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Abstract

Distributionally robust optimization has emerged as an attractive way to train robust
machine learning models, capturing data uncertainty and distribution shifts. Recent
statistical analyses have proved that robust models built from Wasserstein ambiguity
sets have nice generalization guarantees, breaking the curse of dimensionality. However,
these results are obtained in specific cases, at the cost of approximations, or under
assumptions difficult to verify in practice. In contrast, we establish, in this article, exact
generalization guarantees that cover all practical cases, including any transport cost
function and any loss function, potentially non-convex and nonsmooth. For instance,
our result applies to deep learning, without requiring restrictive assumptions. We
achieve this result through a novel proof technique that combines nonsmooth analysis
rationale with classical concentration results. Our approach is general enough to extend
to the recent versions of Wasserstein/Sinkhorn distributionally robust problems that
involve (double) regularizations.

1 Introduction

1.1 Wasserstein robustness: models and generalization

Machine learning models are challenged in practice by many obstacles, such as biases in
data, adversarial attacks, or data shifts between training and deployment. Towards more
resilient and reliable models, distributionally robust optimization has emerged as an attractive
paradigm, where training no longer relies on minimizing the empirical risk, but rather on an
optimization problem that takes into account potential perturbations in the data distribution;
see e.g., the review articles [23], 9].

More specifically, the approach consists in minimizing the worst-risk among all distributions
in a neighborhood of the empirical data distribution. A natural way [27] to define such a
neighborhood is to use the optimal transport distance, called the Wasserstein distance [2§].
Between two distributions () and )" on a sample space =, the Wasserstein distance is defined
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as the minimal expected cost among all coupling probability 7 on = x = having ) and Q' as
marginals:

Wo(Q,Q) = inf  Eoeule(§, Q)] (1)

TEP(EXE)
[7]1=Q,[7]2=Q"
where ¢: Z x = — R is a transport cost over the sample space =. For a class of loss
functions F, the Wasserstein distributionally robust counterpart of the standard empirical
risk minimization then writes

min max_ Eeqlf(8)], (2)
TeF  QePE),W.(P.,Q)<p

for a chosen radius p of the Wasserstein ball centered at the empirical data distribution,
denoted P In the degenerate case p = 0, we have ) = P and . boils down to empirical
risk minimization. If p > 0, the training captures data uncertainty and provides more resilient
learning models; see the discussions and illustrations [33, [35] 39| 24 26, [36], 20}, 4, [7].

To support theoretically the modeling versatility and the practical success of these robust
models, some statistical guarantees have been proposed in the literature. For a population
distribution P, i.i.d. samples &y, ..., §, drawn from P, and the associated empirical distribution
P, := 237" | ¢, the best concentration results for the Wasserstein distance [18] gives that if

the radius p is large enough, then the Wasserstein ball around ﬁn contains the true distribution
P with high probability, which in turn gives directly [27] a generalization bound of the form

max B q[f(§)] = Eeur[f(§)]. (3) 104 S
QEP(E),We(Pr,Q)<p g ,/
This exact bound is particularly attractive: the =2 g5 - ¢
quantity that we compute from data and optimize £ §; /./
by training provides a control on the idealistic © 0.0 4 —o—s"
population risk. However, the direct application of . . . .
-3 -2 -1 0

[18] requires a number of training samples growing
exponentially in the dimension.

Recent works have improved this direct ap-
pr'oach by establishing, in various situations, gener- regression instances and their £,-robust coun-
alization bounds that do not suffer from the curse of terparts (see at the end of Section[§). For large
dimensionality, and rather feature radius p scaling p, the bound always holds, whereas it does not
as O(1/+/n) [35, 10, B, 19, B, T1]. Yet no exist- for small p. Our aim is to quantify this phe-
ing result is general enough to cover all situations nomenon, which is not explained by existing
encountered in machine learning and to explain results.
nice generalization properties usually observed in
practice (as illustrated in Figure |1).

log p

Figure 1: Probability of the generalization
bound to hold, estimated from 500 logistic

1.2 Contributions and outline

In this paper, we provide exact generalization guarantees of the form , that are universal, in
the sense that they apply to all machine learning situations, without restrictive assumptions.



Indeed, our results apply to any kind of data lying in a metric space (e.g. classification and
regression tasks with mixed features), as well as general classes of continuous loss functions
(e.g. from standard regression tasks to deep learning models).

We prove these universal results by dealing directly with the nonsmoothness of the robust
objective function ([2)) that we tackle with tools from variational analysis [14] BT, I]. As a
nice outcome of this approach, our results are able to cover deep learning models involving
nonsmooth elementary blocks, such as the popular ReLLU activation function, the max-pooling
operator, or optimization layers [2]. Moreover, our approach is systematic enough to extend
to the recent versions of Wasserstein distributionally robust problems that involve (double)
regularizations [6], 38].

The paper is structured as follows. First, Section [2] introduces and illustrates the setting
of this work. Then Section |3| presents and discusses the main results (Theorems and [3.2)).
Section [4] highlights our proof techniques, combining classical concentration lemma and
advanced nonsmooth analysis aspects. Finally, Section [5| sheds some light on generalization
constants and other quantities of interest appearing in the results and the proof. We differ, to
the supplementary, the proofs of the succession of lemmas, as well as complementary results
discussing technical assumptions of existing works.

1.3 Related work

Our work stands out from a recent line of research establishing generalization guarantees for
Wasserstein distributionally robust models, breaking the curse of dimensionality. Notably,
important results on the topic include [10] [11] about asymptotical results for smooth losses,
and [I3], 34] about non-asymptotically results for linear models and for smooth loss functions.
For nonsmooth losses, the only work we are aware of is [3] which derives results on piece-wise
smooth losses (at the cost of abstract approximating constants). We underline that none of
existing results covers deep learning models involving nonsmooth elementary blocks.

The closest work to our paper is [5] which establishes generalization results similar to
ours, namely: exact bounds in a regime where p > O(1/y/n). In sharp contrast with
our work though, these results rely on a restrictive context and some needless assumptions
(the squared norm for ¢, a Gaussian reference distribution, additional growth conditions, and
abstract compactness conditionsED. Throughout our developments, we will point out further
technical differences with this work.

1.4 Notations

On probability spaces. Given a measurable space =, we denote the space of probability
measures on = by P(Z). For all 7 € P(Z x E), i € {1,2}, we denote the i*" marginal of 7 by
[7];. We denote the Dirac mass at £ € = by d.. Given a measurable function g : = — R, we
denote the expectation of g with respect to @ € P(ZE) by Eeog[g(§)] and we may also use the
shorthand Eg|f].

We show in Propositionin the supplementary that the compactness assumptions hide strong conditions
on the maximizers.




On function spaces. In (&, dist) a metric space, the uniform norm of a function f is
[ flloe = sup,ex |f(z)]. If F is a family of functions, we denote ||F|[oc = sup ez || flloo- We
say f is Lipschitz with constant L if for all z,y € X, |f(z) — f(y)| < Ldist(z,y). For
¢: R x X — R, we denote 0y ¢ the right-sided derivative with respect to A € R, and d,¢ its
derivative, whenever well-defined.

2 Assumption and examples

In this section, we present the general framework illustrated by standard examples. Through-
out the paper, we will make the following assumptions on the sample space =, the transport
cost of the Wasserstein distance, and the space F of loss functions from = to R.

Assumption 2.1.
e (Z,d) is a compact metric space.

e c: = x = — R is jointly continuous with respect to d, non-negative and c(§,¢) = 0 if
and only if & = (.

o (F,|l-|loo) is compact and every f € F is continuous.

This setting encompasses a wide range of machine learning scenarios, as illustrated below.

Sample space and transport costs. The choice of the transport cost ¢ depends on
the nature of the data and of the potential data uncertainty. For instance, if the variables
are continuous with = C R™, we consider the distance d = || - — - ||, induced by £,-norm
(p € [1,00]) and the cost as a power (¢ € [1,00)) of the distance

c(§,€) = 11§ = €'lI3.

If the variables are discrete with = C {1,...,J}", we consider the distance

d(&.€) = Z Lerey

and the cost as a power of this distance. Finally, If we deal with mixed data, i.e. they
contain both continuous and discrete variables, a sum of the previous costs can be considered.
In classification, for instance, with the samples composed of features x € R™ and a target
y € {—1, 1}, we may take, for a chosen x > 0

c((z,y), (@ y)) = llo — 21} + KLz (4)
which is obviously continuous with respect to

d((z,y), (2", 9) = llz = 2'llp + Ly (5)

This extends to mixed data with categorical, binary, and continuous variables; see e.g. [7].
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Parametric models and loss functions. Our setting covers all standard machine learning
models. Consider a parametric family F = {f(,-) : 6 € ©}, where the parameter space
© C RP compact and the loss function f: © x = — R is jointly continuous. If = is compact,
such a family is compact regarding || - ||o. This situation covers regression models, k-means
clustering, and neural networks. For example: least-squares regression

f0.(z,y) = ((.2) —y)*, ECR™ xR,
logistic regression
f(0,(x,y)) =log (1 + e*yw’x)) , ZCR™x{-1,1},
and support vector machines with hinge loss
f(0,(x,y)) =max{0,1 —y(f,z)}, ZECR™ x{-1,1}
Note that this function is not differentiable, due to the max term. The k-means model also
introduces a non-differentiable loss function:

0,2) = min ||6; — |2, © c RF*™ = cR™.
f(0,0) = _win_ 6, — s

Finally, most deep learning models fall in our setting. Indeed, they involve loss functions of
the form
f0, (x,y)) = L(h(0,7),y),

where / is a dissimilarity measure, and h is a parameterized prediction function, built as a
composition of affine transformations (which are the parameters to train) with activation
functions (see e.g. [22, 25, 30]). Our setting is general enough to encompass all continuous
activation functions, even non-differentiable ones (as ReLU = max(0,-)) as well as other
nonsmooth elementary blocks (as max-pooling [21], sorting procedures [32], and optimization
layers [2]). As already underlined in introduction, these examples involving non-differentiable
terms are not covered by existing results.

