +TlogECNﬂo(.‘§) [6 eFAT

RGO FE) = <E  jorece [
(-1¢)

We bound —9x¢™¢(, £, &) above, uniformly in f € F and £ € =. For readability of the proof, we
Fxe(€,)

e+AT

set o = with a slight abuse of notation. In this case, we have
L SO+ 6] g ATF(Q) + Acel,€) = ef(Q) + e/ (<)
RGO | T iy | T o 18) Me+ A7)

1 €
= E¢nrolg) [f(O] - N E¢notle)

[f(C)e—Jr)\/\cT(&C)]

[l F | oo FO=Ae(6.0)
R Lo G
[l F | oo €
—_ E _
- )\ )\(€+>\T) ( C"“”O(K)[f(C) AC(&,C)D
< ||7:||oo+ €llF || o L _eme @3

- A AMe+AT) e+ AT’

where for the third line, we used Lemma|[C.2] and for the fourth line, we used Jensen’s inequality.
On the other hand,

F()—Xe(g,9) T
-7 10g EC~7T0(~|£) |:€ etAT :| _6 T )\TE(~7TO(-\§) [f(() - )‘6(57 <)]

AT AT

2T, 24
)\(E—F)\T)”fH +e—l-/\7'm @4)

Summing (23) and (24) gives

2||F || oo
~onom (£, < A

2/ F oo
p—me ’

0<p+ 8/\¢T7E(>‘upa f, 5)

whence assuming p > m., and taking A = A\, == we obtain for all f € Fandall £ € Z,

22



Under review as a conference paper at ICLR 2025

Integrating with respect to a distribution @ € P(ZE) yields

0 S 14 + ESNQ[akqu’E(Aupa f’ g)]a
which is the derivative at A, of the convex function A — Ap + E¢zvg [¢7¢(, f, €)]. This means

W D0+ Eeng 07O L0 = inf  {M0+Eep [670 0]}

E PROOF OF THE MAIN RESULTS

In this section, we prove the main results of the paper. First, we establish the core concentration
results in [E.T] that apply to standard and regularized WDRO. In particular, we establish the dual
lower bound with high probability on the empirical robust risk. We deduce Theorems and[3.2]in
[E-2|by computing the generalization constants. In[E.3|we obtain the excess bounds (Proposition [3.1]
and Proposition [3.3). Finally, the results on linear models (Proposition[3.2)) are found in[E.4]

E.1 DUAL BOUNDS WITH HIGH PROBABILITY ON THE EMPIRICAL PROBLEM

All the results of this subsection hold for both standard and regularized cases. The proofs hold as
is, replacing ¢, 1, perits Pmax and Aigw by @7, 7€, pl%, ploc. and [’ respectively.

For A > 0, we recall the expression of the maximal radius:
max A) = inf E ~ —aJr /\7 s .
Pmax(A) = Inf Eep[=056(, /)]

Problem’s constants. Before proving the next results, we introduce several quantities:
Proposition E.1 (Dual lower bound in the true problem). Under Assumption[2.1] there exists Niow >
0 such that for all X € [0, 210w, pmax(X) > 2. In particular, Bep[0 (X, f,£)] < —L5t for
all f € F.

Proof. This comes from limy_,g+ pmax(A) = perit.  See lemma for standard WDRO and
lemma D.2] for the regularized case. O

Remark E.1 (Refining the degeneracy threshold). The constant Aoy, may be refined to fix another
threshold than P5*. More precisely, for any n) € (0,1), we may also find Ao, > 0 such that for all
A € [0,2M0w), Pmax(A) > Nperis. We choose n = % in Proposition to be consistent with the
study of linear models from Section

For the next results, we define the following quantities:

* @ is the length of a segment I such that ¢(\, f,£) € T )\pT—i- E, [6(\)]
forall A € {Aiow, 2M\ow}» f € Fand € € =, Fn

U is the length of a segment J such that ¥ (u, f, ) €
Jforall € (0,\ L], f € Fand € € E.

