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Univ. Grenoble Alpes, CNRS, Grenoble INP, LJK
Grenoble, 38000, France

Abstract

Distributionally robust optimization has emerged as an attractive way to train robust
machine learning models, capturing data uncertainty and distribution shifts. Recent
statistical analyses have proved that generalization guarantees of robust models
based on the Wasserstein distance have generalization guarantees that do not suffer
from the curse of dimensionality. However, these results are obtained in specific
cases or under assumptions difficult to verify in practice. In contrast, we establish
exact generalization guarantees that cover a wide range of practical cases, including
general transport costs and parametric loss functions. For instance, our results
apply to deep learning without requiring restrictive assumptions. We complete
our analysis with an excess bound on the robust objective and an extension to
Wasserstein robust models with entropic regularizations.

1 Introduction

1.1 Wasserstein robustness: models and generalization

Machine learning models are challenged in practice by many obstacles, such as biases in data,
adversarial attacks, or data shifts between training and deployment. Towards more resilient and
reliable models, distributionally robust optimization has emerged as an attractive paradigm, where
training no longer relies on minimizing the empirical risk, but rather on an optimization problem that
takes into account potential perturbations in the data distribution; see e.g., the review articles [25,[10].

More specifically, the approach consists in minimizing the worst-risk among all distributions in a
neighborhood of the empirical data distribution. A natural way [29] to define such a neighborhood is
to use the optimal transport distance, called the Wasserstein distance [30]. Between two distributions
Q and @’ on a sample space =, the Wasserstein distance is defined as the minimal expected cost
among all coupling probability 7 on = x = having @) and Q)" as marginals:
/ .
WC(Q7Q ) TrGPI?EfXE) E(£7C)~7r[c(£a<)]7 (1)
[711=Q,[7]2=Q’

where c: Z x = — R is a non-negative transport cost over the sample space =. For a class of

loss functions JF, the Wasserstein distributionally robust counterpart of the standard empirical risk
minimization then writes

min sup Ee~q[f(6)], @)
T€7 QeP(E),We(Pu,@)<p
for a chosen radius p of the Wasserstein ball centered at the empirical data distribution, denoted ]3n

In the degenerate case p = 0, we have Q = ﬁn and (2)) boils down to empirical risk minimization. If
p > 0, the training captures data uncertainty and provides more resilient learning models; see e.g. the
discussions and illustrations in [35} 37, 144} 126, 28, 138, 21} 14} [7]].

Preprint. Under review.



To support theoretically the modeling versatility and the practical success of these robust models,
some statistical guarantees have been proposed in the literature. For a population distribution P,

i.i.d. samples &, .. ., &, drawn from P, and the associated empirical distribution P,, := LS e
the best concentration results for the Wasserstein distance [[19] gives that if the radius p is large

enough, then the Wasserstein ball around }3” contains the true distribution P with high probability,
which in turn gives directly (see [29]) a generalization bound of the form

sup Eeqlf(§)] > Eenpr[f(E)] 3)

QEP(E),We(Pr,Q)<p

This exact bound is particularly attractive: the left-hand-side, which is the quantity that we compute
from data and optimize by training, provides a control on the right-hand-side which is the idealistic
population risk. However, the direct application of concentration results of [[19] requires a number of
training samples growing exponentially in the dimension.

Recent works have then improved this direct approach by establishing, in various situations, gen-
eralization bounds that do not suffer from the curse of dimensionality, and rather feature a radius
p scaling as O(1/+/n) [37, 11}, 3, 20, 5, [T2]]. Yet no existing result is general enough to cover all
situations encountered in machine learning and to explain nice generalization guarantees (3)) usually
observed in practice.

1.2 Contributions and outline

In this paper, we provide exact generalization guarantees of the form (3), that are universal, in the
sense that they apply to many machine learning situations, without restrictive assumptions. Indeed,
our results apply to any kind of data lying in a metric space (e.g. classification and regression tasks
with mixed features) and general classes of continuous loss functions (e.g. from standard regression
tasks to deep learning models) as long as reasonable compactness conditions are satisfied.

In particular, our results are able to cover deep learning models involving nonsmooth elementary
blocks, such as the popular ReLLU activation function, the max-pooling operator, or optimization
layers. Indeed, we establish our results by a novel proof approach, dealing with the nonsmoothness of
the robust objective function @]) thanks to tools from variational analysis [15} 33} [1]. We thus obtain
general results, that are still tight, in the sense that they coincide with existing ones on robust linear
models [36].

Moreover, our approach is systematic enough to (i) provide estimates of the excess errors quantifying
by how much the robust objective may exceed the true risk, and (ii) extend to the recent versions of
Wasserstein/Sinkhorn distributionally robust problems that involve (double) regularizations [6} 40].

The paper is structured as follows. First, Section 2] introduces and illustrates the setting of this work.
Then Section [3|presents and discusses the main results: the generalization guarantees (Theorem 3.1]
and Theorem [3.2)), the excess risk bounds (Proposition [3.1] and Proposition [3.3) and the specific
case of linear models (Section [3.2). This section ends with Section [3.4]discussing the limitations of
our study and potential extensions. Finally, Section 4] highlights our proof techniques, combining
classical concentration lemma and advanced nonsmooth analysis.

1.3 Related work

Our work follows a recent line of research establishing generalization guarantees for Wasserstein
distributionally robust models, breaking the curse of dimensionality. Important results on the topic
include [[11}[12]] about asymptotical results for smooth losses, and [[14,[36]] about non-asymptotically
results for linear models and for smooth loss functions. Let us also mention [41]] which deals with 0-1
loss. For nonsmooth losses, the only work we are aware of is 3] which derives results on piece-wise
smooth losses, at the price of abstract approximating constants. We underline that none of the existing
results properly covers deep learning models involving nonsmooth elementary blocks.

Let us mention that there exist many works studying dimension-free generalization guarantees for
other distributionally robust models, with different uncertainty quantification. For instance, [42]
studies nonparametric families and divergence-based ambiguity, and [8] considers deep learning
models with ambiguity sets that combine KL divergence and adversarial corruptions. Though duality
is always an important tool to study distributionally robust optimization, we face in our framework to



the difficulty of dealing with Wasserstein distances, so that the technicalities as well as the results are
essentially different and disjoint from these works.

The closest work to our paper is [S] which establishes generalization results similar to ours, namely:
exact bounds (3) in a regime where p > O(1//n). In sharp contrast with our work though, these
results rely on restrictive assumptions (the squared norm for ¢, a Gaussian reference distribution,
additional growth conditions, and abstract compactness conditionsﬂ). We will further compare these
results and ours, in Section [3]and in the supplemental.

1.4 Notations

On probability spaces. Given a measurable space =, we denote the space of probability measures
onZby P(Z). Forall m € P(E x Z), i € {1,2}, we denote the i marginal of 7 by [r];. We denote
the Dirac mass at £ € = by . Given a measurable function g : = — R, we denote the expectation
of g with respect to Q € P(E) by E¢..o[g(£)] and we may also use the shorthand Eg|g].

On function spaces. In (X, dist) a metric space, the uniform norm of a function f is || f|lcc =
sup,ex |f(2)]. If F is a family of functions, we denote ||F|loc = supscx || fllco. We say f is
Lipschitz with constant L if for all z,y € X, |f(z) — f(y)| < Ldist(z,y). For¢: R x X — R,

we denote 6‘;\'(;5 the right-sided derivative with respect to A € R, and 9, ¢ its derivative, whenever
well-defined.

2 Assumptions and examples

In this section, we present the general framework and illustrate it by standard examples. Throughout
the paper, we consider a family of loss functions J, a transport cost ¢, and a distance d on a sample
space =, satisfying the following assumptions.

Assumption 2.1.
1. (E,d) is compact.
2. ¢: 2 x 2 — Ris jointly continuous with respect to d, non-negative, and c¢(&,() = 0 if and
only if § = C.
3. Every [ € F is continuous, (F,|| - ||co) is compact, and furthermore, Tx, the Dudley’s
entropyE] of the family F, is finite.

This setting encompasses many machine learning scenarios, with parametric models, general loss
functions, and general transport costs, as illustrated in the two paragraphs below. We will come back
later in Section [3.4]on the assumptions to discuss their reach and limitations.

Parametric models and loss functions. Our setting covers a wide range of machine learning
models. Consider a parametric family 7 = {f(0,-) : 6 € ©}, where the parameter space © C RP
is compact and the loss function f: © x Z — R is jointly Lipschitz continuous. If = is compact, such
a family is compact regarding || - || This situation covers regression models, k-means clustering,
and neural networks. For example: least-squares regression

f0,(z,y)) = ((0,2) —y)*>, ECR™xR,

logistic regression

16, (z.y) =log (1470} | 2 R™ x {-1,1},

'We show in Propositionin the appendix that the compactness assumptions of [S]] hide strong conditions
on the maximizers.

“Recall that Dudley’s entropy of the family F with respect to || - || is defined by (see e.g. [13])

Ir ::/ VIog N (t, X, || - [0 )dt
0

where N (t, X, || - || ) denotes the t-packing number of F, which is the maximal number of functions in F that
are at least at a distance ¢ from each other.



and support vector machines with hinge loss
f(ov (Iay)) :HlaX{O717y<0,£ZJ>}, ECR™X {7171}

Note that the latter is not differentiable, due to the max term. The k-means model also introduces a
non-differentiable loss function:

f(6,2) = _min _[6; - z|2, © c RE*m = cR™.

Finally, most deep learning models fall in our setting. Indeed, they involve loss functions of the form
f(ev (.23, y)) = g(h’(aa Jf), y),

where £ is a dissimilarity measure and A is a parameterized prediction function, built as a composition
of affine transformations (which are the parameters to train) with activation functions (see e.g. [24,
27, 132]]). Our setting is general enough to encompass all continuous activation functions, even
non-differentiable ones (as ReLU = max(0, -)) as well as other nonsmooth elementary blocks (as
max-pooling [23]], sorting procedures [34], and optimization layers [2]]). As already underlined in
introduction, these examples involving non-differentiable terms are not covered by existing results.

Sample space and transport costs. The choice of the transport cost ¢ depends on the nature of the
data and of the potential data uncertainty. For instance, if the variables are continuous with = C R™,
we consider the distance d = || - — - ||, induced by ¢,-norm (p € [1, co]) and the cost as a power

(q € [1,00)) of the distance
(6, &) = 1€ = €lI}-

If the variables are discrete with = C {1,...,.J}", we consider the distance

d(g,¢) = Z]l{snéf;}
=1

and the cost as a power of this distance. If we deal with mixed data, i.e. they contain both continuous
and discrete variables, a sum of the previous costs can be considered. In classification, for instance,
with the samples composed of features € R™ and a target y € {—1, 1}, we may take

c((z,y), (2", y") =z — 2" |] + KL gyryy

for a chosen x > 0. This cost is obviously continuous with respect to

d((z,y), (2", y") = [z — 2'||p + Lyyzyy-

This extends to mixed data with categorical, binary and continuous variables; see e.g. [7].

3 Main results

3.1 Wasserstein robust models

Our main result establishes a generalization bound (3) for Wasserstein distributionally robust opti-
mization (WDRO). Given a distribution @ € P(Z) and a loss f € F, the robust risk around ) with
radius p > 0 is defined as

Ry q(f) = sup Eevg [f(6)]- )
Q'EP(2),We(Q,Q)<p

In particular, taking () = ]3n and Q = P in the above expression, we consider the empirical robust
risk, R, (f), and the true robust risk, R,(f):

Ry(f):=R,5 (f) and R,(f):= R, p(f).