3 Main results

3.1 Wasserstein robust models

Our main result establishes a generalization bound for Wasserstein distributionally robust
optimization (WDRO). Given a distribution ) € P(Z) and a loss f € F, the robust risk
around ) with radius p > 0 is then defined as

Ryo(f) = 0P o<y e L£(E)]. (6)

In particular, taking @ = ﬁn and () = P in the above expression, we consider the empirical
robust risk, R,(f), and the true robust risk, R,(f):

Ry(f) =R, 5 (f) and R,(f):= R,p(f). (7)

Our generalization result states as follows:
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Theorem 3.1 (Generalization guarantee for Wasserstein robust models). Under Assump-

tion [2.1], there exist o, 8 > 0 such that if

then with probability at least 1 — 9,

Vi EF, Ry(f)>Eep[f(£))

The quantity peit is a critical radius, a relevant threshold that excludes degenerated
problems and flat losses for which R,(f) = maxz f. The exact generalization guarantee thus
holds for a wide range of radius p, growing with the sample size between the two extreme
cases 0 and pei¢. As in Theorem 3.1 from [5], but adding the wide setting of Assumption ,
the sample rates are dimension-free. The constants o and 8 depend on the problem quantities,
see Section [B] for a detailed discussion.

3.2 Regularized Wasserstein robust models

Part of the success of optimal transport in machine learning is the use of regularization,
and specifically entropic regularization, opening the way to nice properties and efficient
computational schemes [I5] 2§]. Recall that the entropy-regularized Wasserstein distance
writes, for a reference coupling my € P(Ex =)

WIP.Q = _if (Bl +7KL(rlm) 0
[7]1=P,[m2]=Q

where KL is the Kullback-Leibler divergence w.r.t. my:

s

- log ;Todﬂ' when 7 < m

KL(7||m) = {C{EX“

otherwise.

Regularization have been recently studied in the context of WDRO: [38] introduces an
entropic regularization in constraints for computational interests, [5] considers an entropic
regularization in the objective for generalization, and [6] studies a general regularization in
both constraints and objective.

Following the most general case [6], we consider the robust risk with double regularization

pa(f) = sup {Efm, [f] — e KL(n||m0) } -
TEP(EXE), [7h1=Q
Ex[-+7 KL(r|0)<p

with two parameters ¢ > 0 and 7 > 0. Introducing the conditional moment of g:

me = max Fen, g [c(E, O], (9)

ez

the generalization guarantee in this setting states as follows.



Theorem 3.2 (Generalization for double regularization). Under Assumption there exist
a”™ 7 >0 such that if
a™* } ngt BTe

cy T — < <= — )
max{m N p 5 N

then with probability at least 1 — 9§, for all f € F and all Q such that WI(P,Q) < p,

R7(f) = Beglf(Q)] — e KL(x"2|mo),
where 709 is the optimal coupling in ().

This result is similar to the one of Theorem [3.1] it is also similar to the only other
generalization result existing for regularized WDRO [5]. Let us explicit below the main
differences. We will discuss in Section [p the generalization constants such as the critical
radius p_,.

Unlike Wasserstein robust models (Theorem [3.1]), regularization leads to an inexact
generalization guarantee, where the regularized empirical robust risk bounds a proxy for the
true risk Ep[f]. This is in line with the regularization in optimal transport that induces a
bias in the Wasserstein metric, preventing W7 (P, P) from being null.

Compared to [5], we underline that our result covers also the double regularization case.
Moreover, it is valid for an arbitrary my whereas the one of [5] relies on the specific form
involving a Gaussian term. Our result is thus more flexible, allowing to choose conjointly ¢
and 7. For example, a Laplace distribution can be chosen when c is the ¢;-norm.

Before moving on to the proof of the generalization results, let us come back to Figure
To get this plot, we generated 500 instances of logistic regression problems with synthetic
classification data (n = 100, d = 5), for which we solve an associated robust counterpart
(with an ¢;-cost ¢ and a Laplace distribution mo(-|€))

min max Eq )i [log(1 + e? 2],
0 Edllhze Y i [10g( )

[W]lzﬁn

This setting is covered by Theorem but not by existing results in previous works. Let
us check the realizations of the bound . Using 10° samples, we estimate the true risk
Ep[f] for computed optimal solutions f of the 500 instances. On the figure, we report the
proportion of instances for which the bound holds and we observe that when p increases, the
bound does hold true.

4 Proof strategy

This section presents our strategy to prove the generalization results of Section [3| (Theorems
and . The strength of our approach is to use flexible nonsmooth analysis arguments, able
to cover the general situation of arbitrary (continuous) cost and objective functions. After an
overview of the proof in Section [4.2] we explain the key mechanisms in Sections [4.3] and
and how they combine with a concentration theorem (Section to show the results.

In Sections[4.2] and [4.4] we consider the standard WDRO setting of Theorem [3.1]
The extension to the regularized setting of Theorem is then explained in Section [£.5]
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Furthermore, in order to focus on the rationale we do not include the proofs in the core of
the paper and we refer precisely to corresponding results in the supplementary. We also
underline the fundamental results of probability and (nonsmooth) analysis that are used all
along. All the statements of this section implicitly assume that our Assumption holds.

4.1 Uniform concentration inequality

In order to obtain high-probability bounds guarantees, uniform on F, we rely on a standard
uniform concentration inequality on a compact metric space. We recall the essential result
below, highlighting the two crucial properties on the random variable: (i) boundedness and
(i1) global Lipschitzness. We refer to e.g. [12] for general discussions, and to Theorem for
one-sided alternatives.

Theorem 4.1 (Uniform concentration). Let (X, dist) be a compact metric space, and X :
X x Z — R be a measurable function. Assume the following:

(i) There exist a,b € R such that X (z,§) € [a,b] for all (z,§) € X x E.
(1) X (-, &) is L-Lipschitz for all £ € =.

Then with probability at least 1 — 6,

sup |E, 5, [X(,€)] ~ Bep[X (2,€)]| <

reX

EE

M is a problem-dependent constant having the expressz’orﬂ

M =48 LT(X,dist) + (b—a)\/2log(2/9).

We will apply this concentration result to two families of functions (¢ and ¢) appearing
in our proof; to this end, we will establish the two points (i) and (i) in Lemma and
Lemma 4.3| respectively.

4.2 Proof’s overview

Compared to the original formulation @, the dual representation of WDRO significantly
diminishes the problem’s degrees of freedom, and is usually the starting point of most studies.
Given any distribution @ € P(Z), it holds that

Rpo(f) = inf {Ap + Eeglo(X. [ 8]} (10)

where the dual generator ¢ is a convex function with respect to A, and Lipschitz continuous
with respect to f. For Wasserstein robust models, ¢ has the expression (see e.g. [§])

o\ f,8) = Sclelg{f(é”) —Ae(€,¢)}-

2The constant Z(X,dist) is the standard Dudley’s entropy integral measuring the complexity of the space
X, that we further discuss in Definition @



Observe that ¢ is naturally convex in A, but also nonsmooth. The originality of our approach
is to build on this nonsmoothness by using a rationale of nonsmooth analysis. Note also that
the convexity of ¢ will be a key property (see e.g. the argument of Figure [3)).

Let us then outline the main steps to establish Theorem

1. We establish in Section the existence of a dual lower bound Ay, which holds with

high probability and uniformly on F, whenever p < £ — \%:

Bo(f) = inf {0+ Ep [0\ N}

)‘e[)‘low,oo

2. As explained in Section [4.3] this leads to

-~

Bolf) 2 By s (f),

3. Finally, if furthermore \% < p, then we capture the true risk on the right:

R,(f) > Ep[f].

4.3 Concentration aspects by dual lower bound

We assume in this section that the empirical dual solution is lower bounded by\ a value \jgw > 0
(with high probability), which means that the infimum in , with @Q = P,, may be taken
over [Aow, 0) instead of R, . In this case, we can proceed as follows. For a distribution @, we
use the shorthand Eg[¢] = Eeog[o(A, £,€)]. Then we can write for A > Aoy,

Ap+Ep (9] = A (p - (E’M ;Eﬁ”[aﬂ» +Ep[g)]

> A(p — an) + Epld), (11)

where o, is a formal lower bound on the quotient term (formally defined (14))). Taking the
infimum over A\ > A\, we obtain

Ry(f) = Rpea, (f) = Eeop[f()]. (12)

whenever p > «,,. This is the desired inequality of Theorem Thus, in order to have ((11))
with high probability for all f € F, we introduce the function ¢ of the variable p = A~

O(pf, &) =po(p ' f,€) = sup {nf(¢)—c(&, )} (13)

and we study the gap «,, defined by

= sup { B[, £,€)] — Egp, [0(11, )]
(1. f) € (0,Moh] x F} | (14)

In order to obtain a high probability bound of the form a, < \/iﬁ, boundedness (i)

and Lipschitz continuity (ii) of (i, f) — ¥(u, f,£) are required by the concentration theo-
rem Theorem In the expression (13), we remark that the Lipschitz constant of ¢ (u, f, &)
explodes as 1 — oo, hence we must bound g = A™! above. Thus, if a lower bound oy, holds
on A, ¢ satisfies the requirements of Theorem [4.1}

9



Lemma 4.1. Gwen Aoy > 0, then for almost all € € =,

(i) For all p € (0,\.1] and f € F,

low

W f.€) € [—% @]

)\low ’ )\low
(i) (p, f) — ¥(p, f,€) is Lipschitz continuous on (0, \.r] x F with constant || F||s + Ao

low low -

Proof. See Lemma [C.1]2 in the supplementary. O

4.4 Getting a dual lower bound.
In order to get a dual lower bound, we proceed in two steps:

1. We show the existence of a dual lower bound on the true robust risk. This involves the
definition of an inherent maximal radius, which plays the role of a degeneracy threshold.