low
* Ly and Ay, € [0, 00] are such that ¢(-,-,§) is Ly-
Lipschitz on [A7}, A\ L] x F forall € € Z.

up 7 “‘low

Let A\jow > 0 be the dual lower bound given by Proposi-
tion[E.T} We now to show this quantity is a lower bound
on the empirical robust risk:

)\low A* 2)\low A

Figure 2: Bounding from below the empirical
dual solution \* expresses as a slope condition
(thanks to convexity of the objective).
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Proposition E.2 (Dual lower bound with high probability). Under Assumption let \iow be

given by Proposition and \yp € [Miow, 00 If p < 2ot — % where C(0) := % +

e /21og %, then with probability 1 — %,for all f € F,
it A+ B 00N L0 = int A+ B 5 [0 1,6}

AE[0,Aup AE[Alow, Aup)

Proof. The proof consists in using the convexity of ¢(-, f,£). Indeed, given a convex function g
over R, the infimum of g has to occur on an interval [Ajoy, +00] if g has a negative slope between
Alow and 214y, (Figure 2):

g(2>\low) - g()\low) .
< = .
>\low - 0= >\>1nlfow g()\) igf(l) g(A)

We want this condition satisfied for the empirical Lagrangian function g(\) = \p + E B [p(A, )]
with high probability. For convenience, this can be expressed with the slope of E5 [o(-, )]:

Es ¢2)\1 2 —-Ep Al g
) BBV D]~ B 00w ] _
>\10w
This is the condition we aim to obtain. To this end, we proceed by comparing the empirical
slope to the true one, that is s(f) = =2 [2@Now. I =Er[¢(how-1)] - We can show that any func-

Alow

tion (f,£) — o(A, f,£), with A € R, satisfies the requirements for the concentration theorem
Theorem [A2] which is done in Lemma [C.I] and Lemma [C.3] Consequently, we can apply the
concentration theorem twice, on each function ¢(2\jow, -, ) and ¢(2Aiow, -, *), to obtain that 5( f)
approximates s(f) with probability at least 1 — %,

(25)

vFeF, S <)+
where C(6) > 0 will be computed afterwards. On the other hand, s(f) < Ep[0} ¢(2M\ow, f)] b
convexity of ¢, hence s(f) < —£4 by Proposition This means 5(f) < % — Lt hence we
have the desired condition (23) when p < £eit — C\/@7 and with probability at least 1 — 3, for all

fer,
inf {M+Ep [0SO} = it {M+Ep [0 £9)]}

AE[0,Aup) AE[Alow, Aup)

Concentration constant C(5). We now compute C(9). Let A € {Alow, 210w }. By Theorem |A.2]
we have with probability at least 1 — %, forall f € F,

ngﬁ" [¢(2)\10w» fa 5)} - EENPM)(Q)\IOW’ fa 5)] S

and with probability at least 1 — %, forall f € F,

. log 4
Bem (900w, £,6)] ~ B, 600w, 6] £ L) 4 g [2R82 )

We set C’(0) := 48Z(F, || - ||oc) + ®4/2l0g 3. Intersecting the events (26) and (27)), we obtain with
probability 1 — 2, forall f € F,
Eg,\/ﬁn [¢(2)\10w7 f7 5)] - Eg,\,ﬁn [(b()‘lowv f7 f)]

. 21og 4
n

(0]
N

)‘low
2C7(6
<5 <E§NP[¢<2A10w,f,5)] ~Beeplo0 £+ 2 ))
(6
< ]EﬁNP[a:\FQS(2)\10Wa fv 6)] + )i (\/)ﬁ

_pcrit + 20/(6)
- 4 /\low\/ﬁ7

(28)
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where we recall that for Ao, > 0, satisfies for all A € [0,2)\ow] and all f € F,
E5N3[8+q§(/\, f,6)] < =P, This means C(d) = 2C'(0)/Aow and we have the desired ex-
pression.