We also introduce the following constant, called the critical radius pc.it,

per = inf Eeop [min {c(f,o . Ce argénaXfH . s)

4



Note that p.i; is defined from the true distribution P, which makes it independent from sample
randomness. In our results, we will make the further assumption that p..;; > 0, which excludes
losses that remain constant across all samples from the ground truth distribution P. This assumption
reasonably aligns with practice and is also in line with the previous works [3, I5]. For instance,
obtaining a predictor that precisely interpolates the ground truth distribution (leading to a loss equal
to zero everywhere) is unrealistic.

In this context, our main result then establishes the generalisation bound when n is large enough, for
p scaling with the standard 1/+/n rate.

Theorem 3.1 (Generalization guarantee for Wasserstein robust models). If Assumption |2.1| holds
16(a+8)2
16(atp)”

crit

and perit > 0, then there exists A\ow > 0 such that when n >
probability at least 1 — 6,

and p > %, we have with

Ry(f) = Eeuplf(€)]  forall f € F,

where o and 3 are the two constants

1 2\, 2| Flls 2 96T 4]F ] 1
a=48 ||Fllec+—) | ZF + + 2log —, = + 2log —.
<' | /\10w> (f Alow) Mow 85 T Ree T e &%

This result with p scaling with the dimension-free 1/+/n rate is similar to [5} Th. 3.1], but guaranteed
now in the wide setting of Assumption[2.1} We achieve this result through a novel proof technique that
combines nonsmooth analysis rationale with classical concentration results; as depicted in Section 4]

The critical radius pq iy can be interpretated as a degeneracy threshold of the robust problem; we
discuss it below in Remark 3.1} The quantity Ao is a positive constant related to the geometry of
the Wasserstein ambiguity set; we discuss it in Section[4.2] Interestingly, in the case of linear and
logistic regressions, we can establish estimates of these two quantities; see Section[3.2]
We now extend the previous result to derive the following excess risk bound.
Proposition 3.1 (Excess risk for Wasserstein robust models). Let a be given by Theorem Under
» 2 . . 7.
Assumption if perit > 0, n > ;()Ta and p < Pt — % then with probability at least 1 — 6,
crit

~

R,(f) < RP+%(f) forall f € F.

In particular, if ¢ = d(-, )P withp € [1,00) and every f € F is Lip z-Lipschitz, then

Ro(f) < Eeunlf()] + Liny (,o ; jﬁ) g

Remark 3.1 (The critical radius as a degeneracy threshold). The critical radius peyiy defined in ()
plays the role of a degeneracy threshold for the problem, as follows. We can show that if p > peyit,
there exists f € F satisfying R,(f) = maxecz f(§). Furthermore, for p > perit + % with high

probability, there exists f € F such that ﬁp(f) = maxeez f(§). In other words, if the radius
is chosen too high compared to peyit, both generalization and excess bounds (Theorem [3.1] and
Proposition[3.1)) are vacuous. A proof of this result is found in Appendix, Proposition[F]

3.2 Generalization guarantees of Wasserstein robust linear models
We now illustrate how our generalization guarantees from Section [3.T]apply to linear models. In this
part, we assume the support of P to be contained in a ball of diameter D centered at 0.

We recover estimates similar to the ones from the study of linear models [36]], hence showing the
tightness of our approach. We consider the setting from [36] where the parameter space is assumed
to be bounded away from zero [36, Assumption 4.5]:

Assumption 3.1 (Hypothesis domain). F = {f(6,-) : 0 € ©}, where © C RP? is a compact subset
and c = || - — - ||%. There exists w > 0 satisfying one of the following:

1. (Linear regression). f(0,(x,y)) = ({0, z) — y)? and infyco || (0, —1)||* > w.

2. (Logistic regression). f(8, (z,y)) = log(1 + e ¥2)) and infyce ||0]*> > w.



Under this assumption, we obtain estimates for the constants Ajow and peri.-

Proposition 3.2 (Linear models dual bound and critical radius). Under Assumption let Q) :=
Supgeo |10]12- Theoremand Propositionhold With periv > D? and

1. (Linear regression) A\ow > 5 under Assumption 1.

2. (Logistic regression) Aoy > ——<—— under Assumption|3.1|2.
8(1+CDQ)

These specific results show that we retrieve the constants from [36], for normalized data in the case
of logistic regression. In particular, our constant « is proportional to 1/w? for the linear regression.
Remark that the tails parameters of f(£) and £ ~ P from [36] correspond in our case to ||F ||« and
D respectively, and Dudley’s constant is proportional to /p. In the case of linear regression, the dual
lower bound is directly related to the parameter bound w from [36]. In more advanced settings (e.g.
deep learning), the positivity of A,y can be seen as an implicit definition of the hypothesis bound w.

3.3 Regularized Wasserstein robust models

Part of the success of optimal transport in machine learning is the use of regularization, and specifically
entropic regularization, opening the way to nice properties and efficient computational schemes
[L6,[30]]. Recall that the entropy-regularized Wasserstein distance writes, for a reference coupling
7o € P(EXE) as
WI(P,Q) = min _ {Ex[¢] + 7 KL(7||m)} (6)
TEP(EXE)
[rl1=P,[m2]=Q

where KL(-||mp) is the Kullback-Leibler divergence w.r.t. m:

_ _logdr g h
KL(TF”TI’Q) — {f:X: og do ™ W ean <K my
o otherwise.

Note that the minimum (6)) is well defined, attained at some coupling 7" Q< T, see e.g. [30].
Regularization have been recently studied in the context of WDRO: [40] introduces an entropic
regularization in constraints for computational interests, [5] considers an entropic regularization in the
objective for generalization, and [6] studies a general regularization in both constraints and objective.

Following the most general case [6] we consider the robust risk with double regularization

RIG(f) = s {Egm,lf] - eKL(rmo)}
TEP(EXE), [r1=Q
Ex[c]+7 KL(7||70)<p
with two parameters € > 0 and 7 > 0. We introduce the conditional momen of mg

Me 1= IgleaEXECNﬂ—O(.K) [C(Ev C)]’

and the regularized critical radius

Pesiv = nf Eep []ngg/e(.‘f) Ef(C) +C(§,C)] — 7log B¢rumy(-1e) [e-fioﬂ .0

where dwg / °(-|€) o ef/¢dmp(-|€). In this setting, the generalization guarantee states as follows.
Theorem 3.2 (Generalization for double regularization). Under Assumption 2.1} there exist o€ > 0

T | AT EN2
and B7° > 0 depending on F,Z, c, €, T and 0, such that if p_’;. > 4m., when n > 1?(5’;5_72?”)2

crit

T,€
crit

and p > max {mc, %} we have with probability at least 1 — 6, for all Q € P(Z) such that
WI(P,Q) < p,

R3“(f) 2 Enqlf(Q)) = €KL mo)  forall f € F,

where T is the optimal coupling in (6).

=g
*E.g.if c(¢,¢) = 3]1€—¢||* and 7o (+|€) is a truncated Gaussian 7o (+|€) o e~ 207 L=, we have m. o« 0.



This result is similar to the one of Theorem [3.1]and is also similar to the only other generalization
result existing for regularized WDRO [5]]. Let us explicit below the main differences.

Unlike Wasserstein robust models (Theorem @, regularization leads to an inexact generalization
guarantee, where the regularized empirical robust risk bounds a proxy for the true risk Ep[f]. This
is in line with the regularization in optimal transport that induces a bias in the Wasserstein metric,
preventing W7 (P, P) from being null. In particular, given an arbitrary 7 > 0, W7 (P, P) may not be
lower than p.

The coefficients o™ and 37¢ exhibit similar relations with A% , || F || . and Zr to their counterparts
« and § from Theorem Their complete expressions can be found in the extended version of
Theorem [3.2](in Appendix, Theorem [E.2). In particular, the expression of o™ suggests m., €, 7 and

p should be of comparable order. Compared to the standard setting, we have an estimate of the lower
bound A\ ’¢ (Lemma | showing dependence on the loss family: \[’¢ = O(e*% ).

low low

Compared to [5]], we underline that our result covers the double regularization case. Moreover, it
is valid for an arbitrary my whereas the one from [5] relies on the specific form of 7y involving a
Gaussian term. Our result is thus more flexible, allowing freedom in the choice of 7.

As for the standard case (Proposition[3.1), we obtain an excess risk bound. The main difference in
this setting is that we lose the explicit control of the true risk. This is mainly due to the inexactness
brought by regularization.

Proposition 3.3 (Excess risk for doubly regularized robust models). Let a™€ be given by Theorem[3.2]

16072

Under Assumptian if prie > dme, no> T —Tmo)?
crit c
probability at least 1 — 6,

Perit _ o€ :
and m, < p < 7 N then with

Ry<(f) < RP;Q\;{ (f) forall f € F.

3.4 Limitations and potential extensions

In the previous sections, we presented our results and their universality, to underline that they are
widely applicable in machine learning. In this section, we discuss three relative limitations of our
results: the assumption of the compactness of sample space, the assumption of finite Dudley entropy,
and the expression of constants.

Compactness of the sample space = (Assumption[2.1] 1) is essential to control worst-case distributions
of the robust objective (2), given our level of generality. This assumption is in line with some
recent studies [, [12]]; see also [21] which uses bounded growth assumptions. Such assumptions are
reasonable, as standard statistical frameworks involving Gaussian or heavy tail distributions could be
covered by truncating.

In our study, considering loss families with finite Dudley’s entropy (Assumption [2.1]3) is crucial to
limit the dependence on the sample dimension. This assumption is satisfied for Lipschitz parametric
losses with bounded parameter space, and it is not clear if a dimension-free generalization could be
established for non-parametric losses. For instance, [42] dealing with non-parametric losses, exhibits
generalization guarantees with exponential dependence in the dimension.

Finally, regarding the generalization constants, we could improve them in several ways. For instance,
leveraging the structure of specific models would allow to obtain estimates of the constants \jqy,
Perit; this is what we did for the linear models in Section[3.2] Taking into account the optimization
procedure which selects a small set of solutions could also be interesting in order to have sharper
constants on the class F.

4 Sketch of the proof

This section presents our strategy to prove the generalization results of Section 3| (Theorems [3.1]and
[3.2). The strength of our approach is to use flexible nonsmooth analysis arguments, able to cover
the general situation of arbitrary (continuous) cost and objective functions. We present the main
approach in Section based on a duality formula and a lower bound Aoy, on the dual variable. In
Section[d.2] we focus on the latter and shed lights on its role. Finally, we explain in Section4.3|the
extension to regularized models.



4.1 Main approach

Compared to the original formulation (@), the dual representation significantly diminishes the prob-
lem’s degrees of freedom, and is usually the starting point of most studies of WDRO; see e.g. [25] 6]
Given any distribution @ € P(Z) and radius p > 0, it holds that

Roo(f) = jnf {30+ Ecalé(A £. O]}

where the dual generator ¢ is a convex function with respect to A, and Lipschitz continuous with
respect to f. For Wasserstein robust models, ¢ has the expression (see e.g. [9]])

Observe that ¢ is naturally convex in A, but also nonsmooth. The originality of our approach is to
build on this nonsmoothness by using a rationale of nonsmooth analysis, which allows us to cover the
case of other dual generators as for the regularized versions; see next section.