2. We show that the lower bound on the true robust risk transposes to the empirical
robust risk, with high probability and uniformly on F. This is done by expressing a
slope condition and applying the concentration inequality Theorem

Dual bound on the true risk. In order to obtain a dual lower bound on the true robust
risk, it is sufficient for the (right-sided) derivative of A — A\p + Eep[@(A, £, £)] to be negative
for all f € F on an interval [0, 2\ 1,y] E|, with Ajow > 0. This writes:

1Y S ngp[—aj\_ﬁb()\,f, 6)]7 (15>

which implies that p has to be small. To obtain the condition uniformly in f € F,
we introduce the maximal value of p allowed at a given A > 0 (illustrated in Figure :

o A pmax()\) = }lél;__ngP[_a;(b(A; f7 g)] (16)

| i {Ep[-0(f)] : feF)} As illustrated by Figure[2] pmax reaches its high-
-eeeeph b est value at zero. This is the critical radius,

Perit = pmax(o)-

: This particular quantity will be discussed in Sec-
Perit N pmax - tion 5.2} As a central result of this work, we show
that pmax can be made arbitrarily close to pei as
A—0F.

\ 4

Lemma 4.2. limy .o+ pmax(A) = perit-  In par-
Figure 2: A central object of our analysis: the ticular, there ezists \ow > 0 such that for all

maximal radius ppax, defined from the lower A€ [07 2)‘10W]; Jorall f € F,

envelope of derivatives of ¢. Derit

3Although the factor 2 may not seem necessary at the moment, its role will become clearer in Section
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Proof. See Lemma in the supplementary. O

This means that the derivative condition is satisfied whenever p < 25, In order to
transpose the inequality to the empirical problem, precisely to obtain E,_p 0¥ (N, £,8)] <
— it with high probability, we would like to apply the concentration theorem (Theorem |4.1)).
Unfortunately, the derivative 9y ¢(), -, €) is discontinuous and doesn’t satisfy the Lipschitz
condition (ii) from Theorem . Indeed, its expression is inherently given by the envelope
formula (Theorem 2.8.2, [I4]) involving an arg max:

O o(A f,€) = —min{c(C, arg max {f — Ac(¢, -)}}.

Dual bound on the empirical risk. We propose
a simple way to overcome the limitation highlighted
above by relying on the convexity of ¢. Indeed, given
a convex function g over RT, the infimum of ¢ has
to occur on an interval Ay, +00] if ¢ has a negative
slope between Ay, and 2\, (Figure |3)):

g(2>‘low) - g(/\low) S 0 — inf g(/\) = inf g(>\) 5._/

A]ow AEAIOW AZO

\ 4

We want this condition satisfied for the empirical
Lagrangian function g(A) = Ap + Ep [¢(A, f)] with
high probability. For convenience, this can be ex-

)\low A 2)\10w A

pressed with the slope of E5 [¢(-, f)]: Figure 3: Bounding from below the em-
" pirical dual solution A\* expresses as a slope
Eﬁ [¢(2/\lovw f)] — Eﬁ [Cb()\low, f)] condition (thanks to convexity of the objec-
S(f)=—= & < —p. tive).
>\10W
(18)

This is the condition we aim to obtain. To this end, we proceed by comparing the empirical
slope to the true one,

EP[¢(2)\IOW7 f)] - EP[¢()\10W7 f)]
>\10w .

Indeed, we can show that any function (f,&) — &(A, f,£), with A € R, satisfies the
requirements for the concentration theorem (Theorem [4.1)):

(/) =

Lemma 4.3. For almost all £ € = we have

(i) For all A\ >0 and f € F,
A, 16) € [=I1F lloos [[F oo

(ii) For all X >0, f— ¢(\, f,€) is Lipschitz continuous on F with constant 1.

Proof. See Lemma [C.1]1. O
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Consequently, we can apply the concentration theorem twice, on each function ¢(2A oy, *, *)
and ¢(2Aow, -, +), to obtain that s(f) approximates s(f) with high probability, up to a term
of the form \%:

VPEF, SU) s+
On the other hand, s(f) < Ep[0) ¢(2\iow, f)] by convexity of ¢, hence s(f) < —24t by (7).
This means

~ ﬁ Perit
s(f) < Ji o2

hence we have the desired condition ((18)) when

Perit 5

2 NS

p <

4.5 Extension to (double) regularization.

The strategy of Section is flexible enough to be extended to the regularized setting of
Section [3.2] Indeed, the regularized problem also has a dual representation, with a dual
generator defined by

¢T,5(>\’ f7 6) - (6 + )\7‘) 10g]EC~7T0(|§) [GW}

where € > 0 and 7 > 0. Strong duality has been shown in [6]. We explain in Appendix
Proposition how it applies to our general setting. This regularized dual generator leads
to smooth counterparts of the key nonsmooth functions ¥, pyax and peye of the proof. In
particular, we can show the regularized version of Lemma [4.2]

€

Lemma 4.4. lim, o+ p5(A) = plii- In particular, there exists A, > 0 such that for all
Ae[0,2N 5], Vf € F,

low

Eep[020™ (A £.€)) <~

Then we obtain Theorem by repeating the proof scheme ofSection [£.2 The core
results that simultaneously lead to Theorems and are gathered in Appendix [E.I} Due
to the smoothness of pl¢., an expression of A% can also be obtained; see Lemma .

The key difference brought by regularization is that the Lipschitz property of ™€ is lost
when p — 0. This is an inherent peculiarity of the regularized setting which may occur over
the whole family F and the space =; see the example of Proposition This prevents to
use the concentration result without guaranteeing that we can set a lower bound on u or
equivalently an upper-bound on A. This is the purpose of the next lemma which establishes

the existence of such an upper-bound, for any distribution.

Lemma 4.5. Let Q € P(Z) and A\,p := WFlee - Thep for all f € F,

p—Mme
Ryq(f) = et {Ap+Eenqlo(X, £, O]}
Proof. See Lemma in the supplementary. O
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5 On the generalization constants

In this section, we put our generalization results into perspective by further discussing the
bounds «, §, the critical radius p.i appearing in Theorem (3.1} as well as their regularized
counterparts of Theorem [3.2]

5.1 Sample complexity

We give the complete expressions of a, 3, ™ and 57 in the detailed versions of Theorems|3.1
and [3.2] in Appendix [E.2] Here we highlight their dependence from the problem’s constants.

First, in the setting of Theorem [3.1, @ and / grow essentially with the size and the
complexity of F. Indeed, we have

a=O0(Z(F, [l lloo) % | Fllse)
B=0(Fllw+Z(F. 1 l=))-

The Dudley’s entropy Z(F,| - ||o) quantifies the complexity of F. In the large class of
Lipschitz functions, this quantity is exponential in the data dimension. In practice, most
machine learning problems involve a Lipschitz parametric family of losses (Section [2)) in which
case Z(F, || - |ls) becomes proportional to |/p, where p is the parameter’s dimension (see e.g.
Chapter 5.1 from [37]).

The constants a and 3 also grow with 1/, and we have « = O (1/)} ) and 3 =
O (1/Aow)- The constant Aoy is implicitly defined and depends on the regularity at 0 of ppax
, hence it may depend on F, =, ¢ and P.

In the setting of Theorem [3.2] we have similar interpretations. In addition to the
conditional moment m,. @, the constants o™ and 57 also involve the second order conditional
moment:

(19)

Mo = max Beor g e(&,¢)7.

They are parameters that may be chosen in practice and related 2to the reference coupling .
For instance, if my(+|£) is a truncated Gaussian mo(-|§) x e~ = 1= and ¢(§,¢) = 31§ — ¢|]?
we have m, o< 0% and my . o o’

The coefficients o™ and ¢ exhibit similar relations with A<, || F|lc, and Z(F, | - ||l«)
to their counterparts a and f3 . Regarding the hyperparameters m., €, 7 and p, they
should be of comparable order according to the expression of a™¢ (Theorem . Compared

to the standard setting, we have an estimate of the lower bound A%, (Lemma [D.2)) showing
dependence on the loss family: 1/\j5 = O(e il ).

low

5.2 The critical radius
In the standard setting, the critical radius has the expression
pert = Beop [min {c(f, ¢) : Cearg mafo .

Assuming pei > 0 excludes losses that remain constant across all samples from the ground
truth distribution P. This assumption reasonably aligns with practice and appeared in
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previous works [3, [5]. For instance, obtaining a predictor that precisely interpolates the
ground truth distribution (leading to a loss equal to zero everywhere) is unrealistic. It also
defines a threshold to exclude degenerated problems: if p > pui, then there exists f € F
such that R,(f) = maxz f and the problem becomes independent from p, see [5].