O

This implies a generalization bound on the dual problem of (regularized) WDRO:
Proposition E.3 (Generalization bound on the dual problem). Under Assumption let Mow > 0

be given by Proposition If% <p< e C:/@ where

¢ B(6) = 48Ly (T(F, || o) + 52 ) + W /2108
. C((S) — 961(;\711!‘,”00) + % /210g %’

then with probability at least 1 — 0, for all f € F,

inf ){)\p+E§Nﬁn[¢()\ f,g)]} inf ){A <pB(6)> +E5~P[¢(A,f,£)]}-

AE[0, A up A€[0,00 Vn

Proof. We assume Ayp > Alow. By Theorem applied to (p, f) — po(p=1t, f,€), we obtain
with probability at least 1 — 3,

Ay 1= sup {]E£~P[ (,Uz fﬁ)] gwp [1/)(/~L,f7§)]} B( )

—= (29)
() EQTEALLIXF Vn

where B(8) = 48LyZ([0, A\ L] x F,dist) + ¥y/2log 2 and dist((g, f), (1, f')) := |p — p/| +
IIf = f'lloo- Furthermore, we have the inequality

2
2)\low )\low ’

see Lemma hence we may refine B(¢) as B(d) = 48Ly;, (I(]:, |- lloe) + %) +Wy/2log 2.

By Proposition if p < Peit — C\ﬁé) , then with probability at least 1 — g, forall f € F,

Z[0, At ] X F) < Z(F, || - [loo) + (1+2log2) <Z(F, | - [loo) +

low}

inf {M+Ep 0L} = inf  {M+Ep OO} (G0)

)\E[O7>\up) E[ low up)
Finally, combining (30) and (29), and if
B(9) < < Perit C(9)

T SPETL T

we can write with probability 1 — J, for all f € F,

inf {M+Ep 0L} = inf  { A+ Ep [0 1,0}

AE[0,Aup) XE[Mow>Aup)
| EerloO\ £,6)] — Eeop, [900 £,6))
zAeuﬁf%p){Ap+E§~p[¢<A,f,£>]A e =2 }

Z lIlf {)\p + Eg~P[¢(Aa fv g)] - /\an}

AE[Now s Aup)

> _nt {/\ <p - B(ﬁ‘?) + Ecorld(\ f, 6)]}

>t {A (p - B\}f}) + Eewpl6 (M, f,§>]} ,
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If Aup < Alow, this means, by convexity of the inner function,

inf  {Ap+E_p [0\ £,6)]} = Nown + Eg_p [6(Now, £, 6)]

AE[0,Aup)
> /\low(p - 04;) + Eg~P[¢(Alowa fa §)]

> inf {)\ <p_ E’g) +Eeplo(\ £, f)]},

where we refined o, into a;, = sup ;¢ » {ngp[ib()\lgiv, LOI—Ee 5, [P ( A ,5)]}. O

E.2 GENERALIZATION BOUNDS

We are now ready to prove the generalization bounds. The following is an extended version of the
generalization result in standard WDRO (Theorem 3. Note that the extended bound (BT)) involves

a control of Rp_% (f), which means that ﬁp( f) also generalizes well against distribution shifts.

Theorem E.1 (Generalization guarantee, standard WDRO). Under Assumption there exists
Alow > 0 such that if

Pecrit B
<p< Bt :
N S

where

o= a8 (|1l + 5 ) (ZE - 1) + 52 ) + 2= 2108 3

96Z(F, || [l o 4| F o
R s T}

then with probability at least 1 — 0, for all f € F,

~

RBp(f) 2 Ry o (f) 2 Eenp[f(E)]- 31

In particular, for any p > % and n > 16(a + )%/ p2.;,, with probability at least 1 — 6, }A%p(f) >
Eeplf(€)| forall f € F.