Let us then outline the main steps to establish Theorem 3.1}

1. Dual lower bound. Given 8 > 0 appearing in Theorem We establish the existence of a

dual lower bound Ay, > 0, which holds with high probability for all f € F, for a small

enough radius p < £git — \/ﬂE:

Ry(f)= _inf  {Mo+Ee p 600 L]}

AE[Alow,00)
This is done in Appendix [E.}
2. Concentration of the radius. Let us write for all A\ > A\, and f € F

Epl¢(\ f)] —Ep [6(N,
)\P+Eﬁn[¢()\,f)]2>\<ﬂ_( plo( f)]A  [o( f>]>)+]EP[¢(A’f)]

2 )\(P - an) + EP[¢()‘7 f)]7 (8)
where we define the uniform gap o, by
Qp = SUp {EP[N¢(N_17f)] - Eﬁ” [M¢(/~L_17f)] : (M? f) € (07 )‘1:,3‘,] X-F} . 9

This quantity can be bounded with high probability by % — where a > 0 is the constant

from Theorem @ To obtain such a bound, we rely on known uniform concentration
theorems for Lipschitz functions [13]]. Concentration constants are computed Appendix [C]

3. Generalization bound. We can now obtain the result. Taking the infimum over A > Aoy
in (8), we obtain with high probability for all f € F,

~

RBp(f) 2 Ry—oyyn(f) = Eenp[f(E)],

whenever = < p < s % This interval is nonempty if n > 16(c + 3)2/p2,;,. Since
R,(f) is non-decreasing with respect to p, we have R,(f) > E¢p[f(€)] for any p > %
aslongasn > 16(a + 8)%/p2;.-

4.2 Definition of the lower bound

Alow defines a dual lower bound on the true risk R,(f), making it independent from samples
randomness. In our proof, we then show that this lower bound holds with high ability on the

empirical robust risk ﬁp( f) using the convexity of ¢. This is done in Proposition [E.2|in Appendix.

We now explain the definition of Ay, more precisely. We consider the maximal radius function

pmax(A) = J}Ielg__ngP[fa;\i_(b()‘a fa g)]



At a given ), this function indicates the maximum
value p can take for the dual solution of R,(f) to be P
higher than A. In particular, by convexity of ¢, we can
easily verify that if p < ppax(A) forall A € [0, 2A0w],
then the dual bound 2., holds on the true robust risk:

Ro(f) = nf {p+Berlo(M €}

As illustrated by Figure [T] pmax reaches its highest Perit]
value at zero, which is actually the critical radius, peyit.
The crux of the proof is to show there exists a value

Alow allowing to choose radius values of order pc,it: : ' 5
Lemma 4.1. limy_,g+ pmax(\) = perit- In particular, Alow A
there exists Now > 0 such that if p < P, then for
all f € F, Figure 1: A central object of our analysis: the
. maximal radius pmax, defined from the lower
Rp(f) = Azgljlow Ao+ Eenp[o(X 1O} - envelope of derivatives of ¢.

Such a result may be surprising since ¢ is a nonsmooth function and py,,x, defined from the lower
envelope of (discontinuous) derivatives of ¢ is in general highly discontinuous. In order to establish
it, we use tools from nonsmooth analysis (Appendix [A.T)) and leverage compactness of the class F.

4.3 Extension to (double) regularization

The strategy of Section[4.1]is flexible enough to be extended to the regularized setting of Section [3.3]
Indeed, the regularized problem also has a dual representation, with a dual generator defined by
e £ =Ae(€.0)
™A 1) = (e + M) 0g Emmy(ig) [¢7 7 |

where € > 0 and 7 > 0. Strong duality has been shown in [6]. We explain in Appendix [B]
Proposition [B.2] how it applies to our general setting. This regularized dual generator leads to a
smooth counterpart of the key function pyax from the proof and to the regularized critical radius (7).
In particular, we can show the regularized version of Lemma4.1]

Lemma 4.2. limy o+ pl5(\) = plo5,. In particular, there exists N5, > 0 such that if p < Lent,

Rpe(f) = inf {\o+Beuplg™(\ £.O)} forallf € F.

lo

Then we obtain Theorem [3.2] by repeating the proof scheme of Section .1} The core results that
simultaneously lead to Theorems [3.1|and [3.2]are gathered in Appendix Due to the smoothness

of pl:¢. an expression of A5 can also be obtained; see Lemma

The key difference brought by regularization is that Lipschitzness of u¢(u~L f, ) is lost when p — 0.
This prevents us from using the concentration result — essential to bound the gap o, (9) — unless
we can set a lower bound on p, or equivalently an upper bound on A. This issue is inherent to the
regularized setting and may occur over the whole family F and the space =; we provide an example
in Proposition [F-3]to illustrate this. The next lemma aims to overcome this issue by establishing the
existence of such an upper bound for any distribution (see Lemma [D.3|for a proof).

Lemma 4.3. Let Q € P(E), p > m and \yp = 2Pl Then for all f € F,

p—me

Rio() = inf o+ Eevgld™ (A £ O]}

5 Concluding remarks

In this work we provide exact generalization guarantees of (regularized) Wasserstein robust models,
covering usual machine learning situations, without restrictive assumptions (on the Wasserstein metric
or the class of functions). We achieve these universal results by directly addressing the intrinsic
nonsmoothness of robust problems. Our results thus give users freedom when choosing the radius p:
it is not necessary to consider specific regimes for p in order to expect good generalization from
robust models. Further research can now focus on practical aspects: it would be of premier interest
to design efficient practical procedures for selecting p, and more generally, scalable algorithms for
solving distributionally robust optimization problems.



Acknowledgments and Disclosure of Funding

This research was partially supported by MIAI@Grenoble Alpes (ANR-19-P3IA-0003).

References

[1] C. Aliprantis and K. Border. Infinite Dimensional Analysis. Springer Berlin, Heidelberg, 2006.

[2] B. Amos and J. Z. Kolter. Optnet: Differentiable optimization as a layer in neural networks. In
International Conference on Machine Learning, pages 136—-145. PMLR, 2017.

[3] Y. An and R. Gao. Generalization bounds for (wasserstein) robust optimization. In Advances in
Neural Information Processing Systems, volume 34, pages 10382-10392, 2021.

[4] A. Arrigo, C. Ordoudis, J. Kazempour, Z. De Greve, J.-F. Toubeau, and F. Vallée. Wasser-
stein distributionally robust chance-constrained optimization for energy and reserve dispatch:
An exact and physically-bounded formulation. European Journal of Operational Research,
296(1):304-322, 2022.

[5S] W. Azizian, F. Iutzeler, and J. Malick. Exact generalization guarantees for (regularized) wasser-
stein distributionally robust models. In A. Oh, T. Naumann, A. Globerson, K. Saenko, M. Hardt,
and S. Levine, editors, Advances in Neural Information Processing Systems, volume 36, pages
14584-14596. Curran Associates, Inc., 2023.

[6] W. Azizian, F. Iutzeler, and J. Malick. Regularization for wasserstein distributionally robust
optimization. ESAIM: Control, Optimisation and Calculus of Variations, 29:33, 2023.

[7] R. Belbasi, A. Selvi, and W. Wiesemann. It’s all in the mix: Wasserstein machine learning with
mixed features. arXiv preprint arXiv:2312.12230, 2023.

[8] A. Bennouna, R. Lucas, and B. Van Parys. Certified robust neural networks: generalization
and corruption resistance. In Proceedings of the 40th International Conference on Machine
Learning, ICML’23. JMLR.org, 2023.

[9] J. Blanchet and K. Murthy. Quantifying distributional model risk via optimal transport. Mathe-
matics of Operations Research, 44(2):565-600, 2019.

[10] J. Blanchet, K. Murthy, and V. A. Nguyen. Statistical analysis of wasserstein distributionally
robust estimators. In Tutorials in Operations Research: Emerging Optimization Methods and
Modeling Techniques with Applications, pages 227-254. INFORMS, 2021.

[11] J. Blanchet, K. Murthy, and N. Si. Confidence regions in Wasserstein distributionally robust
estimation. Biometrika, 109(2):295-315, 2021.

[12] J. Blanchet and A. Shapiro. Statistical limit theorems in distributionally robust optimization,
2023.

[13] S. Boucheron, G. Lugosi, and P. Massart. Concentration Inequalities: A Nonasymptotic Theory
of Independence. Oxford University Press, 2013.

[14] R. Chen and 1. C. Paschalidis. A robust learning approach for regression models based on
distributionally robust optimization. Journal of Machine Learning Research, 19(13):1-48, 2018.

[15] F. Clarke. Optimization and Nonsmooth Analysis. Classics in Applied Mathematics. Society for
Industrial and Applied Mathematics, 1990.

[16] M. Cuturi. Sinkhorn distances: Lightspeed computation of optimal transport. In Advances in
Neural Information Processing Systems, volume 26, 2013.

[17] M. D. Donsker and S. R. S. Varadhan. Asymptotic evaluation of certain markov process
expectations for large time, i. Communications on Pure and Applied Mathematics, 28(1):1-47,
1975.

10



[18] R. Durrett. Probability: Theory and Examples. Cambridge Series in Statistical and Probabilistic
Mathematics. Cambridge University Press, 2010.

[19] N. Fournier and A. Guillin. On the rate of convergence in wasserstein distance of the empirical
measure. Probability Theory and Related Fields, 162(3):707-738, 2015.

[20] R. Gao. Finite-sample guarantees for wasserstein distributionally robust optimization: Breaking
the curse of dimensionality. Oper. Res., 71(6):2291-2306, 2022.

[21] R. Gao, X. Chen, and A. J. Kleywegt. Wasserstein distributionally robust optimization and
variation regularization. Operations Research, 2022.

[22] R. Gao and A. Kleywegt. Distributionally robust stochastic optimization with wasserstein
distance. Math. Oper. Res., 48(2):603-655, 2023.

[23] K. He, X. Zhang, S. Ren, and J. Sun. Deep residual learning for image recognition. In
Proceedings of the IEEE Conference on Computer Vision and Pattern Recognition (CVPR),
June 2016.

[24] A. Krizhevsky, I. Sutskever, and G. E. Hinton. Imagenet classification with deep convolutional
neural networks. In Advances in Neural Information Processing Systems, volume 25, 2012.

[25] D. Kuhn, P. M. Esfahani, V. A. Nguyen, and S. Shafieezadeh-Abadeh. Wasserstein distribution-
ally robust optimization: Theory and applications in machine learning. In Operations research
& management science in the age of analytics, pages 130-166. Informs, 2019.

[26] Y. Kwon, W. Kim, J.-H. Won, and M. C. Paik. Principled learning method for wasserstein
distributionally robust optimization with local perturbations. In International Conference on
Machine Learning, pages 5567-5576. PMLR, 2020.

[27] Y. LeCun, Y. Bengio, and G. Hinton. Deep learning. Nature, 521(7553):436-444, 2015.

[28] J.Li, C. Chen, and A. M.-C. So. Fast epigraphical projection-based incremental algorithms for
wasserstein distributionally robust support vector machine. In Advances in Neural Information
Processing Systems, volume 33, pages 4029-4039, 2020.

[29] P. Mohajerin Esfahani and D. Kuhn. Data-driven distributionally robust optimization using
the wasserstein metric: performance guarantees and tractable reformulations. Mathematical
Programming, 171(1):115-166, 2018.

[30] G. Peyré and M. Cuturi. Computational optimal transport: With applications to data science.
Found. Trends Mach. Learn., 11(5-6):355-607, 2019.

[31] Y. Polyanskiy and Y. Wu. Information theory: From coding to learning. prepublication, 2023.

[32] J. Redmon, S. Divvala, R. Girshick, and A. Farhadi. You only look once: Unified, real-time
object detection. In 2016 IEEE Conference on Computer Vision and Pattern Recognition
(CVPR), pages 779788, Los Alamitos, CA, USA, 2016. IEEE Computer Society.

[33] R. T. Rockafellar and R. J. B. Wets. Variational Analysis. Springer Berlin Heidelberg, 1998.

[34] M. E. Sander, J. Puigcerver, J. Djolonga, G. Peyré, and M. Blondel. Fast, differentiable
and sparse top-k: A convex analysis perspective. In Proceedings of the 40th International
Conference on Machine Learning, ICML’23. JMLR.org, 2023.

[35] S. Shafieezadeh-Abadeh, P. M. Esfahani, and D. Kuhn. Distributionally robust logistic regression.
In Proceedings of the 28th International Conference on Neural Information Processing Systems
- Volume 1, NIPS’15, page 1576-1584, Cambridge, MA, USA, 2015. MIT Press.