A similar interpretation can be made in the regularized case with smoothed counterparts.
Indeed, we can verify that if p > pl% , then there exists f € F such that

crit?

Rye(f) = sup {Em.[f] — KL(m[m0) }

TEP(EXE),[r]1=P

and the problem becomes independent from p, see in particular Proposition in the
supplementary.

6 Conclusion

In this work, we provide exact generalization guarantees of (regularized) Wasserstein robust
models, covering all usual machine learning situations, without restrictive assumptions (on
the Wasserstein metric or the class of functions). We achieve these universal results by
directly addressing the intrinsic nonsmoothness of robust problems. Our results thus give
users freedom when choosing the radius p: for all usual situations, it is not necessary to
consider specific regimes for p in order to expect good generalization from robust models.
Further research can now focus on practical aspects: it would be of premier interest to design
efficient practical procedures for selecting p, and more generally, scalable algorithms for
solving distributionally robust optimization problems.
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Supplementary Material

This supplementary gathers recalls, technical results, and examples, as well as, the
detailed proof of the results of the main text. The core of our contributions are presented in
Appendices D] and [E] The whole supplementary is organized as follows:

- In Appendix [A] we recall some essential mathematical tools. They include a uniform
concentration inequality (Theorem , continuity notions in nonsmooth analysis, and the
envelope formula to differentiate supremum functions (Theorem [A.1)).

- In Appendix [B] we present strong duality results for WDRO and its regularized version.
We explain in particular how the duality theorem from [6] can be easily adapted to our
setting.

- Appendix [C] contains preliminary computations in view of applying the uniform concen-
tration theorem.

- In Appendix [D we demonstrate the existence of a dual lower bound in the standard
and regularized cases. In particular, the proofs involve the maximal radius introduced in
Section (.41

- By using these preliminary results, in Appendix [E] we prove our main generalization
theorems (Theorem and . Detailed versions with constants’ expressions are proved,
Theorem for the standard setting, and Theorem for the regularized setting.

- Appendix [F] contains minor results supporting several remarks found in the article. They
include the interpretation of the critical radius in the regularized case, a counter-example
justifying the upper-bound in the regularized case and the interpretation of the restrictive
compactness assumptions used in [5].

Notations
Throughout the proofs will use the following notations:

In Wasserstein robust models:

o O(A f,€) =supeez { () — Ac(€, Q) }
o U(p, f,€) = pod(p', £,6)

In Wasserstein robust models with double regularization:

FO=Ae(€.0)
¢ ¢T’E()\7 f7 f) = (6 + )\7—) log ]ECNWO(‘{) |:€ e+ AT :|

o 7, f,6) = po™ (ut, £,€)

Given a measurable function h : = — R and m € P(Z) the Gibbs distribution 7" is defined

as
dr" o eMdr.
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A Recalls and technical preliminaries

In this part, we use the notation G : X = Y to denote a function G defined on X and valued
in the set of subsets of ).

Semicontinuity notions will be necessary to understand the proof of Lemma They
are regularity notions recurrently arising when manipulating nonsmooth convex functions.

Definition A.1 (Lower and upper semicontinuity, 2.42 in [I]). Let (X, dist) be a metric
space and let f : X — R. Then

1. f is called lower semicontinuous if for all x € X, liminf, ,, f(y) > f(x).

2. f is called upper semicontinuous if for all v € X, limsup,_,, f(y) < f(=).

In particular, if f is lower semicontinuous, then —f is upper semicontinuous.

Outer semicontinuity can be seen as the set-valued counterpart of upper semicontinuity:

Definition A.2 (Outer semicontinuity). Let X and Y two metric spaces. Then a measurable
and compact-valued map G : X = Y is called outer semicontinuous at x € X if for all open
subset V. C Y containing G(z), there exists a neighborhood U of x which is such that for all
welU, Glw)CV.

Semicontinuity of maximum and arg max functions are central to the proof of Lemma |D.1}

Lemma A.1 (17.30 in [1]). Let X and = be two metric spaces and let G : X =% = be outer
semicontinuous with nonempty compact values, h : = x = — R continuous. Then the function

xr— max{h(z,v) : veGx)}

is upper semicontinuous. In particular, u — min{h(u,v) : v € G(x)} is lower semicon-
tinuous.

Lemma A.2 (17.31 in [1]). If X is a metric space, (E,d) is a compact metric space, and
h:X x = — R is continuous, then the function x — max,c= h(x, z) is continuous, and the
set-valued map x — argmax, = h(x, z) is outer semicontinuous.

We recall the definition of gradient for a nonsmooth convex function. This the subdiffer-
ential.

Definition A.3 (Subdifferential of convex function). Let ¢ : R™ — R be a convex function.
Then we call subdifferential of ¢ the set-valued map d¢p : R™ = R™ such that for all x € R™
and y € R™,

o(y) = o(x) + (v, y — x) for all v € Ip(x).

In particular, we may apply the envelope formula to compute the subdifferential of a
maximum function:
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Theorem A.1 (Envelope formula, Corollary 1, Chapter 2.8 in [I4]). Let (Z,d) be a compact
metric space and g : R™ x = — R such that

1. For all x € R™, g(x,-) is conlinuous.

2. For all ( € =, g(-,() is convexr with subdifferential 0,q(-, ().

Then G = supeez g(+, ¢) is convex on R™, and its subdifferential is given for all x € R™ by

0G(z) :=conv{v : v € 0,9(x,(), ¢ € argznaxg(as, )}

where conv denotes the convex hull of a set.

A.1 Uniform concentration inequality

We recall a concentration inequality that gives a high probability uniform bound for a family
of bounded and Lipschitz functions. This is an extended version of Theorem which details
the one-sided inequalities (without the absolute value). We refer the reader to [12] for a
complete reference on concentration inequalities, and Lemma G.2 in [5] for the proof of such
a result.

Theorem A.2 (Uniform concentration inequality, Lemma G.2 in [5]). Let (X, dist) be a
(totally bounded) separable metric space, P a probability distribution on a probability space =,

and P, = %Z?:l 0, with &, ..., &, "% P, Consider a measurable mapping X : X x = — R
and assume that,

(i) There is a constant L > 0 such that, for each & € =, v — X(x,€) is L-Lipschitz.
(i) X(-,&) almost surely belongs to [a,b].
Then, for any 6 € (0,1), we respectively have

1. With probability at least 1 — 0,

A8LI(X, dist)
it M il AR

sup {Ee_, [X (2 )] — Bewr[X(0,6)]} < = 7 a)\/2—

zeEX

2. With probability at least 1 — 4,

BLI(X, dist) |,
N n

sup {Bep[X (2, )] - Bp, [X(2,€)] } <

zeX

The quantity Z(X, dist) is defined as follows:
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Definition A.4. Given a compact metric space (X, dist), Dudley’s entropy integral, Z(X', dist),
1s defined as

Z(X,dist) := / Vg N(t, X, dist)dt
0
where N (t, X, dist) denotes the t-packing number of X, which is the mazimal number of points
in X that are at least at a distance t from each other.

We may recall some properties of Dudley’s entropy for Cartesian products and segments
from R. These are known results, see e.g. [37] and Lemmas G.3 and G.4 from [5] for proofs.

Lemma A.3 (Dudley’s integral estimates).

1. (on Cartesian products) Let (Xy,disty) and (Xa, dists) be two metric spaces. Consider
the product space X := X1 X Xy equipped with the distance dist := dist; + disty. Then
we have the inequality

T(X, dist) < Z(Xy, disty) + T(Xa, dists).
2. (onR) Let ¢ > 0. Then we have the inequality

3c
Z(0,d 1) < 5

B Strong duality

In this section, we recall duality results for WDRO [§] and its regularized version [6]. We
recall the Wasserstein distance with cost ¢ for (Q, Q') € P(Z) x P(E):

W(Q,Q") = inf {E(g,C)NW[c(f, Q) : mePEXE),[r1=Q,[n]s= Q'} .
Proposition B.1 (Strong duality, standard WDRO). Under Assumption for any
Q€ P(E) and p > 0,

wonax  Eewq f(€)] = tnf {Ap + Eenglé(X, f, €)1}

Proof. This is an application of Theorem 1 from []]. In particular, Assumptions 1 and 2 from
18] are satisfied through Assumption [2.1] O

Proposition B.2 (Strong duality, regularized WDRO). Under Assumption for any
Q€ P(E) and p > 0,
max {Beirs [F(Q)] = e KL(lmo) } = inf {Ap + Bengld™ (A, £, €]}

TEP(EXE)
[7]1=@Q

Ex [+ KL(r|m0) <p
Proof. This is an application of Theorem 3.1 from [6], which is a corollary to Theorem 2.1 [6].
Note that the proofs of Theorems 2.1 and 3.1 from [6] can be easily extended to a general
compact metric space (Z,d), without being rewritten entirely. Precisely, only two arguments
in their proofs rely on the real-valued setting [31] but can be directly extended to a general
metric space as follows:
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e In the proof of Theorem 2.1 from [06], one needs to justify

sup {Eep [0(£,¢(£))] : ¢:E — Z measurable} > E¢.p Elelgs@(ﬁa C)] . (20)

To this end, the authors use the notion of normal integrand from [31]. Actually, (20]
holds true in a compact metric space: if ¢ is continuous, then by compactness of =,
the set-valued map & + argmax,.z ¢(§, () admits a measurable selection ¢*, by the
measurable maximum theorem, see 18.19 in [I]. Such a selection (* then satisfies
©(&,¢*(§)) = supcez (€, €) for all £ € =, hence the result.

e In the proof of Theorem 3.1 from [6], g¥ = supscz (+, () is actually continuous by
Lemma and the approximation by the infimal convolutions (g;)ren need not be
done.