Proof. Under Assumption [2.1] let Ao, be given by Proposition [E2} Our goal is to apply Propo-
sition in the standard WDRO case and to compute its constants thanks to Lemma [C.I] By
Lemma we have the following constants:

* 0= 2|,

o U — 2Flle

)\low ’

—1
low*

* Ayp =00, and Ly = || Flleo + A

« corresponds to B(¢) in Proposition and S corresponds C'(J), whence we obtain the desired
expressions for « and 3 with the quantities above.
By strong duality, Proposition R,(f) and EQ( f) admit the representations

Ro(f) =, dnf Do+ Eeurlo(\ £}

=)

o= it {Ao+E 5 60 1,01},

A€[0,00)
for any o > 0 and f € F. By Pro;i)sition if % < p < Bet %, then with probability at
least 1 — 6, we have forall f € F, R,(f) > Rp_% (f), hence the first part of the result.
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As to the last statement, if n > 16(a+ 3)%/p2.;,, % < Lot % For any % <p < Lt — %,

with probability at least 1 — 4, Ep( f) > Eeup[f(€)] for all f € F as shown previously. For
p > Let — %, since the quantity R, ( f) is non-decreasing with respect to p, we also have R, (f) >

Eep[f(§)]- u

The next result corresponds to the generalization guarantee for WDRO with double regularization
(Theorem 3.2)).
Theorem E.2 (Generalization guarantee, regularized WDRO). Under Assumption[2.1] there exists

Aow > 0 such that if
a‘r,e p;; ﬂ‘r,e
(3} < S - ’
max {m NG } P27 T/

where ™€ and B¢ are the two constants

1 2| F || commice 2
o™ =48 Flloo + T,€ Z(F, | - [l NT.E
. <” loe + 32 & G =) + 277w ) \FE M o) + 5

2)|F oo for 2
+ ( )\TE +mC 210g 5

low

o BTE — —Z“l 4 / 71
B e + N + m 1/210g6,

low

then with probability at least 1 — 0, for all f € F,
B(f) 2 RS e (£) 2 Ecnalf(Q)] = eDica (w" o)
whenever W7 (P, Q) < p.

(74‘;7;2)2, then for any p > max {mc7 % } with proba-

; ; P
In particular, if me < =3 and n >

(P

bility at least 1 — 4, for all Q such that W] (P, Q) < p, ﬁ;’s(f) > Ecnglf(Q)] — eDxL(nP?||m)
forall f € F.

Proof. Under Assumption L let \[¢ > 0 be given by Proposition and assume p > m.. As

1
for standard WDRO, our oal is to ggply Proposition [E3] and to compute its constants thanks to
Lemma By Lemma and taking A, = 2);”“’ we have the following constants:

® = [[Flloo = (=11Fllec = 2Ajgme) = 2([Flloo + Algyyme)

low

o |y — 2”}\}-Hoo _|_m

low

A 1 _ 2 Fllecmee
. Aup = H-m. andL ||-F||oo + )\l"o’; + e(p—mc)"l‘zTHJ:HOO'

In Proposition|E.3} o€ corresponds to B(d) and 7€ corresponds to C'(§) with the quantities above.
In this case, we easily verify that ™€ and 5™ have the desired expressions.

By strong duality, Proposition and by the dual upper bound, Lemma R}<(f) and }A%gve( )
admit the representations

Ry(f) = _inf {Ao+Eewpo™ (A £, 8]}

AE[0,Aup)

Rpe(f) = int {ho+Ep 070 10},

AE[0,Aup)
for any o > 0 and f € F. Recall that p > m,. If furthermore < f <p< po C“t — f , then with

probability at least 1 — §, we have for all f € F, R;‘(f) > Rp—% (f) by Proposmonhence
we obtain the first inequality.
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Now, toward the second inequality, let @ € P(Z) such that W (P, Q) < p. Let 7@ € P(E =)
satisfying [77)y = P, [r79], = Q and B¢ ¢)nrr.a[e(§, Q)] + 7Dxr (77 mo) = WI(P,Q).
We finally obtain for all f € F, R} (f) > Ecnolf(Q)] — eDx(nP?|mo).

As to the last statement, if m, < pj‘:‘t and n > m, then max {mc, %} < p“i"t — O\‘/ﬁ .