[36] S. Shafieezadeh-Abadeh, D. Kuhn, and P. M. Esfahani. Regularization via mass transportation.
Journal of Machine Learning Research, 20(103):1-68, 2019.

[37] A. Sinha, H. Namkoong, and J. C. Duchi. Certifying some distributional robustness with
principled adversarial training. In 6th International Conference on Learning Representations,
2018.

11



[38] B. Taskesen, M.-C. Yue, J. Blanchet, D. Kuhn, and V. A. Nguyen. Sequential domain adapta-
tion by synthesizing distributionally robust experts. In International Conference on Machine
Learning, PMLR, pages 10162-10172, 2021.

[39] M. J. Wainwright. High-Dimensional Statistics: A Non-Asymptotic Viewpoint. Cambridge
Series in Statistical and Probabilistic Mathematics. Cambridge University Press, 2019.

[40] J. Wang, R. Gao, and Y. Xie. Sinkhorn distributionally robust optimization, 2023.
[41] Z. Yang and R. Gao. Wasserstein regularization for 0-1 loss, 2022.

[42] Y. Zeng and H. Lam. Generalization bounds with minimal dependency on hypothesis class
via distributionally robust optimization. Advances in Neural Information Processing Systems,
35:27576-27590, 2022.

[43] L. Zhang, J. Yang, and R. Gao. A simple and general duality proof for wasserstein distribution-
ally robust optimization. arXiv preprint arXiv:2205.00362, 2022.

[44] C.Zhao and Y. Guan. Data-driven risk-averse stochastic optimization with wasserstein metric.
Operations Research Letters, 46(2):262-267, 2018.

12



Supplemental material

This supplemental gathers recalls, technical lemmas and definitions, examples, and detailed proofs of
the results from the main text. The core of our contributions is presented in Appendices [D]and [E]
The whole supplemental is organized as follows:

— In Appendix |A] we recall some essential mathematical tools. They include continuity notions in
nonsmooth analysis, the envelope formula to differentiate supremum functions (Theorem[A.T)) and a
uniform concentration inequality (Theorem[A.2).

— In Appendix [B] we present strong duality results for WDRO and its regularized version. We explain
in particular how the duality theorem from [6] can be easily adapted to our setting.

— Appendix [C| contains preliminary computations in view of applying the uniform concentration
theorem.

— In Appendix D] we demonstrate the existence of a dual lower bound in the standard and regularized
cases. In particular, the proofs involve the maximal radius introduced in Section

— By using these preliminary results, in Appendix [E] we prove our main results. They include the gen-
eralization theorems (Theorem [3.1]and [3.2)), the excess bounds (Proposition [3.1]and Proposition [3.3)
and the constants of the linear models (Proposition [3.2).

— Appendix [F contains results supporting several remarks of the main. They include the interpretation
of the critical radius in the regularized case, a counter-example justifying the upper bound in the
regularized case and the interpretation of the restrictive compactness assumptions used in [5].

Notations

Throughout, the proofs will use the following notations:

In Wasserstein robust models:

* O(A £, €) = supce= {£(C) = Ac(€, )}

« O, f,6) = po(p", f,€)
® Pcrit = inffe]—‘ EENP [mln {0(57 C) : C € argmaxg f}] .

In Wasserstein robust models with double regularization:

. ¢T’6(>\7 f, 5) = (e + )\'r) log ECNWO(.K) [ef(<)e:3;r(7£’<)}

o T £,6) = poT (u ) £,6)
PG5 = intrer Benp (B e [21(0) +e(6,Q0] = 7logEqnmie) [ ]

Given a measurable function h : = — R and 7 € P(Z) the Gibbs distribution 7" is defined as

dr" o edr.

A Recalls and technical preliminaries

A.1 Nonsmooth analysis
In this part, we use the notation G : X == ) to denote a function G defined on X" and valued in the
set of subsets of ).

Semicontinuity notions will be necessary to understand the proof of Lemma[D.I] They are regularity
notions recurrently arising when manipulating nonsmooth convex functions.

Definition A.1 (Lower and upper semicontinuity [1} 2.42]). Ler (X, dist) be a metric space and let
f: X = R Then
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1. [ is called lower semicontinuous if for all x € X, liminf,_,, f(y) > f(x).

2. f is called upper semicontinuous if for all x € X, limsup,_,, f(y) < f(z).
In particular, if f is lower semicontinuous, then — f is upper semicontinuous.

Outer semicontinuity can be seen as the set-valued counterpart of upper semicontinuity:

Definition A.2 (Outer semicontinuity). Let X and Y two metric spaces. Then a measurable and
compact-valued map G : X =2 Y is called outer semicontinuous at x € X if for all open subset
V' C Y containing G(x), there exists a neighborhood U of x which is such that for all w € U,
G(w) C V.

Semicontinuity of maximum and arg max functions are central to the proof of Lemma[D.T}

Lemma A.1 (Semicontinuity of maximum value [1, 17.30]). Let X and = be two metric spaces and
let G : X == = be outer semicontinuous with nonempty compact values, h : = x = — R continuous.
Then the function

x — max{h(z,v) : ve G(z)}

is upper semicontinuous. In particular, u — min{h(u,v) : v € G(x)} is lower semicontinuous.

Lemma A.2 (Semicontinuity of maximizers [1}, 17.31]). If X is a metric space, (Z, d) is a compact
metric space, and h : X x 2 — R is continuous, then the function x — max,c= h(x, z) is continuous,

and the set-valued map v — arg max, .= h(x, z) is outer semicontinuous.

We recall the definition of gradient for a nonsmooth convex function. This the subdifferential.

Definition A.3 (Subdifferential of convex function). Let ¢ : R™ — R be a convex function. Then we
call subdifferential of ¢ the set-valued map 0¢ : R™ = R™ such that for all x € R™ and y € R™,

o(y) > o(z) + (v,y — x) for all v € I¢(x).

In particular, we may apply the envelope formula to compute the subdifferential of a maximum
function:

Theorem A.1 (Envelope formula [I3, Cor. 1, Chapter 2.8]). Let (2, d) be a compact metric space
and g : R™ x Z — R such that

1. Forall x € R™, g(x,-) is continuous.

2. Forall ¢ € E, g(-, ) is convex with subdifferential 0,g(-, ().

Then G := sup;cz 9(+,C) is convex on R™, and its subdifferential is given for all v € R™ by

0G(z) = conv{v : v € 0,9(x,(), ¢ € argmaxg(z,-)}.
where conv denotes the convex hull of a set.

A.2 Uniform concentration inequality

We recall concentration inequalities that gives a high probability uniform bound for a family of
bounded and Lipschitz functions. We refer the reader to [13] for a complete reference on concentration
inequalities, and Lemma G.2 in [5]] for the proof of such a result.

Theorem A.2 (Uniform concentration [5| Lem. G.2]). Let (X, dist) be a (totally bounded) separable
metric space, P a probability distribution on a probability space =, and P,, = % i O¢, with

&,...,6n " p. Consider a measurable mapping X : X X = — R and assume that,

(i) There is a constant L > 0 such that, for each § € Z, x — X (x,&) is L-Lipschitz.
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(ii) X (-, &) almost surely belongs to [a, b].
Then, for any § € (0, 1), we respectively have

1. With probability at least 1 — 6,

48LT(X,dist) log }
E, 5 [X(2,6)] - Eenp[X(2,8)] < =202 4 (h— g)4[2—2
sup {Eg_p, [X(z, )] - Bewr[X (2 )]} T a2
2. With probability at least 1 — 0,
48LT(X,dist) log $
Eep|X ~E, 5 [X < 0 4 (b—a)y[2—2
sup {Eevp X (2, )] - Ee.p, [X(2, 6]} £ = 22 + (0-a)y 2=

The quantity Z(X, dist) is defined as follows:
Definition A.4. Given a compact metric space (X ,dist), Dudley’s entropy integral, Z(X, dist), is

defined as
Z(X,dist) ::/ V1og N (t, X, dist)dt
0

where N (t, X, dist) denotes the t-packing number of X, which is the maximal number of points in X
that are at least at a distance t from each other.

We may recall some properties of Dudley’s entropy for Cartesian products and segments from R.
These are known results, see e.g. [39] and Lemmas G.3 and G.4 from [S] for proofs.

Lemma A.3 (Dudley’s integral estimates).

1. (on Cartesian products) Let (X1, disty) and (Xs, dists) be two metric spaces. Consider the
product space X := X X Xy equipped with the distance dist := dist + disty. Then we
have the inequality

Z(X,dist) < Z(Xy,disty) + Z(Xs, dists).
2. (onR) Let ¢ > 0. Then we have the inequality

3c
I([O7C]>| ’ |) < E

B Strong duality

In this section, we recall duality results for WDRO [9} 22 |43]] and its regularized version [6]. We
recall the Wasserstein distance with cost ¢ for (Q, Q') € P(E) x P(2):

We(Q, Q') = inf {E(c ¢)nrc(€,Q)] : m € P(EXE), [7: = Q,[7]2 = Q'}.
Proposition B.1 (Strong duality, standard WDRO). Under Assumption|2.1] for any Q € P(Z) and

p >0, then
sup — Eevqy[f(§)] = inf {Ap +Eenqlo(A, £ €]}
W (Q.Q")<p >0

Proof. This is an application of Theorem 1 from [9]. In particular, Assumptions 1 and 2 from [9] are
satisfied through Assumption [2.1] O

Proposition B.2 (Strong duality, regularized WDRO). Under Assumption 2.1 for any Q € P(Z)
and p > 0, if there exists m € P(E x E) such that E[c] + 7 KL(w||mo) < p, then

sup {Eenino[£(Q)] — €KL(n|lm0) } = inf {Ap+Eenqle™ (N, £,€)]}.  (10)
TEP(EXE),[n]1=Q A>0
Br [c]+7 KL(7|[m0) <p

In particular, if p > m,, holds.
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Proof. This is an application of Theorem 3.1 from [[6], which is a corollary to Theorem 2.1 [6]. In
particular, if p > m,. the coupling 7 satisfies E,,[c] + 7 KL(mo||m0) = Er,[c] < me < p.

Note that the proofs of Theorems 2.1 and 3.1 from [6] can be easily extended to a general compact
metric space (Z, d), without being rewritten entirely. Precisely, only two arguments in their proofs
rely on the real-valued setting [33]] but can be directly extended to a general metric space as follows:

* In the proof of Theorem 2.1 from [6], one needs to justify

sup {Eep [¢(&,¢(€))] : ¢ : E — Z measurable} > E¢p

supw(&()] : (1)
Ce=

To this end, the authors use the notion of normal integrand from [33]]. Actually, holds
true in a compact metric space: if ¢ is continuous, then by compactness of =, the set-
valued map § — arg max,z (&, () admits a measurable selection (*, by the measurable
maximum theorem, see 18.19 in [[I]. Such a selection ¢* then satisfies p(&,(*(£)) =
supcez ¢(§, €) forall § € =, hence the result.

* In the proof of Theorem 3.1 from [6], g¥ = sup.cz ¢ (-, () is actually continuous by
Lemma and the approximation by the infimal convolutions (g} )xen need not be done.