Note also that the convexity of = is not required in this proof (although stated in Assumption
1 from [6]). n

C Concentration constants

In this part, we compute several constants in view of applying Theorem for the main
proofs of Appendix [E]

C.1 Standard WDRO

The following lemma gathers Lemma 4.1} and Lemma We compute bounds (i) and global
Lipschitz constants (ii) for ¢ and 1.

Lemma C.1 (Concentration conditions for WDRO). we have the following:

1. (i) For allA>0, f€ F and € € Z, (N, £,€) € [~|Fllo, |1 Floo)-

(ii) For all A >0 and & € Z, f+— (N, f,£) is Lipschitz continuous on F with constant
1.

2. (i) Given Mow > 0, for all pr € (0,\:2] and f € F, ¥(u, f,€) € |- 1Zl= ”f”oo].

Alow 7 Alow

(ii) For all & € 2, (i, f) — ¥(, f,€) is Lipschitz continuous on (0, A_i] with constant
1F oo + Aow

low *

Proof. 1. (i) Let (A, f,§) € Ry x F x Z. Recall that ¢(), f,&) 1= supgcz { () — Ac(§, ()}
Since ¢ is nonnegative, we have ¢(A, f,€) < || F|lco. On the other hand, since ¢(£, &) = 0, we

also have ¢(A, f, &) = f(§) = —||F |- Finally, we have ¢(A, f,€) € [—[[Flloc, [|F lloc]-
(ii) Let A >0, € Z and (f, f') € F x F. For all ( € =, we have

F(Q) = Ac€, €) = oA, f,€) < f(Q) = Ac(§, €) = (f'(C) — Ac(&, €))
< f(¢) = f(Q)
<= fll-
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Taking the supremum over ( € = on the left-hand side gives ¢(\, f,£)— o (X, f/,€) < If = f||co-
Permuting the roles of f and f’ yields |¢(A, f,&) — o\, f/, )| < ||f — f'|loo- We proved that
(A, -, &) is 1-Lipschitz continuous.

2. (i) Now, let Aoy > 0 and let (p, f,€) € (0, \,,] X F x = be arbitrary. Then we have

low]

ol 1.6) = s (€)= el ) < I
On the other hand, using ¢(§, &) = 0 we obtain
sup {1f(O) ~ (6.0} = nf(©) >~ =,

whence we have uo(u=', f,€) € [— Flleo HF”""].

>\1 ow ’ )\low

(ii) Toward a proof of 2. (ii), let Aoy > 0, and £ € = and p € (0, Ajpw|. Remark that
pd(pt, f,6) = supee= {nf(€) — (€, Q)}. The function (u, f) = ud(p=", f,€) write as a

composition u o v where u(h) := supgcz {h(¢) — (£, ()} for h € C(E,R), and v(p, f) = puf
for € (0, A w is 1-Lipschitz continuous with respect to || « ||oo. As to v, we can write

pf = fr=p(f =)+ f(n—u),

whence v is clearly (|| F|s + AL )-Lipschitz contlnuous on (0, A
uowv is Lipschitz continuous with constant || F|s + AL

low] .

x F. By composition,
O

low]

low*

C.2 Regularized WDRO

We will use the following lemma repeatedly:

Lemma C.2 (Lemma G.7 in [5]). Let g : = — R be a measurable bounded function and
Q € P(Z). Then one has the inequality

Ecqlg(¢)es©)]
Ecgles©]

log E¢ng [69(0} <
We prove the regularized version of Lemma [C.1}
Lemma C.3 (Concentration conditions for regularized WDRO). Let £ € =. Then

1. (i) For allA>0 and f € F, ¢7(\, f,€) € [—||Fllooc — Amic, || F||oo) -
(ii) For all X >0, f+— ¢7(\, f,€) is Lipschitz continuous with constant 1.

2. (i) Given Ny > 0, for allpp € Mg, Aos] and f € F, (i, f,€) € S S Hﬂ:

up
(ii) Given Ay > 0, (, f) = ™, f,€) is Lipschitz continuous on [A\;}, \.L] x F

with constant || F oo + A, + (ﬁf;—i;) M.
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Proof. 1. (i) Let (A, f,6) € R, x F x =. Forall ¢ € 5, e’ e < ¢35, This gives

T,€ I 7]l oo
¢ 7 ()\7 .fa 5) S (6 + )\7_) 10g ]ECNT"O(‘&) |: e+AT :| ||F||oo (21)
On the other hand, ef(oe?ff(&’o > e_ml?iijc(é’o? which gives
T,€ H}_Hoo )\C(g <)
(;5 ’ ()\7 f? §> 2 (6 + )\T) ].Og (6 e+ ECNWO IS) |: e+AT :|)
_Ace(6,0)
> | F o — A, )

where for the last inequality we used Jensen’s inequality on the convex function s +— e~ e

Combining (21)) and (22)) gives
(A5 6) € =N Flloe = Ame, [ F o]

(i) Let £ € = and A > 0. To compute the Lipschitz constant of f +— ¢™¢(\, f,£), we compute
the derivative of h, : t — ¢7¢(\, f + tv,§) where t € R and for an arbitrary direction v € F.
We have

F(O+tv(O—Ae(€,0)
hv(t) = (6 + /\7') log ECNWOHE) e AT } .

It is easy to verify that hl(t) = E  jiwaeen  [v(C)], whence |h)(t)|] < ||v]|so. This
(omg AT (e)
means that ¢7¢(\, -, &) has Lipschitz constoant 1.
2. (i) Let A\ow > 0 and (p, £,€) € (0, A\, ] X F x E. A\. We deduce from and (22),

with A = p~1, that

low]

Pl 17l

me,
)\low /\low

(i) Now, let £ € 2. Our goal is to compute a Lipschitz constant of (i, f) — uéd™(u=*, f,€)

quT’E(:u_l’ f7 §> S |:_

on [Ay, /\low] x F. We first compute a Lipschitz constant of
hy s e pd™ (17 f,6) = (ne + 1) log By 1) [ew]
on (A, Ay, for an arbitrary f € F. The derivative of hy is
1 Eeumig [(ec(€,0) + 7£(Q))e™ 5
Wy (p) = e+ 7 PIGE c(&,c)] + elog Eer(-fe) [6 rer ] ;

E¢nmo(le) [6 he

which we write

Pe(p) =B ur—cte

HeE+T

#f(()—C(é,C):|
o

:| + elog ECN”O('K) |:6 HetT (23)

{ec(f, Q) +7f(¢)
(1¢) pe+ T
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We bound h/y(u) above. By Lemma |C.2| with @ = mo(+|¢) and g = “fu_e—i(f"), we have that

pf(QO—c(€:9)
elog Ecmmy(le) [6 ne }

| {euf(é) —ec(§,¢)
(l¢) pe+T

which gives Fp(p) <E  w—een [[()] < [|F o0
CNﬂ_O e+
Now we bound 7’ (u1) below. We start with the first term in (23)). Since ¢ is nonnegative,
we clearly have

ec(&,C)+T1 —T|F || o
S | S (S R 20
T P (e pe + 1 He+ T
As to the second term of , we have by Jensen’s inequality,
(©—c(£:0) Flloo c
log Ty [e%} s _ Tl _ _em (25)
pe + 1 UE + T

Combining and gives Wo(p) > —[|F oo — dwMe - Pinally, by has Lipschitz constant

e+AupT
AupMec
[ F o + P

Since ¢™¢(u~%, -, €) has Lipschitz constant 1, then p < A}, the function ug™(u=1, -, €)

has Lipschitz constant )\lgvlv.

Now, we can obtain a Lipschitz constant for

pf(Q—c(€,Q) e
b (p, ) = (pe + 1) log Eeory(le) [6 petr } =", f,8).

Indeed, for (p, 11') € Ay, Aow) X [Aaps Alow.

up ’ “‘low

Aup€
< o] e — )\71 —f oo
< (170t (225 ) e w2kl = 11

| and (f, f') € F x F, we can write

hence h has Lipschitz constant || F||s + As, + <£> M. O

low €+ AupT

D Dual bounds and maximal radius

We establish the existence of a dual lower bound on the true robust risk, for the standard
WDRO problem in and for regularized WDRO in [D.2] The proofs involve the maximal
radius introduced in Section [£.4] For the regularized case, an estimate of the dual lower
bound is provided.

D.1 Standard WDRO: continuity at zero of the maximal radius

For A > 0, we consider the following quantities:
Perit = }Iel.f}‘_Eng[—aj\_¢(0, f7 5)] pmax<)‘) = }Ielg__ngP[—aj\_Qﬁ(A, f> f)]
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Lemma D.1. limy_,o+ pmax(A) = Perit-

Proof. For £ € =, f — Ae(&,-) is continuous, hence we can apply the envelope formula
(Theorem |A.1)) and the right-sided derivative of ¢ with respect to A is 9y ¢(A, f,€) =
—min{c(&, ) : ¢ € argmaxg {f — Ac(&,-)}}. For convenience, we use the shorthand

(&, K) :=min{c(, 2),z € K}
whenever K C = is compact. By integration, we obtain

pmaX()‘) - ESNP [C* (57 argénax {f - /\0(57 )})] (26)

In particular,
Perit — .lleN * ,arg max .
t }e]: 3 P[C (é g~ f)]

To prove the result, it is sufficient to show that lim infy_, pmax(Ak) > peris for any positive
sequence (A\g)ken converging to 0. Indeed, the functions E¢.p[¢(-, f,£)] are convex hence their
right-sided derivatives E¢.p[—05 ¢(, f, )] are nonincreasing, and py.y is nonincreasing since
it is an infimum over nonincreasing functions. This means lim supy,_, o Pmax(Ax) < Pmax(0) for
any sequence \p — 0.