For any max {mc, %} <p< ““ — f , the bound holds by the first part of the result. For

T,€

p> % — since RT €(f) is non-decreasing with respect to p, the bound also holds. O

\/7 9
E.3 EXCESS RISK BOUNDS

In this part, we prove the excess risk bounds (Proposition [3.1] and Proposition [33). The proofs
consist in adapting the previous proofs of the generalization bounds. For standard WDRO, the
general excess bound specializes in the case of Wasserstein-p costs and Lipschitz losses.

Theorem E. 3 (Excess risk WDRO). Let o be given by Theorem [El| Under Assumption 21} if
p < Lot — f’ then with probability at least 1 — 6, for all f € F,

Ro(f) < Rpes (F).

In particular, if ¢ = d(-,-)P, where p > 1, and there exists Lipx > 0 such that every f € F is
Lip z-Lipschitz with respect to d, then

Ro(f) < Ecoplf(6)] + Lips (p ; “) g

N
Proof. By definition of A\, and Propositionwe can write for any 0 < p/ < Perit,
Ry(f) = inf A+ Een A f,
o (f) AE[Mowup){ P+ Benp[o(A £, )1}
leading to

Ry(f) = jinf (W +Eeeplo(0 £.0))

low s Aup

E, 5 ¢\ f,8)] —Een AL
ot {Ap’+E§Nﬁn[¢(A,f,§>]—A eup, 19 f&)]A eplo( fﬁ)]}

A€ [Aow,Aup)

inf DA B (601 £,6)] - Ao}

- >\E [)\low 7Au]>)

. ,_ B(O)
il 1= T3) #Eeenlo .91}

: ,_ B) R
i 1 (0= ) B 0200} = Ry ag )

whenever p’ > B(4d)/+/n, and the inequality holds With probability at least 1 — ¢ forall f e F.
Recall also that B(d) = « (see the proof of Theorem . Taking p’ = p + f leads to the desired

result as long as p + f < pmt

v

v

Toward a proof of the last part, assume that any f € F is Lipschitz with constant Lip », and ¢ = dP
with p > 1. For any couple (¢,({) € Z x =, we have

F(¢) < f(&) + Lipz d(&, ¢).
Integrating over an arbitrary coupling 7 with first marginal P and second marginal () satisfying
W.(Q,P) < p+ a/y/n gives
. . 1
Eolf] < Eplf] + Lips Ex[d] < Ep[f] + Lipy E[c]}

where we used Jensen inequality. For any Q satisfying W.(Q, P) < p+ a//n, taking the infimum
in the above inequality over such couplings 7, gives

Eqlf] <Ep(f]+Lipz(p+ a/vn)?
hence we obtain the result by definition of Rp—i—% (f). O
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Theorem E.4 (Excess risk for regularized WDRO). Let o™ be given by Theorem Under

Assumption ifme.<p< % — 27 then with probability at least 1 — 6, for all f € F,

n’

Rp(F) S By (£).

Proof. For p > m,, strong duality holds (Proposition [B.2)). The proof is then identical to that of the
standard WDRO setting (Theorem [E.3). O

E.4 GENERALIZATION CONSTANTS OF LINEAR MODELS

The two following results correspond to Proposition which is the estimation of the constants
Perit and Ajoy for linear models in the framework of Shafieezadeh-Abadeh et al.| (2019). We assume
the support of P to belong to an Euclidean ball of diameter D centered at zero. We then define = as
the closed ball of diameter 3D centered at zero.

Proposition E.4 (Linear regression). Consider the parametric loss f(0,(x,y)) = ((6,z) — y)?,
where 6 belongs to a compact subset © C RP, and the transport cost ¢ = || - — - ||%. Assume there
exists w > 0 such that

. . 2 >
inf /(6,1 = w.

Then Theoremand Propositionhold with peie > D? and \jow > 5.

Proof. In this setting, the expression of ppyax 18

pmax(N) = inf Ee-p [min {ng P+ ¢ € argmax{f(w, ) — N¢ - qF}H
CEE

For any £ € = and 0 € O, the term inside the argmax writes
F(0,€) = All§ = I = ¢T(M = AD)¢ +20¢TE = AlJ¢]1*.