Note that the convexity of = is not required (although stated in Assumption 1 from [6]). O

C Concentration constants

In this part, we compute some constants in view of applying Theorem [A.2]|for the main proofs of
Appendix [E]

C.1 Standard WDRO

For standard WDRO, we compute bounds (i) and global Lipschitz constants (ii) for ¢ and ).
Lemma C.1 (Concentration conditions for WDRO). we have the following:

1. (i) ForallA>0, f € Fand€ € E, ¢(A, [,€) € [ | Fllcos [|[F || 0o ]-
(ii) Forall A\ > 0and £ € E, f — ¢(\, f,£) is Lipschitz continuous on F with constant 1.
2. (i) Given Aoy > 0, forall p € (0, \;L] and f € F, ¥(u, f,€) € —%, %}
(ii) Forall§ € & = (0, f) = W(u, f,€) is Lipschitz continuous on (0, A
[ F oo + A

v ] with constant

low

Proof. 1. (i) Let (A, f,€) € Ry x F x Z. Recall that (A, f, ) 1= sup¢cz { f(() — Ac(€, ()} Since
¢ is nonnegative, we have ¢(\, f, &) < || F|loo- On the other hand, since ¢(§, &) = 0, we also have
O\, f,6) = [(§) 2 = Flloc. Finally, we have ¢(A, f,€) € [=[|F oo, | Floc]-

(i) Let A >0, € Zand (f, f') € F x F. Forall ¢ € E, we have

F(Q) = A€, Q) — (N, f1,6) < F(Q) — Ael€, ) — (£/(€) — A€, Q)
< ()= 1)
< ”f_f/Hoo

Taking the supremum over ¢ € Z on the left-hand side gives ¢ (A
Permuting the roles of f and f’ yields |¢p(\, f,£) — o(A, f/,€)
(A, -, &) is 1-Lipschitz continuous.

2. (i) Now, let Ajoy, > 0 and let (p, f,€) € (0, A

S8 = o\ 18) S f = f]eo-
| < |If = f'llso. We proved that

ov] X F x E be arbitrary. Then we have

pp(p=t, f,€) = sup {uf(¢) —c(€,Q)} <
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On the other hand, using ¢(¢, ) = 0 we obtain

Flloe
sup {uf(¢) — e(&,0)} > uf(€) > — ||>\ | ’
ce= low

whence we have g~ f,€) € [~ Ll L7l ],

(ii) Toward a proof of 2. (ii), let Aoy > 0, and & € Zand p € (0, \jow]. Remark that g (=1, f,€) =
supeez {1/ (¢) — ¢(€,¢)}. The function (u, f) — pd(u~", f,£) write as a composition v o v where

u(h) = supeez {h(C) — c(§, ()} for h € C(E,R), and v(p, f) = puf for p € (0, Aot s
1-Lipschitz continuous with respect to || - || As to v, we can write

pwf =W fr=p(f =)+ f(n—u),
whence v is clearly (|| F || + oL, )-Lipschitz continuous on (0, A;L] x F. By composition, u o v is

Lipschitz continuous with constant || F || + AL O

C.2 Regularized WDRO

We now compute the analogous constants of the regularized setting.

We will use the following convexity lemma repeatedly:

Lemma C.2 ([3, Lem. G.7]). Let g : £ — R be a measurable bounded function and QQ € P(Z).
Then one has the inequality

Ec~qlg(¢)e?©)]

9(¢)
log Ecng [¢©)] < E¢qles©)]

The following is the regularized version of Lemma [C.T}

Lemma C.3 (Concentration conditions for regularized WDRO). Let ¢ € =. Then

1. (i) Forall A\ > 0and f € F, ¢7(\, f,€) € [~]|Flloc — Mmc, | F o] -
(ii) Forall A > 0, f — ¢™<(, f, &) is Lipschitz continuous with constant 1.

2. (i) Given A\ow > 0, for all up € [)\;pl,/\lzvlv] and [ € F, v™(u, f,§) €
Il 71l oo Hfl\oo} ]

— — Me

Alow 7 Alow

(ii) Given \up > 0, (p, f) — ¥™(u, f, €) is Lipschitz continuous on [ A} Ao x F with

up ’ “‘low
constant || F||oo + )\1;&, + (Ei‘;‘\‘;;) Me.

F(O=Ac(€,0) 17l oo
e+ AT <

Proof. 1. () Let (X, f,&) e Ry x F x E. Forall( € Z, e < e’<¥x7 . This gives

e 17 oo
TN [, €) < (e+ A7) log E¢ory (1) {6 AT } = || Flloo- (12)
On the other hand, e Hel=sed) > e S , which gives

I F 1l oo _2c(6,0)

N S,€) 2 (e A7) log (€7 T By gy [ 5 |)

_2e(6.0)
> —||Flloo + (€ + A7) log E¢ormg () [e e }

2 —[|Flloc = Amne, 13)

. . 5 . . . __As
where for the last inequality we used Jensen’s inequality on the convex function s > e~ <37 .

Combining (12) and (T3) gives
7N 1,8) € [N Flloo = Ame, [ Flloo]-
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(ii) Let £ € E and A > 0. To compute the Lipschitz constant of f +— ¢™¢(A, f, &), we compute the
derivative of h, : t — ¢T¢(\, f + tv,£) where t € R and for an arbitrary direction v € F. We have

f(C)+tv(C)f>\C(€~C):|

hy(t) = (e + A7) log E¢mo(-le) [e e+ X7

It is easy to verify that 2, (t) = E  sissee) [v(¢)], whence |h(t)| < ||v]|co- This means
(omy AT (1Y)
that ¢™¢(\, -, £) has Lipschitz constant 1.

2. (i) Let Aoy > 0 and (u, f,€) € (0, A
A= u’l, that

x F x Z. A. We deduce from (I2) and (T3), with

low]

TE(,,— F F
T (L f.6) € F Moo o, 1Fllo |
>\low >\low

(i) Now, let £ € =. Our goal is to compute a Lipschitz constant of (u, f) = u¢™(u=1, f,£) on

Aap > Aow] X F. We first compute a Lipschitz constant of
ey WO e(.0)
By s o pd™ (7 £,€) = (e + 7108 By gy [ 7 |
on [Ag}, Aw, ], for an arbitrary f € F. The derivative of hy is
uf (O e(6.0)
, 1 Eeomotle) [(Ec(f Q) +7f(())e nrr ] BF(Q)—e(£.0)
hy(p) = e+ PG IS +elog By () {e rerr ] ’
E¢mo(-le) {6 n }
which we write
ec(§,¢) + 7(¢) uf(Q=cl€d)
h/ :E wf—c(g,- e 1 ]E ~7ro (- |: Le+T :| . 14
7 (:fueﬁ')(a{ perr | OBt (¢ (o

We bound /s (1) above. By Lemmawith Q = mo(+|¢) and g = L= e have that

JHe+T
pF(O=c(6.0) € —ec(¢,
€log B¢ (-lg) {e petT } SE  ur-cen [M}
Cvmg FET () pe+ T
which gives s (1) < E b —es.) f(O] < 1Floo-
oy PEHT
Now we bound h’f (1) below. We start with the first term in (T4). Since c is nonnegative, we clearly
e £.0+7Q)] . =7l
ec(§, )+ 71 -7 o0
E ur-ceo [ < ¢ ] > (15)
me FTT (|6 HE + T pe+ 1
As to the second term of (T4), we have by Jensen’s inequality,
nf(e)—c(€, F 00 c
1o By [ 57552] 5 - e e (16)
ue + 7 e+ T
Combining (T3) and (I6) gives 7s (1) > —[|Flloc — = _;;fm“ Finally, iy has Lipschitz constant
| Flloo + 2ume

Since ¢™¢(u~t, -, €) has Lipschitz constant 1, then 1 < A
Lipschitz constant A\ _

the function g™ (=1, -, &) has

low 4
low

Now, we can obtain a Lipschitz constant for

HO =€) e
b (py f) = (pe+ 1) 1og Ee oo (1) [e“ == ] =7, f,€).
Indeed, for (11, 1) € Mgk, Ajgw] X Aap > Aow] @nd (f, f7) € F x F, we can write

(s ) = D!, £ < T, ) = DG D)1 TR ) = B, )]

Aup€
< | [|1Flloo S L A o
(171 + (325 ) ) b= 14 Ahr = 7
hence h has Lipschitz constant || F oo + Ajor, + ( Aupe )mc. O

e+AupT
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D Dual bounds and maximal radius

We establish the existence of a dual lower bound on the true robust risk (Lemma[4.1]), for the standard
WDRO problem in[D.T]and for regularized WDRO in[D.2] The results involve the maximal radius
introduced in Section|4.2] For the regularized case, an estimate of the dual lower bound is provided.

D.1 Standard WDRO: continuity at zero of the maximal radius

For A > 0, we recall the expression of the maximal radius:
max(A) = i f Een _aJr )‘a ’ .
Prmax(A) s e~pP[=0X O(A, £,€)]

Lemma D.1. py,0x(0) = perit and Umy_o+ pmax(\) = perit- In particular, there exists Aoy > 0
such that pmax(X) > 252 for all X € [0,2\10y].

Proof. For ¢ € Z, f — Ac(&,-) is continuous, hence we can apply the envelope formula
(Theorem D and the right-sided derivative of ¢ with respect to A is 8;\rq$()\, £,6 =
—min{c(, () : ¢ € argmaxs {f — Ac(&, )} }. For convenience, we use the shorthand
(&, K) :=min{c({, 2),z € K}
whenever K C = is compact. By integration and taking the infimum over F we obtain
pmaxo‘) = }gg:E&NP[C* (67 arginax {f - /\C(Sv )})] a7

In particular, pyax(0) = perit-

To prove the result, it is sufficient to show that iminfy oo pmax(Ag) > perit for any positive
sequence (A;)ren converging to 0. Indeed, the functions E¢p[¢(-, f,£)] are convex hence their
right-sided derivatives E¢ p [—83{425(-, f,€)] are nonincreasing, and pyax i$ nonincreasing since it
is an infimum over nonincreasing functions. This means lim sup;,_, . Pmax(Ak) < Pmax(0) for any
sequence A\;, — 0.

Now assume toward a contradiction that there exists ¢ > 0 and a sequence (A\)ren from R, such
that Ay, — 0 as k — 00, and prmax(Ar) < pait — € for all k € N. From the expression of pyax (T7)
this means that for each k, there exists fy such that E¢p[c*(§, arg maxz fir, — Arc(€, -))] < perit — 5
By compactness of F with respect to || - || oo, we may assume (fi)ren to converge to some f* € F.
In particular, for £ € E, fi, —Arc(&, ) converges to f* as k — oo.

Let £ € Z be arbitrary., (A f) +— argmaxz {f — Ac(§,-)} is outer semicontinu-
ous with compact values (Lemma [A.2) and c is jointly continuous, hence (), f) —
c* (&, argmaxz {f — Ac(§,+))} is lower semicontinuous, see Lemma We then have
liminfg o ¢*(€, argmaxz {fr — Awc(§,-)}) > ¢* (€, arg maxz f*). By integration with respect
to & ~ P, we obtain

EfwP[C* (§7 argénax f*)] S EfwP[th_l}logf C* (fa argénax {fk - )\kc(f, )})}

< likrgior;fE§~p[c* (5, al"ginax {fk - )\kC(g, )})}

€
< Perit — 3

Since, perit < Eeoplc (€, arg maxs f*)], this yields a contradiction, and allows to conclude. [
D.2 Regularized WDRO: Lipschitz maximal radius and upper bound

D.2.1 Lipschitz continuity of the maximal radius

For A > 0, we consider the regularized maximal radius,
¢ (A) = inf Eeop[—0Ox0T (N, f,8)].
pmax( ) ;Iel}. 3 P[ >\¢ ( f 5)}

The following result is the regularized version of Lemma[D.T] Compared to the standard setting, the
maximal radius is Lipschitz continuous, leading to an estimate of the dual lower bound.
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Lemma D.2. p7¢ (0) = and is Lipschitz continuous on R with constant
Pmax pcrlt pmax P +

2 (I + e H e H52) )
€ €

In particular, setting

3€pT,E
)\7'76 = crit 4 _ (18)
8 (%;H]:Hgo + mz,ceufeuoo +min{ 2, 2 e }) |

then pLe (A) > p““t forall A € [0,2)

low}

Proof. ¢ € is differentiable with respect to A and we can verify that its derivative is given by

8,\¢T’E()\7f, 5) = _E’ f=Ac(&,)

F(O=Ac(€,0)
:| +TlogE<Nﬂ0(.‘E) [e etAar } .