Now assume toward a contradiction that there exists e > 0 and a sequence (Ag)gen from R
such that A, — 0 as k — 00, and ppax(Ak) < peais—€ for all £ € N. From the expression of pyax
this means that for each k, there exists fj such that E¢.p[c*(§, arg maxz fr, — Apc(&,-))] <
Perit — 5. By compactness of F with respect to | - ||o, We may assume (fi)ren to converge to
some f* € F. In particular, for £ € =, f, —A\gc(, ) converges to f* as k — 0.

Let £ € E be arbitrary. (A, f) — arg maxz {f — (&, +)} is outer semicontinuous with com-
pact values (Lemma[A.2) and c is jointly continuous, hence (X, f) — ¢*(§, arg maxz {f — Ac(&,-))}
is lower semicontinuous, see Lemma[A.1] We then have lim infj,_, ¢*(§, arg maxz { fy — Aec(€,)}) >
c* (&, argmaxz f*). By integration with respect to £ ~ P, we obtain

Eeoplc (€, arg max ] < ngp[ligglf (&, arg max {fr = Ac(&, ) })]

< hl?lgolf EgNP[C*(f, argglaX {fk - Akc(& >}>]

S Perit — E

2
Since, pait < Eeoplc*(§,argmaxs f*)], this yields a contradiction. Finally,
hm/\_>0+ pmax()\) = Pecrit- ]

D.2 Regularized WDRO: Lipschitz maximal radius and upper-
bound

For A > 0, we consider the regularized counterparts
Perie = If Bep[~010™(0, 1, €],
T,€ )\ :' fE,\, _8 T,€ )\’ , .
pmax( ) }IEIJ: 3 P[ )\¢ ( f 5)]
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D.2.1 Lipschitz continuity of the maximal radius

Lemma D.2. pl :[0,00) — R is Lipschitz continuous with constant

max
( ||]:||200 m ,C ” FHOO in{mT—cv(Hi pHm c):}) .
€ 62 2.c€

In particular, if

)\;;;; — Epcrit (27)

| Floo

8 (21, +maee 0 A

then pmax(A) > 224 for all X € [0,2M7].

low

Proof. ¢™¢ is differentiable with respect to A and we can verify that its derivative is given by

F(O=Ae(€,0)
(f9>\¢7',6()\7 f, f) =K F=Xe(€,) :| + 7 10g ECNWO('|§) [6 e+ AT i| .

e+AT
<~7r0

{Tf(C) + ec(€, Q)
(le) €+ AT

For f € F and € € Z, our goal is to compute the Lipschitz constant of A — 0 ¢™(\, f,§).
The Lipschitz constant of pl¢  will then be obtained by integration and taking the infimum

max
over Lipschitz functions. We compute the appropriate quantities:

1. We compute the derivative with respect to A of uy : (A, () — — <
This is

THOFee(€Q) ) [, L LeD
T>€ o

(PO eel6Q) | (110 + el O moyo
Ovur(A, ¢) = ( (€4 A7)2 N (e+ A7)3 > ‘ '

o . Q@)
2. We compute the derivative with respect to A of us : (A, () — e < | this is

T +ec(§ Q) saeen
(e + A1)? >€ :

(A, () = — (

F(©=Ae(€.0)
3. We compute the derivative of Us : A = 71og E¢ (1) [e S } This is

7'2f C +Tec &C) F(O—=Ac(€,Q)
ECNWO(-|§) [( ((e)+>\7—)2( _> e etar?

Us(A) =

SO =Ae(€,0)
E¢amocie) [6 o ]
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Combining 1, 2 and 3, we are able to compute the derivative of 0y¢™*:

- Eemoio[ur (A O)E ¢ (1) [Oaua (A, O]
Ecmo(iguz(X, 02
- cc 2 f(C) Ae(€,0)
E¢omo(le) [( H(Q+ee,0) SO }

0Re™ (N, £.€) = +Us(V)

(e+A1)3

F()=Ae(€,€)
E¢amocle) [6 o ]

TF(C)+ec(€,C F(O=Ae(€,0) (O fec(EC FO=2e(£,0)
B¢ mo(le) [( ((G)Jr)ﬂ._)( )> € oA E¢rro(-le) % FAT
a £ =Ae(€,0)
E¢oro(le) [6 o }

1 Tf(¢) + ec(§, )
- V —Xc(§,-
et AT e TN g ( €+ AT ’

f .
where Var s acen  is the variance with respect to 7 A ( £).
Crom  eFAT(]8)

Note that all quantities can be differentiated under the (conditional) expectation since the
derivatives with respect to A involve functions that are continuous on the compact sample
space = (they are therefore bounded by a constant), see e.g. Theorem A.5.3 from [17]. By
the property of the variance, we obtain

2
6O 1.6 < ——E fW(E)[(Tf“”@(g’g))]

€+ AT ¢y oA €+ AT
2

<ZE e [TQHJT\Iio +€20<§7<)2] . (28)
€7 Gromy AT (9

Now we bound the right-hand side of the last inequality. First, we have

E¢mo(le) [ (€, ¢)%

On the other hand, by Jensen’s inequality, we have

O ele) [EaP
2 ] <mgee e (29)

F(Q)—=Ae(€,0) _2dme _ | Flleo
E¢nrmole) [6 R } Z e (30)

U 2 -F o0 C 3
We have the alternatives 2me < Aueme — 2 Floome 5 any case, and 2Me < e whenever 7 > 0.

EFAT — € (pfmc)ﬁ e+AT —
2||F
This means 2% < mip { e 2Flome |
+)\ T’ (pfms)ﬁ

me 2[[Flloome o
Dividing 29) by @B0), we obtain E = sseen  [e(€,0)?] < Mg ™ U7 Tommerd } 27
g T ()
Reinjecting this inequality in gives

2 (12 2 Flloe | i [ me 20 Flcome
|a§¢7,6()\’f, f)| < g (E_QH‘FHgO +m2’ce PR { T ' (p—me)e }> = . (31)

This means that for f € F, the function g : (A, f) — Eeop[—0x¢™(A, f,&)] is L-Lipschitz
where L is given by .
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We then show that pZ¢. := inf;er g(-, f) is L-Lipschitz continuous. Let (A, \') € R? and
let (fx)ren be a sequence from F such that g(N, fi) T prc (N). Then by definition of

we have for all k € N,
P N) = 9N, fr) < g, fi) = 9N, fi) < LIA = X

Taking the limit as k — oo gives pl. (A) — prc (N) < LIA — XN|. Exchanging the roles of A
and X gives |pl (A) — pre (N)] < LIA — XN|, hence plx¢. is L-Lipschitz.

pmax?

Now, set 2A\[5 :=sup{A € Ry : pl¢ (A) > pix./2}. Then either A\ = oo (in Which case
any value A\ satlsﬁes the desired property), or by continuity of p¢ . pmax( Ae) = posi /2
and we have ,0Crlt 2L < pmax(2A) = posi/2. Finally we thus get (27). O

D.2.2 Dual upper-bound

The following result allows to bound the dual solution above. This requirement is specific to
the regularized setting, see in particular Proposition for an example.

Lemma D.3 (Upper bound for the regularized problem Lemma . Assume p > m. and
let Ayp := % Forall f € F and Q € P(Z),

inf {00+ Eeeglo™ (W L) = inf (A +Eealo™ (N £ O]}

A€[0,00 A€[0,Aup)

Proof. Let € € = be arbitrary. Recall that

7f(¢) + ec(€. ¢) HQO=Ae(€.0)
RO, £,6) = - ;orece log Bpor [ e }
TS oy (1) [ €+ AT T8 Remg [
We bound 0,\¢TE()\ f, &) above, uniformly in f € F and £ € =. For readability of the proof,

=Aelen:
we set Ty = m,

with a slight abuse of notation. In this case, we have

B - T/ + el O] g AT f(C) + Aee(&, Q) — ef(¢) +€f(C)
¢~o(+€) €+ A = L¢~mo (18) )\(E—I—)\T)

1 — (€,

= Y Eerotlo) [f(Q)] - §E4~ﬁo(-\s> {f(C)E n A(;T(g O}
Flloo FO=A(6Q)

< I AH B ilogE Comal6) [ef“lw‘f 0]
Flloo

< Pl et B l10) = Ael6 )
[Flloo | €llFlloo em.

(32)

- A +)\(€+)\T> €+ A1’

where for the third line, we used Lemma [C.2] and for the fourth line, we used Jensen’s
inequality. On the other hand,

f(()*AC(E,C)i| T

—r10g Eguryie) [0 | €~ Eenigf(Q) = AclE:C)

< Pt
~ AMe+ A7) e+ Aar €

(33)
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Summing and gives

2||Flloo
_aAng’E()\)fa 5) S || )\H + M,
whence assuming p > m,, and taking A = A, := 2{)”{:—11";, we obtain for all f € F and all

€5,
0 S 1Y + 6A¢T’6(>\upa f> 6)
Integrating with respect to a distribution @) € P(Z) yields
0 S 1% + ]EENQ [a)\ng’E()\up7 fa 5)]7

which is the derivative at A, of the convex function A — A\p+E¢ g [¢7(A, f,€)]. This means

inf (A +Eeglo™ (W 160 = inf (A +E 5 (670N 0]}

X€[0,00

E Proof of the main results

In this section, we prove the main results of the paper: Theorems and First, we
establish the core concentration results in that apply to standard and regularized WDRO.
In particular, the slope condition presented in Section is used there to establish the dual
lower bound with high probability. Then we deduce the main theorems in and compute
the generalization constants.