Consider ¢ = (u,v), & = (up,v0), u,ug € R, the representations in an orthonormal basis of R?,
such that the first element (0, —1)/||(6, —1)]| is the eigen vector of M. We can write the above
equation with v and v terms:

£(0,¢) = All& = <1 = (10, =1)II* = Mu® + 2xu - ug — Al|v][* + 2A(v, vo) (32)

If A\ < w then we have [|(§,—1)||> — XA > 0, hence the maximum of f(6,¢) — A||€ — ¢]|? with
respect to ( is only attained at the boundary of = (otherwise we could increase the quadratic term
with respect to u). For all A < w, we thus can bound from below

pmax(A) = Egop[min [|€ — ¢||* « ||¢]| = 3D/2] > D*.

In particular, pe,i > D?. We also remark that pe,i; < 4D? hence we have 2\ oy, > w by definition
of Alow (Proposition[E.T)). O

Proposition E.5 (Logistic regression). Consider the parametric loss f(0,(z,y)) = log(l +
e~ ¥49:2)) where § belongs to a compact subset © C RP, and the transport cost ¢ = || - — - ||2.
Assume there exists w > 0 such that

inf [|0]|*> > w.
0cO

Then Theorem and Proposition hold with peis > D? and Aow > m, where ) =
“+e
SUPpeo H9||2'
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Proof. For the logistic regression, we have

F(0.0) = AlI¢ — €] =log (1 +€'%9) — X[[¢ — €] (33)

Consider the representation ¢ = s + v, where s € R and v is orthogonal to 6. Then we have
J(0.€) = N¢ = &]1* = log (1 + e*1°1%) — X011 + 2500, €) — Al - ]I

The second order derivative with respect to s is

1o]*
(1 + e 1917) (1 + e—<1017)

— 20|02, (34)

The term (1 + 65“0”2) (1 =+ 875H6H2) is lower than 2(1 + e's‘”g"z) < 2(1 + eDQ). Hence we easily
deduce that (34) is positive for all ¢ € Zif A < m. If this condition holds, then maximizers
+

of £(6,¢) — A||¢ — &]|? for ¢ € = are included in the boundary of =, meaning that ppax(A) > D? if

Q : . 2 w
A < m. Since Pcrit < 4D , then 2)\10W > 4(1+6DQ) . O

F SIDE REMARKS

This part contains results supporting various remarks made in the main text.

F.1 INTERPRETATION OF THE CRITICAL RADIUS

The results of this part justify the interpretation of the radius made in Remark 3.1}
Proposition F.1. If p > pc.it, then there exists f € F such that

Ry(f) = max f(§).
fe=
In particular, in the setting of Theorem if p > perit + %, with probability at least 1 — 0, there
exists f € F such that

R,(f) = max f(€).

£eE

Proof. The first part is identical to the square cost case, see (Azizian et al.,2023a, Remark 3.2 ). The
second part is obtained by Theorem[E.T} in the setting of Theorem [E. 1| we have with probability at

least 1 — 4, I%,,(f) >R, o forall f € F. Henceif p > perit + a/+/n, we obtain the result by
applying the first part to the radius p — a/y/n. O

The following result gives an interpretation of the critical radius p_ 5, in regularized WDRO appear-
ing in Theorem We show that when the radius p is larger than this value, then some robust
losses become degenerated. Precisely, they become independent of p and are equal to a regularized
version of the worst-case loss maxz f.

Proposition F.2. Assume p > p_%,. Then there exists f € F such that
B = s {Bearanlf(0) = D (rlm)}.