[Tf(4)+ec(§74)
€+ AT

This gives pl;5,. (0) = p5, For f € F and € € E, our goal is now to compute the Lipschitz constant
of A = Oa@™<(A, f,&). The Lipschitz constant of pZ:¢ will then be obtained by integration and
taking the infimum over Lipschitz functions. We compute the appropriate quantities:

FO=Ae(€.0)
1. We compute the derivative with respect to A of u; : (A, () — — (%) e

Drun(1.C) = (rzf(C)+erc(£,C) L IO +ee€.O)? ) foees

(e + A1)2 (e +A7)3

2. We compute the derivative with respect to A of ug : (A, () — e~ e

Druz(A,¢) = — (Tﬂmc(fo) ey

(e + A1)?

F(Q=2e(£:0)
3. We compute the derivative of Uz : A+ Tlog E¢r,(.1¢) | € { ar }

72 () brec(Es £(Q=Ae(€,0)
E¢rmo(-le) {( ((e)-&-AT)2( )> s+Ar?
o F(Q=Ae(€,0)
E¢nmo(le) [e e ]

Us(A) =

Combining 1, 2 and 3, we are able to compute the derivative of 9)¢™¢:
82¢)T 5()\ f f) CNWO( ‘5 [U’l(/\ C)]]ECN‘FO |£) [BAUQ()‘ C)]
E¢mloluz(A; O
B¢l f6) [(rf(()m(&())%%]

+Us(N)

(e+AT1)3

F(O=Xe(€,9)
E¢mo(le) [e R }

T(Qec(6,Q) ) LA Tf(O)Fec(6,0) ) | LO=2e€0)
Beemtio [(%) }Ecwro( ©) [(T R
- JIGEEIES)
ECNwO(.|g) |:6 etAT }

_ 7f({) + ec(§, Q)
Ce4 AT Var ~w%(.|@ < €+ AT ’

FoAe(6.)
where Var — s_ace,y is the variance with respect to 7~ <37 (-|€).
Crm T AT (]€)
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Note that all quantities can be differentiated under the (conditional) expectation since the derivatives
with respect to A involve functions that are continuous on the compact sample space = (they are
therefore bounded by a constant), see e.g. Theorem A.5.3 from [18]]. By the property of the variance,
we obtain

2
0367 (M, f,6)] < ! E  soxeen [(WGC(&’O> ]

EFAT ¢y T () €+ AT
2

<SE  soeen  [TPIFIR €260 (19)
€ Camy T ()

Now we bound the right-hand side of the last inequality. First, we have

£HO-re(€:0) [ F oo
E¢umo(le) |6 )% | < mace™ 20)
On the other hand, by Jensen’s inequality, we have
£ =Ae(6:0) _Ame _ [IFlleo
Byl [ 7 | 2 em#5 @

i A 2 coMe
We have the alternatives ’\J:'j\'; < Auple (\Lfl\m?;l in any case, and /\::L\c < e whenever 7 > 0.
This means 2Me < min { Mo 21 lecme |
e+AT T (p—me)e

me M o
Dividing 20) by @ZI), we obtain E  ; _»ee.) [e(€,€)?] < ma, emin{ 5 Fge | 2l
Comg AT (16)

Reinjecting this inequality in (T9) gives

2 21 Flloe 4 pind me 21 Fllocme
267N 1,6)] < ( [ FI2, + g e 2= min{ 22, Hees: }) =L @

€

This means that for f € F, the function g : (A, f) —= Eeop[—0x0™ (A, f,§)] is L-Lipschitz where
L is given by (22).

We then show that p7;¢. := infer g(-, f) is L-Lipschitz continuous. Let (A, \') € R?, and let
(fx)ren be a sequence from F such that g(N', fx) W pre(N). Then by definition of p7¢. ., w
—o00

have forall k € N,

Pt = 9N, fi) < 9O\ i) — 9N fi) < LIA = X

Taking the limit as k — oo gives prc (N — pmax(/\’ ) < LI\ — X|. Exchanging the roles of A and
N gives |pmax( ) pre (X)) < LIA — N|, hence pLc. is L-Lipschitz.

Now, set 2A\[2¢ :=sup{A € Ry : pLi& (\) > pl5, /4}. Then either A5 = oo (in Wthh case any
value A satlsﬁes the desired property) or by continuity of pl:5.., pmgx( 205 ) = pl. /4 and we

low

have pcri — 20N < pmax(2ALS)) = plrs, /4. Finally, we obtain (I8). 0O

low — low

D.2.2 Dual upper bound
The following result allows to bound the dual solution above. This step is specific to the regularized
setting, see in particular Proposition [F-3| which illustrates this requirement.

Lemma D.3 (Upper bound for the regularized problem Lemma [.3). Assume p > m,. and let
Aup 1= zp‘lfi‘l"f’. Forall f € Fand Q € P(2),

inf {/\P+E5~Q[¢”(>\f€)]}— inf  {Ap+Eevglo™ (A, f,)]}-

A€[0,00 AE[0,Aup)

Proof. Let £ € = be arbitrary. Recall that

7f(¢) +ec(§, Q)
€+ AT

6}\9257-’6()\7.]“7 f) =-K f=2e(€,) |:
(-1€)

F(O=xe(€,0) :|
CNTro e+ AT :

:l + TlogECNTro(-\E) [6 AT
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We bound —0\¢™¢(A, f, &) above, uniformly in f € F and £ € =. For readability of the proof, we
Fre(€,)

set Ty = “tA7 " with a slight abuse of notation. In this case, we have
e [HOFe€ O] g MO+ A6, — ef(Q) + € Q)
(o (]€) €+ A = Bl~mo(6) /\(€—|-/\7')

= TEcnrotio) (O] = {Eenmocio [()H;()]

< w B ilogE@wo(-\E) |:€f(<)€+>\££ c)}
Flloo

< Bl o Bl (©) — Ael6 )
[Flloo |, el Flloo €me

<

2
A AMe+ A1) e+ AT’ @3)

where for the third line, we used Lemma@ and for the fourth line, we used Jensen’s inequality. On
the other hand,

rlogEamycig) [ T | € = Eeam1|£(6) = Ac(€ O
< e Pl + e 4)
Summing (23) and (24) gives
~onom (£, < A
whence assuming p > m., and taking A = A\, := %, we obtain for all f € Fandall £ € Z,

0 S P + 8)\¢T76<)\up7 fv 5)
Integrating with respect to a distribution @ € P(Z) yields
0< p+ ESNQ[6>\¢T7E(/\upa fa g)]a
which is the derivative at A, of the convex function A — Ap + E¢q [¢7 (A, f,€)]. This means

W Do+ Beq 6 O LN = it {0+ B (67O L0}

E Proof of the main results

In this section, we prove the main results of the paper. First, we establish the core concentration
results in [E.T| that apply to standard and regularized WDRO. In particular, we establish the dual lower
bound with high probability on the empirical robust risk. We deduce Theorems [3.1and [3.2]in[E.2]
by computing the generalization constants. In[E.3| we obtain the excess bounds (Proposition [3.1]and
Proposition [3.3)). Finally, the results on linear models (Proposition [3.2) are found in[E.4]

E.1 Dual bounds with high probability on the empirical problem

All the results of this subsection hold for both standard and regularized cases. The proofs hold as
is, replacing ¢, 1, perits Pmax and Aigw by @7, 7€, L%, plo. and [’ respectively.

For A > 0, we recall the expression of the maximal radius:

pmax(A) = ;Q;ngp[fﬁj{qﬁ(k, fa 6)]
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Problem’s constants. Before proving the next results, we introduce several quantities:

Proposition E.1 (Dual lower bound in the true problem). Under Assumptwn@ there exists Aoy > 0
such that for all X € [0, 210w, pmax(X) > 222 In particular, B¢ p[05 ¢(X, f,€)] < —LLL for all
feF.

Proof. This comes from limy_,o+ pmax(\) = perit. See lemma for standard WDRO and
lemma [D.2] for the regularized case. O

Remark E.1 (Refining the degeneracy threshold). The constant Aoy, may be refined to fix another
threshold than <. More precisely, for any n € (0, 1) we may also find A\ow > 0 such that for

all X € [0, 210w, Pmax(A) = Nperit. We choose nn = 7in Proposmon to be consistent with the
study of linear models from Section

For the next results, we define the following quantities:

* O is the length of a segment I such that ¢(\, f,&) € T Ap+Ep [6(N)]
forall A € {Ajow, 2M1ow}, f € Fand € € =.

* U is the length of a segment J such that ¢ (, f, &) € J
forall n € (0, A\ L], f € Fand € € E.

e Ly and Ay € [0, oo] are such that ¥(-,-,§) is Ly-
Lipschitz on [Aj}, A\ "] x F forall £ € E.

up ’ low]

A\

Let A\jow > 0 be the dual lower bound given by Proposi- Alow A" 210w A
tion[E.T] We now to show this quantity is a lower bound

on the empirical robust risk: . . ..
Figure 2: Bounding from below the empirical

dual solution A* expresses as a slope condition
(thanks to convexity of the objective).

Proposition E.2 (Dual lower bound with high probability). Under Assumption 2.1} let Aoy be

given by Proposition and \yp € [Mow, 00]. If p < 2t — C}Q where C(0) := m +

2 [31og 4, then with probability 1 — §, for all f € F,

inf  {M+Eep 06N LO = il {M+Ep 60N L]}

/\6[07Aup) )\Ep\low; up)

Proof. The proof consists in using the convexity of ¢(-, f, ). Indeed, given a convex function g over
R, the infimum of g has to occur on an interval [Alow, +00] if ¢ has a negative slope between Aoy
and 2\, (Figure2):

9(2)‘10W) — g(/\low)
< =
NS0 =t g0 = uf g(\).

We want this condition satisfied for the empirical Lagrangian function g(A\) = Ap + E5 [¢(A, f)]
with high probability. For convenience, this can be expressed with the slope of E5 [¢(-, f)]:

Eﬁn [¢(2)\10W7 f)] - Eﬁn [¢(>\low7 f)}

>\low

()= <. (25)

This is the condition we aim to obtain. To this end, we proceed by comparing the empirical slope to
the true one, that is s(f) 1= =2 (22 Now. NIZEr[¢(how-/)] We can show that any function (f,6) —

Alow

o(A, f,€), with A € R, satisfies the requirements for the concentration theorem Theorem
which is done in Lemma[C.I]and Lemma[C.3] Consequently, we can apply the concentration theorem
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twice, on each function ¢(2\jow, +, ) and ¢(2\ow, -, +), to obtain that S( f) approximates s(f) with
probability at least 1 — g,

Ve F, A <s(f)+ fﬁ

where C(8) > 0 will be computed afterwards. On the other hand, s(f) < Ep[0y ¢(2A1ow, f)] by

convexity of ¢, hence s(f) < —£<* by Proposition This means 5(f) < % — Pesit hence we
have the desired condition (23)) when p < Perit — %, and with probability at least 1 — 2, for all

ferF,
inf {Ap+Eep 00 £01}= it {M+Egp 600 £}

AE[0,Aup) €[Mow s Aup

Concentration constant C(8). We now compute C(6). Let A € {Aiow, 2A1ow }. By Theorem[A.2] we
have with probability at least 1 — %, forall f € F,

. log 4
Bep, (9N 6]~ Benrlo@hn, £,6)] < TH ) g (225 o)

and with probability at least 1 — g, forall f € F,

IS

. 21
A8Z(F, || - [|o0) Zg @7

[0}
N

We set C’(8) := 48Z(F, || - ||oc) + ®4/21l0g 3. Intersecting the events ([26) and (27), we obtain with
probability 1 — &, forall f € F,

Eéfv};n [¢(2>\10W7 f7 6)] - EgNﬁ” [¢(A10W7 f7 6)]

EfwP[(b()\IOW7 f7 f)] - ngﬁn [(z)()‘lowv f7 g)] <

)‘low
20'(5
= N <E£~P[¢(2Alow,f, )] = Eemr (0o, £, €)] + \/?Q)
20" (6
< B pl0f 6(2Now, £.6)] + - (\/27

Perit 20/ (5)
< - )
- 4 AMow /T

where we recall that for A\, > 0, satisfies for all A € [0,2\oy] and all f € F,
Eep[0T¢(A, f,€)] < —Lt. This means C(5) = 2C’(8)/Aow and we have the desired expression.