E.1 Dual bounds with high probability on the empirical problem

All the results of this subsection hold for both standard and regularized cases. The proofs
hold as s, replacing ¢, ¥, Perits Pmax a0 Alow by @7, V7, plt | phe and A5 respectively.

For A > 0, we recall the quantities

Perit = }IEI;__ngP[_a:\FQﬁ(Ov f7 5)]7 pmax(>\) - }gﬁngp[_aigb()\a f7 6)]

Problem’s constants. Before proving the next results, we introduce several quantities:

Proposition E.1 (Dual lower bound in the true problem). Under Assumption there
exists Now > 0 such that for all X € [0,2M\0w], pmax(X) > 25, In particular, for all f € F,
Eep[0y O(A, f,6)] < —Lait.

Proof. This comes from limy 0+ pmax(A) = Perit- See lemma for standard WDRO and
lemma for the regularized case. O

Let Aow > 0 be given by Proposition [E.I} For the next results, we define the following
quantities:
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e O is the length of a segment I such that ¢(A, f,€) € I for all A € {A\ow, 2\ow }, [ € F

and £ € 2,

e U is the length of a segment J such that ¢ (u, f,€) € J for all p € (0, \.}], f € F and
€z,

o Ly and Ay, € [0,00] are such that ¢(-,-,§) is Ly-Lipschitz on [A), \i.,] X F for all
ek

With the above quantities, we can prove the following:

Proposition E.2 (Dual lower bound with high probability). Under Assumption let
Aow be given by Proposition |E. 1}, and Ay € [Mow,00]. If p < 25t — L@ﬁ where C(§) =

Alow
ABT(F, || - |lso) + Q\/Q log %, then with probability 1 — &, for all f € F,

inf {Mo+Eep (AL = inf  {M+Ep o0 £.9]}

AE[0,Aup) XE[Alow  Aup)

Proof. Let X\ € {Aow, 2A1ow }- For & € Z, the function f +— ¢(A, f,&) is Lipschitz with constant
1, see Lemma and Lemma[C.3] Then we can apply Theorem to have with probability
at least 1 — %, for all f € F,

B, 02w 6] ~ Bepl (2w, £,6)] £ TR gy 208 SLEREN

and with probability at least 1 — %, for all f € F,

. 21oc 4
Benrloho £.6)] = Bg_p, (00 £.6)] € TE ) 2085 o

We set C(6) := 48Z(F, || - [|) + ®4/21l0g 5. Intersecting the events and (35)), we obtain
that with probability 1 — g, for all f € F,

ngﬁn [¢(2)\10W7 fv 5)] - E§~]3n [QS()\low, fa 5)]

)\low
! 206
= ow <E5~P[¢<2Mow,f, )] — Eewr[dNows £, )] + fﬁ))
c(o
< B p [0 $(2\ow, £, )] + f (\/)ﬁ

Perit 20(5)
< —
- 2 - )\low\/ﬁ’

where we recall that for Ao, > 0, satisfies for all A € [0, 2\ o] and all f € F, Eep[0To(A, f,6)] <
—bgt. For A > 0 and f € F, we set gy(A) = A\p+ E._p [¢(A, [,€)]. Then from (36), we
deduce with probability at least 1 — %, for all f € F,

gf(2>\low) - gf(AIOW) _ . Perit + 20(5)

(36)

>\low P 2 )\10W \/ﬁ )
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This means that if p < 251 — /\?gv(f/)ﬁ’ then with probability at least 1 — g, for all f € F,

inf {)\,0 +Eep, [0 f, 5)]} —  inf {)\p +Eep [0 . 5)]} .

AE[0,Aup) AE[Alow  Aup)

This implies a generalization bound on the dual problem of (regularized) WDRO:

Proposition E.3 (Generalization bound on the dual problem). Under Assumption let

AMow > 0 be given by Proposition |E. 1| If % <p < Pt % where

o B(6) = 48Ly (T(F, |- ) + 52 ) +Wy/2l0g 2,
o C(5) = AST(F. | ) + @y/2l0g .

then with probability at least 1 — 0, for all f € F,

wt {wrEploonran) = it {3 (o Z2) + Berlotn £.01}

AE[0,Aup) AE[0,00 Vn

Proof. We assume A\yp > Ajow. By Theorem applied to (i, f) — po(pu?, f,€), we obtain
with probability at least 1 — g,

)
= s (Bl £ Bl roh <22 D
(1. F)ECap Ao ] X F

where B(8) = 48L,Z([0, Ay] x F,dist) + Uy /2log 2 and dist((u, f), (¢, f)) = |p— i/| +
|f — f'llco- Furthermore, we have the inequality

2

low

low

(1+2log2) <I(F, || - [loo) +

1
2>\10w

see Lemma[A.3] hence we may refine B(0) as B(0) = 48L,, (Z(}", |- loo) + %) +0,/2log 2.

By Proposition [E.2} if p < £t — %ﬁ where C(0) := 48Z(F, || - [|oc) + ®4/2l0g 5, then

with probability at least 1 — g, for all f € F,

O VS AR CON )} SR N VRS N CION3)] SRC
Finally, combining and , and if
B(é) Perit 20(5)
Ve < _
N P=" AMow/ 1
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we can write with probability 1 — 9, for all f € F,

inf {X+Eep 000 £} = inf  {p+ B[00 0]}

AE[0,Aup) AE[Alow s Aup)

- Eeplo(\ £.6)] — Ee_p [0(N, £,€)
2Ae[AgAup){Ap+Eg~p[¢<A, Ol = A= e Ol - .l ]}
> Ae[ﬁff,xup) {0+ Eeor[d(A, £, )] — Aan}

= AE[Ailng;)\uP) {)\ (p N %) tRerlfh/ 5)]}
> i {A <p _ %) B plo(\ £, 5)]} ,

A€[0,00

If Aup < Aiow, this means, by convexity of the inner function,

inf {)\p +Eep, [0\ /. 5)]} = Mowp + Ee_p [0 (Mow, f.€)]

AE[0,Aup)
> )\low(p - OZ;I) + ]EfwP[Qb()‘low» fv 5)]

B(o
> nf {A (p - %) + Eerld(M f, f)]} ,
where we refined «,, into o/, = SUp e r {ngp[l/J( tows J 5 )] — gNﬁn V(A 10W7 /5 5)]} O

E.2 Proof of the main results

We are now ready to prove our main results.
The following is an extended version of the generalization result in standard WDRO
(Theorem . Note that the extended bound (39)) involves a control of Rp_i( f), which

means that R,(f) also generalize well against for dlstrlbutlon shifts.

Theorem E.1 (Generalization guarantee, standard WDRO). Under Assumption there
exists A\iow > 0 such that if
Perit 6

«
Jn PSS e T
where

o 0 =48 (|Flw+ 5 ) (TF o) + 52 ) + 222 2102

o §= BUFL) | Ul \/@,

then with probability at least 1 — 9, for all f € F,
Ry(f) = Ry 5. (f) = Eeurl f(Q)]. (39)

Proof. Under Assumption 2.1} let Ay be given by Proposition [E.2] Our goal is to ap-
ply Proposition in the standard WDRO case and to compute its constants thanks to
Lemma [C.I} By Lemma [C.1] we have the following constants:
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o & =2[|F],

o U 2Fle

Alow

e \yp =00, and Ly = || Floo + Al

low*

20 5)

a corresponds to B(d) in Proposition [E.3/ and 3 corresponds 5=, whence we obtain

o 0 =48 (|F | + 5 ) (TN loo) + 52 ) + 220 21052
o 8= 52 (48T(F, || lln) + 2| Fllooy/210g §) = LEELL) o Ax 3105 4,

By strong duality, Proposition , R,(f) and EQ( f) admit the representations

Ry(f) = inf_ {do+Ee-rlo(\ 1))

By(f) = inf {re+Ecp o0\ f9)]}.

A€E[0,00)

for any ¢ > 0 and f € F. By Proposition [E.3| if = Tn <p< Pt — \%, then with probability
at least 1 — §, we have for all f € F, ﬁp(f) > R"_T<f)’ hence the result. O

The next result corresponds to the generalization guarantee for WDRO with double
regularization, Theorem 3.2}

Theorem E.2 (Generalization guarantee, regularized WDRO). Under Assumption 2.1} there
exists A\iow > 0 such that if

aT,E pcrlt 67—76
o= <P< 75 =
e {m Vn } S vn

where

T€ 2| F|lcomece 2| F || oo
¢ o= (1Pt s+ i) (FF ) s+ (B )y
o g7 — 9azflo|v|v||w) +4<Hfﬂl;|§o +mc> /210g§7

then with probability at least 1 — 9, for all f € F,

B3 () 2 B e (1) 2 Boglf (O] = KLl

whenever WI(P,Q) < p.