TEP(EX
[rli=P

In particular, in the setting of Theorem ifp>pls, + %, with probability at least 1 — 6, there
exists f € F such that

By = _sw _ {Bepmalf(©)) - eDratrlm)}
[7i=P
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Proof. In the regularized case, we can verify that the critical radius has the expression

T - T Fil(9)
Perit = flrég: {E§~P {ngwg/e(.‘g) [gf(é) +c(& Q)] — TIOgECNWo('\E)e ¢ } } ) (35)
see for instance the proof of Lemma [D.2] Let f € F be arbitrary. Consider a coupling 7 €

f
P(Z x E) such that [7*]; = P and 7*(-|§) = mg (-]€) for almost all £ € =. We first verify that for
a good choice of f, it is included in the uncertainty set defining R;’E( .

We compute Dkr,(7*||m0). Below, we set Z(§) := E¢ory(je) [ef(so } .

£
e «
DKL(F*HFO) =E ~P E f 10g
¢ ¢ (-16) Z(8)

— f(C) f(CC)
~her []Ecwog Clé) { ¢ } ~lomBeanio [ H
=Egon [f(f)] —Eeop {ngcwms) [ef(f)ﬂ : (36)

This leads to
* T pic9)
Ex- [ + 7DRL (7 [70) = Benr [E_sre(16) [2/(€) + €6 Q)] = 7108 Bgrmyre ]

which is the term in the infimum (33). Since f was chosen arbitrary, this means that if p > p_%,,
then there exists f € F such that the coupling 7* defined above (depending on f) satisfies
E¢,c)mne [€(§, Q)] + 7DxL(7*||70) < p, and we obtain

RY(f) 2 Ecnfme1,[f(Q)] — €Dxr(m||m0)-

On the other hand by the computation (36), we have

RY(f) = Eenfrep, [f(Q)] — €Dk (m™||m0) = €Benp [log Eery(1e) {6”60” . 37

By Donsker-Varadhan variational formula Donsker & Varadhan| (1975), for almost all £ € =, we
have

log Ecamycie [¢7] = sup_ {Ecalf(€)/e] = D vl 1)} (38)

Reinjecting (38) in (37) gives

Ry(f) 2 Benp | sup {Ecu[f(C)/€] = Drr(vmo(-[€))}

veEP(E) ]
> sup  {Eeop [Econ(ielf(€)] — eDku(x(-16)[mo(-€))] }

TEP(EXE)
[‘IT]l:P
= sup {Ecupm,[f(¢)] — eDku(n|mo)},
TEP(EXE)
[7\']1:P
where we used the chain rule for Dgj divergence (see e.g. Theorem 2.15
in Polyanskiy &  Wu (2023)) DKL(’]THTF()) = EgNP[DKL(ﬂ'(K)H’ITo(lg))] +

Dii([thlllmol1) =  Eewp[Dru(m(-|E)||mo(-1€))]- Since we clearly have R}C(f) <

sup  {Ec¢pn, [f(Q)] — €Dk (w||mo) }, this yields the first part.
TEP(EXE)
[71']1:P

The second part is a direct consequence of the generalization bound Theorem[E-2]as for the standard
case (see the proof of Proposition [FI).
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F.2 NECESSITY OF THE DUAL UPPER BOUND

We exhibit an example where the function p — ¥™¢(pu, f, ) is not Lipschitz as g — 0. This justifies
the necessity of bounding the dual solution above in the regularized case, as done in Lemma|[D.3]

Proposition F.3. Consider 7 =0, ¢ > 0, 2 = [0, 1], ¢(&, () = |€ — (| and assume that the reference
distribution is a truncated Laplace mo(d¢|§) e"g_q]l[o’l] (¢)d¢. Assume furthermore F is a

21 Fllco

family of functions from [0, 1] to R which satisfiese™ < > e
Then for almost all € € [0,1) and all f € F, p+— 7¢(u, f, &) is not Lipschitz at 0.