O

(28)

This implies a generalization bound on the dual problem of (regularized) WDRO:

Proposition E.3 (Generalization bound on the dual problem). Under Assumption[21] let Aoy > 0

be given by Proposition If% <p < Pgie — % where

* B(0) = 48Ly (T(F, || lloo) + 52, ) + /2108 2,
. Ol8) — OTEL ) | 20 [o10
C(0) = o + >\210w 2log ﬁ,

then with probability at least 1 — 0, for all f € F,
B(6
wt w2t 3 (o- 22 mesioonren).

A6[07Aup) - AE[0,00) \/ﬁ
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Proof. We assume Ayp > Ajow. By Theorem applied to (i, f) — po(u=1, f,€), we obtain
with probability at least 1 — §

B(9)
O, 1= su E,.. ) . B(5)
(uf)é(hupr,)/\ L J-'{ enpPl (i [ O] = B g, [¥(1, £,6)]} < T

low

where B(6) = 48LyZ([0, A\ ] x F,dist) + ¥y/2log 2 and dist((, f), (i, f)) = | — p/| +
I/ = f'|loo- Furthermore, we have the inequality

(29)

Z([0, Aga] ¥ F) S Z(F || - lloo) + (1+2log2) <Z(F, | - o) +

2)\10“, )\low

see Lemma hence we may refine B(8) as B(d) = 48Ly, (I(]-', I 1loo) + ﬁ) + 0y /2log 3.

By Proposition if p < Pt — C:/@, then with probability at least 1 — 2, for all f € F,

Ae[lg,liup) {/\p +E. 5 [6(\ 1, 5)]} = Ae[xﬁf, . {Ap +E. 5, [0(\ f, 5)]} : (30)
Finally, combining (30) and (29), and if
B(6) < Perit _ C(é)

<
Jn P T T

we can write with probability 1 — 6, for all f € F,

inf {2\ +E 5 60 £} = | inf {20 +Ee_5, 600 1,01}

AE[0,Aup) €M ow Mup
: Eevp[o(\ £, 8] — B¢ [0(A, f,€)]
2AG[A}gvf,Aup){)\p—i—E&vP[(b()‘?f?g)]_)‘ L A e }

> inf {AP+E§~P[¢(/\7f7£)] - )\O[n}

Y [)\low 7)‘up)

2 e {A (p - ff(ffl)> + Eeerlo( f’g)]}
>t 3 (0= 22 v erioon s},

If Aup < Alow, this means, by convexity of the inner function,

inf {)\P + ngﬁn [qﬁ()\7 I 6)]} = Alowp + E§~13” [¢(AIOW7 I 5)]

AE[0,Mup)
2 )\low(p - a;;,) + E§~P[¢()‘low7 f7 6)]

>t {/\ (p _ B}i’) +Eemplé(\, f, 5)]} ,

where we refined o, into o, = sup {E£~PW()‘1W Ol —Eq B, (WA £ f)]} O

E.2 Generalization bounds

We are now ready to prove the generalization bounds. The following is an extended version of the
generalization result in standard WDRO (Theorem[3.T). Note that the extended bound (3T)) involves a

control of R,_ o (f), which means that R also generalizes well against distribution shifts.
= P & g

Theorem E.1 (Generalization guarantee, standard WDRO). Under Assumption @ there exists
Alow > 0 such that if
pcrlt 6

f 4 Vn

where
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‘F o0
o =48 (IFle + 55 ) (TF - o) + 52 ) + 2= 210g 2

o = WIELL) 4 A7l o101

then with probability at least 1 — 0, for all f € F,
Ro(f) = Ry 5. (f) = Eenrf(9)): 31)

In particular, for any p > % and n > 16(a + (3)%/p2;,, with probability at least 1 — 9, ﬁp(f) >
Eeplf(€)| forall f € F.

Proof. Under Assumption [2.1] let Aoy, be given by Proposition [E2] Our goal is to apply Propo-
sition in the standard WDRO case and to compute its constants thanks to Lemma [C.1] By
Lemma we have the following constants:

¢ ® =2,

2[| F|l oo
- e,

¢ A\up = 00, and Ly = || Floo + Aon

low*

o corresponds to B(6) in Proposition [E.3]and 3 corresponds C(6), whence we obtain the desired
expressions for o and 3 with the quantities above.

By strong duality, Proposition R,(f) and }AIQ( f) admit the representations
R = inf {Ao+E¢o A S,
o) = dnf Qo+ Eeerlo(h L6}
Ro(f)= inf {Xo+E,_5 [6(A
)=, dnf{he+Eep [0 1.0}
forany o > Oand f € F. By Proposition Lif & N f’
1 — 6, we have for all f € F, I:Ep(f) > Rp_% (f), hence the first part of the result.

<p < P — then with probability at least

As to the last statement, if n > 16(a + 3)%/p2.;, T < Bt - % Forany 7= < p < £gt — %,

with probability at least 1 — 4, fip( f) = Eeop[f(§)] for all f € F as shown previously. For
p > Lot — %, since the quantity R,(f) is non-decreasing with respect to p, we also have R, (f) >

Eevp[f(E)]- H

The next result corresponds to the generalization guarantee for WDRO with double regularization
(Theorem[3.2)).
Theorem E.2 (Generalization guarantee, regularized WDRO). Under Assumption 2.1} there exists

Alow > 0 such that if
o[r"ﬁ} <p< p;iet _ Bre

max{mc,\/ﬁ 4 \/ﬁ7

where o™ and 7€ are the two constants

1 2||F |lsomce 2
e ™ =4 00 7z s Il oo NT.€
o =8 (1Pt 37+ e ey ) (B + 5

2||Floo o 2

Me 2log —

+< )‘ch>5\; + 0g6
96Z(F, || - o) [ F oo 4
o BT — 4 2log -
’ A YA ]

26




then with probability at least 1 — 6, for all f € F,
B(f) 2 RS e (1) 2 Eenalf (Q)] = € KL(x o)
whenever W (P, Q) < p.

16(a “+B87%)?
(Pl —4me)? ?
bility at least 1 — 6, for all Q such that W] (P, Q) < p, Ry“(f) > Ecqlf(¢)] — e KL(x?||m)
forall f € F.

In particular, if m. < pz“ and n > then for any p > max {mc, %} with proba-

Proof. Under Assumption let A5, > 0 be given by Proposition and assume p > m.. As
for standard WDRO, oua is to apply Proposition [E.3] and to compute its constants thanks to

Lemma By Lemma |(C.3} and taking Ayp = 27l e have the following constants:

p—mc >’

® = [[Flloo = (=1Fllec = 2Ajgme) = 2([ Flloo + Algyme)

low T low TV
2 oo
o U = 7”)\]:H + me
low

2|| Fllocmee

2|| F |l o
® /\up = H I andL ||F||oo + )\i; + m

p—me

In Proposition [E.3] a™¢ corresponds to B(J) and 57 € corresponds to C'(§) with the quantities above.
In this case, we easily verify that o™ € and 57¢ have the desired expressions.

By strong duality, Proposition and by the dual upper bound, Lemma Ry<(f) and ]/ig’e (f)
admit the representations

Rp(h) = nf Do+ Eeurls™ (1))

Rpe(f) = _inf {ho+E p 07\ O]},

AE[0,Aup)

for any ¢ > 0 and f € F. Recall that p > m,. If furthermore < f <p< e C“t — f , then with

probability at least 1 — §, we have for all f € F, R;e( = R;f% (f) by Proposmonhence we
obtain the first inequality.

Now, toward the second inequality, let Q € P(Z) such that W7 (P, Q) < p. Let 7TP Qe P(Ex E)
satisfying [77Q); = P, [P0y = Q and E(¢ ¢)wrr[e(€, )] + 7 KL(xPR||my) = W7 (P, Q). W
finally obtain for all f € F, R;f%(f) > Ecuglf(Q)] — e KL(nPR||m).

As to the last statement, if m. < pz“ and n > (/'Ecmiﬁ':;’ then max {mc, L\fe} < pCT;“ — a\;ﬁ .
For any max {mc, %} <p<? j“ — T’ the bound holds by the first part of the result. For
p> % — % since ﬁ;’é( f) is non-decreasing with respect to p, the bound also holds. O

E.3 Excess risk bounds

In this part, we prove the excess risk bounds (Proposition [3.T]and Proposition [3.3). The proofs consist
in adapting the previous proofs of the generalization bounds. For standard WDRO, the general excess
bound specializes in the case of Wasserstein-p costs and Lipschitz losses.

Theorem E.3 (Excess risk WDRO). Let « be given by Theorem Under Assumption if
p < Pt — %, then with probability at least 1 — 0, for all f € F,

}A%p(f) < Rp-i—%(f)-

In particular, if ¢ = d(-,-)P, where p > 1, and there exists Lipr > 0 such that every f € F is
Lip z-Lipschitz with respect to d, then

1
P

By(f) < Eeoplf(©)] + Lipy (p ; jﬁ)
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Proof. By definition of Ao, and Proposition [E.T|we can write for any 0 < p/ < £git,

Ry(f) = jnf W+ Berl6O\ £.0)1)
leading to
Ry(f) = inf | | {M' +Eenplo(X, O]}
. ’ ENA [Qs(Aa.fvg)]_EN [d)(Av.fvg)]
>t {Ap + B p [0\ £,6)] - A= — }
> [ + B 5, [600 £,6)] - Aan }

: B
ittt V(9= ) B o011

it {3 (7= 22+ Beep OO = Ry (1),

~ \€[0,00) vn

Y]

whenever p' > B(d)/+/n, and the inequality holds with probability at least 1 — § for all f € F.

Recall also that B(§) = « (see the proof of Theorem . Taking p' = p + % leads to the desired

result as long as p + % < Lot
Toward a proof of the last part, assume that any f € F is Lipschitz with constant Lip », and ¢ = d”
with p > 1. For any couple (¢, () € = x Z, we have

f(Q) < f(§) + Lipz d(¢, C).

Integrating over an arbitrary coupling 7 with first marginal P and second marginal () satisfying
We(Q, P) < p+ a/y/n gives

Eqlf] < Ep[f] + Lipy Ex[d] < Ep[f] + Lipy Ex[c]?

where we used Jensen inequality. For any @) satisfying W.(Q, P) < p + a/+/n, taking the infimum
in the above inequality over such couplings 7, gives

. 1
Eqlf] <Ep[f] + Lipz(p + a/vn)¥
hence we obtain the result by definition of R, o (f). O

Theorem E.4 (Excess risk for regularized WDRO). Let a™¢ be given by Theorem Under

Assumption ifme<p< % — %, then with probability at least 1 — 6, for all f € F,

BLC() S R ne (),

Proof. For p > m,, strong duality holds (Proposition [B.Z). The proof is then identical to that of the
standard WDRO setting (Theorem [E.3). O

E.4 Generalization constants of linear models

The two following results correspond to Proposition[3.2] which is the estimation of the constants pyi¢
and Aoy for linear models in the framework of [36]. We assume the support of P to belong to an
Euclidean ball of diameter D centered at zero. We then define = as the closed ball of diameter 3D
centered at zero.