Proof. Under Assumption n let A5, > 0 be given by Proposition , and assume p > m..
As for standard WDRO, our goal is to apply Proposition and to compute its constants
thanks to Lemma |C.3 By Lemma |C.3| and taking A, = APl - we have the following

p—me ’
constants:
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o &= [|Flloc = (=l1Flloc = 2Ai0me) = 2([[Flloc + Aigyemm2c)

low

2[[Flloo
o U= H}\]:,L‘ + me

low

2|| Flocmece
rma)+271F o

o Aip =070 and Ly = || Flloo + e +

p—me

20(5)
AT € .

low

In Proposition [E.3| a™ corresponds to B(d) and ™€ corresponds to In this case,

we have:

T,€ Flloomece Flloo
v o =38 (1l + 3 + i) (T 1 lo) + 3f) + (552 me) /21085
o 57 = e (48Z(F. |- o) + 201 F oo + Niymme)y /2 10g 1)
— 96Z(F, | -[loc) [ £ ]loo 4
= T+4( PVl —|—mc> \/2log 3.

By strong duality, Proposition , and by the dual upper-bound, Lemma , Ry(f)
and ﬁ;’e( f) admit the representations

R(f)= inf {No+Eeplo™ (), £}

AE[0,Aup)

Bre(r) = it fao+E g 670 01}

AE[0,Aup)

for any o > 0 and f € F. Recall that p > m,.. If furthermore f <p< ps Cm — %, then
with probability at least 1 — ¢, we have for all f € F, R;’E(f) > R;f%(f) by Proposition E.3
hence we obtain the first inequality.

Now, toward the second inequality, let Q € P(Z) such that W (P,Q) < p. Let 7% €
P(E x =) satisfying [779]; = P, [779]; = Q and E¢¢)rrelc(é, ()] + 7 KL(xP9|my) =
W7I(P,Q). We finally obtain for all f € F, Rp,%(f) > Ecolf(C)] — e KL(7P9 ).

F Side remarks

This part contains results supporting various remarks made in the main text.

F.1 Interpretation of the critical radius in the regularized case.

The following result gives an interpretation of the critical radius p_5, in regularized WDRO
appearing in Theorem [3.2] We show that when the radius p is larger than this value, then
some robust losses become degenerated. Precisely, they become independent of p and are
equal to a regularized version of the worst-case loss maxz f.

Proposition F.1. Assume p > pl5,. Then there exists f € F such that
Ry(f) = sup {ECN[W [£(Q)] — eKL(m|[mo) }

TeEP(Z >< =)
[rlhi=
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Proof. In the regularized case, we can verify that the critical radius has the expression
e £©
Perit = }Ielf {EENP [EC e [ f(C) +c(§, O} — 7log E¢mo(ler€ e } } ) (40)

see for instance the proof of Lemma [D.2] Let f € F be arbitrary. Consider a coupling

I
7 € P(Z x Z) such that [7*]; = P and 7*(-|§) = 7 (-|€) for almost all £ € =. We first verify
that for a good choice of f, it is included in the uncertainty set defining R7(f).

We compute KL(7*||79). Below, we set Z(§) := E¢ry(.je) [eﬂf)]

e
Eerfeio llog (Z(§)> ]

g [19] e ]

KL(W*HT()) = Eg,vp

G Q3 €
() )
= Egnm { o |~ Eewr [10% E¢~mo( ) [6 6 H : (41)

This leads to
Eg.¢pne [e(€, O] + 7 KL(7|[70) = Eenp [Ec /e (1e) [ f(€) + c(¢, C)] - TlOgEcwo(.\s)ef(f)]

which is the term in the infimum . Since f was chosen arbitrary, this means that if
p > pos., then there exists f € F such that the coupling 7* defined above (depending on f)
satisfies Ee cyonr [¢(&, ¢)] + 7 KL(7*||m0) < p, and we obtain

RY(f) 2 Eeafro, [f(Q)] — e KL(7"||70).
On the other hand by the computation , we have

T,€ * 1O
RE(f) 2 Bniaepy [F(Q) — €KL [[m0) = B [logBemyeig [¢ ] (42)
By Donsker-Varadhan variational formula [16], for almost all £ € =, we have
£©
log Eomycie ¢ | = sup {BeulF(0)/e] = KLOmo(16))}- (43)
veP(=

Reinjecting in gives

RY(f) > eEep

sup {E¢,[f(¢)/e] — KL(VH?To('!é))}]

veP(E)
> e?s?tl:px:) {Ecr [Econ(i[F(O)] — e KL(m(-6)]Im0(-[€))] }
[7]1=
= e;l(lp i {Ecim,f(Q)] — eKL(r||mo) }
[7]1=

where we used the chain rule for KL divergence (see e.g. Theorem 2.15 in [29]): KL(7|lm) =
Eewp[KL(7(-[§)[[m0(-1€))] + KL([mh|[mo]1) > Eep[KL(7(-[€)[[mo(:[¢))]. Since we clearly have
Ry<(f) < sup {E¢im, [ f(¢)] — e KL(m||mo) }, this yields the result. O

TeEP(E ><_
(7=
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F.2 Necessity of the dual upper-bound

We exhibit an example where the function p — ™¢(u, f,€) is not Lipschitz as p — 0. This
justifies the necessity of bounding the dual solution above in the regularized case, as done in
Lemma [D.3]

Proposition F.2. Consider =0, ¢ >0, == [0,1], ¢(§,¢) = |£ — (| and assume that the

reference distribution is a truncated Laplace my(d(|€) o €_|§_C‘]1[071](C)dc. Assume furthermore
2] Flloo

F is a family of functions from [0,1] to R which satisfies e=~ < > e.
Then for almost all € € [0,1] and all f € F, > ™, f,€) is not Lipschitz at 0.

Proof. Let £ € (0,1) and f € F. The expression of the derivative of ¢ with respect to yu is

given by :
9™ (u, f,€) = E Lol [

CNWO he

ec(§, ¢)
I

f(Q)—c(&.Q)
1 +elog Eenmy(le) [ T }

In particular, it satisfies

0, " (p, f,€) < e c(&,¢) (£.0)

E _ele) { 7 ] + elog B¢y (e) [6_ " } + | F |l oo- (44)
Crom (-16) H

170

On the other hand, by Donsker-Varadhan formula [16], we can write

(¢ 9} —c(&, —C(f,-)
logECNWO(.M) [6 e } =E _. g)(‘ | {—@ O} — KL <7r0 s (‘f)
3

Gy M e

).
Reinjecting this in (44)) and using e 2 > € gives

c(€:9)

MW%mf®<Mﬂh—KLG{”(K)

).

Consequently, to prove non-Lipschitzness of ¥%¢(-, f,£) at 0, we show that

KL (7 (16)[mal16)) - oc

_le=
as u — 0. We show that m, " (-|¢) converges in law to é¢. Let ¢ : R — R be of class C*

with compact support. With the change of variable u < <<, we have
e

pe e

b g
e ne d¢ = ue -1 w)e v euw)du.
| et = e [ 1 e (e + pen)

Also, we easily verify that

1 ¢ 1
6=l - - —(-9
/ e d¢ = / ef%dc +/ eJdeQ = pe(2 — e ),
0 0 3

hence we obtain
Je ez ey (e Mp(E + peu)du

pe 7 pe

E ey [QD(C)] = ' c ) . (45)

(romy M 2— e e —e ne

We then have the following:
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£ —(1=9

e 2 —¢ n —e nre  converges to 2 as u — 0,

e For all u € R, ]l[g i](u)e_“"go(f + peu)du converges to e 1"lp(€) as p — 0, hence its
pe e

integral with respect to u converges to 2¢(¢) by dominated convergence theorem.

Combining both limits in gives E = [p(Q)] = ¢(§). This means that
¢~y re (1&)

_ &=
m, " (-]§) converges in law to .. We have KL(d¢||mo(-|§)) = oo, hence by lower semi-
continuity of the KL-divergence for the convergence in law (or weak convergence), see

_el€)
e.g. Theorem 4.9 from [29], we obtain KL (71'0 " (41€)

POe(-, f,€) is not Lipschitz near 0. 0

7T0(~]§)> 3 o This means that

F.3 On the compactness condition, Assumption 5.1 from [5]

We justify the importance of relaxing Assumption 5.1 from [5] which corresponds to compact-
ness of F with respect to the distance Dx(f,g) := ||f — glloc + du(arg maxz f, arg maxz g).
We show that this condition is actually equivalent to assuming continuity on f — argmax f,
which is a strong condition and difficult to verify in practice.

Proposition F.3. For (f,g) € F x F, define
Dz(f,9) = [If = gllos + dH(arginaXf, arginaxg)

where dy is the Hausdorff distance on the set of compact subsets of =, K(Z) . Assume
(F, |l - lloo) is compact. Then we have the equivalence

(F,Dx) is compact <= f > argmax f is continuous from (F,| - |«) to (K(Z2),dn).

Proof. We prove (=). Assume (F, Dz) is compact. Let f € F, and let (gx)ren be an
arbitrary sequence from F such that g, converges to f for || - ||oo. We want to show that
arg maxz g converges to arg maxz f for dy, proving the continuity of the arg max map. By
compactness of (F, D), (gx)reny admits accumulation points for Dz. Let h be any one of
them. We may extract a subsequence from (gx)ren converging to h, say ¢y, =~ heF. In

particular, g,, converges to h for || - ||«. We necessarily have h = f by definition of the
sequence (gx)ren. It means that (gx)reny admits only one possible accumulation point for Dz,
which is f. This implies g; converges to f for Dr, hence arg maxz gi converges to arg maxz f.

Now, we prove (<=). Let (fi)ren be a sequence from F. By compactness of (F, || - ||e),
we may extract a converging subsequence f,, T f for ||  ||co- Assuming f — argmaxz f is

continuous gives that argmaxs f,,, converges to arg maxg f, which is the desired result. [
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