Proof. Let £ € (0,1) and f € F. The expression of the derivative of 1)*>¢ with respect to j is given

by (T4):

ec(&, 1 f (O —c(€,0)
Db (1, f,6) =B upmcien {m]+€IOgEC~m(~I§) [e; " }
Crmg M (0E) e
In particular, it satisfies
2] Flloo c(&, _e6.0)
R (il <e TE e { (io] + 108 Bgmyle) [0 |+ 1F e (39
Crmg M (9)

On the other hand, by Donsker-Varadhan formula|Donsker & Varadhan| (1975)), we can write

e _ —e(e)
log E¢ormo (1) {6%} =E e [c(f,()} — Dk, (Wo - (+1€) 7T0('|§)>~

€
(rmg M€ H

2| Flloo

Reinjecting this in (39) and usinge™ " < > € gives

el

D™ (1, £,) < | Flloo — Dict. (wo‘ T e

alle))

Consequently, to prove non-Lipschitzness of 1/%¢(-, f,£) at 0, we show that

c(€,)

Dxg, (770_ “(16)

ml16)) = o0

_le—1
as u — 0. We show that m, " (-|¢) converges in law to §¢. Let ¢ : R — R be of class C™° with

compact support. With the change of variable u i_f, we have

1
e a0 = e [ 1y e ole + penan
0 R "

He

Also, we easily verify that

1
/ 6_
0

hence we obtain

—(1=¢

¢ 1
le—c| — —
= d¢ = / e d¢ —|—/ e d¢ = pe(2 — e — e e ),
0 3

Tremr eq(u)e (€ + peu)du
B fplo) = Ll T pedy (40)

Cromg M€ 2—e ke —e ke

We then have the following:

_£ —(1-¢)
e 2—¢e e —e re convergesto2aspu — 0,

e Forall u € R,]l[

its integral with respect to u converges to 2 (&) by dominated convergence theorem.

](u)e"“hp(ﬁ + peu)du converges to e~ 1“lp(€) as u — 0, hence

-1 &
pe e
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_lg=-]

Combining both limits in @0) gives E e, [¢(C)] = (). This means that 7, " (-|¢)
C""ﬂ'o Be (-

converges in law to d¢. We have Dir,(d¢||mo(+|€)) = oo, hence by lower semicontinuity of the Dk, -

divergence for the convergence in law (or weak convergence), see e.g. Theorem 4.9 from |Polyanskiy

e(€.)
7TO(~|§)> — 00. This means that POe(-, f, &) is not
—

& W[ (2023), we get Dy, (wo " (1)
Lipschitz near 0. .

F.3 ON CONTINUITY OF MAXIMIZERS

We justify the importance of relaxing Assumption 5.1 from |Azizian et al| (2023a) which
corresponds to compactness of F with respect to the distance Dx(f,9) = [|f — glleo +
dy(argmaxz f, arg maxz g). We show that this condition is actually equivalent to assuming con-
tinuity on f — arg max f, which is a strong condition and difficult to verify in practice.

Proposition F.4. For (f,g) € F x F, define

Dz(f,9) = |If = glloc + du(arg max f, arg max g)

where dy is the Hausdorff distance on the set of compact subsets of =, K(Z) . Assume (F, || - |oo)
is compact. Then we have the equivalence

(F,Dg) is compact <= f +— argmax f is continuous from (F, || - ||oo) t0 (K(Z),dp).

Proof. We prove (=). Assume (F, Dr) is compact. Let f € F, and let (gi)ren be an arbitrary

sequence from JF such that g, converges to f for || - ||o. We want to show that arg maxz gi

converges to arg maxz f for dg, proving the continuity of the arg max map. By compactness of

(F,Dgr), (9r)ken admits accumulation points for D z. Let h be any one of them. We may extract a

subsequence from (gx)ren converging to h, say gn, . _—>> h € F. In particular, g, converges to h
oo

for || - ||oo- We necessarily have h = f by definition of the sequence (g )xen- It means that (g )ken
admits only one possible accumulation point for Dz, which is f. This implies g5 converges to f for
D, hence arg maxz g5 converges to arg maxz f.

Now, we prove (<=). Let (fx)ren be a sequence from F. By compactness of (F, || - ||oc), we may
extract a converging subsequence f,, o ffor || - ||oo- Assuming f — arg maxg f is continuous
—00

gives that arg maxz f,, converges to arg max= f, which is the desired result. O
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