Proposition E.4 (Linear regression). Consider the parametric loss (0, (z,y)) = ((0,z) — y)?,
where 0 belongs to a compact subset © C RP, and the transport cost ¢ = || - — - ||2. Assume there
exists w > 0 such that

inf (0, —1)|]* > w.

0cO

Then Theoremand Propositionhold With perie > D? and Aoy > 3.
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Proof. In this setting, the expression of ppax 1S

pmax(N) = inf Eerp [min {ng P+ ¢ € argmax{f(w, ¢) — Né - qF}H
CeEE

For any £ € = and 0 € O, the term inside the argmax writes
F(8,0) = Ale = ¢II? = ¢T(M = AD)¢ +20¢T€ — A€

Consider ¢ = (u,v), £ = (uo,v0), u, up € R, the representations in an orthonormal basis of RP, such
that the first element (6, —1)/]|(6, —1)|| is the eigen vector of M. We can write the above equation
with v and v terms:

£00,¢) = A& =<1 = (10, =1)II* = Mu® + 2xu - ug — Al|v][* + 2A\(v, vo) (32)

If A < w then we have ||(6, —1)||> — A > 0, hence the maximum of f(6, ) — A||€ — ¢||* with respect
to ( is only attained at the boundary of = (otherwise we could increase the quadratic term with respect
to u). For all A < w, we thus can bound from below

pmax(A) = Egop[min [|€ = ¢|I* « |I¢]| = 3D/2] > D.

In particular, pcrig > D?. We also remark that Perit < 4D? hence we have 2\ > w by definition
of Ajow (Proposition [E.T). O

Proposition E.5 (Logistic regression). Consider the parametric loss f(0, (z,y)) = log(14e~¥{%2))
where 0 belongs to a compact subset © C RP, and the transport cost c = || - — - ||2. Assume there
exists w > 0 such that

inf 6] > w.
0cO

Then Theoremand Propositionhold With perie > D? and Aiow > W, where Q) =
“+e

SUPgco H9||2-

Proof. For the logistic regression, we have

F(0,0) = A¢ = €| =log (1 +€¢7) — X||¢ — €] (33)

Consider the representation { = s + v, where s € R and v is orthogonal to 6. Then we have
F(8.€) = All¢ = €)% = log (1 + ”1I) — $2X||6]> + 250(6, &) — Ajv — €|,

The second order derivative with respect to s is

1o]*
(1 + e1917) (1 + e—=191?)

—ox[j6|>. (34)

The term (1 + e*191%) (1 4+ e=#1917) is lower than 2(1 + el*/I?1%) < 2(1 + P9). Hence we easily

deduce that (34) is positive for all € Zif A < m. If this condition holds, then maximizers
+e

of £(6,¢) — M||¢ — &]|? for ¢ € Z are included in the boundary of =, meaning that ppax(A) > D? if

A< . Since peritr < 4D?, then 26y > O

4(1+6DQ) 4(1+6DQ) ’

F Side remarks

This part contains results supporting various remarks made in the main text.
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F.1 Interpretation of the critical radius

The results of this part justify the interpretation of the radius made in Remark [3.1]
Proposition F.1. If p > pe.it, then there exists [ € F such that

Ry(f) = max f(£).
£eE
In particular, in the setting ofTheorem if p > perit + % with probability at least 1 — 0, there
exists f € F such that

R,(f) = max f(¢).

£eE

Proof. The first part is identical to the square cost case, see [S, Remark 3.2 ]. The second part is
obtained by Theorem [ET} in the setting of Theorem we have with probability at least 1 — 4,

]?ip(f) >R, o forall f € F. Henceif p > peit + a/+/n, we obtain the result by applying the
first part to the radius p — a/\/n. O

The following result gives an interpretation of the critical radius p_ %, in regularized WDRO appearing
in Theorem [3.2] We show that when the radius p is larger than this value, then some robust losses
become degenerated. Precisely, they become independent of p and are equal to a regularized version
of the worst-case loss maxz= f.

Proposition F.2. Assume p > pl%,. Then there exists f € F such that

Ry(f) = o {E¢nfmy, [f(Q)] — eKL(r||mo) } -
[r]1=P

In particular, in the setting of Theorem ifp>pus + < f’ with probability at least 1 — 0, there
exists f € F such that

Ry(f) = rCP(ExE) {E¢npm [£(Q)] = eKL(7|[mo0) }
=P

Proof. In the regularized case, we can verify that the critical radius has the expression

pgi{t = flnf {E§~P {E aars [ f(Q) + (&, C)} - TlOgECNTrO(»\g)ef(f)} }, (35)

see for instance the proof of Lemma Let f € F be arbitrary. Consider a coupling 7* € P(E X E)

7
such that [7*]; = P and 7*(:|¢) = n§ (-|¢) for almost all £ € Z. We first verify that for a good
choice of f, it is included in the uncertainty set defining R}*(f).

We compute KL(7*||mg). Below, we set Z(€) := E¢ory(¢) [ef(so ] .

KL(7"||m) = E¢np [ECNW(?(.M) [bg (Z(£)> ]
crerf gy [29] o]

I
¢~mg (+18)

/ (EO] ~Eenp [108Ecomyie) [¢F || (36)

= E,ymn [
This leads to

Epe [0+ 7KL [m0) = Bewp [B_ e [2F(0) +e(6,0)] = Tlog Beunygioe |
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which is the term in the infimum (33). Since f was chosen arbitrary, this means that if p >
pois., then there exists f € F such that the coupling 7* defined above (depending on f) satisfies
E¢,c)mne [c(§, Q)] + 7 KL(7*||m9) < p, and we obtain

RY(f) 2 Egnfrep, [F(Q)] — e KL(m"[|70).
On the other hand by the computation (36), we have
T,€ * £(Q)
R(f) 2 Eguprey, /(O] = €KL(T"||m0) = eBenp [108Eomyiy [¢7 || 37

By Donsker-Varadhan variational formula [17]], for almost all £ € =, we have

logBamie [ ] = st {BeslS(6)/e = KLOmo(19)}- (38)

Reinjecting (38) in gives

veP(E)

> o {Ecnp [Ecor(ie) (O] — eKL(n(-[€)[mo(-[€))] }
[r]1=P

= sup  {Ecom,[f(Q)] — eKL(nmo) }

Ry(f) = eBenp l sup {Ecu[f(C)/€] = KL(u|w0(-|§))}]

where we used the chain rule for KL divergence (see e.g. Theorem 2.15 in [31]]): KL(7||m) =
Ee~r[KL(m(-[6) [70(-1))] + KL([]1 [mo]1) > Eewp [KL(x(-[€) [ 0(-}€))]. Since we clearly have
RyE(f) < sup  {E¢ufn), [f(¢)] — € KL(r||7mo) }, this yields the first part.

)

TEP(EXE
[ﬂ]lip

The second part is a direct consequence of the generalization bound Theorem [E-2]as for the standard
case (see the proof of Proposition [F.I)). O

F.2 Necessity of the dual upper bound

We exhibit an example where the function p — ¥ ™¢(, f, &) is not Lipschitz as g — 0. This justifies
the necessity of bounding the dual solution above in the regularized case, as done in Lemma[D.3]
Proposition F.3. Consider 7 =0, ¢ > 0, 2 = [0, 1], ¢(&, ) = | — (| and assume that the reference

distribution is a truncated Laplace mo(d(|€) e“g_q]l[o’l]((:)dg Assume furthermore F is a

family of functions from [0, 1] to R which satisfies e~ Al > e

Then for almost all € € [0,1] and all f € F, p s ™, f, ) is not Lipschitz at 0.

Proof. Let £ € (0,1) and f € F. The expression of the derivative of 1)*:¢ with respect to j is given

by (T4):

. ec(&, ¢ nEO=e(6.0)
O (1 £, =E  upcien) {()] +€elogEcry(le) {6 e } :
Crmg M (1) He
In particular, it satisfies
. 2l Flloo c(&, ¢ _e6.0)
O N e R T G Y o D)
C"“ﬂ'g e (‘5) H
On the other hand, by Donsker-Varadhan formula [[17]], we can write
—e(e.0) —c(¢,¢) e
108 E¢ oy () {e ne } =E _ceo { =KL {7 " (l&)]||mo(-I€) ) -
¢y e (1) pe
Reinjecting this in (39) and using e~ AWl ¢ gives
_e&)
0,07 (1..9) < 17l ~ KL (1, (16) (19
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Consequently, to prove non-Lipschitzness of %¢(-, f,£) at 0, we show that

KL (7 5 (1) male)) - o0

_ e
as u — 0. We show that m, ““ (-|¢) converges in law to d¢. Let ¢ : R — R be of class C*° with

compact support. With the change of variable u < %, we have

1 e
/ e p(Q)dC = e / Lo e (we (¢ + peu)du.
0 R

He e

Also, we easily verify that
1 3 1
le=¢| - - —(1-¢)
/ e 5 d¢ :/ e_%dg—i-/ e_CngdC = pe(2 e e e ),
0 0 4

hence we obtain

Treos eq(u)e (€ + peu)du
B e [sa(C)]=fR ] : LM : (40)

Cromg M€ 2—e ke —e ke

We then have the following:

_£ —(1-¢)
*2—e n —e re convergesto2asp — 0,

e Forall u € R,IL[

integral with respect to u converges to 2¢(&) by dominated convergence theorem.

](u)e_““gp(g + peu)du converges to e~ 1*lp(€) as  — 0, hence its

§-1 &
pe O pe

_ =
Combining both limits in givesE -y [p({)] = ©(&). This means that 7, “* (-|£)
Comy P
converges in law to d¢. We have KL(d¢||m(-|§)) = oo, hence by lower semicontinuity of the KL-
divergence for the convergence in law (or weak convergence), see e.g. Theorem 4.9 from [31], we

cl&r)
© (1)

get KL <7r0_ "

7r0(-|§)> #—_>6 oo. This means that 1/%<(-, f, £) is not Lipschitz near 0. ~ [J

F.3 On continuity of maximizers

We justify the importance of relaxing Assumption 5.1 from [5]] which corresponds to compactness of
F with respect to the distance Dx(f,g) := || f — gllco + du(arg maxz f, arg maxz g). We show
that this condition is actually equivalent to assuming continuity on f +— arg max f, which is a strong
condition and difficult to verify in practice.

Proposition F.4. For (f,g) € F x F, define
Dx(f,9) := ||f = glloo + du(arg max f, arg max g)

where dp is the Hausdorff distance on the set of compact subsets of Z, IC(E) . Assume (F, || - ||oo) is
compact. Then we have the equivalence

(F, Dx) is compact <= f +— argmax [ is continuous from (F, | - ||oc) to (K(Z2),dp).

Proof. We prove (=). Assume (F, D) is compact. Let f € F, and let (g )ren be an arbitrary

sequence from F such that gj, converges to f for || - ||o. We want to show that arg maxg, g5, converges

to arg maxz f for dy, proving the continuity of the arg max map. By compactness of (F, Dr),

(gx ) ken admits accumulation points for D z. Let h be any one of them. We may extract a subsequence

from (g )ken converging to h, say gn, W h € F. In particular, g,, converges to h for || - ||oo. We
oo

necessarily have h = f by definition of the sequence (g )xen. It means that (gx)xen admits only
one possible accumulation point for Dz, which is f. This implies g; converges to f for Dz, hence
arg maxg gj converges to arg maxz f.
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Now, we prove (<=). Let (fi)ren be a sequence from F. By compactness of (F, || - || ), We may
extract a converging subsequence fj,, 3 ffor ||+ ||co- Assuming f — argmaxz f is continuous
—00

gives that arg maxz f,, converges to arg max= f, which is the desired result. O
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